SPb. Math. Society Preprint 2000-12 05 Sep 2000; revised 25 Nov 2000

ŞĎŁ 621.391 : 519.72

Ć. Ŋ. Ňăńőğ-ěňőć, Ś. Ň. Ňăèăàáłĺľ, Ł. đ. Űćěâłőć ŚĹČŊĂŃ ŤŘİŊŁĂ Ĺ ĚČŐ ŐĄŐĄŹĚŊĹ§^1

Ŋă őáŋőćě áĺčŋăńă Ťàíŋłă ŕőáâàőěŋë ďćă ąěáłőŋěçŋëå ňŋőęěáâćă áĺčŋăńőć, æĺłńĺçěáłĺě ĺńĺ n-ĺçŋëě áďćĺčĺ łőâőàëå őąàăğãîâ őàâőčőŋăńìŋëě ąăğĺáë. Šăłĺě ąăğĺáë ňőčãâ íääěłâĺćŋő ĺáŕőńìğőćăâìáï ŕàĺ ŕàőěłâĺàőćăŋĺĺ áĺáâěň èĺàőłőŕőńőáŋőľ áćïğĺ á łőďőćëň ňŋőęěáâćěŋŋëň ďőáâãŕőň, łőčďă ąăğĺáŋëě áĺčŋăńë ąěàãâáï ć łăçěáâćě ŕěàěŋőáçĺłőć ĺŋäőàňăæĺĺ.

§1. Ććěďěŋĺě

Ćőğìňěň ňăâàĺæã Ťãàìě ŕőàïďłă n. Ěáńĺ ğăŕĺáăâì ŕőáńěďőćăâěńìŋő áâàőłĺ íâőľ ňăâàĺæë ć ćĺďě őďŋőňěàŋőčő ňăááĺćă ďńĺŋőľ N = n^2, âő ŕőńãçĺň áĺčŋăń Ťàíŋłă ŋă őáŋőćŋőň ŕěàĺőďě [1]. Śĺčŋăń Ťàíŋłă őąńăďăěâ áńěďãîéĺňĺ áćőľáâćăňĺ:

1. Ćáě ěčő őâáçěâë ŕő ňőďãńî àăćŋë ňěęďã áőąőľ.

2. Űĺłńĺçěáłĺě áďćĺčĺ íâőčő áĺčŋăńă őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć.

Ć ďăŋŋőľ áâăâìě ŋă őáŋőćě áĺčŋăńă Ťàíŋłă áâàőïâáï ďćă ąěáłőŋěçŋëå ňŋőęěáâćă áĺčŋăńőć V_1 ĺ V_2. Śĺčŋăńë ĺğ V_1 őąńăďăîâ áćőľáâćăňĺ 1, 2 áĺčŋăńă Ťàíŋłă. Ďńï áĺčŋăńőć ĺğ V_2 áőåàăŋïěâáï áćőľáâćő 1, ă áćőľáâćő 2 ŕàĺŋĺňăěâ âăłőľ ćĺď:

2^′. n-ĺçŋëě áďćĺčĺ áĺčŋăńőć ĺğ V_2 őąàăğãîâ őàâőčőŋăńìŋëě ąăğĺáë. Őâŋőáĺâěńìŋő áĺčŋăńă Ťàíŋłă ãáâăŋăćńĺćăěâáï, çâő ŋě âőńìłő ěčő æĺłńĺçěáłĺě áďćĺčĺ, ŋő ĺ n-ĺçŋëě áďćĺčĺ őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá. Ďőłăğëćăěâáï, çâő íâĺ ďćă ąăğĺáă ĺňěîâ àőćŋő 2n őąéĺå íńěňěŋâőć.

Ŕőáâőïŋŋő ąãďãâ ĺáŕőńìğőćăâìáï áâăŋďăàâŋëě őąőğŋăçěŋĺï: Z| ňŋőęěáâćő æěńëå çĺáěń, ⌊α⌋ | æěńăï çăáâì çĺáńă α, ⟨k⟩_n := k − ⌊k/n⌋ n | őáâăâőł őâ ďěńěŋĺï æěńőčő çĺáńă k ŋă ŋăâãàăńìŋőě n.

§2. Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï

Őąőğŋăçĺň çěàěğ C_N ńĺŋěľŋőě ŕàőáâàăŋáâćő łőňŕńěłáŋőğŋăçŋëå N-ŕěàĺőďĺçěá-łĺå ŕőáńěďőćăâěńìŋőáâěľ x = {x(j)}, j ∈ Z. İńěňěŋâë ŕàőáâàăŋáâćă C_N ŋăğëćăîâáï áĺčŋăńăňĺ. Ŋăň ŕőâàěąãěâáï ěďĺŋĺçŋëľ N-ŕěàĺőďĺçěáłĺľ ĺňŕãńìá | áĺčŋăń δ_N (j), àăćŋëľ ěďĺŋĺæě, łőčďă j ďěńĺâáï ŋă N, ĺ àăćŋëľ ŋãńî ŕàĺ őáâăńìŋëå j ∈ Z. Őçěćĺďŋő, çâő δ_N | çěâŋëľ áĺčŋăń, â. ě. δ_N (−j) = δ_N (j) ŕàĺ ćáěå j ∈ Z.

