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HOMOGENIZATION FOR
LOCALLY PERIODIC ELLIPTIC PROBLEMS ON A DOMAIN

NIKITA N. SENIK

1. INTRODUCTION

Let Q be a bounded domain, and let A: Q x R¢ — C?*? be a uniformly elliptic
function which is smooth in the first variable and periodic in the second. A classical
result in homogenization theory tells us that, for any f in H~1(£2), the dual of the
Sobolev space H'(£2), the solution u. € H(Q) of the Dirichlet problem

—div A(z,e '2)Vu. = f in Q,

1
(L) ue =0 on 0},

converges, as € — 0, to the solution wug of a similar problem
—div A%(x) Vg = f in Q,

2
) ug =0 on 0,

where A%: Q — C%%¢ is a smooth function. In applications, this usually is in-
terpreted as approximation of a highly heterogeneous medium, described by the
rapidly oscillating locally periodic function = + A(z,e~12), with a homogeneous
one, described by the slowly varying function x — A%(z).

There are various ways to prove the convergence. Among the first were the
method of asymptotic expansions, using on powerful tools of asymptotic analysis
(see [BLP78] or [BP84]), and the energy method, based on compensated compact-
ness phenomenon (see [MT97]). Another way of dealing with the problem (1) is to
use the two-scale convergence technique (see, e.g., [A92]). In any case, one finds that
ue converges to ug weakly in the Sobolev space H! (Q), and therefore strongly in the
Lebesgue space Lo (). The latter can be phrased as saying that the resolvent of the
operator — div A(x, e~ 1x) V converges to the resolvent of the operator — div A°(z)V
in the respective strong operator topology. A simple argument, see [AC98], using a
compact embedding theorem then shows that the resolvent converges in the uniform
operator topology on Lo(2), the strongest operator topology on La(2). However,
this says nothing about the rate of convergence, nor does it apply to the case of
unbounded € (or quasi-bounded, to be precise; see [AF03]).

A sharp-order bound on the rate was found in the pioneering paper [BSu0l]
(see also [BSu03]) for a purely periodic problem (when the coefficients depend
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on /e only) on R? Uniform operator approximations in homogenization the-
ory have attracted considerable attention since then, with a number of interest-
ing results — see [Gri04], [Gri06], [Zh05], [ZhP05], [B08], [KLS12], [Sul3;], [Sul3y],
[ChC16] and [ZhP16], to name just a few.

As each weakly convergent sequence of operators is bounded, one may ask
whether a sequence of the resolvents of —div A(z,e712)V converge in the uni-
form operator topology on L,(£2) provided that it is bounded in the operator norm
from W, 1(Q) to Wpl(Q) for p other than 2. Another question that naturally arises
in this context is which domains and boundary conditions are allowed to still yield
the convergence of the resolvent in the uniform operator topology on L,(2). The an-
swer we give in this paper is somewhat implicit, for it is formulated in terms of,
e.g., boundary regularity results, but we provide some examples as well.

Let © be a uniformly Lipschitz domain (possibly unbounded). For fixed p €
(1,00), let 7, (€2; C") be a subspace of the Sobolev space W, (€)™ that contains Wp1 o),
and let %)ﬂ (Q; C") be defined similarly for the exponent p* conjugate to p. Let

A be C™*™-matrix-valued mappings on € x R¢ that are Lipschitz in the first vari-
able and periodic in the second and set A = {Akl}z,lzl. We will study the matrix
operator
A = —divA(z, e t2)V

acting between 7, (Q; C") and 7, (Q; C"), the dual of 7/, (Q; C"). We point out
that a function in “Wpl (€; C™) may satisfy mixed boundary conditions and even
different components of this function may satisfy different boundary conditions.

Suppose that, for some p € C and all sufficiently small ¢, the operators A° — p are
isomorphisms with uniformly bounded (in €) inverses. This condition is obviously
necessary for the sequence (A° — p)~! to have a limit even in the weak operator
topology and thus is not related to homogenization; the next two definitely are. We
assume that, for each x € (1, the cell problem

~div Az, ) (VN(z, )+ 1) = 0

has a unique solution in W, (T%) which is Lipschitz in z, and the resolvent (A% —)
of the effective operator A is continuous from L, (€)™ to %' ()" N W, 5(Q)" for
some s € (0,1].

The basic examples are the Dirichlet and the Neumann problems for strongly
elliptic operators A% on a bounded C'>!' domain. In this case, there is a sector & in
the complex plain and an open neighborhood &y of the exponent 2 such that our
assumptions hold for any u ¢ & and p € Py. Moreover, Py = (1,00) as long as the
function A belongs to the VMO space in the “periodic” variable. See Section 7 for
details.

In this paper we prove that

(3) (A% = )™t = (A% — 1) Mz, @)=, @) < Ce*/,
(4) V(A" =)' = V(A = )™ = eVKE L, (0)=1, @) < Ce™/P,

where K7, is a so-called corrector, see Theorem 6.1. If, in addition, the adjoint of A
satisfies similar assumptions as A%, then

(5) (A" =)™t = (A% = ) L, @)= @) < C€°,

see Theorem 6.3. For s = 1, the convergence rate in (5) is the same as in the whole
space case, which is known to be sharp with respect to the order. If we have a
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uniform Caccioppoli-type inequality for A°, then the estimate (4) can be improved
as well, but only away from the boundary. Thus, for a subdomain ¥ with closure
in Q,

(6) IV(A7 — )™ = F(A° — )™~ eV, @)y < C°

see Corollary 6.5. We note that, in the whole space case, one can also find the second
term in the approximation (5) so that the rate becomes of order €2, see [Sel7:],
where the case p = 2 was handled.

Purely periodic homogenization problems on a bounded domain are thoroughly
studied. By using the unfolding method, Griso [Gri04], [Gri06] established uni-
form approximations (3)—(6) in the Hilbert-space case p = 2 for scalar prob-
lems on C!! domains with Dirichlet or Neumann boundary conditions, as well
as on C%! domains with mixed boundary conditions. In the case when s = 1
and p = 2, Zhikov [Zh05] and Zhikov with Pastukhova [ZhP05] (see also the survey
paper [ZhP16] and the references therein) proved (3)—(4) for scalar problems and
the linear elasticity system on sufficiently smooth domains with Dirichlet or Neu-
mann boundary conditions. In [KLS12], the authors considered self-adjoint Dirich-
let and Neumann problems on C%! domains with Hélder continuous coefficients
and, for p = 2, obtained the approximation (5) with error of order e[lng|? for
any o > 1/2. They also improved the rate to € if s = 1. Quite general self-adjoint
strongly elliptic systems on C'! domains with Dirichlet or Neumann boundary
conditions were studied by Suslina [Sul3;], [Sul3sz], where the estimates (3)—(6)
were proved for s =1 and p = 2.

To prove the results, we study a first-order approximation, involving the re-
solvents of the original and the effective operators and the corrector. First-order
approximations are well-known in homogenization theory, see, e.g., [BLP78| or
[ZhKO93]. The one we use here differs from the classical one in that the corrector is
now regularized. The idea of using a smoothing to regularize the classical corrector
is due to Cioranescu, Damlamian and Griso, see [CDGO02|. Besides the standard
mollification, we employ the Steklov smoothing operator, which is the most simple
and which had already proved to be quite useful for both linear and non-linear prob-
lems; see [Zh05] and [ZhPO05], where that smoothing first appeared in the context
of homogenization, as well as [PT07], [Sul3;] and [Sul3s]. We adopt the technique
related to the Steklov smoothing operator from these papers.

For the first-order approximation, we derive an operator representation that
splits the problem into interior and boundary parts, see (69). The interior part is
treated in the same way as for the whole space case, cf. [Sel7;]. On the other hand,
the boundary part, being supported in a small neighborhood of the boundary, is
small as well, no matter what the boundary conditions.

We note that, once the estimates (3)—(6) are obtained, a limiting argument will
lead to similar results for locally periodic operators whose coefficients are Holder
continuous in the first variable, see [Sel73| for some details. We also mention the
paper [Se20], where the elliptic bounds (4)—(5) for the Dirichlet problem with s =1
and p = 2 were carried over to the parabolic semigroup by keeping track of the rate
dependence on both the small parameter € and spectral parameter p.
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2. NOTATION

The symbol ||| will stand for the norm on a normed space U. If U and V
are Banach spaces, then B(U, V) is the Banach space of bounded linear operators
from U to V. When U =V, the space B(U) = B(U, U) becomes a Banach algebra
with the identity map Z. The norm and the inner product on C" are denoted by ||
and (-, -), respectively. We shall often identify B(C",C™) and C™*".

