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AwnnoTtanusi. We consider the problem of small ball behavior in Lo-norm for some Gaussian
processes of statistical interest. The problem is reduced to the spectral asymptotics for some integral-
differential operators. To find these asymptotics we construct the complete asymptotic expansions
of some oscillation integrals with slowly varying amplitudes.
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1. Introduction. The theory of small ball behavior for norms of Gaussian
processes is intensively developed in last decades (see, for example, reviews [1], [2];
the latest references can be found at the site [3]). The most explored case is that of
Lo-norm. Let X(¢), 0 £ ¢ < 1, be a Gaussian process with zero mean and covariance
function G(t,s) = E X ()X (s), t, s € [0,1]. We put

1 X = (/01 X2(t) dt)1/2.

We are interested in sharp asymptotics of P{||X| < €} as e — 0. Theoretically
the problem of small deviation asymptotics was solved by Sytaya in [4], but in an
implicit way. Then the efforts of many authors starting from [5], [6], [7] were aimed
at the simplification of the expression for P{||X|| < ¢} under different assumptions.

By the well-known Karhunen-Loeve expansion, the following distributional equialityli
holds:

d o0
X012 =

k=1

Here &, k € N, are independent standard Gaussian random variables (r.v.), while
A >0 (k€ N, > A\ < 00) are eigenvalues of the integral operator with the kernel
G(s,t). Thus, the original problem is reduced to the description of the asymptotic
behavior of P{}";7, \pé? < €2} as € — 0. The main difficulty is that the explicit
formulas for eigenvalues are known only for a limited number of processes (see [8], [9]).
If one knows sufficiently precise asymptotics for Ay then it is possible to obtain the
small ball asymptotics up to a constant using well-known comparison principle of
Wenbo Li.
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PROPOSITION 1 (see [8], [10]). Let & be a sequence of independent standard

Gaussian r.v. Suppose_that A\, and X\, are two positive non-increasing summable
sequences such that T[] A\x/Ar < co. Then

oo o ooX 1/2
(1) P{I;/\kf,f<s2}~P{I;)\k§,%<s2}-(H)\Z) . e—0.

In papers [11], [12] there was selected the concept of the Green Gaussian process.
For such process the covariance function G(s,t) is the Green function for an ordinary
differential operator. This allows to study asymptotics for Ax using the methods of
spectral theory of ODEs, originated from the classical works of G.Birkhoff [13], [14]
and J. D. Tamarkin [15], [16] (further development of this theory can be found in [17]).

The sharp asymptotics of small ball probabilities in Lo-norm with various weights
for a large class of particular processes were calculated in papers [18], [19] and [20]
with the approach of [11], [12]. See in this connection also [21], [22], [23].

In the paper [24] the spectrum perturbation of the covariance operator was
considered under a finite-dimensional perturbation of the Gaussian process. It was
shown that for “non-critical” perturbations the eigenvalues A, of the perturbed operatorl
are asymptotically close to the original ones such that [] Ap/Ax < co. A similar result
was proved in [25] for a special class of operators.

We consider the small deviation problem in L[0, 1] for Gaussian processes X (1),
X @) X®) with zero mean and covariance functions of the form

(2) Gi(s,t) = G(s, 1) — ha(s)ha (1),
(3) Ga(s,t) = G(s,1) — ha(s)ha(t),
(4) Gs(s,t) = G(s,t) — hy(s)ha () — ha(s)ha(t).

Here G(s,t) = min(s,t) — st is the Green function of the boundary value problem
Lu:=—u" =, u(0)=u(l)=0,

and

where

o= ew(-5) e0=[ a0

are the standard normal density and distribution function, respectively.

The processes X1, X2 X©3) appear as limiting ones when building goodness-
of-fit tests of w?-type for testing normality with estimated mean and/or variance.
In the paper [26] M. Kac, J.Kiefer and J. Wolfowitz proved the convergence of the
empirical processes with estimated parameters to the limit process in the sense of
finite-dimensional distributions. Analogous results were obtained independently by
I.I. Gikhman [27], [28]. Afterwards J.Durbin [29] gave the rigorous proof of weak
convergence to the limit, and described the limit processes for a much wider class of
empirical processes.
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It is well known that eigenfunctions and eigenvalues of the integral operator with
the kernel G(s,t) are

yr(t) = sin(mkt), A\, = (k)2

Let )\,(;) be eigenvalues of integral operators with kernels G;(s,t), i = 1,2,3; k € N.
In the cases (2) and (3) we deal with one-dimensional perturbations of the operator
with kernel G(s,t). According to the minimax principle [30, §9.2], eigenvalues of the
perturbed operator and the original ones interlace. Note that both perturbations h
and hy are “critical” (in terms of our problem this means that [ h;(t)(Lh;)(t)dt =1,