Ć C N őąëçŋëň áŕőáőąőň ććőďïâáï áłăńïàŋőě ŕàőĺğćěďěŋĺě ĺ ŋőàňă: ⟨x, y⟩ = N−1∑ j=0 x(j) y(j), ‖x‖ = ⟨x, x⟩^{1/2}. Śĺčŋăńã x áőŕőáâăćĺň ăćâőłőààěńïæĺőŋŋãî ŕőáńěďőćăâěńìŋőáâì

R_x(k) = N−1∑ j=0 x(j + k) x(j). 1Řăąőâă ćëŕőńŋěŋă ŕàĺ çăáâĺçŋőľ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŋőňěà ŕàőěłâă 99-01-00747).

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 1. Śĺáâěňă áďćĺčőć {x(· − k)}^{N−1}_{k=0} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć C_N âőčďă ĺ âőńìłő âőčďă, łőčďă R_x(k) = δ_N (k) ŕàĺ k = 0, 1, . . . , N − 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ć áĺńã N-ŕěàĺőďĺçŋőáâĺ ĺňěěň

R_x(k) = N−1∑ j=0 x ( j − ⟨N − k⟩_N ) x(j) = ⟨ x ( · −⟨N − k⟩_N ) , x ⟩ , ŕőíâőňã ãáńőćĺě R_x(k) = δ_N (k) ≡ δ_N ( ⟨N − k⟩_N ) àăćŋőáĺńìŋő âőňã, çâő ⟨x(· − l), x⟩ = δ_N (l) ŕàĺ l = 0, 1, . . . , N − 1. (2.1) Ćňěáâě á âěň, ŕàĺ k, k^′ ∈ {0, 1, . . . , N − 1} ⟨x(· − k), x(· − k^′)⟩ = N−1∑ j=0 x ( (j − k^′) − (k − k^′) ) x(j − k^′) =

= N−1∑ j0_{=0} x ( j^′ − (k − k^′) ) x(j^′) = ⟨ x ( · −⟨k − k^′⟩_N ) , x ⟩ , âăł çâő ãáńőćĺě őàâőŋőàňĺàőćăŋŋőáâĺ ⟨x(· − k), x(· − k^′)⟩ = δ_N (k − k^′) ≡ δ_N ( ⟨k − k^′⟩_N ) áćőďĺâáï ł âăłőňã ãáńőćĺî ⟨ x ( · −⟨k − k^′⟩_N ) , x ⟩ = δ_N ( ⟨k − k^′⟩_N ) , łőâőàőě ć áćőî őçěàěďì àăćŋőáĺńìŋő (2.1).

Ŕàĺåőďĺň ł ćëćőďã, çâő áĺáâěňă áďćĺčőć {x(· − k)}^{N−1}_{k=0} ïćńïěâáï őàâőŋőàňĺàőćăŋŋőľ âőčďă ĺ âőńìłő âőčďă, łőčďă R_x = δ_N . Őáâăěâáï őâňěâĺâì, çâő łőńĺçěáâćő áĺčŋăńőć ć ãłăğăŋŋőľ áĺáâěňě áőćŕăďăěâ á àăğňěàŋőáâìî ŕàőáâàăŋáâćă C_N . N

Őąőğŋăçĺň çěàěğ F_N : C_N → C_N ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ťãàìě (ĎŔŤ). Ŕő őŕàěďěńěŋĺî áĺčŋăń X = F_N (x) ĺňěěâ łőňŕőŋěŋâë X(k) = N−1∑ j=0 x(j) ω^{−kj}_N , k ∈ Z, čďě ω_N = exp(2πi/N) | łőàěŋì N-ľ áâěŕěŋĺ ĺğ ěďĺŋĺæë.

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 2. Śĺčŋăń x ŕőàőęďăěâ ć C_N őàâőŋőàňĺàőćăŋŋëľ ąăğĺá {x(· − k)}^{N−1}_{k=0} ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă |X(k)| = 1 ŕàĺ k = 0, 1, . . . , N − 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕő âěőàěňě Ćĺŋěàă{Ţĺŋçĺŋă

[F_N (R_x)](k) = |X(k)|^2, k ∈ Z. (2.2)

Ěáńĺ áĺáâěňă áďćĺčőć {x(· − k)}^{N−1}_{k=0} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć C_N , âő áőčńăáŋő ŕàěďńőęěŋĺî 1 R_x = δ_N . Ć áĺńã (2.2) ŕőńãçăěň

|X(k)|^2 = [F_N (δ_N )](k) ≡ 1,

âăł çâő |X(k)| = 1 ŕàĺ k = 0, 1, . . . , N − 1.

