SPb. Math. Society Preprint 1999-04 26 Feb 1999

ŞĎŁ 621.391.1

Ć. Ŋ. Ňăńőğ-ěňőć, Ś. Ň. Ňăèăàáłĺľ ŚŘĂĆŊĹŠĚŃĲŊŐĚ ĹĞŞŮĚŊĹĚ ĎĆŞŢ ĆĚĽĆŃĚŠŊŻŢ ĄĂĞĹŚŐĆ

Řăááňăâàĺćăîâáï ďćă ŕàőáâěľèĺå ćěľćńěâŋëå ąăğĺáă, ŕőàőęďăîéĺå ďĺáłàěâŋëě ŕàěőąàăğőćăŋĺï Ţăăàă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ďńï íâĺå ąăğĺáőć ŕőńãçěŋë ăŋăńőčĺ âěőàěňë őą őâáçěâăå. Ććěďěŋő ŕőŋïâĺě ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋőčő áŕěłâàă. Şáâăŋőćńěŋă áćïğì ňěęďã áĺčŋăńăňĺ, ĺňěîéĺňĺ ć àăááňăâàĺćăěňëå ćěľćńěâŋëå ąăğĺáăå őďĺŋăłőćëľ áŕěłâà, ŕàĺ ãáńőćĺĺ, çâő íâőâ áŕěłâà ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň.

§1. Ććěďěŋĺě

Ć áâăâìě àăááňăâàĺćăîâáï ďćă ŕàőáâěľèĺå ćěľćńěâŋëå ąăğĺáă, ŕőàőęďăîéĺå ďĺáłàěâŋëě ŕàěőąàăğőćăŋĺï Ţăăàă H_f ĺ H_g. Ŕěàćőě ŕàěőąàăğőćăŋĺě H_f áćïğăŋő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Őŋő èĺàőłő ĺğćěáâŋő (áň., ŋăŕàĺňěà, [1], čďě ĺňěěâáï őąèĺàŋăï ąĺąńĺőčàăäĺï). Ćâőàőě ŕàěőąàăğőćăŋĺě H_g áćïğăŋő á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Őŋő ĺğãçăńőáì ć àăąőâě [2].

Ć §2 ŕàĺćěďěŋë ŋěőąåőďĺňëě áćěďěŋĺï őą ĺŋâěàěáãîéĺå ŋăá ąăğĺáăå (àěłãààěŋâŋëě áőőâŋőèěŋĺï, ïćŋëě ŕàěďáâăćńěŋĺï, äőàňãńë ďěłőňŕőğĺæĺĺ). Ć §3 ğăŕĺáăŋë ćěľćńěâŋëě àăğńőęěŋĺï áďćĺčőć ěďĺŋĺçŋőčő ĺňŕãńìáă. Ć §4 ŕőńãçěŋë ăŋăńőčĺ âěőàěňë őą őâáçěâăå ďńï àăááňăâàĺćăěňëå ćěľćńěâŋëå ąăğĺáőć.

Ć §5 ććěďěŋő ŕőŋïâĺě ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋőčő áŕěłâàă. Şáâăŋőćńěŋă áćïğì ňěęďã áĺčŋăńăňĺ x ĺ y, ã łőâőàëå H_f (y) = H_g (x) =: X, ŕàĺ ãáńőćĺĺ, çâő áŕěłâà X ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Ćëçĺáńěŋă àăğňěàŋőáâì ňŋőęěáâćă ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëå áŕěłâàőć.

§2. Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï

Ńĺŋěľŋőě ŕàőáâàăŋáâćő R_N ćěéěáâćěŋŋëå N-ŕěàĺőďĺçěáłĺå ŕőáńěďőćăâěńìŋőáâěľ x = {x(j)}, j ∈ Z, ąãďěň ŋăğëćăâì ŕàőáâàăŋáâćőň áĺčŋăńőć. Ć R_N őąëçŋëň áŕőáőąőň ććőďïâáï áłăńïàŋőě ŕàőĺğćěďěŋĺě ĺ ŋőàňă: ⟨x, y⟩ = N−1∑ j=0 x(j) y(j), ‖x‖ = ⟨x, x⟩^{1/2}. Ěáâěáâćěŋŋëľ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć R_N őąàăğãîâ áĺčŋăńë f_0(k; j) = δ_N (j − k), k = 0, 1, . . . , N − 1, čďě δ_N (j) | ěďĺŋĺçŋëľ N-ŕěàĺőďĺçěáłĺľ ĺňŕãńìá, àăćŋëľ 1, łőčďă j ďěńĺâáï ŋă N, ĺ àăćŋëľ 0 ŕàĺ őáâăńìŋëå j ∈ Z. Śĺčŋăń f_0(k; j) łăł íńěňěŋâ ŕàőáâàăŋáâćă R_N ąãďěň őąőğŋăçăâì f_0(k). Šőčďă ńîąőľ áĺčŋăń x ∈ R_N ňőęŋő ŕàěďáâăćĺâì ć ćĺďě x = N−1∑ k=0 x(k) f_0(k) .