Let ¥ be a domain in R? and U a Banach space. The space C%!(3;U) consists
of those uniformly continuous functions u: ¥ — U for which

lullcorsiy = llulleso) + [Wleor w0y < oo,

where |[ull¢(s;0) = sup,es[u(z)|lv and

lu(ws) — wlz)lv:

U|0,1(5. = sup
[ ]C =0 T1,T2€X, |:E2 - I1|
T1£T2
We will use the notation ||-[|co.1, ||-|lc and [-]co. as shorthand for ||-[|co (s,

I llo(svy and [-]co.r s,y When the context makes clear which 3 and U are meant.
The corresponding modulus of continuity will be denoted by wy,:

wy(r) = sup [lu(zz) — u(z1)ov.
z1,T2€%,
|z1—z2|<T

Let Lo(X;U) be the vector space of all strongly measurable functions on X
with values in U. The symbol L,(Z;U), p € [1,0], stands for the L,-space of
Lo(3; U)-functions. For finite p and s > 0, we let W5 (%; U) denote the usual Sobolev
space or Sobolev—Slobodetskii space of Ly(X; U)-functions on ¥ with norm

m 1/p
llws i) = (Z |Dau|fzp@m)

|e|=0

if s=m € N and

1/p
lulhwssan = ( 3 1D D0l 50+ Il )
laj=m
if s =m+r with m € Ng and r € (0,1). Here D = —iV and Dg’; is the fractional
derivative of order r given by

1/p
douw) = ([ il an)

where Apu(z) = u(z + h) —u(z) and € X. In case U = C", we write ||-|/p,n
and [|-|[sp,s for the norms on L,(X)" = Ly(3;U) and W7 (X)" = W7 (%;U) and
(v, +)x for the inner product on L2(3)™. When it is clear from the context which
¥ and U are meant, we will write D" instead of Dg";. The dual space of W (¥)"
under the pairing (-, -)x is denoted by (W7 (X)")*, with ||-[|* | . s, standing for the
norm. Here p™ is the exponent conjugate to p, that is, 1/p*™ = 1 —1/p. The closure
of C2°(X)" in Wi(X)™ is Wi (X)", and W ;*(X)" is its dual, with norm [|- || _; p+ 5.
The space (W (X)")" is continuously embedded in W * ()"

Let @ be the closed cube in R? with center 0 and side length 1, sides being parallel
to the axes. Then W;"(Q)" denotes the completion of C™(Q)" in the W;"-norm.
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Here C™(Q) is the class of m-times continuously differentiable functions on Q whose
periodic extension to R? enjoys the same smoothness. Notice that f;p(Q)" can be
identified with the space of all periodic functions in Ly joc(R?)™. In a similar fashion,
we define W;” (R? x Q)" and C™(R? x Q)". The dual of VT/;” is denoted by Wpﬁm.

Let B be the open unit ball in R? centered at the origin, and let B, be the open
unit half-ball with 24 € (0,1). We say that ¥ satisfies the uniform weak Lipschitz
condition if there is a uniformly locally-finite open covering {Wy} of ¥ and a
sequence of bi-Lipschitz transformations wy : Wy, — B so that (1) wp(WpNX) = By
and wg(Wy,NO%) = 0B \ 0B; (2) supy[wk]co.1 vy, ) and supk[wk_l]co,l(g) are finite;
and (3) for some ¢ > 0, any open ball Bs(z) with « € 9% is contained in a coordinate
patch Wj. The last two conditions are automatically satisfied provided that the
boundary of ¥ is compact. Notice that the domain R? \ ¥ is uniformly weakly
Lipschitz whenever ¥ is.

For such X, there exists a C'*°-partition of unity {¢x} subordinate to {Wy}
with the property that supy || D*¢k||co,w, is finite for any «, see [Ste70, Chapter 6,
Section 3]. Then there is an extension operator from W3 ()" to W3 (R?)". It follows
that standard density and embedding results which hold for R must also hold for ¥.
In particular, the Sobolev theorem states that W) (%)™ is continuously embedded
in Ly(X)™ for any ¢ € [p, p*]. Here p* is the Sobolev conjugate to p given by 1/p* =
1/p—1/dif p < d; p* is any finite number greater than or equal to p if p = d; and
p* = oo if p > d. By p. we denote an exponent such that WZ}*(E)” is embedded
in L,(X)"; more precisely, p, = 1 if p € [1,d"), p, satisfies 1/p. = 1/p+1/d
if p € [dT,00) and p, is any number greater than d if p = co.

If p= 2, we write H* for W, H™* for W, etc.

For a set = C R?, we let =5 denote a neighborhood of =:

Es = {z € Z: dist(z,E) <rgd},

where 2rg = diam Q = d'/2. Thus, = + 6Q C Zs.
We shall also need the BMO(R?) and VMO(RR?) spaces. The former consists of
all u € Ly 1oc(R?) such that

lulleso = sup ]l () — mpp ()] dez < oo,
B

R BR

where Br C R? is a ball of radius R and mp, (u) = J(BR u(y) dy is the mean value

of u over Bg. The latter is the subspace in BMO(RR?) of all functions u for which
the VMO-modulus, given by

Nu(r) = sup ][ |u(z) — mp, (u)|dz,
Br: R<rJBpgr

tends to zero as r — 0. We refer the reader to [Gralds| and [Gar07] for more on
this matter.

We will often use the notation @ < 8 (which is the same as saying that 8 2 «) to
mean that there is a positive constant C' depending only on some fixed parameters
(listed in Theorem 6.1-Corollary 6.6) such that o < Cg.

Finally, aAS and aVp are, respectively, the smaller and the larger of o and .
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3. ORIGINAL OPERATOR

Let © C R? be a (possibly unbounded) domain satisfying the uniform weak
Lipschitz condition. Define the operation 7, ¢ > 0, as follows: given a function
u: QxR — Lo(Q), we set 75u: Q — Lo(Q) to be

(7) u(z, 2) = u(z, e, 2),

where z € 2 and z € Q. Obviously, 7¢ is a homomorphism of the respective algebras;
in other words, for any two functions u and v from Q x R? to Lo(Q)

(8) T (u+v) =71u+ 7%, T uw = 7% - TV
(the - denotes the pointwise product of functions). We adopt the notation u® = 7°u.
Let Ay, with 1 < k,1 < d, be a function in C%'(€; Loo(Q))"*". Then A =
{Aw} can be thought of as a bounded mapping A: Q x R? — B(C?*™) which is
Lipschitz in the first variable and periodic in the second. It follows that A satisfies a
Carathéodory-type condition, i.e., A(-,y) is continuous on 2 for almost every y € Q
uniformly with respect to y and A(z, -) is measurable on R? for each x €  (see,
e.g., the proof of Lemma 5.6 in [A92]). Therefore, A° is measurable and uniformly
bounded.
Fix p € (1,00). Let %,}(Q;C") and “Wpﬂ (€; C™) be subspaces of, respectively,
W, ()™ and W, (Q)™ that contain all functions in C2°(Q2)"; for instance,
(9) Wa(Q)" C 7, (2C") € Wy ()™
By %, /(@ C") and |[|-[|_,, o we denote the dual of 7 (2;C") (under the
Lo-pairing) and the associated norm. Since %, '(€;C") is isometrically isomor-
phic to the quotient space (Wpl+ (Q)")*/(“Wpl+ (£2;C"))*, where (“Wpl+ (Q;C™))* s
the subspace of all functionals on W, (€)™ vanishing on 7}, (€;C"), the natural
projection
(10) wo f e f (L@
can be thought of as a continuous epimorphism of (Wpl+ (Q)™)* onto %, (€;C"):

(11) 7 fll =1 po < 11210
Consider the matrix operator A°: %' (Q; C™) — %, *(€; C") given by
(12) A® = D*A°D,
that is, A° sends each u € 7, (Q; C") to the functional v = (A°Du, Dv)q in %, (€;C").
It is plain that A® is bounded uniformly with respect to e:
(13) A%l -y p0 < Il lIDullpo, v 7 (2;C").

We further assume that, for some p € C, there is ¢, € (0,1] so that the opera-
tors Af, = A° — p are isomorphisms for any ¢ € &, = (0,¢,] and, moreover, have
uniformly bounded inverses:

(14) IAD ™ flipo SN por f €7 T,

Let (A7) be the adjont of Af. The corresponding objects and results related
to (A7), will be marked with “+” too. Notice that (A%)" obeys (137) and (147),
with the same constants, in fact.

D5
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Remark 3.1. Basic examples to keep in mind are the extreme cases where ‘W/pl (€;C")
coincides with either Wp1 (€)™ or W (Q)™. The first case corresponds to the homo-
geneous Dirichlet problem, and the second, to the homogeneous Neumann problem.
Notice that components of u in %}(Q; C™) may satisfy different boundary condi-
tions.

Lemma 3.2. Let v = x(u — &), where x € CP(RY), £ € C" and u € W, (Q;C™).
Ifv e %}(Q;C”), then

(15) [[ollLp.e S DX Dullp.vie+ DX (u=E)llp.a+ €l X0+ XAl -y p o

where the constant depends only on p, n, u, Q, ||A||L.. and the constant in the
bound (14).

Proof. A simple calculation yields the identity
Ajv=—(Dx)" - A*Du+ D*A*(Dx - (u — §)) + px€ + xAj,u.

Observe that (p™)* = (p.)" and therefore Ly, v1(Q2)" C %, '(€;C"). Thus, using
(14), we obtain (15). O

As a consequence of Lemma 3.2, we prove the well-known (weak) reverse Holder
inequality for the Dirichlet and Neumann problems. In what follows, () g will denote
a closed cube in R? having side length R, sides parallel to the axes, and aQg will
denote the a-fold dilate of Qg (with the same center).

Lemma 3.3. Suppose that d > 2, p > d¥ and W;(Q;C") is either WZ}(Q)” or
Wy (Q)". Let Au. = f + D*F with f € L,()™ and F € L, ()" we regard f
and F as being identically zero outside ). Then there is Rq > 0, depending on d
and Q, such that, for any Qr C R? with R < Rq, one has
(16)

uelltp@rre S B (IIDuellp. 2qrne + llue

p220rn2) + 1 fllp. 205 + 1 Fllp20x

where the constant depends only on d, p, n, u, Q, ||A||L.. and the constant in the
bound (14).

