SPb. Math. Society Preprint 2000-14 23 Oct 2000; updated 15 Aug 2001

ŞĎŁ 519.72

ĄŻŚŠŘŐĚ ŔŘĚŐĄŘĂĞŐĆĂŊĹĚ ĆĹŃĚŊŁĹŊĂ{ŁŘĚŚŠĚŊŚŐŊĂ ŊĂ ŐŚŊŐĆĚ ŤĂŁŠŐŘĹĞĂŰĹĹ ČŞĎĂ^{1)}

© Ś. Ň. Ňăèăàáłĺľ

(198504 Ś.-Ŕěâěàąãàč, Ąĺąńĺőâěçŋăï ŕń., 2, ŚŔąČŞ, ňăâěň.-ňěåăŋ. ä-â) E-mail: smash@scientist.com

Ŋă őáŋőćě ŕőďåőďă Čãďă ł äăłâőàĺğăæĺĺ łàőŋěłěàőćőľ áâěŕěŋĺ ňăâàĺæë ŕőáâàőěŋë ďćě àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć. Ś ŕőňőéìî íâĺå ąăğĺáőć ŕőáâàőěŋë ďćă ăńčőàĺâňă ąëáâàőčő ŕàěőąàăğőćăŋĺï Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă.

ĆĆĚĎĚŊĹĚ Ć æĺäàőćőľ őąàăąőâłě áĺčŋăńőć ğŋăçĺâěńìŋãî àőńì ĺčàăîâ ąëáâàëě őàâőčőŋăńìŋëě ŕàěőąàăğőćăŋĺï. Őďŋĺň ĺğ âăłĺå ŕàěőąàăğőćăŋĺľ ïćńïěâáï ąëáâàőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă (ĄŔĆŁ) [1, 2]. Ĺňěěâáï ŋěáłőńìłő ćăàĺăŋâőć àěăńĺğăæĺĺ ĄŔĆŁ, łőâőàëě őáŋőćăŋë ŋă äăłâőàĺğăæĺĺ ňăâàĺæë ŕàěőąàăğőćăŋĺï [2, 3]. Ć ďăŋŋőľ áâăâìě ŕőáâàőěŋë ďćă ăńčőàĺâňă ĄŔĆŁ, őáŋőćăŋŋëě ŋă äăłâőàĺğăæĺĺ Čãďă [4], łőčďă łàőŋěłěàőćă áâěŕěŋì ňăâàĺæë Ťãàìě ŕàěďáâăćńïěâáï ć ćĺďě őąëçŋőľ áâěŕěŋĺ ąőńìèőľ àăğàěęěŋŋőľ ňăâàĺæë. Ŕàĺ íâőň ĺáŕőńìğãěâáï ŋőćëľ ŕőďåőď ł ŕőáâàőěŋĺî ąëáâàëå őàâőčőŋăńìŋëå ŕàěőąàăğőćăŋĺľ, ćŕěàćëě ŕàěďńőęěŋŋëľ ć [5]. İâőâ ŕőďåőď őáŋőćăŋ ŋă ŕőáâàőěŋĺĺ àěłãààěŋâŋőľ ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć. Ďăŋŋăï áâăâìï ïćńïěâáï ďőŕőńŋěŋĺěň ł àăąőâě [3], čďě ãłăğăŋŋëľ ŕőďåőď ąëń àěăńĺğőćăŋ ć áńãçăě äăłâőàĺğăæĺĺ ňăâàĺæë ŕàěőąàăğőćăŋĺï ŋă ŕőŕăàŋő àăğńĺçŋëě ňŋőęĺâěńĺ.

Ŕàőłőňňěŋâĺàãěň áőďěàęăŋĺě áâăâìĺ ŕő àăğďěńăň. Ć àăğď. 1 ŕàĺćěďěŋë ŕàěďćăàĺâěńìŋëě áćěďěŋĺï. Ć àăğď. 2 ŕàěďáâăćńěŋ àěğãńìâăâ Čãďă ć ãâőçŋěŋŋőľ äőàňãńĺàőćłě ĺ ďăŋő ěčő áâàőčőě ďőłăğăâěńìáâćő. Ŕàěďńőęěŋ ďćőľáâćěŋŋëľ ćăàĺăŋâ äăłâőàĺğăæĺĺ, ŋě ŋăèěďèĺľ őâàăęěŋĺï ć àăąőâě [4] (ĺ, łăł áńěďáâćĺě, ć [1{3]). Ć àăğď. 3 ĺ 4 ŕőáâàőěŋë ďćě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć, áőőâćěâáâćãîéĺě ć ãáâőïćèěľáï âěàňĺŋőńőčĺĺ ŕàőàěęĺćăŋĺî ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺî ŕő ćàěňěŋĺ. Ďńï ąăğĺáŋëå áĺčŋăńőć ãłăğăŋ ïćŋëľ ćĺď ĺ ŕàĺćěďěŋë àěłãààěŋâŋëě äőàňãńë ŕěàěáçěâă. Ć àăğď. 5 ŋă őáŋőćě ŕàěďńőęěŋŋëå ąăğĺáőć ŕőáâàőěŋë ďćă ăńčőàĺâňă ĄŔĆŁ. Ćëćěďěŋë äőàňãńë ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ áĺčŋăńőć.