Ć ďăńìŋěľèěň áçĺâăěň, çâő N = 2^s. Ŕőńőęĺň N_ν = N/2^ν , ´_ν = 2^{ν−1} ĺ ğăŕĺèěň àěłãààěŋâŋëě áőőâŋőèěŋĺï [3]:

f_ν (p´_{ν+1}) =^1_2 [ f_{ν−1} ( 2p´_ν ) + f_{ν−1} ( (2p + 1)´_ν )] , f_ν (´_ν + p´_{ν+1}) =^1_2 [ f_{ν−1} ( 2p´_ν ) − f_{ν−1} ( (2p + 1)´_ν )] , (2.1) p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Śĺáâěňă áĺčŋăńőć

f_s(0); f_ν (´_ν + p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s,

őąàăğãěâ őàâőčőŋăńìŋëľ ąăğĺá ć ŕàőáâàăŋáâćě R_N . Őŋ ŋăğëćăěâáï ąăğĺáőň Ţăăàă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Ŋěâàãďŋő ŕàőćěàĺâì, çâő f_s(0; j) ≡ N^{−1} ĺ

f_ν (p´_{ν+1}; j) = f_ν (0; j − p´_{ν+1}),

f_ν (´_ν + p´_{ν+1}; j) = f_ν (´_ν ; j − p´_{ν+1}); ŕàĺ íâőň

f_ν (0; j) = 1 2^ν Δν+1−1 ∑ q=0 δ_N (j − q),

f_ν (´_ν ; j) = 1 2^ν

{^Δν^{−1}∑ q=0 δ_N (j − q) − Δν+1−1 ∑ q=Δν δ_N (j − q) } . Ńîąőľ áĺčŋăń y ∈ R_N ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

y = y_s(0)f_s(0) + s∑ ν=1

Nν−1∑

p=0 y_ν (´_ν + p´_{ν+1}) f_ν (´_ν + p´_{ν+1}) . (2.2)

Łőíääĺæĺěŋâë íâőčő àăğńőęěŋĺï áãâì łőíääĺæĺěŋâë Ťãàìě:

y_s(0) = 2^s⟨y, f_s(0)⟩, y_ν (´_ν + p´_{ν+1}) = 2^ν⟨y, f_ν (´_ν + p´_{ν+1})⟩.

Śőčńăáŋő (2.1) ĺå ňőęŋő ćëçĺáńĺâì ŕő àěłãààěŋâŋëň äőàňãńăň y_0(k) = y(k), k = 0, 1, . . . , N − 1; y_ν (p´_{ν+1}) = y_{ν−1} ( 2p´_ν ) + y_{ν−1} ( (2p + 1)´_ν ) , y_ν (´_ν + p´_{ν+1}) = y_{ν−1} ( 2p´_ν ) − y_{ν−1} ( (2p + 1)´_ν ) , p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. (2.3)

Ŕőńőęĺň

Y (0) = y_s(0);

Y (p + N_ν ) = y_ν (´_ν + p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, ν = s, s − 1, . . . , 1.

Ŕàěőąàăğőćăŋĺě H_f : y → Y ŋăğëćăěâáï ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ţăăàă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Ŋă àĺá. 1 ŕàěďáâăćńěŋă áåěňă ćëçĺáńěŋĺï áŕěłâàă Y = H_f (y) ŕàĺ N = 8.

Ććěďěň ěéě őďŋã áĺáâěňã àěłãààěŋâŋëå áőőâŋőèěŋĺľ [2]: g_0(k) = f_0(k), k = 0, 1, . . . , N − 1; g_ν(p) =^1_2 [ g_{ν−1}(p) + g_{ν−1}(p + N_ν ) ] , g_ν (p + N_ν ) =^1_2 [ g_{ν−1}(p) − g_{ν−1}(p + N_ν ) ] , p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. (2.4)

Śĺčŋăńë g_s(0); g_ν (p + N_ν ), p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s, âăłęě őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć ŕàőáâàăŋáâćě R_N . Őŋ ŋăğëćăěâáï ąăğĺáőň Ţăăàă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ŋěâàãďŋő ŕàőćěàĺâì, çâő g_s(0; j) ≡ N^{−1} ĺ g_ν (p; j) = g_ν (0; j − p), g_ν(p + N_ν ; j) = g_ν (N_ν ; j − p);

ŕàĺ íâőň g_ν(0; j) = 2^{−ν} δ_{Nν} (j), g_ν(N_ν ; j) = 2^{−ν} [ δ_{Nν}�_1 (j) − δ_{Nν}�_1 (j − N_ν ) ] . Ńîąőľ áĺčŋăń x ∈ R_N ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x = x_s(0)g_s(0) + s∑ ν=1

Nν−1∑

p=0 x_ν (p + N_ν) g_ν (p + N_ν ) . (2.5)

Łőíääĺæĺěŋâë íâőčő àăğńőęěŋĺï áãâì łőíääĺæĺěŋâë Ťãàìě: x_s(0) = 2^s⟨x, g_s(0)⟩, x_ν (p + N_ν ) = 2^ν ⟨x, g_ν (p + N_ν )⟩.

Śőčńăáŋő (2.4) ĺå ňőęŋő ćëçĺáńĺâì ŕő àěłãààěŋâŋëň äőàňãńăň x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν (p) = x_{ν−1}(p) + x_{ν−1}(p + N_ν), x_ν (p + N_ν ) = x_{ν−1}(p) − x_{ν−1}(p + N_ν ), p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. (2.6)

Ŕőńőęĺň

X(0) = x_s(0); X(p + N_ν ) = x_ν (p + N_ν), p = 0, 1, . . . , N_ν − 1, ν = s, s − 1, . . . , 1.

Ŕàěőąàăğőćăŋĺě H_g : x → X ŋăğëćăěâáï ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ţăăàă á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ŋă àĺá. 2 ŕàěďáâăćńěŋă áåěňă ćëçĺáńěŋĺï áŕěłâàă X = H_g(x) ŕàĺ N = 8.

y(0) y(1) y(2) y(3) y(4) y(5) y(6) y(7)

y1(0) y1(2) y1(4) y1(6) y1(1) y1(3) y1(5) y1(7)

y2(0) y2(4) y2(2) y2(6)

y3(0) y3(4)

Řĺá. 1

x(0) x(1) x(2) x(3) x(4) x(5) x(6) x(7)

x1(0) x1(1) x1(2) x1(3) x1(4) x1(5) x1(6) x1(7)

x2(0) x2(1) x2(2) x2(3)

x3(0) x3(1)

Řĺá. 2

Řăğńőęěŋĺï (2.2) ĺ (2.5) ïćńïîâáï ŕàőáâěľèĺňĺ ćěľćńěâŋëňĺ àăğńőęěŋĺïňĺ. Ć áńěďãîéĺå âàěå ŕăàăčàăäăå ąãďěâ ŕàőćěďěŋő ĺå áàăćŋĺâěńìŋőě ĺááńěďőćŋĺě.