i = 1,2). Thus the relation H)\,(f)/)\k < oo does not hold. Moreover, since Lh; &
L-[0,1], the result of [24, Theorem 2] is also not applicable. We construct the eigenvaluesfj
asymptotics for the operators (2)—(4) using explicit formulas for Fredholm determinants]j
from [26] and [24]. In this way one can construct the complete asymptotic expansion
of )\S), but we restrict ourselves to the approximation Xff) such that [ X,(;)/)\,(;) < 00.
Note that the function hq(t) is even with respect to the point ¢ = 1/2. Thus the
eigenfunctions odd with respect to the point ¢ = 1/2 and corresponding eigenvalues
do not change under perturbation (2). For simplicity we denote them )\Sg = Aog,
k € N, despite of the fact that it can break the eigenvalues enumeration in the
decreasing order. Similarly, since the function hs(t) is odd with respect to the point

t = 1/2, eigenfunctions even with respect to ¢t = 1/2 and corresponding eigenvalues

do not change under the perturbation (3). We denote them )\éi)_l = dok_1, k € N.

Besides, one can easily see that /\g;’c) = )\Sg and )\g;’c)fl = /\gi)fl. Notice also that the

quadratic forms of the perturbed operators (2)—(4) do not exceed the quadratic form
of the original operator. Therefore the minimax principle provides )\Sc)_l < Agg_1 and
A2 < .

The equations for the eigenvalues of the integral operator with the kernel G3(s, t)
were derived in [26], see also [24, example 5]. After some transformations of these
equations we get that the quantities

) N ~1/2 ) o\ —1/2
Wék)—1 = ()‘gk)—1> ) Wék) = (Aék)>

are roots of the equations

(5) Dy(w) : = 2sin(w/2) C2(w) + cos(w/2) B 4 cos(w/2) T(w) = 0,
6 Dafw):= LD a3 IO 1),

respectively, where
1/2 1/2
Cr(w) = / B () cos(wt) b, Ca(w) = / (@1 (£))2 cos(wt) dt,
0 0
/2t
I (w) = / / O ()@ (s) sin(wt) cos(ws) ds dt,
0 0

1/2 pt
To(w) = /0 /O (@1(£))2(D1(s))? sin(wt) cos(ws) ds dt.

The paper is organized as follows. In Section 2 we calculate the asymptotics for
a class of integrals with slowly varying amplitudes (see the definition in Appendix).
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Integrals C; (w), C2(w), 71 (w) and Zy(w) are particular examples of this class. For these
integrals we construct the complete asymptotic expansion with an error estimate.
In Section 3 we derive the asymptotic equations for the roots Wé?ﬂ and wgi) and
calculate their asymptotics (formulas (24) and (25)). In Sections 4 and 5 we apply
these results to the problem of small ball asymptotics for the processes X1, X2 x(3)
(see formulas (29), (35) and (36)). In Appendix we prove an auxiliary lemma on the
Fredholm determinants and some properties of the function ®~1(¢).

We use letter C' to denote various positive constants which exact values are not
important. To indicate that C' depends on some parameters, we list them in the
parentheses: C(...).

2. Asymptotics of integrals with slowly varying amplitudes. Let a functionl]
F(t) be defined on the interval (0,1/2], F(1/2) = 0, and let the functions Fy(t) = F(t),
Foi1(t) = tF)(t), n 2 0, be slowly varying at zero. We introduce the following

notation:
T N
TN4+1 d.’I?N 1 d:l?g
/ FMdMN;:/ / FM( +)+...,
Sn(z1) 1 1 w ITN+1 T2

NZ=1, M =0.
THEOREM 1. We have
1/2 N F.(1
(7) Clw) = F(t) cos(wt) dt = ZCZOS # + RY®, w — 00,
0 k=1
where
oo . k—1
cos sinz In T
= — ———d k=1
“ /0 x (k11" =5
“/2 gin o dx Ly(w
(8) R%’S:f/ 1/ FNHduNlJrO( N(2 ))
0 I Sn (1) w w

Here Ly(w) is a slowly varying function at infinity. Moreover, we have an error
estimate:

0 5| < o, vy Pl

Proof. Integrating by parts we obtain

1/2 w/2 .
/ F(t) cos(wt) dt = —/ P (x) S dj
0 0 w) T w

In what follows we will need the representation for the function F;:

(10) Fur (Z) = Fy C}) + /j Farit <z> d?y vM > 0.

