SPb. Math. Society Preprint 1999-20 09 Nov 1999

ŞĎŁ 519.677

ĆĚĽĆŃĚŠŊŐĚ ŘĂĞŃŐĘĚŊĹĚ ŔŘŐŚŠŘĂŊŚŠĆĂ ĎĹŚŁŘĚŠŊŻŢ ŔĚŘĹŐĎĹŮĚŚŁĹŢ ŚŔŃĂĽŊŐĆ^1 Ć. Ă. Łĺàãèěć, Ć. Ŋ. Ňăńőğěňőć, Ă. Ą. Ŕěćŋëľ 1. Ŕãáâì m, n, r | ŋăâãàăńìŋëě çĺáńă ĺ N = mn. Ŕőńőęĺň u(k) = n^2 ŕàĺ k = 0, ( sin πk m / sin πk N )_2 ŕàĺ k = 1, . . . , N − 1. Ťãŋłæĺï æěńőçĺáńěŋŋőčő ăàčãňěŋâă

Q_r(j) = 1 N N �1∑ k=0 u^r(k)ω^{jk}_N , j ∈ Z, (1) čďě ω_N = exp(2πi/N), ŋăğëćăěâáï ďĺáłàěâŋëň ŕěàĺőďĺçěáłĺň Báŕńăľŋőň ŕőàïďłă r [1]. Ďĺáłàěâŋëľ ŕěàĺőďĺçěáłĺľ áŕńăľŋ ŕőàïďłă r őŕàěďěńïěâáï łăł ńĺŋěľŋăï łőňąĺŋăæĺï á łőňŕńěłáŋëňĺ łőíääĺæĺěŋâăňĺ áďćĺčőć B-áŕńăľŋă S(j) = m�1∑ p=0 c(p)Q_r(j − pn). (2) Ňŋőęěáâćő ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áŕńăľŋőć ŕőàïďłă r őąőğŋăçĺň çěàěğ S^m_r . Őçěćĺďŋő, çâő S^1_r ěáâì ŕàőáâàăŋáâćő łőňŕńěłáŋëå łőŋáâăŋâ, ă S^N_r = C_N , čďě C_N | ŕàőáâàăŋáâćő łőňŕńěłáŋőğŋăçŋëå N-ŕěàĺőďĺçěáłĺå ŕőáńěďőćăâěńìŋőáâěľ (áĺčŋăńőć). Ĺŋďěłá m ã S^m_r őąőğŋăçăěâ àăğňěàŋőáâì íâőčő ńĺŋěľŋőčő ŕàőáâàăŋáâćă.

1Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ, čàăŋâ ò96{01{00269.

Ć ďăŋŋőľ ğăňěâłě ć ŕàőáâàăŋáâćě S^m_r ŕőáâàőěŋ őàâőčőŋăńìŋëľ ąăğĺá. Ś ěčő ŕőňőéìî ŕàĺ m = 2^t ŕőńãçěŋő ćěľćńěâŋőě àăğńőęěŋĺě ŕàőáâàăŋáâćă S^m_r . Ćëćěďěŋë àěłãààěŋâŋëě äőàňãńë ďńï ŕěàěåőďă őâ àăğńőęěŋĺï ŕő őàâőčőŋăńìŋőňã ąăğĺáã ł ćěľćńěâŋőňã àăğńőęěŋĺî ĺ àěłãààěŋâŋëě äőàňãńë ďńï őąàăâŋőčő ŕěàěåőďă.

2. Ŕőńőęĺň

μ_k(j) = 1 m m�1∑ p=0 Q_r(j − pn)ω^{kp}_m , k = 0, 1, . . . , m − 1. Ńěňňă 1. Śŕàăćěďńĺćă äőàňãńă

μ_k(j) = 1 N n�1∑ l=0 u^r(lm + k)ω^{j(lm+k)}_N , k = 0, 1, . . . , m − 1. (3) Ďőłăğăâěńìáâćő. Śőčńăáŋő (1)

μ_k(j) = 1 mN m�1∑ p=0 (_N �_1 ∑ s=0 u^r(s)ω^{(j}�^{pn)s} N ) ω^{kp}_m = 1 N N �1∑ s=0 u^r(s)ω^{js}_N { 1 m m�1∑ p=0 ω^{p(k}�^{s)} m } . Ćőáŕőńìğãěňáï äőàňãńőľ 1 m m�1∑ p=0 ω^{jp}_m = δ_m(j), (4)

čďě δ_m(j) | ěďĺŋĺçŋëľ m-ŕěàĺőďĺçŋëľ ĺňŕãńìá, àăćŋëľ ěďĺŋĺæě ŕàĺ j = 0 ĺ ŋãńî ŕàĺ j = 1, . . . , m − 1. Ŕőńãçĺň

μ_k(j) = 1 N N �1∑ s=0 δ_m(k − s)u^r(s)ω^{js}_N = 1 N n�1∑ l=0 u^r(lm + k)ω^{j(lm+k)}_N . Ńěňňă ďőłăğăŋă.