§3. Ţăăàőćáłĺě áŕěłâàë áďćĺčőć ěďĺŋĺçŋőčő ĺňŕãńìáă Ğăäĺłáĺàãěň çĺáńő q ∈ {0, 1, . . . , 2^s − 1}, q = q_{s−1}2^{s−1} + q_{s−2}2^{s−2} + · · · + q_0, q_k ∈ {0, 1}.

Š ě ő à ě ň ă 3. 1. Śĺčŋăń δ_N (j − q) ďőŕãáłăěâ áńěďãîéěě ŕàěďáâăćńěŋĺě ć ąăğĺáě Ţăăàă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě:

δ_N (· − q) = f_s(0) + s∑ ν=1 (−1)^{qν}�^1 f_ν ( ´_ν + p^0_ν (q)´_{ν+1} ) , čďě p^0_ν(q) = ⌊q/´_{ν+1}⌋ | æěńăï çăáâì çĺáńă q/´_{ν+1}.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (2.2) ĺňěěň

δ_N (· − q) = y_s(0)f_s(0) + s∑ ν=1

Nν−1∑

p=0 y_ν (´_ν + p´_{ν+1}) f_ν (´_ν + p´_{ν+1}) .

Ğďěáì y_s(0) = 2^s⟨δ_N (· − q), f_s(0)⟩ = 1,

y_ν (´_ν + p´_{ν+1}) = 2^ν ⟨δ_N (· − q), f_ν (´_ν + p´_{ν+1})⟩ = 2^ν f_ν (´_ν + p´_{ν+1}; q) =

= 2^ν f_ν (´_ν ; q − p´_{ν+1}) = 1, ěáńĺ q − p´_{ν+1} ∈ {0, 1, . . . , ´_ν − 1}, −1, ěáńĺ q − p´_{ν+1} ∈ {´_ν, . . . , ´_{ν+1} − 1}, 0 ŕàĺ őáâăńìŋëå p ∈ {0, 1, . . . , N_ν − 1}.

Ŕőáłőńìłã q = (q_{s−1}2^{s−ν−1} + · · · + q_ν)2^ν + q_{ν−1}2^{ν−1} + · · · + q_0 = p^0_ν (q)´_{ν+1} + q_{ν−1}´_ν + · · · + q_0, âő łőíääĺæĺěŋâ y_ν (´_ν + p´_{ν+1}) őâńĺçěŋ őâ ŋãńï âőńìłő ŕàĺ p = p^0_ν (q). Ŕàĺ íâőň őŋ àăćěŋ 1, ěáńĺ q_{ν−1} = 0, ĺ àăćěŋ −1, ěáńĺ q_{ν−1} = 1, â. ě. y_ν ( ´_ν + p^0_ν(q)´_{ν+1} ) = (−1)^{qν}�^1 .

Šěőàěňă ďőłăğăŋă. N Őâňěâĺň, çâő p^0_{ν−1}(q) = q_{s−1}2^{s−ν} + · · · + q_{ν−1} = 2 (q_{s−1}2^{s−ν−1} + · · · + q_ν ) + q_{ν−1} = 2 p^0_ν (q) + q_{ν−1}. Ğŋăçĺâ, çĺáńă p^0_ν (q) ãďőćńěâćőàïîâ àěłãààěŋâŋőňã áőőâŋőèěŋĺî p^0_s(q) = 0; p^0_{ν−1}(q) = 2 p^0_ν (q) + q_{ν−1}, ν = s, s − 1, . . . , 1.

Š ě ő à ě ň ă 3. 2. Śĺčŋăń δ_N (j − q) ďőŕãáłăěâ áńěďãîéěě ŕàěďáâăćńěŋĺě ć ąăğĺáě Ţăăàă á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ:

δ_N (· − q) = g_s(0) + s∑ ν=1 (−1)^{qs}�^ν g_ν ( p^1_ν (q) + N_ν ) , čďě p^1_ν(q) = ⟨q⟩_{Nν} | őáâăâőł őâ ďěńěŋĺï çĺáńă q ŋă N_ν .

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (2.5) ĺňěěň

δ_N (· − q) = x_s(0)g_s(0) + s∑ ν=1

Nν−1∑

p=0 x_ν (p + N_ν ) g_ν (p + N_ν ).

Ğďěáì x_s(0) = 2^s⟨δ_N (· − q), g_s(0)⟩ = 1, x_ν (p + N_ν ) = 2^ν⟨δ_N (· − q), g_ν (p + N_ν )⟩ = 2^ν g_ν(p + N_ν; q) =

= 2^νg_ν (N_ν ; q − p) = δ_{Nν}�_1 (q − p) − δ_{Nν}�_1 (q − p − N_ν ).

