SPb. Math. Society Preprint 1999-18 13 Sep 1999

Ć. Ŋ. Ňăńőğñňőć, Ĺ. Ć. Ÿěňïłĺŋă

ŇĂŁŚĹŇĹĞĂŰĹ§ ŐŔŘĚĎĚŃĹŠĚŃ§ ĆĂŊĎĚŘŇŐŊĎĂ Ĺ ŔŐŃĹŊŐŇŻ ŃĂČĚŘŘĂ

1. Ććěďěŋĺě

Ćőğìňěň őŕàěďěńĺâěńì Ćăŋďěàňőŋďă

V (x_0, x_1, . . . , x_n) = | | | | | | 1 x_0 x^2_0 . . . x^n_0 1 x_1 x^2_1 . . . x^n_1 · · · 1 x_n x^2_n . . . x^n

| | | | | | ĺ àăááňőâàĺň ŕàĺ n ≥ 1 áńěďãîéãî íłáâàěňăńìŋãî ğăďăçã: V (x_0, x_1, . . . , x_n) −→ max, 0 ≤ x_0 ≤ x_1 ≤ . . . ≤ x_n, (1.1)

x_0 + x_1 + . . . + x_n n ≤ A. Ğďěáì A { ŋěłőâőàăï ŕőńőęĺâěńìŋăï łőŋáâăŋâă.

Šěőàěňă. Řěèěŋĺě ğăďăçĺ (1.1) áãéěáâćãěâ ĺ ěďĺŋáâćěŋŋő. Łőňŕőŋěŋâăňĺ őŕâĺňăńìŋőčő ŕńăŋă (x^∗_0, x^∗_1, . . . , x^∗_n) ïćńïîâáï łőàŋĺ ŕőńĺŋőňă xL^′_{n+1}(cx), čďě L_{n+1}(x) { ŕőńĺŋőň Ńăčěààă áâěŕěŋĺ n + 1 (őàâőčőŋăńìŋëľ á ćěáőň e^{−x} ŋă ŕőńãőáĺ [0, +∞) ńîąőňã ŕőńĺŋőňã áâěŕěŋĺ ŋě ćëèě n) ĺ c = (n + 1)A^{−1}. Ŕàĺ íâőň

V (x^∗_0, x^∗_1, . . . , x^∗_n) = ( A^n (n + 1)^{n−1} )_{(n+1)/2 n} ∏ k=1 k^k. (1.2)

Ťőàňãńĺàőćłă âěőàěňë ćňěáâě áő áåěňőľ ěě ďőłăğăâěńìáâćă ĺňěîâáï ć [1, á. 150{152]. Őďŋăłő, ŕő ŋăèěňã ňŋěŋĺî, íâőâ ğăňěçăâěńìŋëľ àěğãńìâăâ ğăáńãęĺćăěâ ąőńěě ďěâăńìŋőčő ăŋăńĺğă á âőçłĺ ğàěŋĺï áőćàěňěŋŋőľ âěőàĺĺ íłáâàěňăńìŋëå ğăďăç. Šăłőňã ăŋăńĺğã ĺ ŕőáćïéěŋă ďăŋŋăï áâăâìï.

© Ć. Ŋ. Ňăńőğñňőć, Ĺ. Ć. Ÿěňïłĺŋă

Typeset by AMS-TEX 1

Ŋăŕőňŋĺň, çâő

V (x_0, x_1, . . . , x_n) = ∏ 0≤i<j≤n (x_j − x_i). (1.3)

2. Ŕőńĺŋőňë Ńăčěààă

Ŕàĺćěďěň ŋěłőâőàëě ĺğćěáâŋëě áćőľáâćă ŕőńĺŋőňőć Ńăčěààă, ŋěőąåőďĺňëě ďńï ďăńìŋěľèěčő.

2.1. Śâăŋďăàâĺğőćăŋŋëě ŕőńĺŋőňë Ńăčěààă Ln(x, α) ĺňěîâ

ćĺď [2, á. 219 { 230] L_n(x, α) = 1 n! x^{−α}e^x d^n dx^n ( x^{n+α}e^{−x} ) , n = 0, 1, . . . , α > −1. (2.1) Ć çăáâŋőáâĺ,

L_0(x, α) ≡ 1, L_1(x, α) = (α + 1) − x.

Ś ŕőňőéìî äőàňãńë Ńěľąŋĺæă ďńï ďĺääěàěŋæĺàőćăŋĺï ŕàőĺğćěďěŋĺï äãŋłæĺľ ŕőńãçăěň ïćŋőě ŕàěďáâăćńěŋĺě ć őąéěň áńãçăě: L_n(x, α) = 1 n! x^{−α}e^x n∑ k=0 C^k_n ( x^{n+α} )_{(n−k)} ( e^{−x} )_{(k)} =

= n∑ k=0 (−1)^k ( n + α n − k ) x^k k! =

= (−1)^n n! ( x^n − n(n + α)x^{n−1} + . . . + (−1)^n n∏ k=1 (k + α) ) . (2.2)

Śâàőčő čőćőàï, ďăŋŋăï ćëłńăďłă łőààěłâŋă âőńìłő ŕàĺ x > 0, őďŋăłő őłőŋçăâěńìŋăï äőàňãńă ĺňěěâ áňëáń ŕàĺ ćáěå ćěéěáâćěŋŋëå x. Ŕőńĺŋőň Ńăčěààă L_n(x, α) őàâőčőŋăńěŋ á ćěáőň x^αe^{−x} ŋă ŕőńãőáĺ [0, +∞) ńîąőňã ŕőńĺŋőňã áâěŕěŋĺ ŋě ćëèě n − 1. Ć äőàňãńĺàőćłě âěőàěňë L_{n+1}(x) = L_{n+1}(x, 0).

