SPb. Math. Society Preprint 2000-11 15 Aug 2000

ŞĎŁ 519.72

Ś. Ň. Ňăèăàáłĺľ

ĂĆŠŐŘĚĆĚŘŚŊŻĚ ŚŔĚŁŠŘŻ ŢĂĂŘĂ{ŁŘĚŚŠĚŊŚŐŊĂ^1 Ććěďěŋĺě Ć áâăâìě àăááňăâàĺćăîâáï ďćă őàâőčőŋăńìŋëå ąăğĺáă, ŕőàőęďăîéĺå ďĺáłàěâŋëě ŕàěőąàăğőćăŋĺï Ţăăàă{Łàěáâěŋáőŋă H_f ĺ H_g . Ŕěàćőě ŕàěőąàăğőćăŋĺě H_f áćïğăŋő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Őŋő åőàőèő ĺğćěáâŋő [1]. Ćâőàőě ŕàěőąàăğőćăŋĺě H_g áćïğăŋő á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Őŋő ćŕěàćëě ąëńő őŕĺáăŋő ć àăąőâě [2].

Ůăáâŋëň áńãçăěň ŕàěőąàăğőćăŋĺľ Ţăăàă{Łàěáâěŋáőŋă ïćńïîâáï ŕàěőąàăğőćăŋĺï Ţăăàă. Ć àăąőâăå [3{5] ĺğãçăńĺáì áćőľáâćă áŕěłâàőć ďĺáłàěâŋëå áĺčŋăńőć ć åăăàőćáłĺå ąăğĺáăå. Ďăŋŋăï áâăâìï ïćńïěâáï őąőąéěŋĺěň àăąőâë [4] ĺ ńőčĺçŋëň ŕàőďőńęěŋĺěň àăąőâë [6]. Ŕàőłőňňěŋâĺàãěň ěě áőďěàęăŋĺě ŕő ŕăàăčàăäăň.

Ć §1 ŕàĺćěďěŋë ŋěőąåőďĺňëě áćěďěŋĺï őą ĺŋâěàěáãîéĺå ŋăá ąăğĺáăå. Ć §2 ğăŕĺáăŋë àăğńőęěŋĺï áďćĺčőć ěďĺŋĺçŋőčő ĺňŕãńìáă. Ć §3 ććěďěŋő ŕőŋïâĺě ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋőčő áŕěłâàă. Şáâăŋőćńěŋă áćïğì ňěęďã áĺčŋăńăňĺ x ĺ y, ã łőâőàëå H_f (x) = H_g(y) =: H, ŕàĺ ãáńőćĺĺ, çâő áŕěłâà H ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Ćëçĺáńěŋă àăğňěàŋőáâì ňŋőęěáâćă ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëå áŕěłâàőć.

§1. Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï Ńĺŋěľŋőě ŕàőáâàăŋáâćő C_N łőňŕńěłáŋőğŋăçŋëå N-ŕěàĺőďĺçěáłĺå ŕőáńěďőćăâěńìŋőáâěľ x = {x(j)}, j ∈ Z, ąãďěň ŋăğëćăâì ŕàőáâàăŋáâćőň áĺčŋăńőć. Ć C_N őąëçŋëň őąàăğőň ććőďïâáï áłăńïàŋőě ŕàőĺğćěďěŋĺě ĺ ŋőàňă: ⟨x, y⟩ = N−1∑ j=0 x(j) y(j), ‖x‖ = ⟨x, x⟩^{1/2}. Őąőğŋăçĺň çěàěğ δ_N (j) ěďĺŋĺçŋëľ N-ŕěàĺőďĺçěáłĺľ ĺňŕãńìá, àăćŋëľ 1 ŕàĺ j = 0, ±N, ±2N, . . . ĺ àăćŋëľ ŋãńî ŕàĺ őáâăńìŋëå j ∈ Z. Śĺáâěňă áĺčŋăńőć {δ_N (j − k)}, k = 0, 1, . . . N − 1, őąàăğãěâ ěáâěáâćěŋŋëľ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ŕàőáâàăŋáâćă C_N .