Proof. We intend to apply Lemma 3.2. Take y € C%(2Qg) such that 0 < y <1
and |Dx(z)| < 4/R, with x =1 on Qg and x = 0 outside 3/2Qr. Notice that

IxAuuell—1 o S UFlp. 200 + B7HIFp. 200 + 1Fllp2qn;
where we have used the fact that L, ()" C %, ' (€;C") as long as p > d*. Since
1F . 20r < 2Qr|"IIFllp20n = 2RIIFp20x
by Hélder’s inequality, we see that
(17) AL uell—y po S 1fllp.2@r + [1Fllp.2@n-

We first consider the case when %, (€; C") = Wz} (Q)™. Extend u. by 0 outside Q.
Suppose that 3/2Qr C Q. According to Lemma 3.2, with & = mag, (u), and
the estimate (17),

1pQr < e = maq (ue) 10,05 + 12Qr[YPImag, (ue))|
S R (IIDucllp. 205 + llue — magy (ue)llp2qx)
+ 12Qr|"PImaq, (ue)| + |1 fllp. 205 + || F|

e |

P,2QR"
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By the Holder and the Sobolev—Poincaré inequalities, we have

[maqr (ue)| < [2Qr| /7"

Ue||p.,2Qr

and

l[ue = maqu(ue)llp2qn S [Duellp. 2x;

respectively. Thus, (16) follows. B
On the other hand, if 3/2Q r intersects R%\ 2, then using Lemma 3.2, with ¢ = 0,
and keeping in mind (17), we obtain
HUEHLILQR 5 R™ (”DUS Pe2Qr T Hu€||p,2QR) + Hf pe2Qr T HFHP,?QR'

Now find a point 2o € 3/2Qr N 0N in such a way that 1/2Qgr(zg) C 2Qg. For
uniformly weakly Lipschitz 2, there are constants cq > 0 and Rg > 0 so that for
any cube Q,(x) with x € 9Q and r < Rq

(18) |Qr(2) \ Qf = calQr(2)].

Notice also that, if a function u vanishes on a set ¥y C X,

(19) X[ fms(u)] < /E\Z lu—mx(u)|de + X\ Xo|[ms(u)].

Since ue = 0 on (1/2Qr(x0)) \ ©, (18) and (19) yield

|2QR|
|m2QR (u8)| S |(1/2QR 'IO \ Q| ][QR mQQR(U‘E” dx

< 12Qr|T l/pHua - m2QR(u5)|

provided R < Rg. It then follows from the Sobolev—Poincaré inequality that

P,2Qr

luellp2qn < lus = maqn (ue)llp2n + 12QR|YPImagp (ue)| S 1Duellp. 20x-

As a result,

1,p,Qr ~ SR 1HDUEHP*72QR + ||f||P*;2QR + ||F|
which implies (16).

Finally, if 7, (Q;C") = W, (Q)", then x(ue — maqy(uc)) € %, (€;C") for any
Qr and we can repeat the argument used for the “interior” case 3/2Qr C Q above.
O

Hu5| P,2QR>

Remark 3.4. The reverse Holder inequality is a first step in proving higher integra-
bility of the solution, together with its gradient, to an elliptic equation with Dirichlet
or Neumann boundary conditions, see, e.g., [GIM79] or [Gia83|. Ifd > 2 and p > d ™,
then from Lemma 3.3 one deduces that, given f € C°(Q)" and F € C°(Q)"

L putop ) is (. (outop +aapy o)

+ ]éQRu(xnpdﬁ ]éQR|F<x>|p dx

whenever R < Rq. Therefore, by the generalization of Gehring’s lemma due to
Giaquinta and Modica [GIMT79, Proposition 5.1, there is p, > p, depending only
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on p, d and the constant in the previous estimate, such that the inequality

(£, 1Pt + o) ar) s L (D@ + ) i) v

+( ]gQR|f<x>|qda:>l/q +( JQQR'F("”)'Q‘L’”) v

holds for each ¢ € [p, p,). Then an argument using a partition of unity shows that

1,4, S ||f||pﬂq7ﬂ + HF”pﬂq,Q

(here || |lpng,0 is the norm on L,(2) N Ly(€2)). If © is bounded, this, together with
a duality argument (notice that p* > d > d* if p < d*), implies that the range
of ¢ > 1 for which u. € W} ()", is open, and moreover (14) is valid with any ¢ €
(p;'[,pu) in place of p. This can be viewed as a special case of the extrapolation
result due to Shneiberg [Shn74] (see also [Agrl3, Section 17.2]).

e |

We close this section with another consequence of Lemma 3.2 , which will prove
useful in the context of interior estimates.

Lemma 3.5. Suppose that the inverse of A;, is also bounded from (qu+ (Q)m)*
to qu ()™ for some q € [1,p). Assume further that, given any x € C21(S2), there
is X' € CO1(2), with supp x C supp X', so that

(20) 1Dxul

gsuppx S Nullgsupp s + X’ AEU||| 1,q,9
for all u € CH(Q)™. Then a similar result holds with q replaced by p.

Proof. Fix y € C%(Q) and choose a sequence of cutoff functions xx € C%*(Q),
where 0 < k < m = [d(1/q — 1/p)] (here [-] is the ceiling function), in such a

way that Xo = X, SUPD Xk C supp xk+1 and xk41 = 1 on supp xk. Let o = p
and gr+1 = (qr)«- Notice that (14) implies that the inverse of A7, is bounded

K
from (W, (2)")* to W, ()" (according to (11)), and hence also from (qu+ (Q)m)*
k
to quk (Q)™ for all g > ¢, via interpolation. Then, by Lemma 3.2 and Holder’s
inequality,
DXkl g suppxi S DUl gsrva,suppxie + [1wllpsupp e + |||Xk-AZU|||_1,p,Q-

Iterating this and using the fact that x;4+1 = 1 on supp xx, we obtain

(21) [[Dxullpsuppx < 1DUllgmvasupp xm—1  [Ullpsupp xm—1 + [IXm— 1~A ulfl 1,p,Q

Now note that ¢,, < q, so the hypothesis and Holder’s inequality show that
[1Dullgvasupp xm—r S lullpsupp s, + IXmAL Ul -1 0-

Substituting this to (21) gives the desired estimate with any x’ € C%*(Q) which
is 1 on supp x,,- O

4. EFFECTIVE OPERATOR

As usual, the coefficients of the effective operator are described by the solution
of the so-called cell problem. Let D7"? and D37 stand for differentiation in the first
variable and the second variable, respectively. Then the cell problem is as follows:
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for each £ € C¥*™ and z € Q, find Ne(z, -) € WE(Q)", with fo Ne(z,y) dy = 0,
satisfying

(22) Dy A(z, ) (D2 Ne(x, -) +€) =0
on V~VZ)1+(Q)”. We assume that such an N¢ exists, is unique and is Lipschitz on Q

with values in Wz} (Q). Since N¢ depends linearly on &, the map assigning N¢ to
each £ is simply an operator of multiplication by a function, which we denote by V.
Thus,

0,1/5. 1771
(23) N e C™ (W, (Q)).
A standard sufficient condition is this:

Lemma 4.1. For any x € Q, let A(x) = D3A(z, )D2 be an isomorphism of
W (Q)"/C onto W, (Q)™ with uniformly bounded (in x) inverse. Then the prob-
lem (22) has a unique solution, satisfying (23).

Proof. By assumption,
Ne(z, ) +C = —A(x) ' D3 A, -)¢
is a unique solution of (22) and

D2 Ne(, )|

2@ SIID3A(, - )€l -1,p.05

and therefore
[D2Noir, @) S 1AL

Let Tp,, h € R9, be the translation operator defined by Thu(z,y) = u(z + h,y),
where u € LO(Rd X Rd), and let Ap = T, — Z. Obviously,

Apuv = Apu-v+ Thu - Apv
for any u,v € Lo(R? x R?). Tt follows that if x, 2 + h € §, then
ApNe(z, ) = —A(z + h) ' D3 (AR Az, -) - (DaNe(a, -) + €)).
Hence,
1D2AnNe(, -)llp.@ S D3 (AnA(z, ) - (DaNe(w, -) + ) -1p.0
and as a result
[D1D2N || iL, @) S IP1AlL I+ DNl ,Q))-

We have verified that DoN € C%'(€; L,(Q)). Tt is then immediate from the
Poincaré inequality that N € C%(Q; L,(Q)) as well. O

Now define the effective operator A°: %! (Q; C™) — %, (€; C") by setting
(24) A° = D*A°D,
where A%: Q — B(C%*") is given by
(25) @) = [ A )T+ DaN(z,y) d
Q

Notice that since A and Dy N are uniformly continuous in the first variable, so is AL,
In fact, we have A° € C%1(Q). Indeed, an easy calculation shows that

1A% 2 < NANL I + DaNllzooiz, @)
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and
I1D1A° L. < [|Al . [ID1D2N Lo (0:L, @) + ID1Al L T + DNl L (9L, (Q))-

Thus, by (23), [|A%]|co.(q) is finite.
We suppose that there is s € (0, 1] such that the operator Aﬂ = A" — p, with
the same 4 as in (14), has a continuous inverse from L, (Q)" to W +5(€)":

(26) 1A fllirspe SIfllpe € Lp(@)"

Remark 4.2. Usually, one starts with an isomorphism AJ : %' (€; C") — %, (2, C"),
while additional regularity as in (26) requires that both the boundary of 2 and the
boundary conditions be more regular as well. For the Dirichlet or the Neumann
problems on uniformly C':!-regular domains, we have s = 1, see, e.g., [McL00,
Chapter 4]; the same holds under a weaker assumption that each coordinate map wy,

is a (p, 2)-diffeomorphism with multiplier norm uniformly bounded in &, see [MSh09,
Chapter 14]. In the case of mixed Dirichlet-Neumann problems, one cannot hope
that s will be “too large” even for very regular domains and coefficients, as |1 +

s —2/p| < 1/2 for the Laplacian on a half-space with mixed boundary conditions,
see [Sha68]. We refer the reader also to [Grv11] for more on this matter.