2.2. Ďńï ŕőńĺŋőňőć Ńăčěààă áŕàăćěďńĺćő àěłãààěŋâŋőě áő-

őâŋőèěŋĺě

(n + 1)L_{n+1}(x, α) = (2n + 1 + α − x)L_n(x, α)− −(n + α)L_{n−1}(x, α), n = 1, 2, . . . (2.3) Ćëćěďěň ěčő. Ŕàĺ n ≥ 1 ĺňěěň ( x^{n+α}e^{−x} )_{(n)} = [ (n + α)x^{n+α−1}e^{−x} − x^{n+α}e^{−x} ]_{(n−1)} , âăł çâő ( x^{n+α}e^{−x} )_{(n−1)} = (n + α)(x^{n+α−1}e^{−x})^{(n−1)} − (x^{n+α}e^{−x})^{(n)}.

Ŕőńìğãïáì íâőľ äőàňãńőľ ĺ (2.1), ğăŕĺèěň

(n + 1)L_{n+1}(x, α) = 1 n! x^{−α}e^x [ x^{n+α}e^{−x}(n + 1 + α − x) ]_{(n)} = = 1 n! x^{−α}e^x [( x^{n+α}e^{−x} )_{(n)} (n + 1 + α − x) − n ( x^{n+α}e^{−x} )_{(n−1)}] = = (n + 1 + α − x)L_n(x, α)− − 1 (n − 1)! x^{−α}e^x [ (n + α) ( x^{n+α−1}e^{−x} )_{(n−1)} − ( x^{n+α}e^{−x} )_{(n)}] = = (n + 1 + α − x)L_n(x, α) − (n + α)L_{n−1}(x, α) + nL_n(x, α). Őâáîďă őçěćĺďŋëň őąàăğőň áńěďãěâ (2.3).

2.3. Ďńï ŕàőĺğćőďŋőľ ŕőńĺŋőňă Ńăčěààă áŕàăćěďńĺćă äőà-

ňãńă xL^′_n(x, α) = nL_n(x, α) − (n + α)L_{n−1}(x, α), n = 1, 2, . . . (2.4) Ŕàőćěàĺň ěñ, ĺáŕőńìğãï őçěćĺďŋőě áćőľáâćő ąĺŋőňĺăńìŋëå łőíääĺæĺěŋâőć (n − k) ( n + α n − k ) = (n + α) ( n + α − 1 n − 1 − k ) .

Śőčńăáŋő (2.2) ĺňěěň xL^′_n(x, α) = n∑ k=0 (−1)^k ( n + α n − k ) k x^k k! =

= (−1)^nn x^n n! + n−1∑ k=0 (−1)^k [ n ( n + α n − k ) − (n + α) ( n + α − 1 n − 1 − k )] x^k k! =

= n n∑ k=0 (−1)^k ( n + α n − k ) x^k k! − (n + α) n−1∑ k=0 (−1)^k ( n − 1 + α n − 1 − k ) x^k k! = = nL_n(x, α) − (n + α)L_{n−1}(x, α), çâő ĺ âàěąőćăńőáì ďőłăğăâì.

Śŕàăćěďńĺćă âăłęě äőàňãńă

L^′_{n+1}(x, α) = −L_n(x, α + 1). (2.5)

Őŋă ŕàőćěàïěâáï ŋěŕőáàěďáâćěŋŋő. Śőčńăáŋő (2.2)

L^′_{n+1}(x, α) = n+1∑ k=1 (−1)^k ( n + 1 + α n + 1 − k ) x^{k−1} (k − 1)! =

= − n∑ k=0 (−1)^k ( n + (α + 1) n − k ) x^k k! = −L_n(x, α + 1). 2.4. Ŕőłăęěň, çâő ŕàĺ n ≥ 2 ŕőńĺŋőň Ńăčěààă Ln(x, α)

ãďőćńěâćőàïěâ ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî

xy^{′′} + (α + 1 − x)y^′ + ny = 0. (2.6)

Ďńï íâőčő ŕàőďĺääěàěŋæĺàãěň âőęďěáâćő (2.3). Ŕőńãçĺň

(n + 1)L^′_{n+1}(x, α) + L_n(x, α) + (x − 2n − 1 − α)L^′_n(x, α)+

+(n + α)L^′_{n−1}(x, α) = 0. (2.7) Ćőáŕőńìğãěňáï âěň, çâő áőčńăáŋő (2.4) ĺ (2.3)