Ŋăőąőàőâ, ŕãáâì |X(k)| = 1 ŕàĺ k = 0, 1, . . . , N −1. Śőčńăáŋő (2.2) [F_N (R_x)](k) ≡ 1. Ŕő äőàňãńě őąàăéěŋĺï ďńï ĎŔŤ ĺňěěň

R_x(j) = 1 N N−1∑ k=0 ω^{kj}_N = δ_N (j). Őáâăěâáï áŋőćă áőáńăâìáï ŋă ŕàěďńőęěŋĺě 1. N

§3. Ŕěàćőě őąőąéěŋĺě áĺčŋăńă Ťàíŋłă

Őąőğŋăçĺň çěàěğ F_n ňăâàĺæã Ťãàìě ŕőàïďłă n ≥ 2 á íńěňěŋâăňĺ F_n[j_1, j_0] = ω^{j1j0}_n , j_0, j_1 = 0, 1, . . . , n − 1. Śĺčŋăń Ťàíŋłă E(j) ĺňěěâ ŕěàĺőď ďńĺŋőľ N = n^2 ĺ ŋă őáŋőćŋőň ŕěàĺőďě {0, 1, . . . , N − 1} őŕàěďěńïěâáï äőàňãńőľ

E(j_1n + j_0) = F_n[j_1, j_0], j_0, j_1 = 0, 1, . . . , n − 1. (3.1)

Ććěďěň ňăâàĺæã H_n á íńěňěŋâăňĺ

H_n[j_1, j_0] = 1 n b(j_0) F_n[⟨j_1 + p(j_0)⟩_n, π(j_0)], j_0, j_1 = 0, 1, . . . , n − 1. (3.2)

Ğďěáì b(j_0) | łőňŕńěłáŋëě łőíääĺæĺěŋâë, p(j_0) ∈ {0, 1, . . . , n − 1} ĺ π | ŋěłőâőàăï ŕěàěáâăŋőćłă çĺáěń 0, 1, . . . , n − 1. Őąőąéěŋŋëľ áĺčŋăń Ťàíŋłă ψ, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ, ŋă őáŋőćŋőň ŕěàĺőďě őŕàěďěńĺň âăł:

ψ(j_1n + j_0) = H_n[j_1, j_0], j_0, j_1 = 0, 1, . . . , n − 1. (3.3)

Ŕěàěáâăŋőćłă áâőńąæőć π ňăâàĺæë F_n ĺ æĺłńĺçěáłĺě ŕěàěáâăŋőćłĺ j_1 → ⟨j_1 + p(j_0)⟩_n ćŋãâàĺ áâőńąæőć á ĺŋďěłáăňĺ π(j_0) ąëńĺ ććěďěŋë Ţăľňĺńńěàőň [2]. Ŕàĺ p(j_0) ≡ 0 ĺ π(j_0) ≡ j_0 áĺčŋăń ψ ĺğãçăńáï ć [3]. Ňë ĺááńěďãěň ŋăĺąőńěě ŕőńŋőě őąőąéěŋĺě áĺčŋăńă Ťàíŋłă ĺ ďăěň áãéěáâćěŋŋő ąőńěě ŕàőáâëě, çěň ć [3], ďőłăğăâěńìáâćă áćőľáâć áĺčŋăńă ψ.

Śőčńăáŋő (3.2) H_n[j_1, j_0] = 1 n b(j_0) ω^{(j1+p(j0))π(j0)} n . Őąőğŋăçĺň B(j_0) = b(j_0) ω^{p(j0)π(j0)}n . Šőčďă

H_n[j_1, j_0] = 1 n B(j_0) ω^{j1π(j0)} n . (3.4) Ń ě ň ň ă 1. Ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ťãàìě ¯ = F_N (ψ) áĺčŋăńă ψ ĺňěěâ łőňŕőŋěŋâë ¯(k) = B ( π^{−1}(⟨k⟩_n) ) ω^{−kπ} �1_{(⟨k⟩n)} N , k ∈ Z. (3.5)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋă őáŋőćăŋĺĺ (3.3) ĺ (3.4) ŕőńãçăěň

¯(k) := N−1∑ j=0 ψ(j) ω^{−kj}_N = n−1∑ j0,j1=0 ψ(j_1n + j_0) ω^{−k(j1n+j0)} N =

= 1 n n−1∑ j0,j1=0 B(j_0) ω^{j1[π(j0)−k]} n ω^{−kj0}_N = n−1∑ j0=0 B(j_0) ω^{−kj0}_N δ_n ( π(j_0) − ⟨k⟩_n ) = = B ( π^{−1}(⟨k⟩_n) ) ω^{−kπ} �1_{(⟨k⟩n)} N . N Š ě ő à ě ň ă 1. Ďńï âőčő çâőąë áĺčŋăń ψ ćĺďă (3.3) ŕőàőęďăń őàâőŋőàňĺàőćăŋŋëľ ąăğĺá {ψ(·−k)}^{N−1}_{k=0} ć ŕàőáâàăŋáâćě C_N , ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë |b(j_0)| = 1 ŕàĺ j_0 = 0, 1, . . . , n − 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ć áĺńã (3.5) |¯(k)| = | B ( π^{−1}(⟨k⟩_n) )| = | b ( π^{−1}(⟨k⟩_n) )| ŕàĺ k = 0, 1, . . . , N − 1. Šěŕěàì ğăłńîçěŋĺě âěőàěňë áńěďãěâ ĺğ ŕàěďńőęěŋĺï 2. N

Ňŋőęěáâćő őąőąéěŋŋëå áĺčŋăńőć Ťàíŋłă ψ ćĺďă (3.3), ã łőâőàëå ćáě łőíääĺæĺěŋâë b(j_0) ŕő ňőďãńî àăćŋë ěďĺŋĺæě, ćő ććěďěŋĺĺ ąëńő őąőğŋăçěŋő çěàěğ V_1.