Using formula (10) with M = 1, we arrive at

o= [ B

w

x
1 w/2 x d M 1
- 7\/ / F2 <y> 7y - dx +O(2>
w Jo 1 w Yy x w

=R,
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This gives (7) for N = 1. Then we integrate Ry by parts and get

1- @ dy|"=<? w21 -
an  m =t (D) T IS g (2 g
X 1 w Yy 2=0 0 X w
w/2 1— T d
+/ Cigst”c)/ F2<y> W 40
0 €T 1 w/ Yy
To estimate these integrals we need the following statement.
PROPOSITION 2 (see [31, Sect. 1]). Let F(t) > 0 be a slowly varying function
at zero. Then for arbitrary o > 0 there exists € > 0 such that the function F(¢)t*
increases, and the function F(t)t~* decreases in e-neighbourhood of zero.

Let o > 0. We take € such that Proposition 2 holds. Then for w large (1/w < ¢€)
we have the estimates

o ) R e
o b k)

Moreover, by the continuity of F and (13), we obtain

FEIG) scenk(2)I(5)

A

A

w® ify e (1, ew].

1
(14) < C(a,F)‘F() W ifye {w,”}
w 2
Let us estimate ;" F5(y/w)y ' dy. Using the estimate (12) for F = F,, we obtain for
z € (0,1]
T d T o d 1 —a_ 1
| [ r(5) s [REIE) e sln )=
1 w) y 1 w w) y w !

Using the estimates (13) and (14), we obtain for z € [1,w/2]

1 w/ Yy 1 w Y ye
Cla, F)|F <1> u
w

«
We substitute the estimates (15) and (16) with o = 1/2 into the expression (11) and
obtain the estimate (9) for N = 1. For N > 1 we proceed by induction. Namely, we
substitute formula (10) with M = N into (8) and estimate the remainder term using
Proposition 2. This completes the proof of Theorem 1.
THEOREM 2. We have

A

A

(16)

12 F(1 A ¢! .
S(w) := F(t) sin(wt) dt = % + E " w + Ry, asw — oo,
0 k=1
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where

1 k—1 oo k—1
. 1—cosx In" "z cosx In T
sin _ d d k’Zl
K /0 : (k1) “/1 =1 =h

1

in 1 —cos(z dx

N —_/ 1~ cos(a) 1)/ PN+1d,uN71
0 L1 Sn(x1)

w/2 ) d
—I—/ 70053:1/ FN+1dule+O< (2W)>'
1 ‘rl SN(Il) w

Here Ly (w) is a slowly varying function at infinity.
Moreover, we have an error estimate:

ryp| < ogp, ) U/l

The proof is similar to the proof of Theorem 1.
Remark 1. The following integrals can be reduced to C(w) and S(w):

/ 1/2/ F(¢)F (r) sin(wt) sin(wr) dt dT = 32§w)7
/1/2/ 7) cos(wt) cos(wT) dt dT = CQ(w).

2

THEOREM 3. We have:

/1/2/ 7) sin(wT) cos(wt) dt dr = — /1/2 (t)dt

(17) + Z Z Ok,m Fe(1/w) B (1/1) + RY, as w — 0o

w?

n=2 k+m=n,
k,m=1

where

/Dosinmlnkla:/occosyln yd p
Qgom = — yax.
o = (k=D y (m-1)

Moreover, we have an error estimate

(18) B¥|SCEN) Y IF: <1/wo>ﬂ j(1/w)|

Proof. We change the order of integration and integrate by parts. This gives

1/2 w/2 ; w/2
W =~ [ Pwa- L o e i (Y)Y gy da.
2w Jo w? Jo w) x J, w/ y
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Using formula (10) with M = 1, we get
w/2 . w/2 3}
/ F1<x> bmx/ Fl(y) cosydydx
0 w T T w Y
1 w/2 - w/2 .
_ F12(>/ blnl‘/ cosydydx
w 0 T T Yy
1 w/2 - w/2 y d
+F1()/ smx/ cosy/ Fg(z>zdyda:
w/ Jo x J, vy ) w) z

w/2 - z w/2

(19) + / ST / Fy (Z) %/ 2l (y> O8Y tydz.
0 T 1 w/) z Je W Yy

It is easy to see that

/w/2 sin x /w/2 cosy dyde — /00 sin z /oo cosy dydx—l—O(l).
0 €z x Y 0 €z T Y w

Hence, we obtain formula (17) for N = 2.
To estimate the integral R1; we split it into three terms:

Rllz/lsinx/lcosy/sz(z>dzdydx
0 T T Yy 1 w <
+/1sinx/“’/2 cosy/yF2<z>dzdydng
o T 1 Yy N1 w/) z

“/2ging [“/? cos v z\ dz
+ / / Y / Fy <> — dydx =: Ri11 + Ri12 + Rus.
1 € x Yy 1 w/) z

Note that the integrand in Rj;; does not change the sign. By (15) and the
inequalities