xL^′_{n+1}(x, α) = (n + 1)L_{n+1}(x, α) − (n + 1 + α)L_n(x, α) =

= [(2n + 1 + α − x)L_n(x, α) − (n + α)L_{n−1}(x, α)] − −(n + 1 + α)L_n(x, α) = = (n − x)L_n(x, α) + [xL^′_n(x, α) − nL_n(x, α)] = x [L^′_n(x, α) − L_n(x, α)] . Őâáîďă áńěďãěâ, çâő L^′_{n+1}(x, α) = L^′_n(x, α) − L_n(x, α). Ć áĺńã âőľ ęě äőàňãńë (2.4) (n + α)L^′_{n−1}(x, α) = (n − 1)L^′_n(x, α) − xL^{′′}_n(x, α). Ŕőďáâăćńïï ŋăľďěŋŋëě ćëàăęěŋĺï ďńï L^′_{n+1}(x, α) ĺ (n + α)L^′_{n−1}(x, α) ć ńěćãî çăáâì (2.7), ŕàĺåőďĺň ł âőęďěáâćã (x − 1 − α)L^′_n(x, α) − nL_n(x, α) − xL^{′′}_n(x, α) = 0. İâő ĺ őğŋăçăěâ, çâő ŕőńĺŋőň L_n(x, α) ãďőćńěâćőàïěâ ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî (2.6).

2.5. Ŋăèěľ ąńĺęăľèěľ æěńìî ïćńïěâáï ćëçĺáńěŋĺě àěğãńì-

âăŋâă R(L_n(·, α), L_{n−1}(·, α)). Ŋăŕőňŋĺň [3, c. 295], çâő àěğãńìâăŋâőň ďćãå ŕőńĺŋőňőć

P_n(x) = a_n n∏ i=1 (x − x_i), Q_m(x) = b_m m∏ j=1 (x − y_j )

á ŋěŋãńěćëňĺ áâăàèĺňĺ łőíääĺæĺěŋâăňĺ a_n, b_m ŋăğëćăěâáï ćëàăęěŋĺě R(P_n, Q_m) = a^m_n n∏ i=1 Q_m(x_i). Ŋěâàãďŋő ŕàőćěàĺâì, çâő R(P_n, Q_m) = (−1)^{mn}R(Q_m , P_n). (2.8) Őąàăâĺňáï ł ŕőńĺŋőňăň Ńăčěààă. Łăł ĺğćěáâŋő, łőàŋĺ ŕőńĺŋőňă L_n(x, α) ćěéěáâćěŋŋë, ŕőŕăàŋő àăğńĺçŋë ĺ àăáŕőńőęěŋë ŋă ŕőńãőáĺ (0, +∞). Őąőğŋăçĺň ĺå u^{(α)}_{1,n}, u^{(α)}_{2,n}, . . . , u^{(α)}n,n, ŕàĺçñň ąãďěň áçĺâăâì, çâő 0 < u^{(α)}_{1,n} < u^{(α)}_{2,n} < . . . < u^{(α)}_{n,n}. (2.9) Śâăàèĺľ łőíääĺæĺěŋâ L_n(x, α) àăćěŋ (−1)^n/n!. Śőčńăáŋő (2.8) ĺ (2.3) ŕàĺ n ≥ 2 ĺňěěň R(L_n(·, α), L_{n−1}(·, α)) = R(L_{n−1}(·, α), L_n(·, α)) = = ( (−1)^{n−1} (n − 1)! )_{n n−1} ∏ j=1 L_n ( u^{(α)}_{j,n−1}, α ) =

= ( 1 (n − 1)! )_{n n−1}∏ j=1 [ − n − 1 + α n L_{n−2} ( u^{(α)}_{j,n−1}, α )] =

= (−1)^{n−1} ( n − 1 + α n )_{n−1} ( 1 (n − 1)!

)_2 ×

× ( (−1)^{n−1} (n − 1)! )_{n−2 n−1} ∏ j=1 L_{n−2} ( u^{(α)}_{j,n−1}, α ) = = (−1)^{n−1} ( n − 1 + α n )_{n−1} ( 1 (n − 1)!

)_2 R(L_{n−1}(·, α), L_{n−2}(·, α)). Ŕőáńěďőćăâěńìŋő ŕàĺňěŋïï íâő áőőâŋőèěŋĺě ĺ ãçĺâëćăï àăćěŋáâćő R(L_1(·, α), L_0(·, α)) = 1, ŕàĺåőďĺň ł äőàňãńě

R(L_n(·, α), L_{n−1}(·, α)) = (−1)^{n(n−1)/2} n−1∏ k=1 [ 1 (k!)^2 ( k + α k + 1 )_k] =

= (−1)^{n(n−1)/2} n∏ k=1 k^{k−2n+1} n−1∏ k=1 (k + α)^k . (2.10)

Ňë ćőáŕőńìğőćăńĺáì âěň, çâő n−1∏ k=1 k! = n−1∏ k=1 k^{n−k} . 2.6. Ćëçĺáńĺň ďĺáłàĺňĺŋăŋâ D(Ln(·, α)) ŕőńĺŋőňă Ln(x, α).

Ŋăŕőňŋĺň, çâő ďĺáłàĺňĺŋăŋâőň ŕőńĺŋőňă P_n(x) á ŋěŋãńěćëň áâăàèĺň łőíääĺæĺěŋâőň a_n ĺ łőàŋïňĺ x_1, . . . , x_n ŋăğëćăěâáï ćëàăęěŋĺě D(P_n) = a^{2n−2}_n ∏ 1≤i<j≤n (x_j − x_i)^2.