§4. Ŕőàăğàïďŋăï ăàĺäňěâĺłă

Ŕő-ŕàěęŋěňã áçĺâăěň, çâő N = n^2. Ć ŕőàăğàïďŋőľ ăàĺäňěâĺłě őŕěàĺàãîâ á çĺáńăňĺ ĺğ ňŋőęěáâćă {0, 1, . . . , N − 1}. Ćőğìňěň ďćă çĺáńă j, k ĺğ íâőčő ňŋőęěáâćă ĺ ŕàěďáâăćĺň ĺå ć ćĺďě j = j_1n + j_0, k = k_1n + k_0, čďě j_0, j_1, k_0, k_1 ŕàĺŋăďńěęăâ {0, 1, . . . , n − 1}. Ŕőàăğàïďŋăï áãňňă j ⊕_n k ĺ ŕőàăğàïďŋăï àăğŋőáâì j ⊖_n k çĺáěń j ĺ k őŕàěďěńïîâáï âăł:

j ⊕_n k = ⟨j_1 + k_1⟩_nn + ⟨j_0 + k_0⟩_n, j ⊖_n k = ⟨j_1 − k_1⟩_nn + ⟨j_0 − k_0⟩_n.

Ůĺáńő j^∗ = ⟨−j_1⟩_nn + ⟨−j_0⟩_n ŋăğëćăěâáï n-ĺçŋő ŕàőâĺćőŕőńőęŋëň çĺáńã j. Őçěćĺďŋő, çâő j ⊕_n j^∗ = 0.

Ŕàĺćěďěň ŋěłőâőàëě áćőľáâćă ŕőàăğàïďŋőčő áńőęěŋĺï ĺ ćëçĺâăŋĺï, łőâőàëě ŕőâàěąãîâáï ć ďăńìŋěľèěň.

(1) j ⊖_n k = j ⊕_n k^∗;

(2) (j ⊖_n k) ⊕_n k = j, (j ⊕_n k) ⊖_n k = j;

(3) (j ⊖_n k) ⊖_n (l ⊖_n k) = j ⊖_n l;

(4) j ⊖_n k = 0 âőčďă ĺ âőńìłő âőčďă, łőčďă j = k;

(5) δ_N (j ⊖_n k) = δ_N (j − k).

Ŕàőćěàĺň, ŋăŕàĺňěà, áćőľáâćő (3). Ĺňěěň

(j ⊖_n k) ⊖_n (l ⊖_n k) = ⟨ ⟨j_1 − k_1⟩_n − ⟨l_1 − k_1⟩_n ⟩ nn + ⟨ ⟨j_0 − k_0⟩_n − ⟨l_0 − k_0⟩_n ⟩ n =

= ⟨j_1 − l_1⟩_nn + ⟨j_0 − l_0⟩_n = j ⊖_n l.

Śćőľáâćő (2) áńěďãěâ ĺğ (1), (4) | ĺğ (2), (5) | ĺğ (4).

Őâňěâĺň, çâő őâőąàăęěŋĺï j → j^∗ ĺ j → j ⊖_n k ŕàĺ äĺłáĺàőćăŋŋőň k ïćńïîâáï ŕěàěáâăŋőćłăňĺ çĺáěń 0, 1, . . . , N − 1.

§5. Ćâőàőě őąőąéěŋĺě áĺčŋăńă Ťàíŋłă

Ćáě áĺčŋăńë ć íâőň ŕăàăčàăäě ąãďěň àăááňăâàĺćăâì ŋă őáŋőćŋőň ŕěàĺőďě {0, 1, . . . , N − 1}. Śĺčŋăńã x áőŕőáâăćĺň ěéě őďŋã ăćâőłőààěńïæĺőŋŋãî ŕőáńěďőćăâěńìŋőáâì [4]

R^{(1)}_x (k) = N−1∑ j=0 x(j ⊕_n k) x(j), k = 0, 1, . . . , N − 1.

