SPb. Math. Society Preprint 1999-06 06 Apr 1999

ŞĎŁ 621.391.1

Ć. Ŋ. Ňăńőğ-ěňőć, Ś. Ň. Ňăèăàáłĺľ ŢĂĂŘŐĆŚŁĹĚ ŚŔĚŁŠŘŻ ĎĹŚŁŘĚŠŊŻŢ ŚĆĚŘŠŐŁ^1

Ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć àăááňăâàĺćăîâáï ďćă ćěľćńěâŋëå ąăğĺáă, áćïğăŋŋëå á ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ţăăàă. Ďńï àăğńőęěŋĺľ ŕő íâĺň ąăğĺáăň ŕőńãçěŋë ăŋăńőčĺ ĺğćěáâŋëå âěőàěň ő áďćĺčě ĺ ő áćěàâłě.

§1. Ććěďěŋĺě

Ďăŋŋăï áâăâìï ŕàĺňëłăěâ ł àăąőâăň [1, 2].

Őąőğŋăçĺň çěàěğ δ_N (j) ěďĺŋĺçŋëľ N-ŕěàĺőďĺçěáłĺľ ĺňŕãńìá, àăćŋëľ 1 ŕàĺ j = 0, ±N, ±2N, . . . ĺ àăćŋëľ 0 ŕàĺ őáâăńìŋëå j ∈ Z. Ć ŕàőáâàăŋáâćě R_N ćěéěáâćěŋŋëå N-ŕěàĺőďĺçěáłĺå ŕőáńěďőćăâěńìŋőáâěľ (áĺčŋăńőć) x = {x(j)} ŕàĺ N = 2^s àăááňőâàĺň ďćă ćěľćńěâŋëå ąăğĺáă: c(j); f_ν (j − p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s; (1.1) c(j); g_ν (j − p), p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. (1.2) Ğďěáì ´_ν = 2^{ν−1}, N_ν = N/2^ν , c(j) ≡ N^{−1},

f_ν (j) = 1

2^ν

{^Δ˚^{−1}∑ q=0 δ_N (j − q) − Δ˚+1−1 ∑ q=Δ˚ δ_N (j − q) } , (1.3)

g_ν(j) = 2^{−ν} { δ_N˚�1(j) − δ_N˚�1(j − N_ν ) } . (1.4)

Ąăğĺá (1.1) ŋăğëćăěâáï ąăğĺáőň Ţăăàă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Őŋ èĺàőłő ĺğćěáâěŋ (áň., ŋăŕàĺňěà, [3], čďě ĺňěěâáï őąèĺàŋăï ąĺąńĺőčàăäĺï). Ąăğĺá (1.2) ŋăğëćăěâáï ąăğĺáőň Ţăăàă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Őŋ ĺğãçăńáï ć àăąőâě [2].

Ć ďăŋŋőľ àăąőâě ďńï àăğńőęěŋĺľ ŕő ąăğĺáăň (1.1) ĺ (1.2) ŕőńãçěŋë ăŋăńőčĺ âěőàěňë ő áďćĺčě ĺ âěőàěňë ő áćěàâłě. Ŕàăćďă, ć áńãçăě ąăğĺáă (1.1) àěçì ŕőľďěâ ő ďĺăďŋőň áďćĺčě ĺ ďĺăďŋőľ áćěàâłě.

Ŕőáâőïŋŋő ąãďãâ ĺáŕőńìğőćăâìáï áńěďãîéĺě őąőğŋăçěŋĺï: ⌊α⌋ | æěńăï çăáâì çĺáńă α;

⟨k⟩_N = k − ⌊k/N⌋N | őáâăâőł őâ ďěńěŋĺï æěńőčő çĺáńă k ŋă N.

§2. Ţăăàőćáłĺľ áŕěłâà ďĺăďŋőľ áćěàâłĺ

Ŋăçŋěň á őďŋőčő ćáŕőňőčăâěńìŋőčő ãâćěàęďěŋĺï.

