SPb. Math. Society Preprint 1999-09 06 Apr 1999

ŞĎŁ 519.677

ĎĹŚŁŘĚŠŊŻĚ ŊĚŔĚŘĹŐĎĹŮĚŚŁĹĚ ŚŔŃĂĽŊŻ

ŊĂ ŘĂĆŊŐŇĚŘŊŐĽ ŚĚŠŁĚ^1

Ć. Ŋ. Ňăńőğñňőć, Ă. Ŋ. Śěàčěěć (198904 Śâăàëľ Ŕěâěàčőä, Ąĺąńĺőâěçŋăï ŕń., 2, ŚŔąČŞ)

Ĺğãçěŋë äãŋďăňěŋâăńìŋëě áćőľáâćă ďĺáłàěâŋëå ŋěŕěàĺőďĺçěáłĺå áŕńăľŋőć ŋă àăćŋőňěàŋőľ áěâłě. Şáâăŋőćńěŋ łàĺâěàĺľ őďŋőğŋăçŋőľ àăğàěèĺňőáâĺ ğăďăçĺ ďĺáłàěâŋőľ áŕńăľŋ-ĺŋâěàŕőńïæĺĺ ŋěàěčãńïàŋëå ďăŋŋëå, ăŋăńőčĺçŋëľ łàĺâěàĺî Ÿñŋąěàčă|Şĺâŋĺ.

ĆĆĚĎĚŊĹĚ

Ć àăąőâě [1] ŋă ąăğě æĺłńĺçěáłőľ áćñàâłĺ ĺ ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě ŕőáâàőěŋă âěőàĺï ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áŕńăľŋőć, őàĺěŋâĺàőćăŋŋăï ŋă ĺŋâěàŕőńïæĺî ĺ áčńăęĺćăŋĺě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå ďăŋŋëå. Ŕàěďńăčăěňăï áâăâìï ŕőáćïéěŋă ďĺáłàěâŋëň ŋěŕěàĺőďĺçěáłĺň áŕńăľŋăň ŋă àăćŋőňěàŋőľ áěâłě ĺ ĺå ĺáŕőńìğőćăŋĺî ŕàĺ ĺŋâěàŕőńïæĺĺ ŋěàěčãńïàŋëå ďăŋŋëå.

Ŕàőłőňňěŋâĺàãěň áőďěàęăŋĺě áâăâìĺ ŕő àăğďěńăň. Ć àăğďěńě 1 á ŕőňőéìî ńĺŋěľŋőľ áćñàâłĺ ććőďïâáï ďĺáłàěâŋëě Ć-áŕńăľŋë ĺ ĺğãçăîâáï ĺå äãŋďăňěŋâăńìŋëě áćőľáâćă. Ć çăáâŋőáâĺ, ďńï ŋĺå ãáâăŋőćńěŋő àěłãààěŋâŋőě áőőâŋőèěŋĺě ĺ ŕőńãçěŋő ŕàěďáâăćńěŋĺě ć ćĺďě łőŋěçŋőľ àăğŋőáâĺ áőőâćěâáâćãîéěčő ŕőàïďłă.

Ďĺáłàěâŋëě áŕńăľŋë őŕàďěńïîâáï łăł ńĺŋěľŋëě łőňąĺŋăæĺĺ áďćĺčőć Ćáŕńăľŋă. Őŋĺ àăááňăâàĺćăîâáï ć àăğďěńě 2, čďě őáŋőćŋëě ãáĺńĺï ŋăŕàăćńěŋë ŋă ćëïáŋěŋĺě łãáőçŋő-ŕőńĺŋőňĺăńìŋőľ ŕàĺàőďë ďĺáłàěâŋëå áŕńăľŋőć.

Ć àăğďěńě 3 ććőďĺâáï ŕőŋïâĺě őąőąéñŋŋëå ŋãńěľ ĺ ĺå łàăâŋőáâĺ ďńï ďĺáłàěâŋőčő áŕńăľŋă. İâő ňőęŋő áďěńăâì àăğŋëňĺ áŕőáőąăňĺ. Ć áâăâìě ćëąĺàăěâáï ňăłáĺňăńìŋő ŕàőáâőľ áŕőáőą, ďőáâăâőçŋëľ ďńï ăŋăńĺğă ğăďăçĺ ďĺáłàěâŋőľ áŕńăľŋ-ĺŋâěàŕőńïæĺĺ. Ŕőńãçěŋă őæěŋłă çĺáńă őąőąéñŋŋëå ŋãńěľ ďĺáłàěâŋőčő áŕńăľŋă á ãçñâőň ĺå łàăâŋőáâĺ.

Ć àăğďěńě 4 ĺááńěďãěâáï ğăďăçă ĺŋâěàŕőńïæĺĺ ŋěàěčãńïàŋëå ďăŋŋëå á ŕőňőéìî ďĺáłàěâŋëå áŕńăľŋőć. Şáâăŋőćńěŋ łàĺâěàĺľ őďŋőğŋăçŋőľ àăğàěèĺňőáâĺ âăłőľ ğăďăçĺ, ăŋăńőčĺçŋëľ łàĺâěàĺî Ÿñŋąěàčă|Şĺâŋĺ ([2], [3, c.15]). Ŕàĺćěďěŋë âàĺ çĺáńěŋŋëå ŕàĺňěàă.

Ąőńěě őąéăï (ĺ ąőńěě áńőęŋăï) âěőàĺï ďĺáłàěâŋëå áŕńăľŋőć ŋă ŋěàăćŋőňěàŋőľ áěâłě ŕàěďáâăćńěŋă ć ňőŋőčàăäĺĺ [4]. Ć àăąőâě [5] ĺğãçăńĺáì ďĺáłàěâŋëě ŋăâãàăńìŋëě áŕńăľŋë ćňěáâě á ŕàĺńőęěŋĺěň ł áčńăęĺćăŋĺî ďĺáłàěâŋëå ďăŋŋëå.

1Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŕàőěłâ 99-01-00747)

1. ĎĹŚŁŘĚŠŊŻĚ Ć-ŚŔŃĂĽŊŻ

Ğăäĺłáĺàãěň ŋăâãàăńìŋőě çĺáńő n ≥ 2. Ďĺáłàěâŋëľ Ć-áŕńăľŋ ŕěàćőčő ŕőàïďłă ććőďĺâáï ïćŋő:

B_1(j) = { 1 ŕàĺ j = 0, 1, . . . , n − 1, 0 ŕàĺ őáâăńìŋëå j ∈ Z.

Ďĺáłàěâŋëě Ć-áŕńăľŋë ąőńěě ćëáőłĺå ŕőàïďłőć őŕàěďěńïîâáï á ŕőňőéìî ńĺŋěľŋőľ áćěàâłĺ B_ν (j) = (B_1 ∗ B_ν�_1)(j) = = ∑ k2Z B_1(k)B_ν�_1(j − k) = n�1∑ k=0 B_ν�_1(j − k). (1.1)

Ć çăáâŋőáâĺ,

B_2(j) = { j + 1 ŕàĺ j = 0, 1, . . . , n − 1, 2n − j − 1 ŕàĺ j = n, . . . , 2(n − 1), 0 ŕàĺ őáâăńìŋëå j ∈ Z.

Őâňěâĺň, çâő

B_2(j) = (j + 1)B_1(j) + (2n − j − 1)B_1(j − n). (1.2)

İâő àăćěŋáâćő áŕàăćěďńĺćő ŕàĺ j = 0, 1, . . . , n − 1, j = n, . . . , 2(n − 1), j = 2n − 1 ĺ őáâăńìŋëå j ∈ Z.