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 3. Śĺáâěňă n-ĺçŋëå áďćĺčőć {x(· ⊖_n k)}^{N−1}_{k=0} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć C_N âőčďă ĺ âőńìłő âőčďă, łőčďă R^{(1)}x (k) = δ_N (k) ŕàĺ k = 0, 1, . . . , N − 1. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺňěěň

R^{(1)}_x (k) = N−1∑ j=0 x(j ⊖_n k^∗) x(j) = ⟨x(· ⊖_n k^∗), x⟩, ŕőíâőňã ãáńőćĺě R^{(1)}x (k) = δ_N (k) ≡ δ_N (k^∗) àăćŋőáĺńìŋő âőňã, çâő ⟨x(· ⊖_n l), x⟩ = δ_N (l) ŕàĺ l = 0, 1, . . . , N − 1. (5.1) Ďăńěě, ŕàĺ k, k^′ ∈ {0, 1, . . . , N − 1} ⟨x(· ⊖_n k), x(· ⊖_n k^′)⟩ = N−1∑ j=0 x ( (j ⊖_n k^′) ⊖_n (k ⊖_n k^′) ) x(j ⊖_n k^′) =

= N−1∑ j0_{=0} x ( j^′ ⊖_n (k ⊖_n k^′) ) x(j^′) = ⟨ x ( · ⊖_n (k ⊖_n k^′) ) , x ⟩ , âăł çâő ãáńőćĺě őàâőŋőàňĺàőćăŋŋőáâĺ ⟨x(· ⊖_n k), x(· ⊖_n k^′)⟩ = δ_N (k − k^′) ≡ δ_N (k ⊖_n k^′) áćőďĺâáï ł âăłőňã ãáńőćĺî ⟨ x ( · ⊖_n (k ⊖_n k^′) ) , x ⟩ = δ_N (k ⊖_n k^′),

łőâőàőě ć áćőî őçěàěďì àăćŋőáĺńìŋő (5.1).

Ŕàĺåőďĺň ł ćëćőďã, çâő áĺáâěňă n-ĺçŋëå áďćĺčőć {x(· ⊖_n k)}^{N−1}_{k=0} ïćńïěâáï őàâőŋőàňĺàőćăŋŋőľ âőčďă ĺ âőńìłő âőčďă, łőčďă R^{(1)}x (k) = δ_N (k) ŕàĺ k = 0, 1, . . . , N − 1.

Őáâăěâáï őâňěâĺâì, çâő łőńĺçěáâćő áĺčŋăńőć ć ãłăğăŋŋőľ áĺáâěňě áőćŕăďăěâ á àăğňěàŋőáâìî ŕàőáâàăŋáâćă C_N . N

Řăááňőâàĺň ŕàĺ N = n^2 ďĺáłàěâŋëě äãŋłæĺĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă [4, 5]: v_k(j) = ω^{k1j1+k0j0} n . (5.2) Ğďěáì j = j_1n + j_0, k = k_1n + k_0. Őâňěâĺň, çâő 1 N N−1∑ k=0 v_k(j) = δ_N (j), j = 0, 1, . . . N − 1. (5.3)

Ďěľáâćĺâěńìŋő, N−1∑ k=0 v_k(j) = n−1∑ k1=0 n−1∑ k0=0 ω^{k1j1+k0j0} n = n−1∑ k1=0 ω^{k1j1}_n n−1∑ k0=0

ω^{k0j0}_n =

= n^2δ_n(j_1)δ_n(j_0) = Nδ_N (j).

Śĺčŋăńë v_0, v_1, . . . , v_{N−1} őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć ŕàőáâàăŋáâćě C_N ĺ ‖v_k‖ = n ŕàĺ ćáěå k = 0, 1, . . . , N − 1.

Őąőğŋăçĺň çěàěğ W_N : C_N → C_N ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă (ĎŔĆŁ). Ŕő őŕàěďěńěŋĺî áĺčŋăń Y = W_N (x) ĺňěěâ łőňŕőŋěŋâë

Y (k) = N−1∑ j=0 x(j) v_k(j), k = 0, 1, . . . , N − 1.

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 4. Śĺčŋăń x ŕőàőęďăěâ ć C_N őàâőŋőàňĺàőćăŋŋëľ ąăğĺá {x(· ⊖_n k)}^{N−1}_{k=0} ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă |Y (k)| = 1 ŕàĺ k = 0, 1, . . . , N − 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ćőáŕőńìğãěňáï âěőàěňőľ Ćĺŋěàă{Ţĺŋçĺŋă ć ąăğĺáě (5.2) [4, á. 108]:

[W_N (R^{(1)}_x )](k) = |Y (k)|^2, k = 0, 1, . . . , N − 1. (5.4) Ěáńĺ áĺáâěňă áďćĺčőć {x(· ⊖_n k)}^{N−1}_{k=0} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć C_N , âő áőčńăáŋő ŕàěďńőęěŋĺî 3 R^{(1)}x = δ_N . Ć áĺńã (5.4) |Y (k)|^2 = [W_N (δ_N )](k) ≡ 1, âăł çâő |Y (k)| = 1 ŕàĺ k = 0, 1, . . . , N − 1.

