SPb. Math. Society Preprint 2000-09 11 Jun 2000

ŞĎŁ 519.72; 621.391

Ś. Ň. Ňăèăàáłĺľ ŚĆĚŘŠŁĂ Ĺ ŁŐŘŘĚŃ§ŰĹ§ ĎĹŚŁŘĚŠŊŻŢ ŚĹČŊĂŃŐĆ Ć ĄĂĞĹŚĂŢ ŢĂĂŘĂ{ŁŘĚŚŠĚŊŚŐŊĂ^1

Ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć C_N ŕàĺ N = n^s àăááňăâàĺćăîâáï ďćă ćěľćńěâŋëå ąăğĺáă, áćïğăŋŋëe á ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ţăăàă{Łàěáâěŋáőŋă. Ďńï àăğńőęěŋĺľ ŕő íâĺň ąăğĺáăň ŕőńãçěŋë ăŋăńőčĺ ĺğćěáâŋëå âěőàěň ő áďćĺčě, áćěàâłě ĺ łőààěńïæĺĺ.

Sergey M. Masharsky, Convolution and Correlation of Discrete Signals in Haar{Chrestenson Bases Two wavelet bases, related with discrete Haar{Chrestenson transform, are considered in a space C_N of discrete N-periodic signals with N = n^s. Analogues of well-known theorems of shift, convolution and correlation for these bases are obtained.

Ććěďěŋĺě

Ć æĺäàőćőľ őąàăąőâłě áĺčŋăńőć ćăęŋãî àőńì ĺčàăěâ ĺå áŕěłâàăńìŋëľ ăŋăńĺğ ć àăğńĺçŋëå őàâőčőŋăńìŋëå ąăğĺáăå. Őďŋőľ ĺğ ğăďăç âăłőčő ăŋăńĺğă ïćńïěâáï ãáâăŋőćńěŋĺě áćïğĺ ňěęďã áŕěłâàăňĺ ĺáåőďŋëå áĺčŋăńőć ĺ áŕěłâàăňĺ ĺå áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ. Ć őąéěň áńãçăě íâőâ ćőŕàőá àăááňőâàěŋ ć [1, 2]. Ŕőńãçěŋŋëě ć íâĺå àăąőâăå àěğãńìâăâë őâàăęăîâ áćőľáâćă ďĺáłàěâŋëå ŕàěőąàăğőćăŋĺľ, ïćńïîéĺåáï áőąáâćěŋŋëňĺ ŕő őâŋőèěŋĺî ł őŕěàăâőàã áďćĺčă.

Ć ŕőáńěďŋěě ďěáïâĺńěâĺě ąãàŋő àăğćĺćăîâáï ŋőćëě ňěâőďë őąàăąőâłĺ áĺčŋăńőć, őáŋőćăŋŋëě ŋă àăğńőęěŋĺĺ ŕő ćěľćńěâŋëň ąăğĺáăň [3, 4]. Ć őâńĺçĺě őâ łńăááĺçěáłĺå őàâőčőŋăńìŋëå ŕàěőąàăğőćăŋĺľ, ćěľćńěâ-ŕàěőąàăğőćăŋĺï ŋě ïćńïîâáï áőąáâćěŋŋëňĺ ŕő őâŋőèěŋĺî ł âàăďĺæĺőŋŋëň őŕěàăâőàăň áďćĺčă, ĺ ŕőíâőňã àěğãńìâăâë àăąőâ [1, 2] ł ŋĺň ŋěŕàĺňěŋĺňë. Őďŋăłő ćőŕàőá ő áŕěłâàăå áĺčŋăńőć ć ćěľćńěâŋëå ąăğĺáăå őáâăěâáï ăłâãăńìŋëň. Ć çăáâŋőň áńãçăě (ďńï ąăğĺáőć Ţăăàă) íâőâ ćőŕàőá ĺğãçăńáï ć [5{7].

Ć àăąőâăå [8, 9] àăááňăâàĺćăîâáï ąăğĺáë Ţăăàă{Łàěáâěŋáőŋă, łőâőàëě ïćńïîâáï őąőąéěŋĺěň ąăğĺáőć Ţăăàă. Šăł ęě, łăł ĺ ć åăăàőćáłőň áńãçăě, áŕěłâàë ďĺáłàěâŋëå áĺčŋăńőć ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă ĺňěîâ ąńőçŋãî ďàěćőćĺďŋãî áâàãłâãàã. Ć ďăŋŋőľ áâăâìě, ïćńïîéěľáï őąőąéěŋĺěň àăąőâë [7], ĺğãçăěâáï áćïğì íâĺå áŕěłâàőć á őŕěàăæĺïňĺ áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ. Ŕàĺ íâőň, ć ğăćĺáĺňőáâĺ őâ ąăğĺáă, ć łăçěáâćě őŕěàăâőàă áďćĺčă ňőęěâ ćëáâãŕăâì æĺłńĺçěáłĺľ ĺńĺ n-ĺçŋëľ áďćĺč. Śőőâćěâáâćěŋŋő, áćěàâłă ĺ łőààěńïæĺï ňőęěâ ąëâì æĺłńĺçěáłőľ ĺńĺ n-ĺçŋőľ.

Ŕàőłőňňěŋâĺàãěň áőďěàęăŋĺě áâăâìĺ ŕő àăğďěńăň.

Ć àăğď. 1 áőďěàęăâáï ŕàěďćăàĺâěńìŋëě áćěďěŋĺï, ŋěőąåőďĺňëě ďńï ĺğńőęěŋĺï ďăńìŋěľèěčő ňăâěàĺăńă. Ğďěáì ććőďïâáï ąăğĺáë Ţăăàă{Łàěáâěŋáőŋă, ďăěâáï őŕàěďěńěŋĺě ĺ ŕàĺćőďïâáï őáŋőćŋëě áćőľáâćă őŕěàăæĺĺ n-ĺçŋőčő áďćĺčă.

Ć àăğď. 2 àăááňăâàĺćăěâáï ąăğĺá Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Ć łăçěáâćě őŕěàăâőàă áďćĺčă ğďěáì ćëáâãŕăěâ n-ĺçŋëľ áďćĺč. Şáâăŋőćńěŋő, çâő áďćĺč áĺčŋăńă ŕàĺćőďĺâ ł áďćĺčăň ćŋãâàĺ ąńőłőć ěčő áŕěłâàă á őďŋőćàěňěŋŋëň

1Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŋőňěà ŕàőěłâă 99-01-00747).