Śőčńăáŋő őŕàěďěńěŋĺî u(k) ĺňěěň u(m) = u(2m) = · · · = u ( (n − 1)m ) = 0.

Őâáîďă ĺ ĺğ ńěňňë 1 áńěďãěâ, çâő

μ_0(j) = 1 N n�1∑ l=0 u^r(lm)ω^{jl}_n ≡ 1 N n^{2r}. Ććěďěň ć C_N áłăńïàŋőě ŕàőĺğćěďěŋĺě ⟨x, y⟩ = N �1∑ j=0 x(j)y(j) ĺ ŋőàňã ‖x‖ = ⟨x, x⟩^{1/2}.

Šěőàěňă 1. Śĺčŋăńë^{μ_k(j)^{}m}�^1_{k=0} őąàăğãîâ őàâőčőŋăńìŋëľ

ąăğĺá ć ŕàőáâàăŋáâćě S^m_r .

Ďőłăğăâěńìáâćő. Őçěćĺďŋő, çâő ćáě μ_k ŕàĺŋăďńěęăâ S^m_r . Ŕàőćěàĺň ĺå őàâőčőŋăńìŋőáâì. Ŕàĺ k ≠ s ĺňěěň ć áĺńã (3) ĺ (4) ⟨μ_k, μ_s⟩ = 1 N n�1∑ p,q=0 u^r(pm + k)u^r(qm + s)δ_N (pm + k − qm − s). Ŕőáłőńìłã k ≠ s ĺ k, s = 0, 1, . . . , m − 1, âő ŕőáńěďőćăâěńìŋőáâĺ ĺŋďěłáőć {pm + k} ĺ {qm + s} ŋě ĺňěîâ őąéĺå âőçěł ĺ ŋě ćëåőďïâ ĺğ ňŋőęěáâćă {0, 1, . . . , N − 1}. Ğŋăçĺâ, ŕàăćăï çăáâì ć ŕőáńěďŋěľ äőàňãńě àăćŋă ŋãńî. Őàâőčőŋăńìŋőáâì áĺáâěňë {μ_k}^m�^1_{k=0} ãáâăŋőćńěŋă.

Őáâăěâáï ãçěáâì, çâő łőńĺçěáâćő äãŋłæĺľ μ_k áőćŕăďăěâ á àăğňěàŋőáâìî ŕàőáâàăŋáâćă S^m_r . Šěőàěňă ďőłăğăŋă.

Őâňěâĺň, çâő

‖μ_k‖^2 = 1 N n�1∑ l=0 u^{2r}(lm + k). Ńěňňă 2. Ŕàĺ k = 1, . . . , m − 1 áŕàăćěďńĺćő àăćěŋáâćő

μ_m�_k(j) = μ_k(j), j ∈ Z. (5)

Ďőłăğăâěńìáâćő. Ć áĺńã őŕàěďěńěŋĺï u(k) ĺňěěň u(N − k) =

u(k) ŕàĺ k = 1, . . . , N − 1. Őâáîďă áńěďãěâ, çâő B-áŕńăľŋ Q_r(j) ŕàĺŋĺňăěâ âőńìłő ćěéěáâćěŋŋëě ğŋăçěŋĺï.

Ďăńěě

μ_m�_k(j) = 1 m m�1∑ p=0 Q_r(j − pn)ω�^{(m}�^{k)p} m = μ_k(j). İâő àăćěŋáâćő àăćŋőáĺńìŋő (5). Ńěňňă ďőłăğăŋă.

Śĺčŋăń x ∈ C_N ŋăğëćăěâáï çěâŋëň, ěáńĺ x(N − j) = x(j) ŕàĺ ćáěå j ∈ Z.

Ŕàĺ äĺłáĺàőćăŋŋőň j ∈ Z ŕàőďőńęĺň μ_k(j) ŕő ĺŋďěłáã k ŕěàĺőďĺçěáłĺ á ŕěàĺőďőň m. Śőčńăáŋő ńěňňě 2 ŕőáńěďőćăâěńìŋőáâì { μ_k(j) } ąãďěâ çěâŋőľ ŕő k.