Ŋăőąőàőâ, ŕãáâì |Y (k)| = 1 ŕàĺ k = 0, 1, . . . , N −1. Śőčńăáŋő (5.4) [W_N (R^{(1)}x )](k) ≡ 1. Ŕő äőàňãńě őąàăéěŋĺï ďńï ĎŔĆŁ ĺ (5.3) ĺňěěň

R^{(1)}_x (j) = 1 N N−1∑ k=0 v_k(j) = δ_N (j), j = 0, 1, . . . , N − 1. Őáâăěâáï áŋőćă áőáńăâìáï ŋă ŕàěďńőęěŋĺě 3. N

Ććěďěň ňăâàĺæã G_n á íńěňěŋâăňĺ

G_n[j_1, j_0] = 1 n a(j_1) F_n[π(j_1), ⟨j_0 + p(j_1)⟩_n], j_0, j_1 = 0, 1, . . . , n − 1. (5.5)

Ğďěáì a(j_1) | łőňŕńěłáŋëě łőíääĺæĺěŋâë, p(j_1) ∈ {0, 1, . . . , n − 1} ĺ π | ŋěłőâőàăï ŕěàěáâăŋőćłă çĺáěń 0, 1, . . . , n − 1. Őąőąéěŋŋëľ áĺčŋăń Ťàíŋłă φ, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě, ŋă őáŋőćŋőň ŕěàĺőďě őŕàěďěńĺň âăł:

φ(j_1n + j_0) = G_n[j_1, j_0], j_0, j_1 = 0, 1, . . . , n − 1. (5.6)

Śőčńăáŋő (5.5)

G_n[j_1, j_0] = 1 n a(j_1) ω^{π(j1)(j0+p(j1))} n . Őąőğŋăçĺň A(j_1) = a(j_1) ω^{π(j1)p(j1)}n . Šőčďă

G_n[j_1, j_0] = 1 n A(j_1) ω^{π(j1)j0} n . (5.7) Ń ě ň ň ă 2. Ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă P = W_N (φ) áĺčŋăńă φ ĺňěěâ łőňŕőŋěŋâë P (k) = A ( π^{−1}(k_0) ) ω^{−k1π} �1_{(k0)} n , k = 0, 1, . . . , N − 1, (5.8) čďě k = k_1n + k_0.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋă őáŋőćăŋĺĺ (5.6) ĺ (5.7) ŕőńãçăěň

P (k) = N−1∑ j=0 φ(j) v_k(j) = 1 n n−1∑ j1,j0=0 A(j_1) ω^{π(j1)j0−k1j1−k0j0} n =

= n−1∑ j1=0

A(j_1) ω^{−k1j1}_n δ_n ( π(j_1) − k_0 ) = A ( π^{−1}(k_0) ) ω^{−k1π} �1_{(k0)} n . N Š ě ő à ě ň ă 2. Ďńï âőčő çâőąë áĺčŋăń φ ćĺďă (5.6) ŕőàőęďăń őàâőŋőàňĺàőćăŋŋëľ ąăğĺá {φ(· ⊖_n k)}^{N−1}_{k=0} ć ŕàőáâàăŋáâćě C_N , ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë |a(j_1)| = 1 ŕàĺ j_1 = 0, 1, . . . , n − 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ć áĺńã (5.8) |P (k)| = | A ( π^{−1}(k_0) )| = | a ( π^{−1}(k_0) )| ŕàĺ k = 0, 1, . . . , N − 1. Šěŕěàì ğăłńîçěŋĺě âěőàěňë áńěďãěâ ĺğ ŕàěďńőęěŋĺï 4. N

Ňŋőęěáâćő őąőąéěŋŋëå áĺčŋăńőć Ťàíŋłă φ ćĺďă (5.6), ã łőâőàëå ćáě łőíääĺæĺěŋâë a(j_1) ŕő ňőďãńî àăćŋë ěďĺŋĺæě, ćő ććěďěŋĺĺ ąëńő őąőğŋăçěŋő çěàěğ V_2.

Ćëïáŋĺň, ŕőçěňã æĺłńĺçěáłĺě áďćĺčĺ {φ(·−k)}^{N−1}_{k=0} áĺčŋăńă φ ĺğ V_2 ŋě őąàăğãîâ, ćőőąéě čőćőàï, őàâőŋőàňĺàőćăŋŋëľ ąăğĺá.

Ń ě ň ň ă 3. Ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ťãàìě ˘ = F_N (φ) áĺčŋăńă φ ĺňěěâ łőňŕőŋěŋâë ˘(k_1n) = A ( π^{−1}(k_1) ) , k_1 = 0, 1, . . . , n − 1;

˘(k) = 1 − ω^{−k}_n n n−1∑ j1=0

A(j_1) ω^{−kj1}_n 1 − ω^{π(j1)}n ω^{−k}_N , ěáńĺ k ŋě ďěńĺâáï ŋă n.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Şçĺâëćăï (5.6) ĺ (5.7), ğăŕĺèěň

˘(k) = N−1∑ j=0 φ(j) ω^{−kj}_N = n−1∑ j1,j0=0 G_n[j_1, j_0] ω^{−k(j1n+j0)} N =

= 1 n n−1∑ j1=0 A(j_1) ω^{−kj1}_n n−1∑ j0=0 ω^{π(j1)j0} n ω^{−kj0}_N . Ěáńĺ k = k_1n ŕàĺ ŋěłőâőàőň k_1 ∈ {0, 1, . . . , n − 1}, âő

˘(k_1n) = n−1∑ j1=0

A(j_1) δ_n ( π(j_1) − k_1 ) = A ( π^{−1}(k_1) ) . Ŕãáâì k ŋě ďěńĺâáï ŋă n. Ć íâőň áńãçăě