Ŕãáâì N = n^s, čďě n, s ∈ N, n ≥ 2, s ≥ 2. Ŕőáâőïŋŋő ąãďãâ ĺáŕőńìğőćăâìáï áńěďãîéĺě őąőğŋăçěŋĺï: ⌊α⌋ | æěńăï çăáâì ćěéěáâćěŋŋőčő çĺáńă α; ⟨k⟩_N = k − ⌊k/N⌋N | őáâăâőł őâ ďěńěŋĺï æěńőčő çĺáńă k ŋă N. Ďńï æěńőčő çĺáńă a ∈ {0, 1, . . . , N − 1} ğăŕĺáì a = (a_{s−1}, a_{s−2}, . . . , a_0)_n őğŋăçăěâ

a = a_{s−1}n^{s−1} + a_{s−2}n^{s−2} + · · · + a_0, a_k ∈ 0 : n − 1, k ∈ 0 : s − 1.

Ć ŕàőáâàăŋáâćě C_N ŕàĺ N = n^s àăááňőâàĺň áĺáâěňã áĺčŋăńőć

c(j); f_ν (σ; j − p´_{ν+1}), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. (1.1)

1Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŋőňěà ŕàőěłâă 99-01-00747).

Typeset by AMS-TEX

Ğďěáì ´_ν = n^{ν−1}, N_ν = N/n^ν, c(j) ≡ 1/N,

f_ν (σ; j) = 1 n^ν n−1∑ τ=0 ω^{στ}_n (τ+1)Δν−1 ∑ q=τΔν δ_N (j − q), (1.2)

ω_n = exp{2πi/n} | ŕěàćőőąàăğŋëľ łőàěŋì áâěŕěŋĺ n ĺğ ěďĺŋĺæë.

Ĺğćěáâŋő [1, 2], çâő áĺáâěňă áĺčŋăńőć (1.1) őąàăğãěâ őàâőčőŋăńìŋëľ ąăğĺá ŕàőáâàăŋáâćă C_N . Őŋ ŋăğëćăěâáï ąăğĺáőň Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Ŋěâàãďŋő ŕàőćěàĺâì, çâő ‖f_ν (σ; ·−p´_{ν+1})‖^2 = n^{−ν} ŕàĺ ćáěå p ∈ 0 : N_ν −1, σ ∈ 1 : n − 1, ν ∈ 1 : s.

Ńîąőľ áĺčŋăń x ∈ C_N ďőŕãáłăěâ ŕàěďáâăćńěŋĺě x(j) = αc(j) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 x_ν (σ, p) f_ν (σ; j − p´_{ν+1}), j ∈ Z. (1.3)

Łőíääĺæĺěŋâë íâőčő àăğńőęěŋĺï áãâì łőíääĺæĺěŋâë Ťãàìě: α = N−1∑ j=0 x(j), x_ν (σ, p) = n^ν N−1∑ j=0 x(j) f_ν (σ; j − p´_{ν+1}).

Śőćőłãŕŋőáâì íâĺå łőíääĺæĺěŋâőć

H_f (x) = { α; x_ν (σ, p), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s } őąàăğãěâ áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă x, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Ŕàěőąàăğőćăŋĺě x → H_f (x) ŋăğëćăěâáï ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ţăăàă{ Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

Ŋăàïďã á ąăğĺáőň (1.1) àăááňőâàĺň áĺáâěňã áĺčŋăńőć

c(j); g_ν (σ; j − p), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. (1.4)

Ğďěáì

g_ν (σ; j) = 1 n^ν n−1∑ τ=0 ω^{στ}_n δ_{Nν}�_1 (j − τ N_ν ). (1.5)

Ĺğćěáâŋő [2], çâő áĺáâěňă áĺčŋăńőć (1.4) âăłęě őąàăğãěâ őàâőčőŋăńìŋëľ ąăğĺá ŕàőáâàăŋáâćă C_N . Őŋ ŋăğëćăěâáï ąăğĺáőň Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ŋěâàãďŋő ãąěďĺâìáï, çâő ‖g_ν(σ; ·−p)‖^2 = n^{−ν} ŕàĺ ćáěå p ∈ 0 : N_ν −1, σ ∈ 1 : n − 1, ν ∈ 1 : s.

Ńîąőľ áĺčŋăń y ∈ C_N ďőŕãáłăěâ ŕàěďáâăćńěŋĺě y(j) = βc(j) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 y_ν (σ, p) g_ν (σ; j − p), j ∈ Z. (1.6)

Łőíääĺæĺěŋâë íâőčő àăğńőęěŋĺï áãâì łőíääĺæĺěŋâë Ťãàìě: β = N−1∑ j=0 y(j), y_ν (σ, p) = n^ν N−1∑ j=0 y(j) g_ν (σ; j − p). Śőćőłãŕŋőáâì íâĺå łőíääĺæĺěŋâőć

H_g (y) = { β; y_ν (σ, p), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s } őąàăğãěâ áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă y, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ŕàěőąàăğőćăŋĺě y → H_g(y) ŋăğëćăěâáï ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ţăăàă{ Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Ďńï ąăğĺáŋëå áĺčŋăńőć Ţăăàă{Łàěáâěŋáőŋă ňőęŋő ŕőńãçĺâì ąőńěě łőňŕăłâŋëě ćëàăęěŋĺï, çěň (1.2) ĺ (1.5).