Ŕő ĺŋďãłæĺĺ ńěčłő ŕàőćěàïěâáï, çâő Ć-áŕńăľŋ B_r(j) ŕàĺŋĺňăěâ âőńìłő æěńëě ŋěőâàĺæăâěńìŋëě ğŋăçěŋĺï ĺ

B_r(j) = 0 ŕàĺ j < 0 ĺ j > r(n − 1), B_r(j) > 0 ŕàĺ j = 0, 1, . . . , r(n − 1), B_r(0) = B_r(r(n − 1)) = 1.

Ŕőłăęěň, çâő B_r(r(n − 1) − j) = B_r(j) ∀j ∈ Z. (1.3) Ŕàĺ r = 1 íâő őçěćĺďŋő. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ r ł r + 1. Śőčńăáŋő (1.1) ĺ (1.3) ĺňěěň

B_{r+1}((r + 1)(n − 1) − j) = n�1∑ k=0 B_r(r(n − 1) − j + (n − 1 − k)) =

= n�1∑ l=0 B_r(r(n − 1) − (j − l)) = n�1∑ l=0 B_r(j − l) = B_{r+1}(j).

Ńěňňă 1.1. Śŕàăćěďńĺćő âőęďěáâćő

B_r(j) − B_r(j − 1) = B_r�_1(j) − B_r�_1(j − n). (1.4)

Ď ő ł ă ğ ă â ě ń ì á â ć ő ńěčłő áńěďãěâ ĺğ (1.1). Ďěľáâćĺâěńìŋő,

B_r(j) − B_r(j − 1) = n�1∑ k=0 [ B_r�_1(j − k) − B_r�_1(j − (k + 1)) ] = = B_r�_1(j) − B_r�_1(j − n).

Šěőàěňă 1.1. Ŕàĺ r ≥ 2 áŕàăćěďńĺćő àěłãààěŋâŋőě áőőâŋőèěŋĺě

B_r(j) = 1 r − 1 [ (j + r − 1)B_r�_1(j)+

+(r(n − 1) + 1 − j)B_r�_1(j − n) ] . (1.5) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ r = 2 äőàňãńă (1.5) áőőâćěâáâćãěâ (1.2).

Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ r ł r + 1.

Śőčńăáŋő (1.1), (1.4) ĺ (1.5) ĺňěěň

B_{r+1}(j) = n�1∑ k=0 B_r(j − k) = 1 r − 1 n�1∑ k=0 { rnB_r�_1(j − n − k)+

+(j − k + r − 1) [ B_r�_1(j − k) − B_r�_1(j − k − n) ]} = 1 r − 1 { rnB_r (j − n)+ + n�1∑ k=0 (j − k + r − 1) [ B_r(j − k) − B_r(j − (k + 1)) ]} . Ŕőáńěďŋïï áãňňă ŕàěőąàăğãěâáï ł ćĺďã n�1∑ k=0 (j − k + r − 1)B_r(j − k) − n∑ k=1 (j − k + r)B_r(j − k) =

= (j + r − 1)B_r (j) − (j − n + r)B_r(j − n) − n�1∑ k=1 B_r(j − k) = (j + r)B_r(j) − (j − n + r)B_r(j − n) − B_{r+1}(j), ŕőíâőňã B_{r+1}(j) = − 1 r − 1 B_{r+1}(j) + 1 r − 1 { (j + r)B_r (j)+

+((r + 1)(n − 1) + 1 − j)B_r(j − n) } , çâő àăćŋőáĺńìŋő âàěąãěňőňã àăćěŋáâćã

B_{r+1}(j) = 1 r [(j + r)B_r(j) + ((r + 1)(n − 1) + 1 − j)B_r(j − n)] .

Šěőàěňă ďőłăğăŋă.

Šěőàěňă 1.2. Śŕàăćěďńĺćő âőęďěáâćő r(n�1)∑ j=0 B_r(j)z^j = (1 + z + · · · + z^n�^1)^r. (1.6)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ r = 1 äőàňãńă (1.6) âàĺćĺăńìŋă. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď r őâ ł r + 1. Şçĺâëćăï (1.6) ĺ âő, çâő B_r(j) = 0 ŕàĺ j < 0 ĺ j > r(n − 1), ŕőńãçăěň

(r+1)(n�1) ∑ j=0 B_{r+1}(j)z^j = n�1∑ k=0 r(n�1)+n�1 ∑ j=0 B_r(j − k)z^j =

= n�1∑ k=0 r(n�1)+k ∑ j=k B_r(j − k)z^{(j}�^{k)+k} =

= n�1∑ k=0 z^k r(n�1)∑ l=0 B_r(l)z^l = (1 + z + · · · + z^n�^1)^{r+1}.

Šěőàěňă ďőłăğăŋă.

Ŕàőďĺääěàěŋæĺàőćăć âőęďěáâćő (1.6) ĺ ŕőńőęĺć z = 0, ŕàĺďěň ł äőàňãńě

B_r(j) = 1 j! d^j dz^j (1 + z + · · · + z^n�^1)^r | | | |_{z=0} , j = 0, 1, . . . , r(n − 1). Ć çăáâŋőáâĺ, B_r(1) = r. Łàőňě âőčő, ĺğ (1.6) ŕàĺ z = 1 áńěďãěâ, çâő r(n�1)∑ j=0 B_r(j) = n^r.

Ććěďñň äãŋłæĺĺ

φ_0(j) ≡ 1; φ_r(j) = j(j + 1) · · · (j + r − 1), r = 1, 2, . . . ;

η_0(j) = { 1 ŕàĺ j = 1, 2, . . . , 0 ŕàĺ őáâăńìŋëå j ∈ Z;

η_r(j) = η_0(j)φ_r(j).

Ńěčłő ŕàőćěàĺâì, çâő ŕàĺ ćáěå j ∈ Z

φ_r(j) − φ_r(j − 1) = rφ_r�_1(j), r = 1, 2, . . . ; (1.7) [ η_0(j) − η_0(j − 1) ] (j − 1) = 0. (1.8)

Ńěňňă 1.2. Ŕàĺ ńîąőň ŋăâãàăńìŋőň r ĺ ćáěå j ∈ Z ćëŕőńŋïěâáï àăćěŋ-

áâćő η_r(j) − η_r(j − 1) = rη_r�_1(j). (1.9) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (1.8)

η_0(j − 1)φ_r(j − 1) = [ η_0(j − 1)(j − 1) ] j · · · (j + r − 2) = = η_0(j)(j − 1)j · · · (j + r − 2) = η_0(j)φ_r(j − 1). (1.10) Ŋă őáŋőćăŋĺĺ (1.10) ĺ (1.7) ŕőńãçăěň

η_r(j) − η_r (j − 1) = η_0(j)φ_r(j) − η_0(j − 1)φ_r (j − 1) =

= η_0(j) [ φ_r(j) − φ_r(j − 1) ] = rη_0(j)φ_r�_1(j) = rη_r�_1(j).

Ńěňňă ďőłăğăŋă. Őâňěâĺň, çâő

η_r(j) = φ_r(j) ŕàĺ j ≥ −r + 1, r = 0, 1, . . . (1.11)

Ŋăŕőňŋĺň őŕàěďěńěŋĺě łőŋěçŋëå àăğŋőáâěľ ŋăğăď: ∇_nf(j) = ∇^1_nf(j) = f(j) − f(j − n), ∇^ν_nf(j) = ∇_n(∇^ν�^1_n f(j)) = ν∑ l=0 (−1)^lC^l_ν f(j − ln), ν = 2, 3, . . . Šěőàěňă 1.3. Ďĺáłàěâŋëľ Ć-áŕńăľŋ Br(j) ŕàĺ ńîąőň ŋăâãàăńìŋőň r ďő-

ŕãáłăěâ ŕàěďáâăćńěŋĺě

B_r(j) = 1 (r − 1)!