5. CORRECTOR

Fix an extension operator £ that maps the spaces W (Q2) and W, *%(Q) contin-
uously into, respectively, W} (R?) and W, (R?). We also extend the function N
to R? x @ in such a way that N € C%!(R%; Wpl (Q)) (e.g., by doing a reflection in
the boundary). Define the operator K, : L,(Q2)" — W3 (R%; Wpl (Q)™) to be

(27) Ku=ND{E(A))™.
From the assumptions (23) and (26) we immediately conclude that K, is bounded:

DT DolCyfllprixg + D2y fllpraxg
DY fllpraxg + KL fllprixg S 1 fllp.o-

The image of K, is contained in the space W, (Rd;Wpl (@)") only if s = 1.
For the other cases, we will use mollification to regularize the operator &£ (Ag)_l
in K.

Fix a non-negative function J € C2°(B1(0)) with [, J(z)dz = 1. For § > 0, let
Js be the standard operator of mollification, that is, Jsu = Js * u, where Js(x) =
6=%J (6~ x). Obviously, the operator J5 maps W3 (R?) into W, (R?), but for s < 1
its norm blows up as 6 — 0. It is also known that 75 converges, as § — 0, to Z in
the operator norm on Lp(Rd). The next two lemmas provide the rates of blow-up
and convergence, respectively.

(28)

Lemma 5.1. Let 0 < s < r < 1 and q € [1,00). Then for any § > 0 and u €
C(R?), we have
(29) 107 Tsullg e S 67| DV 0]l -

Proof. We will prove that, for r < 1,
(30) |D" Tsull g S 6~ (1 = )79 D> ul| pa,
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where the constant does not depend on r. It then follows from the formula
. 1 7 B
}E(l —r) /qHDT qquJRd = Od,q”Dqu,Rda

see [BBMO1], that (29) holds for r = 1 as well.
Suppose first that |h| < 4. It is easy to see that

Ahjgu(;v) = — AhJ(;(I — .’2‘) Am_@u(i) di,
Rd

where the integration is, in fact, running over Bas(x). Then, by Holder’s inequality,

/ (h]|~4=79| Ay Tyu(a)] dh
B;(0)

qg—1
g/ |h|d’“q(/ | AnJs(8)]9" d;%) dh/ | Aj )| dh.
B5(0) B25(0) B25(0)

TR (1t + +
L(JAmwmqms5q+“q”wqm&n&mm
25

Since

the first integral on the right is estimated, up to a constant, by
5*“/ |h| =40 gp < (1 — )14,
B;(0)
The other integral is obviously bounded by (2§)?*%7|D*9u(x)|?. As a result,
(31) / / |h| =" AR Tsu(z) | de dh S (1 —r) L6~ 99| D y|9 .
R4 J B;s(0) 4,
On the other hand, if |h| > §, then using the identity
ApTsu(zx) = / J5(2) Apu(x — 3) di
Rd

and applying Holder’s inequality yield

Lo b s o) dn
R4\ B; (0)
qg—1
< 5*<H>q/ (/ PAGIES d;%) |D¥y(x — £)|9 da.
Bs(0) B;(0)

/ (@) diz < 60771 | Bi(0)],
B;5(0)
and therefore
@) [ [ AT dedn € 6 D
Re JR4\ B;(0) &
Combining (31) and (32), we obtain (30). O

Lemma 5.2. Letr € (0,1) and q € [1,00). Then for any § > 0 and u € C°(R?),
we have

(33) [(Ts = Dullgra < 0"[[ D" Tullq pa-
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Proof. We write

(s~ Tutw) = |

R
and then repeat the argument leading to (32) in Lemma 5.1. O

, Js(2) A_zu(x) di

For s € (0,1), we define the operator K,,(6): L,()" — W (R%; VNVZ} (@Q)™) by
(34) K.(8) = ND1 J5E(AD) ™Y

we agree to set K, (6) = K, for s = 1. It follows from the assumptions (23) and (26),
together with Lemma 5.1, that

51_S||D1D2/Cu(5)f||p,Rde + 61_S||D11CM(6)f||1,p,]Rd><Q
+ 1D2K(8) fllpraxg + 1Ku(0) fllpraxo S I fllpe

for any s € (0, 1] uniformly in § > 0. Applying the Sobolev embedding theorem, we
then see that, for any s € (0,1] and ¢ € [p, p*],

(36) 5K (0) Fllgraxe S I lpe
uniformly in ¢ € (0, 1].

Since we do not impose any extra assumptions on the coefficients of A%, the
function 7° N may fail to be measurable, and therefore the classical corrector 75/, —
and even the mollified one, 7°/C,,(4), — may not map L, ()" into Lo(£2)". We use
the Steklov smoothing operator to further regularize /C,(9).

(35)

5.1. Smoothing. Let 7¢: Lo(R? x Q) — Lo(R? x Q; Lo(Q)) be the translation
operator

(37) T u(z,y,2) = u(z +£2,y),

where (7,7) € R? x Q and z € Q. Obviously, 7¢(u +v) = T°u + T°v and T uv =
Teu-T*v, so T¢ is an algebra homomorphism. Next, the formal adjoint of 7¢ with
respect to the Lo-pairing is given by the formula

(T u(z,y) = /Qu(x —ez,y,2)dz.

Then the Steklov smoothing operator S¢ is the restriction of (7¢)* to Li(RY x Q)+
Loo (R4 x Q); in other words,

(38) Ssu(x,y)—/QTsu(x,y,z)dz.

The operator S° thus defined is formally self-adjoint.
Here we collect some well-known facts about 7° and S¢, cf. [ZhP16, Subsec-
tion 2.1].

Lemma 5.3. For any q € [1,00) and ¢ > 0, 7°T¢ is an isometry of Ly(R? x Q)
into Ly(R%; Ly (Q)).

Proof. By change of variable,

nﬁTquWQ—34Lmewfaa1mwmwz—é;[;maa1x—zmdxw-

But since u is periodic in the second variable, this equals | O

|ullg gaxo-

A related result for §¢ is immediate from Holder’s inequality and Lemma 5.3.
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Lemma 5.4. For any q¢ € [1,00) and € > 0, 7°8° is a bounded operator from
Ly(RY x Q) to Ly(R?) of norm 1.

Both 7¢ and §°¢ converge to the identity operator in uniform operator topologies,
where the domain is “smoother” that the codomain.

Lemma 5.5. Let ¥ be a domain in RY, and let r € (0,1] and q € [1,00). Then for
any e >0 and u € C* (R4 x Q) we have

(39) I(T* = Dullgnxexe S 1D ullg 0. xq-

Proof. For r < 1, the inequality (39) follows just by scaling. For r = 1, we write

1
u(z+ez,y) —u(z,y) = si/ (Diu(z + etz,y), z) dt.
0

Hence,
(7% = Dul-, v, 2)llo.n < erql Drul-, y)llg.s.-
Raising both sides to the gth power and integrating then yields (39). O

The next lemma comes from the previous one, together with Holder’s inequality.

Lemma 5.6. Let ¥ be a domain in RY, and let r € (0,1] and q € [1,00). Then for
any e >0 and u € CX(RY x Q) we have

(40) 1(S* = Dullgoxe S lIDT ullg . xq-

5.2. Corrector. We define the corrector K5, : L, (Q)" — W, (Q)" by
(41) K, = 18K, (e).

Thanks to the smoothing &¢, it is bounded with

(42) el DK fllp.2 + 1K fllpo S 1 f 1.0

Indeed, taking into account that e D7¢S® = e7°S¢ D1+7°S° Dy and using Lemma 5.4,
we see that

el DK fllp.c + IKLfllp.e S €l D1KL(E) fllp.0.x@
F DL () fllp.ex@ + 1Ku(€) fllp.0.xq-

The estimate (42) then follows from (35). We also notice that (36) implies the
bound

(43) e N g S I fllp.e
for the same range of ¢ as in (36).

Remark 5.7. The operator K, may be written explicitly as
K f(x) = /QN(:E +ez, sflx)‘Z_-ED(Ag)flf(:C +ez)dz.

It first appeared for s = 1 (in which case J. is dropped from Ki) in the pa-
per [PTO7].



HOMOGENIZATION FOR LOCALLY PERIODIC ELLIPTIC PROBLEMS 15

6. MAIN RESULTS

Now we formulate the main results of the paper. The first one deals with ap-
proximation under minimal assumptions on the initial problem.

Theorem 6.1. If (14), (23) and (26) hold, then for any ¢ € &, and f € L,(Q)"

we have

(44) 1A = (A2 fllge S ) fllpas
(45) ID(AS) " f — D(AY) "L f — eDKE fllpo S €| f]

P,

where q € [p,p*]. The constants depend only on the parameters d, s, p, q, n, u,
the domain Q, the C%'-norms of A and N and the constants in the bounds (14)
and (26).

Notice that the inverse of A;, actually does converge in the operator norm from
Ly to W with r <1, yet the rate may be not as good.

Corollary 6.2. Under the hypotheses of Theorem 6.1, for any r € (0,1), ¢ € &,
and f € L,(Q)™ it holds that

(46) 1D (A7) 1 = (A Dl < /PAE )

p,§2-

The constant depends only on the parameters d, v, s, p, n, u, the domain , the
C%-norms of A and N and the constants in the bounds (14) and (26).

We can improve the estimate (44) for ¢ = p provided that the adjoint problem
enjoys the same regularity properties as the initial one.