1)Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŋőňěà ŕàőěłâă 99-01-00747).

1

1. ŔŘĚĎĆĂŘĹŠĚŃĲŊŻĚ ŚĆĚĎĚŊĹ§ Őąőğŋăçĺň çěàěğ C_N ńĺŋěľŋőě ŕàőáâàăŋáâćő łőňŕńěłáŋőğŋăçŋëå N-ŕěàĺőďĺ-çěáłĺå ŕőáńěďőćăâěńìŋőáâěľ x = {x(j)}, j ∈ Z. İńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň ŋăğëćăâì áĺčŋăńăňĺ. Ć C_N őąëçŋëň áŕőáőąőň ććőďïâáï áłăńïàŋőě ŕàőĺğćěďěŋĺě ĺ ŋőàňă ⟨x, y⟩ = N−1∑ j=0 x(j) y(j) , ‖x‖ = ⟨x, x⟩^{1/2}. Ěďĺŋĺçŋëň N-ŕěàĺőďĺçěáłĺň ĺňŕãńìáőň ŋăğëćăěâáï áĺčŋăń δ_N (j), àăćŋëľ 1, łőčďă j ďěńĺâáï ŋă N, ĺ àăćŋëľ 0 ŕàĺ őáâăńìŋëå j ∈ Z. Śĺáâěňă áďćĺčőć δ_N (j), δ_N (j − 1), . . . , δ_N (j − N + 1) őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć C_N , âăł çâő ńîąőľ áĺčŋăń x ďőŕãáłăěâ ŕàěďáâăćńěŋĺě x(j) = N−1∑ k=0 x(k) δ_N (j − k) ∀j ∈ Z. (1.1) Ć ďăńìŋěľèěň áçĺâăěň, çâő N = n^s, čďě n ĺ s | ŋăâãàăńìŋëě çĺáńă, őâńĺçŋëě őâ ěďĺŋĺæë. Ŕãáâì k, j ∈ {0, 1, . . . , N − 1}, k = k_{s−1}n^{s−1} + k_{s−2}n^{s−2} + . . . + k_0, j = j_{s−1}n^{s−1} + j_{s−2}n^{s−2} + . . . + j_0. Ğďěáì k_ν , j_ν ∈ {0, 1, . . . , n − 1} ŕàĺ ćáěå ν = = 0, 1, . . . , s − 1. Ŕőńőęĺň {k, j}_s = s−1∑ ν=0 k_ν j_ν . Őąőğŋăçĺň çěàěğ ω_n ŕěàćőőąàăğŋëľ łőàěŋì áâěŕěŋĺ n ĺğ ěďĺŋĺæë. Śĺčŋăńë v_k(j) = ω^{{k,j}s}_n , k = 0, 1, . . . , N − 1, (1.2) ŋăğëćăîâáï ďĺáłàěâŋëňĺ äãŋłæĺïňĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Ťőàňãńőľ (1.2) áĺčŋăńë v_k(j) őŕàěďěńěŋë ŋă őáŋőćŋőň ŕěàĺőďě j ∈ {0, 1, . . . , N − 1}. Ďăńěě őŋĺ ŕàőďőńęăîâáï N-ŕěàĺőďĺçěáłĺ ŋă ćáě j ∈ Z.

Ĺğćěáâŋő [1], çâő áĺčŋăńë v_0, v_1, . . . , v_{N−1} őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N . Ŕàĺ íâőň ‖v_k‖^2 = N ŕàĺ ćáěå k = 0, 1, . . . , N − 1. İâőâ äăłâ ňőęŋő ğăŕĺáăâì áńěďãîéĺň őąàăğőň: N−1∑ j=0 ω^{{k,j}s−{k} 0_{,j}s} n = Nδ_N (k − k^′), k, k^′ = 0, 1, . . . , N − 1. (1.3) Ććěďěň łćăďàăâŋãî ňăâàĺæã V_N á íńěňěŋâăňĺ V_N [k, j] = v_k(j), k, j = 0, 1, . . . , N − 1. (1.4) Őâňěâĺň, çâő ğďěáì ĺ ďăńěě ĺŋďěłáë áâàőł ĺ áâőńąæőć łćăďàăâŋőľ ňăâàĺæë ŕőàïďłă N ĺğňěŋïîâáï őâ 0 ďő N − 1.

