ŐĄŐĄŹĚŊŊŻĚ ĆĚĽĆŃĚŠŊŻĚ ĄĂĞĹŚŻ, ŚĆ§ĞĂŊŊŻĚ Ś ĎĹŚŁŘĚŠŊŻŇ ŔŘĚŐĄŘĂĞŐĆĂŊĹĚŇ ĆĹŃĚŊŁĹŊĂ|ŁŘĚŚŠĚŊŚŐŊĂ

© Ć. Ŋ. Ňăńőğěňőć, Ś. Ň. Ňăèăàáłĺľ

Ŋă őáŋőćě ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă ŕőáâàőěŋë ďćě àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěá-łĺå áĺčŋăńőć ŕàĺ N = n^s. Ŕőłăğăŋő, łăł á ĺå ŕőňőéìî áäőàňĺàőćăâì őąőąéěŋŋëě ćěľćńěâ-ŕăłěâë. Ďěâăńìŋő ĺğãçěŋë ćěľćńěâŋëě ąăğĺáë Ţăăàă|Łàěáâěŋáőŋă, áćïğăŋŋëě á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ ĺ ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Ćëïáŋěŋă áâàãłâãàă ćěľćńěâŋëå ŕőďŕàőáâàăŋáâć. Ćëćěďěŋë äőàňãńë ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ.

Łńîçěćëě áńőćă: äăłâőàĺğăæĺï ňăâàĺæ, ďĺáłàěâŋëě äãŋłæĺĺ Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă, őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, ąëáâàëě ăńčőàĺâňë.

Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě ŘŤŤĹ, čàăŋâ ò 99-01-00747.

Ććěďěŋĺě

Ąëáâàőě ŕàěőąàăğőćăŋĺě Ťãàìě (ĄŔŤ) áëčàăńő ĺ ŕàőďőńęăěâ ĺčàăâì ğăňěâŋãî àőńì ć àăğćĺâĺĺ ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă [1, 2]. Ŕàĺ ďńĺŋě ŕěàĺőďă N, àăćŋőľ 2^s, őáŋőćŋëň ćăàĺăŋâőň ĄŔŤ ïćńïěâáï ăńčőàĺâň Łãńĺ|Šìîłĺ [3]. Ć ŋěďăćŋĺå àăąőâăå [4, 5] ŕàěďńőęěŋ ŋőćëľ ŕőďåőď ł ăńčőàĺâňã Łãńĺ|Šìîłĺ, ŕàĺ łőâőàőň àěğãńìâăâë ŕàőňěęãâőçŋëå ćëçĺáńěŋĺľ ĺŋâěàŕàěâĺàãîâáï łăł łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő ŋěłőâőàëň ŕàőňěęãâőçŋëň ąăğĺáăň. İâő ŕőğćőńĺńő ŕőáâàőĺâì ďćě àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě áĺčŋăńőć, ĺ, áőőâćěâáâćěŋŋő, ďćă ŋőćëå ćěľćńěâ-ŕăłěâă. Ć çăáâŋőáâĺ, ćëïáŋĺńőáì, çâő ć ŕàőæěááě ćëçĺáńěŋĺï áŕěłâàă Ťãàìě ńîąőčő áĺčŋăńă ćëçĺáńïěâáï ĺ ěčő áŕěłâà Ţăăàă. Ć [6] á ăŋăńőčĺçŋëå ŕőğĺæĺľ ŕàőăŋăńĺğĺàőćăŋő ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Şőńèă.

Ć ďăŋŋőľ áâăâìě őąőąéăîâáï àěğãńìâăâë àăąőâë [6] ŋă áńãçăľ N = n^s. Ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć áâàőïâáï ďćě àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć, áőőâćěâáâćãîéĺě ŕàőàěęĺćăŋĺî ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺî ŕő ćàěňěŋĺ. Ťĺŋăńìŋëň ąăğĺáőň ć őąěĺå ŕőáńěďőćăâěńìŋőáâïå ïćńïěâáï ďĺáłàěâŋëľ ąăğĺá Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă. Řěçì ŕőľďěâ ŋě âőńìłő ő äőàňăńìŋőň őąőąéěŋĺĺ | çěâçě ćëàĺáőćëćăěâáï áãâì ďěńă. Őŋă ğăłńîçăěâáï ć âőň, çâő ŕàőňěęãâőçŋëě ąăğĺáë ŕőàőęďăîâáï äăłâőàĺğăæĺěľ ňăâàĺæë Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă. İääěłâĺćŋëě àăáçěâŋëě äőàňãńë ŕőńãçăîâáï ŕãâěň ĺáŕőńìğőćăŋĺï ĺŋďěłáŋőľ âěåŋĺłĺ, łőčďă ŕàĺ ãňŋőęěŋĺĺ àăğàěęěŋŋőľ ňăâàĺæë ŋă ćěłâőà ãąĺàăîâáï ćáě őŕěàăæĺĺ á ŋãńěćëňĺ íńěňěŋâăňĺ ňăâàĺæë. Ŕőáńě ŕőáâàőěŋĺï ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ěáâěáâćěŋŋëň őąàăğőň äőàňĺàãěâáï őąőąéěŋŋëľ ćěľćńěâ-ŕăłěâ.

Ŕàőłőňňěŋâĺàãěň áőďěàęăŋĺě áâăâìĺ ŕő àăğďěńăň. Ć àăğď. 1 ŕàĺćőďïâáï ŋěőąåőďĺňëě áćěďěŋĺï ő äãŋłæĺïå ĺ ňăâàĺæě Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă [7{10]. Ňăâàĺæă Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă ĺňěěâ ŕőàïďőł N = n^s ĺ ïćńïěâáï s-ľ łàőŋěłěàőćőľ áâěŕěŋìî ňăâàĺæë Ťãàìě ŕőàïďłă n. Őŋă áâăŋďăàâŋëň ŕàĺěňőň àăğńăčăěâáï ŋă ňŋőęĺâěńĺ (äăłâőàĺğãěâáï) [11], ŕàĺçěň áőňŋőęĺâěńĺ ć âăłőň àăğńőęěŋĺĺ ďőŕãáłăîâ ŕěàěáâăŋőćłã ć ńîąőň ŕőàïďłě. Ćëďěńïîâáï ďćă ŕőàïďłă áőňŋőęĺâěńěľ, áőőâćěâáâćãîéĺě ć ãáâőïćèěľáï âěàňĺŋőńőčĺĺ ŕàőàěęĺćăŋĺî ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺî ŕő ćàěňěŋĺ.

Ć àăğď. 2 ĺ 3 ŋă őáŋőćě ćëďěńěŋŋëå äăłâőàĺğăæĺľ ňăâàĺæë Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă áâàőïâáï ďćě àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s. Ŕőńãçěŋë ïćŋëě äőàňãńë ďńï ąăğĺáŋëå áĺčŋăńőć. Ŕőłăğăŋő, çâő ąăğĺáŋëě áĺčŋăńë łăęďőčő ãàőćŋï àăğąĺćăîâáï ŋă ąńőłĺ, ć łăęďőň ĺğ łőâőàëå áĺčŋăńë àăğńĺçăîâáï ńĺèì áďćĺčőň ăàčãňěŋâă.

Ć àăğď. 4 őŕĺáăŋë ć ïćŋőň ćĺďě ąëáâàëě ăńčőàĺâňë àăğńőęěŋĺï áĺčŋăńă ŕő ćáěň ŕàőňěęãâőçŋëň ąăğĺáăň. Ŋă ğăłńîçĺâěńìŋőň íâăŕě ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺï ŕő ąăğĺáã Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă. Ďăŋ áâàőčő ňăâěňăâĺçěáłĺľ ăŋăńĺğ ŕőŋïâĺï çăáâőâë ďńï ďĺáłàěâŋëå äãŋłæĺľ Ćĺńěŋłĺŋă| Łàěáâěŋáőŋă, ććěďěŋŋőčő ŋă ĺŋâãĺâĺćŋőň ãàőćŋě ć ňőŋőčàăäĺĺ [9, c. 79{84].

Ć àăğď. 5 ĺ 6 ŕőłăğëćăěâáï, łăł, ŕőńìğãïáì ŕőáńěďőćăâěńìŋőáâìî őàâőčőŋăńìŋëå ąăğĺáőć, áäőàňĺàőćăâì őąőąéěŋŋëľ ćěľćńěâŕăłěâ. Ďěâăńìŋő ĺááńěďãîâáï ćěľćńěâŋëě ąăğĺáë Ţăăàă|Łàěáâěŋáőŋă, áćïğăŋŋëě á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ (àăğď. 5) ĺ ŕàőàěęĺćăŋĺěň ŕő çăáâőâě (àăğď. 6). Śńãçăľ ŕàőàěęĺćăŋĺï ŕő ćàěňěŋĺ ĺğãçăěâáï, ŕő-ćĺďĺňőňã, ćŕěàćëě (ŕàĺ n = 2 őŋ àăááňăâàĺćăńáï ć [12]). Ćëïáŋïěâáï áâàãłâãàă ćěľćńěâŋëå ŕőďŕàőáâàăŋáâć. Ćëćőďïâáï äőàňãńë ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ.

Ć àăğď. 7 ŕàěďáâăćńěŋë ďćă őąőąéěŋŋëå łàăâŋő-ňăáèâăąŋëå ăŋăńĺğă ŕő őáŋőćăŋĺî n ŕàőáâàăŋáâćă ďĺáłàěâŋëå N-ŕěàĺőďĺ-çěáłĺå áĺčŋăńőć ŕàĺ N = n^s, łőâőàëě ŕàĺćőďïâ ł ąăğĺáăň Ţăăàă|Łàěáâěŋáőŋă. Šěň áăňëň ãáâăŋőćńěŋă áćïğì ŕőńãçěŋŋëå àěğãńìâăâőć á őąéěľ ćěľćńěâŋőľ âěőàĺěľ [13{15].

Śńãçăľ n = 2 ĺááńěďőćăńáï ć [16, 17, 6, 13, 15] ĺ ďàãčĺå àăąőâăå.

1. Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï

1.1. Őąőğŋăçĺň çěàěğ C N ńĺŋěľŋőě ŕàőáâàăŋáâćő łőňŕńěłá-

ŋőğŋăçŋëå N-ŕěàĺőďĺçěáłĺå ŕőáńěďőćăâěńìŋőáâěľ x = {x(j)},

j ∈ Z. İńěňěŋâë ŕàőáâàăŋáâćă C N ąãďěň ŋăğëćăâì áĺčŋăńăňĺ.

Ć C N őąëçŋëň áŕőáőąőň ććőďĺâáï áłăńïàŋőě ŕàőĺğćěďěŋĺě ⟨x, y⟩ = N−1∑ j=0 x(j) y(j) ĺ ŋőàňă ‖x‖ = ⟨x, x⟩^{1/2}. Ěďĺŋĺçŋëň N-ŕěàĺőďĺçěáłĺň ĺňŕãńìáőň ŋăğëćăěâáï áĺčŋăń δ_N (j), àăćŋëľ 1, łőčďă j ďěńĺâáï ŋă N, ĺ àăćŋëľ 0 ŕàĺ őáâăńìŋëå j ∈ Z. Śĺáâěňă áďćĺčőć δ_N (j), δ_N (j − 1), . . . , δ_N (j − N + 1) őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć C_N , âăł çâő ńîąőľ áĺčŋăń x ďőŕãáłăěâ ŕàěďáâăćńěŋĺě x(j) = N−1∑ k=0 x(k) δ_N (j − k) ∀j ∈ Z. (1.1) Ŕőńőęĺň u_k(j) = ω^{kj}_N , čďě ω_N = exp(2πi/N) | łőàěŋì N-ľ áâěŕěŋĺ ĺğ 1. Śĺčŋăńë u_0(j), u_1(j), . . . , u_{N−1}(j) őąàăğãîâ ěéě őďĺŋ őàâőčőŋăńìŋëľ ąăğĺá ć C_N . Őàâőčőŋăńìŋőáâì áńěďãěâ ĺğ íńěňěŋâăàŋőľ äőàňãńë 1 N N−1∑ j=0 ω^{pj}_N = δ_N (p) ∀p ∈ Z. (1.2)

Őçěćĺďŋő, çâő ‖u_k‖^2 = N ŕàĺ ćáěå k = 0, 1, . . ., N − 1. Ńîąőľ áĺčŋăń x ňőęŋő ŕàěďáâăćĺâì ć ćĺďě x(j) = N−1∑ k=0 X(k) u_k(j) ∀j ∈ Z, čďě X(k) = N^{−1}⟨x, u_k⟩.

1.2. Ć ďăńìŋěľèěň áçĺâăěň, çâő N = n^s, čďě n ĺ s | ŋăâã-

àăńìŋëě çĺáńă, őâńĺçŋëě őâ ěďĺŋĺæë. Ďńï k ĺğ {0, 1, . . ., N − 1} ğăŕĺáì k = (k_{s−1}, k_{s−2}, . . . , k_0)_n őğŋăçăěâ, çâő k = k_{s−1}n^{s−1} + k_{s−2}n^{s−2} + · · · + k_0.

Ğďěáì k_ν ∈ {0, 1, . . . , n − 1} ŕàĺ ćáěå ν = 0, 1, . . . , s − 1. Ćőğìňěň ěéě j ∈ {0, 1, . . . , N − 1}, j = (j_{s−1}, j_{s−2}, . . . , j_0)_n ĺ ŕőńőęĺň {k, j}_s = s−1∑ ν=0 k_ν j_ν.

Śĺčŋăńë v_k(j) = ω^{{k,j}s}_n , k = 0, 1, . . ., N − 1, (1.3) ŋăğëćăîâáï ďĺáłàěâŋëňĺ äãŋłæĺïňĺ Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă. Ťőàňãńőľ (1.3) áĺčŋăńë v_k(j) őŕàěďěńěŋë ŋă őáŋőćŋőň ŕěàĺőďě j ∈ {0, 1, . . . , N − 1}. Ďăńěě őŋĺ ŕàőďőńęăîâáï N-ŕěàĺőďĺçěáłĺ ŋă ćáě æěńëě j ∈ Z.

Ŕàěďńőęěŋĺě 1.1. Śĺčŋăńë v0, v1, . . . , vN−1 őąàăğãîâ őàâőčő-

ŋăńìŋëľ ąăğĺá ć C_N . Ŕàĺ íâőň ‖v_k‖^2 = N ŕàĺ ćáěå k = 0, 1, . . . , N − 1. Ďőłăğăâěńìáâćő. Ŕàĺ k, l ∈ {0, 1, . . ., N −1} áőčńăáŋő (1.2) ĺňěěň ⟨v_k, v_l⟩ = N−1∑ j=0 ω^{{k,j}s −{l,j}s} n = n−1∑ j_{s−}1=0 · · · n−1∑ j0=0 ω P_{s−1ν=0(kν −lν )jν} n =

= s−1∏ ν=0 n−1∑ j_ν =0 ω^{(kν −lν )jν} n = n^s s−1∏ ν=0 δ_n(k_ν − l_ν ).

Őâáîďă őçěćĺďŋëň őąàăğőň áńěďãěâ âàěąãěňőě. •

Őąőğŋăçĺň çěàěğ ⌊α⌋ æěńãî çăáâì ćěéěáâćěŋŋőčő çĺáńă α. Šőčďă ⟨k⟩_n := k − ⌊k/n⌋n ěáâì őáâăâőł őâ ďěńěŋĺï æěńőčő çĺáńă k ŋă n. Ŕãáâì k, l ∈ {0, 1, . . ., N − 1} ĺ k = (k_{s−1}, k_{s−2}, . . . , k_0)_n, l = (l_{s−1}, l_{s−2}, . . . , l_0)_n. Ŕőńőęĺň m_ν = ⟨k_ν + l_ν⟩_n ĺ m = (m_{s−1}, m_{s−2}, . . . , m_0)_n. Ůĺáńő m ŕőńãçěŋő ć àěğãńìâăâě ŕőàăğàïďŋőčő áńőęěŋĺï ŕő ňőďãńî n çĺáěń k ĺ l, ŕàěďáâăćńěŋŋëå áćőĺňĺ n-ĺçŋëňĺ łőďăňĺ. İâőâ äăłâ őąëçŋő ğăŕĺáëćăěâáï ć ćĺďě m = k ⊕_n l. Ŕàěďńőęěŋĺě 1.2. Ąăğĺá v0, v1, . . . , vN−1 ïćńïěâáï ňãńìâĺ-

ŕńĺłăâĺćŋëň ć âőň áňëáńě, çâő ŕàĺ k, l ∈ {0, 1, . . ., N − 1}

v_k(j) v_l(j) = v_m(j),

čďě m = k ⊕_n l.