Ń ě ň ň ă 2. 1. Śŕàăćěďńĺćă äőàňãńă

f_ν (j) = (−1)^{⌊j/Δ}˚^⌋ 2^{−ν} δ_N˚(⌊j/´_{ν+1}⌋), j ∈ Z. (2.1)

1Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŋőňěà ŕàőěłâă 99-01-00747).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàăćăï çăáâì (2.1) àăćŋă 2^{−ν} ŕàĺ j = 0, 1, . . . , ´_ν − 1, àăćŋă −2^{−ν} ŕàĺ j = ´_ν, . . . , ´_{ν+1} − 1 ĺ àăćŋă 0 ŕàĺ j = ´_{ν+1}, . . . , N − 1 (ãçěáâì, çâő N = N_ν ´_{ν+1}). Šě ęě ğŋăçěŋĺï ŕàĺ ãłăğăŋŋëå j ŕàĺŋĺňăěâ áőčńăáŋő (1.3) ĺ f_ν (j). Šăłĺň őąàăğőň, ŕàĺ j = 0, 1, . . . , N − 1 àăćěŋáâćő (2.1) ćěàŋő. Őáâăěâáï ŕàőćěàĺâì N-ŕěàĺőďĺçŋőáâì ŕàăćőľ çăáâĺ (2.1). Őŋă áńěďãěâ ĺğ âőčő, çâő ŕàĺ ńîąőň k ∈ Z j + kN ´_ν = j ´_ν + 2kN_ν, j + kN ´_{ν+1} = j ´_{ν+1} + kN_ν. Ńěňňă ďőłăğăŋă. N Ś ń ě ď á â ć ĺ ě. Ŕàĺ p = 0, 1, . . . , N_ν − 1 áŕàăćěďńĺćő àăćěŋáâćő

f_ν (j − p´_{ν+1}) = (−1)^{⌊j/Δ}˚^⌋ 2^{−ν} δ_N˚(⌊j/´_{ν+1}⌋ − p). (2.2)

Ťőàňãńë (2.1) ĺ (2.2) ŋěáłőńìłő ãŕàőéăîâáï ŕàĺ j ∈ {0, 1, . . . , N − 1}. Ă ĺňěŋŋő, ğăŕĺáăć ŕàěďáâăćńěŋĺě j = j_{s−1}2^{s−1} + j_{s−2}2^{s−2} + · · · + j_0, čďě j_k ∈ {0, 1}, ŕőńãçĺň ⌊ j ´_ν ⌋ = j_{s−1}2^{s−1} + · · · + j_ν 2^ν + j_{ν−1}2^{ν−1} 2^{ν−1} = j_{s−1}2^{s−ν} + · · · + 2j_ν + j_{ν−1},

âăł çâő (−1)^{⌊j/Δ}˚^⌋ = (−1)^j˚�1. (2.3)

Ďńï ďăńìŋěľèěčő ŋăň ŕőŋăďőąĺâáï ŕőŋïâĺě ďĺăďŋőčő áďćĺčă. Ŕãáâì a, b ∈ {0, 1, . . . , N − 1}, a = a_{s−1}2^{s−1} + · · · + a_0, b = b_{s−1}2^{s−1} + · · · + b_0. Ďĺăďŋëň áďćĺčőň çĺáńă a ŋă ćěńĺçĺŋã b ŋăğëćăěâáï çĺáńő [4, 5] a ⊕ b = s−1∑ k=0 ⟨a_k + b_k⟩_2 2^k.

Őçěćĺďŋő, çâő őŕěàăæĺï ďĺăďŋőčő áďćĺčă ŋě ćëćőďĺâ ĺğ ňŋőęěáâćă {0, 1, . . . , N − 1} ĺ őąńăďăěâ áńěďãîéĺňĺ áćőľáâćăňĺ: a ⊕ b = b ⊕ a, a ⊕ (b ⊕ c) = (a ⊕ b) ⊕ c, a ⊕ 0 = a, a ⊕ a = 0. Őâňěâĺň âăłęě, çâő ŕàĺ äĺłáĺàőćăŋŋőň q ∈ {0, 1, . . . , N −1} őâőąàăęěŋĺě j → j ⊕q, j ∈ {0, 1, . . . , N − 1}, ïćńïěâáï ŕěàěáâăŋőćłőľ.

