SPb. Math. Society Preprint 2000-10 17 Aug 2000

ĞĂŇĚŠŁĹ Ő ŠĚŊĞŐŘŊŻŢ ŔŘŐĹĞĆĚĎĚŊĹ§Ţ ŐŔĚŘĂŠŐŘŐĆ Ć ŃĚĄĚČŐĆŻŢ ŔŘŐŚŠŘĂŊŚŠĆĂŢ

Ő.Ĺ.Řěľŋőć.

Ňë ĺááńěďãěň ćőŕàőá, áćïğăŋŋëľ á ćëçĺáńěŋĺěň ŋőàň âěŋğőàŋëå ŕàőĺğćěďěŋĺľ őŕěàăâőàőć, ďěľáâćãîéĺå ňěęďã äãŋłæĺőŋăńìŋëňĺ ŕàőáâàăŋáâćăňĺ Ńěąěčă: ćěàŋő ńĺ, çâő ŋőàňă âěŋğőàŋőčő ŕàőĺğćěďěŋĺï A ⊗ B : L^p(μ ⊗ μ) → L^q(ν ⊗ ν) őŕěàăâőàőć A : L^p(μ) → L^q(ν) ĺ B : L^p(μ) → L^q(ν) áőćŕăďăěâ á ŕàőĺğćěďěŋĺěň ‖A‖‖B‖ ĺå ŋőàň?

Ňë äőàňãńĺàãěň ĺ ďőłăğëćăěň ãâćěàęďěŋĺï, łőâőàëě ŕőłăğëćăîâ, çâő őâćěâ ŕőńőęĺâěńěŋ âőčďă ĺ âőńìłő âőčďă, łőčďă 1 6 p 6 q 6 +∞.

İâőâ àěğãńìâăâ ïćńïěâáï őâćěâőň ŋă ćőŕàőá, ŕőáâăćńěŋŋëľ ăćâőàã ŕàőäěááőàőň §. đ. Ŋĺłĺâĺŋëň ć łőŋæě ňăï 2000 č. Ŕőńãçěŋŋëľ àěğãńìâăâ ňőęěâ ąëâì ĺáŕőńìğőćăŋ ŕàĺ ĺğãçěŋĺĺ ăáĺňŕâőâĺłĺ åćőáâă àăáŕàěďěńěŋĺï L_p-ŋőàňë čăãááőćáłĺå ŕőńěľ ŋă ěďĺŋĺçŋőň łćăďàăâě, ã łőâőàëå łőćăàĺăæĺï àăáŕăďăěâáï ć ŕàőĺğćěďěŋĺě őďŋőňěàŋëå łőćăàĺăæĺľ. Šĺŕĺçŋëň ŕàĺňěàőň âăłőčő ŕőńï ïćńïěâáï ąàőãŋőćáłĺľ ńĺáâ (áň., ŋăŕàĺňěà, [1]). Šăłăï ăáĺňŕâőâĺłă ŕàěďáâăćńïěâ ĺŋâěàěá âăłęě ďńï ćëçĺáńěŋĺï ŕàĺąńĺęěŋŋőľ ąăåăďãàőćáłőľ ăáĺňŕâőâĺçěáłőľ íääěłâĺćŋőáâĺ ŋěŕăàăňěâàĺçěáłĺå łàĺâěàĺěć ŋěğăćĺáĺňőáâĺ, őáŋőćăŋŋëå ŋă L_p-ŋőàňăå íňŕĺàĺçěáłĺå ŕőńěľ (áň. [2, čń. 5]) .

Ŕőńőęĺâěńìŋăï çăáâì ŕàěďáâăćńěŋŋëå ğďěáì àěğãńìâăâőć ňőęěâ ąëâì ãáâăŋőćńěŋă á ĺáŕőńìğőćăŋĺěň ăąáâàăłâŋőľ âěåŋĺłĺ âěőàĺĺ âěŋğőàŋëå ŕàőĺğćěďěŋĺľ ć ŋőàňĺàőćăŋŋëå ŕàőáâàăŋáâćăå, ŋő ĺňěěâáï âăłęě ĺ ãďĺćĺâěńìŋő ŕàőáâőě íńěňěŋâăàŋőě ďőłăğăâěńìáâćő, ĺáŕőńìğãîéěě âőńìłő ŋěłőâőàëě áâăŋďăàâŋëě äăłâë łńăááĺçěáłőľ âěőàĺĺ ĺŋâěčàăńă Ńěąěčă. Ůâő łăáăěâáï őâàĺæăâěńìŋőľ çăáâĺ ŋăèĺå àěğãńìâăâőć (\łőŋâàŕàĺňěàőć"), âő ďńï ĺå ćëćőďă ĺáŕőńìğãîâáï ŋěłőâőàëě őæěŋłĺ ĺğ âěőàĺĺ łőŋěçŋőňěàŋëå p-áãňňĺàãîéĺå őŕěàăâőàőć ć ŋőàňĺàőćăŋŋëå ŕàőáâàăŋáâćăå. Ŕőáńěďŋěě ďőłăğăâěńìáâćő áőáâőĺâ ĺğ őďĺŋŋăďæăâĺ ńěňň, ć łőâőàëå ňë àăááňăâàĺćăěň, èăč ğă èăčőň, àăğńĺçŋëě ćőğňőęŋëě áńãçăĺ, âăłĺě łăł 1 < q < p < 2, 1 < q < 2 < p < +∞ ĺ â.ď.

Řăąőâă ćëŕőńŋěŋă ŕàĺ çăáâĺçŋőľ ŕőďďěàęłě Ňĺŋĺáâěàáâćă őąéěčő ĺ ŕàőäěááĺőŋăńìŋőčő őąàăğőćăŋĺï Řőááĺĺ (čàăŋâ ò97-0-1.7-36) ĺ Ťěďěàăńìŋőľ æěńěćőľ ŕàőčàăňňőľ \Ĺŋâěčàăæĺï" (čàăŋâ ò 326.53).

cfl Ő. Ĺ. Řěľŋőć, 2000

§ 1. Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï

Ăńčěąàăĺçěáłőě âěŋğőàŋőě ŕàőĺğćěďěŋĺě X⊗Y ąăŋăåőćëå ŕàőáâàăŋáâć X ĺ Y ąãďěň àăááňăâàĺćăâì âăłęě łăł ńĺŋěľŋőě ŕàőáâàăŋáâćő ćáěå^∗-áńăąő ŋěŕàěàëćŋëå ńĺŋěľŋëå őâőąàăęěŋĺľ łőŋěçŋőčő àăŋčă (łőŋěçŋőňěàŋëå) ĺğ X^∗ ć Y (ĺńĺ ĺğ Y^∗ ć X | ĺğ łőŋâěłáâă ćáěčďă ŕőŋïâŋő, ő łăłőň áńãçăě ĺďěâ àěçì). Ěáńĺ ŕàőáâàăŋáâćő X áőŕàïęěŋő, â. ě. X = W^∗ ďńï ŋěłőâőàőčő ŋőàňĺàőćăŋŋőčő ŕàőáâàăŋáâćă W , âő âěŋğőàŋőě ŕàőĺğćěďěŋĺě W^∗⊗Y ąãďěâ àăááňăâàĺćăâìáï łăł ňŋőęěáâćő ćáěå łőŋěçŋőňěàŋëå őŕěàăâőàőć ĺğ W ć Y , çâő ŋě ŕàĺćěďěâ ł ŋěďőàăğãňěŋĺî ć łőŋłàěâŋëå áĺâãăæĺïå.

Ŋőàňă α ŋă ăńčěąàăĺçěáłőň ŕàőĺğćěďěŋĺĺ X⊗Y ąăŋăåőćëå ŕàőáâàăŋáâć X ĺ Y ŋăğëćăěâáï łàőáá{ŋőàňőľ, ěáńĺ α(x⊗y) = ‖x‖‖y‖ ∀x ∈ X, y ∈ Y. Ŕàőáâàăŋáâćő X⊗Y , áŋăąęěŋŋőě ŋőàňőľ α, őąëçŋő (ěáńĺ ŋě ãłăğăŋő ŕàőâĺćŋőě) őąőğŋăçăěâáï çěàěğ X⊗_αY , ă ěčő ŕőŕőńŋěŋĺě | çěàěğ X ^⊗_αY . Ŕãáâì X, Y , E, F | ąăŋăåőćë ŕàőáâàăŋáâćă. Ăńčěąàăĺçěáłőě âěŋğőàŋőě ŕàőĺğćěďěŋĺě A⊗B őŕěàăâőàőć A ∈ L(X, E), B ∈ L(Y, F ) ěáâì ńĺŋěľŋëľ őŕěàăâőà ĺğ X⊗Y ć E⊗F , őďŋőğŋăçŋő őŕàěďěńïěňëľ áćőĺňĺ ğŋăçěŋĺïňĺ ŋă íńěňěŋâăàŋëå âěŋğőàăå: (A⊗B)(x⊗y) := Ax⊗By, ĺ ŕàőďőńęăěňëľ ŋă ćáě ŕàőáâàăŋáâćő ŕő ńĺŋěľŋőáâĺ: (A⊗B) (_n∑ i=1 x_i⊗y_i ) := n∑ i=1 Ax_i⊗By_i, x_i ∈ X, y_i ∈ Y. Ŕãáâì A⊗B : X⊗Y → E⊗F . Ěáńĺ e^′ ∈ E^∗ ĺ f ∈ F , âő ⟨(Ax⊗By)e^′, f⟩ = ⟨Ax, e^′⟩⟨By, f^′ ⟩ = ⟨B ∘ (x⊗y) ∘ A^∗e^′, f⟩, â. ě. (A⊗B)(U) = BUA^∗ ďńï őŕěàăâőàőć U ĺğ X⊗Y .

Ěáńĺ E | ąăŋăåőćő ŕàőáâàăŋáâćő, p ∈ [1, +∞] ĺ (˙, ˚, μ) | ŕàőáâàăŋáâćő á ŕőńőęĺâěńìŋőľ ňěàőľ, âő çěàěğ L^p(˙, ˚, μ; E) (L^p(μ; E) ńĺąő L^p(X)) őąőğŋăçăěâáï ńĺŋěľŋőě ŕàőáâàăŋáâćő ćáěå áĺńìŋő ĺğňěàĺňëå E-ğŋăçŋëå äãŋłæĺľ f : ˙ → E, ďńï łőâőàëå łőŋěçěŋ ĺŋâěčàăń ‖f‖^p := ∫ Ω ‖f(ω)‖^p_E dμ(ω). Ŕàőáâàăŋáâćő L^p(E), áŋăąęěŋŋőě ŋőàňőľ (łăł őąëçŋő, ŕőçâĺ ćáîďã àăćŋëě äãŋłæĺĺ őâőęďěáâćńïîâáï) ‖ · ‖_p, áâăŋőćĺâáï ąăŋăåőćëň (ŕőďàőąŋőáâĺ ňőęŋő ŋăľâĺ ć [3] ĺńĺ ńîąőľ łŋĺčě ŕő äãŋłæĺőŋăńìŋőňã ăŋăńĺğã, ŋăŕàĺňěà, [4] ĺńĺ

[5]). Łăł åőàőèő ĺğćěáâŋő, ěáńĺ ν | σ-łőŋěçŋăï ňěàă ŋă ŋěłőâőàőň ŕàőáâàăŋáâćě, âő L^p(μ; L^p(ν)) ěáâěáâćěŋŋëň őąàăğőň őâőęďěáâćńïěâáï á ňŋőęěáâćőň ćáěå ĺğňěàĺňëå äãŋłæĺľ ďćãå ŕěàěňěŋŋëå | á ąăŋăåőćëň ŕàőáâàăŋáâćőň L^p(μ⊗ν). İâő áőőâćěâáâćĺě ïćńïěâáï ĺğőňěâàĺěľ. Ĺŋőčďă ňë ŕĺèěň ďńï łàăâłőáâĺ L^p(L^p), çâő ŋě ďőńęŋő ŕàĺćěáâĺ ł ŋěďőàăğãňěŋĺïň, ŕőáłőńìłã ĺğ łőŋâěłáâă ćáěčďă ŕőŋïâŋő ő łăłőň ĺňěŋŋő ŕàőáâàăŋáâćě ĺďěâ àěçì. Řăááňăâàĺćăěňëě ďăńěě ňěàë áçĺâăîâáï σ-łőŋěçŋëňĺ.

Ďńï r ∈ [1, +∞] ăńčěąàăĺçěáłőě âěŋğőàŋőě ŕàőĺğćěďěŋĺě L^r⊗L^r áőáâőĺâ ĺğ âěŋğőàőć ćĺďă ˘ = N∑ 1 f_k⊗g_k, łőâőàëě àăááňăâàĺćăîâáï, á őďŋőľ áâőàőŋë, łăł łőŋěçŋőňěàŋëě őŕěàăâőàë ĺğ L^{r0} ć L^r, ă á ďàãčőľ áâőàőŋë, łăł äãŋłæĺĺ, ĺğňěàĺňëě ŋă ŕàőĺğćěďěŋĺĺ S × T : ˘(s, t) = N∑ 1 f_k(s)g_k (t). Ďńï âăłĺå äãŋłæĺľ ĺňěěň ˘ ∈ L^r(S × T, μ⊗ν). Ďńï r < ∞ őąőğŋăçĺň çěàěğ L^r⊗_rL^r âěŋğőàŋőě ŕàőĺğćěďěŋĺě á ŋőàňőľ ‖·‖_r, ĺŋďãæĺàőćăŋŋőľ ĺğ L^r(μ ⊗ ν), ĺ çěàěğ L^r ~⊗_rL^r | ěčő ŕőŕőńŋěŋĺě. Šăł łăł ŕàőáâàăŋáâćő L^r⊗_rL^r áőďěàęĺâ ćáě ŕàőáâëě äãŋłæĺĺ ćĺďă (1) (čďě ćňěáâő f_k, g_k àăááňăâàĺćăîâáï åăàăłâěàĺáâĺçěáłĺě äãŋłæĺĺ ŕőŕăàŋő ďĺğêîŋłâŋëå ňŋőęěáâć) ĺ r < +∞, íâő ŕàőáâàăŋáâćő ŕńőâŋő ć L^r(μ ⊗ ν). Šăłĺň őąàăğőň, L^r ~⊗_rL^r ĺ L^r(μ ⊗ ν) ĺğőňěâàĺçěáłĺ áőćŕăďăîâ.