Ńěňňă 3. Ŕàĺ ćáěå æěńëå k, l áŕàăćěďńĺćő àăćěŋáâćő μ_k(j − ln) = ω�^{kl}_m μ_k(j), j ∈ Z. (6) Ďěľáâćĺâěńìŋő, μ_k(j − ln) = 1 m m�1∑ p=0 Q_r ( j − (l + p)n ) ω^{k(l+p)}�^{kl} m = ω�^{kl}_m μ_k(j). Ńěňňă 4. Ŕãáâì k ∈ {1, . . . , m−1} ĺ s | ŋăâãàăńìŋőě çĺáńő.

Ěáńĺ ŕàőĺğćěďěŋĺě ks ŋě ďěńĺâáï ŋă m, âő N �1∑ j=0 [ μ_k(j) ]_s = 0.

Ďőłăğăâěńìáâćő őáŋőćăŋő ŋă âőň, çâő áőčńăáŋő (6) ĺ (4) N �1∑ j=0 [ μ_k(j) ]_s = m�1∑ l=0 n�1∑ q=0 [ μ_k(q + ln) ]_s

= m�1∑ l=0 ω^{lks}_m n�1∑ q=0 [ μ_k(q) ]_s = mδ_m(ks) n�1∑ q=0 [ μ_k(q) ]_s .

Ć çăáâŋőáâĺ, ŕàĺ k = 1, . . . , m − 1, k ≠ m/2, áŕàăćěďńĺćő àăćěŋáâćő_N �1∑ j=0 [ μ_k(j) ]_2 = 0.

Őâňěâĺň, çâő ŕàĺ çěâŋőň m

μ_{m/2}(j) = 1 m m�1∑ p=0 (−1)^pQ_r(j − pn). 3. Ć ďăńìŋěľèěň áçĺâăěň, çâő m = 2^t. Ŕőńőęĺň mν = m/2^ν ,

n_ν = 2^νn. Ć íâőň áńãçăě m_νn_ν = N ŕàĺ ćáěå ν = 0, 1, . . . , t.

Őąőğŋăçĺň çěàěğ μ^ν_k őàâőčőŋăńìŋëě áŕńăľŋë, áőőâćěâáâćãîéĺě ŕăàăňěâàăň m_ν, n_ν . Ć çăáâŋőáâĺ, μ^0_k = μ_k. Śńěďãîéăï ńěňňă ĺčàăěâ äãŋďăňěŋâăńìŋãî àőńì ć ćőŕàőáăå ďěłőňŕőğĺæĺĺ ŕàőáâàăŋáâćă S^m_r .

Ńěňňă 5. Ŕàĺ ν = 0, 1, . . . , t − 1 áŕàăćěďńĺćă àěłãààěŋâŋăï

äőàňãńă

μ^{ν+1}_k (j) = c^ν(k)μ^ν_k(j) + c^ν(k + m_{ν+1})μ^ν_{k+m˚+1} (j), (7) čďě c^ν (k) = (2 cos πk/m_ν )^{2r}.

Ďőłăğăâěńìáâćő. Ŕàĺ k = 0 äőàňãńă (7) ŕàĺŋĺňăěâ ćĺď

μ^{ν+1}_0 (j) = 2^{2r}μ^ν_0 (j). Őŋă ćěàŋă, ŕőáłőńìłã μ^ν_0(j) ≡^1_N n^{2r}_ν .

Ŕãáâì k = 1, . . . , m_{ν+1} − 1. Šőčďă

μ^{ν+1}_k (j) = 1 N n_˚+1�1∑

l=0 u^r(lm_{ν+1} + k)ω^{j(lm˚+1 +k)} N = 1 N ( sin πk m_{ν+1} )_{2r 2n˚}�_1∑ l=0 ( sin π(lm_{ν+1} + k) N )�_{2r} ω^{j(lm˚+1+k)} N . Ŕőáńěďŋîî áãňňã àăğőąìěň ŋă ďćě áãňňë | ŕő çěâŋëň ĺŋďěłáăň l = 2s ĺ ŕő ŋěçěâŋëň l = 2s + 1, s = 0, 1, . . . , n_ν − 1. Ŕőńãçĺň

μ^{ν+1}_k (j) = 1 N ( sin 2πk m_ν )_{2r n˚}�_1∑ s=0 ( sin π(sm_ν + k) N )�_{2r} ω^{j(sm˚ +k)} N + 1 N ( sin 2πk m_ν )_{2r n˚} �_1∑ s=0 ( sin π(sm_ν + k + m_{ν+1}) N )�_{2r} ω^{j(sm˚ +k+m˚+1)} N .