Ŕàĺ íâőň [3, c. 300]

D(P_n) = (−1)^{n(n−1)/2}a^{−1}_n R(P_n, P^′_n). (2.11)

Ďńï ŕőńĺŋőňőć Ńăčěààă áőčńăáŋő (2.2), (2.4) ĺ (2.9) ĺňěěň R(L_n(·, α), L^′_n(·, α)) = ( (−1)^n n! )_{n−1 n}∏ i=1 L^′_n ( u^{(α)}_{i,n} , α ) =

= ( (−1)^n n! )_{n−1 n}∏ i=1 [ − n + α u^{(α)}_{i,n} L_{n−1} ( u^{(α)}_{i,n} , α ) ] =

= (−1)^n(n + α)^n [_n ∏ i=1 u^{(α)}_{i,n} ]_{−1} R(L_n(·, α), L_{n−1}(·, α)). (2.12) Ŕő âěőàěňě Ćĺěâă_n ∏ i=1 u^{(α)}_{i,n} = n∏ k=1 (k + α). (2.13)

Şçĺâëćăï (2.12), (2.13) ĺ (2.10), ŋă őáŋőćăŋĺĺ (2.11) ŕőńãçăěň D(L_n(·, α)) = n∏ k=1 [ k^{k−2n+2}(k + α)^{k−1} ] . (2.14)

2.7. Őçěćĺďŋő, çâő ďĺáłàĺňĺŋăŋâ D(Ln(·, α)) ĺ őŕàěďěńĺ-

âěńì Ćăŋďěàňőŋďă V ( u^{(α)}_{1,n}, . . . , u^{(α)}n,n ) ŋă łőàŋïå ŕőńĺŋőňă Ńăčěààă L_n(x, α) áćïğăŋë áőőâŋőèěŋĺěň

D(L_n(·, α)) = [( (−1)^n n! )_{n−1} V ( u^{(α)}_{1,n}, . . . , u^{(α)}_{n,n} ) ]_2 .

Őâáîďă ć áĺńã (2.14) ĺ (2.9) áńěďãěâ, çâő V ( u^{(α)}_{1,n}, . . . , u^{(α)}_{n,n} ) = [_n ∏ k=1 k^k (k + α)^{k−1} ]_{1/2} . (2.15)

3. Őąőąéěŋĺě ğăďăçĺ (1.1). Ěďĺŋáâćěŋŋőáâì àěèěŋĺï

Ŕàĺ n = 1 ďńï ńîąőčő ŕńăŋă (x_0, x_1) ğăďăçĺ (1.1) ĺňěěň

V (x_0, x_1) = x_1 − x_0 ≤ x_1 + x_0 ≤ A.

Řăćěŋáâćő V (x_0, x_1) = A ďőáâĺčăěâáï âőńìłő ŕàĺ x^∗_0 = 0, x^∗_1 = A. Šăłĺň őąàăğőň, (x^∗_0, x^∗_1) = (0, A) | ěďĺŋáâćěŋŋëľ őŕâĺňăńìŋëľ ŕńăŋ ĺ V (x^∗_0, x^∗_1) = A.

Šőâ ęě àěğãńìâăâ áńěďãěâ ĺ ĺğ âěőàěňë, ěáńĺ ãçěáâì, çâő ć ďăŋŋőň áńãçăě

L_2(x) = 1 2 (x^2 − 4x + 2), L^′_2(x) = x − 2.

Ěďĺŋáâćěŋŋëľ łőàěŋì ŕőńĺŋőňă L^′_2(x) àăćěŋ 2. Śőčńăáŋő âěőàěňě cx^∗_1 = 2, čďě c = 2A^{−1}, âăł çâő x^∗_1 = A. Ŕàăćăï çăáâì äőàňãńë (1.2) àăćŋă A. Ć ďăńìŋěľèěň áçĺâăěň, çâő n ≥ 2.

Őçěćĺďŋő, çâő àěèěŋĺě ğăďăçĺ (1.1) áãéěáâćãěâ. Ąőńěě âőčő, ěáńĺ (x^∗_0, x^∗_1, . . . , x^∗_n) | őŕâĺňăńìŋëľ ŕńăŋ, âő ć áĺńã (1.3) ŋěőąåőďĺňő x^∗_0 = 0. Ğăďăçă (1.1) áćőďĺâáï ł ňăłáĺňĺğăæĺĺ äãŋłæĺĺ

W (x_1, . . . , x_n) = n∏ i=1 x_i ∏ 1≤i<j≤n (x_j − x_i). Ććěďñň ąőńěě őąéãî äãŋłæĺî

W_p(x_1, . . . , x_n) = n∏ i=1 x^p_i ∏ 1≤i<j≤n (x_j − x_i), p > 0, ĺ àăááňőâàĺň ŕàĺ n ≥ 2 íłáâàěňăńìŋãî ğăďăçã W_p(x_1, . . . , x_n) −→ max,

0 ≤ x_1 ≤ . . . ≤ x_n, (3.1)

x_1 + . . . + x_n n ≤ A. Őâňěâĺň, çâő

V (0, x_1, . . . , x_n) = W (x_1, . . . , x_n) = W_1(x_1, . . . , x_n), (3.2) W_p(λx_1, . . . , λx_n) = λ^{np+n(n−1)/2}W_p(x_1, . . . , x_n). (3.3) Ňë ãáâăŋőćĺň, çâő ğăďăçă (3.1) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě ĺ çâő łőňŕőŋěŋâăňĺ őŕâĺňăńìŋőčő ŕńăŋă (x^∗_1, . . . , x^∗_n) ïćńïîâáï łőàŋĺ ŕőńĺŋőňă L_n(cx, 2p − 1), čďě c = [n + (2p − 1)] A^{−1}.