L1, eosys,
x
we obtain
1 Loty 1
|Ri| = [Fo| — dydr = C(a)|Fs| — )|
w 0 T ay w
Next,

|R112| £

/w/Q cosy /ng(Z)dzdy .
1 Yy w/ z
Integrating by parts, we have

1+Siny/yF2<z>dz

Y 1 w/ z
“/2 1 +siny Y Y 2\ dz

- Y R(L) - [ B(2)E) e
1 Yy w 1 w z

|Ri12| =
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Substitution y = 1 vanishes; by (16), substitution y = w/2 is O(|F2(2)]-w*™!). Using
inequalities (16), (13) and (14) for F = F», we estimate the last integral as follows:

() [ () %)

w/2
< C(a, F) F2< )’/ Hsmyd < Cla, F)

()

Consider now Rji3. Integrating by parts we obtain

1—cosx [“/?cos v z\ dz
Ris = / Y / Fy () —dy
x - T w/) z o1
+/w/2 1—(3205x/w/2 COSy/yF2<Z> %dyd;v
1 T z Yy 1 w
. /w/2 (1 —coszsc) cosx/ F2< ) %d
1 r 1 w

Substitution = w/2 vanishes; substitution x = 1 is estimated in terms of Rjjs.
Using (16) we estimate the last integral via C(a, F)|F(1/w)|. As for the second term
we integrate by parts with respect to y and arrive at

/w/z1—c20sx/“’/2cosy/yF2<z>dzdydx
1 z © Yy 1 w/ 2z
@21 _cosz |1+siny [V 2\ dz
= 5 F2 —_ —_—
1 €T Y 1 w/ 2 y=z

w/2 : y
LT[ (E) % - (E)) ] e
- Y 1 w z w

This expression is estimated in the same way as Rj12. As a result, we obtain

()

In a similar way we estimate Rq3. Setting o = 1/2 we obtain (18) for N = 2. For N > 2
we proceed by induction. Namely, we substitute formula (10) into (19) and estimate
the remainder term using Proposition 2. This completes the proof of Theorem 3.

y=w/2

|R11‘ § C(OL,F)

3. Asymptotics of eigenvalues. For convenience we denote Fo(z) := ®~1(x),
Fot1(z) := aF) (x), n = 0. Note that by Theorem 5 (see Appendix) the functions
F = Fy and F = F2 satisfy the assumptions from the beginning of Section 2. We
write down the asymptotics of the integrals Ci(w), C2(w), Z1(w), Za(w) using the
formulas (7) and (17) for N = 2 (this precision is sufficient for our goals as one can
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see from the next Section):
Ci(w) = T F Lo F Fa —1—0(']:3'),
2w 2 w w
2
]:((:7:1 g fofg(;i— ]:1 I O<|]:0.7:3| + |.7:1.7:2>7

(20) Co(w) = -7 "

1L AR | F1F3| + Fa
A=t e +O<w22 :
3 72 3 ,
Iz(w):i+l]:0]:1f2+]:o]:1 I]-"O]-"1]73|+|]-“0]-“ Tl
dw 2 w2 2

Here «y is the Euler constant and all functions F,, are taken at the point 1/w. We
substitute (20) into formulas (5) and (6) and obtain

w2 w w\ Fo w Fo
Di(w) =2 F2lsin [ 2) —2ysin (2 ) 22 - w2z
1(w) 2w3]:1[sm(2) ysm<2>}_1 71'cos<2)]__1
2
O<|]:3]:1|2+.7'—2>:|;
Fi

2 2 2
w FoFs + F?
Dy (w) = —3 (]—"0]-"1> {— cos <2> + 27 cos (2) O;T

Crsin (&) D02t 7R
2) " FoF

. O((fof2)2 T 4 |F2F Fs| + |]-'0]-‘12]-'2|)]

21
( ) ]:2]:1

We recall that wé?_l are roots of the equation D; (w) = 0. Taking into account (21)
we rewrite this equation as follows:

w Fo |.7:3]:1|—|—]:22
22 tg(2) =r 22 Lo 21U T2 )
(22) g<2> 7r]__1+ ( 7

Here all functions F,, are taken at the 1/w. Since the right hand side of (22) tends to
zero as w — 0o, there is exactly one root of this equation in a neighbourhood of the
point 27k for all k sufficiently large.

It was noticed in the Introduction that )\;? = A\g; and )\(2?_1 < Mop—1. Thus
wé? = 27k and Wé?ﬂ = m(2k — 1). These facts and the interlacing property for
eigenvalues imply the interval [(2k — 1)m, (2k + 1)7) contains just two roots, wé?_l

and Wzk) Thus, it is the root wé}gfl of the equation (22) that lies in a neighbourhood

of the point 27k .
Using standard argument, we obtain the asymptotics of wé?_l as k — oo:

| FaFi| + F3
F? ’
Here all functions F,, are taken at the point 1/27k. The relations (43)—(46) imply

1 1 1 1
— 10— ———+0
=gt <|fo|3)’ o=t (|fo|5)’

wé? 1—27rk‘+27r:2+0<

(23)
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where all functions F,, are taken at the point 1/w. Hence, we have

(1) 2 1
=2 k .
a1 = 2R o) T O(fé(l/zwm)

It is known (see, e.g., [32]) that

F(z)=® Y(z) = —vV—2Inz- [1 +0<ln(_lnm)>}, z—0.