Ŋă âěŋğőàŋőň ŕàőĺğćěďěŋĺĺ X ⊗ Y àăááňőâàĺň âěŋğőàŋëě ŋőàňë. Ŋěłőâőàëě ĺğ ŋőàň ĺŋďãæĺàãîâáï áőőâćěâáâćãîéĺňĺ ŕàőáâàăŋáâćăňĺ őŕěàăâőàőć, âőčďă łăł ďàãčĺě áăňĺ ĺŋďãæĺàãîâ őŕěàăâőàŋëě ŋőàňë (íâĺ ŋőàňë ć ďàãčĺå őąőğŋăçěŋĺïå àăááňăâàĺćăńĺáì ćŕěàćëě, ćĺďĺňő, ć [6{8], čďě ąëńĺ âăłęě ććěďěŋë ăŕŕàőłáĺňăæĺőŋŋëě ãáńőćĺï \ŕőàïďłă p" ŋă ąăŋăåőćë ŕàőáâàăŋáâćă ĺ áćïğăŋŋëě, ć çăáâŋőáâĺ, á ăŕŕàőłáĺňăæĺěľ ăąáőńîâŋő p-áãňňĺàãîéĺå őŕěàăâőàőć łőŋěçŋőňěàŋëňĺ őŕěàăâőàăňĺ).

p-Ŕàőěłâĺćŋăï âěŋğőàŋăï ŋőàňă ‖ · ‖_p ďńï p ∈ [1, +∞] őŕàěďěńïěâáï ŋă ŕàőĺğćěďěŋĺĺ X ⊗ Y áńěďãîéĺň őąàăğőň: ěáńĺ z ∈ X ⊗ Y , âő

(1.1) ‖z‖_p := inf (_N∑ k=1 ‖x_k‖^p )_{1/p} sup ‖y0‖61 {(_N∑ k=1 | < y_k, y^′ > |^{p0} )_{1/p}0 }

čďě 1/p + 1/p^′ = 1 ĺ ĺŋäĺňãň ąěàěâáï ŕő ćáěćőğňőęŋëň ŕàěďáâăćńěŋĺïň z = N∑ k=1 x_k ⊗y_k âěŋğőàŋőčő íńěňěŋâă z ć ŕàőáâàăŋáâćě X ⊗Y . Ťőàňãńă (1.1) ĺňěěâ áňëáń ńĺèì ŕàĺ łőŋěçŋőň ŕőłăğăâěńě p > 1. Ć áńãçăïå p = 1, ĺ p = +∞, őŕàěďěńěŋĺě áńěďãěâ ňőďĺäĺæĺàőćăâì őçěćĺďŋëň őąàăğőň.

Ăńčěąàăĺçěáłőě âěŋğőàŋőě ŕàőĺğćěďěŋĺě ŕàőáâàăŋáâć X ĺ Y , áŋăąęěŋŋőě ŋőàňőľ ‖ · ‖_p, őąőğŋăçăěâáï çěàěğ X ⊗_p Y , ă ěčő ŕőŕőńŋěŋĺě | çěàěğ X ^⊗_pY. Ć áńãçăě p = 1 ňë ŕőńãçăěň ŕàőěłâĺćŋőě âěŋğőàŋőě ŕàőĺğćěďěŋĺě, ććěďěŋŋőě ĺ ďěâăńìŋő ĺğãçěŋŋőě Čàőâěŋďĺłőň [9] ĺ ĺčàăîéěě őčàőňŋãî àőńì, ć çăáâŋőáâĺ, ć âěőàĺĺ ïďěàŋëå ŕàőáâàăŋáâć ĺ âěőàĺĺ ăŕŕàőłáĺňăæĺĺ ńĺŋěľŋëå őŕěàăâőàőć.

Ňë ĺáŕőńìğãěň áâăŋďăàâŋëě őąőğŋăçěŋĺï ĺğ âěőàĺĺ őŕěàăâőàŋëå ĺďěăńőć: ˝_p, N_p ĺ I_p őąőğŋăçăîâ ĺďěăńë ăąáőńîâŋő p-áãňňĺàãîéĺå, p-ïďěàŋëå ĺ áâàőčő pĺŋâěčàăńìŋëå őŕěàăâőàőć á ŋőàňăňĺ π_p, ν_p ĺ i_p áőőâćěâáâćěŋŋő. Őŕàěďěńěŋĺï íâĺå łńăááőć ňőęŋő ŋăľâĺ, ŋăŕàĺňěà, ć áŕàăćőçŋĺłě ŕő őŕěàăâőàŋëň ĺďěăńăň [10]. Őâňěâĺň, çâő ňë ĺáŕőńìğãěň őąőğŋăçěŋĺï, őâńĺçăîéĺěáï őâ ŕàĺŋïâëå ć [10].

Śŕàăćěďńĺćë áńěďãîéĺě ŋěàăćěŋáâćă:

‖ · ‖ 6 π_p 6 i_p 6 ν_p 6 ν_1.

Ďńï ńîąëå őâďěńĺňőčő łőňŕăłâŋőčő ŕàőáâàăŋáâćă K ĺ ŕàőáâàăŋáâćă á σ-łőŋěç-ŋőľ ňěàőľ μ ŕàĺ p > 1 ĺňěîâ ňěáâő àăćěŋáâćă [10, ŕ. 17.3.5]

˝_p(C(K), F ) = I_p(C(K), F ), ˝_p(L^∞(μ), F ) = I_p(L^∞(μ), F ).

Ěáńĺ ŕàőáâàăŋáâćő F àěäńěłáĺćŋő, âő

˝_1(C(K), F ) = N_1(C(K), F ) = C^∗(K) ^⊗_1F.

Ăŋăńőčĺçŋëě áőőâŋőèěŋĺï áŕàăćěďńĺćë ďńï ŕàőáâàăŋáâćă L^∞(μ) (áň. [9, 11]). Ś ďàãčőľ áâőàőŋë, ĺňěěň [10, ŕ. 19.2.7]

˝_p(E, L^∞) = I_p(E, L^∞).

Ďńï àěäńěłáĺćŋőčő ŕàőáâàăŋáâćă E ŕàĺ ńîąőň p ∈ [1, +∞) ńîąőľ p-ĺŋâěčàăńì-ŋëľ őŕěàăâőà, ğăďăŋŋëľ ŋă E, ïćńïěâáï p-ïďěàŋëň (áň., ŋăŕàĺňěà, [11, 12]). Ć çăáâŋőáâĺ, ďńï àěäńěłáĺćŋőčő ŕàőáâàăŋáâćă E ĺ p ∈ [1, +∞) ćëŕőńŋïîâáï áőőâŋőèěŋĺï ˝_p(E, L^∞) = I_p(E, L^∞) = N_p(E, L^∞),

ŕàĺ íâőň áőőâćěâáâćãîéĺě ŋőàňë àăćŋë.

Ěáńĺ T ∈ L(E, L^r) ĺ T^∗ ∈ ˝_r (L^{r0} , E^∗), âő T ∈ ˝_r(E, L^r) ĺ π_r(T ) 6 π_r(T^∗) ŕő âěőàěňě ďćőľáâćěŋŋőáâĺ Ÿćăàæă (áň., ŋăŕàĺňěà, [7, 12{14]). Ŕőíâőňã, ěáńĺ 1 6 r < ∞, âő ďńï őŕěàăâőàă T ∈ L(L^{r0} , L^r) ãáńőćĺï T ∈ ˝_r ĺ T^∗ ∈ ˝_r àăćŋőáĺńìŋë, ŕàĺ íâőň π_r(T ) = π_r(T^∗). Łàőňě âőčő, ěáńĺ ďőŕőńŋĺâěńìŋő r > 1, âő ććĺďã àěäńěłáĺćŋőáâĺ ŕàőáâàăŋáâćă L^r ŕàőáâàăŋáâćă ˝_r (L^{r0} , L^r), I_r(L^{r0} , L^r) ĺ N_r(L^{r0} , L^r) áőćŕăďăîâ (á àăćěŋáâćőň ŋőàň) ĺ őâőęďěáâćńïîâáï á âěŋğőàŋëň ŕàőĺğćěďěŋĺěň L^r ^⊗_rL^r. Ŕàĺ r ∈ [1, +∞) íâő âěŋğőàŋőě ŕàőĺğćěďěŋĺě áőćŕăďăěâ á âěŋğőàŋëň ŕàőĺğćěďěŋĺěň

L^r ~⊗_rL^r ĺńĺ á ąăŋăåőćëňĺ ŕàőáâàăŋáâćăňĺ L^r(μ⊗ν), L^r(μ; L^r(ν)) ĺńĺ ŕàőáâàăŋáâćőň L^r(ν; L^r(μ)). Ćŕěàćëě íâőâ äăłâ ãáâăŋőćńěŋ Čàőâěŋďĺłőň [9] ďńï áńãçăï p = 1 ĺ Ŕěàááőŋőň [12] ďńï őáâăńìŋëå ŕőłăğăâěńěľ p > 1 ( áň. âăłęě [8]).

Ěáńĺ H | čĺńìąěàâőćő ŕàőáâàăŋáâćő, âő ćáě ŕàőáâàăŋáâćă ˝_p(H, H) áőćŕăďăîâ ňěęďã áőąőľ ĺ áőćŕăďăîâ á ŕàőáâàăŋáâćőň ćáěå őŕěàăâőàőć Čĺńìąěàâă | Ÿňĺďâă [15] (áň. âăłęě [10]).

Ąãďěň čőćőàĺâì, çâő őŕěàăâőà U ∈ L(X, Y ) äăłâőàĺğãěâáï çěàěğ čĺńìąěàâőćő ŕàőáâàăŋáâćő (ïćńïěâáï 2-äăłâőàĺğãěňëň), ěáńĺ áãéěáâćãîâ čĺńìąěàâőćő ŕàőáâàăŋáâćő H ĺ ďćă őŕěàăâőàă U_1 : X → H ĺ U_2 : H → Y âăłĺě, çâő U = U_2U_1. Ĺŋäĺňãň ŕàőĺğćěďěŋĺľ ‖U_1‖ ‖U_2‖ ŕő ćáěň ŕőďőąŋëň äăłâőàĺğăæĺïň őąőğŋăçăěâáï çěàěğ γ_2(U) ĺ ïćńïěâáï ĺďěăńìŋőľ ŋőàňőľ (ć áňëáńě Ŕĺçă [10]) ŋă áěňěľáâćě ćáěå 2-äăłâőàĺğãěňëå őŕěàăâőàőć.

Ěáńĺ 1 6 r 6 2 6 p 6 ∞, âő ńîąőľ őŕěàăâőà ĺğ L^p(μ) ć L^r(μ) äăłâőàĺğãěâáï çěàěğ čĺńìąěàâőćő ŕàőáâàăŋáâćő [16, âěőàěňă 5.2] (áň. âăłęě [10, ŕ. 22.5.1; 17, áńěďáâćĺě 3.7]).

Ŋăŕőňŋĺň ğŋăňěŋĺâãî âěőàěňã Čàőâěŋďĺłă (áň. [10, ŕ. 22.4.4; 16; 18, ŕ. 6.7]): ńîąőľ őŕěàăâőà ĺğ L^1 ć L^2 ïćńïěâáï 2-ăąáőńîâŋő áãňňĺàãîéĺň, ŕàĺçěň ďńï T ∈ L(L^1, L^2) ĺňěěň (áň. [18]) π_2(T ) 6 c_K ‖T ‖,

čďě c_K | ŕőáâőïŋŋăï ć ŋěàăćěŋáâćě Ţĺŋçĺŋă

‖x‖_2 6 c_K 1

2^n ∑ ε∈E |⟨x, ε⟩| ∀ x ∈ K^n , čďě E | ňŋőęěáâćő n-ňěàŋëå ćěłâőàőć ε = (ε_1, ε_2, . . . , ε_n) á łőňŕőŋěŋâăňĺ ε_i = ±1. Łăł ŕőłăğăŋő ć [19], ŋăĺńãçèěě ğŋăçěŋĺě íâőľ ŕőáâőïŋŋőľ c_K àăćŋő √ 2. İâă ŕőáâőïŋŋăï ŋě ğăćĺáĺâ őâ ćëąőàă ŕőńï áłăńïàőć.

Ŋĺęě {r_n} őąőğŋăçăěâ ŕőáńěďőćăâěńìŋőáâì äãŋłæĺľ Řăďěňăåěàă ŋă őâàěğłě [0, 1]. Ąãďěň čőćőàĺâì, çâő őŕěàăâőà U ∈ L(X, Y ) ěáâì őŕěàăâőà łőâĺŕă q, 2 6 q 6 ∞, ěáńĺ ďńï ńîąőčő łőŋěçŋőčő ŋăąőàă ćěłâőàőć {x_j } ĺğ ŕàőáâàăŋáâćă X á ŋěłőâőàőľ ŕőáâőïŋŋőľ ćëŕőńŋïěâáï ŋěàăćěŋáâćő ( ∑ ‖Ux_j ‖^q )_{1/q} 6 C^( 1∫ 0 ‖ ‖∑ r_j (t)x_j ‖ ‖^2 )_{1/2} . Ŋăĺňěŋìèăï âăłăï ŕőáâőïŋŋăï C őąőğŋăçăěâáï C_q(U).

Őŕěàăâőà U ŋăğëćăěâáï őŕěàăâőàőň âĺŕă p, 1 6 p 6 2, ěáńĺ ďńï ńîąőčő łőŋěçŋőčő ŋăąőàă ćěłâőàőć {x_j } ĺğ X á ŋěłőâőàőľ ŕőáâőïŋŋőľ ćëŕőńŋïěâáï ŋěàăćěŋáâćő

(^1∫ 0 ‖ ‖ ‖ ∑ r_j (t)Ux_j ‖ ‖ ‖^2 )_{1/2} 6 C^{( ∑} ‖xj ‖^{p)1/p}.

Ŋăĺňěŋìèăï âăłăï ŕőáâőïŋŋăï C őąőğŋăçăěâáï T_p(U).

