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Äàâèä Ãèëüáåðò, �Ìàòåìàòè÷åñêèå ïðîáëåìû� , [1900]

10. Entscheidung der L�osbarkeit einer diophantischen
Gleichung. Eine diophantische Gleichung mit irgendwelchen
Unbekannten und mit ganzen rationalen Zahlkoe�cienten sei
vorgelegt: man soll ein Verfahren angeben, nach welchen sich
mittels einer endlichen Anzahl von Operationen entscheiden l�asst,
ob die Gleichung in ganzen rationalen Zahlen l�osbar ist.

10. Ðåøåíèå ïðîáëåìû ðàçðåøèìîñòè äëÿ ïðîèçâîëüíîãî
äèîôàíòîâà óðàâíåíèÿ. Ïóñòü äàíî ïðîèçâîëüíîå
äèîôàíòîâî óðàâíåíèå ñ ïðîèçâîëüíûì ÷èñëîì íåèçâåñòíûõ è
öåëûìè ðàöèîíàëüíûìè êîýôôèöèåíòàìè; òðåáóåòñÿ óêàçàòü
îáùèé ìåòîä, ñëåäóÿ êîòîðîìó ìîæíî áûëî áû â êîíå÷íîå
÷èñëî øàãîâ óçíàòü, èìååò ëè äàííîå óðàâíåíèå ðåøåíèå â
öåëûõ ðàöèîíàëüíûõ ÷èñëàõ èëè íåò.
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Ïîëèíîìèàëüíûå óðàâíåíèÿ ó äðåâíèõ ãðåêîâ
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Äèîôàíòîâû óðàâíåíèÿ

Îïðåäåëåíèå. Äèîôàíòîâî óðàâíåíèå èìååò âèä

M(x1, . . . , xm) = 0,

ãäå M � ìíîãî÷ëåí ñ öåëûìè êîýôôèöèåíòàìè.
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0, 1, 2, . . .
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Ìàññîâûå ïðîáëåìû

Â ñîâðåìåííîé òåðìèíîëîãèè 10-ÿ ïðîáëåìà Ãèëüáåðòà
ÿâëÿåòñÿ ìàññîâîé ïðîáëåìîé, òî åñòü ïðîáëåìîé, ñîñòîÿùåé
èç ñ÷åòíîãî ÷èñëà âîïðîñîâ, íà êàæäûé èç êîòîðûõ òðåáóåòñÿ
äàòü îòâåò ÄÀ èëè ÍÅÒ. Ñóòü ìàññîâîé ïðîáëåìû ñîñòîèò â
òðåáîâàíèè íàéòè åäèíûé óíèâåðñàëüíûé ìåòîä, êîòîðûé
ïîçâîëÿë áû îòâåòèòü íà ëþáîé èç ýòèõ âîïðîñîâ.

Ñðåäè äâàäöàòè òð¼õ �Ìàòåìàòè÷åñêèõ ïðîáëåì� Ãèëüáåðòà
10-ÿ ÿâëÿåòñÿ åäèíñòâåííîé ìàññîâîé ïðîáëåìîé è îíà ìîæåò
ðàññìàòðèâàòüñÿ êàê ïðîáëåìà èíôîðìàòèêè (êîòîðàÿ â 1900
íå ñóùåñòâîâàëà ñàìîñòîÿòåëüíî).
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Àëãîðèòìè÷åñêàÿ íåðàçðåøèìîñòü ïðîáëåìû òîæäåñòâà

ñëîâ â êîíå÷íî îïðåäåëåííûõ ïîëóãðóïïàõ (ïðîáëåìà
Thue [1914])

A. A. Ìàðêîâ (ñûí) Emil L. Post

1903�1979 1897�1954



Hilbert's problem �begs for an unsolvability proof�

Recursively enumerable sets of
positive integers and their deci-
sion problems. Bulletin AMS,
50, 284�316 (1944); reprinted
in: The Collected Works of
E. L. Post, Davis, M. (ed),
Birkh�auser, Boston, 1994.

Emil L. Post

1897�1954



Óðàâíåíèÿ ñ ïàðàìåòðàìè

Ñåìåéñòâî äèîôàíòîâûõ óðàâíåíèé èìååò âèä

M(a1, . . . , an, x1, . . . , xm) = 0,

ãäå M � ìíîãî÷ëåí ñ öåëûìè êîýôôèöèåíòàìè, ïåðåìåííûå
êîòîðãî ðàçäåëåíû íà äâå ãðóïïû:

I ïàðàìåòðû a1, . . . ,an;
I íåèçâåñòíûå x1, . . . ,xm.