Šăł łăł sin 2πk m_ν = 2 cos πk m_ν sin πk m_ν ĺ sin 2πk m_ν = − sin

2π(k + m_{ν+1}) m_ν = −2 cos π(k + m_{ν+1}) m_ν sin π(k + m_{ν+1}) m_ν , âő μ^{ν+1}_k (j) = c^ν(k)μ^ν_k(j) + c^ν(k + m_{ν+1})μ^ν_{k+m˚+1} (j).

Ńěňňă ďőłăğăŋă.

Ĺğ íâőľ ńěňňë, ć çăáâŋőáâĺ, áńěďãěâ, çâő S^{m˚+1}r ⊂ S^{m˚}_r ŕàĺ ν = 0, 1, . . . , t − 1.

4. Ććěďěň ďĺáłàěâŋëě áŕńăľŋë

w^{ν+1}_k (j) = d^ν (k)μ^ν_k(j) + d^ν (k + m_{ν+1})μ^ν_{k+m˚+1} (j), (8)

čďě d^ν (k) = ω^k_{m˚} c^ν (k + m_{ν+1}) ‖μ^ν_{k+m˚+1} ‖^2. Őçěćĺďŋő, çâő w^{ν+1}_k ∈ S^{m˚}_r .

Ńěňňă 6. Śŕńăľŋë^{w^{ν+1}_k^{}m˚+1}�^1_{k=0} őąàăğãîâ őàâőčőŋăńìŋãî

áĺáâěňã. Ŕàĺ íâőň ⟨w^{ν+1}_k , μ^{ν+1}_s ⟩ = 0 ŕàĺ ćáěå k, s = 0, 1, . . . , m_{ν+1} − 1 ĺ ‖w^{ν+1}_k ‖ = ‖μ^ν_k‖ ‖μ^ν_{k+m˚+1} ‖ ‖μ^{ν+1}_k ‖. (9) Ďőłăğăâěńìáâćő. Řăćěŋáâćă ⟨w^{ν+1}_k , w^{ν+1}_s ⟩ = 0 ĺ ⟨w^{ν+1}_k , μ^{ν+1}_s ⟩ = 0 ŕàĺ k ≠ s, k, s = 0, 1, . . . , m_{ν+1} − 1, áńěďãîâ ĺğ (7), (8) ĺ őàâőčőŋăńìŋőáâĺ áĺáâěňë {μ^ν_k}^{m˚}�^1_{k=0} . Őáâăěâáï ŕàőćěàĺâì, çâő ⟨w^{ν+1}_k , μ^{ν+1}_k ⟩ = 0. Ĺňěěň

⟨w^{ν+1}_k , μ^{ν+1}_k ⟩ = d^ν (k)c^ν(k)‖μ^ν_k‖^2 + d^ν (k + m_{ν+1})c^ν (k + m_{ν+1})‖μ^ν_{k+m˚+1} ‖^2 = c^ν(k)c^ν (k + m_{ν+1})‖μ^ν_k‖^2‖μ^ν_{k+m˚+1} ‖^2(ω^k_{m˚} + ω^{k+m˚+1}m_˚ ) = 0.

Ćëçĺáńěŋĺě ‖w^{ν+1}_k ‖^2 ŕàőćőďĺâáï ŋěŕőáàěďáâćěŋŋő:

‖w^{ν+1}_k ‖^2 = | |dν (k) | |^2‖μν_k‖2 + | |dν(k + m_{ν+1}) | |^2‖μν_{k+m˚+1} ‖2

= ‖μ^ν_k‖^2‖μ^ν_{k+m˚+1} ‖^2 ([ c^ν(k + m_{ν+1})

]_2 ‖μ^ν_{k+m˚+1} ‖^2 + [ c^ν(k) ]_2 ‖μ^ν_k‖^2 ) = ‖μ^ν_k‖^2‖μ^ν_{k+m˚+1} ‖^2‖μ^{ν+1}_k ‖^2.

Ŕőáńěďŋěě àăćěŋáâćő àăćŋőáĺńìŋő (9). Ńěňňă ďőłăğăŋă.