Inx
Therefore
(1) o T ln(ln k)
(24) w%_l 27Tk+lnk+0( 1n2k .

Further, wéi) are roots of the equation Ds(w) = 0. Taking into account (21) we
rewrite this equation as follows:

(@) = FoFa+ P
&\2 )~ FoF1

of FoF2)> + Fi + F|F1Fs| + | FoF i 7ol
+ f_'2]:2 :
01

Here all functions F,, are taken at the point 1/w. Arguing as above, we see that there
is exactly one root wéi) of this equation in a neighbourhood of 27k + 7 for all k

sufficiently large. The asymptotics of these roots is as follows:

) FoFs + F2
L of FoF2)? + Fi + FoIFuFs| + | Fo i o
7P ’

Here all functions F,, are taken at the point 1/7(2k + 1). Finally, by (23) we have

2 _ 1 - .
25 e _H%“O(fé(l/w(zwl))) _W(zkHHO(ln?k)'

4. Small ball asymptotics for the process X(?). Now we apply the obtained
results to the problem of small ball asymptotics in Lo-norm for the Gaussian processes
XM X2 XG) with zero mean and covariance functions (2)—(4).

The problem for X is the simplest one. We apply the Wenbo Li comparison
principle (Proposition 1). As an approximation we take a process for which the
eigenvalues of the corresponding integral operator are v, = [(2k + 1)7/2]72, k € N.

It is well known ([8, Theorem 3.4], see also [11, Theorem 6.2]) that

4 1
2 _ 2 -1
(26) P{ 321%,5]6 <e } ~ g exD ( 852)'

To calculate the constant from (1), we define

_ —2
H1 =T 2, Mok = U2k+1 = [(2k + 1)7T] .
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Then we have
(ﬁ%>1/2:<ﬁ%>1/2(00M>1/2:<ﬁ%)1/2<ﬁm>1/2
2 2 2 :
k=1 )\l(c ) f—1 HF k=1 )\l(c ) k1 FF k=1 )‘ék)

The first infinite product can be easily calculated by the Stirling formula:

00 1/2 2 2 2
. ) (92 1 1
(27) ( ’WC) k1—>i o0 - (377)% (Z) (4§e(+3k);: ) - V2
1 193 R R

Next, we notice that ,uz_kl/2 and ()\g{))_l/2 = wgi) are roots of the following entire
functions:

M(w) = 10_05((:)//32 and D(w) := wDy(w), we C.

Moreover, these roots are rather close to each other. Note also that M (0) = D(0) = 1.
Using Lemma 1 (see Appendix), we arrive at

oo

H%: lim M{w)
oAy e P

and we can pass to the limit along the real axis. So using formulas (21) and (23), we
have

9] 2
Mok . Mw) . 1 1 B
k=1 "2k k— oo k— o0

Finally, from formulas (1), (26)—(28) we obtain

P{|X®| <¢} = P{ ZA,?)@% < 52}

k=1
22 1
(29) Nmé‘ eXp(—852>7 e — 0.

5. Small ball asymptotics for the processes X(!) and X®). We cannot
calculate the sharp constant in small ball asymptotics for the processes X 1) and X ().
To calculate this asymptotics up to a constant we use the following proposition, which
is a particular case of [9, Theorem 3.1].

PROPOSITION 3. Let ¢(t) be a positive, logarithmically convez, twice differentiable
and summable function definded on [1,00). Then

3 F(wo(1)
P{ k;qb(k)éﬁ < r} ~ O Ly el ), =0,

Here f(t) = (1 +2t)~Y% and u = u(r) is a function satisfying

I(u) + ur

(30) r—0 I (u)

:O,
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while the functions Iy, I, Is are defined by formulas
Iy(u) = / In f(ug(t))dt, I(u)= / up(t)(In f(ug(t))) dt,
1 1
B) = [ (o) (in f(ud(e))" dr

We apply this proposition with the function
p(t)=(t+6+F@)™ 4  d>1.

Here F'(t) is a function slowly varying and monotonically tending to zero as t — oc.
If [° F(t)/tdt < oo, then the product []¢(k)/(k 4+ 6)~¢ converges. In this case the
asymptotics up to a constant follows from [11, Theorem 6.2]. So we may assume that
the integral [~ F(t)/tdt diverges.