∇^r_nη_r�_1(j + 1). (1.12)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ r = 1 äőàňãńă (1.12) ćěàŋă. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď r őâ ł r + 1.

Śőčńăáŋő (1.12) ĺ (1.9) ĺňěěň

B_{r+1}(j) = 1 (r − 1)! n�1∑ k=0 ∇^r_nη_r�_1(j − k + 1) =

= 1 (r − 1)! n�1∑ k=0 r∑ l=0 (−1)^lC^l_rη_r�_1(j − k + 1 − ln) =

= 1 r! r∑ l=0 (−1)^lC^l_r n�1∑ k=0 [ η_r(j − ln − (k − 1)) − η_r(j − ln − k) ] =

= 1 r! r∑ l=0 (−1)^lC^l_r [ η_r(j + 1 − ln) − η_r(j + 1 − (l + 1)n) ] =

= 1 r! r+1∑ l=0 (−1)^lC^l_{r+1}η_r(j + 1 − ln) = 1 r! ∇^{r+1}_n η_r(j + 1).

Šěőàěňă ďőłăğăŋă.

2. ĎĹŚŁŘĚŠŊŻĚ ŚŔŃĂĽŊŻ

Ďĺáłàěâŋëľ áŕńăľŋ ŕőàïďłă r őŕàěďěńïěâáï äőàňãńőľ S(j) = ∑ l2Z c(l)B_r(j − ln). Ććěďñň ňŋőęěáâćő I_{rk} = { kn − r + 1, kn − r + 2, . . . , (k + 1)n − 1 } ĺ őâňěâĺň, çâő ŕàĺ j ∈ I_{rk} S(j) = k∑ l=k�r+1 c(l)B_r(j − ln). (2.1) Ďěľáâćĺâěńìŋő, ŕàĺ l ≥ k + 1 ĺ j ∈ I_{rk} ćëŕőńŋïěâáï ŋěàăćěŋáâćő j − ln ≤ j − (k + 1)n ≤ −1. Ăŋăńőčĺçŋő ŕàĺ l ≤ k − r ĺ j ∈ I_{rk} ĺňěěň j − ln ≥ kn − r + 1 − (k − r)n = r(n − 1) + 1. Ć őąőĺå áńãçăïå B_r(j − ln) = 0, çâő ĺ őąěáŕěçĺćăěâ áŕàăćěďńĺćőáâì àăćěŋáâćă (2.1).

Ğăäĺłáĺàãěň ŋăâãàăńìŋőě çĺáńő m ĺ őąőğŋăçĺň çěàěğ S^m_r áěňěľáâćő ďĺáłàěâŋëå áŕńăľŋőć ćĺďă S(j) = m∑ l=�r+1 c(l)B_r(j − ln), (2.2) àăááňăâàĺćăěňëå ŋă ňŋőęěáâćě J_r = { −r+1, −r+2, . . . , (m+1)n−1 } . Śěňěľáâćő S^m_r ąãďěâ őáŋőćŋëň őąìěłâőň ŋăèěčő ćŋĺňăŋĺï.

Ŕőńőęĺň

∇^0c(l) = c(l), ∇c(l) = ∇^1c(l) = ∇^1c(l) = c(l) − c(l − 1),

∇^ν c(l) = ∇^ν_1c(l) = ∇(∇^ν�^1_1 c(l)) = ν∑ k=0 (−1)^kC^k_ν c(l − k), ν = 2, 3, . . . Šěőàěňă 2.1. Śŕńăľŋ S(j) ćĺďă (2.2) ŕàĺ j ∈ Jr ďőŕãáłăěâ ŕàěďáâăćńěŋĺě S(j) = 1 (r − 1)!

{^r�^1∑ k=0 ∇^kc(−r + 1 + k)∇^r�^1�^k_n φ_r�_1(j + 1 + (r − 1 − k)n)+

+ m∑ l=1 ∇^rc(l)η_r�_1(j + 1 − ln) } . (2.3)

Ď ő ł ă ğ ă â ě ń ì á â ć ő ŕàőćőďĺâáï á ŕőňőéìî ŕőáńěďőćăâěńìŋőčő áãňňĺàőćăŋĺï ŕő çăáâïň. Śőčńăáŋő (2.2) ĺ (1.12) ğăŕĺèěň S(j) = 1 (r − 1)! m∑ l=�r+1 c(l)∇^r_nη_r�_1(j + 1 − ln).

Őâáîďă áńěďãěâ, çâő (r − 1)!S(j) = m∑ l=�r+2 ∇c(l)∇^r�^1_n η_r�_1(j + 1 − ln)+

+c(−r + 1)∇^r�^1_n η_r�_1(j + 1 + (r − 1)n) − c(m)∇^r�^1_n η_r�_1(j + 1 − (m + 1)n). Ŕàĺ j ∈ J_r ĺňěěň ∇^r�^1_n η_r�_1(j + 1 + (r − 1)n) = ∇^r�^1_n φ_r�_1(j + 1 + (r − 1)n), ∇^r�^1_n η_r�_1(j + 1 − (m + 1)n) = 0.

Śŕàăćěďńĺćőáâì ŕěàćőčő àăćěŋáâćă őáŋőćăŋă ŋă âőň, çâő ŕàĺ j ∈ J_r ćëŕőńŋïěâáï ŋěàăćěŋáâćő j + 1 ≥ −r + 2; ć íâőň áńãçăě, áőčńăáŋő (1.11), η_r�_1(j + 1 + kn) = φ_r�_1(j + 1 + kn) ŕàĺ k = 0, 1, . . . , r − 1. Ěáńĺ ãçěáâì, çâő j + 1 − (m + 1)n ≤ 0 ŕàĺ j ∈ J_r, âő áâăŋőćĺâáï őçěćĺďŋëň ĺ ćâőàőě àăćěŋáâćő.

Őąêěďĺŋïï ãłăğăŋŋëě äăłâë, ŕőńãçăěň

(r − 1)!S(j) = c(−r + 1)∇^r�^1_n φ_r�_1(j + 1 + (r − 1)n)+ + m∑ l=�r+2 ∇c(l)∇^r�^1_n η_r�_1(j + 1 − ln).

Ăŋăńőčĺçŋő ãáâăŋăćńĺćăěâáï, çâő m∑ l=�r+2 ∇c(l)∇^r�^1_n η_r�_1(j + 1 − ln) = ∇c(−r + 2)∇^r�^2_n φ_r�_1(j + 1 + (r − 2)n)+

+ m∑ l=�r+3 ∇^2c(l)∇^r�^2_n η_r�_1(j + 1 − ln).

Ŕàőďőńęăï íâőâ ŕàőæěáá, ŕàĺåőďĺň ł (3.3). Šěőàěňă ďőłăğăŋă.

Śďěďáâćĺě. Ŕàĺ j ∈ Jr áŕàăćěďńĺćő âőęďěáâćő m∑ l=�r+1 B_r(j − ln) ≡ n^r�^1. Ďěľáâćĺâěńìŋő, ŕőńőęĺć ć (2.3) c(l) ≡ 1, ŕőńãçăěň m∑ l=�r+1 B_r(j − ln) = 1 (r − 1)!

∇^r�^1_n φ_r�_1(j + 1 + (r − 1)n).

Őáâăñâáï ãçěáâì, çâő łőŋěçŋăï àăğŋőáâì (r−1)-čő ŕőàïďłă á èăčőň n őâ ŕőńĺŋőňă (r − 1)-ľ áâěŕěŋĺ á ěďĺŋĺçŋëň áâăàèĺň łőíääĺæĺěŋâőň àăćŋă (r − 1)!n^r�^1.