Ďěľáâćĺâěńìŋő, ãçĺâëćăï, çâő ω^n = 1, ŕàĺ j ∈ {0, 1, . . . , N −1} ŕőńãçăěň v_k(j) v_l(j) = ω^{{k,j}s +{l,j}s} n = ω P_{s−1ν=0⟨kν +lν ⟩n jν} n = v_m(j).

1.3. Ććěďěň łćăďàăâŋãî ňăâàĺæã Bs á íńěňěŋâăňĺ B_s[k, j] = v_k(j), k, j = 0, 1, . . . , N − 1. (1.4) Őâňěâĺň, çâő ğďěáì ĺ ďăńěě ĺŋďěłáë áâàőł ĺ áâőńąæőć łćăďàăâŋőľ ňăâàĺæë ŕőàïďłă N ĺğňěŋïîâáï őâ 0 ďő N −1. Ŋăèěľ ąńĺęăľèěľ æěńìî ïćńïěâáï äăłâőàĺğăæĺï ňăâàĺæë B_s.

Őąőğŋăçĺň çěàěğ F_n ňăâàĺæã Ťãàìě n-čő ŕőàïďłă á íńěňěŋâăňĺ F_n[k, j] = ω^{kj}_n , k, j = 0, 1, . . . , n − 1, ĺ çěàěğ F^{[s]}n | ěě s-î łàőŋěłěàőćã áâěŕěŋì (áň., ŋăŕàĺňěà, [18, á. 80{82]).

Ŕàěďńőęěŋĺě 1.3. Śŕàăćěďńĺćő àăćěŋáâćő Bs = F^{[s]}n . Ďőłăğăâěńìáâćő. Ŋăŕőňŋĺň őąéĺľ äăłâ. Ěáńĺ łćăďàăâŋăï ňăâ-

àĺæă C ŕőàïďłă N = n^s àăćŋă łàőŋěłěàőćã ŕàőĺğćěďěŋĺî s łćăďàăâŋëå ňăâàĺæ A_1, A_2, . . . , A_s ŕőàïďłă n, â. ě. C = A_1 ⊗ A_2 ⊗ · · · ⊗ A_s, âő íńěňěŋâ ňăâàĺæë C á ĺŋďěłáăňĺ k = (k_{s−1}, k_{s−2}, . . . , k_0)_n, j = (j_{s−1}, j_{s−2}, . . . , j_0)_n ćëçĺáńïěâáï ŕő äőàňãńě

C[k, j] = A_1[k_{s−1}, j_{s−1}] A_2[k_{s−2}, j_{s−2}] · · · A_s[k_0, j_0]. (1.5)

Ŕőáłőńìłã F^{[s]}n = F_n ⊗ F_n ⊗ · · · ⊗ F_n

s àăğ

, âő ć áĺńã (1.3) ĺ (1.4)

F^{[s]}_n [k, j] = F_n[k_{s−1}, j_{s−1}] F_n[k_{s−2}, j_{s−2}] · · · F_n[k_0, j_0] = = ω^{{k,j}s}_n = v_k(j) = B_s[k, j]. Şâćěàęďěŋĺě ďőłăğăŋő. •

Ŕãáâì E_n | ěďĺŋĺçŋăï ňăâàĺæă n-čő ŕőàïďłă. Ŕàĺ ν = 1, 2, . . . , s ŕőńőęĺň T_ν = E_n ⊗ E_n ⊗ · · · ⊗ E_n (s � ν) àăğ ⊗F_n ⊗ E_n ⊗ E_n ⊗ · · · ⊗ E_n (ν � 1) àăğ .

Ŕàěďńőęěŋĺě 1.4. Ňăâàĺæă Bs ďőŕãáłăěâ äăłâőàĺğăæĺî

B_s = T_1 T_2 · · · T_s. (1.6)

Ďőłăğăâěńìáâćő. Ćőáŕőńìğãěňáï äőàňãńőľ

(A_1 ⊗ A_2 ⊗ · · · ⊗ A_s)(A_{s+1} ⊗ A_{s+2} ⊗ · · · ⊗ A_{2s}) =

= (A_1A_{s+1}) ⊗ (A_2A_{s+2}) ⊗ · · · ⊗ (A_sA_{2s}),

(1.7)

áŕàăćěďńĺćőľ ďńï ŕàőĺğćőńìŋëå łćăďàăâŋëå ňăâàĺæ A_1, A_2, . . . , A_{2s} ŕőàïďłă n. Śőčńăáŋő íâőľ äőàňãńě

T_1T_2 = (E_n ⊗ E_n ⊗ · · · ⊗ E_n

(s � 1) àăğ ⊗F_n)(E_n ⊗ · · · ⊗ E_n (s � 2) àăğă

⊗F_n ⊗ E_n) =

= E_n ⊗ · · · ⊗ E_n (s � 2) àăğă ⊗F_n ⊗ F_n. Šěŕěàì ïáŋő, çâő T_1 T_2 · · · T_s = F_n ⊗ F_n ⊗ · · · ⊗ F_n s àăğ

= F^{[s]}_n .

Őáâăěâáï áőáńăâìáï ŋă ŕàěďńőęěŋĺě 1.3. •

Ĺğ őŕàěďěńěŋĺï T_ν ĺ (1.7) áńěďãěâ, çâő T_ν T_μ = T_μT_ν ŕàĺ ν ≠ μ. İâő ğŋăçĺâ, çâő áőňŋőęĺâěńĺ ć ŕàăćőľ çăáâĺ (1.6) ňőęŋő ŕěàěáâăćĺâì ć ńîąőň ŕőàïďłě. Ć çăáâŋőáâĺ,

B_s = T_s T_{s−1} · · · T_1. (1.8)

2. Ŕěàćăï ŕőáńěďőćăâěńìŋőáâì ŕàőňěęãâőçŋëå ąăğĺáőć

2.1. Ŋă őáŋőćě àăğńőęěŋĺï (1.8) ŕőáâàőĺň ć C N ŕàĺ N = n^s

ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {f_ν (k; j)}^{N−1}_{k=0} , ν = 0, 1, . . . , s, âăł, çâőąë f_0(k; j) = δ_N (j − k) ĺ f_s(k; j) = v_k(j). Śĺčŋăńë f_ν (k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì f_ν (k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áĺčŋăńă f_ν = ( f_ν (0), f_ν (1), . . . , f_ν(N − 1) )_⊤ ĺ őŕàěďěńĺň ěčő äőàňãńőľ f_ν = T_ν T_{ν−1} · · · T_1 f_0, ν = 1, . . . , s. (2.1)

Śőčńăáŋő (1.8), f_s = B_sf_0. Ŕőńìğãïáì (1.4) ĺ (1.1), ŕěàěŕĺèěň ŕőáńěďŋěě àăćěŋáâćő ć àăğćěàŋãâőň ćĺďě:

f_s(k; j) = N−1∑ l=0 B_s[k, l] δ_N (j − l) = N−1∑ l=0 v_k(l) δ_N (j − l) = v_k(j).

Řăğąěàěňáï á ŕàőňěęãâőçŋëňĺ ąăğĺáăňĺ f_1, . . . , f_{s−1}. Őąőğŋăçĺň Q_ν = T_νT_{ν−1} · · · T_1.

Ńěňňă 2.1. Ŕàĺ ćáěå ν = 1, . . . , s áŕàăćěďńĺćă äőàňãńă

Q_ν Q^∗_ν = n^ν E_N , čďě Q^∗_ν | áőŕàïęěŋŋăï ŕő őâŋőèěŋĺî ł Q_ν ňăâàĺæă.

Ďőłăğăâěńìáâćő. Ŕàěęďě ćáěčő őâňěâĺň, çâő áőčńăáŋő (1.2)

F_nF^∗_n = nE_n. Ďăńěě ć áĺńã (1.7) T_ν T^∗_ν = (E_n ⊗ E_n ⊗ · · · ⊗ E_n (s � ν) àăğ ⊗F_n ⊗ E_n ⊗ · · · ⊗ E_n (ν � 1) àăğ ) ×

× (E_n ⊗ E_n ⊗ · · · ⊗ E_n (s � ν) àăğ ⊗F^∗_n ⊗ E_n ⊗ · · · ⊗ E_n (ν � 1) àăğ ) = = E_n ⊗ E_n ⊗ · · · ⊗ E_n (s � ν) àăğ ⊗(F_nF^∗_n ) ⊗ E_n ⊗ · · · ⊗ E_n (ν � 1) àăğ = nE_N . Ŋăłőŋěæ, Q_ν Q^∗_ν = T_νT_{ν−1} · · · T_1T^∗_1 · · · T^∗_{ν−1}T^∗_ν = n^ν E_N .

Ńěňňă ďőłăğăŋă. •

Ŕő áãéěáâćã ãáâăŋőćńěŋő, çâő áâàőłĺ ňăâàĺæë Q_ν ŕőŕăàŋő őàâőčőŋăńìŋë ĺ łćăďàăâ ŋőàňë łăęďőľ ĺğ ŋĺå àăćěŋ n^ν. Şçĺâëćăï áőőâŋőèěŋĺě f_ν = Q_ν f_0, ŕàĺåőďĺň ł âăłőňã ćëćőďã.

Šěőàěňă 2.1. Ŕàĺ ćáěå ν ∈ {0, 1, . . . , s} áĺčŋăńë fν (0), fν (1), . . . ,

f_ν (N − 1) őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N ĺ ‖f_ν (k)‖^2 = n^ν , k = 0, 1, . . ., N − 1.

2.2. Ĺğ (2.1) áńěďãěâ, çâő f_ν = T_νf_{ν−1}, ν = 1, . . . , s. (2.2) Řăááňőâàĺň ňăâàĺæã T_ν ąőńěě ďěâăńìŋő. Őąőğŋăçĺň N_ν := N/n^ν = n^{s−ν} , ´_ν = n^{ν−1}.

Ńěňňă 2.2. Ňăâàĺæă Tν ĺňěěâ áńěďãîéãî áâàãłâãàã:

T_ν[(np + σ)´_ν + l, (np + τ)´_ν + l] = ω^{στ}_n , l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . ., N_ν − 1, σ, τ = 0, 1, . . . , n − 1; T_ν[k, j] = 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , N − 1}. Ďőłăğăâěńìáâćő. Śőčńăáŋő őŕàěďěńěŋĺî Tν ĺ (1.5) T_ν[k, j] = E_n[k_{s−1}, j_{s−1}] · · · E_n[k_ν, j_ν] × × F_n[k_{ν−1}, j_{ν−1}] E_n[k_{ν−2}, j_{ν−2}] · · · E_n[k_0, j_0].

İâő ćëàăęěŋĺě őâńĺçŋő őâ ŋãńï âőńìłő âőčďă, łőčďă k_μ = j_μ, μ = 0, 1, . . . , ν − 2, ν, ν + 1, . . . , s − 1. (2.3) Ğăäĺłáĺàãěň k = (k_{s−1}, k_{s−2}, . . . , k_0)_n = (np + k_{ν−1})´_ν + l, čďě l ∈ {0, 1, . . . , ´_ν − 1}, p ∈ {0, 1, . . ., N_ν − 1}. Şáńőćĺě (2.3) ćëŕőńŋïěâáï ďńï ĺŋďěłáőć j ćĺďă j = (np+j_{ν−1})´_ν +l ĺ âőńìłő ďńï ŋĺå. Ŕàĺ íâőň T_ν [k, j] = ω^{kν−1 jν−1}n . Şłăğăŋŋëě äăłâë áőőâćěâáâćãîâ ãâćěàęďěŋĺî ńěňňë. •

Śńěďáâćĺě. Ć áâàőłě ňăâàĺæë Tν á ĺŋďěłáőň k = p´ν+1 +σ´ν +l

őâńĺçŋë őâ ŋãńï ńĺèì n íńěňěŋâőć. Ŋěŋãńěćëě íńěňěŋâë ŕàĺŋĺňăîâ ğŋăçěŋĺï 1, ω^σ_n, ω^{2σ}_n , . . . , ω^{(n−1)σ}n .

Ťőàňãńă (2.2) ĺ ńěňňă 2.2 ŕőğćőńïîâ ğăŕĺáăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă f_{ν−1} ł ąăğĺáã f_ν : f_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1;

f_ν (l + σ´_ν + p´_{ν+1}) = n−1∑ τ=0 ω^{στ}_n f_{ν−1} ( l + (np + τ)´_ν ) , (2.4) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕőïáŋĺň íâã áåěňã. Ŕàěďŕőńăčăěâáï, çâő ąăğĺá f_{ν−1} àăğąĺâ ŋă ´_ν ąńőłőć; ąńőłĺ ŕőňěçěŋë ĺŋďěłáőň l. Łăęďëľ âăłőľ ąńőł áőďěàęĺâ N_{ν−1} íńěňěŋâőć á ćŋãâàěŋŋěľ ĺŋďěłáăæĺěľ np + τ. Śőčńăáŋő (2.4) ąńőł á ĺŋďěłáőň l ąăğĺáă f_{ν−1} ŕőàőęďăěâ n ąńőłőć ąăğĺáă f_ν á ĺŋďěłáăňĺ l+σ´_ν , σ = 0, 1, . . . , n−1, ŕàĺçěň ć łăęďőň âăłőň ąńőłě ŋăåőďĺâáï N_ν íńěňěŋâőć á ćŋãâàěŋŋĺň ĺŋďěłáőň p. Řĺá. 1 ĺńńîáâàĺàãěâ áåěňã ćěâćńěŋĺï (2.4) ŕàĺ N = 3^2. Łćăďàăâăňĺ ćëďěńěŋë ąńőłĺ. Ůĺáńő ćŋãâàĺ łćăďàăâă ŕőłăğëćăěâ, áłőńìłő íńěňěŋâőć (áĺčŋăńőć) áőďěàęĺâáï ć ďăŋŋőň ąńőłě.

1 1 1 3 1 1 1 3 1 1 1 3 9

Řĺá. 1

Ŕàĺ ν = 1 äőàňãńă (2.4) ŕàĺŋĺňăěâ ćĺď

f_1(np + σ) = n−1∑ τ=0 ω^{στ}_n f_0(np + τ), (2.5) σ = 0, 1, . . . , n − 1, p = 0, 1, . . . , N_1 − 1. 2.3. Ŕőńãçĺň ïćŋőě ŕàěďáâăćńěŋĺě ďńï ąăğĺáŋëå áĺčŋăńőć.

Ďńï íâőčő ŕőâàěąãěâáï őďŋő ćáŕőňőčăâěńìŋőě ãâćěàęďěŋĺě. Őąőğŋăçĺň B_ν = F^{[ν]}n , ν = 1, . . . , s. Ńěňňă 2.3. Ŕàĺ l, q ∈ {0, 1, . . ., ´ν − 1}, σ, τ ∈ {0, 1, . . . , n − 1}, ν ∈ {2, . . . , s} áŕàăćěďńĺćë äőàňãńë

B_{ν−1}[l, q] = B_ν [l, q] = ω^{−στ}_n B_ν [l + σ´_ν , q + τ´_ν], (2.6)

B_{ν−1}[l, q] = B_ν [nl, nq] = ω^{−στ}_n B_ν [nl + σ, nq + τ]. (2.7) Ďőłăğăâěńìáâćő. Śőčńăáŋő (1.4) ĺ (1.3) B_ν [l, q] = ω^{{l,q}ν}_n ŕàĺ l, q ∈ {0, 1, . . ., ´_{ν+1} − 1}. (2.8) Ěáńĺ l, q ∈ {0, 1, . . ., ´_ν − 1}, âő {l, q}_{ν−1} = {l, q}_ν = {l + σ´_ν , q + τ´_ν}_ν − στ = = {nl, nq}_ν = {nl + σ, nq + τ}_ν − στ. Őâáîďă ĺ ĺğ (2.8) áńěďãěâ âàěąãěňőě. •

Šěőàěňă 2.2. Ĺňěěâ ňěáâő ïćŋőě ŕàěďáâăćńěŋĺě

f_ν (l + p´_{ν+1}) =

Δ_{ν+1}−1 ∑ q=0 B_ν [l, q] f_0(q + p´_{ν+1}), (2.9) l = 0, 1, . . ., ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Ďőłăğăâěńìáâćő. Ŕàĺ ν = 1 äőàňãńă (2.9) ŕàĺŋĺňăěâ ćĺď

f_1(l + np) = n−1∑ q=0 ω^{lq}_n f_0(q + np), l = 0, 1, . . . , n − 1, p = 0, 1, . . ., N_1 − 1. İâő áőćŕăďăěâ á (2.5), ěáńĺ ğăňěŋĺâì l ŋă σ ĺ q ŋă τ. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν − 1 ł ν.