Őâňěâĺň, çâő d^ν (0) = 0 ĺ d^ν (m_ν − k) = d^ν(k). Šăłĺň őąàăğőň, m_ν-ŕěàĺőďĺçěáłăï ŕőáńěďőćăâěńìŋőáâì { d^ν(k) } ïćńïěâáï çěâŋőľ.

Ŋěâàãďŋő âăłęě ŕàőćěàĺâì, çâő ŕàĺ äĺłáĺàőćăŋŋőň j ∈ Z m_{ν+1}- ŕěàĺőďĺçěáłăï ŕő k ŕőáńěďőćăâěńìŋőáâì { w^{ν+1}_k (j) } ąãďěâ çěâŋőľ.

Ŕàĺ íâőň w^{ν+1}_0 (j) = −2^{2r}‖μ^ν_0‖^2μ^ν_{m˚+1} (j).

Ŋăň ŕőâàěąãěâáï ěéě őďŋő áćőľáâćő, ńěčłő áńěďãîéěě ĺğ (6) ĺ (8):

w^{ν+1}_k (j − ln_{ν+1}) = d^ν (k)μ^ν_k(j − 2ln_ν ) + d^ν(k + m_{ν+1})μ^ν_{k+m˚+1} (j − 2ln_ν )

= ω�^{kl}_{m˚+1} w^{ν+1}_k (j). (10)

5. Őąőğŋăçĺň çěàěğ W^{m˚+1}r ńĺŋěľŋãî őąőńőçłã, ŋăâïŋãâãî

ŋă áŕńăľŋë w^{ν+1}_k , k = 0, 1, . . . , m_{ν+1} − 1. Śőčńăáŋő ńěňňě 6 ŕàőáâàăŋáâćő S^{m˚}_r ňőęŋő àăááňăâàĺćăâì łăł őàâőčőŋăńìŋãî áãňňã ŕőďŕàőáâàăŋáâć S^{m˚+1}r ĺ W^{m˚+1}r : S^{m˚}_r = S^{m˚+1}r ⊕ W^{m˚+1}r .

Řăğńőęĺň S^m_r = S^{m0}r ŕő áåěňě

S^{m0}r → S^{m1}r → S^{m2}r → . . . → S^{mt}_r ↘ ↘ ↘ ↘ W^{m1}r W^{m2}r . . . W^{mt}_r

Ŕàĺďěň ł äőàňãńě

S^m_r = S^{mt}_r ⊕ W^{mt}_r ⊕ W^{mt}�^1r ⊕ · · · ⊕ W^{m1}r . (11)

Ğďěáì S^{mt}_r = S^1_r | őďŋőňěàŋőě łőňŕńěłáŋőě ŕàőáâàăŋáâćő á őąàăğãîéěľ äãŋłæĺěľ μ^t_0(j) ≡ N^{2r}�^1.

6. Ććěďěň ć W^{m˚+1}r ćěľćńěâŋëľ ąăğĺá. Ďńï íâőčő ŕőńőęĺň

θ^{ν+1}_r (j) = 1 √ m_{ν+1} m_˚+1�1 ∑ k=0 w^{ν+1}_k (j) ‖w^{ν+1}_k ‖ . (12)

Őçěćĺďŋő, çâő θ^{ν+1}_r ∈ W^{m˚+1}r .

Ńěňňă 7. Śďćĺčĺ θ^{ν+1}_r (j − ln_{ν+1}), l = 0, 1, . . . , m_{ν+1} − 1, őąàă-

ğãîâ ćěéěáâćěŋŋëľ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć W^{m˚+1}r .

Ďőłăğăâěńìáâćő. Śőčńăáŋő (10)

θ^{ν+1}_r (j − ln_{ν+1}) = 1 √ m_{ν+1} m_˚+1�1 ∑ k=0 ω�^{kl}_{m˚+1} ‖w^{ν+1}_k ‖ w^{ν+1}_k (j).

Ďăńěě ⟨ θ^{ν+1}_r (· − ln_{ν+1}), θ^{ν+1}_r (· − sn_{ν+1}) ⟩ = 1 m_{ν+1} m_˚+1�1 ∑ k=0 ω^{k(s}�^{l)}

m_˚+1 = δm˚+1 (s − l).

Šěň áăňëň, ãáâăŋőćńěŋő, çâő áŕńăľŋë θ^{ν+1}_r (j − ln_{ν+1}), l = 0, 1, . . . , m_{ν+1} − 1, ŕàĺŋăďńěęăâ ŕőďŕàőáâàăŋáâćã W^{m˚+1}_r ĺ őąàăğãîâ ć ŋěň őàâőŋőàňĺàőćăŋŋëľ ąăğĺá.