We transform the integral I; as follows:

, __U/OO dt
YTV 2u+ (t+ 0+ F(t))d

1 dx 1> F'(t) dt
o2 /1+6+F(1) T+ (@ @)/ 2/1 L+ ((t+ 0+ F(t)/(2u)!/)¢

m(2u)l/d 1 IR da
2‘2@aﬁa+§A 1+ (z/(2u)t/d)d

1 [ F'(t)dt
*3 /1 1+ ((t+ 0+ F(t)/(2u)/d)d’

Since both integrands are majorazed by summable functions, we obtain by the
Lebesgue Dominated Convergence Theorem that, as u — oo,

1/1+5+F(1) dx +1/00 F/(t) dt . 1_|_5
2 Jo 1+ (z/@u)/9)® 2 )y 14 ((t+0+ F(t)/(2u)!/9)? 2
Thus,

7(2u)/¢ 0+1
- 1
sdsm(ra) ~ 2 oW

IL(u) = U — 00.

Repeating the same arguments for Ir(u), we obtain, as u — oo,

a0 [T dt _(d—l)ﬂ'(?u)l/d
IZ(“)_Qu/l Gur ot F@E ~ a@si(mya T oW

Note that the asymptotics of I(u) and I5(u) coincides with the asymptotics of the
corresponding integrals in [11]. Therefore, we can choose
1 ar—l \d/d-1
5 = LT
(31) u=ulr) 2 \dsin(w/d)

(This function satisfies the assumption (30)).
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Consider now Iy(u). Integrating by parts, we get

1 o0
Io(w)=—= [ (1
o(u) 2/1 n( +(t+5+F a

)
:(t;”m(y+u+6+F )

wd/w (t+5)(1+F’(t
1 (Qut(t+0+F(t)4 )(t+5+F( )’

The last integral can be represented as the sum of four integrals:

dt

dt = (1) dt
_"d/l 2u+(t+5+F(t))d_“/1 2ut (t+0+ F(t)?
+ud/°° F(t) dt
Ut (15T PO+ s+ F)
* F(t)F'(t)dt
+“d/l Gut G 10+ FODE L0+ F@)
= K1+ Ky + K3 + Ky.

The integral Ky = —d - I, so we have
_ 7r(2u)1/d
~ 2sin(r/d)

The integrands in K and K4 are majorized by summable functions, hence, we obtain
as u — oo

+ const + o(1), u — 00.

Ky = /1 1+((t+5+F(t))/(2“>1/d)d

— = / F'(t)dt = —§ F(1) = const;

F()F'(1) dt
2 /1 L+ ((t+0+F(t)/(2u)/4))(t + 0 + F(1))

d [ F()F'(t)dt
- 5/1 (t+6+F(1)

Next, we represent the integral K5 as a sum of four integrals:
d/(zu)l/”’ F(t) e d/(2u)l/d F(t)(6 + F(t)) o
2/, t 2/, t(t+6+ F(t)

1d (@ Pt +6+ F(t))dt! “
_%5/ 1+ ((t+ 0+ F(b)/(2u)/d)d

= const.

K; =

o (0 dt
2 Jeuyva (L+((t+0+ F(t)/2u)/4)4)(t + 0 + F(t))
=: %lF_1 ((QU)l/d> — K31 — K32 + Kas,

where F_q( fl (t)/t) dt. By the Lebesgue theorem we have

)6+ F(t)) B
K3 — = / +5+F ))dt—const.
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In the integrals Ks3; and K33 we change variable ¢ = (2u)'/¢ . 2z and obtain:

1 5+ F((2u)/92)\ 4!
Pz (= ) ))

= é /1 dz
R (A |
z 2u)1/d

(
- F((2u)"/2) d»
Fas = |, 5+ F((2u)/92)\ 5+ F((2u)/92)\
1+ (24— 2
(2u)1/d (2u)1/d
The integrands here are bounded, so by the Lebesgue theorem K35 — 0 and K33 — 0
as u — oo. Thus, we arrive at

d
Ky = 3 F,l((2u)1/d) + const + o(1), as u — 0o.

Whence,
_ (1+9) 2u m(2u)t/4
ou)="—=1In (1 vy F(l))d> ~ Ysin(n/d)
(32) + g F_ ((2u)1/d> + const + o(1).

Note that the function exp(F_1(t)) is slowly varying [31, Theorem 1.2]. Hence, taking
into account the relation (31) we have

(33) exp (F_l((Qu)l/d)) — exp (F_l(rfl/dfl) + 0(1)), r— 0.
We apply Proposition 3 taking into account (31)—(33) and rescaling. This gives the
following result.