Ğăňěçăŋĺě. Ŕàĺ ďőłăğăâěńìáâćě âěőàěňë 2.1 ãáâăŋőćńěŋ ąőńěě őąéĺľ, çěň

äőàňãńă (2.3), äăłâ. Ă ĺňěŋŋő, çâő áŕńăľŋ S(j) ćĺďă (2.2) ŕàĺ j ∈ J_r ĺ ńîąőň ν ∈ {1, . . . , r} ďőŕãáłăěâ ŕàěďáâăćńěŋĺě S(j) = 1 (r − 1)!

{^ν�^1∑ k=0 ∇^kc(−r + 1 + k)∇^r�^1�^k_n φ_r�_1(j + 1 + (r − 1 − k)n)+

+ m∑ l=�r+1+ν ∇^ν c(l)∇^r�^ν_n η_r�_1(j + 1 − ln) } . (2.4)

Ťőàňãńă (2.3) áńěďãěâ ĺğ (2.4) ŕàĺ ν = r.

Ććěďñň őąőğŋăçěŋĺï a(l) = ∇^rc(l) / (r − 1)!, P_r�_{1,0}(j) = 1 (r − 1)! r�1∑ k=0 ∇^kc(−r + 1 + k)∇^r�^1�^k_n φ_r�_1(j + 1 + (r − 1 − k)n).

Šőčďă äőàňãńã (2.3) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě

S(j) = P_r�_{1,0}(j) + m∑ l=1 a(l)η_r�_1(j + 1 − ln), j ∈ J_r. (2.5)

Őçěćĺďŋő, çâő P_r�_{1,0} ïćńïěâáï ăńčěąàăĺçěáłĺň ŕőńĺŋőňőň áâěŕěŋĺ ŋě ćëèě r−1.

Šěőàěňă 2.2. Ŕàĺ j ∈ Irk, k = 0, 1, . . . , m, ćëŕőńŋïěâáï àăćěŋáâćő

S(j) = P_r�_{1,0}(j) + k∑ l=1 a(l)φ_r�_1(j + 1 − ln). (2.6)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ j ∈ I_{rk} ĺ l ≥ k + 1 ĺňěěň j + 1 − ln ≤ j + 1 − (k + 1)n ≤ 0, ŕőíâőňã áőčńăáŋő (2.5)

S(j) = P_r�_{1,0}(j) + k∑ l=1 a(l)η_r�_1(j + 1 − ln). (2.7)

Ŕàĺ l ∈ {1, . . . , k} ĺ j ∈ I_{rk} ŕőńãçăěň j + 1 − ln ≥ j + 1 − kn ≥ −r + 2. Ć íâőň áńãçăě, áőčńăáŋő (1.11), η_r�_1(j+1−ln) = φ_r�_1(j+1−ln). Ŋă őáŋőćăŋĺĺ ŕőáńěďŋěčő àăćěŋáâćă ĺ (2.7) ŕàĺåőďĺň ł (2.6). Šěőàěňă ďőłăğăŋă.

Ć ŕàăćőľ çăáâĺ äőàňãńë (2.6) áâőĺâ ăńčěąàăĺçěáłĺľ ŕőńĺŋőň áâěŕěŋĺ ŋě ćëèě r − 1. Őąőğŋăçĺň ěčő P_r�_{1,k}(j). Šőčďă S(j) = P_r�_{1,k}(j) ŕàĺ j ∈ I_{rk}, k = 0, 1, . . . , m. (2.8) Řăćěŋáâćő P_r�_{1,k} (j) = P_r�_{1,k}�_1(j) + a(k)φ_r�_1(j + 1 − kn) =

= P_r�_{1,k}�_1(j) + a(k)(j + 1 − kn)(j + 2 − kn) · · · (j + r − 1 − kn) ŕőłăğëćăěâ, çâő ŕőńĺŋőňë P_r�_{1,k}�_1(j) ĺ P_r�_{1,k}(j) áőćŕăďăîâ ć r − 1 âőçłăå j = kn − r + 1, . . . , kn − 1. İâĺ âőçłĺ őąàăğãîâ ŕěàěáěçěŋĺě ňŋőęěáâć I_{r,k}�_1 ĺ I_{rk}.

Őâňěâĺň, çâő ŕěàěåőď őâ P_r�_{1,k}�_1(j) ł P_r�_{1,k} (j) ãŕàăćńïěâáï âőńìłő őďŋĺň ŕăàăňěâàőň a(k).

Šěőàěňă 2.3. Ŋă ňŋőęěáâćě Jr�ν = {−r + ν + 1, . . . , (m + 1)n − 1} ŕàĺ

ν = 1, . . . , r − 1 áŕàăćěďńĺćő àăćěŋáâćő

∇^ν S(j) = m∑ l=�r+1+ν ∇^ν c(l)B_r�_ν (j − ln). (2.9) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (2.2) ĺ (1.4) ĺňěěň ∇S(j) = m∑ l=�r+1 c(l) [ B_r(j − ln) − B_r(j − 1 − ln) ] =

= m∑ l=�r+1 c(l) [ B_r�_1(j − ln) − B_r�_1(j − (l + 1)n) ] =

= m∑ l=�r+2 ∇c(l)B_r�_1(j − ln) + c(−r + 1)B_r�_1(j + (r − 1)n)−

−c(m)B_r�_1(j − (m + 1)n). Őâňěâĺň, çâő ŕàĺ j ∈ J_r�_1 B_r�_1(j + (r − 1)n) = 0, B_r�_1(j − (m + 1)n) = 0.

Ćâőàőě àăćěŋáâćő őçěćĺďŋő, ă ŕěàćőě áńěďãěâ ĺğ âőčő, çâő ŕàĺ j ∈ J_r�_1 ćëŕőńŋïěâáï ŋěàăćěŋáâćő j + (r − 1)n ≥ −r + 2 + (r − 1)n = (r − 1)(n − 1) + 1.

Šăłĺň őąàăğőň, ŕàĺ j ∈ J_r�_1 ŕőńãçăěň ŕàěďáâăćńěŋĺě ∇S(j) = m∑ l=�r+2 ∇c(l)B_r�_1(j − ln). Ć çăáâŋőáâĺ, ∇S ∈ S^m_r�_1.

Ăŋăńőčĺçŋő ãáâăŋăćńĺćăěâáï, çâő

∇^2S(j) = m∑ l=�r+3 ∇^2c(l)B_r�_2(j − ln) ŕàĺ j ∈ J_r�_2.

Ŕàőďőńęăï íâőâ ŕàőæěáá, ŕàĺåőďĺň ł (2.9). Šěőàěňă ďőłăğăŋă.

Ĺğ äőàňãńë (2.9) ŕàĺ ν = r − 1 áńěďãěâ, çâő

∇^r�^1S(j) = m∑ l=0 ∇^r�^1c(l)B_1(j − ln) ŕàĺ j ∈ J_1, (2.10)

čďě J_1 = {0, 1, . . . , (m + 1)n − 1}.

Šěőàěňă 2.4. Śĺáâěňă áďćĺčőć^{Br(j − ln)^{}m}_{l=�r+1} ńĺŋěľŋő ŋěğăćĺáĺňă

ŋă J_r.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàěďŕőńőęĺň, çâő

S_0(j) := m∑ l=�r+1 c_0(l)B_r(j − ln) ≡ 0 ŋa J_r, (2.11)

ĺ ŕőłăęěň, çâő c_0(l) = 0 ŕàĺ ćáěå l = −r + 1, . . . , m.