Ðàññìîòðèì ìíîæåñòâîM òàêîå, ÷òî

〈a1, . . . , an〉 ∈ M⇐⇒∃x1 . . . xm{M(a1, . . . , an, x1, . . . , xm) = 0}.

Ìíîæåñòâà, èìåþùèå òàêèå ïðåäñòàâëåíèÿ íàçûâàþòñÿ
äèîôàíòîâûìè.
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Ïðèìåðû äèîôàíòîâûõ ìíîæåñòâ

I Ìíîæåñòâî âñåõ ïîëíûõ êâàäðàòîâ, ïðåäñòàâëåíî
óðàâíåíèåì

a− x2 = 0

I Ìíîæåñòâî âñåõ ñîñòàâíûõ ÷èñåë, ïðåäñòàâëåíî
óðàâíåíèåì

a− (x1 + 2)(x2 + 2) = 0

I Ìíîæåñòâî âñåõ íåñòåïåíåé ÷èñëà 2, ïðåäñòàâëåíî
óðàâíåíèåì

a− (2x1 + 3)x2 = 0
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äèîôàíòîâî ïðåäñòàâëåíèå
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èç ïåðåìåííûõ è êîíêðåòíûõ íàòóðàëüíûõ ÷èñåë ñ ïîìîùüþ
ñëîæåíèÿ, óìíîæåíèÿ è âîçâåäåíèÿ â ñòåïåíü.
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Ñåðãåé Þðüåâè÷ Ìàñëîâ
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Mathematical Reviews 1962, 24A, page 574, review A3061:

Davis, Martin; Putnam, Hilary; Robinson, Julia. The decision
problem for exponential Diophantine equations. Ann. Math. (2),
74 425�436 (1961).

. . . These results are super�cially related to Hilbert's tenth
problem on (ordinary, i.e., non-exponential) Diophantine
equations. The proof of the authors'results, though very
elegant, does not use recondite facts in the theory of num-
bers nor in the theory of r.e. [recursively enumerable] sets,
and so it is likely that the present result is not closely con-
nected with Hilbert's tenth problem. . .

G.Kreisel
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×òî ñäåëàòü?

.

Ïîñëå DPR-òåîðåìû äëÿ òîãî, ÷òîáû äîêàçàòü, ÷òî êàæäîå ïåðå÷èñ-
ëèìîå ìíîæåñòâî ÿâëÿåòñÿ äèîôàíòîâûì áûëî äîñòàòî÷íî ïîêàçàòü,
÷òî äèîôàíòîâûì ÿâëÿåòñÿ îäíî êîíêðåòíîå ìíîæåñòâî, à èìåííî,
ìíîæåñòâî (c ïîìîùüþ äèîôàíòîâà ïðåäñòàâëåíèÿ ýòîãî ìíîæåñòâà

ab = c ⇐⇒ ∃z1 . . . zm{A(a, b, c ,w1, . . . ,wm) = 0}

ìû ìîãëè áû ïðåîáðàçîâûâàòü ëþáîå ýêñïîíåíöèàëüíî äèîôàíòîâî
ïðåäñòàâëåíèå ëþáîãî ìíîæåñòâà â äèîôàíòîâî ïðåäñòàâëåíèå òîãî
æå ìíîæåñòâà).

Ïî òåîðåìå Äæóëèè Ðîáèíñîí äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü,
÷òî ñóùåñòâóåò äâóïàðàìåòðè÷åñêîå äèîôàíòîâî óðàâíåíèå

J(u, v , y1, . . . , yw ) = 0

îáëàäàþùåå ñëåäóþùèìè äâóìÿ ñâîéñòâàìè:
I â ëþáîì ðåøåíèè u < v v ;
I äëÿ êàæäîãî k ñóùåñòâóåò ðåøåíèå, â êîòîðîì u > vk .
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Íîâàÿ ðàáîòà Äæóëèè Ðîáèíñîí

J. Robinson
Unsolvable Diophantine problems
Proceedings of the American Mathematical Society, 22(2),
534�538, 1969.



Ïîñëåäíèé øàã â äîêàçàòåëüñòâå ãèïîòåçû Äåéâèñà

Òåîðåìà (Þ. Ìàòèÿñåâè÷ [1970]) Äëÿ òîãî, ÷òîáû v
áûëî 2u-ì ÷èñëîì Ôèáîíà÷÷è, íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû ñóùåñòâîâàëè ÷èñëà g , h, `,m, x , y , z òàêèå, ÷òî

u ≤ v < `,

`2 − lz − z2 = 1,

g2 − 2gh − 4h2 = 1,

`2|g ,
`|m − 2,

(2h + g)|(m − 3)

x2 −myx + y2 = 1,

`|x − u,

(2h + g)|(x − v).