Ďćőľáâćěŋŋőáâì íâĺå ďćãå áćőľáâć ćëàăęăěâáï ć âőň äăłâě, çâő, ěáńĺ őŕěàăâőà U ĺňěěâ âĺŕ p, âő áőŕàïęěŋŋőě őŕěàăâőà U^∗ ĺňěěâ łőâĺŕ p^′, 1/p + 1/p^′ = 1, ĺ, ěáńĺ U^∗ ĺňěěâ âĺŕ p, âő U ĺňěěâ łőâĺŕ p^′. Ŕàĺ íâőň ć ŕěàćőň áńãçăě C_p0(U^∗) 6 T_p(U), ă ćő ćâőàőň | C_p0(U) 6 T_p(U^∗). Ěáńĺ őŕěàăâőà ĺňěěâ łőâĺŕ p (áőőâćěâáâćěŋŋő âĺŕ q), âő ćâőàőľ áőŕàïęěŋŋëľ ł ŋěňã őąńăďăěâ âěň ęě áćőľáâćőň (áň. [10, 17]). Őáőąěŋŋő ćăęěŋ çăáâŋëľ áńãçăľ, łőčďă U ěáâì âőęďěáâćěŋŋëľ őŕěàăâőà ć ŋěłőâőàőň ąăŋăåőćőň ŕàőáâàăŋáâćě X. Ć íâőň áńãçăě čőćőàïâ, çâő ŕàőáâàăŋáâćő X ěáâì ŕàőáâàăŋáâćő âĺŕă p (łőâĺŕă q), ěáńĺ id_X ěáâì őŕěàăâőà âĺŕă p (łőâĺŕă q, ) ă áőőâćěâáâćãîéĺě łőŋáâăŋâë âĺŕă ĺ łőâĺŕă ŕàőáâàăŋáâćă X őąőğŋăçăîâáï ŕàőáâő çěàěğ T_p(X) ĺ C_q(X). Ŕàĺňěàăňĺ ŕàőáâàăŋáâć łőŋěçŋőčő łőâĺŕă 2 ňőčãâ áńãęĺâì ćáě ŕàőáâàăŋáâćă L^p ŕàĺ 1 6 p 6 2, łőŋěçŋőčő âĺŕă 2 | ŕàőáâàăŋáâćă L^p á 2 6 p < ∞ [10].

Ĺňěěâ ňěáâő áńěďãîéăï ğăňěçăâěńìŋăï âěőàěňă Ňőàě (áň. [17, âěőàěňă 3.4]): ěáńĺ U ∈ L(X, Y ) | őŕěàăâőà âĺŕă 2 ĺ T ∈ L(Y, Z) | őŕěàăâőà łőâĺŕă 2, âő őŕěàăâőà T U äăłâőàĺğãěâáï çěàěğ čĺńìąěàâőćő ŕàőáâàăŋáâćő, ŕàĺçěň γ_2(T U) 6 T_2(U)C_2(T ). Ć çăáâŋőáâĺ, ńîąőě ŕàőáâàăŋáâćő âĺŕă 2 ĺ łőâĺŕă 2 ĺğőňőàäŋő čĺńìąěàâőćã ŕàőáâàăŋáâćã (âěőàěňă Łćăŕěŋï [20]) ĺ ńîąőľ őŕěàăâőà U, ďěľáâćãîéĺľ ĺğ ŕàőáâàăŋáâćă X âĺŕă 2 ć ŕàőáâàăŋáâćő Y łőâĺŕă 2 äăłâőàĺğãěâáï çěàěğ čĺńìąěàâőćő ŕàőáâàăŋáâćő, ŕàĺçěň γ_2(U) 6 T_2(X)C_2(Y )‖U‖.

Ŋĺęě ŋăň ŕőâàěąãěâáï áńěďãîéěě ãâćěàęďěŋĺě (âőçŋěě, ěčő łőŋěçŋőňěàŋëľ ăŋăńőč), ďőłăğăâěńìáâćő łőâőàőčő ňőęŋő ŋăľâĺ ć [21, ŕàěďńőęěŋĺě (XV,6;1) ĺ ěčő áńěďáâćĺě]. Ďàãčőľ ćăàĺăŋâ íâőčő ãâćěàęďěŋĺï ŕàĺćőďĺâáï ŋĺęě. Ďăńěě (X, μ) | âőŕőńőčĺçěáłőľ ŕàőáâàăŋáâćő á ŕőńőęĺâěńìŋőľ ňěàőľ Řăďőŋă (ŕàĺ ďőłăğăâěńìáâćě ňőęŋő áçĺâăâì, çâő íâő | ŕàïňăï á ňěàőľ Ńěąěčă).

Ńěňňă 1.1. Ńîąőě čĺńìąěàâőćő ŕàőáâàăŋáâćő ćłńăďëćăěâáï ć ŋěłőâőàőě ŕàő-

áâàăŋáâćő L^0 (á ĺŋďãæĺàőćăŋŋőľ âőŕőńőčĺěľ) ĺ ćłńăďëćăěâáï ĺğőňěâàĺçěáłĺ ć ŋěłőâőàőě L^p ďńï ńîąőčő łőŋěçŋőčő p > 0. Ńîąőě ŕàőáâàăŋáâćő L^s(X, μ, ), 0 < s < 2, ćłńăďëćăěâáï ć ŕàőáâàăŋáâćő L^0 (á ĺŋďãæĺàőćăŋŋőľ âőŕőńőčĺěľ) ĺ ćłńăďëćăěâáï ĺğőňěâàĺçěáłĺ ć ŕàőáâàăŋáâćő L^p, ěáńĺ âőńìłő 0 < p < s.

Śńěďãîéĺě áćěďěŋĺï ćğïâë ĺğ [10, ŕŕ. 20{22] ĺ ŕàĺćőďïâáï ğďěáì ďńï ãďőąáâćă çĺâăâěńï.

Ŕàĺ 0 < p < ∞ ŕőńăčăěň

c^{(n)}_{2p} := 2 ` ( n + p 2 )

` ( n 2 ) 1/p ć ćěéěáâćěŋŋőň áńãçăě,

2 ` ( 2n + p 2 ) `(n) 1/p ć łőňŕńěłáŋőň áńãçăě.

Ŕőńőęĺň a_{np} := c^{(1)}_{2p} /c^{(n)}_{2p} . Šőčďă

1 = a_{1p} > a_{2p} > · · · > 0, lim_n n^{1/2}a_{np} = c^{(1)}_{2p} (c^{(1)}_{22} )^{−1}.

Ŕãáâì σ^n_2 | ŋőàňĺàőćăŋŋăï ĺŋćăàĺăŋâŋăï őâŋőáĺâěńìŋő ćàăéěŋĺľ ňěàă ŋă nňěàŋőľ ěďĺŋĺçŋőľ áäěàě S^n_2 .

Ńěňňă 1.2. Ěáńĺ 0 < p < ∞, âő a^{−1}_{np} { ∫ S^n2 |⟨x, a⟩|^pdσ^n_2 (a) }_{1/p} = ‖x‖_2 ∀x ∈ K^n .

Ťőàňãńã ĺğ ńěňňë 1.12 ňőęŋő ŕőńãçĺâì ŕěàěåőďőň ł áäěàĺçěáłĺň łőőàďĺŋăâăň. Ńěňňă 1.3. Ěáńĺ 0 < p < ∞, âő πp(I : l^n_2 → l^n_2 ) = a^{−1}_{np} . Ć çăáâŋëå áńãçăïå p = 1, 2 ĺňěěň

a_{n2} = ` ( 3 2 )

` ( 1 2 ) ` ( n 2 )

` ( n + 2 2 ) 1/2 = 1 2 ` ( n 2 )

n 2 ` ( n 2 ) 1/2 = 1√ n ,

a_{n1} = `(1) ` ( 1 2 ) ` ( n 2 )

` ( n + 1 2 ) = 1√ π ` ( n 2 )

` ( n + 1 2 ) .

Ďńï ŋăá ćăęŋă ăáĺňŕâőâĺłă ćěńĺçĺŋë a_{n2}a^{−1}_{n1} . Ŋăŕőňŋĺň, çâő `(α + 1) ∼ √ 2πe^{−α}α^{α+1/2} ŕàĺ α → +∞. Ĺňěěň

a_{n2}a^{−1}_{n1} = √ π n ` ( n + 1 2 )

`( n 2 ) ∼ √ π n e^{−(n−1)/2} ( n − 1 2 )_{(n−1)/2+1/2}

e^{−n/2+1} ( n 2 − 1 )_{(n/2−1)+1/2}

= √ π n e^{−1/2} ( n − 1 n − 2 )_{n/2} 2^{−1/2} (n − 2)^{−1/2} ∼ √ π 2en √ n ( 1 + 1 n − 2 )_{(n−2)/2} → √ π 2 ŕàĺ n → ∞. Ŕőíâőňã π_1(I : l^n_2 → l^n_2 ) = ( √ π/2 + o(1))π_2(I : l^n_2 → l^n_2 ).

Śőčńăáŋő [10, ŕ. 20.2.1], ěáńĺ 0 < p 6 s 6 ∞, âő ŕàőĺğćěďěŋĺě ST s-ăąáőńîâŋő áãňňĺàãîéěčő őŕěàăâőàă S ĺ âăł ŋăğëćăěňőčő (s, p)-áňěèĺćăîéěčő őŕěàăâőàă T (áň. őŕàěďěńěŋĺě ć [10, ŕ. 20.1.1]) ïćńïěâáï p-ăąáőńîâŋő áãňňĺàãîéĺň őŕěàăâőàőň, ŕàĺçěň π_p(ST ) 6 M_{(s,p)}(T )π_s(S), čďě M_{(s,p)} | áőőâćěâáâćãîéăï łćăğĺŋőàňă. Ć áĺńã [10, ŕ. 22.1.6] ŕàĺ 0 < p < s 6 2 áŕàăćěďńĺćő àăćěŋáâćő M_{(s,p)}(I : l^n_2 → l^n_2 ) = a_{ns}a^{−1}_{np} .

Ŕőíâőňã ďńï ńîąőčő n-ňěàŋőčő őŕěàăâőàă U ∈ L(H, H) ĺ 0 < p < s 6 2

π_1(U) 6 a_{n2}a^{−1}_{n1} π_2(U) = (√ π 2 + o(1) ) π_2(U).

Ňë ŕěàěäőàňãńĺàãěň ńěňňã ĺğ [10, ŕ. 21.1.3] ďńï áńãçăï s < 2 âăłĺň őąàăğőň, çâőąë ŋě ćďăćăâìáï ć ŕőďàőąŋőáâĺ ŕőïćńěŋĺï áőőâćěâáâćãîéěľ ňěàë.

Ńěňňă 1.4. Ďńï łăęďőčő s ∈ (0, 2) áãéěáâćãěâ ćěàőïâŋőáâŋăï ňěàă μ ŋă ŕàï-

ňőľ R (áőőâćěâáâćěŋŋő ŋă łőňŕńěłáŋőľ ŕńőáłőáâĺ) âăłăï, çâő ŕàĺ 0 < p < s c^{−1}_{sp} { ∫ K^m |⟨x, a⟩|^pdμ^m_s (a) }_{1/p} = ‖x‖_s ∀ x ∈ K^m ,

čďě μ^m_s | m-łàăâŋőě ŕàőĺğćěďěŋĺě ňěàë μ_s ŋă áěąï ĺ c_{sp} | ŋěłőâőàăï ŕőáâőïŋŋăï, čàőňőğďłãî äőàňãńã ďńï łőâőàőľ ňőęŋő ŋăľâĺ ć [10, ŕ. 21.1.2].

Ć âěőàĺĺ ćěàőïâŋőáâěľ ňěàă μ_s ĺğćěáâŋă łăł ãáâőľçĺćëľ ğăłőŋ àăáŕàěďěńěŋĺï.

Ŕàĺ 1 6 s 6 2 ĺ 0 < p < s ĺňěěň

π_p(I : l^n_s0 → l^n_s ) = c^{−1}_{sp} { ∫ K^m |⟨x, a⟩|^pdμ^m_s (a) }_{1/p} . Ďőćőńìŋő ďńĺŋŋőě ćëçĺáńěŋĺě ŕőłăğëćăěâ, çâő

π_p(I : l^n_s0 → l^n_s ) ≍ (n log n)^{1/s}.

Őâňěâĺň âăłęě, çâő ŕàĺ 1 6 s 6 2

π_s(I : l^n_s0 → l^n_s ) 6 ν_s(I : l^n_∞ → l^n_s ) = n^{1/s}

(áň. ńěňňã 22.4.7 ć [10], čďě ŕőďáçĺâăŋă ŕàăćăï ŋőàňă).

§ 2. Ŋěłőâőàëě ŕőńőęĺâěńìŋëě àěğãńìâăâë

Ŋăçŋěň á ĺğńőęěŋĺï őæěŋőł àăğńĺçŋëå ŋőàň âěŋğőàŋëå ŕàőĺğćěďěŋĺľ őŕěàăâőàőć. Ŕàĺćőďĺňëľ ŕěàěçěŋì àěğãńìâăâőć ŋě ŕàěâěŋďãěâ ŋă ŕőńŋőâã.

Ć àăąőâě Śăäăàă [6] E⊗_{gk} F | âěŋğőàŋőě ŕàőĺğćěďěŋĺě, áŋăąęěŋŋőě łőŋěçŋőľ kïďěàŋőľ ŋőàňőľ ć őąëçŋőň áňëáńě (â. ě. őŋő ŕőàőęďăěâ ŕőáńě ŕőŕőńŋěŋĺï E ^⊗_kF ). Ĺáŕőńìğãï ŋăèĺ őąőğŋăçěŋĺï, áäőàňãńĺàãěň ŕàěďńőęěŋĺě 3 ĺğ íâőľ áâăâìĺ: ěáńĺ

1 6 p 6 ∞, E, E1, F , F1 | ąăŋăåőćë ŕàőáâàăŋáâćă ĺ A ∈ L(E, E1), B ∈ L(F, F1),

âő A⊗B ďěľáâćãěâ ŋěŕàěàëćŋő ĺğ E⊗_pF ć E_1⊗_pF_1 á ŋőàňőľ, ŋě ŕàěćőáåőďïéěľ ‖A‖ ‖B‖. Śńěďãîéĺľ àěğãńìâăâ őą ãáâőľçĺćőáâĺ âěŋğőàŋëå ŕàőĺğćěďěŋĺľ őŕěàăâőàőć ŕőńãçěŋ Čőńãąőň [22] (áň. âăłęě [23, ŕàěďńőęěŋĺě (2.b.3)]). Ŕãáâì 1 6 p < ∞, X_j , Y_j | ąăŋăåőćë ŕàőáâàăŋáâćă ĺ T_j ∈ L(X_j , Y_j ), j = 1, 2, | p-ăąáőńîâŋő áãňňĺàãîéĺě őŕěàăâőàë. Šőčďă őŕěàăâőà T_1⊗T_2 ïćńïěâáï p-ăąáőńîâŋő áãňňĺàãîéĺň ĺğ ĺŋêěłâĺćŋőčő âěŋğőàŋőčő ŕàőĺğćěďěŋĺï X_1 ^⊗X_2 ć ĺŋêěłâĺćŋőě âěŋğőàŋőě ŕàőĺğćěďěŋĺě Y_1 ^⊗Y_2, ŕàĺçěň π_p(T_1⊗T_2) 6 π_p(T_1)π_p(T_2).