Őąőğŋăçĺň çěàěğ F_n ňăâàĺæã Ťãàìě n-čő ŕőàïďłă á íńěňěŋâăňĺ F_n[k, j] = = ω^{kj}_n , k, j = 0, 1, . . . , n − 1, ĺ çěàěğ F^{[s]}n | ěě s-î łàőŋěłěàőćã áâěŕěŋì (áň., ŋăŕàĺňěà, [6, á. 80{82]). Ŋěâàãďŋő ŕőłăğăâì, çâő V_N = F^{[s]}n , | íâő áńěďãěâ ĺğ áâàãłâãàë łàőŋěłěàőćőľ áâěŕěŋĺ ĺ äőàňãńë (1.2). Ŋăèěľ ąńĺęăľèěľ æěńìî ïćńïěâáï äăłâőàĺğăæĺï ňăâàĺæë V_N .

2. ŤĂŁŠŐŘĹĞĂŰĹ§ ČŞĎĂ Śãéěáâćãěâ ŋěáłőńìłő áŕőáőąőć äăłâőàĺğăæĺĺ łàőŋěłěàőćőľ áâěŕěŋĺ ňăâàĺæë.

Ňë őáâăŋőćĺňáï ŋă áŕőáőąě, ŕàěďńőęěŋŋőň Ĺ. Ďę. Čãďőň ć àăąőâě [4], łőčďă łàőŋěłěàőćă áâěŕěŋì ŕàěďáâăćńïěâáï ć ćĺďě őąëçŋőľ áâěŕěŋĺ ąőńìèőľ àăğàěęěŋŋőľ ňăâàĺæë.

Ććěďěň őąőğŋăçěŋĺï ´_ν = n^{ν−1}, N_ν = N/n^ν. Ŋăŕőňŋĺň, çâő N = n^s. Řěğãńìâăâ Čãďă ć ãâőçŋěŋŋőľ äőàňãńĺàőćłě ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň.

Šěőàěňă 1. Ŕãáâì A | ŕàőĺğćőńìŋăï ňăâàĺæă àăğňěàőň n × n, A^{[s]} | ěě s-ï łàőŋěłěàőćă áâěŕěŋì. Šőčďă A^{[s]} = D^s, (2.1) čďě D | ňăâàĺæă àăğňěàőň N × N, őŕàěďěńïěňăï àăćěŋáâćăňĺ D[pN_1 + l, ln + q] = A[p, q], l = 0, 1, . . . , N_1 − 1, p, q = 0, 1, . . . , n − 1; D[k, j] = 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , N − 1}. (2.2)

Ďőłăğăâěńìáâćő. Ďćă àăćěŋáâćă (2.2) ňőęŋő őąêěďĺŋĺâì ć őďŋő áńěďãîéĺň őąàăğőň: D[pN_1 + l, mn + q] = A[p, q] E_N1[l, m], (2.3) l, m = 0, 1, . . . , N_1 − 1, p, q = 0, 1, . . . , n − 1. Ğďěáì ĺ ďăńěě E_t őğŋăçăěâ ěďĺŋĺçŋãî ňăâàĺæã ŕőàïďłă t.

Ŕőłăęěň, çâő áőőâŋőèěŋĺě (2.3) ďőŕãáłăěâ őąőąéěŋĺě: D^ν [pN_ν + l, m´_{ν+1} + q] = A^{[ν]}[p, q] E_{N˚} [l, m], (2.4) l, m = 0, 1, . . . , N_ν − 1, p, q = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Ďőłăęěň áŕàăćěďńĺćőáâì àăćěŋáâćă (2.4) ĺŋďãłæĺěľ ŕő ν. Ąăğőľ ĺŋďãłæĺĺ áńãęĺâ áńãçăľ ν = 1 | ć íâőň áńãçăě (2.4) áőćŕăďăěâ á (2.3). Ŕàőďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν − 1 ł ν. Ďńï l, m = 0, 1, . . . , N_ν − 1, p, q = 0, 1, . . . , ´_{ν+1} − 1 ĺňěěň

D^ν [pN_ν + l, m´_{ν+1} + q] = N−1∑ r=0 D[pN_ν + l, r] D^{ν−1} [r, m´_{ν+1} + q]. Ŕàěďáâăćĺň ĺŋďěłáë p, q, r ć áńěďãîéěň ćĺďě: p = p^′´_ν + p^{′′}, q = q^′´_ν + q^{′′}, r = r^{′′}N_{ν−1} + r^{′′′}n + r^′, čďě p^′, q^′, r^′ ∈ {0, 1, . . . , n − 1}, p^{′′}, q^{′′}, r^{′′} ∈ {0, 1, . . . , ´_ν − 1}, r^{′′′} ∈ {0, 1, . . . , N_ν − 1}. Šőčďă ć áĺńã (2.3) ĺ ĺŋďãłæĺőŋŋőčő ŕàěďŕőńőęěŋĺï ŕőńãçĺň D^ν [pN_ν + l, m´_{ν+1} + q] = = n−1∑ r0_{=0} Δ˚−1∑ r00_{=0} N˚−1∑ r000_{=0}