Őçěćĺďŋő, çâő àěèěŋĺě ğăďăçĺ (3.1) áãéěáâćãěâ. Łàőňě âőčő, ěáńĺ (x^∗_1, x^∗_2, . . . , x^∗_n) | őŕâĺňăńìŋëľ ŕńăŋ, âő ŋěőąåőďĺňő 0 < x^∗_1 < < . . . < x^∗_n ĺ x^∗_1 + . . . + x^∗_n n = A. (3.4)

Ŕőáńěďŋěě àăćěŋáâćő áćïğăŋő áő áćőľáâćőň (3.3) æěńěćőľ äãŋłæĺĺ.

Ŕőłăęěň, çâő àěèěŋĺě ğăďăçĺ (3.1) ěďĺŋáâćěŋŋő. Ďńï íâőčő ććěďñň ć R^n őâłàëâőě ćëŕãłńőě ňŋőęěáâćő U = { ξ = (x_1, . . . , x_n) | | 0 < x_1 < . . . < x_n}. Ńěňňă 3.1. Ťãŋłæĺï Fp(ξ) = − ln Wp(ξ) áâàőčő ćëŕãłńă ŋă U.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺňěěň F_p(ξ) = −p n∑ i=1 ln x_i − ∑ 1≤i<j≤n ln(x_j − x_i) =: pS_0(ξ) + S_1(ξ).

Ćőğìňñň ďćě àăğńĺçŋëě âőçłĺ ξ_0 = ( x^{(0)}_1 , . . . , x^{(0)}n ) ĺ ξ_1 = = ( x^{(1)}_1 , . . . , x^{(1)}n ) ĺğ U. Ŋěâàãďŋő ŕàőćěàĺâì, çâő

⟨S^′_0(ξ_1) − S^′_0(ξ_0) , ξ_1 − ξ_0⟩ = n∑ k=1

( x^{(1)}_k − x^{(0)}_k

)_2

x^{(0)}_k x^{(1)}_k > 0.

İâő čăàăŋâĺàãěâ áâàőčãî ćëŕãłńőáâì S_0(ξ) ŋă U.

Ďăńěě, ŕőńőęĺň h_k = x^{(1)}_k − x^{(0)}_k ĺ ğăŕĺèěň

⟨S^′_1(ξ_1) − S^′_1(ξ_0) , ξ_1 − ξ_0⟩ = = − n∑ k=1 h_k n∑ i=1_{i6}=_k ( 1 x^{(1)}_k − x^{(1)}_i − 1 x^{(0)}_k − x^{(0)}_i ) =

= n∑ k=1 n∑ i=1_{i6}=_k h_k (h_k − h_i) ( x^{(1)}_k − x^{(1)}_i ) ( x^{(0)}_k − x^{(0)}_i ) =

= (_{n−1} ∑ k=1 n∑ i=k+1 + n−1∑ i=1 n∑ k=i+1 ) h_k (h_k − h_i) ( x^{(1)}_k − x^{(1)}_i ) ( x^{(0)}_k − x^{(0)}_i ) =

= n−1∑ k=1 n∑ i=k+1 h_k (h_k − h_i) + h_i(h_i − h_k ) ( x^{(1)}_k − x^{(1)}_i ) ( x^{(0)}_k − x^{(0)}_i ) =

= n−1∑ k=1 n∑ i=k+1 (h_i − h_k )^2 ( x^{(1)}_i − x^{(1)}_k ) ( x^{(0)}_i − x^{(0)}_k ) ≥ 0. İâő čăàăŋâĺàãěâ ćëŕãłńőáâì S_1(ξ) ŋă U.

Šěŕěàì őçěćĺďŋő, çâő ŕàĺ ńîąőň p > 0 äãŋłæĺï F_p(ξ) = = pS_0(ξ) + S_1(ξ) áâàőčő ćëŕãłńă ŋă U. Ńěňňă ďőłăğăŋă.

Ćěàŋñňáï ł ğăďăçě (3.1) ĺ ďőŕãáâĺň, çâő ã ŋěñ ĺňěîâáï ďćă àăğńĺçŋëå àěèěŋĺï ξ_0 ĺ ξ_1. Łăł őâňěçăńőáì, ĺ ξ_0, ĺ ξ_1 ŕàĺŋăďńěęăâ ňŋőęěáâćã U. Ŕàĺ íâőň

W_p(ξ_0) = W_p(ξ_1) =: W^∗_p > 0.