Ń ě ň ň ă 2. 2. Ŕàĺ äĺłáĺàőćăŋŋőň q ∈ {0, 1, . . . , N − 1}, q = q_{s−1}2^{s−1} + · · · + q_0, áŕàăćěďńĺćő àăćěŋáâćő

f_ν (j ⊕ q) = (−1)^q˚�1 f_ν (j − ⌊q/´_{ν+1}⌋´_{ν+1}), j ∈ {0, 1, . . . , N − 1}. (2.4)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺňěěň

j = ⌊j/´_{ν+1}⌋´_{ν+1} + j_{ν−1}´_ν + ⟨j⟩_Δ˚ , q = ⌊q/´_{ν+1}⌋´_{ν+1} + q_{ν−1}´_ν + ⟨q⟩_Δ˚ .

Ğŋăçĺâ, j ⊕ q = ( ⌊j/´_{ν+1}⌋ ⊕ ⌊q/´_{ν+1}⌋ ) ´_{ν+1} + ⟨j_{ν−1} + q_{ν−1}⟩_2 ´_ν + ( ⟨j⟩_Δ˚ ⊕ ⟨q⟩_Δ˚ ) . Śőčńăáŋő (2.1) ĺ (2.3) ŕőńãçăěň f_ν (j ⊕ q) = (−1)^j˚�1^{+q}˚�1 2^{−ν} δ_N˚ ( ⌊j/´_{ν+1}⌋ ⊕ ⌊q/´_{ν+1}⌋ ) . (2.5) Őâňěâĺň, çâő ŕàĺ a, b ∈ {0, 1, . . . , N_ν − 1}

δ_N˚(a ⊕ b) = { 1, ěáńĺ a = b 0, ěáńĺ a ≠ b } = δ_N˚(a − b), ŕőíâőňã δ_N˚ ( ⌊j/´_{ν+1}⌋ ⊕ ⌊q/´_{ν+1}⌋ ) = δ_N˚ ( ⌊j/´_{ν+1}⌋ − ⌊q/´_{ν+1}⌋ ) . Řăćěŋáâćő (2.5) ŕàĺŋĺňăěâ ćĺď

f_ν (j ⊕ q) = (−1)^q˚�1 { (−1)^j˚�1 2^{−ν} δ_N˚ ( ⌊j/´_{ν+1}⌋ − ⌊q/´_{ν+1}⌋ )} . Şçĺâëćăï (2.2) ĺ (2.3), ŕàĺåőďĺň ł (2.4). N Ś ń ě ď á â ć ĺ ě. Ŕàĺ p = 0, 1, . . . , N_ν − 1 áŕàăćěďńĺćő àăćěŋáâćő f_ν (j ⊕ p´_{ν+1}) = f_ν (j − p´_{ν+1}). (2.6)

Ńîąőľ áĺčŋăń x ∈ R_N ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã (1.1):

x(j) = αN^{−1} + s∑ ν=1 N˚−1∑ p=0 x_ν (p) f_ν (j − p´_{ν+1}), j ∈ Z. (2.7)

Ğďěáì α = N−1∑ j=0 x(j), x_ν (p) = 2^ν N−1∑ j=0 x(j) f_ν (j − p´_{ν+1}).

Śőćőłãŕŋőáâì łőíääĺæĺěŋâőć íâőčő àăğńőęěŋĺï H_f (x) = {α; x_ν (p), p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s} őąàăğãěâ åăăàőćáłĺľ áŕěłâà áĺčŋăńă x, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

Şáâăŋőćĺň áćïğì ňěęďã åăăàőćáłĺňĺ áŕěłâàăňĺ ĺáåőďŋőčő ĺ ďĺăďŋő áďćĺŋãâőčő áĺčŋăńőć.

Š ě ő à ě ň ă 2. 1. Ŕãáâì ďńï áĺčŋăńă x ∈ R_N ĺňěěâáï àăğńőęěŋĺě (2.7). Ğăäĺłáĺàãěň q = q_{s−1}2^{s−1} + · · · + q_0 ĺ ŕàěďŕőńőęĺň, çâő x(j ⊕ q) = ~αN^{−1} + s∑ ν=1 N˚−1∑ p=0 ~x_ν (p) f_ν (j − p´_{ν+1}).