D[p^′N_1 + (p^{′′}N_ν + l), (r^{′′} N_ν + r^{′′′} )n + r^′] ×

× D^{ν−1}[r^{′′}N_{ν−1} + (r^{′′′} n + r^′), (mn + q^′)´_ν + q^{′′}] =

= n−1∑ r0_{=0} Δ˚−1∑ r00_{=0} N˚−1∑ r000_{=0} A[p^′, r^′] E_N1[p^{′′}N_ν + l, r^{′′}N_ν + r^{′′′} ] × × A^{[ν−1]}[r^{′′}, q^{′′}] E_{N˚}�1[r^{′′′} n + r^′, mn + q^′] = = A[p^′, q^′] A^{[ν−1]}[p^{′′}, q^{′′}] E_{N˚} [l, m] = A^{[ν]}[p, q] E_{N˚} [l, m]. Ĺâăł, áŕàăćěďńĺćőáâì àăćěŋáâćă (2.4) ãáâăŋőćńěŋă. Ŕàĺ ν = s ŕőńãçăěň D^s[p, q] = A^{[s]}[p, q], p, q = 0, 1, . . . , N − 1. Šěőàěňă ďőłăğăŋă.

Łăł ćĺďŋő ĺğ âěőàěňë, áâàőłĺ ňăâàĺæë D àăğąĺâë ŋă n ąńőłőć ŕő n^{s−1} áâàőł ć łăęďőň. Ŕàĺ íâőň ŋăçăńìŋőľ áâàőłőľ ć p-ň ąńőłě ïćńïěâáï p-ï áâàőłă ňăâàĺæë A, ďőŕőńŋěŋŋăï (N − n) ŋãńïňĺ, ă łăęďăï áńěďãîéăï áâàőłă íâőčő ąńőłă ŕőńãçăěâáï ĺğ ŕàěďëďãéěľ á ŕőňőéìî æĺłńĺçěáłőčő áďćĺčă ŋă n ŕőğĺæĺľ ćŕàăćő.

Ăŋăńőčĺçŋëě ňăŋĺŕãńïæĺĺ ňőęŋő ŕàőĺğćěáâĺ ĺ áő áâőńąæăňĺ ňăâàĺæë A. Ĺňěŋŋő, ĺňěěâ ňěáâő áńěďãîéĺľ àěğãńìâăâ.

Šěőàěňă 2. Ć ãáńőćĺïå ŕàěďëďãéěľ âěőàěňë áŕàăćěďńĺćő àăćěŋáâćő

A^{[s]} = C^s, (2.5) čďě C | ňăâàĺæă àăğňěàőň N × N áńěďãîéěčő ćĺďă: C[ln + p, qN_1 + l] = A[p, q], l = 0, 1, . . . , N_1 − 1, p, q = 0, 1, . . . , n − 1; C[k, j] = 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , N − 1}. (2.6)

Ďěľáâćĺâěńìŋő, ďńï ňăâàĺæë ~A := A^⊤ ĺňěěň ~A^{[s]} = ~D^s, čďě ~D[pN_1 + l, ln + q] = = ~A[p, q] = A[q, p] ŕàĺ l = 0, 1, . . . , N_1 − 1, p, q = 0, 1, . . . , n − 1, ĺ ~D[k, j] = 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , N − 1}. Őâáîďă ŕőńãçăěň A^{[s]} = ( ~A^⊤)^{[s]} = ( ~A^{[s]})^⊤ = ( ~D^s)^⊤ = ( ~D^⊤)^s =: C^s, čďě C = ~D^⊤, C[ln + q, pN_1 + l] = A[q, p], l = 0, 1, . . . , N_1 − 1, p, q = 0, 1, . . . , n − 1; C[j, k] = 0 ŕàĺ őáâăńìŋëå j, k ∈ {0, 1, . . . , N − 1}. İâĺ àăćěŋáâćă áőćŕăďăîâ á (2.6), ěáńĺ ŕőňěŋïâì ňěáâăňĺ p ĺ q.