Ńěňňă 1.1. Ŕàĺ σ ∈ 1 : n − 1 áŕàăćěďńĺćă äőàňãńă f_ν (σ; j) = n^{−ν} ω^{σ⌊j/Δν ⌋}_n δ_{Nν} ( ⌊j/´_{ν+1}⌋ ) , j ∈ Z. (1.7) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàăćăï çăáâì (1.7) àăćŋă n^{−ν} ω^{στ}_n ŕàĺ j ∈ τ ´_ν : (τ + 1)´_ν − 1, τ ∈ 0 : n − 1, ĺ àăćŋă 0 ŕàĺ j ∈ ´_{ν+1} : N − 1 (ãçěáâì, çâő N = ´_{ν+1}N_ν ). Šě ęě ğŋăçěŋĺï ŕàĺ ãłăğăŋŋëå j ŕàĺŋĺňăěâ áőčńăáŋő (1.2) ĺ f_ν (σ; j). Šăłĺň őąàăğőň, ŕàĺ j ∈ 0 : N − 1 àăćěŋáâćő (1.7) ćěàŋő. Őáâăěâáï ŕàőćěàĺâì N-ŕěàĺőďĺçŋőáâì ŕàăćőľ çăáâĺ (1.7). Őŋă áńěďãěâ ĺğ âőčő, çâő ŕàĺ ńîąőň k ∈ Z j + kN ´_ν = j ´_ν + nkN_ν, j + kN ´_{ν+1} = j ´_{ν+1} + kN_ν. Ńěňňă ďőłăğăŋă.

Śńěďáâćĺě. Ŕàĺ p ∈ 0 : Nν − 1 áŕàăćěďńĺćő àăćěŋáâćő f_ν (σ; j − p´_{ν+1}) = n^{−ν} ω^{σ⌊j/Δν ⌋}_n δ_{Nν} ( ⌊j/´_{ν+1}⌋ − p ) . (1.8)

Ťőàňãńë (1.7) ĺ (1.8) ŋěáłőńìłő ãŕàőéăîâáï ŕàĺ j ∈ 0 : N − 1. Ă ĺňěŋŋő, ěáńĺ j = (j_{s−1}, . . . , j_0)_n, âő ⌊j/´_ν⌋ = j_{s−1}n^{s−ν} + · · · + n j_ν + j_{ν−1}, âăł çâő ω^{⌊j/Δν ⌋} n = ω^{jν}�^1_n . (1.9)

Ńěňňă 1.2. Ŕàĺ σ ∈ 1 : n − 1 áŕàăćěďńĺćă äőàňãńă g_ν(σ; j) = n^{−ν} ω^{σ⌊j/Nν ⌋}_n δ_{Nν} (j), j ∈ Z. (1.10) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śĺčŋăń g_ν(σ; j) ć áĺńã (1.5) ïćńïěâáï N_{ν−1}-ŕěàĺőďĺçěáłĺň.

Šěň ęě áćőľáâćőň őąńăďăěâ ĺ áĺčŋăń, áâőïéĺľ ć ŕàăćőľ çăáâĺ (1.10). Ğŋăçĺâ, àăćěŋáâćő (1.10) ďőáâăâőçŋő ŕàőćěàĺâì ŋă őáŋőćŋőň ŕěàĺőďě 0 : N_{ν−1} − 1.

Ŕãáâì j = τ N_ν ŕàĺ ŋěłőâőàőň τ ∈ 0 : n − 1. Šőčďă ŕàăćăï çăáâì (1.10) ŕàĺŋĺňăěâ ğŋăçěŋĺě n^{−ν} ω^{στ}_n . İâő ęě ğŋăçěŋĺě áőčńăáŋő (1.5) ŕàĺŋĺňăěâ ĺ g_ν(σ; j). Ŕàĺ őáâăńìŋëå j ∈ 0 : N_{ν−1} − 1 àăćěŋáâćő (1.10) ŕàěćàăéăěâáï ć 0 = 0. Ńěňňă ďőłăğăŋă.