Ŕőáłőńìłã q = (q_{s−1}2^{ν−2} +· · ·+q_{s−ν+1})2^{s−ν+1} +q_{s−ν} 2^{s−ν} +· · ·+q_0 = rN_{ν−1} +q_{s−ν} N_ν + ⟨q⟩_{Nν} , âő x_ν (p + N_ν ) = δ_{Nν}�_1 (q_{s−ν} N_ν + ⟨q⟩_{Nν} − p) − δ_{Nν}�_1 ( (q_{s−ν} − 1)N_ν + ⟨q⟩_{Nν} − p ) . Ěáńĺ q_{s−ν} = 0, âő

x_ν (p + N_ν ) = δ_{Nν}�_1 ( ⟨q⟩_{Nν} − p ) − δ_{Nν}�_1 ( ⟨q⟩_{Nν} − p − N_ν ) . Şçĺâëćăï ŋěàăćěŋáâćő | |⟨q⟩_{Nν} − p | | ≤ N_ν − 1, ğăłńîçăěň, çâő

x_ν (p + N_ν ) = { 1 ŕàĺ p = ⟨q⟩_{Nν} , 0 ŕàĺ p ≠ ⟨q⟩_{Nν} . Ěáńĺ q_{s−ν} = 1, âő

x_ν (p + N_ν ) = δ_{Nν}�_1 ( ⟨q⟩_{Nν} − p + N_ν ) − δ_{Nν}�_1 ( ⟨q⟩_{Nν} − p ) . Ć íâőň áńãçăě

x_ν (p + N_ν) = { −1 ŕàĺ p = ⟨q⟩_{Nν} , 0 ŕàĺ p ≠ ⟨q⟩_{Nν} . Ŕàĺåőďĺň ł áńěďãîéěňã ćëćőďã: łőíääĺæĺěŋâ x_ν (p + N_ν ) őâńĺçěŋ őâ ŋãńï âőńìłő ŕàĺ p = ⟨q⟩_{Nν} = p^1_ν(q); ŕàĺ íâőň őŋ àăćěŋ 1, ěáńĺ q_{s−ν} = 0, ĺ àăćěŋ −1, ěáńĺ q_{s−ν} = 1, â. ě. x_ν ( p^1_ν(q) + N_ν ) = (−1)^{qs}�^ν .

Šěőàěňă ďőłăğăŋă. N

Ĺğ àăćěŋáâćă q = rN_{ν−1} + q_{s−ν} N_ν + ⟨q⟩_{Nν} áńěďãěâ, çâő ⟨q⟩_{Nν}�_1 = q_{s−ν} N_ν + ⟨q⟩_{Nν} . Ğŋăçĺâ, çĺáńă p^1_ν (q) ãďőćńěâćőàïîâ àěłãààěŋâŋőňã áőőâŋőèěŋĺî

p^1_s(q) = 0; p^1_{ν−1}(q) = p^1_ν (q) + q_{s−ν} N_ν , ν = s, s − 1, . . . , 1.

§4. Šěőàěňë őą őâáçěâăå

Őąàăâĺňáï áŋăçăńă ł äőàňãńě (2.2).

Ń ě ň ň ă 4. 1. Ŕàĺ k = 0, 1, . . . , s − 1 áŕàăćěďńĺćő àăćěŋáâćő

y_s(0) f_s(0) + s∑ ν=k+1

Nν−1∑

p=0 y_ν (´_ν + p´_{ν+1}) f_ν (´_ν + p´_{ν+1}) = = Nk−1∑

p=0 y_k(p´_{k+1}) f_k(p´_{k+1}).

(4.1)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ k = s − 1 áőčńăáŋő (2.3) ĺ (2.1) ŕőńãçăěň

y_s(0) f_s(0) + y_s(´_s) f_s(´_s) = [y_{s−1}(0) + y_{s−1}(´_s)] f_s(0)+

+[y_{s−1}(0) − y_{s−1}(´_s)] f_s(´_s) = y_{s−1}(0) f_{s−1}(0) + y_{s−1}(´_s) f_{s−1}(´_s),

çâő áőőâćěâáâćãěâ (4.1). Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ k ł k − 1. Ĺňěěň

y_s(0) f_s(0) + s∑ ν=k

Nν−1∑

p=0 y_ν (´_ν + p´_{ν+1}) f_ν (´_ν + p´_{ν+1}) =

= Nk−1∑

p=0 y_k(p´_{k+1}) f_k(p´_{k+1}) + Nk−1∑

p=0 y_k(´_k + p´_{k+1}) f_k(´_k + p´_{k+1}) =

= Nk−1∑

p=0 [ y_{k−1} ( 2p´_k ) + y_{k−1} ( (2p + 1)´_k )] f_k(p´_{k+1})+

+ Nk−1∑

p=0 [ y_{k−1} ( 2p´_k ) − y_{k−1} ( (2p + 1)´_k )] f_k(´_k + p´_{k+1}) =

= Nk−1∑

p=0 [ y_{k−1} ( 2p´_k ) f_{k−1} ( 2p´_k ) + y_{k−1} ( (2p + 1)´_k ) f_{k−1} ( (2p + 1)´_k )] =

= Nk�1−1 ∑ l=0 y_{k−1}(l´_k) f_{k−1}(l´_k).

Ńěňňă ďőłăğăŋă. N

Ŕőńőęĺň h_k(j) = Δk+1−1 ∑ q=0 δ_N (j − q). Őçěćĺďŋő, çâő h_k(j) = 2^kf_k(0; j).

Š ě ő à ě ň ă 4. 1. Ěáńĺ ŕàĺ ŋěłőâőàőň k ∈ {1, . . . , s} ćëŕőńŋïěâáï àăćěŋáâćő

y_ν (´_ν + p´_{ν+1}) = 0, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , k, (4.2) âő y(j) = Nk−1∑

p=0 y(p´_{k+1}) h_k(j − p´_{k+1}), j ∈ Z. (4.3)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ k = s áőčńăáŋő (2.2) ĺ (4.2) ĺňěěň

y = y_s(0) f_s(0) = y_s(0) N^{−1},

â. ě. y(j) ≡ const. İâőâ äăłâ ňőęŋő ğăŕĺáăâì ć ćĺďě y(j) = y(0), çâő áőőâćěâáâćãěâ (4.3).