0, 1, 1, 2, 3, 5, . . . , φ(k+1) = φ(k)+φ(k−1) φ(n)2|φ(m)⇒ φ(n)|m
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Õðîíîëîãèÿ

I 4 ÿíâàðÿ 1970: Ïîñòðîåíî òðåáóåìîå äâóïàðàìåòðè÷åñêîå
äèîôàíòîâî óðàâíåíèå ñ ýêñïîíåíöèàëüíûì ðîñòîì

I 29 ÿíâàðÿ 1970: ìî¼ ïåðâîå ïóáëè÷íîå ïðåäñòàâëåíèå
äîêàçàòåëüñòâà íà ñåìèíàðí ËÎÌÈ

I 15 ôåâðàëÿ: Ìàðòèí Äåéâèñ çâîíèò Äæóëèè èç Íüþ-Éîðêà
è ñîîáùàåò ÷òî �some Russian had proved the existence of
Diophantine relation of exponential growth�

Èç ïåðâîãî ïèñüìà Äæóëèè Ðîáèíñîí êî ìíå îò 22 ôåâðàëÿ
1970 ãîäà:
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Ñðåäè ñëóøàòåëåé:
Ãðèãîðèé Ñàìóèëîâè÷ Öåéòèí

I 9 ôåâðàëÿ 1970ã. Öåéòèí ðàññêàçûâàåò ïðî ìî¼
äîêàçàòåëüñòâî ó÷àñòíèêàì êîíôåðåíöèè â Íîâîñèáèðñêå.
Ñðåäè ñëóøàòåëåé: John McCarthy, äåëàþùèé çàïèñè

I February 21: Äæóëèÿ Ðîáèíñîí ïîëó÷àåò çàïèñè McCarthy
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Äàâèä Ãèëüáåðò, �Ìàòåìàòè÷åñêèå ïðîáëåìû� , [1900]
Âìåñòå ñ òåì áûâàåò è òàê, ÷òî ìû äîáèâàåìñÿ îòâåòà ïðè íåäîñòàòî÷-

íûõ ïðåäïîñûëêàõ, èëè èäÿ â íåïðàâèëüíîì íàïðàâëåíèè, è âñëåäñòâèè ýòîãî

íå äîñòèãàåì öåëè. Òîãäà âîçíèêàåò çàäà÷à äîêàçàòü íåðàçðåøèìîñòü äàííîé

ïðîáëåìû ïðè ïðèíÿòûõ ïðåäïîñûëêàõ è âûáðàííîì íàïðàâëåíèè. Òàêèå äî-

êàçàòåëüñòâà íåâîçìîæíîñòè ïðîâîäèëèñü åùå ñòàðûìè ìàòåìàòèêàìè, íà-

ïðèìåð, êîãäà îíè îáíàðóæèâàëè, ÷òî îòíîøåíèå ãèïîòåíóçû ðàâíîáåäðåííî-

ãî ïðÿìîóãîëüíîãî òðåóãîëüíèêà ê åãî êàòåòó åñòü èððàöèîíàëüíîå ÷èñëî. Â

íîâåéøåé ìàòåìàòèêå äîêàçàòåëüñòâà íåâîçìîæíîñòè ðåøåíèé îïðåäåëåííûõ

ïðîáëåì èãðàþò âûäàþùóþñÿ ðîëü; òàì ìû êîíñòàòèðóåì, ÷òî òàêèå ñòàðûå

è òðóäíûå ïðîáëåìû, êàê äîêàçàòåëüñòâî àêñèîìû î ïàðàëëåëüíûõ, êàê êâàä-

ðàòóðà êðóãà èëè ðåøåíèå óðàâíåíèÿ ïÿòîé ñòåïåíè â ðàäèêàëàõ, ïîëó÷èëè

âñå æå ñòðîãîå, âïîëíå óäîâëåòâîðÿþùåå íàñ ðåøåíèå, õîòÿ è â äðóãîì íà-

ïðàâëåíèè, ÷åì òî, êîòîðîå ñíà÷àëà ïðåäïîëàãàëîñü.