Theorem 6.3. Suppose that (14), (23), (26) and (23"), (26) hold. Then for
any € € &, and f € L,(Q)"™ we have

(47) 1A = (AL fllpe S 1 f lpa-

The constant depends only on the parameters d, s, p, n, u, the domain €, the
C%L-norms of A, N and Nt and the constants in the bounds (14), (26) and (267).

The other estimate in Theorem 6.1 can be improved as well, but only if restricted
to an interior of €.

Theorem 6.4. Suppose that (14), (23), (26) and (237), (267) hold. Suppose

further that for a given x € C%Y(Q) with suppx C Q there is X' € C%1(Q)
with supp x C supp X’ C Q such that for all € € &, the interior energy estimate

(48) IDxullpo < lullpo + 11X Anull 1,00 we (T,
holds. Then for any € € &, and f € L,(2)"
(49) IDX((A;) ™ f = (AR 71 f = ek D)l S €% f]

The constant depends only on the parameters d, s, p, n, u, the domain 2, the
C%L-norms of A, N, NT and X' and the constants in the bounds (14), (26), (267)
and (48).

p,§2-

As an immediate corollary we have:
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Corollary 6.5. Let hypotheses be as in Theorem 6.4 with x having the property
that x~1 is uniformly bounded on a domain ¥ with ¥ C Q. Then, for any ¢ € &,
and f € L,()",

(50) ID(AZ) ™ f = D(AR) ' f = DK fllpx S €°llf]

The constant depends only on the parameters d, s, p, n, u, the domain €, the
C%!-norms of A, N, N and x/, the Loo-norms of Dx and x*|s and the constants
in the bounds (14), (26), (26™) and (48).

p,§2-

The next result follows from Corollary 6.5 in the same manner as Corollary 6.2
comes from Theorem 6.1.

Corollary 6.6. Let hypotheses be as in Theorem 6.4 with x having the property
that x~1 is uniformly bounded on a domain ¥ with ¥ C Q2. Then, for anyr € (0,1),
e€&, and f € L,()",

(51) 1D (A7) 1 f = (A )l S I f llp.o-

The constant depends only on the parameters d, r, s, p, n, u, the domain €, the
C%-norms of A, N, Nt and ', the Loo-norms of Dx and X_1|E and the constants
in the bounds (14), (26), (26™) and (48).

Remark 6.7. The corrector e, is usually involved in an approximation for (.AZ)’1
in the “energy” norm. If we want to approximate D(AZ)~" only, we may use the
operator T°S§°DyK,,(¢) instead, because
eDKS, = em°S*D1K,u(e) + 7587 D2K i (e),
where
[7°S*D1K,(e) f|
by Lemma 5.4 and the estimate (35).

pa S |/l

p,§2

Remark 6.8. The results of Theorem 6.4 and Corollaries 6.5 and 6.6 rely on an a
priory bound (48). In view of Lemma 3.5, for a compactly supported function y
this can be reduced to a similar bound with a smaller exponent ¢ > 1, provided
that (14) holds also for ¢ in place of p.

Remark 6.9. A glance at (45) and (50) suggests that the rate of approximation
for D(.AZ)’1 becomes worse only near the boundary of . In fact, one can introduce
a boundary-layer correction term Bf, so that for any € € &, and f € L,(Q2)"

(52) 1A = (AQ) T = ek f = Biflhpe S €[l fllpo-
For s = 1 and p = 2, such a result was the starting point of the approach sug-
gested in [ZhP05]| (see also [PTO07], [PSul2], [Sul3;] and [Sul3s]). However, the
construction of B, is no simpler than the original problem and actually amounts
to finding the inverse of AZ. Thus, that approach required further analysis of the
boundary-layer correction term to obtain bounds on its norms.

We also note that if @ = R? (or, more generally,  is a flat manifold without
boundary, such as, e.g., 'H‘d), then BZ = 0. This enables one to improve the rates
in (44)—(45) to &°, which, at least for s = 1, is known to be sharp.

Remark 6.10. By inspection of the proofs, one can see that the estimates in The-
orem 6.1-Corollary 6.6 follow from inequalities with [[(A%)~"f|l14sp.0 in place
of || fllp, on the right. Thus, if (26) fails to hold, but (A9)~'f € %,}(Q;C") N
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Wyt (Q)™ for some f € L,(Q)", then for fixed such f we still have, e.g., results
similar to Theorem 6.1 and Corollary 6.2.

7. EXAMPLES

In the examples below we assume that € is a bounded domain in R?, d > 2,
with C! boundary and %! (Q; C") is either H'(€)™ for all ¢ or H'(Q)" for all g,
in which case 7, (€;C") C %, (Q; C") whenever ¢ > p.

7.1. Strongly elliptic operators. Let p = 2, and let #*(£;C") = %, (2; C").
Suppose that the operator A° is weakly coercive uniformly in € for e sufficiently
small, that is, there are 9 € (0,1] and ¢4 > 0 and C4 < oo so that for alle € & =

(0550]
(53) Re(A%u,u)q + Callull3.q > callDull3 g, u € X (Q;C").

With this assumption, A° becomes strongly elliptic, which means that the func-
tion A satisfies the Legendre-Hadamard condition

(54) Re(A()E@n,E@n) > calé*In)?,  EeRinecC”

(see Lemma 7.2). What is more, a simple calculation based on boundedness and
coercivity of A¢ shows that if ¢ € &, then A® is an m-sectorial operator with sector

S={z€C:|mz| <c |4 (Rez+Ca)}

independent of e, and therefore (14) holds for p = 2 and any ¢ € &, provided
that ;1 ¢ §. As we have seen in Remark 3.4, the estimate (14) is then valid for any
pE (p:[,p#), with p,, > 2 depending only on d, 11, 2 and the ellipticity constants c4,
C4 and ||A]c-

Let po = sup,¢s pu, and set Py = (pd,po). We show that (14) holds, in fact,
for any p € Py and p ¢ § uniformly in e € &y. Indeed, suppose that p, v ¢ & and
choose p € (2,p,). From the Sobolev embedding theorem, we know that La(€2)™ is
continuously embedded in Wqﬂ (Q)* for g € [2,2*] and in particular in W?ip(ﬂ; Ccm™)
(see (11)). Therefore, the first resolvent identity

(A7) ™ = (AD) ™1+ (1 = ) (A)) T (AR~

yields that (AZ)~! is bounded from %5, (€; C") to %54 »,,(€2; C™). Repeating this
procedure finitely many times, if need be, we conclude that the operator (Ai)_l is
bounded from %, (€;C") to %} (Q; C").

Remark 7.1. No necessary and sufficient algebraic condition for A to assure (53) is
known. A simpler condition not involving ¢ and still implying the weak coercivity
on H!(Q)" is that for some ¢ > 0 and all z €

(55) Re(A(z, -) Du, Du)ga > c||DuH§de, u e HY (R,

That this hypothesis suffices can be seen by noticing that (55) is invariant under
dilation and therefore remains true with A(x,e~'y) in place of A(x,y). Since A
is uniformly continuous in the first variable, a localization argument then leads
to (53), with ¢4 < ¢, Ca > 0 and Z1(Q;C") = H'(Q)".
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To give an example of A satisfying the strong coercivity condition on H(Q)"
(i.e., with C4 = 0), take a matrix first-order differential operator b(D) with symbol

d
E=b(€) =D bk,
k=1

where b, € C™*™, Suppose that the symbol has the property that rankb() = n
for any € € R?\ {0}, or, equivalently, that

bE)*b(E) > ele, £eR™

Extending u € H L(Q)™ by zero outside Q and applying the Fourier transform, we
see that the operator b(D)*b(D) is strongly coercive on H*(2)™:

(56) Hb(D)qu,Q > Cb”DuH%,Qv u € Hl(Q)n
Let g € COY(Q; Loo(Q))™*™ with Reg uniformly positive definite and let Ay =
by gb;. Then, by (56),
Re(A® Du, Du)q = Re(g°b(D)u,b(D)u)q
> ¢y (Reg) |72 [ Dull3 g
for all u € H! (Q)™. Purely periodic operators of this type were studied, e.g., in
[PSul2] and [Sul34].

For coercivity on H*(2)", we require a stronger condition on the symbol, namely,
that rank b(¢) = n for any £ € C?\ {0}, not just & € R%\ {0}, which implies that

(57) Ib(D)ull3 o > el Dull g — Collull o, we H ()",
see [Nel2, Section 3.7, Theorem 7.8]. Then, obviously, for any u € H'(Q)"
Re(A®Du, Du)q = Re(g°b(D)u, b(D)u)q
> [[(Reg) ™[I (ol Dull3 0 — 2.0)

where A and g are as above. Such operators in the purely periodic setting appeared
in [Sul3s).

Now we turn to the cell problem and the effective operator. The first thing that
we need to check is that the cell problem (22) has a unique solution, for which (23)
holds. Lemma 4.1 contains a sufficient condition to conclude these, and we will
see in a moment that the operator A(z) does indeed meet the hypothesis of that
lemma.

Lemma 7.2. Assume that (53) holds. Then for any x €
(58) Re(A(x)u,u)q > callDul3 g, we HY(Q)"

Proof. Fix ul®) = cufyp with u € C1(Q)" and ¢ € C°(Q). We substitute u(*) into
(53) and let & tend to 0. Then, because u(®) and Du(®) — (Du)%p converge in Lo
to 0,

lim Re /Q<A5(33) (Du)*(x), (Du)*(2))|e(x)[* dz > lim CA/I(DU)E(QJ)IQIw(x)IQd:E-

e—0

It is well known that if f € C.(R% L , then

lim felx da:_/ /fxydxdy
e—0 Jra Rd



HOMOGENIZATION FOR LOCALLY PERIODIC ELLIPTIC PROBLEMS 19

(see, e.g., [A92, Lemmas 5.5 and 5.6]). As a result,

e [ [ (4w Duty). D)ot dedy 2 ea [ [ 1Duto) o) dey.