Ŕőłăęěň, çâő äãŋłæĺï θ^{ν+1}_r (j) ŕàĺŋĺňăěâ âőńìłő ćěéěáâćěŋŋëě ğŋăçěŋĺï. Ďńï íâőčő ŕěàěŕĺèěň äőàňãńã (12) á ãçěâőň (8) ć ćĺďě

θ^{ν+1}_r (j) = 1 √ m_{ν+1} m_˚ �1∑

k=0 d^ν(k) ‖w^{ν+1}_k ‖ μ^ν_k(j). (13)

Őąőğŋăçĺň σ^ν (k) = d^ν(k) / (√ m_{ν+1} ‖w^{ν+1}_k ‖ ) . Őâňěâĺň, çâő ŕőáńěďőćăâěńìŋőáâì { σ^ν(k) } ïćńïěâáï çěâŋőľ. Ŕő őŕàěďěńěŋĺî

μ^ν_k(j) = 1 m_ν m_˚ �1∑

p=0 Q^ν_r (j − pn_ν)ω^{kp}_{m˚} , (14)

čďě Q^ν_r | B-áŕńăľŋ, áőőâćěâáâćãîéĺľ ŕăàăňěâàăň m_ν, n_ν. Ŕőďáâăćĺć (14) ć (13), ŕőńãçĺň

θ^{ν+1}_r (j) =

m_˚ �1∑

p=0 b^ν(p)Q^ν_r (j − pn_ν). Ğďěáì b^ν(p) = m�^1_ν

∑_{m˚} �_1

k=0 σ^ν (k)ω^{kp}_{m˚} . Ŕőáłőńìłã { σ^ν (k) } | çěâŋăï ŕőáńěďőćăâěńìŋőáâì, âő łőíääĺæĺěŋâë b^ν(p) ćěéěáâćěŋŋë. Báŕńăľŋ Q^ν_r âăłęě ŕàĺŋĺňăěâ âőńìłő ćěéěáâćěŋŋëě ğŋăçěŋĺï. Ğŋăçĺâ, ĺ ćěľćńěâ θ^{ν+1}_r (j) ŕàĺŋĺňăěâ âőńìłő ćěéěáâćěŋŋëě ğŋăçěŋĺï. Ńěňňă ďőłăğăŋă.

Ŋăŕőňŋĺň, çâő d^ν(0) = 0, ŕőíâőňã äőàňãńã (13) ňőęŋő ğăŕĺáăâì âăł: θ^{ν+1}_r (j) =

m_˚ �1∑

k=1 σ^ν(k)μ^ν_k(j). Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő

∑_N �_1

j=0 θ^{ν+1}_r (j) = 0.

Őąêěďĺŋïï äőàňãńã (11) ĺ ńěňňã 7, ŕàĺåőďĺň ł őáŋőćŋőňã àěğãńìâăâã | ćěľćńěâŋőňã àăğńőęěŋĺî ŕàőáâàăŋáâćă S^m_r .

Šěőàěňă 2. Ŕàĺ m = 2^t ńîąőľ áŕńăľŋ S ∈ S^m_r ďőŕãáłăěâ

ŕàěďáâăćńěŋĺě S(j) = α + t∑ ν=1 m_˚ �1∑

l=0 β^ν (l)θ^ν_r (j − ln_ν ). (15)

7. Ŕő-ŕàěęŋěňã áçĺâăěň, çâő m = 2^t. Ćőğìňěň ďĺáłàěâŋëľ

ŕěàĺőďĺçěáłĺľ áŕńăľŋ S(j) ćĺďă (2) ĺ ŕőńőęĺň ξ^0(k) = m�1∑ p=0 c(p)ω�^{kp}_m . Ŕőńãçĺň S(j) = m0�1∑ k=0 ξ^0(k)μ^0_k(j). (16) Ćňěáâě á âěň, áŕńăľŋ S ďőŕãáłăěâ ŕàěďáâăćńěŋĺě S(j) = m1�1∑ k=0 ξ^1(k)μ^1_k(j) + m1�1∑ l=0 β^1(l)θ^1_r (j − ln_1). (17) Ćëćěďěň äőàňãńë ŕěàěåőďă őâ àăğńőęěŋĺï (16) ł àăğńőęěŋĺî (17). Ĺňěěň

ξ^1(s)‖μ^1_s‖^2 = ⟨S, μ^1_s ⟩ =

⟨^m0�^1∑ k=0 ξ^0(k)μ^0_k, c^0(s)μ^0_s + c^0(s + m_1)μ^0_{s+m1} ⟩

= ξ^0(s)c^0(s)‖μ^0_s‖^2 + ξ^0(s + m_1)c^0(s + m_1)‖μ^0_{s+m1} ‖^2.