Ýòîò óäèâèòåëüíûé ôàêò íàðÿäó ñ äðóãèìè ôèëîñîôñêèìè îñíîâàíèÿìè

ñîçäàåò ó íàñ óâåðåííîñòü, êîòîðóþ ðàçäåëÿåò, íåñîìíåííî, êàæäûé ìàòåìà-

òèê, íî êîòîðóþ äî ñèõ ïîð íèêòî íå ïîäòâåðäèë äîêàçàòåëüñòâîì, � óâåðåí-

íîñòü â òîì, ÷òî êàæäàÿ îïðåäåëåííàÿ ìàòåìàòè÷åñêàÿ ïðîáëåìà íåïðåìåííî

äîëæíà áûòü äîñòóïíà ñòðîãîìó ðåøåíèþ èëè â òîì ñìûñëå, ÷òî óäàåòñÿ ïî-

ëó÷èòü îòâåò íà ïîñòàâëåííûé âîïðîñ, èëè æå â òîì ñìûñëå, ÷òî áóäåò óñòà-

íîâëåíà íåâîçìîæíîñòü åå ðåøåíèÿ è âìåñòå ñ òåì äîêàçàíà íåèçáåæíîñòü

íåóäà÷è âñåõ ïîïûòîê åå ðåøèòü.



Íåïðîñòîé ìíîãî÷ëåí äëÿ ïðîñòûõ ÷èñåë
Òåîðåìà (J.P.Jones, D.Sato, H.Wada, D.Wiens, [1976])
Ìíîæåñòâî âñåõ ïðîñòûõ ÷èñåë � ýòî â òî÷íîñòè ìíîæåñòâî
âñåõ ïîëîæèòåëüíûõ çíà÷åíèé, ïðèíèìàåìûõ ìíîãî÷ëåíîì

(k + 2) { 1 −[wz + h + j − q]2

− [(gk + 2g + k + 1)(h + j) + h − z]2

− [2n + p + q + z − e]2

−
[
16(k + 1)3(k + 2)(n + 1)2 + 1− f 2

]2
−

[
e3(e + 2)(a+ 1)2 + 1− o2

]2
−

[
(a2 − 1)y2 + 1− x2

]2
−

[
16r2y4(a2 − 1) + 1− u2

]2 − [n + `+ v − y ]2

−
[(
(a+ u2(u2 − a))2 − 1

)
(n + 4dy)2 + 1− (x + cu)2

]2
−

[
(a2 − 1)`2 + 1−m2

]2
−

[
q + y(a− p − 1) + s(2ap + 2a− p2 − 2p − 2)− x

]2
−

[
z + pl(a− p) + t(2ap − p2 − 1)− pm

]2
− [ai + k + 1− `− i ]2

−
[
p + `(a− n − 1) + b(2an + 2a− n2 − 2n − 2)−m

]2 }
ïðè íàòóðàëüíûõ çíà÷åíèÿõ 26 ïåðåìåííûõ a, b, c , . . . , x , y , z .



Ñëåäñòâèÿ ãèïîòåçû Äåéâèñà (=DPRM-òåîðåìû)

Íàõîæäåíèå ðåøåíèé ëþáîãî ïàðàìåòðè÷åñêîãî äèîôàíòîâà
óðàâíåíèÿ ìîæíî ýôôåêòèâíî ñâåñòè ê íàõîæäåíèþ ðåøåíèé
äðóãîãî äèîôàíòîâà óðàâíåíèÿ ñ òåìè æå ïàðàìåòðàìè,
èìåþùåãî m íåèçâåñòíûõ, ãäå m � �àáñîëþòíàÿ� êîíñòàíòà, íå
çàâèñÿùàÿ íè îò óðàâíåíèÿ, íè îò êîëè÷åñòâà ïàðàìåòðîâ.

Ñêîëü ìàëûì òàêîå m ìîæåò áûòü?