Śńěďáâćĺě. Ŕàĺ p ∈ 0 : Nν − 1 áŕàăćěďńĺćő àăćěŋáâćő g_ν(σ; j − p) = n^{−ν} ω^{σ⌊j/Nν ⌋}_n δ_{Nν} (j − p), j ∈ Z. (1.11) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕőłăęěň, çâő ω^{σ⌊(j−p)/Nν⌋} n δ_{Nν} (j − p) = ω^{σ⌊j/Nν ⌋}_n δ_{Nν} (j − p). (1.12) Ŕőáłőńìłã ć őąěĺå çăáâïå íâőčő àăćěŋáâćă áâőïâ N_{ν−1}-ŕěàĺőďĺçěáłĺě ŕő j áĺčŋăńë, âő ďőáâăâőçŋő ŕàőćěàĺâì ěčő ŋă ŕěàĺőďě p : p + N_{ν−1} − 1. Ŕàĺ j = p + τ N_ν, τ ∈ 0 : n − 1, àăćěŋáâćő (1.12) ćěàŋő. Ŋő őŋő âăłęě ćěàŋő ĺ ŕàĺ őáâăńìŋëå j ĺğ ãłăğăŋŋőčő ŕěàĺőďă, ŕőáłőńìłã ć íâőň áńãçăě őąě çăáâĺ (1.12) àăćŋë ŋãńî. Šăłĺň őąàăğőň, àăćěŋáâćő (1.12) ŕàĺ p ∈ 0 : N_ν − 1 ĺ j ∈ Zãáâăŋőćńěŋő.

Šěŕěàì (1.11) áńěďãěâ ĺğ (1.10) ĺ (1.12).

Őâňěâĺň, çâő äőàňãńë (1.10) ĺ (1.11) ŕàĺŋĺňăîâ ąőńěě ŕàőáâőľ ćĺď ŕàĺ j ∈ 0 : N − 1. Ă ĺňěŋŋő, ěáńĺ j = (j_{s−1}, . . . , j_0)_n, âő ⌊j/N_ν ⌋ = j_{s−1}n^{ν−1} + · · · + j_{s−ν+1} n + j_{s−ν}, âăł çâő ω^{⌊j/Nν ⌋} n = ω^{js}�^ν_n . (1.13)

§2. Śŕěłâàë áďćĺčőć ěďĺŋĺçŋőčő ĺňŕãńìáă Ğăäĺłáĺàãěň çĺáńő q ∈ 0 : N − 1, q = (q_{s−1}, . . . , q_0)_n.

Šěőàěňă 2.1. Śĺčŋăń δN (· − q) ďőŕãáłăěâ áńěďãîéěě ŕàěďáâăćńěŋĺě ć ąăğĺáě Ţă-

ăàă{Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě:

δ_N (j − q) = c(j) + s∑ ν=1 n−1∑ σ=1 ω^{−σqν}�^1 n f_ν (σ; j − p^0_ν (q)´_{ν+1}),

čďě c(j) ≡ 1/N, p^0_ν (q) = ⌊q/´_{ν+1}⌋.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàěďáâăćĺň áĺčŋăń x = δ_N (· − q) ć áőőâćěâáâćĺĺ á (1.3): δ_N (j − q) = αc(j) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 x_ν (σ, p) f_ν (σ; j − p´_{ν+1}).

Šőčďă α =^{N−1} ∑ j=0 δ_N (j − q) = 1,

x_ν (σ, p) = n^ν N−1∑ j=0 δ_N (j − q) f_ν (σ; j − p´_{ν+1}) = n^ν f_ν (σ; q − p´_{ν+1}).

Şçĺâëćăï (1.8) ĺ (1.9), ŕőńãçăěň x_ν (σ, p) = ω^{−σqν}�^1_n δ_{Nν} ( ⌊q/´_{ν+1}⌋ − p ) = { ω^{−σqν}�^1 n , ěáńĺ p = ⌊q/´_{ν+1}⌋, 0 ŕàĺ őáâăńìŋëå p ∈ 0 : N_ν − 1.

Šěőàěňă ďőłăğăŋă.

Šěőàěňă 2.2. Śĺčŋăń δN (· − q) ďőŕãáłăěâ áńěďãîéěě ŕàěďáâăćńěŋĺě ć ąăğĺáě Ţă-

ăàă{Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ:

δ_N (j − q) = c(j) + s∑ ν=1 n−1∑ σ=1 ω^{−σqs}�^ν n g_ν (σ; j − p^1_ν (q)),

čďě p^1_ν(q) = ⟨q⟩_{Nν} .