İâőâ àěğãńìâăâ ŕàĺňěŋïńáï Ŕĺçěň [24] (áň. [23, âěőàěňă 2.b.1]) ďńï ďőłăğăâěńìáâćă ĺğćěáâŋőľ âěőàěňë ĺğ [25] ő àăáŕàěďěńěŋĺĺ áőąáâćěŋŋëå çĺáěń p-ăąáőńîâŋő áãňňĺàãîéĺå őŕěàăâőàőć. Ŋěłőâőàëě ďàãčĺě ŕőďőąŋëě àěğãńìâăâë ňőęŋő ŋăľâĺ ć [26].

Ć [18, ŕ. 6.7, á. 254{255] ŕőłăğăŋő, çâő ěáńĺ S : l^m_2 → l^n_1 | őŕěàăâőà ĺğ l^m_2 ć l^n_1 ĺ S⊗S : l^{m2}_2 → l^{n2}_1 | áőőâćěâáâćãîéěě âěŋğőàŋőě ŕàőĺğćěďěŋĺě, âő ‖S⊗S‖ 6 c_K ‖S‖^2, čďě c_K | ŕőáâőïŋŋăï ĺğ ŋěàăćěŋáâćă Ţĺŋçĺŋă (áň. § 1).

Ŋă áăňőň ďěńě, ĺğ ďőłăğăâěńìáâćă, ŕàĺćěďěŋŋőčő ć [18], ćëâěłăěâ, çâő ăŋăńőčĺçŋőě ŋěàăćěŋáâćő ćěàŋő âăłęě ďńï ŕăàë àăğńĺçŋëå S_1 ĺ S_2 (ăŋăńőčĺçŋőě ğăňěçăŋĺě áŕàăćěďńĺćő őâŋőáĺâěńìŋő áńěďãîéěčő ãâćěàęďěŋĺï).

Ć áńãçăě őŕěàăâőàă S : l^n_1 → l^n_2 ĺňěěâ ňěáâő ďăęě àăćěŋáâćő áőőâćěâáâćãîéĺå ćěńĺçĺŋ: ěáńĺ S : l^n_1 → l^m_2 | őŕěàăâőà ĺğ l^n_1 ć l^m_2 ĺ S⊗S : l^{n2}_1 → l^{m2}_2 | áőőâćěâáâćãîéěě âěŋğőàŋőě ŕàőĺğćěďěŋĺě, âő ‖S⊗S‖ = ‖S‖^2. Ĺňěěâáï őæěŋłă ďńï π_2-ŋőàňë âěŋğőàŋëå ŕàőĺğćěďěŋĺľ őŕěàăâőàőć, ăŋăńőčĺçŋăï őæěŋłăň ĺğ ŕàěďëďãéĺå ńěňň. Ĺňěŋŋő, ěáńĺ S : l^n_1 → l^m_2 | őŕěàăâőà ĺğ l^n_1 ć l^m_2 ĺ S⊗S : l^{n2}_1 → l^{m2}_2 | áőőâćěâáâćãîéěě âěŋğőàŋőě ŕàőĺğćěďěŋĺě, âő

π^2(S) 6 c_K π_2(S⊗S).

Şłăęěň ŕàőáâőľ äăłâ, łőâőàëľ áćőďĺâ àěèěŋĺě ğăďăçĺ, ŕőáâăćńěŋŋőľ ć ŋăçăńě àăąőâë, ł őæěŋłě áŋĺğã ŋőàňë âěŋğőàŋőčő ŕàőĺğćěďěŋĺï őŕěàăâőàőć çěàěğ ŕàőĺğćěďěŋĺě ĺå ŋőàň.

Ńěňňă 2.1. Ŕãáâì A ∈ L(X, E), B ∈ L(Y, F ). Ďńï ńîąëå łàőáá-ŋőàň α ĺ β ŋă

X⊗Y ĺ E⊗F áőőâćěâáâćěŋŋő áŕàăćěďńĺćő ŋěàăćěŋáâćő ‖A⊗B‖ > ‖A‖‖B‖ (ńěćăï çăáâì ŋěàăćěŋáâćă ňőęěâ ŕàĺŋĺňăâì ĺ ąěáłőŋěçŋőě ğŋăçěŋĺě).

Ďőłăğăâěńìáâćő. Ğăäĺłáĺàãěň ε > 0. Ŕãáâì x ∈ X ĺ y ∈ Y | ěďĺŋĺçŋëě ćěłâőàë âăłĺě, çâő ‖Ax‖ > (1 − ε)‖A‖, ‖By‖ > (1 − ε)‖B‖. Šőčďă ‖x⊗y‖ = 1, ‖(A⊗B)(x⊗y)‖ = ‖Ax‖‖By‖ > (1 − ε)^2‖A‖‖B‖. � Ĺğ íâőľ ńěňňë ĺ ńěňňë Śăäăàă (áň. ćëèě) ŕőńãçăěň Śńěďáâćĺě 2.2. Ć ãáńőćĺïå ńěňňë Śăäăàă ‖A ⊗ B‖ = ‖A‖‖B‖. Ąőńěě âőčő, ŕőáłőńìłã ŕàĺ p < q ŕàőáâàăŋáâćő E_1⊗_pF_1 ŋěŕàěàëćŋő łăŋőŋĺçěáłĺ őâőąàăęăěâáï ć E_1⊗_qF_1 (á ŋőàňőľ őâőąàăęěŋĺï ěďĺŋĺæă), âő ćěàŋő áńěďãîéěě ãâćěàęďěŋĺě.

Śńěďáâćĺě 2.3. Ěáńĺ 1 6 p 6 q 6 ∞, E, E1, F , F1 | ąăŋăåőćë ŕàőáâàăŋáâćă

ĺ A ∈ L(E, E_1), B ∈ L(F, F_1), âő A⊗B ďěľáâćãěâ ŋěŕàěàëćŋő ĺğ E⊗_pF ć E_1⊗_qF_1 á ŋőàňőľ, àăćŋőľ ‖A‖‖B‖. Ć çăáâŋőáâĺ, ďńï âăłĺå ŕőłăğăâěńěľ p, q őâćěâ ŋă ćőŕàőá, áäőàňãńĺàőćăŋŋëľ ć ŋăçăńě ďăŋŋőľ áâăâìĺ, ŕőńőęĺâěńěŋ.

Ĺáŕőńìğãï äőàňãńã (A⊗B)(U) = BUA^∗ ĺğ § 1, ňőęŋő àăáŕàőáâàăŋĺâì ďěľáâćĺě őŕěàăâőàă A⊗B ŋă ŕàőáâàăŋáâćă őŕěàăâőàőć. Ŋăŕàĺňěà, ěáńĺ

A_0 : E → X, A = A^∗_0 : X^∗ → E^∗, B : Y → F,

âő ďńï ńîąőčő p ňőęŋő àăááňőâàěâì őŕěàăâőà A⊗B : ˝_p(X, Y ) → ˝_p(E, F ) ŕő äőàňãńě (A⊗B)(U) = (A^∗_0⊗B)(U) := BUA_0.

Ŋă ğăňëłăŋĺĺ X^∗ ^⊗_pY ňŋőęěáâćă ćáěå łőŋěçŋőňěàŋëå őŕěàăâőàőć ć ˝_p(X, Y ) őŕěàăâőà A⊗B ďěľáâćãěâ âăł ęě, łăł ďěľáâćőćăńĺ áőőâćěâáâćãîéĺě őâőąàăęěŋĺï ć áńãçăě âěŋğőàŋëå ŕàőĺğćěďěŋĺľ ŋěáőŕàïęěŋŋëå ŕàőáâàăŋáâć. Ŕàĺ íâőň π_p((A⊗B)(U)) = π_p(BUA_0) 6 ‖A‖‖B‖π_p(U) , ĺ ĺğ őąéĺå áőőąàăęěŋĺľ ćëâěłăěâ

Ŕàěďńőęěŋĺě 2.4. Ŕãáâì X, Y , E, F | ąăŋăåőćë ŕàőáâàăŋáâćă, 1 6 p 6 q 6

∞, A_0 ∈ L(E, X), B ∈ L(Y, F ). Šőčďă ďńï őŕěàăâőàă A^∗_0⊗B : ˝_p(X, Y ) → ˝_q(E, F ) ĺňěěň ‖A^∗_0⊗B‖ = ‖A^∗_0‖‖B‖. Ăŋăńőčĺçŋő őąáâőĺâ ďěńő ĺ á p-ïďěàŋëňĺ őŕěàăâőàăňĺ.

Ŕàěďńőęěŋĺě 2.5. Ŕãáâì X, Y , E, F | ąăŋăåőćë ŕàőáâàăŋáâćă, 1 6 p 6 q 6

∞, A_0 ∈ L(E, X), B ∈ L(Y, F ). Šőčďă ďńï őŕěàăâőàă A^∗_0⊗B : N_p(X, Y ) → N_q(E, F ) ĺňěěň ‖A^∗_0⊗B‖ = ‖A^∗_0‖‖B‖. Ňőęŋő áäőàňãńĺàőćăâì àïď ďàãčĺå ăŋăńőčĺçŋëå ãâćěàęďěŋĺľ. Šěŕěàì őâňěâĺň ŋěłőâőàëě àěğãńìâăâë, áćïğăŋŋëě á ŕőŋïâĺïňĺ âĺŕă ĺ łőâĺŕă ąăŋăåőćëå ŕàőáâàăŋáâć. Ŕàěďŕőńőęĺň, çâő X ĺ Y | ŕàőáâàăŋáâćă âĺŕă 2, ă E ĺ F | ŕàőáâàăŋáâćă łőâĺŕă 2. Ŕãáâì A : X → E ĺ B : Y → F . Ŕő âěőàěňě Ňőàě A^∗ ĺ B äăłâőàĺğãîâáï çěàěğ čĺńìąěàâőćő ŕàőáâàăŋáâćő, ĺ ďńï ńîąőčő őŕěàăâőàă U : X^∗ → Y (ŋăŕàĺňěà, ďńï U ∈ X⊗Y ) ŕőïćńïěâáï ďĺăčàăňňă ćĺďă BUA^∗ : E^∗ → l^2 → X^{∗ U}−→ Y → l^2 → F. Ňőęŋő áäőàňãńĺàőćăâì őąéĺľ ŕàőáâőľ äăłâ (őâŋőáĺâěńìŋő ŕàőĺğćěďěŋĺľ őŕěàăâőàŋëå ĺďěăńőć áň. [10]).

Ŕàěďńőęěŋĺě 2.6. Ěáńĺ X ĺ Y | ŕàőáâàăŋáâćă âĺŕă 2, E ĺ F | ŕàőáâàăŋ-

áâćă łőâĺŕă 2, A : X → E, B : Y → F , I | ŋěłőâőàëľ ŋőàňĺàőćăŋŋëľ őŕěàăâőàŋëľ ĺďěăń ĺ U ∈ I(X^∗, Y ), âő (A⊗B)(U) = BUA^∗ ∈ `_2 ∘ I ∘ `_2, čďě `_2 | ĺďěăń 2-äăłâőàĺğãěňëå őŕěàăâőàőć. Ŕàĺ íâőň

‖(A⊗B)(U)‖ 6 T_2(X)T_2(Y )C_2(E)C_2(F )‖U‖_I.

Ćňěáâő I(X^∗, Y ) ňőęŋő àăááňăâàĺćăâì ğăňëłăŋĺě ć íâőň ŕàőáâàăŋáâćě âěŋğőàŋőčő ŕàőĺğćěďěŋĺï X⊗Y . Šőčďă ňë ŕàĺåőďĺň ł ãâćěàęďěŋĺî âĺŕă àăááňőâàěŋŋëå ćëèě: ć ãáńőćĺïå ŕàěďńőęěŋĺï 2.6 ĺňěěň

A⊗B : X ^⊗_IY → E ^⊗_{Γ2IΓ2} F, ‖A⊗B‖ 6 T_2(X)T_2(Y )C_2(E)C_2(F ).

Ăŋăńőčĺçŋő ňőęŋő àăááňăâàĺćăâì ŕàőáâàăŋáâćă âĺŕă ˝_p ĺ ŕàőáâàăŋáâćă p-ïďěà-ŋëå őŕěàăâőàőć. Ŋăŕàĺňěà, ďńï I = ˝_p áŕàăćěďńĺćë áńěďãîéĺě ãâćěàęďěŋĺï (ŋăŕőňŋĺň, çâő ć čĺńìąěàâőćőň ŕàőáâàăŋáâćě ćáě łńăááë ˝_r áőćŕăďăîâ).

Śńěďáâćĺě 2.7. Ŕãáâì 0 < p < ∞, X ĺ Y | ŕàőáâàăŋáâćă âĺŕă 2, E ĺ

F | ŕàőáâàăŋáâćă łőâĺŕă 2, A : X → E, B : Y → F . Šőčďă őâőąàăęěŋĺě A⊗B : ˝_p(X^∗, Y ) → ˝_q(E^∗, F ) ŋěŕàěàëćŋő ďńï ńîąőčő q > 0.

Śńěďáâćĺě 2.8. Ŕãáâì 1 6 p, q < ∞, X ĺ Y | ŕàőáâàăŋáâćă âĺŕă 2, E ĺ

F | ŕàőáâàăŋáâćă łőâĺŕă 2, A : X → E, B : Y → F . Šőčďă őâőąàăęěŋĺě A⊗B : X ^⊗_pY ) → E ^⊗_qF ŋěŕàěàëćŋő.

Śńěďáâćĺě 2.9. Ŕãáâì p1, p2 > 2, q1, q2 ∈ [1, 2], A : L^{p1} → L^{q1} , B : L^{p2} → L^{q2} .

Šőčďă őâőąàăęěŋĺě A⊗B : L^{p1} ^⊗_pL^{p2} → L^{q1} ^⊗_qL^{q2} ŋěŕàěàëćŋő ŕàĺ ńîąëå ŕőłăğăâěńïå p, q ∈ [1, +∞).

Ŕàĺňěàë, áőőâćěâáâćãîéĺě áńěďáâćĺî 2.9 (ć çăáâŋőáâĺ, ŋěàăćěŋáâćő ‖A⊗B‖ > ‖A‖‖B‖), ďăŋë ć § 4. Ňőęŋő ŕőłăğăâì (ŋő íâő ŋěáłőńìłő áńőęŋěě ŕàěďëďãéěčő), çâő áŕàăćěďńĺćő áńěďãîéěě ãâćěàęďěŋĺě.