3. ŔĚŘĆĂ§ ŔŐŚŃĚĎŐĆĂŠĚŃĲŊŐŚŠĲ ŔŘŐŇĚĘŞŠŐŮŊŻŢ ĄĂĞĹŚŐĆ Ŕőáłőńìłã V_N = F^{[s]}n , âěőàěňă 1 ŕőğćőńïěâ ŋăň ğăŕĺáăâì ŕàěďáâăćńěŋĺě V_N = D^s, (3.1) čďě D[pN_1 + l, mn + q] = ω^{pq}_n E_N1[l, m], (3.2) l, m = 0, 1, . . . , N_1 − 1, p, q = 0, 1, . . . , n − 1. Ŋă őáŋőćě àăğńőęěŋĺï (3.1) ŕőáâàőĺň ć C_N ŕàĺ N = n^s ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {f_ν (k; j)}^{N−1}_{k=0} , ν = 0, 1, . . . , s, âăł, çâőąë f_0(k; j) = δ_N (j − k) ĺ f_s(k; j) = v_k(j). Śĺčŋăńë f_ν (k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì f_ν (k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áĺčŋăńă f_ν = ( f_ν (0), f_ν (1), . . . , f_ν (N − 1) )_⊤ ĺ őŕàěďěńĺň ěčő äőàňãńőľ

f_ν = D^ν f_0, ν = 1, . . . , s. (3.3)

Śőčńăáŋő (3.1), f_s = V_N f_0. Ŕőńìğãïáì (1.4) ĺ (1.1), ŕěàěŕĺèěň ŕőáńěďŋěě àăćěŋáâćő ć àăğćěàŋãâőň ćĺďě:

f_s(k; j) = N−1∑ l=0 V_N [k, l] δ_N (j − l) = N−1∑ l=0 v_k(l) δ_N (j − l) = v_k(j).

Řăğąěàěňáï á ŕàőňěęãâőçŋëňĺ ąăğĺáăňĺ f_1, . . . , f_{s−1}. Ŕàěęďě çěň ŕőłăğăâì, çâő íâő ďěľáâćĺâěńìŋő ąăğĺáë, ŕőńãçĺň ïćŋőě ŕàěďáâăćńěŋĺě ďńï ąăğĺáŋëå áĺčŋăńőć.

Šěőàěňă 3. Śŕàăćěďńĺćő àăćěŋáâćő

f_ν (pN_ν + l) =

Δ˚+1−1 ∑ q=0 ω^{{p,q}˚} n f_0(l´_{ν+1} + q), (3.4) l = 0, 1, . . . , N_ν − 1, p = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Ďőłăğăâěńìáâćő. Ĺğ (3.3) ĺ (2.4) ŕàĺ A = F_n ŕőńãçăěň

f_ν (pN_ν + l) =

Δ˚+1−1 ∑ q=0 N˚−1∑ m=0 D^ν [pN_ν + l, m´_{ν+1} + q] f_0(m´_{ν+1} + q) =

= Δ˚+1−1 ∑ q=0 F^{[ν]}_n [p, q] f_0(l´_{ν+1} + q), l = 0, 1, . . . , N_ν − 1, p = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Őáâăěâáï őâňěâĺâì, çâő F^{[ν]}n [p, q] = ω^{{p,q}˚}n . Šěőàěňă ďőłăğăŋă.

Šěőàěňă 4. Ŕàĺ łăęďőň ν = 1, . . . , s − 1 áĺáâěňă áĺčŋăńőć f_ν (0), f_ν (1), . . . ,

f_ν (N − 1) őąàăğãěâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N . Ŕàĺ íâőň ‖f_ν (k)‖^2 = n^ν ŕàĺ ćáěå k = 0, 1, . . . , N − 1. Ďőłăğăâěńìáâćő. Ŕãáâì l, l^′ ∈ {0, 1, . . . , N_ν − 1}, p, p^′ ∈ {0, 1, . . . , ´_{ν+1} − 1}.

Ŕőłăęěň, çâő ěáńĺ l ≠ l^′ ĺńĺ p ≠ p^′, âő

⟨f_ν (pN_ν + l), f_ν (p^′N_ν + l^′)⟩ = 0. (3.5)

Ŕàĺ l ≠ l^′ (3.5) ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ (3.4), ŕőáłőńìłã ć íâőň áńãçăě ŋőáĺâěńĺ ãłăğăŋŋëå áĺčŋăńőć ŋě ŕěàěáěłăîâáï.

Ŕãáâì l = l^′, âőčďă ć áĺńã (3.4) ĺ (1.3) ĺňěěň

⟨f_ν (pN_ν + l), f_ν (p^′N_ν + l)⟩ =

Δ˚+1−1 ∑ q=0 ω^{{p,q}˚ −{p} 0_{,q}˚} n = ´_{ν+1}δ_{Δ˚}+1(p − p^′).

Ŕàĺ p ≠ p^′ ŕàĺåőďĺň ł (3.5). Ŕàĺ p = p^′ ŕőńãçăěň ‖f_ν (pN_ν + l)‖^2 = ´_{ν+1} = n^ν .

Šěőàěňă ďőłăğăŋă.