Šőčďă ~α = α ĺ ~x_ν (p) = (−1)^q˚�1x_ν (p ⊕ ⌊q/´_{ν+1}⌋), p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (2.7) ĺ (2.6)

x(j ⊕ q) = αN^{−1} + s∑ ν=1 N˚−1∑ p=0 x_ν (p) f_ν ( (j ⊕ q) ⊕ p´_{ν+1} ) . Šăł łăł (j ⊕ q) ⊕ p´_{ν+1} = j ⊕ (q ⊕ p´_{ν+1}) = = j ⊕ ( (⌊q/´_{ν+1}⌋ ⊕ p)´_{ν+1} + q_{ν−1}´_ν + ⟨q⟩_Δ˚ ) , âő ć áĺńã (2.4) ĺňěěň

x(j ⊕ q) = αN^{−1} + s∑ ν=1 N˚−1∑ p=0 x_ν (p) (−1)^q˚�1 f_ν ( j − (⌊q/´_{ν+1}⌋ ⊕ p)´_{ν+1} ) . Ŕàőĺğćěďï ğăňěŋã p^′ = p ⊕ ⌊q/´_{ν+1}⌋, ŕőńãçĺň

x(j ⊕ q) = αN^{−1} + s∑ ν=1 N˚−1∑ p0_{=0}

(−1)^q˚�1 x_ν (p^′ ⊕ ⌊q/´_{ν+1}⌋) f_ν (j − p^′´_{ν+1}).

Őáâăěâáï ãçěáâì ěďĺŋáâćěŋŋőáâì àăğńőęěŋĺï ŕő őàâőčőŋăńìŋőňã ąăğĺáã. N Ŕěàěľďěň ł ćőŕàőáã ő áŕěłâàě áćěàâłĺ. Ďĺăďŋőľ áćěàâłőľ áĺčŋăńőć x ĺ y ĺğ R_N ŋăğëćăěâáï áĺčŋăń z ∈ R_N , łőâőàëľ ŋă őáŋőćŋőň ŕěàĺőďě ğăďăěâáï àăćěŋáâćőň [4] z(j) = N−1∑ k=0 x(k) y(j ⊕ k), j ∈ {0, 1, . . . , N − 1}. (2.8) Š ě ő à ě ň ă 2. 2. Ŕãáâì z | ďĺăďŋăï áćěàâłă áĺčŋăńőć x ĺ y. Ŕàěďŕőńőęĺň, çâő ŋăàïďã á àăğńőęěŋĺěň (2.7) ĺňěîâáï àăğńőęěŋĺï

y(j) = βN^{−1} + s∑ ν=1 N˚−1∑ p=0 y_ν (p) f_ν (j − p´_{ν+1}),

z(j) = γN^{−1} + s∑ ν=1 N˚−1∑ p=0 z_ν (p) f_ν (j − p´_{ν+1}).

Šőčďă γ = αβ ĺ

z_ν (p) = N˚−1∑ q=0 x_ν (q) y_ν (p ⊕ q), p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕő ŕàěďëďãéěľ âěőàěňě y(j ⊕ k) = y(k ⊕ j) = βN^{−1} + s∑ ν=1 N˚−1∑ q=0 (−1)^j˚�1 y_ν (q ⊕ ⌊j/´_{ν+1}⌋) f_ν (k − q´_{ν+1}). (2.9)

Łăł ĺğćěáâŋő [1], áĺáâěňă (1.1) ïćńïěâáï őàâőčőŋăńìŋőľ ĺ ‖f_ν (· − q´_{ν+1})‖^2 = 2^{−ν} . Şçĺâëćăï íâĺ äăłâë, ă âăłęě äőàňãńë (2.7), (2.9) ĺ őŕàěďěńěŋĺě (2.8), ğăŕĺèěň

z(j) = αβN^{−1} + s∑ ν=1 N˚−1∑ q=0 x_ν (q) (−1)^j˚�1 y_ν (q ⊕ ⌊j/´_{ν+1}⌋) 2^{−ν} .