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàěďáâăćĺň áĺčŋăń y = δ_N (· − q) ć áőőâćěâáâćĺĺ á (1.6): δ_N (j − q) = βc(j) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 y_ν (σ, p) g_ν (σ; j − p).

Šőčďă β =^{N−1} ∑ j=0 δ_N (j − q) = 1,

y_ν (σ, p) = n^ν N−1∑ j=0 δ_N (j − q) g_ν (σ; j − p) = n^ν g_ν (σ; q − p). Şçĺâëćăï (1.11) ĺ (1.13), ŕőńãçăěň y_ν (σ, p) = ω^{−σqs}�^ν_n δ_{Nν} (q − p) = { ω^{−σqs}�^ν n , ěáńĺ p = ⟨q⟩_{Nν} , 0 ŕàĺ őáâăńìŋëå p ∈ 0 : N_ν − 1.

Šěőàěňă ďőłăğăŋă.

§3. Ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëě áŕěłâàë Ć íâőň ŕăàăčàăäě ąãďěâ ãáâăŋőćńěŋă áćïğì ňěęďã ąăğĺáăňĺ Ţăăàă{Łàěáâěŋáőŋă (1.1) ĺ (1.4).

Ŋăň ŕőâàěąãěâáï ŕěàěáâăŋőćłă reverse. Ŕãáâì j ∈ 0 : n^ν −1, j = (j_{ν−1}, j_{ν−2}, . . . , j_0)_n. Šőčďă ŕő őŕàěďěńěŋĺî rev_ν (j) = (j_0, j_1, . . . , j_{ν−1})_n.

Ł íâőňã őŕàěďěńěŋĺî ďőąăćĺň äőàňăńìŋőě àăćěŋáâćő rev_0(0) = 0.

Šěőàěňă 3.1. Ŕãáâì σ ∈ 1 : n − 1, p ∈ 0 : Nν − 1. Śŕàăćěďńĺćő âőęďěáâćő f_ν ( σ; rev_s(j) − p´_{ν+1} ) = g_ν ( σ; j − rev_{s−ν}(p) ) , j ∈ 0 : N − 1. (3.1)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì j = (j_{s−1}, . . . , j_0)_n, p = (p_{s−ν−1}, . . . , p_0)_n. Śőčńăáŋő (1.11) g_ν (σ; j − p) őâńĺçŋő őâ ŋãńï âőčďă ĺ âőńìłő âőčďă, łőčďă ⟨j⟩_{Nν} = p, â. ě. łőčďă j_k = p_k, k ∈ 0 : s − ν − 1. Ŕàĺ âăłĺå j ć áĺńã (1.13) ĺňěěň g_ν(σ; j − p) = n^{−ν} ω^{σjs}�^ν_n .

Ŕãáâì l = (l_{s−1}, . . . , l_0)_n, q = (q_{s−ν−1}, . . . , q_0)_n. Śőčńăáŋő (1.8) f_ν (σ; l − q´_{ν+1}) őâńĺçŋő őâ ŋãńï âőčďă ĺ âőńìłő âőčďă, łőčďă ⌊l/´_{ν+1}⌋ = q, â. ě. łőčďă l_μ = q_{μ−ν} , μ ∈ ν : s − 1. Ŕàĺ âăłĺå l ć áĺńã (1.9) ĺňěěň f_ν (σ; l − q´_{ν+1}) = n^{−ν} ω^{σlν}�^1_n .

Ćőğìňěň l = rev_s(j), q = rev_{s−ν}(p). Šőčďă l_μ = j_{s−1−μ}, μ ∈ 0 : s − 1; q_μ = p_{s−ν−1−μ}, μ ∈ 0 : s − ν − 1. Ć çăáâŋőáâĺ, l_{ν−1} = j_{s−ν} . Ŕőńãçăěň, çâő f_ν (σ; rev_s(j) − rev_{s−ν} (p)´_{ν+1}) őâńĺçŋő őâ ŋãńï âőčďă ĺ âőńìłő âőčďă, łőčďă j_{s−1−μ} = p_{s−1−μ}, μ ∈ ν : s − 1, ĺńĺ, çâő âő ęě áăňőě, łőčďă j_k = p_k, k ∈ 0 : s − ν − 1. Ŕàĺ íâőň f_ν (σ; rev_s(j) − rev_{s−ν} (p)´_{ν+1}) = n^{−ν} ω^{σjs}�^νn .