Ćőğìňěň ĺŋďěłá l ∈ {0, 1, . . ., ´_{ν+1} − 1} ĺ ćőáŕőńìğãěňáï âěň, çâő l = σ´_ν + l^′ ŕàĺ ŋěłőâőàëå l^′ ∈ {0, 1, . . ., ´_ν − 1} ĺ σ ∈ {0, 1, . . . , n − 1}. Ŋă őáŋőćăŋĺĺ (2.4), ĺŋďãłæĺőŋŋőčő ŕàěďŕőńőęěŋĺï ĺ (2.6) ŕőńãçăěň f_ν (l + p´_{ν+1}) = f_ν (l^′ + σ´_ν + p´_{ν+1}) = = n−1∑ τ=0 ω^{στ}_n f_{ν−1} ( l^′ + (np + τ)´_ν ) =

= n−1∑ τ=0 ω^{στ}_n {^Δν^{−1}∑

q^′=0

B_{ν−1}[l^′, q^′] f_0 ( q^′ + (np + τ)´_ν )} =

= n−1∑ τ=0

Δ_ν −1∑

q^′=0

B_ν [l^′ + σ´_ν , q^′ + τ´_ν] f_0(q^′ + τ´_ν + p´_{ν+1}) =

= Δ_{ν+1}−1 ∑ q=0 B_ν [l, q] f_0(q + p´_{ν+1}).

Šěőàěňă ďőłăğăŋă. •

Śńěďáâćĺě. Śŕàăćěďńĺćë äőàňãńë

f_ν (0; j) =

Δ_{ν+1}−1 ∑ q=0 δ_N (j − q), ν = 0, 1, . . ., s; (2.10)

f_ν (σ´_ν ; j) = n−1∑ τ=0 ω^{στ}_n Δ_ν −1∑

q=0 δ_N (j − q − τ´_ν), (2.11) σ = 1, . . . , n − 1, ν = 1, . . . , s. Ťőàňãńă (2.10) őçěćĺďŋă. Ŕàőćěàĺň (2.11). Śőčńăáŋő (2.9) ĺ (2.8) ĺňěěň

f_ν (σ´_ν ; j) = n−1∑ τ=0

(τ+1)Δ_ν −1 ∑ q^′=τΔ_ν B_ν [σ´_ν, q^′] f_0(q^′; j) =

= n−1∑ τ=0 ω^{στ}_n (τ+1)Δ_ν −1 ∑ q^′=τΔ_ν δ_N (j − q^′) = n−1∑ τ=0 ω^{στ}_n Δ_ν −1∑

q=0 δ_N (j − q − τ´_ν ), çâő ĺ âàěąőćăńőáì ãáâăŋőćĺâì. Ěáńĺ őčàăŋĺçĺâìáï őáŋőćŋëň ŕěàĺőďőň, âő äőàňãńë (2.10) ĺ (2.11) ňőęŋő ŕěàěŕĺáăâì âăł:

f_ν (0; j) = { 1 ŕàĺ j = 0, 1, . . . , ´_{ν+1} − 1, 0 ŕàĺ j = ´_{ν+1}, . . . , N − 1;

f_ν (σ´_ν ; j) = ω^{στ}_n ŕàĺ j = τ´_ν, . . . , (τ + 1)´_ν − 1, τ = 0, 1, . . . , n − 1, 0 ŕàĺ j = ´_{ν+1}, . . . , N − 1.

Šěőàěňă 2.3. Śŕàăćěďńĺćő âőęďěáâćő

f_ν (l + p´_{ν+1}; j) = f_ν (l; j − p´_{ν+1}), (2.12) l = 0, 1, . . ., ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Ďőłăğăâěńìáâćő. Ć áőőâćěâáâćĺĺ á (2.9) ĺňěěň

f_ν (l; j) =

Δ_{ν+1}−1 ∑ q=0 B_ν [l, q] δ_N(j − q). Ŕőíâőňã

f_ν (l; j − p´_{ν+1}) =

Δ_{ν+1}−1 ∑ q=0 B_ν [l, q] δ_N ( j − (q + p´_{ν+1}) ) =

= Δ_{ν+1}−1 ∑ q=0 B_ν [l, q] f_0(q + p´_{ν+1}; j) = f_ν (l + p´_{ν+1}; j).

Šěőàěňă ďőłăğăŋă. •

Šăłĺň őąàăğőň, áĺčŋăńë l-čő ąńőłă ć ąăğĺáě f_ν ŕőńãçăîâáï ĺğ áĺčŋăńă f_ν (l; j) á ŕőňőéìî áďćĺčă ăàčãňěŋâă ŋă çĺáńő, łàăâŋőě ´_{ν+1}.

Šěőàěňă 2.4. Ŕàĺ j ∈ {0, 1, . . . , N−1} ćëŕőńŋïěâáï áőőâŋőèěŋĺě

f_{ν+1}(σ´_{ν+1}; j) = f_ν (σ´_ν ; ⌊j/n⌋), (2.13) σ = 1, . . . , n − 1, ν = 1, . . . , s − 1. Ďőłăğăâěńìáâćő. Ćőáŕőńìğãěňáï âěň, çâő δ_N (⌊j/n⌋) = n−1∑ r=0 δ_N (j − r), j = −N + n, . . . , N − 1. (2.14) Ŕàĺ j ∈ {0, 1, . . ., n − 1} őąě çăáâĺ ć (2.14) àăćŋë ěďĺŋĺæě, ă ŕàĺ j ∈ {n, . . . , N − 1} ∪ {−N + n, . . . , −1} àăćŋë ŋãńî. Őâňěâĺň, çâő ŕàĺ j = N ĺ j = −N + n − 1 àăćěŋáâćő (2.14) ŋăàãèăěâáï.

Śőčńăáŋő (2.11) ĺ (2.14) ŕàĺ j ∈ {0, 1, . . . , N − 1} ĺňěěň f_ν (σ´_ν ; ⌊j/n⌋) = = n−1∑ τ=0 ω^{στ}_n Δ_ν −1∑

q=0 δ_N ( ⌊(j − qn − τ´_{ν+1})/n⌋ ) =

= n−1∑ τ=0 ω^{στ}_n Δ_ν −1∑

q=0 n−1∑ r=0 δ_N ( j − (qn + r) − τ´_{ν+1} ) =

= n−1∑ τ=0 ω^{στ}_n Δ_{ν+1}−1 ∑ q^′=0

δ_N (j − q^′ − τ´_{ν+1}) = f_{ν+1}(σ´_{ν+1}; j).

Šěőàěňă ďőłăğăŋă. •

3. Ćâőàăï ŕőáńěďőćăâěńìŋőáâì ŕàőňěęãâőçŋëå ąăğĺáőć

3.1. Ćâőàãî ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć ć C N

ŕàĺ N = n^s őąőğŋăçĺň {g_ν (k; j)}^{N−1}_{k=0} , ν = 0, 1, . . . , s. Őŋă áâàőĺâáï ŋă őáŋőćě àăğńőęěŋĺï (1.6) âăł, çâőąë g_0(k; j) = δ_N (j − k) ĺ g_s(k; j) = v_k(j). Śĺčŋăńë g_ν(k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì g_ν(k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áĺčŋăńă g_ν = ( g_ν (0), g_ν(1), . . . , g_ν(N − 1) )_⊤ ĺ őŕàěďěńĺň ěčő äőàňãńőľ g_ν = T_{s−ν+1}T_{s−ν+2} · · · T_s g_0, ν = 1, . . . , s. Šăł ęě, łăł ĺ ć ŕàěďëďãéěň àăğďěńě, ďőłăğëćăěâáï áńěďãîéěě ãâćěàęďěŋĺě.

Šěőàěňă 3.1. Ŕàĺ łăęďőň ν ∈ {0, 1, . . ., s} áĺčŋăńë gν(0),

g_ν(1), . . . , g_ν (N − 1) őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N ĺ ‖g_ν(k)‖^2 = n^ν , k = 0, 1, . . . , N − 1.

3.2. Śőčńăáŋő ńěňňě 2.2

T_{s−ν+1}[(np + σ)´_{s−ν+1} + l, (np + τ)´_{s−ν+1} + l] = ω^{στ}_n , (3.1) l = 0, 1, . . ., ´_{s−ν+1} − 1, p = 0, 1, . . . , N_{s−ν+1} − 1.

Őâňěâĺň, çâő ´_{s−ν+1} = N_ν ĺ N_{s−ν+1} = ´_ν. Ŕőňěŋïć ć (3.1) ňěáâăňĺ ĺŋďěłáë p ĺ l, ŕőńãçĺň

T_{s−ν+1}[(nl + σ)N_ν + p, (nl + τ)N_ν + p] = ω^{στ}_n , (3.2) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1. Řăćěŋáâćő g_ν = T_{s−ν+1}g_{ν−1} ĺ äőàňãńă (3.2) ŕőğćőńïîâ ğăŕĺáăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă g_{ν−1} ł ąăğĺáã g_ν : g_0(k) = δ_N (· − k), k = 0, 1, . . ., N − 1; g_ν ( (nl + σ)N_ν + p ) = n−1∑ τ=0 ω^{στ}_n g_{ν−1}(lN_{ν−1} + τN_ν + p), (3.3) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕőïáŋĺň íâã áåěňã. Ŕàěďŕőńăčăěâáï, çâő ąăğĺá g_{ν−1} àăğąĺâ ŋă ´_ν ąńőłőć; ąńőłĺ ŕőňěçěŋë ĺŋďěłáőň l. Łăęďëľ âăłőľ ąńőł áőďěàęĺâ N_{ν−1} íńěňěŋâőć á ćŋãâàěŋŋěľ ĺŋďěłáăæĺěľ τN_ν + p. Śőčńăáŋő (3.3) ąńőł á ĺŋďěłáőň l ąăğĺáă g_{ν−1} ŕőàőęďăěâ n ąńőłőć ąăğĺáă g_ν á ĺŋďěłáăňĺ nl + σ, σ = 0, 1, . . ., n − 1, ŕàĺçěň ć łăęďőň âăłőň ąńőłě ŋăåőďĺâáï N_ν íńěňěŋâőć á ćŋãâàěŋŋĺň ĺŋďěłáőň p. Ŕàĺćěďěŋŋëľ àăŋěě àĺá. 1 ĺńńîáâàĺàãěâ áåěňã ćěâćńěŋĺï (3.3) ŕàĺ N = 3^2.

Ŕàĺ ν = 1 äőàňãńă (3.3) ŕàĺŋĺňăěâ ćĺď

g_1(σN_1 + p) = n−1∑ τ=0 ω^{στ}_n g_0(τN_1 + p), (3.4) p = 0, 1, . . ., N_1 − 1, σ = 0, 1, . . . , n − 1. 3.3. Ŕőńãçĺň ïćŋőě ćëàăęěŋĺě ďńï ąăğĺáŋëå áĺčŋăńőć.

Šěőàěňă 3.2. Ĺňěěâ ňěáâő ŕàěďáâăćńěŋĺě

g_ν (lN_ν + p) =

Δ_{ν+1}−1 ∑ q=0 B_ν [l, q] g_0(qN_ν + p), (3.5) l = 0, 1, . . ., ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Ďőłăğăâěńìáâćő. Ŕàĺ ν = 1 äőàňãńă (3.5) áőćŕăďăěâ á (3.4),

ěáńĺ ğăňěŋĺâì l ŋă σ ĺ q ŋă τ. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν − 1 ł ν.

Ćőğìňěň ĺŋďěłá l ∈ {0, 1, . . ., ´_{ν+1} − 1} ĺ ćőáŕőńìğãěňáï âěň, çâő l = l^′n + σ ŕàĺ ŋěłőâőàëå σ ∈ {0, 1, . . . , n − 1} ĺ l^′ ∈ {0, 1, . . . , ´_ν − 1}. Őŕĺàăïáì ŋă (3.4), ĺŋďãłæĺőŋŋőě ŕàěďŕőńőęěŋĺě ĺ (2.7), ğăŕĺèěň

g_ν(lN_ν +p) = g_ν ( (nl^′ +σ)N_ν +p ) = n−1∑ τ=0 ω^{στ}_n g_{ν−1}(l^′N_{ν−1} +τN_ν +p) =

= n−1∑ τ=0 ω^{στ}_n {^Δν^{−1}∑

q^′=0

B_{ν−1}[l^′, q^′] g_0(q^′N_{ν−1} + τN_ν + p) } =

= n−1∑ τ=0

Δ_ν −1∑

q^′=0

B_ν [l^′n + σ, q^′n + τ] g_0 ( (q^′n + τ)N_ν + p ) =

= Δ_{ν+1}−1 ∑ q=0 B_ν [l, q] g_0(qN_ν + p).

Šěőàěňă ďőłăğăŋă. •

Śńěďáâćĺě. Śŕàăćěďńĺćë àăćěŋáâćă

g_ν(0; j) = δ_{Nν} (j), ν = 0, 1, . . . , s; (3.6)

g_ν(σN_ν ; j) = n−1∑ τ=0 ω^{στ}_n δ_{Nν−1} (j − τN_ν ), (3.7) σ = 1, . . . , n − 1, ν = 1, . . . , s. Ťőàňãńă (3.6) àăćŋőáĺńìŋă őçěćĺďŋőňã áőőâŋőèěŋĺî

Δ_{ν+1}−1 ∑ q=0 δ_N (j − qN_ν) = δ_{Nν} (j). (3.8)

Ŕàőćěàĺň (3.7). Śőčńăáŋő (3.5), (2.8) ĺ (3.8) ĺňěěň

g_ν(σN_ν ; j) = n−1∑ τ=0

Δ_ν −1∑

q=0 B_ν [σ, qn + τ] g_0 ( (qn + τ)N_ν ; j ) =

= n−1∑ τ=0 ω^{στ}_n Δ_ν −1∑

q=0 δ_N (j − τN_ν − qN_{ν−1}) = n−1∑ τ=0 ω^{στ}_n δ_{Nν−1} (j − τN_ν), çâő ĺ âàěąőćăńőáì ãáâăŋőćĺâì. Ťőàňãńă (3.7) ŕőłăğëćăěâ, ć çăáâŋőáâĺ, çâő áĺčŋăń g_ν(σN_ν ; j) ïćńïěâáï N_{ν−1}-ŕěàĺőďĺçěáłĺň.

Ĺğ (3.7) áńěďãěâ âăłęě àăćěŋáâćő g_{ν+1}(σN_{ν+1}; j) = g_ν(σN_ν ; nj), (3.9) σ = 1, . . . , n − 1, ν = 1, . . . , s − 1. Ďěľáâćĺâěńìŋő,

g_ν (σN_ν ; nj) = n−1∑ τ=0 ω^{στ}_n δ_{Nν−1} ( n(j − τN_{ν+1}) ) =

= n−1∑ τ=0 ω^{στ}_n δ_{Nν} (j − τN_{ν+1}) = g_{ν+1}(σN_{ν+1}; j).

Šěőàěňă 3.3. Ŕàĺ ν ∈ {1, . . . , s} ćëŕőńŋïîâáï âőęďěáâćă

g_ν(lN_ν + p; j) = g_ν(lN_ν ; j − p), (3.10) l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1; g_ν(σN_ν ; j − kN_ν ) = ω^{−σk}_n g_ν(σN_ν ; j), (3.11) σ = 1, . . . , n − 1, k ∈ Z. Ďőłăğăâěńìáâćő. Śőčńăáŋő (3.5)

g_ν (lN_ν ; j) =

Δ_{ν+1}−1 ∑ q=0 B_ν [l, q] δ_N (j − qN_ν ), âăł çâő

g_ν(lN_ν ; j − p) =

Δ_{ν+1}−1 ∑ q=0 B_ν [l, q] δ_N ( j − (qN_ν + p) ) =

= Δ_{ν+1}−1 ∑ q=0 B_ν [l, q] g_0(qN_ν + p; j) = g_ν(lN_ν + p; j).

Šőęďěáâćő (3.10) ãáâăŋőćńěŋő.