But ¢ is an arbitrary function in C2°(£2) and A is uniformly continuous in the first
variable, so

Re /Q (A(z,y) Duy), Du(y)) dy > ca /{D2 Du(y)P dy

for all x € (1, as required. (|

We see that, for any z € Q, the operator A(z) is an isomorphism of H(Q)"/C
onto H~1(Q)™ and that the ellipticity constants of A(z) are better that those of A°
(cf. (53) with (58)). Then the same arguments as in the proof of Lemma 3.3 and
in Remark 3.4 show that A(z) is an isomorphism of VNVZ} (Q)"/C onto Wp_l (@)™ for
any p € Py. Thus, the hypothesis of Lemma 4.1 is verified.

As for the effective operator, one can prove that, for any u ¢ &, the inverse for A,
converges in the weak operator topology and then the limit is an isomorphism of
Z ()™ onto ' (Q)", which is, in fact, the inverse for A9, see [Tar10, Lemma 6.2].
Now that we know that Ag is an isomorphism whenever 4 ¢ & and that the
function A° is Lipschitz, the assumption (26) follows for s = 1 and actually any p €
(1, 00) by elliptic regularity, see, e.g., [McL00, Chapter 4].

Of course, all these results are true for the dual counterparts with the same range
of p, because cy+ = ca, Cp+ = Cy and || AT ||z, = [|AllL..-

It remains to discuss the interior energy estimate (48). Let p € [2, po). Applying
the functional A%u to [x|*u, where x € C'(Q2), and using (53), we arrive at the
well-known Caccioppoli inequality:

IxDull2 suppx < [1wll2,suppx + IXALUZ1 2.0 uex(Q;C),

Therefore, Lemma 3.5, for ¢ = 2, yields (48).

To summarize, if the coercivity condition (53) holds true, then the global results
(see Theorem 6.1-Theorem 6.3) are valid with s = 1 and p € Py and the local
results (see Theorem 6.4-Corollary 6.6) are valid with s =1 and p € Py N [2, 00).

Remark 7.3. The constants p,, and hence pg, can be expressed explicitly. We note
that generally one would not expect pg to be too large. In fact, it must tend to 2 as
the ellipticity of the family .A° becomes “bad” (that is, the ratio ¢ '||A|r.. grows),
see [Mey63]. In the next subsection we provide an example where p may be chosen
arbitrary large.

7.2. Strongly elliptic operators with VMO-coefficients. Let A° be as in the
previous subsection. Assume further that A € L. (€2; VMO(R?)), meaning that
SUP, e NA(z,-) (1) = 0 as 7 — 0.

Using the reflection technique, we extend A to be a function belonging to both
COY(R% Loo(Q)) and Lo (RE VMO(RY)). Notice that A° is then a VMO-function.
Indeed, A® obviously belongs to the space BMO(RY), with ||A%|gmo < 2|4 L. -
Next, after dilation, we may suppose that ¢ = 1. Given an ¢ > 0 small, there is
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r > 0 such that wa(r) < ¢/3 and n4(,,.)(r) < €/3. Then, since

]{3 ) = (A1) i < ]l |A(20, %) — M50y (A0, )| di

BR(:E())
+2][ |A(z, 2) — A(zo,x)| dz,
BR(I[))

we have

Nar(r) < Sup Na(a,,) (1) +2wa(r) <e,
IQGRd

and the claim follows.

As a result, if € € &) is fixed and p ¢ &, the inverse of A7, is a continuous map
from %, (Q; C") to %, (€;C") for each p € (1,00), see [Shel8]. Hence, in order
to prove (14), we need only show that its norm is uniformly bounded in e. We do
this by treating A% as a local perturbation of a purely periodic operator and then
applying results for purely periodic operators with rapidly oscillating coefficients.

First observe that if Bg is a ball with center in  and radius R, then, by (53),

Re(A®(zo, -) Dv, Dv)grna > (ca — wa(R)) |Dv]|3 guna — Callvll3, zane

for all v in Z1(Br N Q;C"), the space of functions whose zero extensions to €2
belong to Z1(Q; C™). It follows that for R small enough, the operator D* A% (xq, - ) D
from #1(BrNQ; C") to the dual space # ~1(BrNQ; C") is m-sectorial, with sector

Sgr = {z €C: Imz| < (ca —wA(R))_lﬂAHLOO(Rez—i— CA)}

converging pointwise to & as R — 0, that is, dist(z, Sg) — dist(z, &) for z € C.

Now, fix p ¢ & and find Ry > 0 such that wa(R) < ca/2 and p ¢ Sg as long
as R < Ro. Let F € C°(Q)™ and u. = (A5) ' D*F. Take x € C°(Br), R < R,
with the properties that 0 < x(z) < 1 and x = 1 on 1/2Bg. Then v, = xue
obviously satisfies

D* A%(xg, ) Dve — pve = D*(A%(xo, ) — A%)Dve + g

in the sense of functionals on #*(Bg,NQ; C"), where g = xD*F + D*(A*Dx - uc)—
(Dx)* - A*Du.. This is a purely periodic problem, for which we know that the
operator D* A*(xo, -) D — i is an isomorphism of %' (Br, N€2; C") onto %, ' (Bg,N
0;C") for any g € (1,00), with uniformly bounded inverse, see [Shel8]. Assuming
that p > 2 (the other case will follow by duality), we immediately find that

| Dve

2*Ap,BRryNQ Swa(R)||Dve 2*Ap,Br,NQ T H9||*—1,2*/\p,BRUOQ’

the constant not depending on R. Choosing R sufficiently small, we may absorb the
first term on the right into the left-hand side. Since

191121 25 np. Bryne S 1F 22 np,Brng + l|Ucll1,2,Brno

(we have used the Sobolev embedding theorem to estimate the Lg-,-norm of w,
and the %Iip—norm of Du.), it follows that

| Ducll2np,1/2Brn0 S I F |25 Ap, Brna + [[tel|1,2,Brra-
Now, cover 2 with balls of radius R to obtain
[Ducll2snp.a S [1Fll2enp, + lluclli20 S [ Fll2enp.0-

After a finite number of repetitions, if need be, we get

[1Ducllp.0 S [[Flp.0-
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Next, the hypothesis of Lemma 4.1 is satisfied, because of Lemma 7.2 and the
fact that A(z, -) € VMO(R?) with VMO-modulus bounded uniformly in z. Finally,
(26) and (48) hold for, respectively, s = 1 and any p € (1,00) and any p € [2,00),
as indicated previously.

Summarizing, if A € Leo(€2; VMO(R?)) satisfies the coercivity condition (53),
then the global results (see Theorem 6.1-Theorem 6.3) are valid with s = 1 and p €
(1,00) and the local results (see Theorem 6.4-Corollary 6.6) are valid with s = 1
and p € [2,0).

8. PROOF OF THE MAIN RESULTS

We start with a “resolvent” identity involving (A%)~", (A})~" and K, which is
a central part of the proof.

Fix f € Ly(Q)" and g € (W) (Q)")*. For § = &, we set ug = (A))"'f,
ug,s = j(;g(Ag)_lf, U = K:Hf, Us = K:H((S)f, UE)(; = 7°8°U;s = ICZf and u;“ =
((A5)")"'g. We then have

(A = (AN =K f, 9)a = (f,ud)a — (w0, 9)a — e(Ue 5, 9)a-

By definition of uy and u7,
(f,u)e — (uo, 9)a = (A°Dug, Duf)a — (A* Dug, Du )q.

Choose a function p. € C%!(Q) with support in the closure of (9Q)3. N and
values in [0, 1] such that p.|p0),.no = 1 and [|Dp.fle.o < 7' For example, we

may set p.(x) = 3 — dist(x, 0Q)/rge for x € QN (0N)3e \ (00)2. If xe =1 — pe,
then x.U.,s € 7' (€;C"), and we immediately conclude that

(XaUa,zSag)Q = (AEDX€U€,57 DU;—)Q - M(X8U€,57u:)ﬂ'

As a result,
(59)
(A) 71 f = (AD) 71 f — €Ki f, 9)a
= (xeA’Dug, Dul)q — (xeA°D(uo + €U, ), Dul )o + ep(x-Ue 5, ul )a
+ (ps (AO — AE)DUO, D’UJ:)Q + E(AstE . Usyg, D’UJ:)Q — E(p5U576, g)Q.

Let us focus on the first two terms on the right-hand side. The first one can be
written, using (25), as

(xeA° Duo, Duf Yo = (xe A(Drug + D2U), Diuf )axq
(60) = (xeA(D1ug,s + D2Us), Diuf )axq
+ (Xe A(D1 (uo — uo,5) + Do(U — Us)), D1uf )axq-
As for the second, notice that e DU, 5 = et°S*D1Us 4+ 7°8°DyUs, and hence

(xeA°D(ug + €Uc5), Dul )q = (1 AT (D1uo,s + D2Us), Diul )axq
+ (7°Xe AT* D1 (ug — uo,6), D1ul axo
+e(xe AT D1Us, Diul)axo
+ (xe A°(T — 8%)Dug, Dul)q.