˘(k) = 1 n n−1∑ j1=0 A(j_1) ω^{−kj1}_n n−1∑ j0=0 ω^{j0[nπ(j1)−k]} N =

= 1 n n−1∑ j1=0

A(j_1) ω^{−kj1}_n 1 − ω^{nπ(j1)−k} n 1 − ω^{nπ(j1)−k} N = 1 − ω^{−kn} n n−1∑ j1=0

A(j_1) ω^{−kj1}_n 1 − ω^{π(j1)}n ω^{−k}_N . N Ńěňňă 3 ŕőłăğëćăěâ, çâő őąěáŕěçĺâì ćëŕőńŋěŋĺě ãáńőćĺï |˘(k)| ≡ 1 ğă áçěâ ćëąőàă łőíääĺæĺěŋâőć a(j_1) ŋěŕàőáâő.

§6. Űĺłńĺçěáłĺě ĺ n-ĺçŋëě áďćĺčĺ áĺčŋăńă Ťàíŋłă

Śőčńăáŋő âěőàěňăň 1 ĺ 2 áĺáâěňë áĺčŋăńőć { n^{−1}E(j − k) }_{N−1} k=0 ĺ { n^{−1}E(j ⊖_n k) }_{N−1} k=0 , čďě E | áĺčŋăń Ťàíŋłă, őŕàěďěńïěňëľ äőàňãńőľ (3.1), őąàăğãîâ őàâőŋőàňĺàőćăŋŋëě ąăğĺáë ć ŕàőáâàăŋáâćě C_N . Ŕàĺ k = 0 íâĺ áĺáâěňë ĺňěîâ őąéĺľ íńěňěŋâ n^{−1}E(j). Ćőğŋĺłăěâ ćőŕàőá, áłőńìłő ćáěčő őąéĺå íńěňěŋâőć ć íâĺå áĺáâěňăå. Ďàãčĺňĺ áńőćăňĺ, áłőńìłő ŋăľďěâáï ŕăà (k, q), âăłĺå, çâő E(j − k) = E(j ⊖_n q) ∀j = 0, 1, . . . , N − 1 ? (6.1) Ŋă íâőâ ćőŕàőá ňőęŋő ďăâì ŕőńŋëľ őâćěâ.

Š ě ő à ě ň ă 3. Śãéěáâćãěâ àőćŋő 2n ŕăà (k, q), ŕàĺ łőâőàëå ćëŕőńŋïěâáï áőőâŋőèěŋĺě (6.1). Ă ĺňěŋŋő, k = q = sn, s = 0, 1, . . . , n − 1; k = (s + 1)n − 1, q = ⟨s + 1⟩_nn + n − 1, s = 0, 1, . . . , n − 1. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì j = j_1n + j_0, k = k_1n + k_0, q = q_1n + q_0, čďě j_0, j_1, k_0, k_1, q_0, q_1 ŕàĺŋăďńěęăâ ňŋőęěáâćã {0, 1, . . . , n − 1}. Ŕő őŕàěďěńěŋĺî áĺčŋăńă Ťàíŋłă E(j − k) = E ( (j_1 − k_1)n + (j_0 − k_0) ) = E (⟨ j_1 − k_1 + ⌊_{j0−k0} n ⌋⟩ nn + ⟨j_0 − k_0⟩_n ) = = ω^{(j1−k1+⌊(j0−k0)/n⌋)(j0−k0)} n , E(j ⊖_n q) = E(⟨j_1 − q_1⟩_nn + ⟨j_0 − q_0⟩_n) = ω^{(j1−q1)(j0−q0)} n . Ğŋăçĺâ, áőőâŋőèěŋĺě (6.1) àăćŋőáĺńìŋő áĺáâěňě ŋěńĺŋěľŋëå áàăćŋěŋĺľ ( j_1 − k_1 + ⌊_{j0−k0} n ⌋) (j_0 − k_0) ≡ (j_1 − q_1)(j_0 − q_0) mod n, (6.2)

áőőâćěâáâćãîéĺå àăğńĺçŋëň j_0, j_1 ĺğ {0, 1, . . . , n − 1}. Ŋěĺğćěáâŋëňĺ ğďěáì ïćńïîâáï k_0, k_1, q_0, q_1 ĺ ĺå ŋãęŋő ĺáłăâì ŋă ňŋőęěáâćě {0, 1, . . . , n − 1}. Şďĺćĺâěńìŋő, ŋő áĺáâěňă (6.2) ňőęěâ ąëâì àěèěŋă.

Ďőŕãáâĺň, çâő áĺáâěňă (6.2) ĺňěěâ àěèěŋĺě. Šőčďă ŕàĺ j_0 = k_0 ďőńęŋő ąëâì

(j_1 − q_1)(k_0 − q_0) ≡ 0 mod n ∀j_1 = 0, 1, . . . , n − 1.