Ŕěàěåőďï ł (3.11), ğăäĺłáĺàãěň j ĺ ććěďěň ďĺáłàěâŋãî äãŋłæĺî h(τ) = ω^{στ}_n δ_{Nν−1} (j − τN_ν). İâă äãŋłæĺï n-ŕěàĺőďĺçŋă, ŕőíâőňã_{n−1} ∑ τ=0 h(τ + k) = n−1∑ τ=0 h(τ) ∀k ∈ Z. (3.12) Ś ãçěâőň (3.7) ŕőńãçăěň

g_ν(σN_ν ; j − kN_ν ) = n−1∑ τ=0 ω^{σ(τ+k)−σk} n δ_{Nν−1} ( j − (τ + k)N_ν ) =

= ω^{−σk}_n n−1∑ τ=0 h(τ + k) = ω^{−σk}_n n−1∑ τ=0 h(τ) = ω^{−σk}_n g_ν(σN_ν ; j). Šěőàěňă ďőłăğăŋă. •

4. Ąëáâàőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă

4.1. Ńîąőľ áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã

ąăğĺáã f_ν (0), f_ν (1), . . . , f_ν (N − 1) ŕàĺ łăęďőň ν ∈ {0, 1, . . . , s}: x = N−1∑ k=0 x_ν (k) f_ν (k). (4.1) Ğďěáì x_ν (k) = n^{−ν} ⟨x, f_ν (k)⟩. Ć çăáâŋőáâĺ,

x_0(k) = N−1∑ j=0 x(j) δ_N (j − k) = x(k), k = 0, 1, . . . , N − 1.

Śőčńăáŋő (2.4)

x_ν (l + σ´_ν + p´_{ν+1}) = n^{−ν} n−1∑ τ=0 ω^{−στ}_n ⟨ x, f_{ν−1} ( l + (np + τ)´_ν )⟩ =

= 1 n n−1∑ τ=0 ω^{−στ}_n x_{ν−1} ( l + (np + τ)´_ν ) . Ŕàĺåőďĺň ł áńěďãîéěľ àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺľ (4.1): x_0(k) = x(k), k = 0, 1, . . ., N − 1; x_ν (l + σ´_ν + p´_{ν+1}) = 1 n n−1∑ τ=0 ω^{−στ}_n x_{ν−1} ( l + (np + τ)´_ν ) , (4.2) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕàĺ ν = s ŕőńãçăěň àăğńőęěŋĺě áĺčŋăńă x ŕő ąăğĺáã Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă (1.3): x(j) = N−1∑ k=0 x_s(k) v_k(j). (4.3)

Ŕőŕãâŋő ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő ćáěň ŕàőňěęãâőçŋëň ąăğĺáăň.

Ťőàňãńă (4.2) ďőŕãáłăěâ őąàăéěŋĺě: x_{ν−1} ( l + (np + τ)´_ν ) = n−1∑ σ=0 ω^{στ}_n x_ν (l + σ´_ν + p´_{ν+1}), (4.4) l = 0, 1, . . ., ´_ν − 1, p = 0, 1, . . . , N_ν − 1, τ = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. Őáŋőćŋăï àőńì äőàňãńë (4.4) ğăłńîçăěâáï ć âőň, çâő á ěě ŕőňőéìî ćëçĺáńïîâáï ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (4.3), ŋă őáŋőćŋőň ŕěàĺőďě, ă ĺňěŋŋő x(k) = x_0(k), k = 0, 1, . . . , N − 1.

4.2. Ăŋăńőčĺçŋő áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńì-

ŋőňã ąăğĺáã g_ν(0), g_ν(1), . . . , g_ν(N−1) ŕàĺ łăęďőň ν ∈ {0, 1, . . ., s}: x = N−1∑ k=0 y_ν (k) g_ν (k). (4.5)

Ğďěáì y_ν (k) = n^{−ν} ⟨x, g_ν(k)⟩. Łőíääĺæĺěŋâë àăğńőęěŋĺľ (4.5) ć áĺńã (3.3) ćëçĺáńïîâáï ŕő àěłãààěŋâŋőľ áåěňě y_0(k) = x(k), k = 0, 1, . . . , N − 1; y_ν ( (nl + σ)N_ν + p ) = 1 n n−1∑ τ=0 ω^{−στ}_n y_{ν−1}(lN_{ν−1} + τN_ν + p), (4.6) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕàĺ ν = s ŕőńãçăěň x(j) = N−1∑ k=0 y_s(k) v_k(j), â. ě. y_s(k) = x_s(k) ŕàĺ ćáěå k = 0, 1, . . ., N − 1. Ŕőŕãâŋő ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő łăęďőňã ŕàőňěęãâőçŋőňã ąăğĺáã g_ν, łőâőàëě, łőŋěçŋő, őâńĺçŋë őâ łőíääĺæĺěŋâőć àăğńőęěŋĺľ ŕő ŕàőňěęãâőçŋëň ąăğĺáăň f_ν .

Ťőàňãńă (4.6) ďőŕãáłăěâ őąàăéěŋĺě:

y_{ν−1}(lN_{ν−1} + τN_ν + p) = n−1∑ σ=0 ω^{στ}_n y_ν ( (nl + σ)N_ν + p ) , (4.7) l = 0, 1, . . ., ´_ν − 1, p = 0, 1, . . . , N_ν − 1, τ = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. Ś ŕőňőéìî (4.7) ňőęŋő ćëçĺáńĺâì ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (4.5) ŕàĺ ŋěłőâőàőň ν ∈ {1, . . . , s}, ŋă őáŋőćŋőň ŕěàĺőďě.

Śåěňë (4.2) ĺ (4.6) ŋăğëćăîâáï ąëáâàëňĺ ŕàěőąàăğőćăŋĺïňĺ Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă, áćïğăŋŋëňĺ áőőâćěâáâćěŋŋő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

4.3. Ŋăŕőňŋĺň, çâő v_k(j) = ω^{{k,j}s}_n , k, j ∈ {0, 1, . . ., N − 1}. Ć íâőľ äőàňãńě áâěŕěŋì {k, j}_s ĺğňěŋïěâáï ŋěňőŋőâőŋŋő ŕàĺ ćőğàăáâăŋĺĺ j őâ 0 ďő N − 1. Ŋăŕàĺňěà, ŕàĺ n = 2, s = 3, k = 2 = (0, 1, 0)_2 ĺňěěň

j 0 1 2 3 4 5 6 7 {k, j}_3 0 0 1 1 0 0 1 1

Ůâőąë ďőąĺâìáï ňőŋőâőŋŋőáâĺ, ğăŕĺèěň ďńï v_k(j) ďàãčőě ŕàěďáâăćńěŋĺě v_k(j) = ω P_{s−1ν=0 kν (jν +jν+1n+...+jsns−ν )} n . Őąőğŋăçĺň áâěŕěŋì çěàěğ φ_k(j). Šőčďă

v_k(j) = ω^{φk (j)}_n . (4.8)

Śçĺâăěň, çâő ăàčãňěŋâ j ĺğňěŋïěâáï őâ 0 ďő N, âăł çâő łőíääĺæĺěŋâ j_s ňőęěâ àăćŋïâìáï 0 ĺńĺ 1. Ŕàĺ íâőň, ěáńĺ j_s = 1, âő j_{s−1} = j_{s−2} = . . . = j_0 = 0.

Ŕőńőęĺň ŕàĺ l = 0, 1, . . ., s − 1

a_l = l∑ ν=0 k_ν n^{l−ν} . Ńěňňă 4.1. Śŕàăćěďńĺćő àăćěŋáâćő

φ_k(j) = na_{s−1}j_s + s−1∑ l=0 a_lj_l. (4.9)

Ďőłăğăâěńìáâćő. Ĺňěěň

φ_k(j) = s−1∑ ν=0 k_ν s∑ l=ν j_ln^{l−ν} = s−1∑ ν=0 k_ν j_sn^{s−ν} + s−1∑ ν=0 k_ν s−1∑ l=ν j_ln^{l−ν} =

= n j_sa_{s−1} + s−1∑ l=0 j_l l∑ ν=0 k_ν n^{l−ν} = na_{s−1}j_s + s−1∑ l=0 a_lj_l, çâő ĺ âàěąőćăńőáì ãáâăŋőćĺâì. •

Ńěňňă 4.2. Śŕàăćěďńĺćő àěłãààěŋâŋőě áőőâŋőèěŋĺě

a_l = (n − 1) l−1∑ ν=0 a_ν + l∑ p=0 k_p, l = 1, . . . , s − 1, (4.10) a_0 = k_0.

Ďőłăğăâěńìáâćő. Ťőàňãńă (4.10) áćïğăŋă áő áåěňőľ Čőàŋěàă, őď-

ŋăłő ěě ňőęŋő ćëćěáâĺ ĺ ŋěŕőáàěďáâćěŋŋő. Ğăŕĺèěň l∑ ν=0 a_ν = l∑ ν=0 ν∑ p=0 k_pn^{ν−p} = l∑ ν=1 ν−1∑ p=0 k_pn^{ν−p} + l∑ p=0 k_p. (4.11) Őâňěâĺň, çâő l∑ ν=1 ν−1∑ p=0 k_pn^{ν−p} = l−1∑ ν^′=0 ν^′∑

p=0 k_pn^{ν′+1−p} = n l−1∑ ν^′=0

a_ν′ . (4.12) Őąêěďĺŋïï (4.11) ĺ (4.12), ŕàĺåőďĺň ł (4.10). •

Śńěďáâćĺě. Ŕàĺ l ∈ {1, . . . , s − 1} ćëŕőńŋïěâáï ŋěàăćěŋáâćő

a_l ≥ (n − 1) l−1∑ ν=0 a_ν. (4.13)

Šěőàěňă 4.1. Ŕàĺ ćőğàăáâăŋĺĺ j őâ 0 ďő N äãŋłæĺï φk(j) ĺğ-

ňěŋïěâáï őâ 0 ďő na_{s−1}, ňőŋőâőŋŋő ŋě ãąëćăï.

Ďőłăğăâěńìáâćő. Śőčńăáŋő (4.9), φk(0) = 0, φk(N) = nas−1.

Őáâăěâáï ŕàőćěàĺâì, çâő φ_k(j) ≤ φ_k(j + 1) ŕàĺ j = 0, 1, . . . , N − 1. Ŕãáâì j = (j_{s−1}, j_{s−2}, . . . , j_0)_n. Šőčďă φ_k(j) = ∑_{s−1} l=0 a_lj_l. Ěáńĺ j_0 ∈ {0, 1, . . ., n − 2}, âő φ_k(j + 1) = a_0(j_0 + 1) + s−1∑ l=1 a_lj_l ≥ φ_k(j).

Ŕàěďŕőńőęĺň, çâő j_0 = n − 1. Ć áńãçăě j_0 = j_1 = . . . = j_{p−1} = n − 1, j_p < n − 1 ŕàĺ ŋěłőâőàőň p ∈ {1, . . . , s − 1} ĺňěěň

φ_k(j + 1) = a_p(j_p + 1) + s−1∑ l=p+1 a_lj_l. Śőčńăáŋő (4.13)

φ_k(j + 1) − φ_k(j) = a_p − (n − 1) p−1∑ l=0 a_l ≥ 0. Ŋăłőŋěæ, ěáńĺ j = N − 1, âő

φ_k(j + 1) − φ_k(j) = na_{s−1} − (n − 1) s−1∑ l=0 a_l =

= a_{s−1} − (n − 1) s−2∑ l=0 a_l ≥ 0. Šěőàěňă ďőłăğăŋă. •

4.4. Ŕěàěŕĺèěň äőàňãńã (4.8) ć ćĺďě

v_k(j) = exp (_{2πi} n φ_k(j) ) . Ŕàĺ äĺłáĺàőćăŋŋőň j łőňŕńěłáŋőě çĺáńő v_k(j) ńěęĺâ ŋă ěďĺŋĺçŋőľ őłàãęŋőáâĺ łőňŕńěłáŋőľ ŕńőáłőáâĺ ĺ ěčő ăàčãňěŋâ àăćěŋ (2π/n)φ_k(j). Śőčńăáŋő âěőàěňě 4.1 íâőâ ăàčãňěŋâ ŕàĺ ćőğàăáâăŋĺĺ j őâ 0 ďő N ĺğňěŋïěâáï őâ 0 ďő 2πa_{s−1}, ňőŋőâőŋŋő ŋě ãąëćăï. Ďàãčĺňĺ áńőćăňĺ, ŕàĺ ćőğàăáâăŋĺĺ j őâ 0 ďő N âőçłă v_k(j) őąěčăěâ ěďĺŋĺçŋãî őłàãęŋőáâì a_{s−1} àăğ. Ůĺáńő a_{s−1} ěáâěáâćěŋŋő ŕàĺŋïâì ğă çăáâőâã ďĺáłàěâŋőľ äãŋłæĺĺ v_k(j).

Ŋăŕőňŋĺň, çâő a_{s−1} = k_0n^{s−1} + k_1n^{s−2} + . . . + k_{s−1}. Ŕőáłőńìłã k = k_{s−1}n^{s−1} + k_{s−2}n^{s−2} + . . . + k_0, âő a_{s−1} ěáâì æěńőě çĺáńő, n-ĺçŋëľ łőď łőâőàőčő àăćěŋ ŕěàěćěàŋãâőňã n-ĺçŋőňã łőďã çĺáńă k.

Ććěďěň őąőğŋăçěŋĺě

rev_s(k) = k_0n^{s−1} + k_1n^{s−2} + . . . + k_{s−1}.

Ĺďěŋâĺäĺłăâőà rev áćïğăŋ áő áńőćőň reverse. Ĺŋďěłá s ã rev ãłăğëćăěâ ŋă łőńĺçěáâćő àěćěàâĺàãěňëå n-ĺçŋëå àăğàïďőć. Şçĺâëćăï, çâő a_{s−1} = rev_s(k), ŕàĺåőďĺň ł áńěďãîéěňã àěğãńìâăâã: çăáâőâă äãŋłæĺĺ v_k(j) àăćŋă rev_s(k).

Šěŕěàì äãŋłæĺĺ őàâőčőŋăńìŋőľ ňãńìâĺŕńĺłăâĺćŋőľ áĺáâěňë v_0, v_1, . . . , v_{N−1} ňőęŋő ãŕőàïďőçĺâì ŕő ćőğàăáâăŋĺî çăáâőâë, ŕőńőęĺć

Pal_k(j) := v rev_{s(k)}(j), k = 0, 1, . . ., N − 1.

Őçěćĺďŋő, çâő çăáâőâă Pal_k(j) àăćŋă k. Ťőàňãńă (4.3) ŕàĺŋĺňăěâ ćĺď x(j) = N−1∑ k=0 x_s ( rev_s(k) ) Pal_k(j).

4.5. Őŕĺèěň ąëáâàëľ ăńčőàĺâň ćëçĺáńěŋĺï revs(k) áàăğã ďńï

ćáěå k = 0, 1, . . . , N −1. Ŕãáâì k = (k_{s−1}, k_{s−2}, . . . , k_0)_n. Őąőğŋăçĺň ŕàĺ ν = 1, . . . , s rev_ν(k) = k_0n^{ν−1} + k_1n^{ν−2} + . . . + k_{ν−1}.

Šěőàěňă 4.2. Śŕàăćěďńĺćő àěłãààěŋâŋőě áőőâŋőèěŋĺě

rev_1(p) = p, p = 0, 1, . . . , n − 1;

rev_ν (nl + p) = pn^{ν−1} + rev_{ν−1}(l), l = 0, 1, . . . , n^{ν−1} − 1, p = 0, 1, . . . , n − 1, ν = 2, . . . , s. Ďőłăğăâěńìáâćő. Šő, çâő rev1(p) = p ŕàĺ p ∈ {0, 1, . . ., n − 1},

őçěćĺďŋő. Ćőğìňěň l = l_{ν−2}n^{ν−2} + . . . + l_0. Ĺňěěň

rev_{ν−1}(l) = l_0n^{ν−2} + . . . + l_{ν−2}.

Ŕőáłőńìłã nl + p = l_{ν−2}n^{ν−1} + . . . + nl_0 + p, âő

rev_ν(nl + p) = pn^{ν−1} + l_0n^{ν−2} + . . . + l_{ν−2} = pn^{ν−1} + rev_{ν−1}(l).

Šěőàěňă ďőłăğăŋă. •

Ć âăąń. ďěňőŋáâàĺàãěâáï, łăł, ŕőńìğãïáì âěőàěňőľ 4.2 ŕàĺ N = 2^3, ćëçĺáńĺâì rev_3(k) ďńï ćáěå k = 0, 1, . . . , 7.

