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ON THE SUMS OF COORDINATE RANDOM VARIABLES FOR 
A CERTAIN CLASS OF SUBSTITUTIONAL DYNAMICAL SYSTEMS 

A. N.  L ivsh i t s  UDC 519.2 

In this note the question about the limit distributions for sequences of the sums of the coordinate random vari- 
ables, generated by some adic and substitutional symbolic dynamical systems is studied. The weak convergence 
is proved for some classes of  subsequences of a sequence of appropriate norrned sums, by the limits of which 
all the limit distributions are ezhausted. Bibliography: 5 titles. 

In [1], primitive substitutions were considered such that the spectra of their matrices obey some relations, 
In [1], the asymptotic behavior of the sums of certain functions of coordinates for fixed points of substitutions 
from this class was described. Our purpose is to prove the existence of limit distributions for some sequences 
of properly normed sums of coordinate random variables corresponding to these functions [2, 3] on the phase 
space of dynamical systems (substitutional or adical [4]) generated by the substitutions considered in [1]. 

The result of [1] is as follows. Let Z.  {ui}k=l be an alphabet, and .A = {Ai)ki=l be a collection 
of words in it. Let wA be a map of a set (Z. )+ = O Z.  t (considered as a set of nonempty words) into 

l > 0  

itself: w~t(uil , . .  u i ~ ) =  Ail . . .  Aiz. The map walz .  is called a substitution. The corresponding matrix 
(gii) : gij = IAi[i, 1 <_ i , j  <_ k, is denoted by G.a [4]. Suppose that GA is primitive and (see [1]) its 
eigenvalues A1,...  A~ (some of them may be multiple) obey the relation A > A1 > max IAi[. Now if 

2 < i < s  

f : Z.  ~ R is a function such that ~ f(i)/n = 0, where (/zi)/k=~ is an eigenvector of tG.4 corresponding 
to the Perron-Frobenius eigenvalue A, t~ + 1 is the multiplicity of the root A1 of the minimal polynomial 

l '  of G.,t, and w, l', i, 1 < i < k, are such that WA(u i )  = UiW~ then there exists a real-valued HSlder nowhere 
differentiable function FLi(x  ) such that if w t''~176 .~ ,4 k t~, / = a o a  I . . . ,  then 

N - 1  l~xl 

E f (a i )  = NJ~---x- ( l~  ~ F/, i (N) + q / , i (N) ,  
i = 0  

where = o~lv ,g~ ( l o g g ) ~ ) ,  and for any x we have Fy, i ( ) f x )  = FLi(x ). 
Now let an arbi trary positive integer M be fixed. Consider a discrete random variable ~M with finite set 

of values and with probabilities 

j = I + M - 1  
log X t \ (M (IogM)~ -1 = } 

j = l  

(Fr means frequency). Since the matrix GA is primitive, the frequencies used in the definition always 
exist and do not depend on the choice of (i, l). Moreover, there exist frequencies of appearance fo r every 

lo, xl 
fixed word of length M [5]. Denote M ~o,x (log M) ~ by HM, and for an arbitrary word B = b l . . .  b~ let 

J 
f ( B )  = ~ f(bl). Because of the single-ergodicity of substitutional dynamical systems, it is clear that  this 

I=1  
random variable is just  the sum of M coordinate random variables connected with a function proportional to 
the function f of the null coordinate of the point of the phase space of a substitutional or adical dynamical 
system. This construction is mentioned in [2], and it is considered at greater length in [3] for the Rudin-  
Shapiro substitution. The  question on the set of all limit points of the set {PM} (in the weak topology) is 
of natural  interest. An answer is given by the theorem below. Let 

I I = { / 1 3 a e z . ,  w e ( z . )  +, = or e Z . ,  w' e ( g . ) +  : wtA(a ' )=w'a  ' }  
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and R be the  greatest  common divisor of all numbers  from II. Given an a rb i t ra ry  positive number  7, a 
sequence of na tu ra l  numbers  Mt -+ oo is called a sequence of type 7 if there exists a sequence of na tu ra l  
numbers  pt such tha t  MIA -'pt -+ 7 as l -+ oo. It is evident tha t  if M[ ---+ 0% then  there exist 7 and  a 
sequence of na tu ra l  numbers  lk such tha t  {M;~ } is a sequence of type 7, hence our  theorem describes the 
limit points of the set {PM } completely, as is seen from its formulation.  

T h e o r e m .  I f  {Mk } is a sequence os type 7, then the sequence of distributions PM~ weakly converges. The 
Emit distribution is completely specified by 7. 

t 7.! 
Proof. Let r '  E H. Suppose tha t  for some a' we have w~(a') = w'a' (the case wA(a ) = aw can be considered 

in a s imilar way) .  Cons ider  a s e q u e n c e . . ,  b_, . . .  b , ,  = % ~ ( a ' ) .  As in the t h e o r e m  from [1], one  can prove  
the existence of a funct ion F~, i such tha t  

-1 

j= ,N 
f(bj)  = HNF~,i,(N ) + ~*Li,(N), where I~P~ ,e (N) I  = O(HN), . r p 

It is clear tha t  there exists a na tura l  number R such that  if for some M > 1 we have M = 70Al~', 

1 _< 70 < At', then  for any  a E Z .  the inequality M < ]w(~+R)/a I holds. Let such a number  R be fixed. 
- -  T e  

= { P M , b b , }  , b,b' E Z. of discrete Denote (l + R)r' by q q(M). Consider the following two systems {PM,b} , - - /  
measures on the real line: 

I p--~,b(/3 ) = #{(w, w', w"): ~ ( b )  = ww'w", Iw'[ = M, f(~o') = 8} 
I~o~(b) l - M + 1 

n ~/I,bb,(t~) = #{ (w, v,v',w') : v,v' nonempty; [v[+Iv'l=M, f(vv')=/3,wv=Ja(b); v'w'=wqA(b ') } 
M - 1  

It is known [5] tha t  the frequency of appearance of the symbol b in % ~ ( a ' )  is equal to #b- Let Fr(bb') 

s tand for the frequency of the pair bb' in the sequence co~(a ' ) .  (This frequency is the same for every 
t ra jec tory  or hal f - t ra jec tory  of the dynamical  system.) Let 

DM= ~ #,(Ir ~ Fr(bb') 
u~EZ. b,b'EZ. 