Ćőğìňěň k ∈ {1, . . . , s − 1}. Ŕő ńěňňě 4.1 y(j) = Nk−1∑

p=0 y_k(p´_{k+1}) f_k (p´_{k+1}; j).

Ćőáŕőńìğãěňáï âěň, çâő ć áĺńã (2.3) y_ν (p´_{ν+1}) + y_ν (´_ν + p´_{ν+1}) = 2 y_{ν−1}(2p´_ν ) ŕàĺ p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , k. Şçĺâëćăï (4.2), ŕőáńěďőćăâěńìŋő ŕőńãçăěň y_k(p´_{k+1}) = 2 y_{k−1}(2p´_k) = 2^2y_{k−2}(2^2p´_{k−1}) = · · · = = 2^ky_0(2^kp´_1) = 2^ky(p´_{k+1}).

Őáâăěâáï őâňěâĺâì, çâő 2^kf_k(p´_{k+1}; j) = 2^kf_k(0; j − p´_{k+1}) = h_k(j − p´_{k+1}).

Šěőàěňă ďőłăğăŋă. N Ăŋăńĺâĺçěáłăï ğăŕĺáì (4.3) őğŋăçăěâ, çâő áĺčŋăń y(j) ïćńïěâáï áâãŕěŋçăâëň, âőçŋěě, çâő

y(j) = y(l´_{k+1}) ŕàĺ j ∈ {l´_{k+1}, l´_{k+1} + 1, . . . , (l + 1)´_{k+1} − 1}, l = 0, 1, . . . , N_k − 1. İâő áńěďãěâ ĺğ őŕàěďěńěŋĺï N-ŕěàĺőďĺçěáłőčő ïďàă h_k(j), łőâőàőě àăćŋő 1 ŕàĺ j ∈ {0, 1, . . . , ´_{k+1} − 1} ĺ àăćŋő 0 ŕàĺ j ∈ {´_{k+1}, . . . , N − 1}. Ďńï áâãŕěŋçăâëå áĺčŋăńőć áőčńăáŋő (2.3) ćëŕőńŋïěâáï ãáńőćĺě (4.2).

Šăłĺň őąàăğőň, áĺčŋăń y(j) ďőŕãáłăěâ ŕàěďáâăćńěŋĺě (4.3) âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïěâáï ãáńőćĺě (4.2).

Őąàăâĺňáï ł äőàňãńě (2.5).

Ń ě ň ň ă 4. 2. Ŕàĺ k = 0, 1, . . . , s − 1 áŕàăćěďńĺćő àăćěŋáâćő

x_s(0) g_s(0) + s∑ ν=k+1

Nν−1∑

p=0 x_ν (p + N_ν ) g_ν (p + N_ν ) = Nk−1∑

p=0 x_k(p) g_k (p). (4.4)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ k = s − 1 áőčńăáŋő (2.6) ĺ (2.4) ŕőńãçăěň x_s(0) g_s(0) + x_s(1) g_s(1) = [x_{s−1}(0) + x_{s−1}(1)] g_s(0)+ +[x_{s−1}(0) − x_{s−1}(1)] g_s(1) = x_{s−1}(0) g_{s−1}(0) + x_{s−1}(1) g_{s−1}(1), çâő áőőâćěâáâćãěâ (4.4). Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ k ł k − 1. Ĺňěěň

x_s(0) g_s(0) + s∑ ν=k

Nν−1∑

p=0 x_ν (p + N_ν ) g_ν (p + N_ν ) =

= Nk−1∑

p=0 x_k(p) g_k(p) + Nk−1∑

p=0 x_k(p + N_k) g_k(p + N_k) =

= Nk−1∑

p=0 [x_{k−1}(p) + x_{k−1}(p + N_k)] g_k(p)+

+ Nk−1∑

p=0 [x_{k−1}(p) − x_{k−1}(p + N_k)] g_k(p + N_k) =

= Nk−1∑

p=0 [x_{k−1}(p) g_{k−1}(p) + x_{k−1}(p + N_k) g_{k−1}(p + N_k)] =

= Nk�1−1 ∑ l=0 x_{k−1}(l) g_{k−1}(l). Ńěňňă ďőłăğăŋă. N Š ě ő à ě ň ă 4. 2. Ěáńĺ ŕàĺ ŋěłőâőàőň k ∈ {1, . . . , s} ćëŕőńŋïěâáï àăćěŋáâćő x_ν (p + N_ν ) = 0, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , k, (4.5) âő x(j) = Nk−1∑

p=0 x(p) δ_{Nk} (j − p), j ∈ Z. (4.6) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ k = s áőčńăáŋő (2.5) ĺ (4.5) ĺňěěň x = x_s(0) g_s(0) = x_s(0) N^{−1}, â. ě. x(j) ≡ const. İâőâ äăłâ ňőęŋő ğăŕĺáăâì ć ćĺďě x(j) = x(0), çâő áőőâćěâáâćãěâ (4.6).

Ćőğìňěň k ∈ {1, . . . , s − 1}. Ŕő ńěňňě 4.2 x(j) = Nk−1∑

p=0 x_k(p) g_k(p; j). Ćőáŕőńìğãěňáï âěň, çâő ć áĺńã (2.6) x_ν (p) + x_ν (p + N_ν ) = 2 x_{ν−1}(p) ŕàĺ p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , k. Şçĺâëćăï (4.5), ŕőáńěďőćăâěńìŋő ŕőńãçăěň x_k(p) = 2 x_{k−1}(p) = 2^2x_{k−2}(p) = · · · = 2^kx_0(p) = 2^kx(p).