Ć áĺńã (2.11) ĺ âěőàěňë 2.3 ŕàĺ ν = 1, . . . , r − 1 ĺňěěň

∇^ν S_0(j) := m∑ l=�r+1+ν ∇^ν c_0(l)B_r�_ν (j − ln) ≡ 0 ŋă J_r�_ν . (2.12)

Ł íâőňã ďőąăćĺň, çâő ŕàĺ âěå ęě ν áőčńăáŋő áńěďáâćĺî ĺğ âěőàěňë 2.1 áŕàăćěďńĺćő âőęďěáâćő m∑ l=�r+1+ν B_r�_ν (j − ln) ≡ n^r�^ν�^1 ŋă J_r�_ν . (2.13)

Ćőáŕőńìğãěňáï (2.12) ŕàĺ ν = r − 1. Ŕőńãçĺň m∑ l=0 ∇^r�^1c_0(l)B_1(j − ln) ≡ 0 ŋă J_1.

Ćáŕőňĺŋăï őŕàěďěńěŋĺě ďĺáłàěâŋőčő Ć-áŕńăľŋă ŕěàćőčő ŕőàïďłă, ŕàĺåőďĺň ł ćëćőďã ő âőň, çâő ∇^r�^1c_0(l) = 0 ŕàĺ l = 0, 1, . . . , m. Ŋő âőčďă ∇^r�^2c_0(l) ≡ const ŕàĺ l = −1, . . . , m. Şçĺâëćăï âőęďěáâćă (2.12) ĺ (2.13) ŕàĺ ν = r −2, ğăłńîçăěň, çâő ∇^r�^2c_0(l) = 0 ŕàĺ l = −1, . . . , m. Ğŋăçĺâ, ∇^r�^3c_0(l) ≡ const ŕàĺ l = −2, . . . , m, ĺ âăł ďăńěě. Ŕàĺ ν = 1 ŕőńãçăěň c_0(l) ≡ const ŕàĺ l = −r + 1, . . . , m. Šěŕěàì ĺğ (2.11) áńěďãěâ, çâő c_0(l) = 0 ŕàĺ ćáěå l = −r + 1, . . . , m. Šěőàěňă ďőłăğăŋă.

3. ŐŰĚŊŁĂ ŮĹŚŃĂ ŐĄŐĄŹðŊŊŻŢ ŊŞŃĚĽ

Ŕãáâì S ∈ S^m_r { ďĺáłàěâŋëľ áŕńăľŋ, ŋě àăćŋëľ âőęďěáâćěŋŋő ŋãńî ŋă J_r. Ňŋőęěáâćő G := {i, i + 1, . . . , i + ν − 1} ⊂ J_r ŋăğőćñň ŋãńěćëň ňŋőęěáâćőň áŕńăľŋă S, ěáńĺ S(j) = 0 ŕàĺ ćáěå j ∈ G ĺ S(i − 1) S(i + ν) ≠ 0. Ć áńãçăě i = −r+1 ĺńĺ i+ν = (m+1)n ŕőáńěďŋěě ãáńőćĺě ŋãęŋő ğăňěâĺâì áőőâćěâáâćěŋŋő ŋă S(i+ν) ≠ 0 ĺńĺ S(i−1) ≠ 0. Ŋãńěćőě ňŋőęěáâćő G ąãďěň áçĺâăâì őąőąéěŋŋëň ŋãńěň áŕńăľŋă S. Ěčő łàăâŋőáâì őŕàěďěńïěâáï ć ğăćĺáĺňőáâĺ őâ ν.

1) ν ∈ {1, . . . , r − 1}. Ć íâőň áńãçăě őąőąéñŋŋőňã ŋãńî G ŕàĺáćăĺćăěâáï łàăâŋőáâì ν.

2) ν ≥ r. Őçěćĺďŋő, çâő i + ν − 1 ∈ {kn, . . . , (k + 1)n − 1} ŕàĺ ŋěłőâőàőň k ∈ {0, 1, . . . , m}. Şçĺâëćăï, çâő áŕńăľŋ S ĺňěěâ ŋě ňěŋěě r ŋãńěľ ŋă I_{rk}, ŕőńãçăěň áőčńăáŋő (2.8), çâő S(j) ≡ 0 ŋă I_{rk}, âő ěáâì ŋěőąåőďĺňő i + ν − 1 = (k + 1)n − 1. Ěáńĺ S(kn−r) ≠ 0, âő i = kn−r +1 ĺ G = I_{rk}. Ć áńãçăě S(kn−r) = 0 ŋěőąåőďĺňő S(j) ≡ 0 ŋă I_{r,k}�_1, ŕőáłőńìłã S ĺňěěâ ŋă I_{r,k}�_1 ŋě ňěŋěě r ŋãńěľ. Šěŕěàì őçěćĺďŋő, çâő i = sn − r + 1 ŕàĺ ŋěłőâőàőň s ∈ {0, 1, . . . , k}.

Şáâăŋőćńěŋő, çâő ŕàĺ ν ≥ r ŋãńěćőě ňŋőęěáâćő G áŕńăľŋă S ĺňěěâ ćĺď G = {sn−r+1, . . . , (k+1)n−1}, čďě s ≤ k. Šăłőňã őąőąéñŋŋőňã ŋãńî ďăďĺň áŕěæĺăńìŋőě ŋăğćăŋĺě "ŋãńì-ĺŋâěàćăń" ĺ ŕàĺáćőĺň ěňã łàăâŋőáâì r−1+(k+1−s) = r + k − s. Ůĺáńő k + 1 − s ŋăğőćñň ĺŋďěłáŋőľ ďńĺŋőľ ŋãńì-ĺŋâěàćăńă G.

Łàőňě ŋãńěćëå ňŋőęěáâć, ććěďñň ĺğőńĺàőćăŋŋëě ŋãńĺ ďĺáłàěâŋőčő áŕńăľŋă. Šőçłă j ∈ J_r ŋăğëćăěâáï ĺğőńĺàőćăŋŋëň ŋãńěň áŕńăľŋă S ∈ S^m_r , ěáńĺ S(j) S(j − 1) < 0. Ĺğőńĺàőćăŋŋëľ ŋãńì áçĺâăěâáï őąőąéñŋŋëň ŋãńñň łàăâŋőáâĺ ěďĺŋĺæă.

Őâňěâĺň, çâő ĺğőńĺàőćăŋŋëě ŋãńĺ ňőčãâ ĺďâĺ ŕőďàïď ĺ ňőčãâ áőáěďáâćőćăâì á ŋãńěćëňĺ ňŋőęěáâćăňĺ, łăł, ŋăŕàĺňěà, ć áńãçăě S(j − 2) > 0, S(j − 1) < 0, S(j) > 0, S(j + 1) = 0.

Šěŕěàì ćáě ćĺďë őąőąéñŋŋëå ŋãńěľ ďĺáłàěâŋőčő áŕńăľŋă őŕàěďěńěŋë. İâő ńĺąő ĺğőńĺàőćăŋŋëě ŋãńĺ, ńĺąő ŋãńěćëě ňŋőęěáâćă. Śàěďĺ ŋãńěćëå ňŋőęěáâć ćëďěńěŋë ŋãńì-ĺŋâěàćăńë, ďńï łőâőàëå łàăâŋőáâì ććěďěŋă ŋěáâăŋďăàâŋëň őąàăğőň.

Őąőğŋăçĺň çěàěğ Z_r(S) çĺáńő őąőąéñŋŋëå ŋãńěľ áŕńăľŋă S ∈ S^m_r ŋă J_r á ãçñâőň ĺå łàăâŋőáâĺ.