Ć çăáâŋőáâĺ, ŕàĺ j_1 = ⟨q_1 + 1⟩_n ŕőńãçăěň k_0 ≡ q_0 mod n, ă ŕőáłőńìłã k_0, q_0 ∈ {0, 1, . . . , n − 1}, âő ŋěőąåőďĺňő k_0 = q_0.

Ŕàĺ k_0 = q_0 áĺáâěňă (6.2) ŕěàěŕĺèěâáï âăł: ( q_1 − k_1 + ⌊_{j0−k0} n ⌋) (j_0 − k_0) ≡ 0 mod n ∀j_0 = 0, 1, . . . , n − 1. (6.3)

Řăááňőâàĺň âàĺ áńãçăï.

1) k_0 = 0. Ŕàĺ j_0 = 1 áőčńăáŋő (6.3) ĺňěěň q_1 ≡ k_1 mod n, âăł çâő q_1 = k_1. Ŋěâàãďŋő ŕàőćěàĺâì, çâő ŕàĺ k_0 = 0, k_1 = q_1 = s, s ∈ {0, 1, . . . , n − 1}, áĺáâěňă áàăćŋěŋĺľ (6.3) ćëŕőńŋïěâáï ďńï ćáěå j_0 = 0, 1, . . . , n − 1 (ŕěàćăï áłőąłă ć ńěćőľ çăáâĺ őąàăéăěâáï ć ŋőńì).

2) k_0 = n − 1. Ŕàĺ j_0 = 0 áőčńăáŋő (6.3) ĺňěěň q_1 ≡ k_1 + 1 mod n, őâłãďă áńěďãěâ, çâő q_1 = ⟨k_1 + 1⟩_n. Ŕàĺ k_0 = n − 1, k_1 = s, q_1 = ⟨s + 1⟩_n, s ∈ {0, 1, . . . , n − 1}, áĺáâěňă (6.3) ŕàĺŋĺňăěâ ćĺď ⌊(j_0 + 1)/n⌋(j_0 + 1) ≡ 0 mod n. Ŕőáńěďŋěě áàăćŋěŋĺě ćëŕőńŋïěâáï ŕàĺ j_0 ∈ {0, 1, . . . , n − 2} ğă áçěâ ŕěàćőčő áőňŋőęĺâěńï ć ńěćőľ çăáâĺ, ă ŕàĺ j_0 = n − 1 | ğă áçěâ ćâőàőčő áőňŋőęĺâěńï.

3) k_0 ∈ {1, . . . , n − 2}. Ŕàĺ j_0 = k_0 + 1 ĺ j_0 = k_0 − 1 áőčńăáŋő (6.3) ĺňěěň

q_1 ≡ k_1 mod n, q_1 ≡ k_1 + 1 mod n.

İâĺ ďćă áàăćŋěŋĺï ŋěáőćňěáâŋë.

Ŕàĺåőďĺň ł ćëćőďã, çâő áĺáâěňă (6.2) ĺňěěâ àőćŋő 2n àěèěŋĺľ k_0 = q_0 = 0, k_1 = q_1 = s, s ∈ {0, 1, . . . , n − 1};

k_0 = q_0 = n − 1, k_1 = s, q_1 = ⟨s + 1⟩_n, s ∈ {0, 1, . . . , n − 1}, çâő áőőâćěâáâćãěâ ğăłńîçěŋĺî âěőàěňë. N Ğ ă ň ě ç ă ŋ ĺ ě. Ŕàĺ n = 2 áĺáâěňë áĺčŋăńőć {2^{−1}E(· − k)}^3_{k=0} ĺ {2^{−1}E(· ⊖_n k)}^3_{k=0} áőćŕăďăîâ.

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ 1. Frank R. L. Polyphase complementary codes // IEEE Trans. Inform. Theory. 1980.

V. 26. N 6. P. 641{647.

2. Heimiller R. C. Phase shift pulse codes with good periodic correlation properties // IRE Trans. Inform. Theory. 1961. V. 7. N 4. P. 254{257.

3. Suehiro N., Hatori M. Modulatable orthogonal sequences and their application to SSMA systems // IEEE Trans. Inform. Theory. 1988. V. 34. N 1. P. 93{100.

4. Šàăåâňăŋ Ă. Ň., Šàăåâňăŋ Ć. Ă. Őáŋőćë âěőàĺĺ ďĺáłàěâŋëå áĺčŋăńőć ŋă łőŋěçŋëå ĺŋâěàćăńăå. Ň.: Śőć. àăďĺő, 1975.

5. Ďăčňăŋ İ. Ě., Łãåăàěć Č. Ă. Ąëáâàëě ďĺáłàěâŋëě őàâőčőŋăńìŋëě ŕàěőąàăğőćăŋĺï. Ŋőćőáĺąĺàáł: Ŋăãłă, 1983.

Ŕőáâãŕĺńă ć àěďăłæĺî

ŔĚŘĚĆŐĎ ŊĂĞĆĂŊĹ§ ŚŠĂŠĲĹ ŊĂ ĂŊČŃĹĽŚŁĹĽ §ĞŻŁ V. N. Malozemov, S. M. Masharsky, and K. Yu. Tsvetkov FRANK SIGNAL AND ITS GENERALIZATIONS