ŕőćőàőâőň áŕěłâàăńìŋëå łőíääĺæĺěŋâőć ć łőňŕńěłáŋőľ ŕńőáłőáâĺ, ă áćěàâłă ĺ łőààěńïæĺï ďćãå áĺčŋăńőć | áőőâćěâáâćěŋŋő ł ŕőąńőçŋőľ áćěàâłě ĺ łőààěńïæĺĺ ĺå áŕěłâàőć.

Ć àăğď. 3 àăááňăâàĺćăěâáï ąăğĺá Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Őŕěàăâőàőň áďćĺčă ğďěáì ïćńïěâáï æĺłńĺçěáłĺľ áďćĺč. Ďńï áŕěłâàă áďćĺčă ć íâőň áńãçăě ŕőńãçěŋ àěğãńìâăâ, ăŋăńőčĺçŋëľ ŕàěďáâăćńěŋŋőňã ć àăğď. 2. Ďńï áŕěłâàőć áćěàâłĺ ĺ łőààěńïæĺĺ àěğãńìâăâë ąőńěě âőŋłĺě: áćěàâłă ĺ łőààěńïæĺï ďćãå áĺčŋăńőć ŕàĺćőďïâ áőőâćěâáâćěŋŋő ł ňőďĺäĺæĺàőćăŋŋőľ áćěàâłě ĺ łőààěńïæĺĺ áőőâćěâáâćãîéĺå ąńőłőć ĺå áŕěłâàőć (ňőďĺäĺłăæĺï ğăłńîçăěâáï ć âőň, çâő ŕàĺ ćëçĺáńěŋĺĺ őáãéěáâćńïěâáï ŕőćőàőâ çăáâĺ áńăčăěňëå).

Ţăàăłâěà ŕőńãçěŋŋëå ć áâăâìě àěğãńìâăâőć ŕőğćőńïěâ ŋăďěïâìáï ŋă ĺå ãáŕěèŋőě ŕàĺňěŋěŋĺě ć ŕàĺłńăďŋëå ğăďăçăå äĺńìâàăæĺĺ, áęăâĺï ĺ ŕěàěďăçĺ áĺčŋăńőć ŕő łăŋăńăň áćïğĺ.

1. Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï

Ńĺŋěľŋőě ŕàőáâàăŋáâćő C_N łőňŕńěłáŋőğŋăçŋëå N-ŕěàĺőďĺçěáłĺå ŕőáńěďőćăâěńìŋőáâì x = {x(j)}, j ∈ Z, ąãďěň ŋăğëćăâì ŕàőáâàăŋáâćőň áĺčŋăńőć. Ć C_N őąëçŋëň őąàăğőň ććőďïâáï áłăńïàŋőě ŕàőĺğćěďěŋĺě ĺ ŋőàňă: ⟨x, y⟩ = N−1∑ j=0 x(j) y(j), ‖x‖ = ⟨x, x⟩^{1/2} . Őąőğŋăçĺň çěàěğ δ_N (j) ěďĺŋĺçŋëľ N-ŕěàĺőďĺçěáłĺľ ĺňŕãńìá, àăćŋëľ 1 ŕàĺ j = 0, ±N, ±2N, . . . ĺ àăćŋëľ ŋãńî ŕàĺ őáâăńìŋëå j ∈ Z. Śĺáâěňă áĺčŋăńőć {δ_N (j−k)}, k = 0, 1, . . . N − 1, őąàăğãěâ ěáâěáâćěŋŋëľ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ŕàőáâàăŋáâćă C_N .

Ŕãáâì n, s ∈ N, n ≥ 2, s ≥ 2. Ć ŕàőáâàăŋáâćě C_N ŕàĺ N = n^s àăááňőâàĺň ďćă ćěľćńěâŋëå ąăğĺáă:

c(j); f_ν (σ; j − p´_{ν+1}), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s; (1.1) c(j); g_ν(σ; j − p), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. (1.2) Ğďěáì ´_ν = n^{ν−1}, N_ν = N/n^ν , c(j) ≡ 1,

f_ν (σ; j) = n−1∑ τ=0 ω^{στ}_n (τ+1)Δ_ν−1 ∑ q=τΔ_ν δ_N (j − q), (1.3)

g_ν (σ; j) = n−1∑ τ=0 ω^{στ}_n δ_{Nν}�_1(j − τ N_ν ), (1.4)

ω_n = exp{2πi/n} | ŕěàćőőąàăğŋëľ łőàěŋì ĺğ 1 áâěŕěŋĺ n.

Ąăğĺáë (1.1) ĺ (1.2) ŋăğëćăîâáï ąăğĺáăňĺ Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëňĺ áőőâćěâáâćěŋŋő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ [9]. Ŕàĺ n = 2 ŕőńãçăěň ąăğĺáë Ţăăàă.

Ŕőáâőïŋŋő ąãďãâ ĺáŕőńìğőćăâìáï áńěďãîéĺě őąőğŋăçěŋĺï: ⌊α⌋ | æěńăï çăáâì ćěéěáâćěŋŋőčő çĺáńă α; ⟨k⟩_n = k − ⌊k/n⌋n | őáâăâőł őâ ďěńěŋĺï æěńőčő çĺáńă k ŋă ŋăâãàăńìŋőě n.

Ďńï æěńőčő çĺáńă a ∈ {0, 1, . . . , N − 1} ğăŕĺáì a = (a_{s−1}, a_{s−2}, . . . , a_0)_n őğŋăçăěâ

a = a_{s−1}n^{s−1} + a_{s−2}n^{s−2} + . . . + a_0, a_k ∈ 0 : n − 1, k ∈ 0 : s − 1.