Ńěňňă 3.1. Ŕãáâì S ∈ S^m_1 { ďĺáłàěâŋëľ áŕńăľŋ, ŋě àăćŋëľ âőęďě-

áâćěŋŋő ŋãńî ŋă J_1. Šőčďă Z_1(S) ≤ m. (3.1)

Ď ő ł ă ğ ă â ě ń ì á â ć ő ŕàőćěďñň ĺŋďãłæĺěľ ŕő m. Ŕàĺ íâőň ąãďěň ãçĺâëćăâì, çâő áŕńăľŋ ŕěàćőčő ŕőàïďłă ïćńïěâáï łãáőçŋő-ŕőáâőïŋŋőľ äãŋłæĺěľ.

Ŕàĺ m = 1 áŕńăľŋ S(j) áőáâőĺâ ĺğ ďćãå áâãŕěŋěł, âőçŋěě, S(j) ≡ α_0 ŋă {0, 1, . . . , n − 1} ĺ S(j) ≡ α_1 ŋă {n, . . . , 2n − 1}, ŕàĺçñň α_0 ĺ α_1 ŋě àăćŋë ŋãńî őďŋőćàěňěŋŋő. Őçěćĺďŋő, çâő S(j) ňőęěâ ĺňěâì ńĺąő őďĺŋ ĺğőńĺàőćăŋŋëľ ŋãńì, ěáńĺ α_0α_1 < 0, ńĺąő ŋãńì-ĺŋâěàćăń ĺŋďěłáŋőľ ďńĺŋë ěďĺŋĺæă, łőčďă őďŋő ĺğ çĺáěń α_0, α_1 àăćŋő ŋãńî. Ćő ćáěå áńãçăïå Z_1(S) ≤ 1.

Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ m ł m + 1. Ŋãęŋő ŕàőćěàĺâì, çâő ŕàĺ ŕőïćńěŋĺĺ ěéñ őďŋőľ áâãŕěŋìłĺ ã S ćěńĺçĺŋă Z_1(S) ãćěńĺçĺćăěâáï ŋě ąőńěě, çěň ŋă ěďĺŋĺæã. Ŕãáâì S(j) ≡ α_m ŋă {mn, . . . , (m + 1)n − 1} ĺ S(j) ≡ α_{m+1} ŋă {(m + 1)n, . . . , (m + 2)n − 1}. Řăááňőâàĺň ďćă áńãçăï.

1) α_m = 0. Ěáńĺ ŕàĺ íâőň ĺ α_{m+1} = 0, âő ĺŋďěłáŋăï ďńĺŋă łàăľŋěčő áŕàăćă ŋãńì-ĺŋâěàćăńă áŕńăľŋă S ãćěńĺçĺćăěâáï ŋă ěďĺŋĺæã, çâő ŕàĺćőďĺâ ł ãćěńĺçěŋĺî ŋă ěďĺŋĺæã ĺ Z_1(S). Ŕàĺ α_{m+1} ≠ 0 ćěńĺçĺŋă Z_1(S) ŋě ĺğňěŋïěâáï.

2) α_m ≠ 0. Ěáńĺ α_mα_{m+1} < 0, âő ŕőïćńïěâáï ŋőćëľ ĺğőńĺàőćăŋŋëľ ŋãńì. Ŕàĺ α_mα_{m+1} > 0 ćěńĺçĺŋă Z_1(S) őáâăñâáï ŕàěęŋěľ. Ŕàĺ α_{m+1} = 0 ŕőïćńïěâáï ŋőćëľ ŋãńì-ĺŋâěàćăń ĺŋďěłáŋőľ ďńĺŋë ěďĺŋĺæă.

Ćő ćáěå áńãçăïå ćěńĺçĺŋă Z_1(S) ãćěńĺçĺćăěâáï ŋě ąőńěě, çěň ŋă ěďĺŋĺæã. Ńěňňă ďőłăğăŋă.

Ŋăèă őáŋőćŋăï æěńì { ŕőńãçĺâì őæěŋłã ďńï Z_r(S) ŕàĺ ŕàőĺğćőńìŋőň ŋăâãàăńìŋőň r. Ďńï íâőčő ŕőâàěąãěâáï ŋěłőâőàăï ŕőďčőâőćłă.

Ŕãáâì S ∈ S^m_r . Śőčńăáŋő âěőàěňě 2.3, ∇S ∈ S^m_r�_1. Śńěďãîéěě ãâćěàęďěŋĺě ïćńïěâáï ăŋăńőčőň âěőàěňë Řőńńï.

Ńěňňă 3.2. Ěáńĺ ∇S(j) ŋě àăćŋő âőęďěáâćěŋŋő ŋãńî ŋă Jr�1, âő

Z_r(S) ≤ Z_r�_1(∇S) + 1. (3.2)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Őąőğŋăçĺň çěàěğ G_1, . . . , G_q őąőąéñŋŋëě ŋãńĺ ďĺáłàěâŋőčő áŕńăľŋă S łàăâŋőáâĺ áőőâćěâáâćěŋŋő H_r (G_1), . . . , H_r(G_q ). Ć íâőň áńãçăě

Z_r(S) = q∑ μ=1 H_r(G_μ). Śŋăçăńă ąãďěň áçĺâăâì, çâő ćáě G_μ { ŋãńěćëě ňŋőęěáâćă, G_μ = {i_μ, i_μ + 1, . . . , i_μ + ν_μ − 1}, μ = 1, . . . , q. Őçěćĺďŋő, çâő ňŋőęěáâćő G^{(1)}μ = {i_μ +1, . . . , i_μ +ν_μ −1} ïćńïěâáï ŋãńěćëň ňŋőęěáâćőň áŕńăľŋă ∇S łàăâŋőáâĺ H_r�_1(G^{(1)}μ ) = H_r(G_μ) − 1. İâő ćěàŋő łăł ŕàĺ ν_μ ≤ r − 1, âăł ĺ ŕàĺ ν_μ ≥ r (ďńï ŋãńì-ĺŋâěàćăńőć).

Ŕőłăęěň, çâő ňěęďã áőáěďŋĺňĺ ŋãńěćëňĺ ňŋőęěáâćăňĺ G_μ ĺ G_{μ+1} áŕńăľŋă S ĺňěěâáï őąőąéñŋŋëľ ŋãńì áŕńăľŋă ∇S. Ŕő őŕàěďěńěŋĺî ŋãńěćőčő ňŋőęěáâćă ŋě ćáě ğŋăçěŋĺï S(j) ŋă Q_μ = {i_μ + ν_μ − 1, . . . , i_{μ+1}} àăćŋë ŋãńî. Ďőŕãáâĺň, çâő ňăłáĺňãň S(j) ŋă Q_μ ŕőńőęĺâěńěŋ ĺ j_μ { ŋăĺňěŋìèăï ĺğ âőçěł, ŋă łőâőàëå ňăłáĺňãň ďőáâĺčăěâáï. Ěáńĺ S(j_μ) > S(j_μ + 1), âő j_μ + 1 { ĺğőńĺàőćăŋŋëľ ŋãńì ∇S. Ć ŕàőâĺćŋőň áńãçăě (łőčďă S(j_μ) = S(j_μ + 1)) ã ∇S ŋă {j_μ + 1, . . . , i_{μ+1} − 1} ŕőïćńïěâáï ŋãńěćőě ňŋőęěáâćő.

Ć àěğãńìâăâě ŕőńãçăěň

Z_r�_1(∇S) ≥ q∑ μ=1 H_r�_1(G^{(1)}_μ ) + q − 1 = Z_r(S) − 1,

çâő àăćŋőáĺńìŋő (3.2).

Šěŕěàì àăááňőâàĺň áńãçăľ, łőčďă áàěďĺ őąőąéñŋŋëå ŋãńěľ áŕńăľŋă S ćáâàěçăîâáï ĺğőńĺàőćăŋŋëě ŋãńĺ. Ĺ ğďěáì ďőáâăâőçŋő ŕàőćěàĺâì, çâő ňěęďã áőáěďŋĺňĺ őąőąéñŋŋëňĺ ŋãńïňĺ S ĺňěěâáï őąőąéñŋŋëľ ŋãńì ∇S.