Ĺğ (3.1) áńěďãěâ, çâő f_ν = Df_{ν−1}, ν = 1, . . . , s. İâă äőàňãńă ĺ äőàňãńă (3.2) ŕőğćőńïîâ ğăŕĺáăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă f_{ν−1} ł ąăğĺáã f_ν :

f_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1;

f_ν (pN_1 + l) = n−1∑ q=0 ω^{pq}_n f_{ν−1}(ln + q), (3.6) l = 0, 1, . . . , N_1 − 1, p = 0, 1, . . . , n − 1, ν = 1, . . . , s. Śåěňă (3.6) ŕőğćőńïěâ áâàőĺâì ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć f_ν àěłãààěŋâŋő, ŋě ŕőńìğãïáì ŕàěďáâăćńěŋĺěň (3.4).

4. ĆŠŐŘĂ§ ŔŐŚŃĚĎŐĆĂŠĚŃĲŊŐŚŠĲ ŔŘŐŇĚĘŞŠŐŮŊŻŢ ĄĂĞĹŚŐĆ Ŋă íâőâ àăğ ćőáŕőńìğãěňáï âěőàěňőľ 2. Őŋă ŕőğćőńïěâ ŋăň ğăŕĺáăâì ŕàěďáâăćńě- ŋĺě V_N = C^s, (4.1) čďě C[ln + p, qN_1 + m] = ω^{pq}_n E_N1[l, m], (4.2) l, m = 0, 1, . . . , N_1 − 1, p, q = 0, 1, . . . , n − 1. Ŋă őáŋőćě àăğńőęěŋĺï (4.1) ŕőáâàőĺň ć C_N ŕàĺ N = n^s ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {g_ν (k; j)}^{N−1}_{k=0} , ν = 0, 1, . . . , s, âăł, çâőąë g_0(k; j) = δ_N (j − k) ĺ g_s(k; j) = v_k(j). Śĺčŋăńë g_ν (k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì g_ν (k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áĺčŋăńă g_ν = ( g_ν (0), g_ν (1), . . . , g_ν (N − 1) )_⊤ ĺ őŕàěďěńĺň ěčő äőàňãńőľ

g_ν = C^νg_0, ν = 1, . . . , s. (4.3)

Łăł ĺ ć ŕàěďëďãéěň àăğďěńě, ŕőłăęěň, çâő ŕőáâàőěŋŋëě âăłĺň őąàăğőň áĺčŋăńë őąàăğãîâ őàâőčőŋăńìŋëě ąăğĺáë, ŕàěďćăàĺâěńìŋő ŕőńãçĺć ďńï ŋĺå ïćŋőě ŕàěďáâăćńěŋĺě.

Šěőàěňă 5. Śŕàăćěďńĺćő àăćěŋáâćő

g_ν (l´_{ν+1} + p) =

Δ˚+1−1 ∑ q=0 ω^{{p,q}˚} n g_0(qN_ν + l), (4.4) l = 0, 1, . . . , N_ν − 1, p = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Ďőłăğăâěńìáâćő. Ĺğ (4.2) ĺ (3.2) áńěďãěâ, çâő C = D^⊤. Őâáîďă, ćőáŕőńìğőćăćèĺáì (2.4) ŕàĺ A = F_n, ŕőńãçĺň

C^ν[l´_{ν+1} + p, qN_ν + m] = D^ν [qN_ν + m, l´_{ν+1} + p] = F^{[ν]}[q, p] E_{N˚} [m, l], l, m = 0, 1, . . . , N_ν − 1, p, q = 0, 1, . . . , ´_{ν+1} − 1. Ŕőďáâăćĺć íâő ć (4.3) ĺ ŕàĺŋïć ł áćěďěŋĺî àăćěŋáâćő F^{[ν]}[q, p] = ω^{{q,p}˚}n = ω^{{p,q}˚}n , ŕàĺďěň ł (4.4). Šěőàěňă ďőłăğăŋă.

Šěőàěňă 6. Ŕàĺ łăęďőň ν = 1, . . . , s − 1 áĺáâěňă áĺčŋăńőć g_ν (0), g_ν(1), . . . ,

g_ν (N − 1) őąàăğãěâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N . Ŕàĺ íâőň ‖g_ν(k)‖^2 = n^ν ŕàĺ ćáěå k = 0, 1, . . . , N − 1. Ďőłăğăâěńìáâćő. Ć áĺńã (4.3) ãâćěàęďěŋĺě âěőàěňë àăćŋőáĺńìŋő âőňã, çâő áâàőłĺ ňăâàĺæë C^ν ŕőŕăàŋő őàâőčőŋăńìŋë ĺ łćăďàăâ ŋőàňë łăęďőľ ĺğ ŋĺå àăćěŋ n^ν. İâő ãáńőćĺě łőàőâłő ğăŕĺáëćăěâáï âăł: C^ν(C^ν)^∗ = n^νE_N , čďě (C^ν)^∗ | áőŕàïęěŋŋăï ł C^ν ňăâàĺæă.