Ŕãáâì a, b ∈ {0, 1, . . . , N − 1}, a = (a_{s−1}, . . . , a_0)_n, b = (b_{s−1}, . . . , b_0)_n. Ŕőàăğàïďŋőľ áãňňőľ ŕő ňőďãńî n çĺáěń a ĺ b ŋăğëćăěâáï çĺáńő c = (c_{s−1}, . . . , c_0)_n, âăłőě, çâő c_k = ⟨a_k + b_k⟩_n, k ∈ 0 : s − 1. Łàăâłő íâő áőőâŋőèěŋĺě ğăŕĺáëćăěâáï âăł: c = a ⊕_n b. Őçěćĺďŋő, çâő őŕěàăæĺï \ ⊕_n " ŋě ćëćőďĺâ ĺğ ňŋőęěáâćă {0, 1, . . . , N − 1} ĺ őąńăďăěâ áńěďãîéĺňĺ áćőľáâćăňĺ: a ⊕_n b = b ⊕_n a, a ⊕_n 0 = a, a ⊕_n (b ⊕_n c) = (a ⊕_n b) ⊕_n c. Ůĺáńő a^∗ ŋăğëćăěâáï n-ĺçŋő ŕàőâĺćőŕőńőęŋëň çĺáńã a, ěáńĺ a ⊕_n a^∗ = 0. Ŋěâàãďŋő ćĺďěâì, çâő ěáńĺ a^∗ = (a^∗_{s−1}, . . . , a^∗_0)_n, âő ĺğ ãáńőćĺï ⟨a_k + a^∗_k⟩_n = 0, k ∈ 0 : s − 1, áńěďãěâ

a^∗_k = ⟨−a_k⟩_n = { n − a_k, a_k ≠ 0, 0, a_k = 0.

Ůĺáńő a ⊖_n b := a ⊕_n b^∗ ŋăğëćăěâáï ŕőàăğàïďŋőľ àăğŋőáâìî ŕő ňőďãńî n.

Ğăäĺłáĺàãěň q ∈ {0, 1, . . . , N − 1}. Őâőąàăęěŋĺï j → j ⊕_n q ĺ j → j ⊖_n q, j ∈ {0, 1, . . . , N − 1}, ŋăğëćăîâáï áőőâćěâáâćěŋŋő n-áďćĺčőň ćŕàăćő ĺ n-áďćĺčőň ćńěćő ŋă ćěńĺçĺŋã q. Őâňěâĺň, çâő n-áďćĺč ïćńïěâáï ŕěàěáâăŋőćłőľ ňŋőęěáâćă {0, 1, . . . , N − 1}.

2. Ąăğĺá Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě, ĺ őŕěàăâőà n-ĺçŋőčő áďćĺčă

Ŋăçŋěň á ŋěáłőńìłĺå ćáŕőňőčăâěńìŋëå ãâćěàęďěŋĺľ.

Ńěňňă 2.1. Ŕàĺ σ ∈ 1 : n − 1 áŕàăćěďńĺćă äőàňãńă f_ν (σ; j) = ω^{σ⌊j/Δν ⌋} n δ_{Nν} ( ⌊j/´_{ν+1}⌋ ) , j ∈ Z. (2.1) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàăćăï çăáâì (2.1) àăćŋă ω^{στ}_n ŕàĺ j ∈ τ ´_ν : (τ + 1)´_ν − 1, τ ∈ 0 : n − 1, ĺ àăćŋă 0 ŕàĺ j ∈ ´_{ν+1} : N − 1 (ãçěáâì, çâő N = ´_{ν+1}N_ν). Šě ęě ğŋăçěŋĺï ŕàĺ ãłăğăŋŋëå j ŕàĺŋĺňăěâ áőčńăáŋő (1.3) ĺ f_ν (σ; j). Šăłĺň őąàăğőň, ŕàĺ j ∈ 0 : N − 1 àăćěŋáâćő (2.1) ćěàŋő. Őáâăěâáï ŕàőćěàĺâì N-ŕěàĺőďĺçŋőáâì ŕàăćőľ çăáâĺ (2.1). Őŋă áńěďãěâ ĺğ âőčő, çâő ŕàĺ ńîąőň k ∈ Z j + kN ´_ν = j ´_ν + nkN_ν, j + kN ´_{ν+1} = j ´_{ν+1} + kN_ν . Ńěňňă ďőłăğăŋă. �

Śńěďáâćĺě. Ŕàĺ p ∈ 0 : N_ν − 1 áŕàăćěďńĺćő àăćěŋáâćő f_ν (σ; j − p´_{ν+1}) = ω^{σ⌊j/Δν ⌋}_n δ_{Nν} ( ⌊j/´_{ν+1}⌋ − p ) . (2.2)

Ťőàňãńë (2.1) ĺ (2.2) ŋěáłőńìłő ãŕàőéăîâáï ŕàĺ j ∈ 0 : N − 1. Ă ĺňěŋŋő, ěáńĺ j = (j_{s−1}, . . . , j_0)_n, âő ⌊ j ´_ν ⌋ = j_{s−1}n^{s−ν} + . . . + n j_ν + j_{ν−1}, âăł çâő ω^{⌊j/Δν ⌋} n = ω^{jν}�^1_n . (2.3)

Ńěňňă 2.2. Ŕàĺ äĺłáĺàőćăŋŋőň q ∈ 0 : N − 1, q = (q_{s−1}, . . . , q_0)_n áŕàăćěďńĺćő àăćěŋáâćő

f_ν (σ; j ⊖_n q) = ω^{−σqν}�^1_n f_ν ( σ; j − ⌊q/´_{ν+1}⌋´_{ν+1} ) , j ∈ 0 : N − 1. (2.4)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺňěěň j = ⌊j/´_{ν+1}⌋´_{ν+1}+j_{ν−1}´_ν+⟨j⟩_{Δν} , q = ⌊q/´_{ν+1}⌋´_{ν+1}+ q_{ν−1}´_ν + ⟨q⟩_{Δν} . Ğŋăçĺâ, j ⊖_n q = (⌊ j ´_{ν+1} ⌋ ⊖_n ⌊ q ´_{ν+1} ⌋) ´_{ν+1} + ⟨j_{ν−1} − q_{ν−1}⟩_n ´_ν + ( ⟨j⟩_{Δν} ⊖_n ⟨q⟩_{Δν} ) . Śőčńăáŋő (2.1) ĺ (2.3) ŕőńãçăěň

f_ν (σ; j ⊖_n q) = ω^{σ(jν}�^{1−qν}�^{1)} n δ_{Nν} ( ⌊j/´_{ν+1}⌋ ⊖_n ⌊q/´_{ν+1}⌋ ) . (2.5)

Őâňěâĺň, çâő ŕàĺ a, b ∈ 0 : N − 1

δ_{Nν} (a ⊖_n b) = { 1, ěáńĺ a = b 0, ěáńĺ a ≠ b } = δ_{Nν} (a − b), ŕőíâőňã àăćěŋáâćő (2.5) ŕàĺŋĺňăěâ ćĺď

f_ν (σ; j ⊖_n q) = ω^{−σqν}�^1_n [ ω^{σjν}�^1 n δ_{Nν} ( ⌊j/´_{ν+1}⌋ − ⌊q/´_{ν+1}⌋ )] . Şçĺâëćăï (2.2) ĺ (2.3), ŕàĺåőďĺň ł (2.4). Ńěňňă ďőłăğăŋă. �

Śńěďáâćĺě. Ŕàĺ p ∈ 0 : N_ν − 1 áŕàăćěďńĺćő àăćěŋáâćő

f_ν (σ; j ⊖_n p´_{ν+1}) = f_ν (σ; j − p´_{ν+1}), j ∈ 0 : N − 1. (2.6)

Ńěňňă 2.3. Ŕàĺ j ∈ 0 : N − 1, σ ∈ 1 : n − 1 áŕàăćěďńĺćő àăćěŋáâćő

f_ν (σ; j^∗) = f_ν (σ; j). (2.7)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ěáńĺ j ∈ ´_{ν+1} : N − 1, âő ĺ j^∗ ∈ ´_{ν+1} : N − 1, ŕőíâőňã ŕàĺ âăłĺå j (2.7) ŕàěćàăéăěâáï ć âőęďěáâćő 0 = 0. Ŕãáâì âěŕěàì j ∈ τ ´_ν : (τ + 1)´_ν − 1 ŕàĺ ŋěłőâőàőň τ ∈ 0 : n − 1. İâő ğŋăçĺâ, çâő j = (τ, j_{ν−2}, . . . , j_0)_n, ŕőíâőňã j^∗ = (τ^∗, j^∗_{ν−2}, . . . , j^∗_0 )_n. Śőčńăáŋő (2.1) ĺ (2.3) ŕàĺ âăłőň j ĺňěěň

f_ν (σ; j^∗) = ω^{στ}

�_n = ω^{−στ}_n = f_ν (σ; j). Ńěňňă ďőłăğăŋă. �

Ńîąőľ áĺčŋăń x ∈ C_N ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã (1.1):

x(j) = α + s∑ ν=1 n−1∑ σ=1

N_ν −1∑

p=0 x_ν (σ, p) f_ν (σ; j − p´_{ν+1}), j ∈ Z. (2.8)

Ğďěáì α = 1 N N−1∑ j=0 x(j), x_ν (σ, p) = 1 n^ν N−1∑ j=0 x(j) f_ν (σ; j − p´_{ν+1}).

Śőćőłãŕŋőáâì łőíääĺæĺěŋâőć àăğńőęěŋĺï (2.8) H_f (x) = { α; x_ν (σ, p), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s } őąàăğãěâ áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă x, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Ŕàěőąàăğőćăŋĺě x → H_f (x) ŋăğëćăěâáï ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ţăăàă{ Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

Şáâăŋőćĺň áćïğì ňěęďã áŕěłâàăňĺ ĺáåőďŋőčő ĺ n-ĺçŋő áďćĺŋãâőčő áĺčŋăńă. Šěőàěňă 2.1. Ğăäĺłáĺàãěň q ∈ 0 : N − 1, q = (q_{s−1}, . . . , q_0)_n. Ŋăàïďã á áĺčŋăńőň

x ∈ C N àăááňőâàĺň áĺčŋăń ~x(j) = x(j ⊖_n q), j ∈ 0 : N − 1. Ŕãáâì Hf (x) = {α; xν (σ, p)},

H_f (~x) = {~α; ~x_ν (σ, p)}. Šőčďă ~α = α ĺ ~x_ν (σ, p) = ω^{−σqν}�^1_n x_ν ( σ, p ⊖_n ⌊q/´_{ν+1}⌋ ) , p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (2.8) ĺ (2.6)

x(j ⊖_n q) = α + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

k=0 x_ν (σ, k) f_ν ( σ; (j ⊖_n q) ⊖_n k´_{ν+1} ) . Šăł łăł

(j ⊖_n q) ⊖_n k´_{ν+1} = j ⊖_n (q ⊕_n k´_{ν+1}) = j ⊖_n ( (⌊q/´_{ν+1}⌋ ⊕_n k)´_{ν+1} + q_{ν−1}´_ν + ⟨q⟩_{Δν} ) , âő ć áĺńã (2.4) ĺňěěň

x(j ⊖_n q) = α + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

k=0 x_ν (σ, k) ω^{−σqν}�^1 n f_ν ( σ; j − (⌊q/´_{ν+1}⌋ ⊕_n k)´_{ν+1} ) . Ŕàőĺğćěďï ğăňěŋã p = k ⊕_n ⌊q/´_{ν+1}⌋, ŕőńãçĺň

x(j ⊖_n q) = α + s∑ ν=1 n−1∑ σ=1

N_ν −1∑

p=0 x_ν (σ, p ⊖_n ⌊q/´_{ν+1}⌋) ω^{−σqν}�^1_n f_ν (σ; j − p´_{ν+1}).

Őáâăěâáï ãçěáâì ěďĺŋáâćěŋŋőáâì àăğńőęěŋĺï ŕő őàâőčőŋăńìŋőňã ąăğĺáã. � Ŕěàěľďěň ł ćőŕàőáã ő áŕěłâàě áćěàâłĺ. Ŕãáâì x, y ∈ C_N ; áĺčŋăń z, äőàňĺàãěňëľ ŕő ŕàăćĺńã z(j) = N−1∑ k=0 x(k) y(j ⊖_n k), j ∈ 0 : N − 1, (2.9) ŋăğëćăěâáï n-áćěàâłőľ áĺčŋăńőć x ĺ y.

Šěőàěňă 2.2. Ŕãáâì z | n-áćěàâłă áĺčŋăńőć x ĺ y, H_f (x) = {α; x_ν (σ, p)}, H_f (y) = {β; y_ν (σ, p)}, H_f (z) = {γ; z_ν (σ, p)}. Šőčďă γ = αβN ĺ

z_ν (σ, p) = n^ν N_ν−1∑

q=0 x_ν (σ, q) y_ν (σ, p ⊖_n q), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕő ŕàěďëďãéěľ âěőàěňě y(j ⊖_n k) = y(k^∗ ⊖_n j^∗) =