Ŕàěďńőęěŋĺě 2.10. Ŕãáâì X, Y , E, F | ŕàőĺğćőńìŋëě ŕàőáâàăŋáâćă, A :

X → E, B : Y → F . Ěáńĺ A | ŕàőáâàăŋáâćő âĺŕă 2 ĺ B | ŕàőáâàăŋáâćő łőâĺŕă 2, âő A⊗B ďěľáâćãěâ ĺğ X ^⊗Y ć `_2(E^∗, F ) ĺ ŋěŕàěàëćŋő, ŕàĺçěň ‖A⊗B‖ 6 T_2(A)C_2(B)‖A‖‖B‖. Ąőńěě âőčő, A⊗B ďěľáâćãěâ ŋěŕàěàëćŋő ĺğ L(X^∗, Y ) ć `_2(E^∗, F ).

§ 3. İńěňěŋâăàŋőě ďőłăğăâěńìáâćő őáŋőćŋőčő äăłâă

Ňë ãáâăŋőćĺň ŕőáńěďŋîî çăáâì áńěďáâćĺï 2.3 íńěňěŋâăàŋëňĺ áàěďáâćăňĺ. Ĺâăł, ňë àăááňăâàĺćăěň ŕàőáâàăŋáâćă (S, μ) ĺ (T, ν) á σ-łőŋěçŋëňĺ ňěàăňĺ. Ďăńěě

1 6 p 6 q < +∞. Ŕàěďŕőńőęĺň, çâő őŕěàăâőàë A ĺ B őâőąàăęăîâ L^p(μ) ć

L^q(ν): L^p(μ)^A−→ L^q(ν), L^p(μ)^B−→ L^q(ν).

Śńěďãîéěě ãâćěàęďěŋĺě åőàőèő ĺğćěáâŋő (áň., ŋăŕàĺňěà, [10]). Ńěňňă 3.1. Ŕãáâì (S, μ) ĺ (T, ν) | ŕàőáâàăŋáâćă á σ-łőŋěçŋëňĺ ňěàăňĺ ĺ f

| μ⊗ν-ĺğňěàĺňăï äãŋłæĺï ŋă S × T . Ěáńĺ 0 < p 6 q < +∞, âő ∫ T ( ∫ S |f(s, t)|^pdμ(s) )_{q/p} dν(t) 1/q

6

∫ S ( ∫ T |f(s, t)|^q dν(t) )_{p/q} dμ(s) 1/p .

Ňë ćëąàőáĺň ćáě \ŕńőåĺě" ňŋőęěáâćă ňěàë ŋãńì ĺ ąãďěň ćáîďã ŕĺáăâì (ĺńĺ ŕőŋĺňăâì, çâő ćáě ŕàőĺáåőďĺâ) \ďńï ńîąőčő" ğŋăçěŋĺï ăàčãňěŋâă (ąãďì âő s ĺńĺ t, ĺńĺ ĺŋőě). Ůâőąë ĺğąěęăâì čàőňőğďłĺå őąőğŋăçěŋĺľ, ŕĺèěň ds ĺ â. ŕ. ćňěáâő dμ(s). Ć łăçěáâćě ăàčãňěŋâőć ąěàãâáï s, t, u, v. Ğŋăçěŋĺï äãŋłæĺĺ f ∈ L^p(μ ⊗ ν) ğăŕĺáëćăěň ć ćĺďě f(s, t). Ěáńĺ t ∈ T , âő íâă ğăŕĺáì őğŋăçăěâ f(·, t) ∈ L^p_s. Ąőńěě âőčő, ňë ĺáŕőńìğãěň őąőğŋăçěŋĺï áńěďãîéěčő âĺŕă: ěáńĺ t ∈ T , âő f(^s·, t) ∈ L^p_s (â. ě. ąãłćă ŋăď âőçłőľ ŕőłăğëćăěâ, łăłőľ ĺğ ăàčãňěŋâőć ć łőŋłàěâŋőň áńãçăě ğďěáì ŋăďő ŕőáâăćĺâì).

Ŋăŕàĺňěà, ěáńĺ t ∈ T , âő ňë ŕĺèěň (áěľçăá àăááňăâàĺćăěâáï ğŋăçěŋĺě őŕěàăâőàă A ŋă äãŋłæĺĺ f(·, t) ŕàĺ äĺłáĺàőćăŋŋőň ğŋăçěŋĺĺ t): A_s ( f(^s·, t) ) (^u·) ∈ L^q_u, â. ě.

A_s(f(^s·,^t·))(^u·) ∈ L^p_t (L^q_u) ⊂ L^q_u(L^p_t )^{1⊗B}−−−→ L^q_u(L^q_v)

(ŕàěďŕőáńěďŋěě áőőâŋőèěŋĺě | íâő ńěňňă 3.1, ŕőáłőńìłã p 6 q).

Šăłĺň őąàăğőň, A_s(f(^s·,^t·))(^u·) ŕőŋĺňăěâáï âăłęě ć áńěďãîéěň áňëáńě: ďńï ćáěå u äãŋłæĺï A_s(f(^s·, t))(u) | äãŋłæĺï őâ t, ŕàĺŋăďńěęăéăï ŕàőáâàăŋáâćã L^p_t .

Ďăńěě (ŕőďàőąŋőáâĺ áň. ć ďőłăğăâěńìáâćě âěőàěňë 3.2), ďńï łăęďőčő u

B_t(A_s(f(^s·,^t·))(u))(^v·) ∈ L^q_v,

ĺ, áńěďőćăâěńìŋő,

(3.1) B_t(A_s(f(^s·,^t·))(^u·))(^v·) ∈ L^q_u(L^q_v)

ïćńïěâáï äãŋłæĺěľ ŕěàěňěŋŋëå u ĺ v. Ťãŋłæĺï (3.1) ěáâì őąàăğ äãŋłæĺĺ f ∈ L^p_s(L^p_t )(= L^p_t (L^p_s )) ŕàĺ őâőąàăęěŋĺĺ A ⊗ B (áň. ŋĺęě).

Őŕěàăâőà A⊗B ŋă íńěňěŋâăàŋëå âěŋğőàăå ćĺďă φ⊗ψ (ĺńĺ ŋă äãŋłæĺïå φ(s)ψ(t)) ďěľáâćãěâ ŕő äőàňãńě (A ⊗ B)(φ ⊗ ψ) = Aφ ⊗ Bψ ĺńĺ | ć âěàňĺŋăå äãŋłæĺľ | (Aφ ⊗ Bψ)(u, v) = A(φ(^s·))(u)B(ψ(^t·))(v). Ŕő ńĺŋěľŋőáâĺ íâőâ őŕěàăâőàă őçěćĺďŋëň őąàăğőň ŕàőďőńęăěâáï ŋă âěŋğőàë őąéěčő ćĺďă (A ⊗ B) (_N∑ 1 f_k ⊗ g_k ) = N∑ 1 A(f_k )⊗B(g_k). Šěőàěňă 3.2. Ěáńĺ 1 6 p 6 q < +∞, âő ‖A ⊗ B‖ = ‖A‖‖B‖.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋěàăćěŋáâćő ‖A ⊗ B‖ > ‖A‖‖B‖ áŕàăćěďńĺćő ć áĺńã ńěňňë 2.1. Ďńï ďőłăğăâěńìáâćă őąàăâŋőčő ŋěàăćěŋáâćă áãéěáâćěŋŋő ĺáŕőńìğãěâáï ńěňňă 3.1 ĺ, áńěďőćăâěńìŋő, áőőâŋőèěŋĺě p 6 q.

Łăł őâňěçăńőáì ćëèě, ŋă íńěňěŋâăàŋëå äãŋłæĺïå (ĺńĺ âěŋğőàăå) ćĺďă f(^s·,^t·) = φ(^s·)ψ(^t·) ğŋăçěŋĺě őŕěàăâőàă A⊗B ćëçĺáńïěâáï áńěďãîéĺň őąàăğőň:

A_s(φ(^s·))(^u·)B_t(ψ(^t·))(^v·)

ĺńĺ (ććĺďã ńĺŋěľŋőáâĺ A ĺ B)

B_t[A_s(φ(^s·)ψ(^t·))(^u·)](^v·) ∈ L^q_u(L^q_v) ≡ L^q(ν(u) ⊗ ν(v)).

Śŕàăćěďńĺćőáâì íâőčő ĺ ŕőáńěďãîéĺå ćłńîçěŋĺľ, ă âăłęě ŋěŕàěàëćŋőáâì âěŋğőàŋőčő ŕàőĺğćěďěŋĺï őŕěàăâőàőć ãáâăŋăćńĺćăěâáï ŋĺęě. Ŕěàěåőďï ł ńĺŋěľŋőľ őąőńőçłě íńěňěŋâăàŋëå âěŋğőàőć, ă ğăâěň ł ğăňëłăŋĺî íâőľ őąőńőçłĺ ć ŕàőáâàăŋáâćě L^p(L^p) = L^p ^⊗_pL^p, ŕőńãçăěň, çâő ďńï łăęďőľ äãŋłæĺĺ f ∈ L^p(L^p) = L^p(ν⊗ν) (ěáńĺ ãčőďŋő, ďńï ŋăçăńă | ďő ďőłăğăâěńìáâćă ŋěŕàěàëćŋőáâĺ A⊗B | ňőęŋő áçĺâăâì, çâő ćáě ŕàőĺáåőďĺâ ŋă ńĺŋěľŋőľ őąőńőçłě íńěňěŋâăàŋëå âěŋğőàőć)

(A_s⊗B_t)f(^s·,^t·) = B_t[A_s(f(^s·,^t·))(^u·)](^v·) ∈ L^q_u(L^q_v) ≡ L^q(ν_u, ν_v) ≡ L^q_u ^⊗_qL^q_v, â. ě. (A⊗B)f ěáâì ćěłâőà-äãŋłæĺï ĺğ L^q_u(L^q_v), ďěľáâćãîéăï áńěďãîéĺň őąàăğőň: u → B_t[A_s(f(^s·,^t·))(u)](^v·) ∈ L^q_v.

Őâňěâĺň, çâő íâő ãâćěàęďěŋĺě ćěàŋő, ŕő łàăľŋěľ ňěàě, ŋă ńĺŋěľŋőľ őąőńőçłě íńěňěŋâăàŋëå âěŋğőàőć ĺńĺ äãŋłæĺľ. Şáâăŋőćĺň âěŕěàì ãłăğăŋŋëě ćëèě ćłńîçěŋĺï, ŋěŕàěàëćŋőáâì âěŋğőàŋőčő őŕěàăâőàă ĺ őæěŋłĺ ŋőàň àăğńĺçŋëå äãŋłæĺľ, ĺğ łőâőàëå ŕőńãçĺň âàěąãěňőě ŋěàăćěŋáâćő.

Ĺňěěň

‖A_s(f(^s·,^t·))(^u·)‖^p_Lp_{t (L}q_{u)} = ∫ ‖A_s(f(^s·, t))(^u·)‖^p_Lq_u dt = ∫ (∫ |A_s(f(^s·, t))(u)|^q du )_{p/q} dt 6^∫ ‖A‖^p‖f(^s·, t)‖^p_Lp_s dt = ‖A‖^p‖f(^s·,^t·)‖^p_Lp_{t (L}p_{s )}. (3.2)

Ŕő ńěňňě 3.1 ĺňěěň L^p_t (L^q_u) ⊂ L^q_u(L^p_t ) (ćńőęěŋĺě á ŋőàňőľ 6 1). Ŕőíâőňã ćěłâőàäãŋłæĺî, ŋőàňă łőâőàőľ őæěŋĺćăńăáì ć (3.2), ňőęŋő àăááňăâàĺćăâì âăłęě áńěďãîéĺň őąàăğőň: ďńï ńîąőčő u t → A_s(f(^s·, t))(u) ∈ L^p_t . Šěŕěàì, ďńï ńîąőčő u

‖B_t[A_s(f(^s·,^t·))(u)](^v·)‖^q_Lq_v = ∫ |B_t[A_s(f(^s·,^t·))(u)](v)|^q dv 6 ‖B‖^q‖As(f(^s·,^t·))(u)‖^q_Lp_t = ‖B‖^q ( ∫ |A_s(f(^s·, t))(u)|^pdt )_{q/p} . (3.3)

Ĺáŕőńìğãï ŕőáńěďőćăâěńìŋő äőàňãńã (3.3), ńěňňã 3.1 ĺ äőàňãńã (3.2), ŕàĺåőďĺň ł ĺáłőňőňã ŋěàăćěŋáâćã ‖(A⊗B)f‖^q_Lq_{u (L}q_{v )} = ∫ ∫ |B_t[A_s(f(^s·,^t·))(u)](v)|^q dvdu

6^∫ ‖B‖^{q( ∫} |As(f(^s·, t))(u)|^pdt^{)q/p}du

6 ‖B‖^{q( ∫ ( ∫} |As(f(^s·, t))(u)|^q du^{)p/q}dt^{)q/p}

= ‖B‖^q‖A_s(f(^s·,^t·))(^u·)‖^q_Lp_{t (L}q_{u )}

6 ‖B‖^q‖A‖^q‖f‖^q_Lp_{(L}p_).
                           �

§ 4. Ŋěłőâőàëě łőŋâàŕàĺňěàë

Ćő ňŋőčĺå äőàňãńĺàãěňëå ŋĺęě ńěňňăå ãáńőćĺï ŋă ŋőàňë, ćëçĺáńïěňëě ć àăğńĺçŋëå ŕàőáâàăŋáâćăå, íłćĺćăńěŋâŋë ňěęďã áőąőľ, ŋő ďńï ŕőńŋőâë łăàâĺŋë ňë ŕàĺćőďĺň íâĺ ãáńőćĺï, äőàňăńìŋő őâńĺçăîéĺěáï ďàãč őâ ďàãčă.

Ńěňňă 4.1. Śãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì őŕěàăâőàőć An ∈ L(l^n_2 , L^1(μ)) âă-

łăï, çâő dim A_n = n, ‖A_n‖ = 1 ďńï łăęďőčő n ĺ ‖A_n⊗A_n‖ > √ π/2 + o(1) ŕàĺ n → ∞, čďě ŋőàňă àăááňăâàĺćăěâáï ć ńîąőň ĺğ áńěďãîéĺå ŕàőáâàăŋáâć:

1) L(l^{n2}_2 , L^1(μ⊗μ)), 2) L(˝_2(l^n_2 , l^n_2 ), ˝_1(L^∞(μ), L^1(μ))), 3) L(N_2(l^n_2 , l^n_2 ), N_1(L^∞(μ), L^1(μ))), 4) L(I_2(l^n_2 , l^n_2 ), I_1(L^∞(μ), L^1(μ))), 5) L(l^n_2 ~⊗_2l^n_2 , L^1(μ) ~⊗_1L^1(μ)).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì j : l^n_2 → L^1(μ) | ĺğőňěâàĺçěáłőě ćńőęěŋĺě, I = id_ln_2 : l^n_2 → l^n_2 | âőęďěáâćěŋŋőě őâőąàăęěŋĺě. Šőčďă

I ∈ N_2(l^n_2 , l^n_2 ), π_2(I) = ν_2(I) = i_2(I) = √ n. Ďńï T = jj^∗ : L^∞(μ) → l^n_2 → L^1(μ) ĺňěěň

ν_1(T ) = i_1(T ) = π_1(T ) = π_1(j^∗) = ν_1(j^∗).