Ĺğ âěőàěňë 4 ĺ äőàňãńë (3.3) áńěďãěâ, çâő D^ν (D^ν )^∗ = n^νE_N . Ă ŕőáłőńìłã, łăł ąëńő őâňěçěŋő àăŋěě, C = D^⊤, âő

C^ν(C^ν)^∗ = (D^ν )^⊤ ( (D^ν )^∗ )_⊤ = [ (D^ν )^∗D^ν ) ]_⊤ = n^ν E_N .

Šěőàěňă ďőłăğăŋă.

Ĺğ (4.1) áńěďãěâ, çâő g_ν = Cg_{ν−1}, ν = 1, . . . , s. İâă äőàňãńă ć áőćőłãŕŋőáâĺ á (4.2) ŕőğćőńïěâ ğăŕĺáăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă g_{ν−1} ł ąăğĺáã g_ν :

g_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1;

g_ν(ln + p) = n−1∑ q=0 ω^{pq}_n g_{ν−1}(qN_1 + l), (4.5) l = 0, 1, . . . , N_1 − 1, p = 0, 1, . . . , n − 1, ν = 1, . . . , s. Śåěňă (4.5) ŕőğćőńïěâ áâàőĺâì ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć g_ν àěłãààěŋâŋő, ŋě ŕőńìğãïáì ŕàěďáâăćńěŋĺěň (4.4).

5. ĄŻŚŠŘŐĚ ŔŘĚŐĄŘĂĞŐĆĂŊĹĚ ĆĹŃĚŊŁĹŊĂ{ŁŘĚŚŠĚŊŚŐŊĂ Ńîąőľ áĺčŋăń x ∈ C_N ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã f_ν (0), f_ν (1), . . . , f_ν (N − 1) ŕàĺ łăęďőň ν = 0, 1, . . . , s: x = N−1∑ k=0 x_ν (k) f_ν (k). (5.1)

Ğďěáì x_ν (k) = n^{−ν} ⟨x, f_ν (k)⟩. Ć çăáâŋőáâĺ,

x_0(k) = N−1∑ j=0 x(j) δ_N (j − k) = x(k), k = 0, 1, . . . , N − 1.

Śőčńăáŋő (3.6) x_ν (pN_1 + l) = n^{−ν} n−1∑ q=0 ω^{−pq}_n ⟨x, f_{ν−1} (ln + q)⟩ =

= 1 n n−1∑ q=0 ω^{−pq}_n x_{ν−1}(ln + q). Ŕàĺåőďĺň ł áńěďãîéěľ àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺľ (5.1): x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν (pN_1 + l) = 1 n n−1∑ q=0 ω^{−pq}_n x_{ν−1}(ln + q), (5.2) l = 0, 1, . . . , N_1 − 1, p = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕàĺ ν = s ŕőńãçăěň àăğńőęěŋĺě áĺčŋăńă x ŕő ąăğĺáã Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă (1.2): x(j) = N−1∑ k=0 x_s(k) v_k(j). (5.3)

Ŕőŕãâŋő ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő ćáěň ŕàőňěęãâőçŋëň ąăğĺáăň.

Ťőàňãńă (5.2) ďőŕãáłăěâ őąàăéěŋĺě: x_{ν−1}(ln + q) = n−1∑ p=0 ω^{pq}_n x_ν (pN_1 + l), (5.4) l = 0, 1, . . . , N_1 − 1, q = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. Őáŋőćŋăï àőńì äőàňãńë (5.4) ğăłńîçăěâáï ć âőň, çâő á ěě ŕőňőéìî ćëçĺáńïîâáï ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (5.3), ŋă őáŋőćŋőň ŕěàĺőďě, ă ĺňěŋŋő x(k) = = x_0(k), k = 0, 1, . . . , N − 1.

Ăŋăńőčĺçŋő áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã g_ν (0), g_ν (1), . . . , g_ν(N − 1) ŕàĺ łăęďőň ν = 0, 1, . . . , s: x = N−1∑ k=0 y_ν (k) g_ν (k). (5.5)

Ğďěáì y_ν (k) = n^{−ν} ⟨x, g_ν (k)⟩. Łőíääĺæĺěŋâë àăğńőęěŋĺľ (5.5) ć áĺńã (4.5) ćëçĺáńïîâáï ŕő àěłãààěŋâŋőľ áåěňě y_0(k) = x(k), k = 0, 1, . . . , N − 1; y_ν (ln + p) = 1 n n−1∑ q=0 ω^{−pq}_n y_{ν−1}(qN_1 + l), (5.6) l = 0, 1, . . . , N_1 − 1, p = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕàĺ ν = s ŕőńãçăěň x(j) = N−1∑ k=0 y_s(k) v_k(j), â. ě. y_s(k) = x_s(k) ŕàĺ ćáěå k = 0, 1, . . . , N −1. Ŕőŕãâŋő ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő łăęďőňã ŕàőňěęãâőçŋőňã ąăğĺáã g_ν , łőâőàëě, łőŋěçŋő, őâńĺçŋë őâ łőíääĺæĺěŋâőć àăğńőęěŋĺľ ŕő ŕàőňěęãâőçŋëň ąăğĺáăň f_ν .