= β + s∑ ν=1 n−1∑ σ=1

N_ν −1∑

l=0 ω^{−σj} �_ν�_1 n y_ν (σ, l ⊖_n ⌊j^∗/´_{ν+1}⌋) f_ν (σ; k^∗ − l´_{ν+1}). (2.10) Śőčńăáŋő (2.6) ĺ (2.7)

f_ν (σ; k^∗ − l´_{ν+1}) = f_ν (σ; k^∗ ⊖_n l´_{ν+1}) = f_ν (σ; k ⊖_n l^∗´_{ν+1}) = f_ν (σ; k − l^∗´_{ν+1}). Ŕàőĺğćěďï ć (2.10) ğăňěŋã q = l^∗, á ãçěâőň ŕàěďëďãéěčő àăćěŋáâćă ŕőńãçĺň

y(j ⊖_n k) = β + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

q=0 ω^{σjν}�^1 n y_ν (σ, q^∗ ⊕_n ⌊j/´_{ν+1}⌋) f_ν (σ; k − q´_{ν+1}). (2.11)

Łăł ãęě ãŕőňĺŋăńőáì, ąăğĺá (1.1) ïćńïěâáï őàâőčőŋăńìŋëň; łàőňě âőčő, ĺğćěáâŋő [9], çâő ‖f_ν (σ; · − q´_{ν+1})‖^2 = n^ν . Şçĺâëćăï íâĺ äăłâë, ă âăłęě äőàňãńë (2.8), (2.11) ĺ őŕàěďěńěŋĺě (2.9), ğăŕĺèěň z(j) = αβN + s∑ ν=1 n−1∑ σ=1

N_ν −1∑

q=0 x_ν (σ, q) ω^{σjν}�^1_n y_ν (σ, q^∗ ⊕_n ⌊j/´_{ν+1}⌋) n^ν .

Ŋő ć áĺńã (2.2) ω^{σjν}�^1 n y_ν (σ, q^∗ ⊕_n ⌊j/´_{ν+1}⌋) = N_ν −1∑

p=0 y_ν (σ, q^∗ ⊕_n p) ω^{σjν}�^1_n δ_{Nν} ( ⌊j/´_{ν+1}⌋ − p ) =

= N_ν −1∑

p=0 y_ν (σ, p ⊖_n q) f_ν (σ; j − p´_{ν+1}).

Ğŋăçĺâ, z(j) = αβN + s∑ ν=1 n−1∑ σ=1

N_ν −1∑

p=0 { n^ν N_ν−1∑

q=0 x_ν (σ, q) y_ν (σ, p ⊖_n q) } f_ν (σ; j − p´_{ν+1}).

Šěőàěňă ďőłăğăŋă. �

Ŕãáâì x, y ∈ C_N . Śĺčŋăń r, äőàňĺàãěňëľ ŕő ŕàăćĺńã r(j) = N−1∑ k=0 x(k) y(k ⊖_n j), j ∈ 0 : N − 1, (2.12) ŋăğëćăěâáï n-łőààěńïæĺěľ áĺčŋăńőć x ĺ y.

Šěőàěňă 2.3. Ŕãáâì r | n-łőààěńïæĺï áĺčŋăńőć x ĺ y, H_f (x) = {α; x_ν (σ, p)},

H_f (y) = {β; y_ν (σ, p)}, H_f (r) = {ϱ; r_ν (σ, p)}. Šőčďă ϱ = αβN ĺ

r_ν (σ, p) = n^ν N_ν −1∑

q=0 x_ν (σ, q) y_ν (σ, q ⊖_n p), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śĺčŋăń (2.12) ŕàěďáâăćńïěâ áőąőľ n-áćěàâłã áĺčŋăńőć x ĺ v, čďě v(j) = y(j^∗), j ∈ 0 : N − 1. Śőčńăáŋő (2.6) ĺ (2.7)

v(j) = β + s∑ ν=1 n−1∑ σ=1

N_ν −1∑

p=0 y_ν (σ, p) f_ν (σ; j^∗ − p´_{ν+1}) =

= β + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

p=0 y_ν (σ, p) f_ν (σ; j − p^∗´_{ν+1}).

Őâáîďă ŕő âěőàěňě 2.2 ŕőńãçăěň ϱ = αβN, r_ν (σ, p) = n^ν N_ν−1∑

q=0 x_ν (σ, q) v_ν (σ, p ⊖_n q) = n^ν N_ν −1∑

q=0 x_ν (σ, q) y_ν (σ, q ⊖_n p), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. Šěőàěňă ďőłăğăŋă. �

3. Ąăğĺá Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ, ĺ őŕěàăâőà æĺłńĺçěáłőčő áďćĺčă

Őąàăâĺňáï ł ćěľćńěâŋőňã ąăğĺáã (1.2). Ńěňňă 3.1. Ŕàĺ σ ∈ 1 : n − 1 áŕàăćěďńĺćă äőàňãńă g_ν (σ; j) = ω^{σ⌊j/Nν ⌋} n δ_{Nν} (j), j ∈ Z. (3.1) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śĺčŋăń g_ν (σ; j) ć áĺńã (1.4) ïćńïěâáï N_{ν−1}-ŕěàĺőďĺçěáłĺň.

Šěň ęě áćőľáâćőň őąńăďăěâ ĺ áĺčŋăń, áâőïéĺľ ć ŕàăćőľ çăáâĺ (3.1). Ğŋăçĺâ, àăćěŋáâćő (3.1) ďőáâăâőçŋő ŕàőćěàĺâì ŋă őáŋőćŋőň ŕěàĺőďě 0 : N_{ν−1} − 1.

Ŕãáâì j = τ N_ν ŕàĺ ŋěłőâőàőň τ ∈ 0 : n − 1. Šőčďă ŕàăćăï çăáâì (3.1) ŕàĺŋĺňăěâ ğŋăçěŋĺě ω^{στ}_n . İâő ęě ğŋăçěŋĺě áőčńăáŋő (1.4) ŕàĺŋĺňăěâ ĺ g_ν(σ; j). Ŕàĺ őáâăńìŋëå j ∈ 0 : N_{ν−1} àăćěŋáâćő (3.1) ŕàěćàăéăěâáï ć 0 = 0. Ńěňňă ďőłăğăŋă. �

Śńěďáâćĺě. Ŕàĺ p ∈ 0 : N_ν − 1 áŕàăćěďńĺćő àăćěŋáâćő g_ν (σ; j − p) = ω^{σ⌊j/Nν ⌋}_n δ_{Nν} (j − p), j ∈ Z. (3.2) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕőłăęěň, çâő ω^{σ⌊(j−p)/Nν⌋} n δ_{Nν} (j − p) = ω^{σ⌊j/Nν ⌋}_n δ_{Nν} (j − p). (3.3) Ŕőáłőńìłã ć őąěĺå çăáâïå íâőčő àăćěŋáâćă áâőïâ N_{ν−1}-ŕěàĺőďĺçěáłĺě ŕő j áĺčŋăńë, âő ďőáâăâőçŋő ŕàőćěàĺâì ěčő ŋă ŕěàĺőďě p : p + N_{ν−1} − 1. Ŕàĺ j = p + τ N_ν , τ ∈ 0 : n − 1, àăćěŋáâćő (3.3) ćěàŋő. Ŋő őŋő âăłęě ćěàŋő ĺ ŕàĺ őáâăńìŋëå j ĺğ ãłăğăŋŋőčő ŕěàĺőďă, ŕőáłőńìłã ć íâőň áńãçăě őąě çăáâĺ (3.3) àăćŋë ŋãńî. Šăłĺň őąàăğőň, àăćěŋáâćő (3.3) ŕàĺ p ∈ 0 : N_ν − 1 ĺ j ∈ Zãáâăŋőćńěŋő.