Ŋő ć áĺńã (2.2)

y_ν (q ⊕ ⌊j/´_{ν+1}⌋) = y_ν (⌊j/´_{ν+1}⌋ ⊕ q) = N˚−1∑ p=0 y_ν (p ⊕ q) δ_N˚ (⌊j/´_{ν+1}⌋ − p) =

= (−1)^j˚�1 2^ν N˚−1∑ p=0 y_ν (p ⊕ q) f_ν (j − p´_{ν+1}).

Ğŋăçĺâ,

z(j) = αβN^{−1} + s∑ ν=1 N˚−1∑ p=0 {_N˚_{−1} ∑ q=0 x_ν (q) y_ν (p ⊕ q) } f_ν (j − p´_{ν+1}).

Šěőàěňă ďőłăğăŋă. N

§3. Ţăăàőćáłĺľ áŕěłâà æĺłńĺçěáłőľ áćěàâłĺ Őąàăâĺňáï ł ćěľćńěâŋőňã ąăğĺáã (1.2). Ń ě ň ň ă 3. 1. Śŕàăćěďńĺćă äőàňãńă g_ν (j) = (−1)^{⌊j/N}˚^⌋ 2^{−ν} δ_N˚(j), j ∈ Z. (3.1) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śĺčŋăń g_ν(j) ć áĺńã (1.4) ïćńïěâáï N_{ν−1}-ŕěàĺőďĺçěáłĺň.

Šěň ęě áćőľáâćőň őąńăďăěâ ĺ áĺčŋăń, áâőïéĺľ ć ŕàăćőľ çăáâĺ (3.1). Ğŋăçĺâ, àăćěŋáâćő (3.1) ďőáâăâőçŋő ŕàőćěàĺâì ŋă őáŋőćŋőň ŕěàĺőďě {0, 1, . . . , N_{ν−1} − 1}.

Ŕàĺ j ∈ {0, 1, . . . , N_ν −1} àăćěŋáâćő (3.1) ŕàĺŋĺňăěâ ćĺď g_ν(j) = 2^{−ν} δ_N˚(j), ă ŕàĺ j ∈ {N_ν , . . . , N_{ν−1} − 1} ěčő ňőęŋő ŕěàěŕĺáăâì âăł: g_ν (j) = −2^{−ν} δ_N˚(j − N_ν ). Ć őąőĺå áńãçăïå ŕőńãçăěň ŕőńŋőě áőőâćěâáâćĺě á őŕàěďěńěŋĺěň (1.4). N

Ś ń ě ď á â ć ĺ ě. Ŕàĺ p = 0, 1, . . . , N_ν − 1 áŕàăćěďńĺćő àăćěŋáâćő g_ν (j − p) = (−1)^{⌊j/N}˚^⌋ 2^{−ν} δ_N˚(j − p), j ∈ Z. (3.2) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕőłăęěň, çâő (−1)^{⌊(j−p)/N}˚^⌋ δ_N˚ (j − p) = (−1)^{⌊j/N}˚^⌋ δ_N˚(j − p). (3.3)

Ŕőáłőńìłã ć őąěĺå çăáâïå íâőčő àăćěŋáâćă áâőïâ N_{ν−1}-ŕěàĺőďĺçěáłĺě ŕő j áĺčŋăńë, âő ďőáâăâőçŋő ŕàőćěàĺâì ěčő ŋă ŕěàĺőďě {p, p + 1, . . . , p + N_{ν−1} − 1}. Ŕàĺ j = p ĺ j = p + N_ν àăćěŋáâćő (3.3) ćěàŋő. Őŋő ćěàŋő ĺ ŕàĺ őáâăńìŋëå j ĺğ ãłăğăŋŋőčő ŕěàĺőďă, ŕőáłőńìłã ć íâőň áńãçăě őąě çăáâĺ (3.3) àăćŋë ŋãńî. Šăłĺň őąàăğőň, àăćěŋáâćő (3.3) ŕàĺ p = 0, 1, . . . , N_ν − 1 ĺ j ∈ Zãáâăŋőćńěŋő.