Ŕàěďŕőáńěďŋěě àăćěŋáâćő áŕàăćěďńĺćő, âăł łăł j | ĺğőňěâàĺçěáłőě ćńőęěŋĺě. Ŕőáńěďŋěě àăćěŋáâćő ĺ ŕěàćëě ďćă àăćěŋáâćă ćëâěłăîâ ĺğ łőŋěçŋőňěàŋőáâĺ àăááňăâàĺćăěňëå őŕěàăâőàőć, ĺŋêěłâĺćŋőáâĺ ĺďěăńőć ăąáőńîâŋő p-áãňňĺàãîéĺå őŕěàăâőàőć ĺ áćőľáâć íâĺå őŕěàăâőàőć, őâňěçěŋŋëå ć ŋăçăńě áâăâìĺ. Ŋăŕőňŋĺň, çâő ć łőŋěçŋőňěàŋőľ áĺâãăæĺĺ ïďěàŋőáâì őŕěàăâőàă àăćŋőáĺńìŋă ïďěàŋőáâĺ ěčő áőŕàïęěŋŋőčő őŕěàăâőàă (ŕàĺ íâőň áőőâćěâáâćãîéĺě ïďěàŋëě ŋőàňë àăćŋë). Ŕàőďőńęĺň æěŕőçłã àăćěŋáâć:

ν_1(T ) = ν_1(j^∗) = ν_1(j) > π_1(j) = π_1(I).

Šăłĺň őąàăğőň, ν_1(T ) > π_1(id_ln_2 ) = a^{−1}_{n1} ∼ √ π/2 √ n. Śńěďőćăâěńìŋő,

ν_1((j⊗j)(I)) = ν_1(T ) > a^{−1}_{n1} = ( √ π/2 + o(1))π_2(I),

âăł çâő ‖j⊗j‖ > ( √ π/2 + o(1)). Ďńï ğăćěàèěŋĺï ďőłăğăâěńìáâćă ďőáâăâőçŋő ŕőńőęĺâì A_n = j : l^n_2 → L^1(μ). �

Ńěňňă 4.2. Ďńï ńîąőčő s ∈ (1, 2) áãéěáâćãîâ ŕőáâőïŋŋăï cs > 0 ĺ ŕőáńě-

ďőćăâěńìŋőáâì őŕěàăâőàőć A_n : l^n_s → L^1(μ) âăłĺě, çâő dim A_n = n, ‖A_n‖ = 1 ďńï łăęďőčő n, ŋő ‖A_n⊗A_n‖ > c_s log^{1/s} n, čďě ŋőàňă àăááňăâàĺćăěâáï ć ńîąőň ĺğ áńěďãîéĺå ŕàőáâàăŋáâć:

1) L(l^{n2}_s , L^1(μ⊗μ)), 2) L(˝_s(l^n_s0 , l^n_s ), ˝_1(L^∞(μ), L^1(μ))), 3) L(N_s(l^n_s0 , l^n_s ), N_1(L^∞(μ), L^1(μ))), 4) L(I_s(l^n_s0 , l^n_s ), I_1(L^∞(μ), L^1(μ))), 5) L(l^n_s ~⊗_sl^n_s , L^1(μ) ~⊗_1L^1(μ)).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì 1 < s < 2 ĺ j : l^n_s → L^1(μ) | ĺğőňěâàĺçěáłőě ćńőęěŋĺě. Ěáńĺ I : l^n_s0 → l^n_s | äőàňăńìŋő âőęďěáâćěŋŋőě őâőąàăęěŋĺě, âő π_s(I) = ν_s(I) = n^{1/s}. Ďěľáâćĺâěńìŋő, ćğïć ďńï őŕěàăâőàă I ěáâěáâćěŋŋőě s-ïďěàŋőě ŕàěďáâăćńěŋĺě T = n∑ i=1 e_i⊗e_i, čďě e_i | i-ľ őàâ ć K, ŕőńãçĺň ŋěàăćěŋáâćő \6". Ś ďàãčőľ áâőàőŋë, ďńï áńăąő s-áãňňĺàãěňőľ ŕőáńěďőćăâěńìŋőáâĺ {e_i}^n_{i=1} ⊂ l^n_s0 (áő áńăąő s-áãňňĺàãěňőľ ŋőàňőľ, àăćŋőľ ěďĺŋĺæě) áŕàăćěďńĺćő àăćěŋáâćő ( ∑ ‖Ie_k‖^s )_{1/s} = n^{1/s}, ĺğ łőâőàőčő áńěďãěâ π_s(I) > n^{1/s}.

Łăł ĺ ć ďőłăğăâěńìáâćě ńěňňë 4.1, ŕőńőęĺň T = jIj^∗. Šőčďă ν_1(T ) = i_1(T ) = π_1(T ) = π_1(Ij^∗) = ν_1(Ij^∗) ĺ, áńěďőćăâěńìŋő, ν_1(T ) = ν_1(jI) > π_1(jI) = π_1(I) ≍ (n log n)^{1/s}.

Őâáîďă ćëâěłăěâ áãéěáâćőćăŋĺě ŕőáâőïŋŋőľ c_s > 0 âăłőľ, çâő

ν_1(T ) > c_s log^{1/s} nn^{1/s} = c_s log^{1/s} nν_s(I). Őłőŋçăâěńìŋő, ν_1((j⊗j)(I)) > c_s log^{1/s} nν_s(I), çâő ďőłăğëćăěâ ŋěàăćěŋáâćő ‖j⊗j‖ > c_s log^{1/s} n. � Ńěňňă 4.3. Śãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì őŕěàăâőàőć Bn

∈ L(L^∞(μ), l^n_2 ) âăłăï, çâő dim B_n = n, ‖B_n‖ = 1 ďńï łăęďőčő n ĺ ‖B_n⊗B_n‖ > √ π/2 + o(1) ŕàĺ n → ∞, čďě ŋőàňă àăááňăâàĺćăěâáï ć ŕàőáâàăŋáâćě

L(L^∞(μ) ^⊗L^∞(μ), ˝_2(l^n_2 , l^n_2 )) ĺńĺ, çâő âő ęě áăňőě, ć ŕàőáâàăŋáâćě L(L^∞(μ) ^⊗L^∞(μ), l^n_2 ~⊗_2l^n_2 ).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì j : l^n_2 → L^1(μ) | ĺğőňěâàĺçěáłőě ćńőęěŋĺě (âăłőě ęě, łăł ĺ ć ďőłăğăâěńìáâćě ńěňňë 4.1). Řăááňőâàĺň őŕěàăâőà j^∗ : L^∞(μ) → l^n_2 ĺ ŕőńőęĺň B_n := j^∗. Ğďěáì ňë ąãďěň ŕőńìğőćăâìáï ŕőŕěàěňěŋŋő őąőğŋăçěŋĺïňĺ B_n ĺ j, j^∗. Őŕěàăâőà B_n⊗B_n ďěľáâćãěâ ńĺŋěľŋő ĺğ L^∞(μ)⊗L^∞(μ) ć l^n_2 ⊗l^n_2 . Ŕàĺ íâőň ďńï âěŋğőàă f⊗g ∈ L^∞(μ)⊗L^∞(μ) ğŋăçěŋĺě (B_n⊗B_n)(f⊗g) ěáâì B_nf⊗B_ng = j^∗f⊗j^∗g ∈ l^n_2 ⊗l^n_2 ĺ ŕàĺ x ∈ l^n_2 ĺňěěň (j^∗f⊗j^∗g)(x) = ⟨j^∗f, x⟩j^∗g = ⟨f, jx⟩j^∗g = j^∗((f⊗g)(jx)), čďě âěŋğőà f⊗g àăááňăâàĺćăěâáï łăł őďŋőňěàŋëľ őŕěàăâőà ĺğ L^1(μ) ć L^∞(μ). Ěáńĺ U ∈ L^∞(μ)⊗L^∞(μ), âő őŕěàăâőà j^∗Uj ďěľáâćãěâ áńěďãîéĺň őąàăğőň:

l^n_2^j−→ L^1(μ)^U−→ L^∞(μ)^{j�}−→ l^n_2 .

Ććĺďã ńĺŋěľŋőáâĺ B_n⊗B_n ďńï ńîąőčő âăłőčő U ĺňěěň

(B_n⊗B_n)(U) = j^∗Uj ∈ ˝_2(l^n_2 , l^n_2 ) = l^n_2 ⊗l^n_2 .

Ŕãáâì ε > 0 ĺ U | őŕěàăâőà (âěŋğőàŋëľ íńěňěŋâ) ĺğ ŕàőáâàăŋáâćă L^∞(μ)⊗L^∞(μ) âăłőľ, çâő ‖U‖ = 1 ĺ traceUjj^∗ > ν_1(jj^∗)(1 − ε). Šăłőľ őŕěàăâőà áãéěáâćãěâ, ŕőáłőńìłã (L^∞(μ) ^⊗L^∞(μ))^∗ = I_1(L^∞(μ), L^1(μ)^{∗∗})

ĺ ŕàőáâàăŋáâćő N_1(L^∞(μ), L^1(μ)) łăŋőŋĺçěáłĺ ĺğőňěâàĺçŋő ŕőďŕàőáâàăŋáâćã ŕőáńěďŋěčő. Šăł łăł |traceAB| 6 π_2(A)π_2(B) (áň. [10]), ĺňěěň

ν_1(jj^∗)(1 − ε) 6 |traceUjj^∗| = |tracej^∗Uj| 6 π2(j^∗Uj)π2(idln_2 ) = π2((Bn⊗Bn)(U))^√n, őâłãďă (áň. ďőłăğăâěńìáâćő ńěňňë 4.1) √ nπ_2((B_n⊗B_n)(U)) > (1 − ε)π_1(id_ln_2 ) > (1 − ε)( √ π/2 + o(1)) √ n ĺńĺ π_2((B_n⊗B_n)(U)) > (1 − ε)( √ π/2 + o(1))‖U‖. Ććĺďã ŕàőĺğćőńìŋőáâĺ ε > 0 ĺ ĺğőňěâàĺçŋőáâĺ őŕěàăâőàă j ŋőàňă őŕěàăâőàă B_n⊗B_n łăł őŕěàăâőàă ĺğ L^∞(μ) ^⊗L^∞(μ) ć ˝_2(l^n_2 , l^n_2 ) ŋě ňěŋìèě, çěň ( √ π/2 + o(1)). �

Ńěňňă 4.4. Ďńï ńîąőčő r ∈ (2, +∞) áãéěáâćãîâ ŕőáâőïŋŋăï cr > 0 ĺ ŕőáńěďő-

ćăâěńìŋőáâì őŕěàăâőàőć B_n : L^∞(μ) → l^n_r âăłĺě, çâő dim B_n = n, ‖B_n‖ = 1, ďńï łăęďőčő n, ŋő ‖B_n⊗B_n‖ > c_r log^{1/r0} n, čďě ŋőàňă àăááňăâàĺćăěâáï ć ŕàőáâàăŋáâćě

L(L^∞(μ) ^⊗L^∞(μ), ˝_r (l^n_r0 , l^n_r ))

ĺńĺ, çâő âő ęě áăňőě, ć ŕàőáâàăŋáâćě L(L^∞(μ) ^⊗L^∞(μ), l^n_r ~⊗_rl^n_r ).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Řăááãęďěŋĺï ăŋăńőčĺçŋë ďőłăğăâěńìáâćã ńěňňë 4.3, ŋő őâńĺçăîâáï ć ŋěłőâőàëå ďěâăńïå, ŕőíâőňã ňë ŕàĺćěďěň ěčő ğďěáì ć ąőńěě łőàőâłőň ćĺďě. Ŕãáâì 2 < r < +∞. Ůâőąë ŕőńìğőćăâìáï őąőğŋăçěŋĺïňĺ ĺ ŋěłőâőàëňĺ áćěďěŋĺïňĺ ĺğ ďőłăğăâěńìáâćă \ďćőľáâćěŋŋőľ" ńěňňë 4.2, ňë ŕěàěőąőğŋăçĺň r^′ çěàěğ s, âăł çâő r = s^′ ĺ 1 < s < 2. Ŕãáâì j : l^n_s → L^1(μ) | ĺğőňěâàĺçěáłőě ćńőęěŋĺě ĺğ ďőłăğăâěńìáâćă ńěňňë 4.2. Řăááňőâàĺň ńĺŋěľŋőě őâőąàăęěŋĺě j^∗⊗j^∗. Őŋő ďěľáâćãěâ ĺğ L^∞(μ)⊗L^∞(μ) ŕő äőàňãńě

(j^∗⊗j^∗)(U) = j^∗Uj : l^n_s^j−→ L^1(μ)^U−→ L^∞(μ)^{j�}−→ l^n_s0,

çâő ãáâăŋăćńĺćăěâáï ć âőçŋőáâĺ âăł ęě, łăł ŕàĺ ďőłăğăâěńìáâćě ńěňňë 4.3. Ěáńĺ I : l^n_s0 → l^n_s | äőàňăńìŋő âőęďěáâćěŋŋőě őâőąàăęěŋĺě, âő ĺňěěâ áňëáń áńěď őŕěàăâőàă ćĺďă Ij^∗Uj, ĺ íâőâ áńěď àăćěŋ áńěďã őŕěàăâőàă j^∗UjI, ďěľáâćãîéěčő áőčńăáŋő áńěďãîéěľ ďĺăčàăňňě: j^∗UjI : l^n_s0^I−→ l^n_s^j−→ L^1(μ)^U−→ L^∞(μ)^{j�}−→ l^n_s0. Ŕãáâì U ∈ L^∞(μ)⊗L^∞(μ), ‖U‖ = 1, traceU(jIj^∗) > 1/2ν_1(jIj^∗). Łăł ĺ ć ďőłăğăâěńìáâćě ńěňňë 4.2, ŕàăćăï çăáâì ŕőáńěďŋěčő ŋěàăćěŋáâćă ŋě ňěŋìèě, çěň 1/2π_1(I) ≍ (n log n)^{1/s}. Őæěŋĺň áńěď traceU(jIj^∗) áćěàåã. Ŕàĺ íâőľ őæěŋłě ňë ĺáŕőńìğãěň áńěďãîéĺľ åőàőèő ĺğćěáâŋëľ äăłâ (áň., ŋăŕàĺňěà, [10, ŕ. 20.2.4, äőàňãńă (2)]): ˝_s0 ∘N_s ⊂ N_1, â. ě. ěáńĺ X^B−→ Y^A−→ Z, A ∈ ˝_s0 , B ∈ N_s, âő ŕàőĺğćěďěŋĺě AB ŕàĺŋăďńěęĺâ N_1(X, Z), ŕàĺçěň

ν_1(AB) 6 ν_s(B)π_s0 (A).