Ĺâăł, ňë ŕőłăğăńĺ, çâő

f_ν (σ; rev_s(j) − rev_{s−ν}(p)´_{ν+1}) = g_ν(σ; j − p).

Řăćěŋáâćő (3.1) ŕőńãçăěâáï őâáîďă ğăňěŋőľ p ŋă rev_{s−ν}(p). Šěőàěňă ďőłăğăŋă.

Őŕàěďěńěŋĺě. Śŕěłâà H = { η; h_ν(σ, p), p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s } ŋăğőćěň ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň, ěáńĺ h_ν(σ, p) = h_ν ( σ, rev_{s−ν} (p) ) , (3.2)

p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s − 1.

Ŕàĺ s = 1 ĺ s = 2 ńîąőľ áŕěłâà ŕő őŕàěďěńěŋĺî ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Ŕàĺ ν = s − 1 àăćěŋáâćő (3.2) ćëŕőńŋïěâáï ăćâőňăâĺçěáłĺ.

Šěőàěňă 3.2. Ŕãáâì áĺčŋăńë x ĺ y ĺğ C N âăłőćë, çâő Hf (x) = Hg(y) =: H, ĺ

ŕãáâì ŕàĺ íâőň áŕěłâà H ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Šőčďă ŋěőąåőďĺňő y(j) = x ( rev_s(j) ) , j ∈ 0 : N − 1. (3.3) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ďńï áĺčŋăńă y ĺňěěň y(j) = ηc(j) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

q=0 h_ν(σ, q) g_ν (σ; j − q). Śďěńăěň ğăňěŋã p = rev_{s−ν} (q) ĺ ćőáŕőńìğãěňáï (3.2) ĺ (3.1): y(j) = ηc(j) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 h_ν ( σ, rev_{s−ν} (p) ) g_ν ( σ; j − rev_{s−ν}(p) ) =

= ηc ( rev_s(j) ) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 h_ν(σ, p) f_ν ( σ; rev_s(j) − p´_{ν+1} ) = x ( rev_s(j) ) . Šěőàěňă ďőłăğăŋă.

İâă âěőàěňă ć őŕàěďěńěŋŋőň áňëáńě őąàăâĺňă.

Šěőàěňă 3.3. Ŕãáâì x, y | áĺčŋăńë, ãďőćńěâćőàïîéĺě ãáńőćĺî (3.3), ĺ ŕãáâì

H_f (x) = H_g(y) =: H. Šőčďă áŕěłâà H ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (3.1) x ( rev_s(j) ) = ηc ( rev_s(j) ) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 h_ν (σ, p) f_ν ( σ; rev_s(j) − p´_{ν+1} ) =

= ηc(j) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 h_ν(σ, p) g_ν ( σ; j − rev_{s−ν} (p) ) =

= ηc(j) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 h_ν ( σ, rev_{s−ν} (p) ) g_ν(σ; j − p). Ŋő ŕő ãáńőćĺî âěőàěňë x ( rev_s(j) ) = y(j) = ηc(j) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 h_ν(σ, p) g_ν (σ; j − p). Ć áĺńã ěďĺŋáâćěŋŋőáâĺ àăğńőęěŋĺï ŕő őàâőčőŋăńìŋőňã ąăğĺáã (1.4) ŕàĺåőďĺň ł (3.2). Šěőàěňă ďőłăğăŋă.

Řăááňőâàĺň ć łăçěáâćě ŕàĺňěàă łãáőçŋő-ńĺŋěľŋëľ áĺčŋăń ^y, ğăďăćăěňëľ ŋă őáŋőćŋőň ŕěàĺőďě àăćěŋáâćőň ^y(j) = j, j ∈ 0 : N − 1. Ćëçĺáńĺň áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă ^y, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàě-

ňěŋĺ. Ŕãáâì H_g (^y) = { ^β; ^y_ν (σ, p)}. Šőčďă ^β =^{N−1} ∑ j=0 ^y(j) = N(N − 1) 2 ;

^y_ν (σ, p) = n^ν N−1∑ j=0 ^y(j) g_ν (σ; j − p) = N−1∑ j=0 jω^{−σ⌊j/Nν⌋} n δ_{Nν} (j − p). Ňë ćőáŕőńìğőćăńĺáì äőàňãńőľ (1.11).