For the probabil i ty measure  PM corresponding to a random variable {M' we have (we suppose tha t  B is a 
subset of the real line): 

( z  ) PM(H~I41B)-~D~I 1 # i ( I w S ( u i ) l - - M + l ) P M , ~ ,  ( B ) + + ( M - 1 )  E Fr(bb')PM,w(B) " (1) 
uiEZ. b,b'EZ. 

Equal i ty  (1) is a consequence of the relations 

�9 . .  b - s . . . b - 1  r ' c r  I = ~  (a)  . . . .  ~ ( c - s ) . . . ~ 4 ( c - , ) ,  

where the corresponding frequencies for the sequence . . .  c - s . . ,  c-1 are the same as in formula (1), the 
r ight-hand side of which corresponds to enumerat ion of possible variants of a r rangement  of the symbols 
at . . .  al+M-1 f rom the definition of {M in the words w~(c_i). Let ~o be a finite continuous funct ion on the 

real line wi th  modulus  of continui ty ~(6). Let ~*Li,(N) s tand  for sup I~},i ,(x)[.  We also suppose tha t  
O<z<N 

Fr(bb') > 0. 
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r # i -  # Lemma. There e~st continuous functions gb (x.), gbv(z) deiTned on the in ter~ l  [1, , t " )  and such that the 
following inequalities hold: 

o o  -" M)) ( c3 ) HM (~. )  Cl ~S,i' (C2 + ~ + C4 + C5 ~'~ 
ss. ~ --M-- ~ - '  

oo 

- - 0 0  

where c l , . . .  ,c6; c l , . . .  ,c~ are some constants. 

Proof. We shall prove the existence of gbb' and the second estimate. The first case can be considered in a 
--1 

similar way. Select the minimal number j > 1, for which c - j - 1  c_j = bb'. Denote the sum ~ .l~oq4(cv)l by 
P=--3 

Tq = Tq( M). Then 

j -- r' 1 - - T q - - 1 1  t ' = t + M - 1 )  
I M =  ~2(HMlx) d P M , b b ' - - M ~  E ~o H~ '  E f(bt,) �9 

- -oo t=--Tq--M + l t ' = t  

Since j does not depend on q, there exists a constant E > 0 such that Tq + M < EM.  But 

t'=t+M-1 t ' = - I  t ' = - I  

s(b<,)= ~ s@,,)- ~ s(b,,) 
t ' = t  l '=t I '=I+M 

-~ H- t  F}*i,(-t ) - H - t - M  F2,i,(-t - M)  + ~*S,i,(-t) - ~ ) , i , ( - t  - M). 

Hence, 

sM 
t = - T q - 1  

M-~mY ~-gZ-..  
t~._Tt_M+1%, M 

Then 

L / 
The value Tq/A t'' has a limit Q as I -+ oo, and the deviation from it is of order HT~/Tq or, what is 
the same, H M / M  , because, c being fixed, the sequence [w~l(c)[ is a recursion, whereas the corresponding 
polynomial is a characteristic polynomial for GA. Taking into account the properties of F], i, we get 

~ ; , , , ( - ~ )  = 

M " l t=- -M "-M G'i' ~T;7 - - - 'M Mr' A-Z'Jr" " 

This sum (with an error roughly estimated by the last summand in the lemma) can be replaced by the 
integral 

- - Q  / I I IAI  |KA1 X 

,<~o,: / ~((~o)~;,,<-,~-(- "-~o -0~; ,'~-~-~~ '~- <~-> 
- q - 7 o  

s 

The value of this integral is taken as the value of the function g~b,(70)- 
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Considering the first case of the lemma, one should slightly change limits of integration. Let j '  > i s tand 
- - 1  t 

for the minimal number for wW~h c_j, = b, Z; s t = d  for the sum ~ I~ (c~) ] ,  Q' stand for nm T; 
,~Ir '  ' p = . j + l  I-*cQ 

and A stand for lira t ) l .  We get for 9b (70) the limits of integration from - Q ,  - zX to - Q '  - 3'0. The 

lemma is proved. 
r r r ! It is easily seen from (2) that  the modulus of continuity of the functions gbb,(70) (gb (70)) can be in a 

natural  way majorized by a function which can be expressed in terms of moduli of continuity of ~ and F~,i,. 
Now using formut.a ( t )  and the fact tha t  the coefficients on the right-hand side of (1) for large M are 

also close to the values of some functions'of 70, one can easily prove the following assertion. There  exist a 
positive sequence 6 M (6 M --+ 0 as M --+ co) and a function 6(e) (6(e) --+ 0 as M --* co) such that  if r '  E 13 
and M2/M1 = (1 + r l' > 0 is an integer, M1 > M, then 

Since r is the greatest common divisor of a finite collection of elements of H, the theorem is proved. 

Translated by V. Sudakov. 
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