Šěŕěàì (3.2) áńěďãěâ ĺğ (3.1) ĺ (3.3). N Ń ě ň ň ă 3. 2. Ŕàĺ ćáěå æěńëå j ĺ p g_ν (j − p) = (−1)^{⌊p/N}˚^⌋ g_ν (j − ⟨p⟩_N˚). (3.4) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (3.1) ŕàĺ ćáěå æěńëå j ĺ k ĺňěěň g_ν (j − kN_ν) = (−1)^k g_ν(j). (3.5) Ŕőáłőńìłã p = ⌊p/N_ν ⌋N_ν + ⟨p⟩_N˚, âő j − p = (j − ⟨p⟩_N˚ ) − ⌊p/N_ν ⌋N_ν . Őáâăěâáï ćőáŕőńìğőćăâìáï äőàňãńőľ (3.5). N

Ńîąőľ áĺčŋăń x ∈ R_N ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã (1.2):

x(j) = αN^{−1} + s∑ ν=1 N˚−1∑ p=0 x_ν (p) g_ν (j − p), j ∈ Z. (3.6) Ğďěáì α = N−1∑ j=0 x(j), x_ν (p) = 2^ν N−1∑ j=0 x(j) g_ν (j − p). Śőćőłãŕŋőáâì łőíääĺæĺěŋâőć íâőčő àăğńőęěŋĺï H_g(x) = {α; x_ν (p), p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s} őąàăğãěâ åăăàőćáłĺľ áŕěłâà áĺčŋăńă x, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Şáâăŋőćĺň áćïğì ňěęďã åăăàőćáłĺňĺ áŕěłâàăňĺ ĺáåőďŋőčő ĺ áďćĺŋãâőčő áĺčŋăńőć.

Š ě ő à ě ň ă 3. 1. Ŕãáâì ďńï áĺčŋăńă x ∈ R_N ĺňěěâáï àăğńőęěŋĺě (3.6). Ğăäĺłáĺàãěň q ∈ {0, 1, . . . , N − 1} ĺ ŕàěďŕőńőęĺň, çâő x(j − q) = ~αN^{−1} + s∑ ν=1 N˚−1∑ p=0 ~x_ν (p) g_ν (j − p). Šőčďă ~α = α ĺ ~x_ν (p) = (−1)^{⌊(q−p−1)/N}˚^{⌋+1} x_ν (⟨p − q⟩_N˚ ), p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (3.6) ĺ (3.4) ĺňěěň

x(j − q) = αN^{−1} + s∑ ν=1 N˚−1∑ p=0 x_ν (p) g_ν (j − q − p) =

= αN^{−1} + s∑ ν=1 N˚−1∑ p=0 x_ν (p) (−1)^{⌊(q+p)/N}˚^⌋ g_ν(j − ⟨q + p⟩_N˚ ).

Ŕàőĺğćěďěň ğăňěŋã p^′ = ⟨q + p⟩_N˚ . Ć íâőň áńãçăě p = ⟨p^′ − q⟩_N˚ ĺ ⌊ q + p N_ν ⌋ = ⌊ q + ⟨p^′ − q⟩_N˚ N_ν ⌋ = ⌊ q/N_ν ⌋ + ⌊ ⟨q⟩_N˚ + ⟨p^′ − q⟩_N˚ N_ν ⌋ . Őâňěâĺň, çâő ⌊ ⟨q⟩_N˚ + ⟨p^′ − q⟩_N˚ N_ν ⌋ = { 0, ěáńĺ p^′ ≥ ⟨q⟩_N˚ 1, ěáńĺ p^′ < ⟨q⟩_N˚ } = ⌊ N_ν − 1 + ⟨q⟩_N˚ − p^′ N_ν ⌋ . Ğŋăçĺâ, ⌊ q + p N_ν ⌋ = ⌊ q/N_ν ⌋ + ⌊ N_ν − 1 + ⟨q⟩_N˚ − p^′ N_ν ⌋ = ⌊ q − p^′ − 1 N_ν ⌋ + 1.