(61)
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We commute 7° past x.A in the first term on the right,
62
((TE)XaATE(DwO,(s + DyUs), Diul )axg = (75T xeA(D1ug,s + D2Us), Diut)axo
+ (75X [A, T°)(D1uo,s + D2Us), Diut)axg
— (7°[pe, TFJA(D1uo,s + D2Us), D1uf)axq,
and then examine the difference
(63) (xeA(Diuos + D2Us), Diul )axg — (5T xA(D1uo,s + D2Us), D1ul )axo-

Using Lemma 5.3 and noticing that x. vanishes near the boundary and, moreover,
so does T¢x., we obtain
(64)

(xeA(Dyugs + DoUs), Diul)axg = (DixA(D1uo,s + D2Us),ul )axg

= (TETEDTXEA(D1UQ7§ + D2U§), TEU:)QXg.
A similar result for the other term in (63) requires a technical lemma.

Lemma 8.1. Fiz ¢ > 0. Let F € C%'(Q; L,(Q))? be such that F(z,-) = 0 for
x € (002): and D3F(x,-) = 0 as a functional in Wpfl(Q) for each x € Q. Then
DiteTEF = 15T¢D;iF on CH(Q), viewed as a subspace of C.(Q x Q).

Proof. Let ¢ be a function in C}(Q)", extended by zero to all of R?. After a change
of variables, we must show that

/Q/Q<F(I,I/E+y)aDlsD(;E-i-Ey»dIdy

(65)

://<DTF(I’I/5+?J)7<P($+€y)>da:dy_
2Jq

Were F(z,-) smooth, this would be nothing but the usual integration by parts
formula. But we can find a sequence of smooth functions Fx with D3 Fy = 0 that
converges, in a suitable sense, to the function F', and that will complete the proof.

If ey, (y) = €2™V:*) where k € Z?, then we let Fi(z, -) denote the square partial
sum of the Fourier series for F(z, -):

Fr(z,-)= > Fu(x)ex.
By hypothesis, DiF(x, -) =0 on Wpﬂ (@)™, so
(o)) = 20) " [ (Pl Dew(w)) dy =0

Q

for each k € Z. Also notice that D*Fy(z) are the Fourier coefficients of D} F(z, -).
An integration by parts then gives

/ / (Fr(z,z/e +vy), Dip(x + ey)) dz dy
(66) QJQ

— /Q /Q<(DTF)K(I, x/e +y), p(z+ey))drdy.

Here (DiF)k (z, -) is the square partial sum of the Fourier series for D} F(z, -).

We now show that (66) implies (65). Let G be a function in Lo, (R%; L,,(Q)), and
let Gk (x, ) be the square partial sum of the Fourier series for G(z, -). We claim
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that Gx — G in the weak-* topology on C.(R? x Q)* as K — oo. Indeed, given
any ¢ € C.(R? x Q), the sequence of functions = + (G (z, ), (z, -))g converges
pointwise to the function z — (G(z, -),¥(x, -))g, because Gk (x, ) — G(z,-)
in L,(Q) (see [Gral4;, Theorem 4.1.8]). In addition, all the functions in the sequence
are supported in a single compact set and are uniformly bounded, since

(Gr(z, ), d(x, )l S NG, lpellt(z, )y .q
<NGll@ar,@pllle,

where we have used the fact that sup o ||Gr (2, )|lp.0 S |G(2, -)||p,o (see [Graldy,
Corollary 4.1.3]). Then (Gk,¥)rixg — (G,¥)raxg by the Lebesgue dominated
convergence theorem, and the claim follows. Applying this to the functions (z,y) —
xa(x)F(x,x/e + y) and (x,y) — xa(z)DiF(x,x2/e + y) (xq is the character-

istic function of ), which obviously belong to Loo(R%; L,(Q)), we immediately
obtain (65). O

Choose a cutoff function n. € C%(Q) satisfying 7.
of Us, the second term in (63) is
(TETEXEA(I + DQN)Dl’UJO’(;, Dl?']su:)QXQ.

Assume for the moment that n.ut € C1(Q)"™ and recall from (22) that, for each
fixed z € Q, D3 A(x, ) (I+DaN(z, -)) Dug,s(x) = 0 on W, (Q)™. Then Lemma 8.1
tells us that

(TET‘EXEA(I—I—DQN)Dlu(m,Dmsu;r)QXQ = (TETEDIX‘gA(I+D2N)D1u015,nsuj)ng.
But the form

|(supp x.). = 1. By definition

neud = (15T xcA(I + D2N)Dyug s, Dineul Joxq
is continuous on I/i/pl+ (2)™ and the form
neud = (T°T°Dix=A(I + D2N)Diuo s, 1eud Jaxq

is continuous on L+ (£2)" (by Lemma 5.3 and the hypothesis (23)), so the equality
(67)
(T°T*xe A(D1ug 5+D2Us), Dineul Jaxq = (75T Dy xe A(D1uo 5+D2Us), neul Jaxq

holds, in fact, for any ul € Wpﬂ (Q)™. Recalling that n. = 1 on (supp xc). and
combining (64) with (67), we see that

(xeA(D1ug,s + D2Us), Diut)axg — (75T X A(D1uo,s + D2Us), Diul)axq
= (1°T°Dixe A(Drugs + D2Us), (T° — I)ul Jaxq-
Putting together (59)—(62) and (68), we arrive at the operator identity
(69) (A = (AD) ! — €Kil =T + D5, + B,
that effectively splits the problem into the interior parts, given by
(Z:.f,9)a = (15T x=DT A(D1ug 5 + D2Us), (T° — T)ul Jaxq

— (7°Xe[A, T¥)(D1uo,s + D2Us), Diul )axg

(70) —e(°xeAT*D1Us, D1uf )axqg
— (xeA*(Z — §°)Dug, Duf )
+ep(xeUe,s,ud o

(68)
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and
(71) (DS, 9)0 = (xe A(D1(uo — uo,s) + D2(U — Us)), D1uf )axq
— (75X AT D1 (uo — uo,5), D1u )axq.

and the boundary part, given by
(B5.f,9)a = ((D1pe)* - 75T A(Dyuo s + D2Us), (T¢ — T)ul Jaxq
+ (Ta [pg, TE]A(D1UQ7§ + D2U5), DlU:)QXQ
(72) + (p=(A” — A%) Dug, Duf o
+e(A°Dp. - U. 5, Dul)q
- E(IJEUE,&Q)Q-
We are finally in a position to prove Theorem 6.1.
Proof of Theorem 6.1. We estimate each term in (70), (71) and (72), bearing in

mind that x. vanishes on (90Q)s. and p. is supported in (92)s..
We begin with the “interior” operator Z;. By Lemmas 5.3 and 5.5,

|(7°T*xe D} A(Dyugs + D2Us), (T¢ — T)ul axo]
< |l T=x=Di A(Druo,s + D2Us) |l (supp xo) x@ (75 = D)ud llp+ (supp xo). x@
S e(IDuosllipe + 1D1D2Usllp.axq + [1D2Usllp.ax) | Dul [ly+ o-
For the second term, observe that
AT =15(Z - T%)A - 7°T".
This, together with Lemma 5.3, implies that
|(7°xe[A, TF](D1uo,s + D2Us), Diut)axq|
< T = T Al 75T (Druo,s + D2Us)llpsupp xe x @l D1t ||+ 0xq
< e(|Duosllp.e + [1D2Us|lp2x@) IDu ||+ 0
By Lemma 5.3 again, we see that
e|(°Xe AT*D1Us, Dyul axq| < el Al Lo 75T D1Usllp supp x. x@ I D1ud |+ oxo
S el DiUslp.axell Dul lly+ 0,
while Lemmas 5.6 and 5.4 show that, respectively,
|(x=A*(Z — §°) Dug, Duf)a| < [|A]l L. (Z — 8%) Duollp.supp x. | Dud [+ 0
< €| D*P Dugllpl Dud [+ 0

and

e|(xeUe.s,ud)a] < ellUssllpsupp xe 1ud .0 S €llUsllp.axellud [+ o
We have found that
[(Z5.f,9)a| S € (IID*PDugllp.0 + &' °|| Duo sll1.p.0
(73) + &' 7| D1DoUsllp,axq + €' D1Us|lp.oxa
+1D2Uslp.ox@ + [Usllp.axe) 1uZ 1+ 0
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Turning to the “interior” operator D}, we see that

|(xeA(D1 (1o — uo,5) + D2(U — Us)), Diud)axql| <
<A o (I1D1(uo — 10,5)lp.oxq + 1D2(U = Us)llp.axq) [ Drud |+ axo
< (ID(uo = uo,6)|lp.e + 1D2(U — Us)llp.ax@) [ Dud |+ o

and
‘(TEXEATEDl(UO —Ugs), Dw:)an‘

<AL M5 T D1 (wo — 0,6)llp,supp x- x @l Drud ||+ axo
S D (uo — o ) llp.ell Dul |+ o
(according to Lemma 5.3). Hence
(74) (DS 9)a| S (I1D(uo = uo,s)llp.o + [1D2(U = Us)llp.axq) IDut [+ o

It remains to estimate the “boundary” operator Bj,. Arguing as above and then
applying Lemma A.1 and the bound (147), we easily find that

|(T¢(D1pe)* - 75T A(D1ug,s + D2Us), (T¢ = Dul axq]
(75) S (HDuO,é”p,supprs + ||D2U5||quuPPDPs><Q)||Du:||p+,(supprE)2€
S &P ([ Duoslsp.a + 1DTF DoUs|lp.axq + |1 D2Usllp.ox@) 19171 o+ o
and
|(7¢[pe, TF)A(D1ug,s + D2Us), Diul)axo|
(76) S (HD“O»‘;H%(SHPPD/JE)% + ||D2U5||p,(supprs)stQ)||D“:Hp+>(supprs)s
S &P (| Duoslsp.a + |1DTF DaUsllp.axq + | D2Usllp.ax) 19171 pr o
Likewise,

|(pa(A0 - AS)DUO=Du:)Q| S ||Du0||;D,suppps||Du;_||p+

,Supp p
(77) < gs/p * )
S Pl Duolls p.allgl ™y o+ q

As for the last two terms in (72),
E‘(AED[)E ! U5757 Du:)ﬂ| S ||U€>5||P>SUPPDP5||Du:||p+,suppr5
S e (| D3P Usllpaxe + 1Usllpax) 9l pr o