THEOREM 4. Consider the form > ;- Ap&? with Ay, = (9(k+6+F(k)))~¢, where
¥ >0,8>—1 and d > 1 are some constants. Then we have, as € — 0,

S 2 2 d—1 ™ /= 2/(d—1)
P A ~C e _ g2/ (d-
{2 ’“5’““} . eXp( 2 (dﬁsinwd)) :

d
vy F_l(gz/wl)))’

where

2 —d—2dd
5 2d—1) C=C(9,4,d, F) = const

For the process X (1) we set

w= (03 )]

Let us check that [] )\,(61) /Ay converges. To prove this we define

1 —2
Top 1= (27rk)72, Top_1 i= |:’/T(2k'+ 1n(k+1)>} , k € N.
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We have
(1)
k=1 k=1 Tk k=1 Ak
o \(1) \1/2, 00 _ \1/2
y ALY (i)
(34) (kl:ll Tok—1 gl\k

The first product in (34) converges, since the relation (24) gives

) )\(1) 1/2 ) Inln k
(I57) T (o(ie)) <=
T2k—1 | kIn“k

k=1

The second product can be represented as follows:

<ﬁ T2k T2k—1 )1/2
iy Mardor

(2k +1/24+1/(2In(2k 4 1)))(2k — 1/2 + 1/(21n(2k))
2k(2k + 1/In(k + 1))

o0

—

1

oo

k
) kH (1 i i <1n(2/f1+ 0 1n(12k) - ln(k2+ 1>> ’ o(é))

=1

[T (10 i) <

Applying the Wenbo Li comparison principle and Theorem 4, we obtain

P{HX(UH < g} - P{ Yoaer < 52} ~ C.P{
k=1 k=

_ 1 1
(35) ~ Ce 1 1n1/2 (5‘) exp <— 862), e — 0.

3)

oo

Ak&% < 62}
1

For the process X ®) we set

- 1 —2
Ak = |:7T<k+1+21n(k+1)>:| s k € N.

Similarly to (35), we get

P{HX(s)H < a} = P{ ixf’)gz < 52} ~ C’P{

k=1

Zf\kff < 62}

k=1

_ 1 1
(36) ~ Ce 21111/2 (5) exp ( 852)7 e —0.

6. Appendix.

6.1. The following lemma strengthens the result of [18, Lemma 1.2].
LEMMA 1. Let sequences wy, and py, have the same two-term asymptotics

wi ~clk+6)+ag, pr~c(k+06)+ by, k — oo,
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where ag, by — 0, and |ai —by| decreases monotonically as k — oo. Suppose, moreover,
that

(37) 3> lar = bl - bl _

Then the functions

have the same behavior up to a constant at infinity. Namely, for |¢| = c(n + 0 + 1/2)
we have, as n — 00,

o 9
p
(38) ==L —Zconst = H w—’;
k
Proof. We have

o IS T 2) T+ 2)

The convergence of the first product in (39) is equivalent to the convergence of the
series

o0
Z lax — b
1Ck+(5 +bk

which converges by assumption (37). Let ®(¢) = 0. Then the second product in (39)
converges uniformly. The third product converges uniformly if so does the series

(40) Z r:)k — ‘3{?” where R=c(n+d+1/2).
. —

Note that |p, — R| = ¢|n — k + 91|, where §; > 0. Therefore,

|wr — el lay — b
(41) Z on—R| = ( Z + Z4n+k;n> cn—k+ 61|

4
k>4n

The first sum is majorized by the converging series

ok —bi| |ak—bk
Z c|n—k+(51\ _OZ

2
K<2n
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Hence, it converges uniformly and we obtain as n — co
Z 7@“ — bl — 0.
e cln —k + 601}
Since |ay, — by | decreases monotonically, we have

lar —be| lar — br| 2 |am+n — bpyn|
_r R <9 [ s 3 T3
Z cln —k+61] = Z cn—k+d0| = ¢ Z |m + 61|

ey
A
ol

The last sum is majorized by the converging series, therefore, it converges uniformly.
Thus, the series (40) converges uniformly and we can pass to the limit in (39) as
I<| = ¢(n+ 0+ 1/2) — oo. This gives (38) for R({) = 0. The proof for R({) < 0 is
similar, and Lemma, 1 follows.

6.2. The properties of ®~!(z). We introduce the notation:

l‘:(p(y), y:FO(:C) = @71(1,)7
and construct the sequence of functions:
(42) Fyii(z) :=2Fy(x), N =0.

Denote Fy(y) := Fy(z(y)) and notice that

Fify) = a(y) O ) W
@) Fral) =) T —at) P Fi) Bl

We study the behavior of the functions Fy (y). First, we consider the function F (y):

= — dy  x(y) [ exp(—t?/2)dt
Fi(y) = x(y) - == rereni —

2 Y t2
)50
e} 2 1 o] 2
:/ exp<yzz>dz—/ exp(uuz)du.
0 2 Y Jo 2y

We introduce the auxiliary functions:

00 u? ~
en(y) :z/0 exp(—u—2y2>u2N 2 du.