Őáâăěâáï őâňěâĺâì, çâő 2^kg_k(p; j) = δ_{Nk} (j − p).

Šěőàěňă ďőłăğăŋă. N Ťőàňãńă (4.6) őğŋăçăěâ, çâő áĺčŋăń x(j) ïćńïěâáï N_k-ŕěàĺőďĺçěáłĺň. Ďńï âăłĺå áĺčŋăńőć áőčńăáŋő (2.6) ćëŕőńŋïěâáï ãáńőćĺě (4.5).

Ŕàĺåőďĺň ł áńěďãîéěňã ćëćőďã: áĺčŋăń x(j) ďőŕãáłăěâ ŕàěďáâăćńěŋĺě (4.6) âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïěâáï ãáńőćĺě (4.5).

Šěőàěňë 4.1 ĺ 4.2 ňőęŋő őâŋěáâĺ ł çĺáńã èĺàőłő ĺğćěáâŋëå âěőàěň őą őâáçěâăå.

§5. Ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëě áŕěłâàë Ŋăň ŕőâàěąãěâáï ŕěàěáâăŋőćłă reverse. Ćőğìňěň çĺáńő j ∈ {0, 1, . . . , 2^ν − 1} ĺ ğăŕĺèěň ěčő ć ćĺďě j = j_{ν−1}2^{ν−1} + j_{ν−2}2^{ν−2} + . . . + j_0, čďě j_k ∈ {0, 1}. Šőčďă ŕő őŕàěďěńěŋĺî rev_ν (j) = j_02^{ν−1} + j_12^{ν−2} + . . . + j_{ν−1}.

Ń ě ň ň ă 5. 1. Śŕàăćěďńĺćë àěłãààěŋâŋëě áőőâŋőèěŋĺï

rev_1(p) = p, p = 0, 1; rev_ν (2l) = rev_{ν−1}(l), rev_ν (2l + 1) = 2^{ν−1} + rev_{ν−1}(l), l = 0, 1, . . . , ´_ν − 1, ν = 2, . . . , s. (5.1)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Řăćěŋáâćő rev_1(p) = p ŕàĺ p = 0, 1 őçěćĺďŋő. Ğăäĺłáĺàãěň ν ∈ {2, . . . , s}. Ďńï çĺáńă l ∈ {0, 1, . . . , ´_ν − 1} ĺňěěň l = l_{ν−2}2^{ν−2} + l_{ν−3}2^{ν−3} + . . . + l_0, l_k ∈ {0, 1};

rev_{ν−1}(l) = l_02^{ν−2} + l_12^{ν−3} + . . . + l_{ν−2}; 2l = l_{ν−2}2^{ν−1} + l_{ν−3}2^{ν−2} + . . . + l_02, rev_ν (2l) = l_02^{ν−2} + l_12^{ν−3} + . . . + l_{ν−2} = rev_{ν−1}(l), rev_ν (2l + 1) = 2^{ν−1} + l_02^{ν−2} + . . . + l_{ν−2} = 2^{ν−1} + rev_{ν−1}(l).

Ńěňňă ďőłăğăŋă. N Ő ŕ à ě ď ě ń ě ŋ ĺ ě. Śŕěłâà X = { X(p) }_{N−1} p=0 ŕàĺ N = 2^s ŋăğőćěň ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň, ěáńĺ X(p + N_ν) = X(rev_{s−ν}(p) + N_ν ), (5.2) p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s − 1. Ŕàĺ s = 1 ĺ s = 2 ńîąőľ áŕěłâà ŕő őŕàěďěńěŋĺî ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Ŕàĺ ν = s − 1 àăćěŋáâćő (5.2) ćëŕőńŋïěâáï ăćâőňăâĺçěáłĺ. Ŕàĺ s = 3 ãáńőćĺě (5.2) ŕàĺŋĺňăěâ ćĺď X(p + 4) = X(rev_2(p) + 4), p = 0, 1, 2, 3, çâő áćőďĺâáï ł áńěďãîéěňã: X(5) = X(6).

Š ě ő à ě ň ă 5. 1. Ŕãáâì X | ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëľ áŕěłâà ĺ y = H^{−1}_f (X), x = H^{−1}_g (X). Šőčďă y(j) = x ( rev_s(j) ) , j = 0, 1, . . . , N − 1. (5.3) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ćőáŕőńìğãěňáï âěň, çâő äőàňãńë (2.3) ĺ (2.6) ďőŕãáłăîâ őąàăéěŋĺě. Şçĺâëćăï, çâő áŕěłâàë áĺčŋăńőć x ĺ y őďĺŋăłőćë, ğăŕĺèěň y_s(0) = x_s(0);

y_{ν−1} ( 2p´_ν ) =^1_2 [y_ν (p´_{ν+1}) + X(p + N_ν )], y_{ν−1} ( (2p + 1)´_ν ) =^1_2 [y_ν (p´_{ν+1}) − X(p + N_ν)],

(5.4) p = 0, 1, . . . , N_ν − 1, ν = s, s − 1, . . . , 1; x_{ν−1}(p) =^1_2 [x_ν (p) + X(p + N_ν )],

x_{ν−1}(p + N_ν ) =^1_2 [x_ν (p) − X(p + N_ν )],

(5.5) p = 0, 1, . . . , N_ν − 1, ν = s, s − 1, . . . , 1. Ŕőłăęěň, çâő ŕàĺ ν = s − 1, s − 2, . . . , 0 áŕàăćěďńĺćő àăćěŋáâćő

y_ν (p´_{ν+1}) = x_ν ( rev_{s−ν} (p) ) , p = 0, 1, . . . , N_ν − 1. (5.6) Ŕàĺ ν = 0 ŕàĺďěň ł (5.3).