Ććěďñň ćěłâőà ξ_∗ = (ξ_0 + ξ_1)/2, łőâőàëľ âăłęě ŕàĺŋăďńěęĺâ U ć áĺńã ćëŕãłńőáâĺ íâőčő ňŋőęěáâćă. Ąőńěě âőčő, ξ_∗ ïćńïěâáï ŕńăŋőň ğăďăçĺ (3.1). Śőčńăáŋő ńěňňě 3.1 ĺňěěň

− ln W_p(ξ_∗) = F_p(ξ_∗) = F_p ( ξ_0 + ξ_1 2 ) < 1 2 [F_p(ξ_0) + F_p(ξ_1)] = = − 1 2 [ln W_p(ξ_0) + ln W_p(ξ_1)] = − ln W^∗_p .

Őâáîďă áńěďãěâ, çâő W_p(ξ_∗) > W^∗_p . Ŋő íâő ŕàőâĺćőàěçĺâ őŕàěďěńěŋĺî W^∗_p .

Ěďĺŋáâćěŋŋőáâì àěèěŋĺï ğăďăçĺ (3.1) ãáâăŋőćńěŋă.

4. Ŋěőąåőďĺňőě ãáńőćĺě őŕâĺňăńìŋőáâĺ

Ğăďăçă (3.1) | íâő łőŋěçŋőňěàŋăï íłáâàěňăńìŋăï ğăďăçă á ńĺŋěľŋëňĺ őčàăŋĺçěŋĺïňĺ, ĺňěîéăï ěďĺŋáâćěŋŋőě àěèěŋĺě ξ_∗ = = (x^∗_1, x^∗_2, . . . , x^∗_n). Śőáâăćĺň ŕőńĺŋőň

ω(x) = (x − x^∗_1)(x − x^∗_2) · · · (x − x^∗_n).

Ńěňňă 4.1. Ŕőńĺŋőň ω(x) ãďőćńěâćőàïěâ ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî xy^{′′} + (2p − cx)y^′ + cny = 0, (4.1) čďě c { ŋěłőâőàăï ŕőńőęĺâěńìŋăï łőŋáâăŋâă.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Őąőğŋăçĺň G(ξ) = x_1 + x_2 + . . . + x_n n − A. Ŋă őŕâĺňăńìŋőň ŕńăŋě ξ_∗ ńĺèì őčàăŋĺçěŋĺě G(ξ) ≤ 0 ğăďăçĺ (3.1) ïćńïěâáï ăłâĺćŋëň. Ŕő âěőàěňě Łãŋă|Šăłłěàă [4, á. 88] ŋăľďěâáï çĺáńő λ ≥ 0, âăłőě, çâő

W^′_p(ξ_∗) = λG^′(ξ_∗). (4.2)

Ćëçĺáńĺň čàăďĺěŋâ æěńěćőľ äãŋłæĺĺ. Ĺňěěň

W_p(ξ) = x^p_k (x_k − x_1) · · · (x_k − x_{k−1})(x_{k+1} − x_k ) · · · (x_n − x_k)η_k (ξ),

čďě ćëàăęěŋĺě η_k(ξ) ŋě ğăćĺáĺâ őâ ŕěàěňěŋŋőľ x_k . Ďĺääěàěŋæĺàãï ŕő x_k, ŕőńãçăěň ∂ ∂x_k W_p(ξ) = W_p(ξ) [ p x_k + 1 x_k − x_1 + . . . + 1 x_k − x_{k−1} +

+ 1 x_k − x_{k+1} + . . . + 1 x_k − x_n ] . (4.3)

Ŕőłăęěň, çâő n∑ i=1_{i6}=_k 1 x^∗_k − x^∗_i = ω^{′′} (x^∗_k) 2ω^′ (x^∗_k)

. (4.4)

Ććěďěň ŕőńĺŋőň

g_k(x) = (x − x^∗_1) · · · (x − x^∗_{k−1})(x^∗_{k+1} − x) · · · (x^∗_n − x).

Őçěćĺďŋő, çâő g_k(x) > 0 ć őłàěáâŋőáâĺ âőçłĺ x^∗_k. Ŕőáłőńìłã ω(x) = (−1)^{n−k} (x − x^∗_k )g_k(x), âő ω^′(x) = (−1)^{n−k} [g_k(x) + (x − x^∗_k )g^′_k(x)],

ω^{′′}(x) = (−1)^{n−k} [2g^′_k(x) + (x − x^∗_k)g^{′′}_k (x)]. Ğŋăçĺâ,

ω^′(x^∗_k) = (−1)^{n−k} g_k(x^∗_k ), ω^{′′}(x^∗_k) = 2(−1)^{n−k} g^′_k(x^∗_k ) ĺ ω^{′′} (x^∗_k ) 2ω^′ (x^∗_k ) = g^′_k(x^∗_k ) g_k(x^∗_k )

= [ln g_k(x)]^′_{x=x}�_k =

= [ln(x−x^∗_1)+. . .+ln(x−x^∗_{k−1})+ln(x^∗_{k+1} −x)+. . .+ln(x^∗_n −x)]^′_{x=x}�_k = = 1 x^∗_k − x^∗_1 + . . . + 1 x^∗_k − x^∗_{k−1} + 1 x^∗_k − x^∗_{k+1} + . . . + 1 x^∗_k − x^∗_n . Ťőàňãńă (4.4) ãáâăŋőćńěŋă.