Őłőŋçăâěńìŋő ŕőńãçăěň

x(j − q) = αN^{−1} + s∑ ν=1 N˚−1∑ p0_{=0} (−1)^{⌊(q−p} 0_{−1)/N}˚_{⌋+1} x_ν (⟨p^′ − q⟩_N˚) g_ν (j − p^′). Šěőàěňă ďőłăğăŋă. N Ŋăŕőňŋĺň, çâő æĺłńĺçěáłőľ áćěàâłőľ áĺčŋăńőć x ĺ y ĺğ R_N ŋăğëćăěâáï áĺčŋăń z = x ∗ y á łőňŕőŋěŋâăňĺ z(j) = N−1∑ k=0 x(k) y(j − k), j ∈ Z. (3.7) Š ě ő à ě ň ă 3. 2. Ŕãáâì z | æĺłńĺçěáłăï áćěàâłă áĺčŋăńőć x ĺ y. Ŕàěďŕőńőęĺň, çâő ŋăàïďã á àăğńőęěŋĺěň (3.6) ĺňěîâáï àăğńőęěŋĺï

y(j) = βN^{−1} + s∑ ν=1 N˚−1∑ p=0 y_ν (p) g_ν (j − p),

z(j) = γN^{−1} + s∑ ν=1 N˚−1∑ p=0 z_ν (p) g_ν (j − p).

Šőčďă γ = αβ ĺ

z_ν (p) = p∑ q=0 x_ν (q) y_ν (p − q) − N˚−1∑ q=p+1 x_ν (q) y_ν (N_ν + p − q),

p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ğăäĺłáĺàãěň j ∈ {0, 1, . . . , N − 1}. Ĺňěěň

y(j − k) = βN^{−1} + s∑ ν=1 N˚−1∑ p=0 y_ν (p) g_ν (j − k − p). Śőčńăáŋő (1.4), g_ν(−j) = g_ν (j). Şçĺâëćăï (3.4), ğăŕĺèěň g_ν(j − k − p) = g_ν (k − j + p) = (−1)^{⌊(j−p)/N}˚^⌋ g_ν (k − ⟨j − p⟩_N˚ ). Ŕàĺåőďĺň ł äőàňãńě

y(j − k) = βN^{−1} + s∑ ν=1 N˚−1∑ p=0 (−1)^{⌊(j−p)/N}˚^⌋ y_ν (p) g_ν (k − ⟨j − p⟩_N˚ ). Ŕàőĺğćěďěň ğăňěŋã q = ⟨j − p⟩_N˚ . Ć íâőň áńãçăě p = ⟨j − q⟩_N˚ ĺ ⌊ j − p N_ν ⌋ = ⌊ j − ⟨j − q⟩_N˚ N_ν ⌋ = ⌊ j/N_ν ⌋ + ⌊ ⟨j⟩_N˚ − ⟨j − q⟩_N˚ N_ν ⌋ . Őâňěâĺň, çâő ⌊ ⟨j⟩_N˚ − ⟨j − q⟩_N˚ N_ν ⌋ = { 0, ěáńĺ q ≤ ⟨j⟩_N˚ −1, ěáńĺ q > ⟨j⟩_N˚ } = ⌊ ⟨j⟩_N˚ − q N_ν ⌋ . Ğŋăçĺâ, ⌊ j − p N_ν ⌋ = ⌊ j/N_ν ⌋ + ⌊ ⟨j⟩_N˚ − q N_ν ⌋ = ⌊ j − q N_ν ⌋ . Őłőŋçăâěńìŋő ŕőńãçăěň

y(j − k) = βN^{−1} + s∑ ν=1 N˚−1∑ q=0 (−1)^{⌊(j−q)/N}˚^⌋ y_ν (⟨j − q⟩_N˚) g_ν (k − q). (3.8) Łăł ĺğćěáâŋő [2], áĺáâěňă (1.2) ïćńïěâáï őàâőčőŋăńìŋőľ ĺ ‖g_ν (· − q)‖^2 = 2^{−ν} .