Ŕãáâì ν = s − 1. Śőčńăáŋő (5.4) ĺ (5.5) ĺňěěň

y_{s−1}(0) = x_{s−1}(0), y_{s−1}(´_s) = x_{s−1}(1),

çâő áőőâćěâáâćãěâ (5.6). Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν ł ν − 1. Ŋă őáŋőćăŋĺĺ äőàňãń (5.4){(5.6) ĺ (5.2) ŕàĺ p = 0, 1, . . . , N_ν − 1 ŕőńãçăěň y_{ν−1} ( (2p)´_ν ) =^1_2 [ x_ν ( rev_{s−ν} (p) ) + X ( rev_{s−ν}(p) + N_ν )] = = x_{ν−1} ( rev_{s−ν} (p) ) . Ŕőáłőńìłã N_ν = ´_{s−ν+1}, âő áőčńăáŋő (5.1) rev_{s−ν} (p) = rev_{s−ν+1}(2p). Ğŋăçĺâ, y_{ν−1} ( (2p)´_ν ) = x_{ν−1} ( rev_{s−ν+1}(2p) ) . Ăŋăńőčĺçŋő y_{ν−1} ( (2p + 1)´_ν ) =^1_2 [ x_ν ( rev_{s−ν} (p) ) − X ( rev_{s−ν} (p) + N_ν )] = = x_{ν−1} ( rev_{s−ν} (p) + N_ν ) . Śőčńăáŋő (5.1) rev_{s−ν} (p) = rev_{s−ν+1}(2p + 1) − 2^{s−ν} , ŕőíâőňã y_{ν−1} ( (2p + 1)´_ν ) = x_{ν−1} ( rev_{s−ν+1}(2p + 1) ) . Šěőàěňă ďőłăğăŋă. N

İâă âěőàěňă ć őŕàěďěńěŋŋőň áňëáńě őąàăâĺňă.

Š ě ő à ě ň ă 5. 2. Ŕãáâì x, y | áĺčŋăńë, ãďőćńěâćőàïîéĺě ãáńőćĺî (5.3) ĺ H_f (y) = H_g(x) =: X. Šőčďă áŕěłâà X ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ďőáâăâőçŋő àăááňőâàěâì áńãçăľ s ≥ 3. Ŕőłăęěň, çâő ĺ ğďěáì ćëŕőńŋïěâáï àăćěŋáâćő (5.6). Ŕàĺ ν = 0 íâő őçěćĺďŋő | (5.6) ŕěàěåőďĺâ ć (5.3). Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν − 1 ł ν. Śőčńăáŋő (2.3), (2.6) ĺ (5.1) ŕàĺ p = 0, 1, . . . , N_ν − 1 ĺňěěň

y_ν (p´_{ν+1}) = y_{ν−1}(2p´_ν ) + y_{ν−1} ( (2p + 1)´_ν ) =

= x_{ν−1} ( rev_{s−ν+1}(2p) ) + x_{ν−1} ( rev_{s−ν+1}(2p + 1) ) = = x_{ν−1} ( rev_{s−ν}(p) ) + x_{ν−1} ( rev_{s−ν}(p) + N_ν ) = x_ν ( rev_{s−ν} (p) ) , çâő ĺ âàěąőćăńőáì.

Šěŕěàì ŕàĺ p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s − 1 ŕőńãçăěň

X(p + N_ν ) = y_ν (´_ν + p´_{ν+1}) = y_{ν−1}(2p´_ν ) − y_{ν−1} ( (2p + 1)´_ν ) = = x_{ν−1} ( rev_{s−ν+1}(2p) ) − x_{ν−1} ( rev_{s−ν+1}(2p + 1) ) = = x_{ν−1} ( rev_{s−ν} (p) ) − x_{ν−1} ( rev_{s−ν} (p) + N_ν ) = = x_ν ( rev_{s−ν} (p) + N_ν ) = X ( rev_{s−ν} (p) + N_ν ) . Šěőàěňă ďőłăğăŋă. N

Ć łăçěáâćě ŕàĺňěàă àăááňőâàĺň ňăłáĺňăńìŋő àăğňëâëľ áŕěłâà X^1, ćáě łőňŕőŋěŋâë łőâőàőčő àăćŋë 1. Ć âăłőň áńãçăě äőàňãńë (5.5) ŕàĺňãâ ćĺď

x^1_{ν−1}(p) =^1_2 [x^1_ν (p) + 1],

x^1_{ν−1}(p + N_ν ) =^1_2 [x^1_ν (p) − 1],

(5.7) p = 0, 1, . . . , N_ν − 1, ν = s, s − 1, . . . , 1. Ł íâőňã ŋãęŋő ďőąăćĺâì, çâő x^1_s(0) = 1. Ŕőłăęěň, çâő x^1_ν (p) = 1 − p/´_{s−ν}, p = 0, 1, . . . , N_ν − 1, ν = s − 1, s − 2, . . . , 0. (5.8) Ŕàĺ ν = s − 1 àăćěŋáâćő (5.8) áńěďãěâ ĺğ (5.7). Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν ł ν − 1. Ŕàĺ p = 0, 1, . . . , N_ν − 1 ĺňěěň

x^1_{ν−1}(p) =^1_2 [1 − p/´_{s−ν} + 1] = 1 − p/´_{s−ν+1},

x^1_{ν−1}(p + N_ν ) = −^1_2 p/´_{s−ν} = 1 − (p + N_ν )/´_{s−ν+1}.