Šěŕěàì (3.2) áńěďãěâ ĺğ (3.1) ĺ (3.3). � Ťőàňãńë (3.1) ĺ (3.2) ŕàĺŋĺňăîâ ąőńěě ŕàőáâőľ ćĺď ŕàĺ j ∈ 0 : N − 1. Ă ĺňěŋŋő, ěáńĺ j = (j_{s−1}, . . . , j_0)_n, âő ⌊ j N_ν ⌋ = j_{s−1}n^{ν−1} + . . . + j_{s−ν+1} n + j_{s−ν} , âăł çâő ω^{⌊j/Nν ⌋} n = ω^{js}�^ν_n . (3.4) Ńěňňă 3.2. Ŕàĺ ćáěå æěńëå j ĺ p g_ν(σ; j − p) = ω^{σ⌊p/Nν ⌋} n g_ν ( σ; j − ⟨p⟩_{Nν} ) . (3.5) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (3.1) ŕàĺ j, k ∈ Zĺňěěň g_ν (σ; j − kN_ν ) = ω^{σk}_n g_ν (σ; j). (3.6) Ŕőáłőńìłã p = ⌊p/N_ν ⌋N_ν + ⟨p⟩_{Nν} , âő j − p = ( j − ⟨p⟩_{Nν} ) − ⌊p/N_ν ⌋N_ν . Őáâăěâáï ćőáŕőńìğőćăâìáï äőàňãńőľ (3.6). �

Ńěňňă 3.3. Ŕàĺ σ ∈ 1 : n − 1 áŕàăćěďńĺćë âőęďěáâćă

g_ν(σ; −j) = g_ν (σ; j) = g_ν(n − σ; j), j ∈ Z. (3.7) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàőćěàĺň, çâő ω^{σ⌊−j/Nν ⌋} n δ_{Nν} (j) = ω^{−σ⌊j/Nν ⌋} n δ_{Nν} (j), j ∈ Z (3.8) Ďěľáâćĺâěńìŋő, ěáńĺ j = kN_ν ŕàĺ ŋěłőâőàőň k ∈ Z, âő ńěćăï ĺ ŕàăćăï çăáâì (3.8) àăćŋă ω^{−σk}_n . Ŕàĺ őáâăńìŋëå j ∈ Zőąě çăáâĺ àăćěŋáâćă (3.8) àăćŋë ŋãńî.

Ŕěàěľďěň ł ďőłăğăâěńìáâćã àăćěŋáâćă (3.7). Śőčńăáŋő (3.1) ĺ (3.8) ĺňěěň g_ν(σ; −j) = ω^{σ⌊−j/Nν ⌋} n δ_{Nν} (−j) = ω^{−σ⌊j/Nν ⌋} n δ_{Nν} (j) = g_ν (σ; j). Ś ďàãčőľ áâőàőŋë, ω^{−σ⌊j/Nν ⌋} n δ_{Nν} (j) = ω^{(n−σ)⌊j/Nν⌋} n δ_{Nν} (j) = g_ν (n − σ; j). Ńěňňă ďőłăğăŋă. �

Ńîąőľ áĺčŋăń x ∈ C_N ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã (1.2):

x(j) = α^′ + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

p=0 x^′_ν (σ, p) g_ν (σ; j − p), j ∈ Z. (3.9) Ğďěáì α^′ = 1 N N−1∑ j=0 x(j), x^′_ν (σ, p) = 1 n^ν N−1∑ j=0 x(j) g_ν (σ; j − p). Śőćőłãŕŋőáâì łőíääĺæĺěŋâőć íâőčő àăğńőęěŋĺï H_g (x) = { α^′; x^′_ν (σ, p), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s } őąàăğãěâ áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă x, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ŕàěőąàăğőćăŋĺě x → H_g(x) ŋăğëćăěâáï ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ţăăàă{ Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Şáâăŋőćĺň áćïğì ňěęďã áŕěłâàăňĺ ĺáåőďŋőčő ĺ áďćĺŋãâőčő áĺčŋăńă. Šěőàěňă 3.1. Ğăäĺłáĺàãěň q ∈ 0 : N − 1. Ŋăàïďã á áĺčŋăńőň x ∈ C_N àăááňőâàĺň áĺčŋăń ~x(j) = x(j − q). Ŕãáâì H_g (x) = {α^′; x^′_ν (σ, p)}, H_g(~x) = {~α^′; ~x^′_ν (σ, p)}. Šőčďă ~α^′ = α^′ ĺ ~x^′_ν (σ, p) = ω^{−σ⌊(p−q)/Nν ⌋} n x^′_ν ( σ, ⟨p − q⟩_{Nν} ) , p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (3.9) ĺ (3.5) ĺňěěň

x(j − q) = α^′ + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

k=0 x^′_ν (σ, k) g_ν (σ; j − q − k) =

= α^′ + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

k=0 x^′_ν (σ, k) ω^{σ⌊(q+k)/Nν ⌋} n g_ν ( σ; j − ⟨q + k⟩_{Nν} ) . Ŕàőĺğćěďěň ğăňěŋã p = ⟨q + k⟩_{Nν} . Ć íâőň áńãçăě k = ⟨p − q⟩_{Nν} ĺ ⌊ q + k N_ν ⌋ = ⌊ q + ⟨p − q⟩_{Nν} N_ν ⌋ = ⌊q/N_ν⌋ + ⌊ ⟨q⟩_{Nν} + ⟨p − q⟩_{Nν} N_ν ⌋ . Őâňěâĺň, çâő ⌊ ⟨q⟩_{Nν} + ⟨p − q⟩_{Nν} N_ν ⌋ = { 0, ěáńĺ p ≥ ⟨q⟩_{Nν} 1, ěáńĺ p < ⟨q⟩_{Nν} } = − ⌊ p − ⟨q⟩_{Nν} N_ν ⌋ .