(78)

and
(79)
5|(P8U€,679)Q| S (EHDUE,&Hp,suppps + ||U€>5||P>SUPPDP5)||g||tl,p+,ﬂ
S P (IIDI" D2Us lp.ax@ + ID1 P Usllpoxe
+ &' 71 D1Us |l p.0ux@ + 1D2Uslp.ar x@ + 1Usllp.oxe) 911 o+ s
where we have used the estimates
ellDUe sllp,supp pe S ES/]D(||D?pl)2Ut5||p791 xQ
+ &' 7| D1Uslp,0u x@ + 11 D2Us lp.cy xq)

and

(81) 1Ue sllpsupp Dp. < €¥/P(IIDTPUsllp.oxq + |Usllp.xq)
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(recall that Us is extended to all of R? and hence is well-defined on €2, ). To verify the
first one, we substitute e DU, s = e7°S°*D1Us+7°5° D, Us to obtain, via Lemma 5.4,

elDU: sl psupp p. < ellT°S*D1Uslp.a + 7S D2Us ||p supp p.

< 5||D1U5||p,91 xQ T ||D2U5||p,(suppps)sXQ'

Since (supp pe). is the union of (supp p:). N Q and (supp pc)e \ ©, we may apply
Lemma A.1, with ¥ = Q and ¥ = Q; \ ©, to get (80). The other inequality is
checked in a similar fashion. Summarizing,
(82)
|(B5.f,9)a| S &7 (I Duolls.p. + [ Duo slls po + 177 DaUs|lp.0, xq
+ID}PUsllp.axq + ' ~* [ D1Usllp.0: <@

+ [ D2Uslp,. 01 x@ + 1Usllp.ax) gl 1 p+ o

Now from (73), (74) and (82), together with Lemmas 5.1 and 5.2 and the esti-
mates (26), (28) and (14"), we obtain

(83) (A~ f = (AR = e fllpe S &7l fllpe.

which immediately implies (45). The Ly-bound (44) comes from (83) as well, since,
according to the Sobolev embedding theorem,

1AL = (AT fllge S NCALD T = (AT — eKgfllp.e + el fllg0

and the terms on the right are estimated by using (43) and (83). O

Proof of Corollary 6.2. From (83) and the fact that W, (€)™ is continuously em-
bedded in W ()", we conclude that

1D (AL = (AT = el Dllpa S €/l llpo-
On the other hand, interpolation between the W, - and L,-bounds in (42) gives
e"|D"PK, fllp.o S I fllp.s

and (46) follows. O

Proof of Theorem 6.3. Knowing that (AZ)*‘ satisfies the hypotheses of Theorem 6.1"
and g € L,+(2)", we can get a better estimate on Bj, than (82). Indeed, if
U =K} (6)g and Uy = 728U = (K5) g, then (457) implies that

"
DUt [+ 002)s.ne S 1Dud o+ 00)5.n0 + EIDU sl 00)5.n0 + €77 9]0
and, therefore, by Lemma A.1 and the estimate (807) with (0€2)s. in place of supp pe,

(84)
+ +
| Du ||+ (00)s.n0 S g/P (||Du(J)r||s,p+,Q + IDIP DUt |+ 0y x@

+ &' DU |+ 2 x@ + 1D2US [+ 0,1 + lgllp+0)-
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Using this to bound the norm of DuZ} in (75)-(78), as well as Lemma 5.4 to handle
the last term in (72), yields

(85)

|(B5.f,9)a| S € ([1Duolls.p.a + [|Duoslls.p.0 + 1D D2Us|lp.a, xq + 1D Usllp.axe

+ &' 7| D1Us |l p.o x@ + 1D2Uslp.ay x@ + 1Uslp.axq)
x ([ Dug [|s p+ 0 + ||Di’p+DZU§L||p+,sz1 «@ + & D1 U ||+ 0y xq
+ DU o+ 202 + 19llp+.2)-
Combining (73), (74) and (85) with Lemmas 5.1 and 5.2 and the estimates (26),
(28) and (147), (267), (28"), we obtain

(A7 = (D) . 9)el S eIl fllpallglly o

and this is what we wanted to prove. (I

As we have seen in the proof of Theorem 6.1, the interior terms in (69) are of
order £°. To go further, we establish an “interior” operator identity, which is similar
to (69) but involves no boundary terms.

So let ' € C%1(Q) with x’ = 0 in (99), for some o > 0. Define the linear op-
erator P=: W, ()™ — (C°()")* associated with the form (u,v) — (A°Du, Dv)g
and set P; = P — . If u. = (A5) 7' f, then we have

(X Pruc,ul)a = (f, X'ub)a = (Ajuo, X'ul )a.
Thus,
(X'P;,(ue — uo — eUe 5), uf )o = (A’ Dug, DX'uf ) — (A°D(ug + Us 5), Dx'ul o
+ep(Ue,s, X ul o
The first two terms on the right-hand side are similar to those in (59), with u re-

placed by x’uZ, in which case xc|supp’ = 1 for 5e < o, so the previous calculations
go over without change to yield, for such ¢,

(86) (AL) X PL((AL) ™ = (AD) ™ = K5I, = L5+ D,
where
(Z:f,9)a = (T°T=D; A(Dyuo,s + D2Us), (TF = I)X'ul axe
— (7°[A, T¥)(D1uo,s + D2Us), Dix'ul Jaxq
—e(r°AT* D, Us, DlX’U:)QXQ
— (A%(Z — 8%)Dug, DX'ul)q
+ep(Ues, X ul )
and
(D5 f, 9)e = (A(D1(ug — uo,s) + Da(U — Us)), Dix'ud Jaxq
— (T°AT® D1 (ug — uo,5), D1X'ul )axo-
This is the interior operator identity that we seek.

Proof of Theorem 6.4. Set v. = u. —up —eU: 5 and f. = X”Pﬁvg. If n is a smooth
cutoff function which is supported in  and is identically 1 on suppy’, then nuv.
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belongs to 7, (€;C") and therefore f. = x'ASnuv. belongs to %, *(Q;C"). To
estimate the norm of f., we use the identity (86):
|(fe;ul)a| S (1D Duollp.e + ' ~*[| Duo sl p0 + &'~ D1D2Us|lp.oxq
+e' 7 ID1Uslp.oxq + [1D2Usllp.oxq + 1Usllp.oxe
+e7°(ID(uo = uos)llp.e + e D2(U = Us)llp.axa) lud ll1,p+.0

(cf. (73) and (74) in the proof of Theorem 6.1); taking the supremum over all g €
(W2 (Q)")*, or, equivalently, over all ul e Wpﬂ (Q;C™) (recall that the quotient
map (10T) is an epimorphism), and applying Lemmas 5.1 and 5.2 and the inequal-
ities (26) and (28) shows that

(87) 721 po S €°NF b0
On the other hand, according to (48),

[1DxVellp.0 S [[vellp. + [l fll -1 .0

because X" A} nve = f. and 7 = 1 on supp x'. The result now follows from (42), (87)
and Theorem 6.3. O
APPENDIX A. AN ESTIMATE FOR INTEGRALS OVER A NEIGHBORHOOD OF THE

BOUNDARY

The following lemma is a slight modification of [PSul2, Lemma 5.1].

Lemma A.1. Let X be a uniformly weakly Lipschitz domain in R®. Then for each
fized r € (0,1] and q € [1,00) and any € > 0

(88) lullg,om).n2 S €/ ullrgs,  ue CE(E).
The constant in the inequality depends only on r, q, d and X.
Proof. We show that

(89) 4l VA )|k

q,(0%).NT S El/q”u”l,q,EHqu,E ;

which, via interpolation, clearly implies (88).

Recall that B denotes the open unit ball centered at the origin and B, denotes
the open unit half-ball with x4 € (0,1). Let S; be the cross-section of B at x4 =t
and P; be the piece of By with x4 € (0,t). If (W}, wy) are local boundary coordinate
patches, then wi, (W, NX) = By and wi (W NOX) = Sy, and for any y € wi(WiNX)

dist(y, So) < Ly dist(x, W, N OX),

where 2 = w; ' (y) and Ly, = supy,[wg]co.1. It follows that wy,(WpN(9X)NE) C P. e,
with e;rg = Lgl. On the other hand, we know that the cover is sufficiently tight in
the sense that the union of w; '(B) contains (9¥)5 NY for some & > 0. Therefore,
taking g = £1Ad, we can insure that (0X). N X is covered by {W},} for any e < &.

Now, using a partition of unity {¢x} subordinate to {Wj} (see Section 2) and
making a change of variables to flatten out the boundary, we reduce (89) to proving
that, for any € < ¢p and any smooth function u on B vanishing near the boundary
of B, it holds that

1 1—1
0Py S VUl g lully 5

(90) [[ul
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By the divergence theorem, for any ¢t € (0,1) we have

lu(x’ )]? da’ = —/ O, |u()|? dz,

St Bi\P;

and hence

(!, )] da’ < q / 1O ()| dz

St B\ P

<[ et dx)l/q (f (o) dx)l_l/q-

Integrating in ¢ from 0 to £/e¢ now gives (90).
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