Ťőàňãńă (5.8) ãáâăŋőćńěŋă. Ŕàĺ ν = 0 ŕőńãçăěň x^1(p) = 1 − p/´_s, p = 0, 1, . . . , N − 1. Šěň áăňëň, őŕàěďěńěŋ áĺčŋăń x^1, âăłőľ, çâő H_g(x^1) = X^1. Ŕőáłőńìłã áŕěłâà X^1 ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň, âő ŕő âěőàěňě 5.1 ďńï áĺčŋăńă y^1 = H^{−1}_f (X^1) áŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

y^1(p) = 1 − rev_s(p)/´_s, p = 0, 1, . . . , N − 1.

Ŋěŕőáàěďáâćěŋŋő íâőâ àěğãńìâăâ ąëńő ąë ŕőńãçĺâì ŋěńěčłő.

Ŕàĺňěŋěŋĺě âěőàěňë 5.1 ŕàĺćőďĺâ âăłęě ł äőàňãńě

f_ν (´_ν ; j) = g_ν ( N_ν; rev_s(j) ) , j = 0, 1, . . . , N − 1, ν = 1, . . . , s.

Őąőğŋăçĺň çěàěğ L_N ńĺŋěľŋőě ňŋőęěáâćő ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëå áŕěłâàőć ĺ çěàěğ dim L_N | ěčő àăğňěàŋőáâì. Ŋăŕőňŋĺň, çâő N = 2^s.

Š ě ő à ě ň ă 5. 3. Śŕàăćěďńĺćő àăćěŋáâćő dim L_N = 2^{s−1} + ( 2 +^{1+(−1)s}_2 ) 2^{⌊ s} �1_{2 ⌋}

− 1. (5.9) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ s = 1 ĺ s = 2 âěőàěňă ćěàŋă. Ŕãáâì s ≥ 3 ĺ ν ∈ {2, . . . , s − 1}. Őąőğŋăçĺň çěàěğ σ_ν łőńĺçěáâćő âěå p ∈ {0, 1, . . . , 2^ν − 1}, ďńï łőâőàëå rev_ν (p) = p. Őçěćĺďŋő, çâő σ_{2k} = 2^k, σ_{2k+1} = 2^{k+1}, â. ě. σ_ν = 2^{⌊(ν+1)/2⌋}.

Şáńőćĺï X(p + N_{s−ν}) − X(rev_ν (p) + N_{s−ν}) = 0 ŕàěďáâăćńïîâ áőąőľ ńĺŋěľŋãî őďŋőàőďŋãî áĺáâěňã, áőáâőïéãî ĺğ^1/2^{s−1} ∑ ν=2 (2^ν − σ_ν ) ãàăćŋěŋĺľ á ńĺŋěľŋő ŋěğăćĺáĺňëňĺ áâàőłăňĺ łőíääĺæĺěŋâőć. Ŕőíâőňã

dim L_N = 2^s −^1_2 s−1∑ ν=2 (2^ν − σ_ν ) = 2^s − s−2∑ ν=1 (2^ν − 2^{⌊ν/2⌋}).

Ŕàĺ s = 2l + 1 ĺňěěň s−2∑ ν=1 2^{⌊ν/2⌋} = l−1∑ k=0 2^{⌊(2k+1)/2⌋} + l−1∑ k=1 2^{⌊(2k)/2⌋} = 2 l−1∑ k=0 2^k − 1 = 2^{l+1} − 3.

Ć íâőň áńãçăě

dim L_N = 2^s − (2^{s−1} − 2) + (2 · 2^l − 3) = 2^{s−1} + 2 · 2^{⌊(s−1)/2⌋} − 1, çâő áőőâćěâáâćãěâ (5.9). Ŕàĺ s = 2l + 2 s−2∑ ν=1 2^{⌊ν/2⌋} = (2^{l+1} − 3) + 2^l = 3 · 2^l − 3.

Ŕőáłőńìłã l = ⌊(s − 1)/2⌋, âő dim L_N = 2^{s−1} + 3 · 2^{⌊(s−1)/2⌋} − 1, çâő âăłęě áőőâćěâáâćãěâ (5.9). Šěőàěňă ďőłăğăŋă. N

Ć âăąń. ŕàĺćěďěŋë ğŋăçěŋĺï dim L_N ŕàĺ ŋěłőâőàëå N = 2^s.

Šăąńĺæă N 2 4 8 16 32 64 128 dim L_N 2 4 7 13 23 43 79

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ

1. Ğăńňăŋğőŋ Ń. Ă. Ŕàěőąàăğőćăŋĺï Ťãàìě, Şőńèă, Ţăăàă ĺ ĺå ŕàĺňěŋěŋĺě ć ãŕàăćńěŋĺĺ, áćïğĺ ĺ ďàãčĺå őąńăáâïå. Ň.: Ŋăãłă, 1989.

2. Ňăńőğ-ěňőć Ć. Ŋ., Ŕěćŋëľ Ă. Ą., Šàěâìïłőć Ă. Ă. Ąëáâàőě ćěľćńěâŋőě ŕàěőąàăğőćăŋĺě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć ĺ ĺğőąàăęěŋĺľ // Ŕàőąń. ŕěàěďăçĺ ĺŋä. 1998. Š. 34. Ćëŕ. 2. Ś. 77{85.

3. Ňăńőğ-ěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă. Ăńčőàĺâň Łãńĺ|Šìîłĺ ĺ ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ţăăàă // Ćěáâŋ. ŚŔąČŞ. Śěà. 1. 1998. Ćëŕ. 3 (ò 15). Ś. 31{34.

ŔĚŘĚĆŐĎ ŊĂĞĆĂŊĹ§ ŚŠĂŠĲĹ ŊĂ ĂŊČŃĹĽŚŁĹĽ §ĞŻŁ

V. N. Malozemov and S. M. Masharsky COMPARATIVE STUDY OF TWO WAVELET BASES