Ğŋăçĺâ, ⌊ q + k N_ν ⌋ = ⌊q/N_ν ⌋ − ⌊ p − ⟨q⟩_{Nν} N_ν ⌋ = − (⌊ p − ⟨q⟩_{Nν} N_ν ⌋ − ⌊q/N_ν ⌋ ) = − ⌊ p − q N_ν ⌋ . Őłőŋçăâěńìŋő ŕőńãçăěň

x(j − q) = α^′ + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

p=0 x^′_ν ( σ, ⟨p − q⟩_{Nν} ) ω^{−σ⌊(p−q)/Nν ⌋} n g_ν(σ; j − p). Šěőàěňă ďőłăğăŋă. � Ŕěàěľďěň ł ćőŕàőáã ő áŕěłâàě áćěàâłĺ. Ŋăŕőňŋĺň, çâő æĺłńĺçěáłőľ áćěàâłőľ áĺčŋăńőć x ĺ y ĺğ C_N ŋăğëćăěâáï áĺčŋăń z = x ∗ y á łőňŕőŋěŋâăňĺ z(j) = N−1∑ k=0 x(k) y(j − k), j ∈ Z. (3.10) Šěőàěňă 3.2. Ŕãáâì z | æĺłńĺçěáłăï áćěàâłă áĺčŋăńőć x ĺ y, H_g(x) = {α^′; x^′_ν (σ, p)},

H_g (y) = {β^′; y^′_ν (σ, p)}, H_g(z) = {γ^′; z^′_ν (σ, p)}. Šőčďă γ^′ = α^′β^′N ĺ z^′_ν (n − σ, p) = n^ν {_p ∑ q=0 x^′_ν (σ, q) y^′_ν (σ, p − q) + ω^σ_n N_ν−1∑

q=p+1 x^′_ν (σ, q) y^′_ν (σ, N_ν + p − q) } , p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕő âěőàěňě 3.1 y(j − k) = y ( − k − (−j) ) = = β^′ + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

l=0 ω^{−σ⌊(l+j)/Nν⌋} n y^′_ν ( σ, ⟨l + j⟩_{Nν} ) g_ν (σ; −k − l). Śďěńăěň ğăňěŋã q = ⟨−l⟩_{Nν} . Šőčďă l = ⟨−q⟩_{Nν} .

Ŕàĺ q ∈ 1 : N_ν − 1 ŕőńãçăěň ⟨ ⟨−q⟩_{Nν} + j ⟩ N_ν = ⟨j − q⟩N^ν , ⌊ ⟨−q⟩_{Nν} + j N_ν ⌋ = ⌊ N_ν − q + j N_ν ⌋ = ⌊ j − q N_ν ⌋ + 1.

Łàőňě âőčő, ć áĺńã (3.6) g_ν ( σ; −k − ⟨−q⟩_{Nν} ) = g_ν(σ; −k − N_ν + q) = ω^σ_n g_ν(σ; q − k).

Šăłĺň őąàăğőň, áńăčăěňőě á ĺŋďěłáőň q ĺňěěâ ćĺď ω^{−σ⌊(j−q)/Nν ⌋} n y^′_ν ( σ, ⟨j − q⟩_{Nν} ) g_ν (σ; q − k). (3.11) Ŕàĺ q = 0 ŕőńãçăěň ⟨−q⟩_{Nν} = 0; áńăčăěňőě á ĺŋďěłáőň q = 0 ĺňěěâ ćĺď ω^{−σ⌊j/Nν ⌋}n × × y^′_ν ( σ, ⟨j⟩_{Nν} ) g_ν (σ; −k), çâő äőàňăńìŋő áőćŕăďăěâ á (3.11).

Şçĺâëćăï áłăğăŋŋőě ćëèě ĺ ńěňňã 3.3, ŕàĺåőďĺň ł àăćěŋáâćã

y(j − k) = β^′ + s∑ ν=1 n−1∑ σ=1

N_ν −1∑

q=0 ω^{−σ⌊(j−q)/Nν ⌋} n y^′_ν ( σ, ⟨j − q⟩_{Nν} ) g_ν(σ; k − q). (3.12) Łăł ãęě ãŕőňĺŋăńőáì, ąăğĺá (1.2) ïćńïěâáï őàâőčőŋăńìŋëň; łàőňě âőčő [9], ‖g_ν (σ; · − q)‖^2 = n^ν . Őŕĺàăïáì ŋă íâĺ äăłâë, ă âăłęě ŋă äőàňãńë (3.9), (3.12) ĺ őŕàěďěńěŋĺě (3.10), ğăŕĺèěň

z(j) = α^′β^′N + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

q=0 x^′_ν (σ, q) ω^{−σ⌊(j−q)/Nν ⌋} n y^′_ν ( σ, ⟨j − q⟩_{Nν} ) n^ν. Ŋő ω^{−σ⌊(j−q)/Nν ⌋} n y^′_ν ( σ, ⟨j − q⟩_{Nν} ) = ω^{−σ⌊j/Nν ⌋} n ω^{−σ⌊(⟨j⟩Nν −q)/Nν ⌋} n y^′_ν ( σ, ⟨ ⟨j⟩_{Nν} − q ⟩ N_ν ) = = ω^{−σ⌊j/Nν ⌋} n N_ν−1∑

p=0 ω^{−σ⌊(p−q)/Nν⌋} n y^′_ν ( σ, ⟨p − q⟩_{Nν} ) δ_{Nν} ( ⟨j⟩_{Nν} − p ) . Śőčńăáŋő (3.2) ĺ (3.7) ω^{−σ⌊j/Nν ⌋} n δ_{Nν} ( ⟨j⟩_{Nν} − p ) = ω^{−σ⌊j/Nν ⌋} n δ_{Nν} (j − p) = g_ν (n − σ; j − p), ŕőíâőňã z(j) = α^′β^′N+ s∑ ν=1 n−1∑ σ=1