Őâáîďă áńěďãěâ, çâő

ξ^1(k) = c^0(k)

‖μ^0_k‖^2 ‖μ^1_k‖^2 ξ^0(k) + c^0(k + m_1)

‖μ^0_{k+m1}‖^2 ‖μ^1_k‖^2 ξ^0(k + m_1).

Ďăńěě

β^1(s) = ⟨ S, θ^1_r (· − sn_1) ⟩ = ⟨^m0�^1∑ k=0 ξ^0(k)μ^0_k, m0�1∑ k=0 d^0(k)ω�^{ks}_{m1} √ m_1 ‖w^1_k‖ μ^0_k ⟩

= m0�1∑ k=0 d^0(k)‖μ^0_k‖^2 √ m_1 ‖w^1_k‖ ξ^0(k)ω^{ks}_{m1} .

Ŕőńőęĺň η^1 = F_{m1} (β^1), čďě F_{m1} | ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ťãàìě ŕőàïďłă m_1. Łőňŕőŋěŋâë áĺčŋăńă η^1 ćëçĺáńïîâáï ŕő äőàňãńě

η^1(l) = m0�1∑ k=0 d^0(k)‖μ^0_k‖^2 √ m_1 ‖w^1_k‖ ξ^0(k) m1�1∑ s=0 ω^{s(k}�^{l)} m1 = √m_1 m0�1∑ k=0 d^0(k)‖μ^0_k‖^2 ‖w^1_k‖ ξ^0(k)δ_{m1}(k − l)

= √m_1

‖μ^0_l ‖ ‖μ^0_{l+m1} ‖ ‖μ^1_l ‖ [ c^0(l + m_1)ξ^0(l) − c^0(l)ξ^0(l + m_1) ] ω�^l_{m0}. Ňë ćőáŕőńìğőćăńĺáì őŕàěďěńěŋĺěň d^0(k) ĺ äőàňãńőľ (9). Ćěłâőà łőíääĺæĺěŋâőć β^1 ćőááâăŋăćńĺćăěâáï âěŕěàì ŕő äőàňãńě őąàăéěŋĺï β^1 = F�^1_{m1} (η^1).

Ć őąéěň áńãçăě ďńï àăğńőęěŋĺï áŕńăľŋă S ∈ S^m_r ŕő ćěľćńěâŋőňã ąăğĺáã ňőęŋő ĺáŕőńìğőćăâì áńěďãîéãî àěłãààěŋâŋãî áåěňã:

ξ^{ν+1}(k) = c^ν (k) ‖μ^ν_k‖^2 ‖μ^{ν+1}_k ‖^2 ξ^ν(k) + c^ν (k + m_{ν+1})

‖μ^ν_{k+m˚+1} ‖^2

‖μ^{ν+1}_k ‖^2 ξ^ν(k + m_{ν+1}),

η^{ν+1}(k) = √ m_{ν+1} ‖μ^ν_k‖ ‖μ^ν_{k+m˚+1} ‖ ‖μ^{ν+1}_k ‖ × [ c^ν (k + m_{ν+1})ξ^ν(k) − c^ν(k)ξ^ν(k + m_{ν+1}) ] ω�^k_{m˚} .

Ğďěáì k = 0, 1, . . . , m_{ν+1} − 1, ν = 0, 1, . . . , t − 1. Ć àěğãńìâăâě ŕàĺďěň ł ŕàěďáâăćńěŋĺî (15), ć łőâőàőň α = ξ^t(0)μ^t_0(j) = ξ^t(0)N^{2r}�^1 ĺ β^ν = F�^1_{m˚} (η^ν) ŕàĺ ν = 1, . . . , t.