Ć łăçěáâćě A ćőğìňěň őŕěàăâőà j^∗Uj, ă ć łăçěáâćě B | őŕěàăâőà I. Šőčďă |traceU(jIj^∗)| = |trace(j^∗Uj)I| 6 ν_s(I)π_s0 (j^∗Uj) 6 n^{1/s}πs0 ((j^∗⊗j^∗)(U)). Ŕő ŕőćőďã ŕőáńěďŋěčő ŋěàăćěŋáâćă áň. ŋăçăńő ďőłăğăâěńìáâćă ńěňňë 4.2. Ććĺďã ćëąőàă őŕěàăâőàă U ĺ ŕàĺćěďěŋŋëå ćëèě àăááãęďěŋĺľ ŕàĺåőďĺň ł ŋěàăćěŋáâćăň

c^′_s log^{1/s} n 6 1 n^{1/s} π_1(I) 6 1 n^{1/s} |tracej^∗UjI| 6 π_s0 ((j^∗⊗j^∗)(U)) á ŋěłőâőàőľ ŕőáâőïŋŋőľ c^′_s, ğăćĺáïéěľ âőńìłő őâ s.

Šăł łăł ‖U‖ = 1, ŋőàňă őŕěàăâőàă j^∗⊗j^∗ łăł őŕěàăâőàă ĺğ L^∞(μ) ^⊗L^∞(μ) ć ˝_s0 (l^n_s , l^n_s0 ) őæěŋĺćăěâáï áŋĺğã áńěďãîéĺň őąàăğőň:

‖j^∗⊗j^∗‖ > c^′_s log^{1/s} n. �

Ńěňňă 4.5. Ďńï ńîąëå s, r ∈ (1, 2), r < s, áãéěáâćãîâ ŕőáâőïŋŋăï Ds,r > 0 ĺ

ŕőáńěďőćăâěńìŋőáâì őŕěàăâőàőć A_n : l^n_s → L^r(μ) âăłĺě, çâő dim A_n = n, ‖A_n‖ = 1 ďńï łăęďőčő n, ŋő ‖A_n⊗A_n‖ > D_{s,r} log^{1/s} n, čďě ŋőàňă àăááňăâàĺćăěâáï ć ńîąőň ĺğ áńěďãîéĺå ŕàőáâàăŋáâć:

1) L(l^{n2}_s , L^r(μ⊗μ)), 2) L(˝_s(l^n_s0 , l^n_s ), ˝_r (L^{r0} (μ), L^r (μ))), 3) L(N_s(l^n_s0 , l^n_s ), N_r(L^{r0} (μ), L^r (μ))), 4) L(I_s(l^n_s0 , l^n_s ), I_r(L^{r0} (μ), L^r (μ))), 5) L(l^n_s ~⊗_sl^n_s , L^r(μ) ~⊗_rL^r(μ)).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋĺęě ňěàă μ ŕàěďŕőńăčăěâáï łőŋěçŋőľ. Ğăäĺłáĺàãěň r ĺ s âăłĺě, çâő 1 < r < s < 2. Ŕãáâì j | ĺğőňěâàĺçěáłőě ćńőęěŋĺě ĺğ l^n_s ć L^1(μ) âăłőě, çâő j ďěľáâćãěâ ĺğ l^n_s ć L^r(μ) ⊂ L^1(μ), ŕàĺçěň \ĺğőňěâàĺçěáłĺ á âőçŋőáâìî ďő ŕőáâőïŋŋőčő ňŋőęĺâěńï", â. ě. ěáńĺ α_r | âőęěáâćěŋŋőě ćńőęěŋĺě L^r(μ) → L^1(μ) ĺ j_r |- ĺŋďãæĺàőćăŋŋëľ őâőąàăęěŋĺěň j őŕěàăâőà ĺğ l^n_s ć L^r(μ), âăł çâő j = α_rj_r, âő ďńï ćáěå x ∈ l^n_s ĺňěěň ‖x‖_s = d_{sr}‖j_rx‖_Lr = ‖jx‖_L1 á ŋěłőâőàőľ ŕőńőęĺâěńìŋőľ ŕőáâőïŋŋőľ d_{sr} (áň. ńěňňã 1.4). Řăááňőâàĺň âěŋğőàŋëě ŕàőĺğćěďěŋĺï j_r⊗j_r :l^n_s ~⊗_sl^n_s −→ L^r(μ) ~⊗_rL^r(μ), α_r⊗α_r :L^r(μ) ~⊗_r L^r(μ) −→ L^1(μ) ~⊗_rL^1(μ).

Šăł łăł L^p(μ) ~⊗_pL^p(μ) = L^p(μ⊗μ) ďńï łőŋěçŋëå p > 1, ŕőáńěďŋĺľ őŕěàăâőà ěáâì âőęďěáâćěŋŋőě ćńőęěŋĺě L^r(μ⊗μ) → L^1(μ⊗μ). Ŕőáłőńìłã ‖j⊗j‖ > c_s log^{1/s} n (áň. ďőłăğăâěńìáâćő ńěňňë 4.2), ĺňěěň c_s log^{1/s} n 6 ‖j_r⊗j_r‖‖α_r⊗α_r‖. Śńěďőćăâěńìŋő, ‖j_r⊗j_r‖ > D_{s,r} log^{1/s} n.

á ŋěłőâőàőľ ŕőáâőïŋŋőľ D_{s,r} > 0. � Ŕàĺ ĺáŕőńìğőćăŋĺĺ áåěňë ŕàĺćěďěŋŋőčő ďőłăğăâěńìáâćă ć ďőłăğăâěńìáâćě ăŋăńőčă ńěňňë 4.5 ďńï s = 2 ćőğŋĺłăîâ âàãďŋőáâĺ, âăł łăł ć íâőň áńãçăě âàěąãîâáï ďőćőńìŋő âőŋłĺě őæěŋłĺ. Ŕőíâőňã àăááňőâàĺň áńãçăľ 1 < r < s = 2 ŋěğăćĺáĺňő ăŋăńőčĺçŋëň áŕőáőąőň, łăł ŕàĺ ďőłăğăâěńìáâćě ńěňňë 4.1.

Ńěňňă 4.6. Ďńï ńîąőčő r ∈ (1, 2) áãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì őŕěàăâőàőć

A_n ∈ L(l^n_2 , L^r(μ)) âăłăï, çâő dim A_n = n, ‖A_n‖ = 1 ďńï łăęďőčő n ĺ ‖A_n⊗A_n‖ > C(r), ŕàĺ n → ∞ á ŋěłőâőàőľ ŕőáâőïŋŋőľ C(r) > 1, čďě ŋőàňă àăááňăâàĺćăěâáï ć ńîąőň ĺğ áńěďãîéĺå ŕàőáâàăŋáâć:

1) L(l^{n2}_2 , L^r(μ⊗μ), 2) L(˝_2(l^n_2 , l^n_2 ), ˝_r(L^{r0} (μ), L^r (μ))), 3) L(N_2(l^n_2 , l^n_2 ), N_r(L^{r0} (μ), L^r (μ))), 4) L(I_2(l^n_2 , l^n_2 ), I_r(L^{r0} (μ), L^r(μ))), 5) L(l^n_2 ~⊗_2l^n_2 , L^r (μ) ~⊗_rL^r(μ)).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì I : l^n_2 → l^n_2 | âőęďěáâćěŋŋőě őâőąàăęěŋĺě ĺ j : l^n_2 → L^r(μ) | ŋěłőâőàőě ĺğőňěâàĺçěáłőě ćńőęěŋĺě. Řăááňőâàĺň j⊗j : l^n_2 ⊗l^n_2 → L^r(μ)⊗L^r(μ). Šăł ęě, łăł ĺ ćëèě, ć łăçěáâćě őąàăğă (j⊗j)(I) ŕőńãçăěň őŕěàăâőà

jj^∗ : L^{r0} (μ)^{j�}−→ l^n_2^j−→ L^r(μ).

Ĺňěěň ν_r(jj^∗) = π_r(jj^∗) = π_r (j^∗) > π_r (j) = π_r (I) = a^{−1}_{nr} .

Ŕőáńěďŋěě àăćěŋáâćő ěáâì ãâćěàęďěŋĺě ńěňňë 1.3. Ğďěáì

a_{nr} = ` ( 1 + r 2 ) ` ( n 2 )

` ( 1 2 ) ` ( n + r 2 ) 1/r .

Ňőęŋő ŕőłăğăâì, çâő a_{nr} ∼ 1√ n √ 2 π^{1/2r} ` ( 1 + r 2 )_{1/r} . Šăłĺň őąàăğőň,

ν_r((j⊗j)(I)) > π_2(I) ( π^{1/2r} √ 2 ` ( 1 + r 2 )_{−1/r} + o(1) )

ŕàĺ n → +∞, çâő ŕàĺ ąőńìèĺå n ďăěâ ŋěàăćěŋáâćő ν_r((j⊗j)(I)) > Cπ_2(I), C > 1, â. ě. ‖j⊗j‖ > C > 1, ć âő ćàěňï łăł ‖j‖ ‖j‖ = 1. � Ńěňňă 4.7. Śãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì őŕěàăâőàőć An

∈ L(L^∞(μ), L^1(μ)) âăłăï, çâő dim A_n = n, ‖A_n‖ = 1 ďńï łăęďőčő n ĺ ‖A_n⊗A_n‖ > √ π/2 + o(1) ŕàĺ n → ∞, čďě ŋőàňă àăááňăâàĺćăěâáï ć ŕàőáâàăŋáâćě L(L^∞(μ) ^⊗L^∞(μ), L^1(μ⊗μ)) ĺńĺ, çâő âő ęě áăňőě, ć ŕàőáâàăŋáâćě L(L^∞(μ) ^⊗L^∞(μ), L^1(μ) ~⊗_1L^1(μ)).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì j : l^n_2 → L^1(μ) | ĺğőňěâàĺçěáłőě ćńőęěŋĺě. Řăááňőâàĺň őŕěàăâőà jj^∗⊗jj^∗ = (j⊗j) ∘ (j^∗⊗j^∗) : L^∞(μ)⊗L^∞(μ)^{J�⊗j�}−−−−→ j^n_2 ⊗l^n_2^{j⊗j}−−→ L^1(μ)⊗L^1(μ). Ěáńĺ U ∈ L^∞(μ)⊗L^∞(μ), âő ğŋăçěŋĺě íâőčő őŕěàăâőàă ŋă íńěňěŋâě (ĺńĺ őŕěàăâőàě) U ćëçĺáńïěâáï áőčńăáŋő áńěďãîéěľ ďĺăčàăňňě: L^∞(μ)^{j�}−→ l^n_2^j−→ L^1(μ)^U−→ L^∞(μ)^{j�}−→ l^n_2^j−→ L^1(μ), â. ě. (áň. ŋăçăńő ďőłăğăâěńìáâćă ńěňňë 4.3) V := (jj^∗⊗jj^∗)(U) = (j⊗j)(j^∗Uj) = jj^∗Ujj^∗. Ĺáŕőńìğãï áćőľáâćă ăąáőńîâŋő áãňňĺàãîéĺå őŕěàăâőàőć ŋă ŕàőáâàăŋáâćăå âĺŕă L^∞, łőŋěçŋőňěàŋőáâì àăááňăâàĺćăěňëå őâőąàăęěŋĺľ ĺ âěőàěňã ďćőľáâćěŋŋőáâĺ Ÿćăàæă, ŕőńãçăěň áńěďãîéãî æěŕőçłã áőőâŋőèěŋĺľ: ν_1(V ) = π_1(V ) = π_1(j^∗Ujj^∗) = ν_1((j^∗Ujj^∗)^∗) > π_1(j^∗U^∗j) > π1(j(j^∗Uj)) = π1(j^∗Uj) > π2(j^∗Uj) (ŕőáńěďŋěě ŋěàăćěŋáâćő ćëâěłăěâ ĺğ őąéěčő áőőâŋőèěŋĺï π_2 6 π_1.) Ďăńìŋěľèĺě àăááãęďěŋĺï ăŋăńőčĺçŋë ćâőàőľ çăáâĺ ďőłăğăâěńìáâćă ńěňňë 4.3.

Ŕãáâì ε > 0, U ∈ L^∞⊗L^∞, ‖U‖ = 1, traceUjj^∗(= tracej^∗Uj) <> (1 − ε)ν_1(jj^∗).

Ĺňěěň

(1 − ε)ν_1(jj^∗) 6 |tracej^∗Uj| 6 π_2(j^∗Uj)π_2(id_ln_2 ) = π_2(j^∗Uj) √ n.

Ŕőíâőňã

ν_1(V ) > π_2(j^∗Uj) > (1 − ε) 1√ n ν_1(jj^∗) = (1 − ε) 1√ n π_1(jj^∗)

= (1 − ε) 1√ n π_1(j^∗) = (1 − ε) 1√ n ν_1(j^∗) = (1 − ε) 1√ n ν_1(j)

= (1 − ε) 1√ n π_1(j) = (1 − ε) 1√ n π_1(id_ln_2 ) = (1 − ε) 1√ n a^{−1}_{n1} = (1 − ε) 1√ n ( √ n( √ π/2 + o(1)))

= (1 − ε)( √ π/2 + o(1)). Šăłĺň őąàăğőň,

ν_1 ( (jj^∗⊗jj^∗)(U) ) = ν_1(V ) > (1 − ε) √ π 2 + o(1).