Ŕàěďáâăćĺň j ć ćĺďě j = qN_{ν−1} +τ N_ν +l, čďě q ∈ 0 : ´_ν −1, τ ∈ 0 : n−1, l ∈ 0 : N_ν −1. Ŕőńãçĺň ^y_ν (σ, p) = Δν−1∑

q=0 n−1∑ τ=0

Nν−1∑

l=0 (qN_{ν−1} + τ N_ν + l) ω^{−στ}_n δ_{Nν} (l − p) =

= Δν−1∑

q=0 n−1∑ τ=0 (τ N_ν + qN_{ν−1} + p) ω^{−στ}_n .

Šăł łăł σ ∈ 1 : n − 1, âő^{n−1} ∑ τ=0 ω^{−στ}_n = 0. Ś ãçěâőň íâőčő äăłâă ŕàĺåőďĺň ł ćëàăęěŋĺî

^y_ν (σ, p) = Δν−1∑

q=0 n−1∑ τ=0 τ N_ν ω^{−στ}_n = ´_s n−1∑ τ=0 τ ω^{−στ}_n .

Ććěďěň őąőğŋăçěŋĺě z(σ) =^{n−1} ∑ τ=0 τ ω^{−στ}_n , σ ∈ 1 : n − 1. Ĺňěěň

z(σ) = n−1∑ τ=1 τ ω^{−στ}_n = n−1∑ τ=0 (τ + 1) ω^{−σ(τ+1)} n − n =

= ω^{−σ}_n {^{n−1}∑ τ=0 τ ω^{−στ}_n + n−1∑ τ=0 ω^{−στ}_n } − n = ω^{−σ}_n z(σ) − n, őâłãďă z(σ) = n ω^{−σ}_n − 1 = n 2 ( i ctg πσ n − 1 ) . Šăłĺň őąàăğőň, őłőŋçăâěńìŋő ŕőńãçăěň

^y_ν (σ, p) = ´_sz(σ) = N 2 ( i ctg πσ n − 1 ) , p ∈ 0 : N_ν − 1, σ ∈ 1 : n − 1, ν ∈ 1 : s. Őâňěâĺň, çâő ^y_ν (σ, p) ŋě ğăćĺáĺâ őâ p, ŕőíâőňã áŕěłâà H_g(^y) ïćńïěâáï ŕő őŕàěďěńěŋĺî ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Ěáńĺ ňë őąőğŋăçĺň çěàěğ ^x áĺčŋăń, ĺňěîéĺľ âăłőľ ęě áŕěłâà ć ąăğĺáě Ţăăàă{Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě, âő ć áĺńã âěőàěňë 3.2 ďńï ^x ąãďěň ĺňěâì

^x(j) = rev_s(j), j ∈ 0 : N − 1.

Ŋěŕőáàěďáâćěŋŋő íâőâ àěğãńìâăâ ąëńő ąë ŕőńãçĺâì ŋěńěčłő.

Őąőğŋăçĺň çěàěğ L_N ńĺŋěľŋőě ňŋőęěáâćő ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëå áŕěłâàőć ĺ çěàěğ dim L_N | ěčő àăğňěàŋőáâì. Ŋăŕőňŋĺň, çâő N = n^s.

Šěőàěňă 3.4. Śŕàăćěďńĺćő àăćěŋáâćő

dim L_N = n 2 [ n^{s−1} + ( 2 + n − 1 2 ( 1 + (−1)^s )) n⌊^s �1_2 ⌋ − 1 ] . (3.4)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ s = 1 ĺ s = 2 âěőàěňă ćěàŋă. Ŕãáâì s ≥ 3 ĺ ν ∈ 2 : s − 1. Őąőğŋăçĺň çěàěğ ζ_ν łőńĺçěáâćő âěå p ∈ 0 : n^ν − 1, ďńï łőâőàëå rev_ν (p) = p. Őçěćĺďŋő, çâő ζ_{2k} = n^k, ζ_{2k+1} = n^{k+1}, â. ě. ζ_ν = n^{⌊(ν+1)/2⌋}.

Şáńőćĺï (3.2) á ãçěâőň ğăňěçăŋĺï ł őŕàěďěńěŋĺî ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋőčő áŕěłâàă ňőęŋő ŕěàěŕĺáăâì âăł: h_{s−ν} ( σ, p ) − h_{s−ν} ( σ, rev_ν (p) ) = 0,

p ∈ 0 : n^ν − 1, σ ∈ 1 : n − 1, ν ∈ 2 : s − 1.