Ŕãáâì G_μ = {k_μ} ĺ G_{μ+1} = {k_{μ+1}} { ďćă áőáěďŋĺå ĺğőńĺàőćăŋŋëå ŋãńï áŕńăľŋă S. İâő ğŋăçĺâ, çâő S(k_μ − 1) S(k_μ) < 0 ĺ S(k_{μ+1}) S(k_{μ+1} − 1) < 0. Ěáńĺ S(k_μ) S(k_{μ+1} −1) > 0 (ŋě ĺáłńîçăěâáï, çâő k_μ = k_{μ+1} −1), âő ĺ S(k_μ −1) S(k_{μ+1} ) > 0. Ŕàěďŕőńőęĺň, çâő S(k_μ) > 0. Őąőğŋăçĺć Q_μ = {k_μ − 1, . . . , k_{μ+1}}, ğăłőŋçĺň ďőłăğăâěńìáâćő âăł ęě, łăł ć ŕàěďëďãéěň áńãçăě. Ěáńĺ S(k_μ) < 0, âő ŋãęŋő àăááňőâàěâì ňĺŋĺňãň S(j) ŋă Q_μ. Ŕàĺ S(k_μ) S(k_{μ+1} − 1) < 0 ŕőńăčăěň Q_μ = {k_μ, . . . , k_{μ+1}}.

Śĺâãăæĺï, łőčďă őďĺŋ ĺğ őąőąéñŋŋëå ŋãńěľ G_μ, G_{μ+1} ïćńïěâáï ĺğőńĺàőćăŋŋëň ŋãńñň, ă ďàãčőľ { ŋãńěćëň ňŋőęěáâćőň, ăŋăńĺğĺàãěâáï ăŋăńőčĺçŋő. Ńěňňă ďőłăğăŋă.

Šěőàěňă 3.1. Ŕãáâì S ∈ S^m_r { ďĺáłàěâŋëľ áŕńăľŋ ŋě àăćŋëľ âőęďě-

áâćěŋŋő ŋãńî ŋă J_r. Šőčďă

Z_r (S) ≤ r − 1 + m. (3.3)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ r = 1 ãâćěàęďěŋĺě ćěàŋő (ńěňňă 3.1), ŕőíâőňã áçĺâăěň, çâő r ≥ 2.

Ćőğìňñň áŕńăľŋ S ∈ S^m_r ćĺďă (2.1). Cőčńăáŋő (2.10), ∇^r�^1S ∈ S^m_1 . Ěáńĺ ∇^r�^1S(j) ≡ 0 ŋă J_1, âő ∇^r�^1c(l) = 0 ŕàĺ ćáěå l = 0, 1, . . . , m. Ć íâőň áńãçăě ŋă őáŋőćăŋĺĺ äőàňãńë (2.4) ŕàĺ ν = r − 1 ğăłńîçăěň, çâő áŕńăľŋ S(j) ïćńïěâáï ăńčěąàăĺçěáłĺň ŕőńĺŋőňőň áâěŕěŋĺ ŋě ćëèě r − 2. Ďńï ŋěčő Z_r (S) ≤ r − 2 < r − 1 + m.

Ć ďăńìŋěľèěň áçĺâăěň, çâő ∇^r�^1S(j) ŋě àăćŋő âőęďěáâćěŋŋő ŋãńî ŋă J_1. Šőčďă ĺ ∇^r�^ν S(j) ŋě àăćŋő âőęďěáâćěŋŋő ŋãńî ŋă J_ν ŕàĺ ćáěå ν = 1, . . . , r. Śőčńăáŋő (3.2)

Z_r(S) ≤ Z_r�_1(∇S) + 1 ≤ Z_r�_2(∇^2S) + 2 ≤ . . . ≤ Z_1(∇^r�^1S) + r − 1.

Őáâăñâáï áőáńăâìáï ŋă ńěňňã 3.1. Šěőàěňă ďőłăğăŋă.

4. ĹŊŠĚŘŔŐŃ§ŰĹŐŊŊĂ§ ĞĂĎĂŮĂ

Ŋă ňŋőęěáâćě J_r ğăäĺłáĺàãěň r + m ãğńőć j_1 < j_2 < . . . < j_{r+m} ĺ àăááňőâàĺň ĺŋâěàŕőńïæĺőŋŋãî ğăďăçã: ŕőáâàőĺâì ďĺáłàěâŋëľ áŕńăľŋ S ∈ S^m_r , âăłőľ, çâő S(j_μ) = y_μ, μ = 1, . . . , r + m. (4.1) Ğďěáì y_μ { ŕàőĺğćőńìŋëě ćěéěáâćěŋŋëě çĺáńă.

Ććěďñň őąőğŋăçěŋĺï: p_s = sn − r +1, q_k = kn −1, V (p_s, q_k) { łőńĺçěáâćő ãğńőć ĺŋâěàŕőńïæĺĺ j_μ, ŕàĺŋăďńěęăéĺå ňŋőęěáâćã G_{sk} = {p_s, p_s + 1, . . . , q_k}.

Šěőàěňă 4.1. Ďńï âőčő çâőąë ğăďăçă (4.1) ąëńă őďŋőğŋăçŋő àăğàěèĺňă ŕàĺ

ńîąëå ŕàăćëå çăáâïå, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë ŕàĺ 0 ≤ s < k ≤ m+1 ćëŕőńŋïńőáì ŋěàăćěŋáâćő

V (p_s, q_k) ≤ r − 1 + (k − s). (4.2)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋ ě ő ą å ő ď ĺ ň ő á â ì. Ŕàěďŕőńőęĺň, ćőŕàěłĺ ãâćěàęďěŋĺî, çâő ŕàĺ ŋěłőâőàëå ďőŕãáâĺňëå s, k ąãďěâ V (p_s, q_k) ≥ r + k − s. (4.3) Ŋă ňŋőęěáâćě G_{sk} ďĺáłàěâŋëľ áŕńăľŋ S ∈ S^m_r ďőŕãáłăěâ ŕàěďáâăćńěŋĺě S(j) = k�1∑ l=s�r+1 c(l)B_r(j − ln).

Şçĺâëćăï íâőâ äăłâ ĺ ãáńőćĺě âěőàěňë, ğăłńîçăěň, çâő áĺáâěňă ńĺŋěľŋëå ãàăćŋěŋĺľ_k�_1 ∑ l=s�r+1 c(l)B_r(j_μ − ln) = y_μ, j_μ ∈ G_{sk} , (4.4) ĺňěěâ àěèěŋĺě ŕàĺ ńîąëå ŕàăćëå çăáâïå. Ŋő íâő ŋěćőğňőęŋő, ŕőáłőńìłã áőčńăáŋő (4.3) ã ňăâàĺæë áĺáâěňë (4.4) áâàőł ąőńìèě, çěň áâőńąæőć.

Ď ő á â ă â ő ç ŋ ő á â ì. Ŕőłăęěň, çâő őďŋőàőďŋăï áĺáâěňă S(j_μ) = 0, μ = 1, . . . , r + m, ĺňěěâ âőńìłő ŋãńěćőě àěèěŋĺě. Ďőŕãáâĺň ŕàőâĺćŋőě. Šőčďă ŋăľďñâáï ďĺáłàěâŋëľ áŕńăľŋ S_0 ∈ S^m_r , ŋě àăćŋëľ âőęďěáâćěŋŋő ŋãńî ŋă J_r (ć áĺńã âěőàěňë 2.4), łőâőàëľ ć ãğńăå j_1, . . . , j_{r+m} ŕàĺŋĺňăěâ ŋãńěćőě ğŋăçěŋĺě.