Őŕĺàăïáì ŋă íâĺ äăłâë, ă âăłęě ŋă äőàňãńë (3.6), (3.8) ĺ őŕàěďěńěŋĺě (3.7), ğăŕĺ- èěň z(j) = αβN^{−1} + s∑ ν=1 N˚−1∑ q=0 x_ν (q) (−1)^{⌊(j−q)/N}˚^⌋ y_ν (⟨j − q⟩_N˚) 2^{−ν} .

Ŋő (−1)^{⌊(j−q)/N}˚^⌋ y_ν (⟨j − q⟩_N˚) = = (−1)^{⌊j/N}˚^{⌋+⌊(⟨j⟩}N˚^{−q)/N}˚^⌋ y_ν (⟨ ⟨j⟩_N˚ − q ⟩ N˚ ) = = (−1)^{⌊j/N}˚^⌋ N˚−1∑ p=0 (−1)^{⌊(p−q)/N}˚^⌋ y_ν (⟨p − q⟩_N˚) δ_N˚ (⟨j⟩_N˚ − p). Śőčńăáŋő (3.2) δ_N˚(⟨j⟩_N˚ − p) = δ_N˚ (j − p) = (−1)^{⌊j/N}˚^⌋ 2^ν g_ν (j − p), ŕőíâőňã

z(j) = αβN^{−1} + s∑ ν=1 N˚−1∑ p=0 {_N˚_{−1} ∑ q=0 (−1)^{⌊(p−q)/N}˚^⌋ x_ν (q) y_ν (⟨p − q⟩_N˚ ) } g_ν (j − p). Őáâăěâáï ğăňěâĺâì, çâő N˚−1∑ q=0 (−1)^{⌊(p−q)/N}˚^⌋ x_ν (q) y_ν (⟨p − q⟩_N˚) =

= p∑ q=0 x_ν (q) y_ν (p − q) − N˚−1∑ q=p+1 x_ν (q) y_ν (N_ν + p − q).

Šěőàěňă ďőłăğăŋă. N

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ

1. Ňăńőğ-ěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă. Ăńčőàĺâň Łãńĺ|Šìîłĺ ĺ ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ţăăàă // Ćěáâŋ. ŚŔąČŞ. Śěà. 1. 1998. Ćëŕ. 3 (ò 15). Ś. 31{34.

2. Ňăńőğ-ěňőć Ć. Ŋ., Ŕěćŋëľ Ă. Ą., Šàěâìïłőć Ă. Ă. Ąëáâàőě ćěľćńěâŋőě ŕàěőąàăğőćăŋĺě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć ĺ ĺğőąàăęěŋĺľ // Ŕàőąń. ŕěàěďăçĺ ĺŋä. 1998. Š. 34. Ćëŕ. 2. Ś. 77{85.

3. Ğăńňăŋğőŋ Ń. Ă. Ŕàěőąàăğőćăŋĺï Ťãàìě, Şőńèă, Ţăăàă ĺ ĺå ŕàĺňěŋěŋĺě ć ãŕàăćńěŋĺĺ, áćïğĺ ĺ ďàãčĺå őąńăáâïå. Ň.: Ŋăãłă, 1989.

4. Šàăåâňăŋ Ă. Ň., Šàăåâňăŋ Ć. Ă. Őáŋőćë âěőàĺĺ ďĺáłàěâŋëå áĺčŋăńőć ŋă łőŋěçŋëå ĺŋâěàćăńăå. Ň.: Śőć. àăďĺő, 1975.

5. Ďăčňăŋ İ. Ě., Łãåăàěć Č. Ă. Ąëáâàëě ďĺáłàěâŋëě őàâőčőŋăńìŋëě ŕàěőąàăğőćăŋĺï. Ŋőćőáĺąĺàáł: Ŋăãłă, 1983.

ŔĚŘĚĆŐĎ ŊĂĞĆĂŊĹ§ ŚŠĂŠĲĹ ŊĂ ĂŊČŃĹĽŚŁĹĽ §ĞŻŁ

V. N. Malozemov and S. M. Masharsky HAAR SPECTRA OF DISCRETE CONVOLUTIONS