Šăł łăł ‖U‖ = 1 ĺ ε > 0 ŕàőĺğćőńìŋő, ğăłńîçăěň ‖jj^∗⊗jj^∗‖ > √ π/2 + o(1) > 1. �

Ńěňňă 4.8. Ďńï ńîąőčő r ∈ (1, 2) áãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì őŕěàăâő-

àőć A_n ∈ L(L^∞(μ), L^r (μ)) âăłăï, çâő dim A_n = n, ‖A_n‖ = 1 ďńï łăęďőčő n ĺ ‖A_n⊗A_n‖ > √ π/2 + o(1) ŕàĺ n → ∞, čďě ŋőàňă àăááňăâàĺćăěâáï ć ŕàőáâàăŋáâćě L(L^∞(μ) ^⊗L^∞(μ), L^r (μ⊗μ)) ĺńĺ, çâő âő ęě áăňőě, ć ŕàőáâàăŋáâćě L(L^∞(μ) ^⊗L^∞(μ), L^r (μ) ~⊗_rL^r(μ)).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì 1 < r < 2. Ŕãáâì j_1 : l^n_2 → L^1(μ) ĺ j_r : l^n_2 → L^r(μ) | ŕàőĺğćőńìŋëě ĺğőňěâàĺçěáłĺě ćńőęěŋĺï. Řăááňőâàĺň őŕěàăâőà

j_rj^∗_1 ⊗j_rj^∗_1 : L^∞(μ)⊗L^∞(μ) → L^r(μ⊗L^r(μ)),

łőâőàëľ ŕàĺ U ∈ L^∞(μ)⊗L^∞(μ) ŕàĺŋĺňăěâ ğŋăçěŋĺě

V := (j_rj^∗_1 ⊗j_rj^∗_1 )(U) = j_rj^∗_1 Uj_1j^∗_r : L^{r0 j�r}−→ l^m_2^{j1}−→ L^1(μ)^U−→ L^∞(μ)^{j�1}−→ l^n_2^{jr}−→ L^r(μ).

Ć áĺńã ĺğőňěâàĺçŋőáâĺ j_1 ĺ j_r ĺ âěőàěňë ďćőľáâćěŋŋőáâĺ Ÿćăàæă ĺňěěň

ν_r(V ) = π_r (j^∗_1 Uj_1j^∗_r ) > π_r(j_rj^∗_1 U^∗j_1) = π_r(j^∗_1 U^∗j_1)

> π2(j^∗_1 U^∗j1) = π2(j^∗_1 Uj1).

Őŕěàăâőà j^∗_1 Uj_1 ďěľáâćãěâ áńěďãîéĺň őąàăğőň:

l^n_2^{j1}−→ L^1(μ)^U−→ L^∞(μ)^{j�1}−→ l^n_2 .

Ňë ŋăåőďĺňáï ć âőçŋőáâĺ âăłőľ ęě áĺâãăæĺĺ, łăł ŕàĺ ďőłăğăâěńìáâćě ńěňňë 4.3. Ćëąĺàăï ŕàĺ ε > 0 áőőâćěâáâćãîéĺľ őŕěàăâőà U (áň. ďőłăğăâěńìáâćő ńěňňë 4.3), ŕőńãçăěň π_2(j^∗_1 Uj_1) > (1 − ε)( √ π/2 + o(1)). Ŕőíâőňã ν_r(V ) > (1 − ε)( √ π/2 + o(1)). Śńěďőćăâěńìŋő, ‖j_rj^∗_1 ⊗j_1j^∗_r ‖ > √ π/2 + o(1). �

Śńěďãîéĺě ďćě ńěňňë ďőłăğëćăîâáï ŕàĺňěŋěŋĺěň ńěňň 4.6 ĺ 4.5 áőőâćěâáâćěŋŋő. Śńěďãěâ ŕěàěľâĺ ł áőŕàïęěŋŋőňã âěŋğőàŋőňã őâőąàăęěŋĺî: ł j^∗⊗j^∗ = (j⊗j)^∗ ć ńěňňě 4.6 ĺ ł j^∗_r ⊗j^∗_r = (j_r⊗j_r)^∗ ć ńěňňě 4.5. Ňë ŕàĺćěďěň âőńìłő ďőłăğăâěńìáâćő ńěňňë 4.9, őáâăćńïï ăŋăńőčĺçŋëě àăááãęďěŋĺï ďńï ńěňňë 4.10 çĺâăâěńî.

Ńěňňă 4.9. Ďńï ńîąőčő p ∈ (2, +∞) áãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì őŕěàă-

âőàőć B_n ∈ L(L^p(μ), l^n_2 ) âăłăï, çâő dim B_n = n, ‖B_n‖ = 1 ďńï łăęďőčő n ĺ ‖B_n⊗B_n‖ > C(p) ŕàĺ n → ∞ á ŋěłőâőàőľ ŕőáâőïŋŋőľ C(p) > 1, čďě ŋőàňă àăááňăâàĺćăěâáï ć ńîąőň ĺğ áńěďãîéĺå ŕàőáâàăŋáâć:

1) L(L^p(μ⊗μ), l^{n2}_2 , ), 2) L(˝_p(L^{p0} (μ), L^p(μ)), ˝_2(l^n_2 , l^n_2 ), ), 3) L(N_p(L^{p0} (μ), L^p(μ)), N_2(l^n_2 , l^n_2 ), ), 4) L(I_p(L^{p0} (μ), L^p(μ)), I_2(l^n_2 , l^n_2 ), ), 5) L(L^p(μ) ~⊗_pL^p(μ), l^n_2 ~⊗_2l^n_2 , ).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì 2 < p < ∞ ĺ r := p^′, âăł çâő 1 < r < 2. Ňë ňőęěň ĺáŕőńìğőćăâì àăááãęďěŋĺï ĺğ ďőłăğăâěńìáâćă ńěňňë 4.6. Ć őąőğŋăçěŋĺïå íâőčő ďőłăğăâěńìáâćă őŕěàăâőà j⊗j ĺňěěâ áőŕàïęěŋŋëľ őŕěàăâőà j^∗⊗j^∗, ďěľáâćãîéĺľ ĺğ L^p(μ) ~⊗_pL^p(μ) ć l^n_2 ~⊗_2l^n_2 , ŕàĺçěň ‖j^∗⊗j^∗‖ > C(r) > 1. �

Ńěňňă 4.10. Ďńï ńîąëå p, q ∈ (2, +∞), p < q, áãéěáâćãîâ ŕőáâőïŋŋăï Dp,q > 0

ĺ ŕőáńěďőćăâěńìŋőáâì őŕěàăâőàőć B_n : L^q(μ) → l^n_p âăłĺě, çâő dim B_n, ‖B_n‖ = 1 ďńï łăęďőčő n, ŋő ‖B_n⊗B_n‖ > D_{p,q} log^{1/p0} n, čďě ŋőàňă àăááňăâàĺćăěâáï ć ńîąőň ĺğ áńěďãîéĺå ŕàőáâàăŋáâć:

1) L(L^q(μ⊗μ), l^{n2}_p ), 2) L(˝_q (L^{q0} (μ), L^q(μ)), ˝_p(l^n_p0 , l^n_p )), 3) L(N_q(L^{q0} (μ), L^q(μ)), N_p(l^n_p0 , l^n_p )), 4) L(I_q(L^{q0} (μ), L^q (μ)), I_p(l^n_p0 , l^n_p )), 5) L(L^q(μ) ~⊗_qL^q(μ), l^n_p ~⊗_pl^n_p , ).

Ńěňňă 4.11. Ěáńĺ 1 < s < 2 < r < +∞, âő áãéěáâćãîâ ŕőáâőïŋŋăï Ś^′_r > 1 ĺ

ŕőáńěďőćăâěńìŋőáâì őŕěàăâőàőć B_n : L^r(μ) → L^s(μ) âăłĺě, çâő dim B_n, ‖B_n‖ = 1 ďńï łăęďőčő n, ŋő ‖B_n⊗B_n‖ > C_r, čďě ŋőàňă àăááňăâàĺćăěâáï ć ńîąőň ĺğ áńěďãîéĺå ŕàőáâàăŋáâć: 1) L(L^r(μ⊗μ), L^s(μ⊗μ)), 2) L(˝_r (L^{r0} (μ), L^r(μ)), ˝_s(L^{s0} (μ), L^s(μ))), 3) L(N_r(L^{r0} (μ), L^r(μ)), N_s(L^{s0} (μ), L^s(μ))), 4) L(I_r(L^{r0} (μ), L^r (μ)), I_s(L^{s0} (μ), L^s(μ))), 5) L(L^r(μ) ~⊗_rL^r(μ), L^s(μ) ~⊗_sL^s(μ), ).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Őąőğŋăçĺň çěàěğ j_r ĺ j_s ŋěłőâőàëě ĺğőňěâàĺçěáłĺě ćńőęěŋĺï ŕàőáâàăŋáâćă l^n_2 ć L^{r0} (μ) ĺ ć L^s(μ) áőőâćěâáâćěŋŋő ĺ àăááňőâàĺň âěŋğőàŋëľ őŕěàăâőà j_sj^∗_r ⊗j_sj^∗_r , łőâőàëľ ďěľáâćãěâ ĺğ L^r(μ)⊗_rL^r(μ) ć L^s(μ)⊗_sL^s(μ), áńěďãîéĺň őąàăğőň: ďńï U ∈ L^r(μ)⊗_rL^r(μ)

V := (j_sj^∗_r ⊗j_sj^∗_r )(U) : L^{s0} (μ)^{j�s}−→ l^n_2^{jr}−→ L^{r0} (μ)^U−→ L^r(μ)^{j�r}−→ l^m_2^{js}−→ L^s(μ). Šăł łăł s < 2, ŕő âěőàěňě ďćőľáâćěŋŋőáâĺ ĺňěěň

ν_s(V ) = π_s(j^∗_r Uj_rj^∗_s ) > π_s(j_sj^∗_r U^∗j_r) = π_s(j^∗_r U^∗j_r) > π2(j^∗_r U^∗jr) = π2(j^∗_r Ujr). Šěŕěàì ňë ŋăåőďĺňáï ć áĺâãăæĺĺ ďőłăğăâěńìáâćă ńěňňë 4.9 (áň. âăłęě ğăňěçăŋĺě ŕěàěď äőàňãńĺàőćłőľ íâőľ ńěňňë). Ŕőíâőňã ‖j_sj^∗_r ⊗j_sj^∗_r ‖ > C^′_r > 1 ďńï ŋěłőâőàőľ ŕőáâőïŋŋőľ C^′_r > 1, ğăćĺáïéěľ âőńìłő őâ r. �

Ńĺâěàăâãàă

1. Adler R. J. An introduction to continuity, extrema, and related topics for general Gaussian processes. IMS Lecture Notes { Monograph Ser., Hayward, California. 1990. Vol. 12.

2. Ŋĺłĺâĺŋ §. đ. Ăáĺňŕâőâĺçěáłăï íääěłâĺćŋőáâì ŋěŕăàăňěâàĺçěáłĺå łàĺâěàĺěć. Ň., Ŋăãłă, 1995.

3. Diestel J., Uhl J.J. Vector Measures. Providence: Am. Math. Soc., 1977. 4. Łăŋâőàőćĺç Ń. Ć., Ăłĺńőć Č. Ŕ. Ťãŋłæĺőŋăńìŋëľ ăŋăńĺğ. Ň., Ŋăãłă, 1977.

5. Ďăŋäőàď Ŋ., Ÿćăàæ Ďę. Ě. Ńĺŋěľŋëě őŕěàăâőàë (őąéăï âěőàĺï). Ň., 1962.

6. Saphar P. Les normes tensorielles g_k et d_k // S«eminaire L. Schwartz. «Ecole Polytechnique, Centre de Math«ematieques, 1969{1970.

7. Saphar P. Applications p-sommantes et p-d«ecomposantes // C. R. Acad. Sci. Paris. S«er A. 1970. Vol. 270. P. 1093{1096.

8. Saphar P. Analyse math«ematique: applications p-sommantes et p-d«ecomposantes // S«eminaire L. Schwartz. «Ecole Polytechnique, Centre de Math«ematieques. 1969{1970.

9. Grothendieck A. Produits tensoriels topologiques et espases nucl«eaires // Mem. Am. Math. Soc. 1955. Vol. 16. P. 1-196.

10. Ŕĺç Ă. Őŕěàăâőàŋëě ĺďěăńë. Ň., Ňĺà, 1982.

11. Řěľŋőć Ő. Ĺ. Őŕěàăâőàë âĺŕă RN ć ąăŋăåőćëå ŕàőáâàăŋáâćăå // Ďőłń. ĂŊ ŚŚŚŘ. 1975. Š. 220. Ś. 528{531.

12. Persson A. On some properties of p-nuclear and p-integral operators // Studia Math. 1969. Vol. 33. P. 213{232.

13. Schwartz L. Le th«eor„eme de dualit«e pour les applications radoni˛antes // S«eminaire L. Schwartz. «Ecole Polytechnique, Centre de Math«ematieques. 1969{1970.

14. Cohen J. S. Absolutely p-summing, p-nuclear operators and their conjugates // Math. Ann. 1973. Vol. 201. P. 177{200.

15. Pelczy«nski A. A characterization of Hilbert{Schmidt operators // Studia Math. 1969. Vol. 28. P. 355{360.

16. Lindenstrauss J., Pelczy«nski A. Absolutely summing operators in L_p spaces and their applications // Studia Math. 1968. Vol. 29. P. 275{326.

17. Pisier G. Factrization of linear operators and geometry of Banach spaces. Conf. Board in the Math. Siences. Reg. Conf. Ser. in Math. N 60 Amer. Math. Soc., Providence. 1986, 164 p.

18. Carl B., Stephani I. Entropy, compactness and the approximation of operators. Cambridge Tracts in Mathematics 98, Cambridge University Press. 1990 19. Szarek S. J. On the best constants in the Khinchin inequality // Studia Math.

1976. Vol. 58. P. 197{208.

20. Kwapie«n S. Isomorphic characterizations of inner product spaces by orthogonal series with vector valued coe‹cients // Studia Math. 1972. Vol. 44. P. 583{595.

21. Schwartz L. Mouvement brownien // S«eminaire L. Schwartz. «Ecole Polytechnique, Centre de Math«ematieques. 1969{1970.

22. Holub J. R. Tensor product mappings. II // Proc. Amer. Math. Soc. 1974. Vol. 42. P. 437{441.

23. K-onig H. Eigemvalue distribution of compact operators. Operator theory: advances and applications. Basel-Boston-Stuttgart, Birkh-auser Verlag, 1986.

24. Pietsch A. Eigenvalues of absolutely r-summing operators // Aspects of Mathematics and its Applications. Elsevier Science Publishers B.V. 1986. P. 607{617.

25. Johnson W. B., K-onig H., Maurey B., Retherford J. R. Eigenvalues of p-summing and l_p-type operators in Banach spaces // J. Funct. Anal. 1979. Vol. 32. P. 353{380.

26. K-onig H. On the tensor stability of s-number ideals // Math. Ann. 1984. Vol. 269. P. 77{93.

Śăŋłâ{Ŕěâěàąãàčáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ, ňăâěňăâĺłő{ňěåăŋĺçěáłĺľ äăłãńìâěâ,

E-mail address: orein@orein.usr.pu.ru