Šăąńĺæă

ν rev_ν (k) ŕàĺ k = 0, 1, . . ., 2^ν − 1

1 0 1

2 0 2 1 3

3 0 4 2 6 1 5 3 7

5. Őąőąéěŋŋëě ćěľćńěâë, áćïğăŋŋëě á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ

5.1. Ŋă àĺá. 1 ąëńő ŕőłăğăŋő, łăł ŋă čőàĺğőŋâăńìŋëå ãàőćŋïå

ν = 0, 1, . . ., s ŕőáńěďőćăâěńìŋő äőàňĺàãîâáï őàâőčőŋăńìŋëě ąăğĺáë f_0, f_1, . . . , f_s ĺ g_0, g_1, . . . , g_s. Łőńĺçěáâćő őàâőčőŋăńìŋëå ąăğĺáőć ć C_N ňőęŋő ğŋăçĺâěńìŋő ãćěńĺçĺâì, ěáńĺ ĺáŕőńìğőćăâì ćěàâĺłăńìŋãî áőáâăćńïîéãî. İâő ďěňőŋáâàĺàãěâáï ŋă àĺá. 2 ŕàĺ N = 3^3. Śĺčŋăńë, ŋăåőďïéĺěáï ć ćĺáïçĺå ąńőłăå, ćő ćáěå çěâëàěå ŕàěďáâăćńěŋŋëå ŕàĺňěàăå őąàăğãîâ őàâőčőŋăńìŋëě ąăğĺáë. Ďěľáâćĺâěńìŋő, őàâőčőŋăńìŋőáâì áĺčŋăńőć ν-čő ãàőćŋï ĺğćěáâŋă. Śĺčŋăńë łăęďőčő ćĺáïçěčő ąńőłă (ν + 1)-čő ãàőćŋï ïćńïîâáï ńĺŋěľŋëňĺ łőňąĺŋăæĺïňĺ áĺčŋăńőć ŋěłőâőàőčő ąńőłă ν-čő ãàőćŋï ĺ ŕőíâőňã őŋĺ őàâőčőŋăńìŋë áĺčŋăńăň ĺğ őáâăńìŋëå ąńőłőć ν-čő ãàőćŋï.

Őàâőčőŋăńìŋëě ąăğĺáë ć C_N , őąàăğőćăŋŋëě ĺğ ąńőłőć ćáěå ãàőćŋěľ ν = 1, . . . , s, ąãďěň ŋăğëćăâì őąőąéěŋŋëňĺ ćěľćńěâŋëňĺ ąăğĺáăňĺ. Ďăńěě ňë ďěâăńìŋő àăááňőâàĺň őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áőőâćěâáâćãîéĺě áåěňě ćěâćńěŋĺï (a) ŋă àĺá. 2.

5.2. Ćŋăçăńě ćőáŕőńìğãěňáï ŕőáńěďőćăâěńìŋőáâìî ąăğĺáőć g0,

g_1, . . . , g_s. Őąőğŋăçĺň çěàěğ V_ν , ν ∈ {0, 1, . . . , s}, ńĺŋěľŋãî őąőńőçłã, ŋăâïŋãâãî ŋă áĺčŋăńë g_ν(p), p = 0, 1, . . . , N_ν − 1, ă çěàěğ W^{(σ)}ν , σ ∈ {1, . . . , n − 1}, ν ∈ {1, . . . , s}, | ńĺŋěľŋãî őąőńőçłã, ŋăâïŋãâãî ŋă g_ν(σN_ν + p), p = 0, 1, . . . , N_ν − 1. Ŕő âěőàěňě 3.1 ŕőďŕàőáâàăŋáâćă V_ν, W^{(1)}ν , . . . , W^{(n−1)}ν ŕőŕăàŋő őàâőčőŋăńìŋë ŕàĺ ćáěå ν ∈ {1, . . . , s}.

1 1 1

3 3 3

9 9 9 27

1 1 1

3 3 3 9 9 9 9 27

(a) (b)

1 1 1

3 3 3

9 9 9 27

1 1 1

3 3 3 9 3 3 3 9 9 27

(c) (d)

Řĺá. 2

Śőčńăáŋő (3.3) ŕàĺ l = 0 ĺňěěň

g_ν (σN_ν + p) = n−1∑ τ=0 ω^{στ}_n g_{ν−1}(τN_ν + p), (5.1) p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő V_ν ⊂ V_{ν−1} ĺ W^{(σ)}ν ⊂ V_{ν−1} ŕàĺ σ = 1, . . . , n − 1. Ěáńĺ ãçěáâì, çâő àăğňěàŋőáâì ćáěå ŕőďŕàőáâàăŋáâć V_ν , W^{(1)}ν , . . . , W^{(n−1)}ν àăćŋă N_ν ĺ çâő áãňňă íâĺå àăğňěàŋőáâěľ àăćŋă àăğňěàŋőáâĺ V_{ν−1}, âő ŕàĺďěň ł ŕàěďáâăćńě- ŋĺî V_{ν−1} = V_ν ⊕ W^{(1)}_ν ⊕ . . . ⊕ W^{(n−1)}_ν . (5.2) Őąőğŋăçĺň W_ν = W^{(1)}ν ⊕. . .⊕W^{(n−1)}ν . Šőčďă äőàňãńã (5.2) ňőęŋő ğăŕĺáăâì łőàőçě: V_{ν−1} = W_ν ⊕ V_ν, ν = 1, . . . , s. (5.3)

Ŕőáłőńìłã

V_0 = lin ({ g_0(p) }_{N−1} p=0 ) = lin ({ δ_N (· − p) }_{N−1} p=0 ) = C N ,

âő ć áĺńã (5.3) ŕőńãçăěň ćěľćńěâŋőě àăğńőęěŋĺě

C N = V0 = W1 ⊕ V1 = W1 ⊕ (W2 ⊕ V2) = . . . =

= W_1 ⊕ W_2 ⊕ . . . ⊕ W_s ⊕ V_s. (5.4)

5.3. Ćëïáŋĺň áâàãłâãàã ćěľćńěâŋëå ŕőďŕàőáâàăŋáâć. Šěőàěňă 5.1. Śŕàăćěďńĺćë äőàňãńë

V_ν = C_{Nν} , ν = 0, 1, . . . , s; (5.5)

W^{(σ)}_ν = { x ∈ C N_{ν−1}^| x(j − τNν ) = ω^{−στ}_n x(j) ∀ τ ∈ {1, . . . , n − 1}^},_{(5.6)} σ = 1, . . . , n − 1, ν = 1, . . . , s. Ďőłăğăâěńìáâćő. Śőčńăáŋő (3.10) ĺ (3.6), ŕàĺ p = 0, 1, . . . , Nν − 1

ĺňěěň g_ν (p; j) = g_ν (0; j − p) = δ_{Nν} (j − p).

Őâáîďă őçěćĺďŋëň őąàăğőň áńěďãěâ (5.5). Ć çăáâŋőáâĺ, V_s := lin ( g_s(0) ) ěáâì ŕőďŕàőáâàăŋáâćő łőňŕńěłáŋëå łőŋáâăŋâ, âăł łăł g_s(0; j) ≡ 1 ć áĺńã (3.5).

Őąőğŋăçĺň ŕàăćãî çăáâì äőàňãńë (5.6) çěàěğ G^{(σ)}ν ĺ ŕőłăęěň ćŋăçăńě, çâő W^{(σ)}ν ⊂ G^{(σ)}ν . Ŕãáâì x ∈ W^{(σ)}ν . Šőčďă x(j) = N_ν −1∑

p=0 c(p) g_ν (σN_ν ; j − p). Łăł őâňěçăńőáì, áĺčŋăńë g_ν(σN_ν ; j) ïćńïîâáï N_{ν−1}-ŕěàĺőďĺçěáłĺňĺ, ŕőíâőňã x ∈ C_{Nν−1} . Ďăńěě ć áĺńã (3.11) x(j − τN_ν ) = N_ν −1∑

p=0 c(p) [ ω^{−στ}_n g_ν(σN_ν ; j − p) ] = ω^{−στ}_n x(j).

Ŕőńãçĺńĺ, çâő x ∈ G^{(σ)}ν . Ćłńîçěŋĺě W^{(σ)}ν ⊂ G^{(σ)}ν ãáâăŋőćńěŋő.

Ŕàőćěàĺň őąàăâŋőě ćłńîçěŋĺě. Ćőğìňěň x ∈ G^{(σ)}ν . Ŕőáłőńìłã

x ∈ C N_{ν−1} , âő x(j) = N_{ν−}1−1 ∑ p=0 a(p) δ_{Nν−1} (j − p) = nN_ν −1 ∑ p=0 a(p) g_{ν−1}(0; j − p). Ŕő őŕàěďěńěŋĺî G^{(σ)}ν ŕàĺ τ = 0, 1, . . ., n − 1 ĺňěěň x(j) = ω^{στ}_n x(j − τN_ν ) = ω^{στ}_n nN_ν −1 ∑ p=0 a(p) g_{ν−1}(0; j − p − τN_ν ) =

= ω^{στ}_n nN_ν −1 ∑ p=0 a(p) g_{ν−1}(τN_ν ; j − p). Śńőęĺć íâĺ àăćěŋáâćă ĺ ŕőďěńĺć ŋă n, ŋă őáŋőćăŋĺĺ (5.1), (3.11) ĺ (3.10) ŕőńãçĺň x(j) = 1 n nN_ν −1 ∑ p=0 a(p) n−1∑ τ=0 ω^{στ}_n g_{ν−1}(τN_ν ; j − p) =

= 1 n nN_ν −1 ∑ p=0 a(p) g_ν (σN_ν ; j − p) =

= 1 n n−1∑ k=0

(k+1)N_ν −1 ∑ p=kN_ν a(p) g_ν(σN_ν ; j − p) =

= 1 n n−1∑ k=0

N_ν −1∑

p=0 a(p + kN_ν ) g_ν(σN_ν ; j − p − kN_ν ) =

= 1 n N_ν −1∑

p=0 (^{n−1}∑ k=0 ω^{−σk}_n a(p + kN_ν) ) g_ν (σN_ν + p; j). Ğŋăçĺâ, x ∈ W^{(σ)}ν . Ćłńîçěŋĺě G^{(σ)}ν ⊂ W^{(σ)}ν , ă á ŋĺň ĺ âěőàěňă, ďőłăğăŋë. •

5.4. Śőčńăáŋő (5.4) ńîąőľ áĺčŋăń x ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x = y_s(0) g_s(0) + s∑ ν=1 n−1∑ σ=1

N_ν −1∑

p=0 y_ν (σN_ν + p) g_ν (σN_ν + p). (5.7)

Ğďěáì y_s(0) = N^{−1}⟨x, g_s(0)⟩ = 1 N N−1∑ j=0 x(j) ĺ y_ν (σN_ν + p) =

n^{−ν} ⟨x, g_ν(σN_ν + p)⟩. Şçĺâëćăï (5.1), ğăŕĺèěň

y_ν (σN_ν + p) = n^{−ν} n−1∑ τ=0 ω^{−στ}_n ⟨x, g_{ν−1}(τN_ν + p)⟩ =

= 1 n n−1∑ τ=0 ω^{−στ}_n y_{ν−1}(τN_ν + p). Ŕàĺ íâőň

y_0(k) = ⟨x, g_0(k)⟩ = N−1∑ j=0 x(j) δ_N (j − k) = x(k), k = 0, 1, . . . , N − 1. Ŕàĺåőďĺň ł àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺï (5.7): y_0(k) = x(k), k = 0, 1, . . . , N − 1; y_ν (σN_ν + p) = 1 n n−1∑ τ=0 ω^{−στ}_n y_{ν−1}(τN_ν + p), (5.8) p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Łőíääĺæĺěŋâë y_ν (p), p = 0, 1, . . . , N_ν − 1, áőőâćěâáâćãîéĺě ĺŋďěłáã σ = 0, ĺáŕőńìğãîâáï ďńï ćëçĺáńěŋĺï łőíääĺæĺěŋâőć (ν + 1)-čő ãàőćŋï.

Őąàăéěŋĺě ŕàěőąàăğőćăŋĺï (5.8) ŕàĺćőďĺâ ł áńěďãîéěľ áåěňě:

y_{ν−1}(τN_ν + p) = n−1∑ σ=0 ω^{στ}_n y_ν (σN_ν + p), p = 0, 1, . . . , N_ν − 1, τ = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. İâă áåěňă ŕőğćőńïěâ ćëçĺáńĺâì ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (5.7), ŋă őáŋőćŋőň ŕěàĺőďě, ă ĺňěŋŋő x(k) = y_0(k), k = 0, 1, . . . , N − 1. Řăğńőęěŋĺě (5.7) ŋăğőćěň àăğńőęěŋĺěň Ţăăàă|Łàěáâěŋáőŋă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ, ă áåěňã (5.8) | ąëáâàëň ŕàěőąàăğőćăŋĺěň Ţăăàă|Łàěáâěŋáőŋă.

Őâňěâĺň, çâő ć (5.7) ąăğĺáŋëě áĺčŋăńë g_ν (σN_ν + p) ňőęŋő áäőàňĺàőćăâì ĺğ n − 1 áĺčŋăńă g_1(σN_1), σ = 1, . . . , n − 1. İâő áńěďãěâ ĺğ (3.9) ĺ (3.10). Ďńï őąàăğãîéĺå áĺčŋăńőć g_1(σN_1) áőčńăáŋő (3.7) ĺňěěâáï ïćŋőě ŕàěďáâăćńěŋĺě

g_1(σN_1; j) = n−1∑ τ=0 ω^{στ}_n δ_N (j − τN_1). 5.5. Ťőàňãńã (5.7) ňőęŋő ćëćěáâĺ ŋěŕőáàěďáâćěŋŋő, ąěğ ŕàĺ-

ćńěçěŋĺï ćëáőłőľ âěőàĺĺ. Šăłőľ ćëćőď ŕàěďáâăćńïěâáï ďőáâăâőçŋő ŕőãçĺâěńìŋëň.

Ğăŕĺèěň âőęďěáâćő x(j) = n−1∑ τ=0 ( 1 n n−1∑ σ=0 ω^{στ}_n ) x(j − τN_1) = 1 n n−1∑ σ=0 (^{n−1}∑ τ=0 ω^{στ}_n x(j − τN_1) ) = =^1_n [ x(j) + x(j − N_1) + x(j − 2N_1) + . . . + x ( j − (n − 1)N_1 )] + +^1_n [ x(j)+ω_nx(j −N_1)+ω^2_nx(j −2N_1)+. . .+ω^{n−1}_n x ( j −(n−1)N_1 )] + · · · · · · · · · · · · · · · · · · · · +^1_n [ x(j) + ω^{n−1}_n x(j − N_1) + ω^{2(n−1)}n x(j − 2N_1) + . . . +

+ ω^{(n−1)2} n x ( j − (n − 1)N_1 )] =: =: v_1(j) + w^{(1)}_1 (j) + . . . + w^{(n−1)}_1 (j).

Ğďěáì

v_1(j) = 1 n n−1∑ τ=0 x(j − τN_1) = 1 n n−1∑ τ=0 N−1∑ q=0 x(q) δ_N (j − q − τN_1) =

= 1 n n−1∑ τ=0 n−1∑ k=0

N1−1∑

p=0 x(kN_1 + p) δ_N ( j − p − (τ + k)N_1 ) =

= 1 n N1−1∑

p=0 n−1∑ k=0 x(kN_1 + p) n−1∑ τ=0 δ_N ( j − p − (τ + k)N_1 ) =

= N1−1∑

p=0 { 1 n n−1∑ k=0 y_0(kN_1 + p) }{^{n−1}∑ τ^′=0

δ_N (j − p − τ^′N_1) } =

= N1−1∑

p=0 y_1(p) n−1∑ τ^′=0

g_0(τ^′N_1 + p; j) = N1−1∑

p=0 y_1(p) g_1(p; j).

Ăŋăńőčĺçŋő ŕàĺ σ = 1, . . . , n − 1

w^{(σ)}_1 (j) = 1 n n−1∑ τ=0 ω^{στ}_n x(j − τN_1) =

= 1 n n−1∑ τ=0 ω^{στ}_n N−1∑ q=0 x(q) δ_N (j − q − τN_1) =

= 1 n n−1∑ τ=0 n−1∑ k=0

N1−1∑

p=0 ω^{σ(τ+k)−σk} n x(kN_1 + p) δ_N ( j − p − (τ + k)N_1 ) =

= N1−1∑

p=0 { 1 n n−1∑ k=0 ω^{−σk}_n y_0(kN_1 + p) }{^{n−1}∑ τ^′=0

ω^{στ ′}_n g_0(τ^′N_1 + p; j) } =

= N1−1∑

p=0 y_1(σN_1 + p) g_1(σN_1 + p; j).