Ťőàňãńă (5.6) ďőŕãáłăěâ őąàăéěŋĺě:

y_{ν−1}(qN_1 + l) = n−1∑ p=0 ω^{pq}_n y_ν (ln + p), (5.7) l = 0, 1, . . . , N_1 − 1, q = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. Ś ŕőňőéìî (5.7) ňőęŋő ćëçĺáńĺâì ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (5.5) ŕàĺ ŋěłőâőàőň ν ∈ {1, . . . , s}, ŋă őáŋőćŋőň ŕěàĺőďě.

Ćëçĺáńĺâěńìŋëě áåěňë (5.2) ĺ (5.6) ŋăğőćěň ąëáâàëňĺ ŕàěőąàăğőćăŋĺïňĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŕő ňěâőďã Čãďă, áćïğăŋŋëňĺ áőőâćěâáâćěŋŋő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Ć àăąőâăå [1, 3] ãáâăŋőćńěŋő, çâő çăáâőâă ďĺáłàěâŋőľ äãŋłæĺĺ Ćĺńěŋłĺŋă{ Łàěáâěŋáőŋă v_k àăćŋă rev_s(k), čďě ŕěàěáâăŋőćłă rev_s(k) őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň: ŕãáâì k ∈ {0, 1, . . . , N − 1}, k = k_{s−1}n^{s−1} + k_{s−2}n^{s−2} + . . . + k_0, čďě k_ν ∈ {0, 1, . . . , n−1} ŕàĺ ćáěå ν = 0, 1, . . . , s−1, âőčďă rev_s(k) = k_0n^{s−1} +k_1n^{s−2} +. . .+k_{s−1}. Ŕěàěãŕőàïďőçĺň äãŋłæĺĺ őàâőčőŋăńìŋőľ áĺáâěňë v_0, v_1, . . . , v_{N−1}, ŕőńőęĺć

Pal_k(j) := v_{revs(k)}(j), k = 0, 1, . . . , N − 1.

Ńěčłő ćĺďěâì, çâő çăáâőâă äãŋłæĺĺ Pal_k(j) àăćŋă k. Ťőàňãńă (5.3) ŕàĺŋĺňăěâ ćĺď x(j) = N−1∑ k=0 x_s ( rev_s(k) ) Pal_k(j). (5.8)

Ďńï æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć áńěďãěâ ĺáŕőńìğőćăâì ĺňěŋŋő àăğńőęěŋĺě (5.8), ŕőáłőńìłã ąăğĺáŋëě äãŋłæĺĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ć íâőň àăğńőęěŋĺĺ ãŕőàïďőçěŋë ŕő ćőğàăáâăŋĺî çăáâőâë.

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ 1. Šàăåâňăŋ Ă. Ň., Šàăåâňăŋ Ć. Ă. Őáŋőćë âěőàĺĺ ďĺáłàěâŋëå áĺčŋăńőć ŋă łőŋěçŋëå ĺŋâěàćăńăå. Ň.: Śőć. àăďĺő, 1975.

2. Ďăčňăŋ İ. Ě., Łãåăàěć Č. Ă. Ąëáâàëě ďĺáłàěâŋëě őàâőčőŋăńìŋëě ŕàěőąàăğőćăŋĺï. Ŋőćőáĺąĺàáł: Ŋăãłă, 1983.

3. Ňăńőğ-ěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áćïğăŋŋëě á ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă // Ăńčěąàă ĺ ăŋăńĺğ. 2001. Š. 13. ò 1. Ś. 111{157.

4. Good I. J. The interaction algorithm and practical Fourier analysis // J. Royal Stat. Soc. (London). 1958. Vol. B-20. No. 2. P. 361{372.

5. Ňăńőğěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă. Ŋőćëľ ŕőďåőď ł ăńčőàĺâňã Łãńĺ{Šìîłĺ // Ćěáâŋ. ŚŔąČŞ. Śěà. 1. 1997. Ćëŕ. 3 (ò 15). Ś. 57{60.

6. Ćőěćőďĺŋ Ć. Ć., Łãğŋěæőć đ. Ă. Ňăâàĺæë ĺ ćëçĺáńěŋĺï. Ň.: Ŋăãłă, 1984.

ŔĚŘĚĆŐĎ ŊĂĞĆĂŊĹ§ ŚŠĂŠĲĹ ŊĂ ĂŊČŃĹĽŚŁĹĽ §ĞŻŁ S. M. Masharsky Fast Vilenkin{Chrestenson transform based on Good factorization