8. Řăááňőâàĺň őąàăâŋãî ğăďăçã ŕěàěåőďă őâ ŕàěďáâăćńěŋĺï (15)

á α = ξ^t(0)N^{2r}�^1 ł ŕàěďáâăćńěŋĺî (16). Śďěńăěň ŕőáńěďŋĺľ èăč ŕàěőąàăğőćăŋĺï. Ś ãçěâőň (7) ĺ (13) ĺňěěň m1�1∑ k=0 ξ^1(k)μ^1_k(j) = m0�1∑ k=0 ξ^1(k)c^0(k)μ^0_k(j); m1�1∑ l=0 β^1(l)θ^1_r (j − ln_1) = m1�1∑ l=0 β^1(l) m0�1∑ k=0 d^0(k)ω�^{kl}_{m1} √ m_1 ‖w^1_k‖ μ^0_k(j) = m0�1∑ k=0 d^0(k) √ m_1 ‖w^1_k‖ μ^0_k(j) m1�1∑ l=0 β^1(l)ω�^{kl}_{m1} = m0�1∑ k=0 ω^k_{m0} c^0(k + m_1)‖μ^0_{k+m1} ‖ √ m_1 ‖μ^0_k‖ ‖μ^1_k‖ η^1(k)μ^0_k(j),

čďě η^1 = F_{m1}(β^1). Śńěďőćăâěńìŋő, S(j) = m0�1∑ k=0 [ c^0(k)ξ^1(k) + ω^k_{m0} c^0(k + m_1)‖μ^0_{k+m1} ‖ √ m_1 ‖μ^0_k‖ ‖μ^1_k‖ η^1(k) ] μ^0_k(j).

Ć őąéěň áńãçăě ŕàěőąàăğőćăŋĺě łőíääĺæĺěŋâőć ćëŕőńŋïěâáï ŕő äőàňãńě

ξ^ν(k) = c^ν(k)ξ^{ν+1}(k) + ω^k_{m˚} c^ν (k + m_{ν+1})‖μ^ν_{k+m˚+1} ‖ √ m_{ν+1} ‖μ^ν_k‖ ‖μ^{ν+1}_k ‖ η^{ν+1}(k). Ğďěáì k = 0, 1, . . . , m_ν − 1, ν = t − 1, t − 2, . . . , 0. Śçĺâăěň, çâő ŕőáńěďőćăâěńìŋőáâĺ á ĺŋďěłáőň ν + 1 ŕàőďőńęěŋë ŕěàĺőďĺçěáłĺ á ŕěàĺőďőň m_{ν+1}.

9. Ŋă àĺá. 1 ŕàěďáâăćńěŋë čàăäĺłĺ ćěľćńěâőć θ^5_2(j), θ^4_2(j), . . . ,

θ^1_2(j) ŕàĺ m = 32 = 2^5 ĺ n = 3.

10. Ć ŋěŕàěàëćŋőň áńãçăě ăŋăńőčĺçŋëě ćőŕàőáë àăááňăâàĺ-

ćăńĺáì ć àăąőâăå [2, 3, 4]. Šěőàĺï łàăâŋő-ňăáèâăąŋőčő ăŋăńĺğă ŕàőáâàăŋáâćă C_N ŕőáâàőěŋă ć [5].

0 12 24 36 48 60 72 84 96 j θ^5_2(j)

0 12 24 36 48 60 72 84 96 j θ^4_2(j)

0 12 24 36 48 60 72 84 96 j θ^3_2(j)

0 12 24 36 48 60 72 84 96 j θ^2(j)

0 12 24 36 48 60 72 84 96 j θ^1_2(j)

Řĺá. 1

ŚŔĹŚŐŁ ŰĹŠĹŘŐĆĂŊŊŐĽ ŃĹŠĚŘĂŠŞŘŻ

[1] Behr M. G., Malozemov V. N., Pevnyi A. B. A discrete version of spline-operational calculus. In: International Conference on Optimization of Finite Element Approximations. Abstracts. St. Petersburg. 1995. P. 35.

[2] Masaru Kamada, Kazuo Toraichi, Ryoichi Mori. Periodic spline orthogonal bases // J. Approx. Theory. 1988. V. 55. ò 1. P. 27{34.

[3] Ęěńãďěć Ć. Ă. Ő ćěľćńěâăå ŋă ąăğě ŕěàĺőďĺçěáłĺå áŕńăľŋőć // Ďőłń. ŘĂŊ. 1994. Š. 335. ò 1. Ś. 9{13.

[4] Narcowich F. J., Ward J. D. Wavelets associated with periodic basis functions // Appl. Comput. Harmonic Anal. 1996. V. 3. ò 1. P. 40{56.

[5] Ŕěâãåőć Ă. Ŕ. Ŕěàĺőďĺçěáłĺě ďĺáłàěâŋëě ćáŕńěáłĺ // Ăńčěąàă ĺ ăŋăńĺğ. 1996. Š. 8. Ćëŕ. 3. Ś. 151{183.