Ňë ćőáŕőńìğőćăńĺáì äőàňãńőľ (3.12). Śńăčăěňëě w^{(σ)}_1 (j) ïćńïîâáï ćěľćńěâŋëňĺ áőáâăćńïîéĺňĺ. Őŋĺ ćåőďïâ ć (5.7) ŕàĺ ν = 1. Śĺčŋăń v_1(j) ŕàěőąàăğãěâáï ŕő âăłőňã ęě ŕàăćĺńã

v_1(j) = v_2(j) + w^{(1)}_2 (j) + . . . + w^{(n−1)}_2 (j), čďě v_2(j) = 1 n n−1∑ τ=0 v_1(j−τN_2) = 1 n n−1∑ τ=0

N1−1∑

q=0 y_1(q) g_1(q; j−τN_2) =

= 1 n n−1∑ τ=0 n−1∑ k=0

N2−1∑

p=0 y_1(kN_2 + p) g_1(kN_2 + p; j − τN_2) =

= 1 n N2−1∑

p=0 n−1∑ k=0 y_1(kN_2 + p) n−1∑ τ=0 g_1 ( 0; j − p − (τ + k)N_2 ) =

= N2−1∑

p=0 { 1 n n−1∑ k=0 y_1(kN_2 + p) }{^{n−1}∑ τ^′=0

g_1(0; j − p − τ^′N_2) } =

= N2−1∑

p=0 y_2(p) n−1∑ τ^′=0

g_1(τ^′N_2 + p; j) = N2−1∑

p=0 y_2(p) g_2(p; j) ;

w^{(σ)}_2 (j) = 1 n n−1∑ τ=0 ω^{στ}_n v_1(j−τN_2) =

= 1 n n−1∑ τ=0 n−1∑ k=0

N2−1∑

p=0 ω^{στ}_n y_1(kN_2 + p) g_1 ( 0; j − p − (τ + k)N_2 ) =

= N2−1∑

p=0 { 1 n n−1∑ k=0 ω^{−σk}_n y_1(kN_2 + p) }{^{n−1}∑ τ^′=0

ω^{στ ′}_n g_1(τ^′N_2 + p; j) } =

= N2−1∑

p=0 y_2(σN_2 + p) g_2(σN_2 + p; j).

Ňë ćőáŕőńìğőćăńĺáì n-ŕěàĺőďĺçŋőáâìî ďĺáłàěâŋőľ äãŋłæĺĺ h(τ) = ω^{στ}_n g_1(0; j −p−τN_2) ĺ äőàňãńőľ (3.12). Śńăčăěňëě w^{(σ)}_2 (j), σ = 1, . . . , n − 1, ćåőďïâ ć (5.7) ŕàĺ ν = 2. Śĺčŋăń v_2(j) ŕőďćěàčăěâáï ďăńìŋěľèěňã ŕàěőąàăğőćăŋĺî.

Őąéĺľ èăč íâőčő ŕàőæěááă ćëčńïďĺâ âăł:

v_ν (j) = v_{ν+1}(j) + w^{(1)}_{ν+1}(j) + . . . + w^{(n−1)}_{ν+1} (j), ν = 1, . . . , s − 1.

Ğďěáì

v_{ν+1}(j) = 1 n n−1∑ τ=0 v_ν (j − τN_{ν+1}),

w^{(σ)}_{ν+1}(j) = 1 n n−1∑ τ=0 ω^{στ}_n v_ν (j − τN_{ν+1}). Őáãéěáâćĺć ćáě ãłăğăŋŋëě àăğńőęěŋĺï, ŕàĺďěň ł (5.7).

6. Őąőąéěŋŋëě ćěľćńěâë, áćïğăŋŋëě á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě

6.1. Ŕàőćěďěň ăŋăńőčĺçŋőě ĺááńěďőćăŋĺě, ĺáŕőńìğãï ŕőáńěďő-

ćăâěńìŋőáâì ąăğĺáőć f_0, f_1, . . . , f_s. Őąőğŋăçĺň çěàěğ V_ν , ν ∈ {0, 1, . . . , s}, ńĺŋěľŋãî őąőńőçłã, ŋăâïŋãâãî ŋă áĺčŋăńë f_ν (p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, ă çěàěğ W^{(σ)}ν , σ ∈ {1, . . . , n − 1}, ν ∈ {1, . . . , s}, | ńĺŋěľŋãî őąőńőçłã, ŋăâïŋãâãî ŋă f_ν (σ´_ν +p´_{ν+1}), p = 0, 1, . . ., N_ν − 1. Ŕő âěőàěňě 2.1 ŕőďŕàőáâàăŋáâćă V_ν , W^{(1)}ν , . . . , W^{(n−1)}ν ŕőŕăàŋő őàâőčőŋăńìŋë ŕàĺ ćáěå ν ∈ {1, . . . , s}. Śőčńăáŋő (2.4) ŕàĺ l = 0 ĺňěěň

f_ν (σ´_ν + p´_{ν+1}) = n−1∑ τ=0 ω^{στ}_n f_{ν−1}(τ´_ν + p´_{ν+1}), (6.1) p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Őâáîďă, łăł ĺ ć ŕàěďëďãéěň àăğďěńě, áńěďãěâ ŕàěďáâăćńěŋĺě

V_{ν−1} = V_ν ⊕ W^{(1)}_ν ⊕ W^{(2)}_ν ⊕ . . . ⊕ W^{(n−1)}_ν .

Őąőğŋăçĺň W_ν = W^{(1)}ν ⊕ . . . ⊕ W^{(n−1)}ν . Şçĺâëćăï, çâő V_0 = C_N , ŕàĺåőďĺň ł ćěľćńěâŋőňã àăğńőęěŋĺî

C N = V0 = W1 ⊕ V1 = W1 ⊕ (W2 ⊕ V2) = . . . =

= W_1 ⊕ W_2 ⊕ . . . ⊕ W_s ⊕ V_s. (6.2)

6.2. Ćëïáŋĺň áâàãłâãàã ćěľćńěâŋëå ŕőďŕàőáâàăŋáâć. Ŋăň ŕő-

âàěąãîâáï ďćě ńěňňë, ć łőâőàëå ĺáŕőńìğãěâáï őŕěàăæĺï ⊕_n ŕőàăğàïďŋőčő áńőęěŋĺï ŕő ňőďãńî n ďćãå æěńëå ŋěőâàĺæăâěńìŋëå çĺáěń, ŕàěďáâăćńěŋŋëå áćőĺňĺ n-ĺçŋëňĺ łőďăňĺ (áň. àăğď. 1). Ńěňňă 6.1. Ŕãáâì ν ∈ {1, . . . , s}, σ ∈ {0, 1, . . ., n − 1}, p ∈ {0, 1, . . . , N_ν −1}. Ŕàĺ ńîąëå τ = 0, 1, . . ., n−1 ĺ j = 0, 1, . . ., N −1 ćëŕőńŋïěâáï àăćěŋáâćő

f_ν (σ´_ν + p´_{ν+1}; j ⊕_n τ´_ν ) = ω^{στ}_n f_ν (σ´_ν + p´_{ν+1}; j). (6.3)

Ďőłăğăâěńìáâćő. Śőčńăáŋő (2.12) ĺ (2.11) ĺňěěň

f_ν (σ´_ν + p´_{ν+1}; j ⊕_n τ´_ν ) = f_ν ( σ´_ν ; (j ⊕_n τ´_ν) − p´_{ν+1} ) = = n−1∑ λ=0 ω^{σλ}_n Δ_ν −1∑

q=0 δ_N ( (j ⊕_n τ´_ν ) − p´_{ν+1} − q − λ´_ν ) . (6.4)

Őąőğŋăçĺň çěàěğ τ^∗ æěńőě çĺáńő ĺğ {0, 1, . . . , n − 1}, âăłőě, çâő τ ⊕_n τ^∗ = 0. Šőčďă δ_N ( (j ⊕_n τ´_ν) − p´_{ν+1} − q − λ´_ν ) = δ_N ( (j_{s−1}´_s + . . . + j_ν ´_{ν+1}+

+(j_{ν−1} ⊕_n τ)´_ν + j_{ν−2}´_{ν−1} + . . . + j_0) − p´_{ν+1} − λ´_ν − q ) = = 1, ěáńĺ j_{s−1}´_s + . . . + j_ν ´_{ν+1} = p´_{ν+1}, j_{ν−1} = λ⊕_n τ^∗, j_{ν−2}´_{ν−1} + . . . + j_0 = q;

0 ŕàĺ őáâăńìŋëå j ∈ {0, 1, . . ., N − 1} = = δ_N ( j − p´_{ν+1} − (λ⊕_n τ^∗)´_ν − q ) . (6.5)

Őâňěâĺň, çâő ω^{σλ}_n = ω^{σ[(λ ⊕n τ} ∗) ⊕_n τ] n = ω^{σ(λ ⊕n τ ∗)+στ} n . (6.6)

Ŕőďáâăćńïï (6.5) ĺ (6.6) ć (6.4), ŕőńãçăěň

f_ν (σ´_ν + p´_{ν+1}; j ⊕_n τ´_ν) = = ω^{στ}_n Δ_ν −1∑

q=0 n−1∑ λ=0 ω^{σ(λ ⊕n τ} ∗) n δ_N ( j − p´_{ν+1} − (λ⊕_n τ^∗)´_ν − q ) =

= ω^{στ}_n Δ_ν −1∑

q=0 n−1∑ λ^′ =0

ω^{σλ′}_n δ_N (j − p´_{ν+1} − λ^′´_ν − q) =

= ω^{στ}_n f_ν (σ´_ν ; j − p´_{ν+1}) = ω^{στ}_n f_ν (σ´_ν + p´_{ν+1}; j).

Ňë ćőáŕőńìğőćăńĺáì âěň, çâő ŕàĺ äĺłáĺàőćăŋŋőň τ^∗ őâőąàăęěŋĺě λ → λ⊕_n τ^∗ ěáâì ŕěàěáâăŋőćłă ňŋőęěáâćă {0, 1, . . . , n − 1}. Ńěňňă ďőłăğăŋă. •

Ńěňňă 6.2. Ğăäĺłáĺàãěň áĺčŋăń x ĺ ĺŋďěłá ν ∈ {1, . . . , s}. Śńě-

ďãîéĺě ďćă ãâćěàęďěŋĺï íłćĺćăńěŋâŋë: x(j) = x ( ⌊j/´_{ν+1}⌋´_{ν+1} ) , j = 0, 1, . . ., N − 1; (6.7) x(j ⊕_n q) = x(j), q = 0, 1, . . ., ´_{ν+1} −1, j = 0, 1, . . ., N −1. (6.8) Ďőłăğăâěńìáâćő. Ŕãáâì j = p´ν+1+l, čďě l ∈ {0, 1, . . ., ´ν+1−1},

p ∈ {0, 1, . . ., N_ν − 1}. Ěáńĺ ćëŕőńŋïěâáï ãáńőćĺě (6.7), âő x(j) = x(p´_{ν+1}). Ćňěáâě á âěň, ŕàĺ ńîąőň q ∈ {0, 1, . . ., ´_{ν+1} − 1} ć áĺńã âőčő ęě ãáńőćĺï (6.7) ĺňěěň x(j ⊕_n q) = x ( ⌊(j ⊕_n q)/´_{ν+1}⌋´_{ν+1} ) = = x (⌊( p´_{ν+1} + (l ⊕_n q) ) /´_{ν+1} ⌋ ´_{ν+1} ) = x(p´_{ν+1}) = x(j),

â. ě. ćëŕőńŋïěâáï ãáńőćĺě (6.8).

Ŋăőąőàőâ, áőčńăáŋő (6.8)

x(j) = x(p´_{ν+1} + l) = x(p´_{ν+1} ⊕_n l) = x(p´_{ν+1}) = = x ( ⌊j/´_{ν+1}⌋´_{ν+1} ) , âăł çâő ĺğ (6.8) áńěďãěâ (6.7). Ńěňňă ďőłăğăŋă. •

Ğăňěçăŋĺě. Şáńőćĺě (6.8) àăćŋőáĺńìŋő ąőńěě ŕàőáâőňã ãáńőćĺî x(j ⊕_n ´_μ) = x(j), μ = 1, . . . , ν, j = 0, 1, . . . , N − 1. (6.9) Ďőáâăâőçŋő ŕàőćěàĺâì ĺňŕńĺłăæĺî (6.9)⇒(6.8). Śŋăçăńă őâňěâĺň, çâő x(j ⊕_n τ´_μ) = x(j), τ = 0, 1, . . . , n − 1. (6.10) Ŕàĺ τ = 0 ĺ τ = 1 íâő őçěćĺďŋő. Ŕàĺ τ ≥ 2 ŋă őáŋőćăŋĺĺ (6.9) ŕőńãçăěň

x(j ⊕_n τ´_μ) = x (( j ⊕_n (τ − 1)´_μ ) ⊕_n ´_μ ) = x ( j ⊕_n (τ − 1)´_μ ) = = . . . = x(j ⊕_n ´_μ) = x(j).

Şçĺâëćăï (6.10), ğăŕĺèěň x(j ⊕_n q) = x ( j ⊕_n (q_{ν−1}´_ν + . . . + q_1´_2 + q_0´_1) ) = = x (( j ⊕_n (q_{ν−1}´_ν + . . . + q_1´_2) ) ⊕_n q_0´_1 ) = = x ( j ⊕_n (q_{ν−1}´_ν + . . . + q_1´_2) ) = . . . = x(j ⊕_n q_{ν−1}´_ν) = x(j),

çâő ĺ âàěąőćăńőáì ãáâăŋőćĺâì.

Šěőàěňă 6.1. Śĺčŋăń x ïćńïěâáï íńěňěŋâőň ŕőďŕàőáâàăŋáâćă

V_ν âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïěâáï ãáńőćĺě (6.8).

Ďőłăğăâěńìáâćő. Ŕő őŕàěďěńěŋĺî, Vν áőáâőĺâ ĺğ áĺčŋăńőć ćĺďă x(j) = N_ν −1∑

p=0 c(p) f_ν (0; j − p´_{ν+1}).

Ŕőáłőńìłã

f_ν (0; j) = { 1 ŕàĺ j = 0, 1, . . . , ´_{ν+1} − 1, 0 ŕàĺ j = ´_{ν+1}, . . . , N − 1,

âő íńěňěŋâë V_ν ïćńïîâáï łãáőçŋő-ŕőáâőïŋŋëňĺ äãŋłæĺïňĺ, âőç- ŋěě x(j) = x(p´_{ν+1}) ŕàĺ j = p´_{ν+1}, . . . , (p + 1)´_{ν+1} − 1, p = 0, 1, . . ., N_ν − 1. Ŕőáńěďŋěě ãáńőćĺě ňőęŋő ğăŕĺáăâì ĺŋăçě: x(j) = x ( ⌊j/´_{ν+1}⌋´_{ν+1} ) , j = 0, 1, . . ., N − 1. Őáâăěâáï áőáńăâìáï ŋă ńěňňã (6.2). •

Šěőàěňă 6.2. Śŕàăćěďńĺćă äőàňãńă

W^{(σ)}_ν = { x ∈ V_{ν−1} | | x(j ⊕_n τ´_ν ) = ω^{στ}_n x(j) ŕàĺ ćáěå τ = 1, . . . , n − 1 ĺ j = 0, 1, . . . , N − 1 } . (6.11)

Ďőłăğăâěńìáâćő. Őąőğŋăçĺň çěàěğ G^{(σ)}ν ňŋőęěáâćő, áâőïéěě ć

ŕàăćőľ çăáâĺ (6.11), ĺ ŕőłăęěň áŋăçăńă, çâő W^{(σ)}ν ⊂ G^{(σ)}ν . Ŕãáâì x ∈ W^{(σ)}ν . Šăł łăł W^{(σ)}ν ⊂ W_ν ⊂ V_{ν−1}, âő x ∈ V_{ν−1}. Ďăńěě x = N_ν −1∑

p=0 c(p) f_ν (σ´_ν + p´_{ν+1}).

Śőčńăáŋő (6.3)

x(j ⊕_n τ´_ν) = N_ν −1∑

p=0 c(p) f_ν (σ´_ν + p´_{ν+1}; j ⊕_n τ´_ν) = ω^{στ}_n x(j).

Ğŋăçĺâ, x ∈ G^{(σ)}ν . Ćłńîçěŋĺě W^{(σ)}ν ⊂ G^{(σ)}ν ãáâăŋőćńěŋő.

Ŕàőćěàĺň őąàăâŋőě ćłńîçěŋĺě. Ŕãáâì x ∈ G^{(σ)}ν . Ć çăáâŋőáâĺ, x ∈ V_{ν−1}. Şçĺâëćăï, çâő V_{ν−1} = V_ν ⊕W^{(1)}ν ⊕. . .⊕W^{(n−1)}ν , ğăŕĺèěň x = n−1∑ λ=0

N_ν −1∑

p=0 c(λ, p) f_ν (λ´_ν + p´_{ν+1}).