I Ìîÿ ïåðâîíà÷àëüíàÿ îöåíêà: m = 200
I Äæóëèÿ è Ðàôàåëü Ðîáèíñîí: m = 35
I ìîå óëó÷øåíèå: m = 33

Äæóëèÿ Ðîáèíñîí: �I consider it in the range of `practical' number
theory, since Davenport once wrote a paper on cubic forms in 33
variables.�
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çàâèñÿùàÿ íè îò óðàâíåíèÿ, íè îò êîëè÷åñòâà ïàðàìåòðîâ.

Ñêîëü ìàëûì òàêîå m ìîæåò áûòü?

I Ìîÿ ïåðâîíà÷àëüíàÿ îöåíêà: m = 200
I Äæóëèÿ è Ðàôàåëü Ðîáèíñîí: m = 35
I ìîå óëó÷øåíèå: m = 33

Äæóëèÿ Ðîáèíñîí: �I consider it in the range of `practical' number
theory, since Davenport once wrote a paper on cubic forms in 33
variables.�
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I àâãóñò 1971 ã.: m = 14 (äîëîæåíî ìíîþ íà IV International
Congress on Logic, Methodology and Philosophy of Science â
Áóõàðåñòå)

Äæóëèÿ Ðîáèíñîí: �With just 14 variables we ought to be able to
know every variable personally and why it has to be there�
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Êòî âèíîâàò?

Äæóëèÿ Ðîáèíñîí:
I was completely �abbergasted by your letter of May 11. I
wanted to crawl under a rock and hide from myself! Some-
how I had never questioned that(

a

c

)
≡
(
b

c

)
(mod a− b).

I usually know enough not to divide by zero. I had even
mentioned (asserted) it to Raphael several times and he
had not objected. He said he would have said `no' if I had
asked if it were true. I guess I would have myself if I had
asked!

I am very glad you sent a way around the mistake at the
same time you told me about it.

I m = 13
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Âñòðå÷è ñ Þ.Â.Ëèííèêîì



Ëó÷øèé ñîâðåìåííûé ðåçóëüòàò

I m = 9



Ëó÷øèé ñîâðåìåííûé ðåçóëüòàò

I m = 9
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10-ÿ è 8-ÿ ïðîáëåìû Ãèëüáåðòà

Ãèïîòåçà Riemann'à â îðèãèíàëüíîé ôîðìóëèðîâêå ÿâëÿåòñÿ
óòâåðæäåíèåì î êîìïëåêñíûõ íóëÿõ äçåòà-ôóíêöèè Ðèìàíà,
îïðåäåëÿåìàÿ ïðè <(z) > 1 ðÿäîì

ζ(z) =
∞∑
n=1

1
nz
.

DPRM-òåîðåìà ïîçâîëÿåò ïîñòðîèòü êîíêðåòíîå äèîôàíòîâî
óðàâíåíèå

R(x1, . . . , xm) = 0

êîòîðîå íå èìååò ðåøåíèé â åñëè è òîëüêî åñëè ãèïîòåçà
Riemann'à âåðíà.
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Íàçàä ê Äèîôàíòó

Ïîèñê ðåøåíèé óðàâíåíèÿ

M(χ1, . . . , χm) = 0

â ðàöèîíàëüíûõ ÷èñëàõ χ1, . . . , χm ýêâèâàëåíòåí ïîèñêó
ðåøåíèé óðàâíåíèÿ

M

(
x1 − y1
z + 1

, . . . ,
xm − ym
z + 1

)
= 0

â íàòóðàëüíûõ ÷èñëàõ x1, . . . , xm, y1, . . . , ym, z .

Â ñâîþ î÷åðåäü
ýòî óðàâíåíèå ýêâèâàëåíòíî äèîôàíòîâó óðàâíåíèþ

(z + 1)dM
(
x1 − y1
z + 1

, . . . ,
xm − ym
z + 1

)
= 0,

ãäå d � ñòåïåíü ìíîãî÷ëåíà M.

Òàêèì îáðàçîì, ñïðàøèâàÿ ÿâíî òîëüêî î ìåòîäå äëÿ ðåøåíèÿ
äèîôàíòîâûõ óðàâíåíèé â öåëûõ ÷èñëàõ, Ãèëüáåðò íåÿâíî
ñïðàøèâàë è î ìåòîäå äëÿ ðåøåíèÿ äèîôàíòîâûõ óðàâíåíèé â
ðàöèîíàëüíûõ ÷èñëàõ.
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