LeMMA 2. The following relations hold:

(44 Loen( = 25,
(45) 2. (2N—2)!(1—N(22]2_1)> <en(y) < (2N —2)..
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Proof. 1. 1t is checked by direct calculation.
2. Taking into account that

U2 u2
I—Q—y2<exp _ﬁ <17

we obtain
00 2 )
/ exp(—u) <1 — u2>u2N_2 du <en(y) < / exp(—u)u*N "2 du,
0 2y 0
2N)!
(2N —2)! — (2y2) <en(y) < (2N —2)!,

which provides (45), and Lemma 2 follows.
LemMA 3. The following identity holds for the N-th derivative of F(y):

(46) FM(y) = (DY Nlei(y) | caea(y) | ensren+1(y)
1Y) = yN+1 yN+3 yINFL
where
ca =co(N), c3=c3(N), ..., cng1=cn+1(N) are some constants.

To prove we proceed by induction using (44).
COROLLARY 1. The following relation holds as y — —oc:

~(N (—1)N+IN!

(47) Fl( )(ZU) ~ w

Proof follows from (45) and (46).

LEMMA 4. Fn(y) can be represented in the following form:

(48) ﬁN(y) = Z Cny,-- ,nNﬁJT\;hm’nN ),
{’I’Ll,A..,’I’LN}
where
(49) FRm (y) == (B ()™ (F{ ()" - (B Y ()™
Here
Nni,...,ny € Ng = {0,1,...};
(50) 1711+2712++N7LN:2N—1,

and the coefficients in (48) satisfy the following inequalities:

(51) Corpnn 20, Y Cayny >0

{ni,.,nn}

Proof. We proceed by induction on N.
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Base case N = 1: Fy(y) = ¢n, FI", ny = 1,¢,, = 1. Properties (49)—(51) evidently
hold. N

Inductive step: suppose that the statement holds for Fiy(y). We write (50) as
follows:

1-nmi+--+N-ny+(N+1) -nyy1 =2N -1,
where ny41 = 0. By (43) and (48) we have

Fyuay)= Y. ﬁ<y>d% |(Fu()™ (B ()™ (B )™ |

Here the coefficients ¢, .., satisfy the condition (51). Differentiating we get
N ~ ~ ~ ~

(52) D> Cmppmn (B (BT e et (N Dy
k=0

Consider a term in the sum (52) corresponding to some k. Let ny,n5,...,nly
be the powers of the corresponding derivatives of ﬁl in this term.

If k=1, then n}, = ny + 1 and n} = n; for all other 1.

If k22, then ny =ny + 1, ny, = ng — 1, np ., = ngq1 + 1 and 0} = n, for all
other 1.

Therefore, the property (50) holds. Next, all coefficients in (52) are evidently
non-negative, and moreover,

Z Cny,onn - Mk > 0.

Thus, the inequalities (51) hold, and Lemma 4 follows.
LEMMA 5. As y — —oo we have

~ C
(53) Fn(y) ~ AN

where C = C(N) > 0 is a constant.
Proof. For each term of the form (49) with non-zero coefficient ¢, . ,, we obtain
by (47) and (50)

(B ()™ (F{ ()" - (BN D ()

N ((-1)01)“1((-1)%1)”2._. ((_M(iy_ 1)1>"N
y' y? y

(_1)n1+2nz+~-+NnN
oy

=01 .. (N —1)

yn1+2n2+"‘+NnN

cN
(e gy
=CON T ON-1T T 2N-1°

Y
Hence, the relation (53) holds with

C=cn E , Cny,ee

{ni,...,nn}

Y
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and Lemma 5 follows.

DEFINITION 1 (see [31, Section 1]). A measurable function L(z) is called slowly
varying at infinity, if it is of constant sign on [A, 00), for some A > 0, and for arbitrary
A > 0 we have

i
w500 L(z)

A function L(z) is called slowly varying at zero, if the function L(1/x) is slowly
varying at infinity.
For example, the functions In® z, @ € R, are slowly varying at infinity.
THEOREM 5. Fy(z) are slowly varying functions at zero for all N = 0.
Proof. According to [31, Section 1] it is sufficient to prove, that Fyy (x) is of constant

sign in a neighbourhood of x = 0 (or equivalently, Fy(y) is of constant sign in a
neighbourhood of y = —o00), and

i 0)

v==0 Fy(y)

Both statements easily follow from Lemma 5. This completes the proof of Theorem 5.
Remark 2. Theorem 5 remains valid for the sequence (42) constructed from the
function Fy(z) = (@~ 1(z))", n € N.
We are grateful to Ya. Yu. Nikitin for valuable comments and consultations on the
history of the problem.
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