Ć áĺńã őŕàěďěńěŋĺï G^{(σ)}ν ĺ (6.3) ŕàĺ τ = 0, 1, . . . , n − 1 ĺňěěň x(j) = ω^{−στ}_n x(j ⊕_n τ´_ν) = = ω^{−στ}_n n−1∑ λ=0

N_ν −1∑

p=0 c(λ, p) ω^{λτ}_n f_ν (λ´_ν + p´_{ν+1}; j).

Śńőęĺć íâĺ àăćěŋáâćă ĺ ŕőďěńĺć ŋă n, ŕőńãçĺň x = 1 n n−1∑ τ=0 ω^{−στ}_n n−1∑ λ=0

N_ν −1∑

p=0 ω^{λτ}_n c(λ, p) f_ν (λ´_ν + p´_{ν+1}) =

= N_ν −1∑

p=0 n−1∑ λ=0 c(λ, p) f_ν (λ´_ν + p´_{ν+1}) { 1 n n−1∑ τ=0 ω^{(λ−σ)τ} n } =

= N_ν −1∑

p=0 c(σ, p) f_ν (σ´_ν + p´_{ν+1}),

â. ě. x ∈ W^{(σ)}ν . Ćłńîçěŋĺě G^{(σ)}ν ⊂ W^{(σ)}ν , ă á ŋĺň ĺ âěőàěňă, ďőłăğăŋë. •

6.3. Śőčńăáŋő (6.2) ńîąőľ áĺčŋăń x ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x = x_s(0) f_s(0) + s∑ ν=1 n−1∑ σ=1

N_ν −1∑

p=0 x_ν (σ´_ν + p´_{ν+1}) f_ν (σ´_ν + p´_{ν+1}). (6.12) Ğďěáì x_s(0) = N^{−1}⟨x, f_s(0)⟩ = 1 N N−1∑ j=0 x(j) ĺ

x_ν (σ´_ν + p´_{ν+1}) = n^{−ν} ⟨x, f_ν (σ´_ν + p´_{ν+1})⟩. Şçĺâëćăï (6.1), ğăŕĺèěň

x_ν (σ´_ν + p´_{ν+1}) = n^{−ν} n−1∑ τ=0 ω^{−στ}_n ⟨x, f_{ν−1}(τ´_ν + p´_{ν+1})⟩ =

= 1 n n−1∑ τ=0 ω^{−στ}_n x_{ν−1}(τ´_ν + p´_{ν+1}).

Ŕàĺ íâőň x_0(k) = ⟨x, f_0(k)⟩ = x(k), k = 0, 1, . . . , N − 1. Ŕàĺåőďĺň ł àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺï (6.12): x_0(k) = x(k), k = 0, 1, . . ., N − 1;

x_ν (σ´_ν + p´_{ν+1}) = 1 n n−1∑ τ=0 ω^{−στ}_n x_{ν−1}(τ´_ν + p´_{ν+1}), (6.13) p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Łőíääĺæĺěŋâë x_ν (p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, áőőâćěâáâćãîéĺě ĺŋďěłáã σ = 0, ĺáŕőńìğãîâáï ďńï ćëçĺáńěŋĺï łőíääĺæĺěŋâőć (ν + 1)-čő ãàőćŋï.

Őąàăéěŋĺě ŕàěőąàăğőćăŋĺï (6.13) ŕàĺćőďĺâ ł áńěďãîéěľ áåěňě:

x_{ν−1}(τ´_ν + p´_{ν+1}) = n−1∑ σ=0 ω^{στ}_n x_ν (σ´_ν + p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, τ = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. İâă áåěňă ŕőğćőńïěâ ćëçĺáńĺâì ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (6.12), ŋă őáŋőćŋőň ŕěàĺőďě, ă ĺňěŋŋő x(k) = x_0(k), k = 0, 1, . . . , N − 1. Řăğńőęěŋĺě (6.12) ŋăğőćěň àăğńőęěŋĺěň Ţăăàă|Łàěáâěŋáőŋă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě, ă áåěňã (6.13) | ąëáâàëň ŕàěőąàăğőćăŋĺěň Ţăăàă|Łàěáâěŋáőŋă.

Őâňěâĺň, çâő ć (6.12) ąăğĺáŋëě áĺčŋăńë f_ν (σ´_ν + p´_{ν+1}) ňőęŋő áäőàňĺàőćăâì ĺğ n − 1 áĺčŋăńă f_1(σ´_1), σ = 1, . . . , n − 1. İâő áńěďãěâ ĺğ (2.12) ĺ (2.13). Ďńï őąàăğãîéĺå áĺčŋăńőć f_1(σ´_1) áőčńăáŋő (2.11) ĺňěěâáï ïćŋőě ŕàěďáâăćńěŋĺě

f_1(σ´_1; j) = n−1∑ τ=0 ω^{στ}_n δ_N (j − τ). 6.4. Ťőàňãńã (6.12) ňőęŋő ćëćěáâĺ ŋěŕőáàěďáâćěŋŋő. Ŕàĺ

íâőň ŕàőïáŋïěâáï àőńì őŕěàăæĺĺ ⊕_n ŕőàăğàïďŋőčő áńőęěŋĺï ŕő ňőďãńî n ŕàĺ ŕàőàěęĺćăŋĺĺ ŕő çăáâőâě.

Ŋăçŋěň á őďŋőčő ćáŕőňőčăâěńìŋőčő ãâćěàęďěŋĺï.

Ńěňňă 6.3. Śŕàăćěďńĺćő àăćěŋáâćő

f_ν (p´_{ν+1}; j) = f_ν (0; j ⊕_n p^∗´_{ν+1}), (6.14) p = 0, 1, . . ., N_ν − 1, ν = 0, 1, . . . , s, j = 0, 1, . . ., N − 1, čďě p^∗ | æěńőě çĺáńő ĺğ {0, 1, . . ., N_ν −1}, őŕàěďěńïěňőě ãáńőćĺěň p⊕_n p^∗ = 0.

Ďőłăğăâěńìáâćő. Ŕàĺ ν = s äőàňãńă (6.14) âàĺćĺăńìŋă, ŕő-

áłőńìłã f_s(0; j) ≡ 1. Ŕãáâì ν ∈ {0, 1, . . ., s − 1}. Ć áĺńã (2.10)

f_ν (0; j ⊕_n p^∗´_{ν+1}) =

Δ_{ν+1}−1 ∑ q=0 δ_N ( (j ⊕_n p^∗´_{ν+1}) − q ) . Ŕàĺ íâőň δ_N ( (j ⊕_n p^∗´_{ν+1}) − q ) = δ_N ( (⌊j/´_{ν+1}⌋⊕_n p^∗)´_{ν+1} + ⟨j⟩_{Δν+1} − q ) = = { 1, ěáńĺ ⌊j/´_{ν+1}⌋ = p ĺ ⟨j⟩_{Δν+1} = q ; 0 ŕàĺ őáâăńìŋëå j ∈ {0, 1, . . . , N − 1} } = = δ_N (j − p´_{ν+1} − q).

Ğŋăçĺâ,

f_ν (0; j ⊕_n p^∗´_{ν+1}) =

Δ_{ν+1}−1 ∑ q=0 δ_N (j − p´_{ν+1} − q) =

= f_ν (0; j − p´_{ν+1}) = f_ν (p´_{ν+1}; j). Ńěňňă ďőłăğăŋă. •

Ĺğ (6.14) áńěďãěâ, çâő

f_ν (p´_{ν+1}; j ⊕_n k´_{ν+1}) = f_ν ( (p⊕_n k^∗)´_{ν+1}; j ) , (6.15) p, k = 0, 1, . . ., N_ν − 1, ν = 0, 1, . . . , s, j = 0, 1, . . . , N − 1. Ďěľáâćĺâěńìŋő,

f_ν (p´_{ν+1}; j ⊕_n k´_{ν+1}) = f_ν (0; j ⊕_n k´_{ν+1} ⊕_n p^∗´_{ν+1}) = = f_ν ( 0; j ⊕_n (k ⊕_n p^∗)´_{ν+1} ) = f_ν ( (p⊕_n k^∗)´_{ν+1}; j ) . Ňë ćőáŕőńìğőćăńĺáì âěň, çâő (k ⊕_n p^∗)^∗ = p⊕_n k^∗.

Ŕěàěåőďĺň ł ŋěŕőáàěďáâćěŋŋőňã ćëćőďã äőàňãńë (6.12). Ŕàĺ j ∈ {0, 1, . . . , N − 1} ĺňěěň x(j) = n−1∑ τ=0 { 1 n n−1∑ σ=0 ω^{−στ}_n } x(j ⊕_n τ) = 1 n n−1∑ σ=0 n−1∑ τ=0 ω^{−στ}_n x(j ⊕_n τ) = = v_1(j) + w^{(1)}_1 (j) + . . . + w^{(n−1)}_1 (j).

Ğďěáì

v_1(j) = 1 n n−1∑ τ=0 x(j ⊕_n τ) = 1 n n−1∑ τ=0 N−1∑ q=0 x(q) f_0(q; j ⊕_n τ). Ŕőńìğãïáì äőàňãńőľ (6.15) ŕàĺ ν = 0 ĺ (6.1), ŕőńãçăěň

v_1(j) = 1 n n−1∑ τ=0 N−1∑ q=0 x(q) f_0(q ⊕_n τ^∗; j) = 1 n n−1∑ τ=0 N−1∑ q^′=0

x(q^′ ⊕_n τ) f_0(q^′; j) =

= 1 n n−1∑ τ=0

N1−1∑

p=0 n−1∑ k=0 x ( np + (k ⊕_n τ) ) f_0(np + k; j) =

= N1−1∑

p=0 {^{n−1}∑ k=0 f_0(k´_1 + p´_2; j) }{ 1 n n−1∑ τ^′=0

x_0(τ^′´_1 + p´_2) } =

= N1−1∑

p=0 x_1(p´_2) f_1(p´_2; j).

Ăŋăńőčĺçŋő ŕàĺ σ = 1, . . . , n − 1

w^{(σ)}_1 (j) := 1 n n−1∑ τ=0 ω^{−στ}_n x(j ⊕_n τ) = 1 n n−1∑ τ=0 N−1∑ q=0 ω^{−στ}_n x(q ⊕_n τ) f_0(q; j) =

= 1 n n−1∑ τ=0

N1−1∑

p=0 n−1∑ k=0 ω^{−σ(k ⊕n τ)+σk} n x ( np + (k ⊕_n τ) ) f_0(np + k; j) =

= N1−1∑

p=0 {^{n−1}∑ k=0 ω^{σk}_n f_0(k´_1 +p´_2; j) }{ 1 n n−1∑ τ^′=0

ω^{−στ ′}_n x_0(τ^′´_1 +p´_2) } =

= N1−1∑

p=0 x_1(σ´_1 + p´_2) f_1(σ´_1 + p´_2; j).

Śńăčăěňëě w^{(σ)}_1 (j) ïćńïîâáï ćěľćńěâŋëňĺ áőáâăćńïîéĺňĺ. Őŋĺ ćåőďïâ ć (6.12) ŕàĺ ν = 1. Śĺčŋăń v_1(j) ŕàěőąàăğãěâáï ŕő âăłőňã ęě ŕàăćĺńã

v_1(j) = v_2(j) + w^{(1)}_2 (j) + . . . + w^{(n−1)}_2 (j).

Ğďěáì

v_2(j) = 1 n n−1∑ τ=0 v_1(j ⊕_n τ´_2) = 1 n n−1∑ τ=0

N1−1∑

q=0 x_1(q´_2) f_1(q´_2; j ⊕_n τ´_2) =

= 1 n n−1∑ τ=0

N1−1∑

q=0 x_1(q´_2) f_1 ( (q ⊕_n τ^∗)´_2; j ) =

= 1 n n−1∑ τ=0 N−1∑ q^′=0

x_1 ( (q^′ ⊕_n τ)´_2 ) f_1(q^′´_2; j) =

= 1 n n−1∑ τ=0

N2−1∑

p=0 n−1∑ k=0 x_1 ( p´_3 + (k ⊕_n τ)´_2 ) f_1(p´_3 + k´_2; j) =

= N2−1∑

p=0 {^{n−1}∑ k=0 f_1(k´_2 + p´_3; j) }{ 1 n n−1∑ τ^′=0

x_1(τ^′´_2 + p´_3) } =

= N2−1∑

p=0 x_2(p´_3) f_2(p´_3; j) ;

w^{(σ)}_2 (j) := 1 n n−1∑ τ=0 ω^{−στ}_n v_1(j ⊕_n τ´_2) =

= N2−1∑

p=0 x_2(σ´_2 + p´_3) f_2(σ´_2 + p´_3; j) .

Őąéĺľ èăč íâőčő ŕàőæěááă ćëčńïďĺâ âăł:

v_ν (j) = v_{ν+1}(j) + w^{(1)}_{ν+1}(j) + . . . + w^{(n−1)}_{ν+1} (j), ν = 1, . . . , s − 1, čďě v_{ν+1}(j) = 1 n n−1∑ τ=0 v_ν (j ⊕_n τ´_{ν+1}),

w^{(σ)}_{ν+1}(j) = 1 n n−1∑ τ=0 ω^{−στ}_n v_ν (j ⊕_n τ´_{ν+1}).

Őáãéěáâćĺć ćáě ãłăğăŋŋëě àăğńőęěŋĺï, ŕàĺďěň ł (6.12).

7. Őąőąéěŋŋëľ łàăâŋő-ňăáèâăąŋëľ ăŋăńĺğ

7.1. Őàâőčőŋăńìŋëě ąăğĺáë Ţăăàă|Łàěáâěŋáőŋă { f_s(0); f_ν (σ´_ν + p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } , { g_s(0); g_ν (σN_ν + p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } ňőęŋő ŕőńãçĺâì âăłęě á ŕőňőéìî łàăâŋő-ňăáèâăąŋőčő ăŋăńĺğă ŕàőáâàăŋáâćă C_N ŕő őáŋőćăŋĺî n.

Ććěďěň áĺčŋăńë

φ_ν (j) = N_ν −1∑

k=0 δ_N (j − k). Őąőğŋăçĺň V_ν = lin ( {φ_ν (· − qN_ν)}^{Δν+1−1}_{q=0} ) , ν = 0, 1, . . . , s. Őçěćĺďŋő, çâő V_ν ⊂ C_N | ŕőďŕàőáâàăŋáâćő łãáőçŋő-ŕőáâőïŋŋëå áĺčŋăńőć á őàâőčőŋăńìŋëň ąăğĺáőň {φ_ν (· − qN_ν)}^{Δν+1−1}_{q=0} , ŕàĺçěň

V_0 ⊂ V_1 ⊂ · · · ⊂ V_s = C_N . (7.1)

Ŋăľďěň őàâőčőŋăńìŋőě ďőŕőńŋěŋĺě W_1 ŕőďŕàőáâàăŋáâćă V_0 ďő V_1. Ďńï íâőčő ŕőáâàőĺň őàâőčőŋăńìŋëľ ąăğĺá ć V_1, áőďěàęăéĺľ áĺčŋăń φ_0. Ŕőńőęĺň

ψ^{(σ)}_1 (j) = n−1∑ q=0 ω^{σq}_n φ_1(j − qN_1), σ = 0, 1, . . ., n − 1.

Śĺčŋăńë ψ^{(σ)}_1 ŕàĺŋăďńěęăâ V_1 ĺ ŕőŕăàŋő őàâőčőŋăńìŋë, ŕőáłőńìłã

⟨ψ^{(σ1)}_1 , ψ^{(σ2)}_1 ⟩ = N_1 n−1∑ q=0 ω^{(σ1−σ2)q} n = Nδ_n(σ_1 − σ_2).

Ł âőňã ęě ĺå łőńĺçěáâćő áőćŕăďăěâ á àăğňěàŋőáâìî V_1. Ğŋăçĺâ, {ψ^{(σ)}_1 }^{n−1}_{σ=0} | őàâőčőŋăńìŋëľ ąăğĺá ŕőďŕàőáâàăŋáâćă V_1. Ŕàĺ íâőň

ψ^{(0)}_1 (j) = n−1∑ q=0 φ_1(j − qN_1) ≡ 1 ≡ N−1∑ k=0 δ_N (j − k) = φ_0(j).

Őąőğŋăçĺň W_1 = lin ( {ψ^{(σ)}_1 }^{n−1}_{σ=1} ) . Şçĺâëćăï, çâő V_0 = lin(φ_0), ŕőńãçăěň V_1 = V_0 ⊕ W_1.