Ŕőńőęĺň W^∗_p = W_p(ξ_∗). Ŋă őáŋőćăŋĺĺ (4.3) ĺ (4.4) ŕőńãçăěň ∂ ∂x_k W_p(ξ_∗) = W^∗_p [ p x^∗_k + ω^{′′} (x^∗_k ) 2ω^′ (x^∗_k ) ] , k = 1, 2, . . . , n. Ŕěàěŕĺèěň ãáńőćĺě Łãŋă|Šăłłěàă (4.2) ć ŕőłőňŕőŋěŋâŋőň ćĺďě: W^∗_p [ p x^∗_k + ω^{′′} (x^∗_k) 2ω^′ (x^∗_k) ] = λ n , k = 1, 2, . . . , n. (4.5)

Őąőğŋăçĺň c = 2λ ( nW^∗_p )_{−1} . Śőčńăáŋő (4.5)

x^∗_k ω^{′′}(x^∗_k ) + (2p − cx^∗_k )ω^′(x^∗_k ) = 0, k = 1, 2, . . . , n. (4.6)

Łăł őâňěçăńőáì, çĺáńő λ ŋěőâàĺæăâěńìŋő. Ŋă áăňőň ďěńě, őŋő ŕőńőęĺâěńìŋő. Ďěľáâćĺâěńìŋő, ć ŕàőâĺćŋőň áńãçăě c = 0, ĺ ŕőńĺŋőň xω^{′′}(x) + 2pω^′(x) áâěŕěŋĺ n − 1 ĺňěěâ n łőàŋěľ x^∗_1, . . . , x^∗_n. Ŋő íâő ŋěćőğňőęŋő, ŕőáłőńìłã áâăàèĺľ łőíääĺæĺěŋâ ďăŋŋőčő ŕőńĺŋőňă, àăćŋëľ n(n − 1 + 2p), őâńĺçěŋ őâ ŋãńï. Ĺâăł, λ > 0 ĺ, áńěďőćăâěńìŋő, c > 0.

Ććěďěň ŕőńĺŋőň f(x) = xω^{′′}(x) + (2p − cx)ω^′(x). Őŋ ĺňěěâ áâěŕěŋì n ĺ áőčńăáŋő (4.6) őąàăéăěâáï ć ŋőńì ć âőçłăå x^∗_1, x^∗_2, . . . , x^∗_n. Ŕőáłőńìłã ěčő áâăàèĺľ łőíääĺæĺěŋâ àăćěŋ (−cn), âő f(x) = −cn(x − x^∗_1)(x − x^∗_2) · · · (x − x^∗_n) = −cnω(x). Şçĺâëćăï őŕàěďěńěŋĺě f(x), ŕàĺåőďĺň ł âőęďěáâćã xω^{′′}(x) + (2p − cx)ω^′(x) + cnω(x) = 0. (4.7) Ŕőáńěďŋěě ĺ őğŋăçăěâ, çâő ŕőńĺŋőň ω(x) ãďőćńěâćőàïěâ ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî (4.1). Ńěňňă ďőłăğăŋă.

5. Řěèěŋĺě ğăďăç (3.1) ĺ (1.1)

Ŋăŕőňŋĺň, çâő ŕőńĺŋőň Ńăčěààă L_n(x, α) ãďőćńěâćőàïěâ ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî (2.6). Ŕőńőęĺň α_p = 2p − 1. Ďńï ŕőńĺŋőňă g(x) = L_n(cx, α_p) ĺňěěň xg^{′′}(x) + (2p − cx)g^′(x) + cng(x) = = c [cxL^{′′}_n(cx, α_p) + (α_p + 1 − cx)L^′_n(cx, α_p)+ +nL_n(cx, α_p)] = 0, (5.1)

âő ěáâì ŕőńĺŋőň g(x) âăł ęě, łăł ĺ ω(x), ãďőćńěâćőàïěâ ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî (4.1).

Şňŋőęĺň (5.1) ŋă ω(x), (4.7) | ŋă g(x) ĺ ćëçâěň ĺğ ŕěàćőčő âőęďěáâćă ćâőàőě. Ŕőńãçĺň x(g^{′′}ω − gω^{′′}) + (2p − cx)(g^′ω − gω^′) = 0. (5.2)

Ďńï äãŋłæĺĺ h(x) = x^{2p}e^{−cx}[g^′(x)ω(x)−g(x)ω^′ (x)], ŋěŕàěàëćŋőľ ŋă [0, +∞), ŕàĺ x > 0 ć áĺńã (5.2) áŕàăćěďńĺćő âőęďěáâćő h^′(x) ≡ 0, âăł çâő h(x) ≡ const ŋă [0, +∞). Ŕőáłőńìłã h(0) = 0, âő h(x) ≡ 0 ŋă [0, +∞). Őâáîďă áńěďãěâ, çâő ŕàĺ ŕőńőęĺâěńìŋëå x g^′(x)ω(x) − g(x)ω^′(x) ≡ 0. Šěŕěàì őâňěâĺň, çâő ŕàĺ x > x^∗_n ćëŕőńŋïěâáï àăćěŋáâćő [ g(x) ω(x) ]_′ = g^′(x)ω(x) − g(x)ω^′(x) ω^2(x)

= 0.

Ğŋăçĺâ, g(x) = const · ω(x).