N_ν −1∑

p=0 { n^ν N_ν−1∑

q=0 x^′_ν (σ, q) ω^{−σ⌊(p−q)/Nν ⌋} n y^′_ν ( σ, ⟨p−q⟩_{Nν} ) } g_ν (n−σ; j−p). Őáâăńőáì ğăňěâĺâì, çâő N_ν −1∑

q=0 ω^{−σ⌊(p−q)/Nν ⌋} n x^′_ν (σ, q) y^′_ν ( σ, ⟨p − q⟩_{Nν} ) =

= p∑ q=0 x^′_ν (σ, q) y^′_ν (σ, p − q) + ω^σ_n N_ν −1∑

q=p+1 x^′_ν (σ, q) y^′_ν (σ, N_ν + p − q). Šěőàěňă ďőłăğăŋă. �

Ŋăŕőňŋĺň, çâő æĺłńĺçěáłőľ łőààěńïæĺěľ áĺčŋăńőć x ĺ y ĺğ C_N ŋăğëćăěâáï áĺčŋăń r á łőňŕőŋěŋâăňĺ r(j) = N−1∑ k=0 x(k) y(k − j), j ∈ Z. (3.13) Šěőàěňă 3.3. Ŕãáâì r | æĺłńĺçěáłăï łőààěńïæĺï áĺčŋăńőć x ĺ y, H_g(x) =

{α^′; x^′_ν (σ, p)}, H_g (y) = {β^′; y^′_ν (σ, p)}, H_g (r) = {ϱ^′; r^′_ν (σ, p)}. Šőčďă ϱ^′ = α^′β^′N ĺ r^′_ν (n − σ, p) = n^ν {_{Nν −1} ∑ q=p x^′_ν (σ, q) y^′_ν (σ, q − p) + ω^{−σ}_n p−1∑ q=0 x^′_ν (σ, q) y^′_ν (σ, N_ν + q − p) } , p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śĺčŋăń (3.13) ěáâì æĺłńĺçěáłăï áćěàâłă áĺčŋăńă x á áĺčŋăńőň

v(j) := y(−j) = β^′ + s∑ ν=1 n−1∑ σ=1

N_ν −1∑

p=0 y^′_ν (σ, p) g_ν (σ; −j − p) =

= β^′ + s∑ ν=1 n−1∑ σ=1

N_ν−1∑

p=0 y^′_ν (σ, p) g_ν (σ; j + p). Ňë ćőáŕőńìğőćăńĺáì äőàňãńőľ (3.7).

Ŋăľďěň áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă v. Ŕàĺ p ∈ 1 : N_ν − 1 áőčńăáŋő (3.6) ĺňěěň g_ν(σ; j + p) = ω^{−σ}_n g_ν (σ; j + p − N_ν ) = ω^{−σ}_n g_ν ( σ; j − (N_ν − p) ) , ŕőíâőňã v^′_ν (σ, p) = ω^{−σ}_n y^′_ν (σ, N_ν − p), p ∈ 1 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. Ŕàĺ íâőň, őçěćĺďŋő, v^′_ν (σ, 0) = y^′_ν (σ, 0), σ ∈ 1 : n − 1, ν ∈ 1 : s.

Ŕő âěőàěňě 3.2 ŕőńãçăěň ϱ^′ = α^′β^′N, r^′_ν (n − σ, p) = n^ν {_{p−1} ∑ q=0 x^′_ν (σ, q) v^′_ν (σ, p − q) + x^′_ν (σ, p) v^′_ν (σ, 0)+

+ω^σ_n N_ν −1∑

q=p+1 x^′_ν (σ, q) v^′_ν (σ, N_ν + p − q) } =

= n^ν { ω^{−σ}_n p−1∑ q=0 x^′_ν (σ, q) y^′_ν (σ, N_ν + q − p) + x^′_ν (σ, p) y^′_ν (σ, 0) + N_ν −1∑

q=p+1 x^′_ν (σ, q) y^′_ν (σ, q − p) } . Šěőàěňă ďőłăğăŋă. �

Ńĺâěàăâãàă

1. Ăľğěŋąěàč Ŋ. Ŋ., Šàőäĺňńîł Ő. Š. Śďćĺč, áćěàâłă ĺ łőààěńïæĺőŋŋăï äãŋłæĺï ďĺáłàěâŋëå áĺčŋăńőć ć ŕàőĺğćőńìŋőň ąăğĺáě // ĎĂŊ ŚŚŚŘ. 1980. Š. 250. ò 1. Ś. 47{51.

2. Łãåăàěć Č. Ă. Őáŋőćŋëě âěőàěňë áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ ďńï ğăďăç æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć // Ĺğć. ćãğőć. Řăďĺőíńěłâàőŋĺłă. 1985. Š. 28. ò 8. Ś. 26{31.

3. Daubechies I. The wavelet transform, time-frequency localization and signal analysis // IEEE Trans. Inform. Theory. 1990. No. 5. P. 961{1005.

4. Ŕěâãåőć Ă. Ŕ. Ŕěàĺőďĺçěáłĺě ďĺáłàěâŋëě ćáŕńěáłĺ. // Ăńčěąàă ĺ ăŋăńĺğ. 1996.

Š. 8. ò 3. Ś. 151{183.

5. Malozemov V. N., Masharsky S. M. Haar spectra of discrete signals. In: Tools for Math.

Modelling. The Second International Conf. June 14{19, 1999. Abstracts. St. Petersburg, 1999.P. 86{87.

6. Ňăńőğěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Śàăćŋĺâěńìŋőě ĺğãçěŋĺě ďćãå ćěľćńěâŋëå ąăğĺáőć // Ŕàőąńěňë ŕěàěďăçĺ ĺŋäőàňăæĺĺ. 2000. Š. 36. Ćëŕ. 2.

7. Ňăńőğěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Ţăăàőćáłĺě áŕěłâàë ďĺáłàěâŋëå áćěàâőł // Ęãàŋ. ćëçĺáń. ňăâ. ĺ ňăâěň. äĺğ. 2000. Š. 40. ò 6.

8. Ďăčňăŋ İ. Ě., Łãåăàěć Č. Ă. Ąëáâàëě ďĺáłàěâŋëě őàâőčőŋăńìŋëě ŕàěőąàăğőćăŋĺï. Ŋőćőáĺąĺàáł: Ŋăãłă, 1983. 232 á.

9. Ňăńőğěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áćïğăŋŋëě á ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă // İńěłâàőŋŋëľ ăàåĺć ŕàěŕàĺŋâőć Ś.-Ŕěâěàąãàčáłőčő ňăâ. őąéěáâćă. Ŕàěŕàĺŋâ ò 1999-21. http://www.mathsoc.spb.ru/preprint/1999/index.html#21