Ć őąéěň áńãçăě ŕàĺ ν = 2, . . . , s ŕőńőęĺň

ψ^{(σ)}_ν (j) = n−1∑ q=0 ω^{σq}_n φ_ν (j − qN_ν ), σ = 0, 1, . . ., n − 1. Ŋěâàãďŋő ŕàőćěàĺâì, çâő ŕàĺ äĺłáĺàőćăŋŋőň ν ⟨ ψ^{(σ1)}ν (· − k_1N_{ν−1}), ψ^{(σ2)}ν (· − k_2N_{ν−1}) ⟩ = = N_{ν−1}δ_n(σ_1 − σ_2) δ_{Δν} (k_1 − k_2)

(7.2)

ďńï σ_1, σ_2 ∈ {0, 1, . . ., n − 1}, k_1, k_2 ∈ {0, 1, . . ., ´_ν − 1}. Ďěľáâćĺâěńìŋő, őąőğŋăçĺň çěàěğ S ńěćãî çăáâì äőàňãńë (7.2) ĺ ŕàěőąàăğãěň ěě ł ćĺďã S = ⟨^{n−1}∑ q1=0

ω^{σ1q1}_n φ_ν (· − k_1N_{ν−1} − q_1N_ν), n−1∑ q2=0

ω^{σ2q2}_n φ_ν(· − k_2N_{ν−1} − q_2N_ν ) ⟩ =

= n−1∑ q1,q2=0 ω^{σ1q1−σ2q2} n ⟨ φ_ν ( · −(k_1n + q_1)N_ν ) , φ_ν ( · −(k_2n + q_2)N_ν )⟩ .

Ŕàĺ k_1 ≠ k_2 áőčńăáŋő őŕàěďěńěŋĺî φ_ν ĺňěěň S = 0, çâő áőőâćěâáâćãěâ (7.2). Ŕãáâì k_1 = k_2. Šőčďă S = N_ν n−1∑ q=0 ω^{(σ1−σ2)q} n = N_{ν−1}δ_n(σ_1 − σ_2),

çâő âăłęě áőőâćěâáâćãěâ (7.2).

Őŕàěďěńĺň ŕőďŕàőáâàăŋáâćő W^{(σ)}ν łăł ńĺŋěľŋãî őąőńőçłã áĺáâěňë őàâőčőŋăńìŋëå áĺčŋăńőć {ψ^{(σ)}ν (·−kN_{ν−1})}^{Δν −1}_{k=0} . Ć áĺńã (7.2) ŕőďŕàőáâàăŋáâćă W^{(0)}ν , W^{(1)}ν , . . . , W^{(n−1)}ν őàâőčőŋăńìŋë. Ŕőáłőńìłã áĺčŋăńë ψ^{(σ)}ν (j −kN_{ν−1}), k = 0, 1, . . . , ´_ν −1, σ = 0, 1, . . . , n−1, ŕàĺŋăďńěęăâ V_ν ĺ ĺå łőńĺçěáâćő ´_{ν+1} áőćŕăďăěâ á àăğňěàŋőáâìî V_ν, âő V_ν = W^{(0)}_ν ⊕ W^{(1)}_ν ⊕ . . . ⊕ W^{(n−1)}_ν . (7.3) Őâňěâĺň, çâő

ψ^{(0)}_ν (j) = n−1∑ q=0 φ_ν(j − qN_ν) = n−1∑ q=0

N_ν −1∑

k=0 δ_N ( j − (qN_ν + k) ) =

= N_{ν−}1−1 ∑ k^′=0

δ_N (j − k^′) = φ_{ν−1}(j).

Łăł áńěďáâćĺě, ŕőńãçăěň W^{(0)}ν = V_{ν−1}. Ěáńĺ őąőğŋăçĺâì W_ν = W^{(1)}ν ⊕ . . . ⊕ W^{(n−1)}ν , âő (7.3) ŕàĺňěâ ćĺď V_ν = V_{ν−1} ⊕ W_ν , ν = 2, . . . , s. Łăł őâňěçăńőáì, ŕőáńěďŋěě àăćěŋáâćő ćěàŋő ĺ ŕàĺ ν = 1.

Šěŕěàì ĺňěěň C N = Vs = Ws ⊕ Vs−1 = Ws ⊕ (Ws−1 ⊕ Vs−2) = . . . = = W_s ⊕ W_{s−1} ⊕ . . . ⊕ W_1 ⊕ V_0.

İâő ğŋăçĺâ, çâő ńîąőľ áĺčŋăń x ∈ C_N ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x(j) = αφ_0(j) + s∑ ν=1 n−1∑ σ=1

Δ_ν −1∑

k=0 α^{(σ)}_ν (k)ψ^{(σ)}_ν (j − kN_{ν−1}). (7.4)

Śàăćŋĺň äőàňãńë (7.4) ĺ (6.12). Ŕàěęďě ćáěčő őâňěâĺň, çâő φ_0(j) ≡ f_s(0; j) ≡ 1. Ďăńěě, ć áĺńã àăćěŋáâćă N_ν = ´_{s−ν+1} ĺ áőőâŋőèěŋĺľ (2.11) ĺ (2.12)

ψ^{(σ)}_ν (j) = n−1∑ q=0 ω^{σq}_n Δ_{s−ν+1}−1 ∑ k=0 δ_N (j−k−q´_{s−ν+1}) = f_{s−ν+1}(σ´_{s−ν+1}; j),

ψ^{(σ)}_ν (j − kN_{ν−1}) = f_{s−ν+1}(σ´_{s−ν+1}; j − k´_{s−ν+2}) =

= f_{s−ν+1}(σ´_{s−ν+1} + k´_{s−ν+2}; j).

Ŕàĺåőďĺň ł ďàãčőľ äőàňě ğăŕĺáĺ àăğńőęěŋĺï (7.4):

x = αf_s(0) + s∑ ν=1 n−1∑ σ=1

N_{s−ν}+1−1 ∑ k=0 α^{(σ)}_ν (k)f_{s−ν+1}(σ´_{s−ν+1} + k´_{s−ν+2}).

(7.5) Ćĺďŋő, çâő äőàňãńă (7.5) ńĺèì ŕőàïďłőň áńăčăěňëå ŕő ν őâńĺçăěâáï őâ (6.12).

Šăłĺň őąàăğőň, æěŕőçłă ćńőęěŋŋëå ŕőďŕàőáâàăŋáâć (7.1) őąěáŕěçĺćăěâ őąőąéěŋŋëľ łàăâŋő-ňăáèâăąŋëľ ăŋăńĺğ ŕàőáâàăŋáâćă

C N , ŕàĺćőďïéĺľ ł àăğńőęěŋĺî áĺčŋăńőć ŕő ąăğĺáã Ţăăàă|Łàěá-

âěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

Řăááňőâàĺň áńãçăľ ŕàőàěęĺćăŋĺï ŕő ćàěňěŋĺ. Ŕőńőęĺň

φ_ν (j) = δ_{Δν+1} (j),

V_ν = lin ( {φ_ν (· − k)}^{Δν+1−1} k=0 ) , ν = 0, 1, . . ., s; ψ^{(σ)}_ν (j) = n−1∑ q=0 ω^{σq}_n φ_ν (j − q´_ν), W^{(σ)}_ν = lin ( {ψ^{(σ)}_ν (· − k)}^{Δν −1}_{k=0} ) , σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Őçěćĺďŋő, çâő V_ν = C_{Δν+1} . Ć çăáâŋőáâĺ, V_s = C_N ĺ V_0 = lin(φ_0), čďě φ_0(j) ≡ 1. Ŕàĺ íâőň

V_0 ⊂ V_1 ⊂ · · · ⊂ V_s = C_N . (7.6)

Ďăńěě, ŕàĺ äĺłáĺàőćăŋŋőň ν ∈ {2, . . . , s} ⟨ ψ^{(σ1)}_ν (· − k_1), ψ^{(σ2)}_ν (· − k_2) ⟩ = N_{ν−1}δ_n(σ_1 − σ_2) δ_{Δν} (k_1 − k_2)

ďńï σ_1, σ_2 ∈ {0, 1, . . ., n−1}, k_1, k_2 ∈ {0, 1, . . ., ´_ν −1}. İâő ďőłăğëćăěâáï ŕő âőľ ęě áåěňě, çâő ĺ (7.2). Ŕőáłőńìłã áĺčŋăńë ψ^{(σ)}ν (j−k), k = 0, 1, . . ., ´_ν − 1, σ = 0, 1, . . . , n − 1, ŕàĺŋăďńěęăâ V_ν , ŕőŕăàŋő őàâőčőŋăńìŋë ĺ ĺå łőńĺçěáâćő ´_{ν+1} áőćŕăďăěâ á àăğňěàŋőáâìî V_ν , âő V_ν = W^{(0)}_ν ⊕ W^{(1)}_ν ⊕ . . . ⊕ W^{(n−1)}_ν . (7.7) Őâňěâĺň, çâő

ψ^{(0)}_ν (j) = n−1∑ q=0 φ_ν (j −q´_ν ) = n−1∑ q=0 δ_{Δν+1} (j −q´_ν) = δ_{Δν} (j) = φ_{ν−1}(j).

Łăł áńěďáâćĺě, ŕőńãçăěň W^{(0)}ν = V_{ν−1}. Ěáńĺ őąőğŋăçĺâì W_ν = W^{(1)}ν ⊕ . . . ⊕ W^{(n−1)}ν , âő (7.7) ŕàĺňěâ ćĺď V_ν = V_{ν−1} ⊕ W_ν , ν = 2, . . . , s. İâă äőàňãńă ćěàŋă ĺ ŕàĺ ν = 1.

Šěŕěàì ĺňěěň C_N = V_s = W_s ⊕ V_{s−1} = . . . = W_s ⊕ W_{s−1} ⊕ . . . ⊕ W_1 ⊕ V_0. İâő ğŋăçĺâ, çâő ńîąőľ áĺčŋăń x ∈ C_N ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x(j) = βφ_0(j) + s∑ ν=1 n−1∑ σ=1

Δ_ν −1∑

k=0 β^{(σ)}_ν (k)ψ^{(σ)}_ν (j − k). (7.8)

Śàăćŋĺň äőàňãńë (7.8) ĺ (5.7). Ŕàěęďě ćáěčő őâňěâĺň, çâő φ_0(j) ≡ g_s(0; j) ≡ 1. Ďăńěě, áőčńăáŋő (3.7) ĺ (3.10)

ψ^{(σ)}_ν (j) = n−1∑ q=0 ω^{σq}_n δ_{Δν+1} (j − q´_ν) = n−1∑ q=0 ω^{σq}_n δ_{Ns−ν} (j − qN_{s−ν+1}) = = g_{s−ν+1}(σN_{s−ν+1}; j), ψ^{(σ)}_ν (j − k) = g_{s−ν+1}(σN_{s−ν+1} + k; j). Ŕàĺåőďĺň ł ďàãčőľ äőàňě ğăŕĺáĺ àăğńőęěŋĺï (7.8):

x = βg_s(0) + s∑ ν=1 n−1∑ σ=1

N_{s−ν}+1−1 ∑ k=0 β^{(σ)}_ν (k) g_{s−ν+1}(σN_{s−ν+1} + k). (7.9)

Ćĺďŋő, çâő äőàňãńă (7.9) ńĺèì ŕőàïďłőň áńăčăěňëå ŕő ν őâńĺçăěâáï őâ (5.7).

Šăłĺň őąàăğőň, æěŕőçłă ćńőęěŋŋëå ŕőďŕàőáâàăŋáâć (7.6) őąěáŕěçĺćăěâ őąőąéěŋŋëľ łàăâŋő-ňăáèâăąŋëľ ăŋăńĺğ ŕàőáâàăŋáâćă

C N , ŕàĺćőďïéĺľ ł àăğńőęěŋĺî áĺčŋăńőć ŕő ąăğĺáã Ţăăàă|Łàěá-

âěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Śŕĺáőł ńĺâěàăâãàë

[1] Ňăłłńěńńăŋ Ďę. Ţ., Řěľďěà Ů. Ň., Ŕàĺňěŋěŋĺě âěőàĺĺ çĺáěń ć æĺäàőćőľ őąàăąőâłě áĺčŋăńőć, Ŕěà. á ăŋčń., Řăďĺő ĺ áćïğì, Ň., 1983.

[2] Ąńěľåãâ Ř., Ąëáâàëě ăńčőàĺâňë æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć, Ŕěà.

á ăŋčń., Ňĺà, Ň., 1989.

[3] Cooley J. W., Tukey J. W., An algorithm for the machine calculation of complex Fourier series, Math. Comput. 19 (1965), 297{301.

[4] Ňăńőğěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă., Ŋőćëľ ŕőďåőď ł ăńčőàĺâňã Łãńĺ| Šìîłĺ, Ćěáâŋ. ŚŔąČŞ, áěà. 1, 1997, ćëŕ. 3 (ò 15), 57{60.

[5] Ňăńőğěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă., Ăńčőàĺâň Łãńĺ|Šìîłĺ ĺ ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ţăăàă, Ćěáâŋ. ŚŔąČŞ, áěà. 1, 1998, ćëŕ. 3 (ò 15), 31{34.

[6] Ňăńőğěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă., Śěłæĺőŋĺàőćăŋĺě, őàâőčőŋăńìŋőáâì ĺ ŕěàěáâăŋőćłĺ, Ćěáâŋ. ŚŔąČŞ, áěà. 1, 1999, ćëŕ. 1 (ò 1), 16{21.

[7] Ćĺńěŋłĺŋ Ŋ. §., Őą őďŋőň łńăááě ŕőńŋëå őàâőčőŋăńìŋëå áĺáâěň, Ĺğć.

ĂŊ ŚŚŚŘ, áěà. ňăâěň. 11 (1947), 363{400.

[8] Chrestenson H. E., A class of generalized Walsh functions, Paci˛c J. Math.

5 (1955), 17{31.

[9] Šàăåâňăŋ Ă. Ň., Šàăåâňăŋ Ć. Ă., Őáŋőćë âěőàĺĺ ďĺáłàěâŋëå áĺčŋăńőć ŋă łőŋěçŋëå ĺŋâěàćăńăå, Śőć. àăďĺő, Ň., 1975.

[10] Ďăčňăŋ İ. Ě., Łãåăàěć Č. Ă., Ąëáâàëě ďĺáłàěâŋëě őàâőčőŋăńìŋëě ŕàěőąàăğőćăŋĺï, Ŋăãłă, Ŋőćőáĺąĺàáł, 1983.

[11] Good I. J., The interaction algorithm and practical Fourier analysis, J.

Royal Stat. Soc. B-20 (1958), 361{372.

[12] Ňăńőğěňőć Ć. Ŋ., Ŕěćŋëľ Ă. Ą., Šàěâìïłőć Ă. Ă., Ąëáâàőě ćěľćńěâŋőě ŕàěőąàăğőćăŋĺě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć ĺ ĺğőąàăęěŋĺľ, Ŕàőąń. ŕěàěďăçĺ ĺŋä. 34 (1998), ćëŕ. 2, 77{85.

[13] Daubechies I., Ten lectures on wavelets, SIAM, Philadelphia, 1992.

[14] Ŋőćĺłőć Ĺ. §., Śâěçłĺŋ Ś. Ą., Őáŋőćë âěőàĺĺ ćáŕńěáłőć, Şáŕěåĺ ňăâěň. ŋăãł 53 (1998), ćëŕ. 6, 53{128.

[15] Ŕěâãåőć Ă. Ŕ., Ććěďěŋĺě ć âěőàĺî ąăğĺáőć ćáŕńěáłőć, Ĺğď-ćő ŚŔąČŠŞ, ŚŔą., 1999.

[16] Ăåňěď Ŋ., Řăő Ł. Ř., Őàâőčőŋăńìŋëě ŕàěőąàăğőćăŋĺï ŕàĺ őąàăąőâłě æĺäàőćëå áĺčŋăńőć, Ŕěà. á ăŋčń., Śćïğì, Ň., 1980.

[17] Čőńãąőć Ą. Ĺ., Ěäĺňőć Ă. Ć., Śłćőàæőć Ć. Ă., Řïďë ĺ ŕàěőąàăğőćăŋĺï Şőńèă, Ŋăãłă, Ň., 1987.

[18] Ćőěćőďĺŋ Ć. Ć., Łãğŋěæőć đ. Ă., Ňăâàĺæë ĺ ćëçĺáńěŋĺï, Ŋăãłă, Ň., 1984.

Ś.-Ŕěâěàąãàčáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ňăâěňăâĺłő-ňěåăŋĺçěáłĺľ äăłãńìâěâ 198504, Śăŋłâ-Ŕěâěàąãàč Ŕěâàőďćőàěæ, Ąĺąńĺőâěçŋăï ŕń., 2 E-mail: malv@gamma.math.spbu.ru

smash@scientist.com