İâő àăćěŋáâćő ãáâăŋőćńěŋő ŕàĺ x > x^∗_n, ŋő ŕőáłőńìłã ć őąěĺå ěčő çăáâïå áâőïâ ăńčěąàăĺçěáłĺě ŕőńĺŋőňë, âő őŋő ćěàŋő ŕàĺ ćáěå ćěéěáâćěŋŋëå x. Şçĺâëćăï, çâő áâăàèĺľ łőíääĺæĺěŋâ ŕőńĺŋőňă g(x) = L_n(cx, α_p) àăćěŋ (−1)^nc^n/n!, ŕőńãçăěň L_n(cx, α_p) = (−1)^n n! c^nω(x). Ďăŋŋőě âőęďěáâćő ŕőğćőńïěâ áďěńăâì ŕàĺŋæĺŕĺăńìŋëľ ćëćőď ő âőň, çâő łőňŕőŋěŋâë őŕâĺňăńìŋőčő ŕńăŋă (x^∗_1, x^∗_2, . . . , x^∗_n) ğăďăçĺ (3.1) ïćńïîâáï łőàŋïňĺ ŕőńĺŋőňă L_n(cx, α_p). Šőçŋěě, cx^∗_i = u^{(αp )}_{i,n} , i = 1, 2, . . . , n. (5.3) Ŋăľďñň łőŋáâăŋâã c. Śőčńăáŋő (5.3) ĺ (3.4) n∑ i=1 u^{(αp)}_{i,n} = cnA. (5.4) Ŕő âěőàěňě Ćĺěâă ĺğ ïćŋőčő ŕàěďáâăćńěŋĺï (2.2) ŕőńĺŋőňă Ńăčěààă áńěďãěâ, çâő_n ∑ i=1 u^{(αp )}_{i,n} = n(n + α_p). Ŕőďáâăćńïï íâő ć (5.4), ŕőńãçăěň n(n + α_p) = cnA, âăł çâő

c = (n + α_p)A^{−1}.

Ćëçĺáńĺň ňăłáĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ć ğăďăçě (3.1). Śőčńăáŋő (5.3), (3.3), (2.13) ĺ (2.15) ĺňěěň

W_p (x^∗_1, x^∗_2, . . . , x^∗_n) = W_p ( c^{−1}u^{(αp)}_{1,n} , c^{−1}u^{(αp)}_{2,n} , . . . , c^{−1}u^{(αp)}_{n,n} ) = = ( A n + α_p )_{n(n+2p−1)/2 n}∏ i=1 ( u^{(αp)}_{i,n} )_p V ( u^{(αp)}_{1,n} , u^{(αp)}_{2,n} , . . . , u^{(αp)}_{n,n} ) =

= ( A n + α_p )_{n(n+αp)/2 n}∏ k=1 (k + α_p)^p [_n ∏ k=1 k^k (k + α_p)^{k−1} ]_{1/2} =

= ( A n + α_p )_{n(n+αp)/2} [_n∏ k=1 k^k (k + α_p)^{k+αp} ]_{1/2} . (5.5)

Ğăďăçă (3.1) àěèěŋă ŕőńŋőáâìî.

Ŕàĺ p = 1 ğăďăçă (3.1) ŕěàěåőďĺâ ć ğăďăçã (1.1) á x_0 = 0. Şçĺâëćăï àăćěŋáâćő α_1 = 1, ŋă őáŋőćăŋĺĺ (3.2) ğăłńîçăěň, çâő łőňŕőŋěŋâăňĺ őŕâĺňăńìŋőčő ŕńăŋă (x^∗_0, x^∗_1, . . . , x^∗_n) ğăďăçĺ (1.1) ąãďãâ łőàŋĺ ŕőńĺŋőňă xL_n(cx, 1), ĺńĺ, ć áőőâćěâáâćĺĺ á (2.5), ŕőńĺŋőňă xL^′_{n+1}(cx), čďě c = (n + 1) A^{−1}. Ňăłáĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ (1.1) ćëçĺáńïěâáï áőčńăáŋő äőàňãńăň (3.2) ĺ (5.5):

V (x^∗_0, x^∗_1, . . . , x^∗_n) = W_1(x^∗_1, . . . , x^∗_n) = = [( A n + 1 )_{n(n+1) n}∏ k=1 k^k (k + 1)^{k+1} ]_{1/2} =

= ( A^n (n + 1)^{n−1} )_{(n+1)/2 n} ∏ k=1 k^k .

Ş ł ă ğ ă â ě ń ì ń ĺ â ě à ă â ã à ë

1. Śěčñ Č. Őàâőčőŋăńìŋëě ňŋőčőçńěŋë. Ň.: Ťĺğňăâčĺğ, 1962. 500 á.

2. Śãěâĺŋ Ŕ. Ł. Łńăááĺçěáłĺě őàâőčőŋăńìŋëě ňŋőčőçńěŋë. Ĺğď. 2-ě. Ň.: Ŋăãłă, 1979. 416 á.

3. Ťăďďěěć Ď. Ł. Ńěłæĺĺ ŕő ăńčěąàě. Ň.: Ŋăãłă, 1984. 416 á. 4. Čăćãàĺŋ Ň. Ł., Ňăńőğñňőć Ć. Ŋ. İłáâàěňăńìŋëě ğăďăçĺ á ńĺŋěľŋëňĺ őčàăŋĺçěŋĺïňĺ. Ń.: Ĺğď-ćő ŃČŞ, 1984. 176 á.