Őąőğŋăçĺň çěàěğ N_0 ňŋőęěáâćő ãğńőć, ŕőŕăďăîéĺå ć ŋãńì-ĺŋâěàćăńë áŕńăľŋă S_0, ă çěàěğ N_1 { ňŋőęěáâćő őáâăńìŋëå ãğńőć. Őçěćĺďŋő, çâő

|N_0| + |N_1| = r + m.

Ćňěáâě á âěň, çĺáńő |N_1| ŋě ŕàěćőáåőďĺâ áãňňăàŋőľ łàăâŋőáâĺ ŋãńěćëå ňŋőęěáâć áŕńăľŋă S_0, ŋě ïćńïîéĺåáï ŋãńì-ĺŋâěàćăńăňĺ, ă łőńĺçěáâćő ãğńőć, áőďěàęăéĺåáï ć łăęďőň ŋãńì-ĺŋâěàćăńě, áőčńăáŋő (4.2) ŋě ąőńìèě łàăâŋőáâĺ ŋãńìĺŋâěàćăńă (áň. őŕàěďěńěŋĺï ć ŋăçăńě àăğď. 3). Ğŋăçĺâ,

Z_r (S_0) ≥ |N_0| + |N_1| = r + m,

çâő ŕàâĺćőàěçĺâ âěőàěňě 3.1. Šěőàěňă ďőłăğăŋă.

Ğăňěçăŋĺě. Şáńőćĺě (4.2) àăćŋőáĺńìŋő ďćãň ąőńěě ŕàőáâëň ãáńőćĺïň V (p_0, q_k) ≤ r − 1 + k, k = 1, . . . , m, V (p_s, q_{m+1}) ≤ r + m − s, s = 1, . . . , m. (4 .5) Šő, çâő ĺğ (4.2) áńěďãěâ (4.5), őçěćĺďŋő. Ć őąàăâŋőň ŕěàěåőďě ĺáŕőńìğãěâáï àăćěŋáâćő V (p_0, q_k) + V (p_s, q_{m+1}) = V (p_0, q_{m+1}) + V (p_s, q_k) ŕàĺ 1 ≤ s < k ≤ m. Řőńì âěőàěňë 4.1 ŕàőĺńńîáâàĺàãěň ŋă âàěå ŕàĺňěàăå. Ďńï íâőčő ććěďěň őąőğŋăçěŋĺï J = {j_1, . . . , j_{r+m}}, Y = {y_1, . . . , y_{r+m}}, p = {p_0, p_1, . . . , p_m}, q = {q_1, . . . , q_{m+1}}. Ćő ćáěå âàěå ŕàĺňěàăå r = 4, n = 10.

ŔŘĹŇĚŘ 1. Ŕãáâì m = 2, J = {2, 7, 10, 20, 24, 28}, Y = {0, 0, 0, 1, 1, 1}.

Ć íâőň áńãçăě p = {−3, 7, 17}, q = {9, 19, 29},

V (p_0, q_1) = V (−3, 9) = 2, V (p_0, q_2) = V (−3, 19) = 3,

V (p_1, q_3) = V (7, 29) = 5, V (p_2, q_3) = V (17, 29) = 3.

Şáńőćĺï (4.5) ćëćŕőńŋěŋë. Čàăäĺł ďĺáłàěâŋőčő ĺŋâěàŕőńïæĺőŋŋőčő áŕńăľŋă ŕàěďáâăćńěŋ ŋă äĺč. 1.

d d t d d d d t d d t d d d d d d d d d t d d d t d d d t

-

6

2 7 10 20 24 28 j

S(j)

Ťĺč. 1

ŔŘĹŇĚŘ 2. Ŕãáâì m = 2, J = {0, 16, 20, 23, 25, 29}, Y = {0, 1, 1, 1, 1, 1}. Ć íâőň áńãçăě ňŋőęěáâćă p ĺ q âě ęě, çâő ĺ ć ŕàěďëďãéěň ŕàĺňěàě, V (p_0, q_1) = 1, V (p_0, q_2) = 2, V (p_1, q_3) = 5, V (p_2, q_3) = 4. Şáńőćĺï (4.5) ćëŕőńŋěŋë. Čàăäĺł ďĺáłàěâŋőčő ĺŋâěàŕőńïæĺőŋŋőčő áŕńăľŋă ŕàěďáâăćńěŋ ŋă äĺč. 2.

Ćňěáâě á âěň, ěáńĺ ğăňěŋĺâì ãğěń j_2 = 16 ŋă j_2 = 17, âő ŋěàăćěŋáâćő V (p_2, q_3) ≤ 4 ŋăàãèĺâáï. İâő ŕàĺćěďñâ ł âőňã, çâő őŕàěďěńĺâěńì áĺáâěňë (4.1) ć áĺńã âěőàěňë 4.1 ąãďěâ àăćěŋ ŋãńî { áő ćáěňĺ ćëâěłăîéĺňĺ őâáîďă ŋěŕàĺïâŋőáâïňĺ.

-

6

0 16 20 23 25 29 j

S(j)

t d d d d d d d d d d d d d d d t d d d t d d t d t d d t d

Ťĺč. 2

ŔŘĹŇĚŘ 3. Ŕãáâì m = 8,

J = {0, 3, 6, 9, 37, 41, 45, 49, 78, 80, 82, 84}, Y = {0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0}. Ć íâőň áńãçăě p = {−7, 3, 13, 23, 33, 43, 53, 63, 73}, q = {9, 19, 29, 39, 49, 59, 69, 79, 89}. Ŋěâàãďŋő ŕàőćěàĺâì, çâő ãáńőćĺï (4.5) ćëŕőŋïîâáï. Čàăäĺł ďĺáłàěâŋőčő ĺŋâěàŕőńïæĺőŋŋőčő áŕńăľŋă ŕàěďáâăćńěŋ ŋă äĺč. 3.

-

6

j

S(j)

0 3 6 9 37 41 45 49 78 80 82 84 rbbrbbrbbrbbbbbbb bb bb bb bb bb bb bbbb bbbbrbbbrbbbrbbbrbbbbbbb bb bb bb bb bb bb bbbb bbbbbrbrbrbrbbbbb

Ťĺč. 3

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ

1. Ňăńőğěňőć Ć.Ŋ., Ŕěćŋëľ Ă.Ą. Ďĺáłàěâŋëě ŕěàĺőďĺçěáłĺě áŕńăľŋë ĺ ĺå ćëçĺáńĺâěńìŋëě ŕàĺňěŋěŋĺï //Ę. ćëçĺáń. ňăâěň. ĺ ňăâěň. äĺğ. 1998. Š. 38. ò 8. Ś. 1235{1246.

2. Schoenberg I.J., Whitney A. On Polya frequency functions. III //Trans. Amer.

Math. Soc. 1953. V. 74. N 2. P. 246-259.

3. Ňăńőğěňőć Ć.Ŋ., Ŕěćŋëľ Ă.Ą. Ŕőńĺŋőňĺăńìŋëě áŕńăľŋë. Ń.: Ĺğď-ćő Ńěŋĺŋčà. ãŋ-âă, 1986.

4. Schumaker L.L. Spline functions: basic theory. New York: Wiley, 1981.

5. Ąěà Ň.Č. Ŋăâãàăńìŋëě ďĺáłàěâŋëě áŕńăľŋë ĺ ğăďăçă áčńăęĺćăŋĺï // Ćěáâŋ. Ńěŋĺŋčà. ãŋ-âă. Śěà. 1. 1990. Ćëŕ. 4 (ò 22). Ś. 3-6.