İâĺ ãáńőćĺï ŕàěďáâăćńïîâ áőąőľ ńĺŋěľŋãî őďŋőàőďŋãî áĺáâěňã, áőáâőïéãî ĺğ n−1 2 s−1∑ ν=2 (n^ν − ζ_ν ) ãàăćŋěŋĺľ á ńĺŋěľŋő ŋěğăćĺáĺňëňĺ áâàőłăňĺ łőíääĺæĺěŋâőć. Ŕőíâőňã

dim L_N = N − n − 1 2 s−1∑ ν=2 (n^ν − ζ_ν) = n^s − n(n − 1) 2 s−2∑ ν=1 ( n^ν − n^{⌊ν/2⌋} ) . Ŕàĺ s = 2l + 1 ĺňěěň s−2∑ ν=1 n^{⌊ν/2⌋} = l−1∑ k=0 n⌊^{2k+12} ⌋ + l−1∑ k=1 n⌊^{2k2} ⌋ = 2 l−1∑ k=0 n^k − 1 = 2 n^l − 1 n − 1 − 1. Ć íâőň áńãçăě

dim L_N = n^s − n(n − 1) 2 [ n^{s−1} − 1 n − 1 − 1 − ( 2 n^l − 1 n − 1 − 1 )] = = n^s 2 + n^{l+1} − n 2 = n 2 [ n^{s−1} + 2n⌊^s �1_2 ⌋ − 1 ] , çâő áőőâćěâáâćãěâ (3.4).

Ŕàĺ s = 2l + 2 s−2∑ ν=1 n^{⌊ν/2⌋} = 2 n^l − 1 n − 1 − 1 + n^l =

(n + 1)n^l − 2 n − 1 − 1. Ŕőáłőńìłã l = ⌊(s − 1)/2⌋, âő

dim L_N = n 2 [ n^{s−1} + (n + 1)n⌊^s

�1_2 ⌋ − 1 ] , çâő âăłęě áőőâćěâáâćãěâ (3.4).

Šěőàěňă ďőłăğăŋă.

Ć âăąńĺæě ŕàĺćěďěŋë ğŋăçěŋĺï dim L_N ŕàĺ ŋěłőâőàëå n ĺ s.

Š ă ą ń ĺ æ ă n \ s 1 2 3 4 5 6 7 2 2 4 7 13 23 43 79 3 3 9 21 57 147 417 1173 4 4 16 46 166 574 2206 8446 5 5 25 85 385 1685 8185 39685

Ńĺâěàăâãàă 1. Ďăčňăŋ İ. Ě., Łãåăàěć Č. Ă. Ąëáâàëě ďĺáłàěâŋëě őàâőčőŋăńìŋëě ŕàěőąàăğőćăŋĺï.

Ŋőćőáĺąĺàáł: Ŋăãłă, 1983. 232 á.

2. Ňăńőğěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áćïğăŋŋëě á ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă // İńěłâàőŋŋëľ ăàåĺć ŕàěŕàĺŋâőć Ś.-Ŕěâěàąãàčáłőčő ňăâ. őąéěáâćă. Ŕàěŕàĺŋâ ò 1999-21.

http://www.mathsoc.spb.ru/preprint/1999/index.html#21

3. Malozemov V. N., Masharsky S. M. Haar spectra of discrete signals. In: Tools for Math.

Modelling. The Second International Conf. June 14{19, 1999. Abstracts. St. Petersburg, 1999. P. 86{87.

4. Ňăńőğěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Śàăćŋĺâěńìŋőě ĺğãçěŋĺě ďćãå ćěľćńěâŋëå ąăğĺáőć // Ŕàőąńěňë ŕěàěďăçĺ ĺŋäőàňăæĺĺ. 2000. Š. 36. Ćëŕ. 2. Ś. 27{37.

5. Ňăńőğěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Ţăăàőćáłĺě áŕěłâàë ďĺáłàěâŋëå áćěàâőł // Ęãàŋ. ćëçĺáń. ňăâ. ĺ ňăâěň. äĺğ. 2000. Š. 40. ò 6. Ś. 954{960.

6. Ňăèăàáłĺľ Ś. Ň. Śćěàâłă ĺ łőààěńïæĺï ďĺáłàěâŋëå áĺčŋăńőć ć ąăğĺáăå Ţăăàă{ Łàěáâěŋáőŋă // İńěłâàőŋŋëľ ăàåĺć ŕàěŕàĺŋâőć Ś.-Ŕěâěàąãàčáłőčő ňăâ. őąéěáâćă. Ŕàěŕàĺŋâ ò 2000-09. http://www.mathsoc.spb.ru/preprint/2000/index.html#09