SPb. Math. Society Preprint 2001-01 02 Apr 2001

ŞĎŁ 518.12:518.61

Ć. Ă. Ďăãčăćěâ, Ŋ. Ă. Šăŋëčĺŋă

ĄŻŚŠŘŻĽ ĂŃČŐŘĹŠŇ ĎŃ§ ŐĎŊŐĽ ĞĂĎĂŮĹ ŚĘĂŠĹ§ ĹŊŤŐŘŇĂŰĹĹ^1

1. Ŕőáâăŋőćłă ğăďăçĺ. Ŕãáâì M = {1, . . . , m}, N =

{1, . . . , n} | ĺŋďěłáŋëě ňŋőęěáâćă, ă F [M, N] | ŕàőĺğćőńìŋăï ŕàïňőãčőńìŋăï ňăâàĺæă. Śâăćĺâáï ğăďăçă ŕőĺáłă ćěłâőàőć u[M] ĺ v[N], ďńï łőâőàëå äãŋłæĺőŋăń φ(u, v) := ∑ i∈M ∑ j∈N |F [i, j] − u[i] − v[j]| ŕàĺŋĺňăěâ ňĺŋĺňăńìŋőě ğŋăçěŋĺě. İâă ğăďăçă áćïğăŋă á ŕàőąńěňőľ áęăâĺï ĺŋäőàňăæĺĺ, ğăłńîçěŋŋőľ ć ňăâàĺæě F [M, N]. Ă ĺňěŋŋő, ŕàěęďě çěň ŕěàěåőďĺâì ł ąőńěě âőçŋőľ ăŕŕàőłáĺňăæĺĺ, æěńěáőőąàăğŋő áŋăçăńă ćëďěńĺâì ĺğ ňăâàĺæë őáŋőćŋëě áńăčăěňëě u[M] ĺ v[N]. İâă ğăďăçă àăááňăâàĺćăńăáì, ŋăŕàĺňěà, ć àăąőâě [1]. Ďńï âăłőľ ęě ăŕŕàőłáĺňăæĺĺ, ŋő ć àăćŋőňěàŋőľ ňěâàĺłě, á ãáŕěåőň ŕàĺňěŋïěâáï ňěâőď Ďĺńĺąěàâő ĺ Ÿâàăãáă (áň. [1]). Őŋ ğăłńîçăěâáï ć âőň, çâő ŕő ğăďăŋŋőňã u_0[M] ŋăåőďĺâáï "ŋăĺńãçèĺľ" ćěłâőà v_1[N], ğăâěň ŕő ğăďăŋŋőňã v_1[N] ŋăåőďĺâáï "ŋăĺńãçèĺľ" ćěłâőà u_1[M] ĺ â.ď. Ŕàőæěáá ğăłăŋçĺćăěâáï, łőčďă u_k = u_{k+1}. Ąëńő ğăňěçěŋő, çâő íâőâ ňěâőď ŋě čőďĺâáï ďńï àăááňăâàĺćăěňőčő áńãçăï.

Ć ŋăáâőïéěľ àăąőâě őŕĺáëćăěâáï łőŋěçŋëľ ĺ íłőŋőňŋëľ ŕő ćàěňěŋĺ ňěâőď ňĺŋĺňĺğăæĺĺ φ(u, v) ŕàĺ ńîąëå m ĺ n.

Ććěďěň ć àăááňőâàěŋĺě ňăâàĺæã g[M, N] á łőňŕőŋěŋâăňĺ g[i, j] := |F [i, j] − u[i] − v[j]|. Ŋěâàãďŋő ćĺďěâì, çâő ğăďăçă ňĺŋĺňĺğăæĺĺ φ(u, v) áćőďĺâáï ł ğăďăçě ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï: ∑ i∈M, j∈N g[i, j] → min, g[i, j] + u[i] + v[j] ≥ F [i, j], g[i, j] − u[i] − v[j] ≥ −F [i, j], i ∈ M, j ∈ M. (1)

1Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŕàőěłâ ò 01-01-00231). 1

Ŋěĺğćěáâŋëňĺ ğďěáì ïćńïîâáï u[M], v[N] ĺ ňăâàĺæă g[M, N]. §áŋő, çâő íâă ğăďăçă àăğàěèĺňă.

Ğăňěâĺň, çâő ć áãňňě Z[i, j] = u[i] + v[j] ćěłâőàë u ĺ v őŕàěďěńěŋë á âőçŋőáâìî ďő őąéěčő áńăčăěňőčő, ŕőíâőňã ďńï őďŋőğŋăçŋőáâĺ ąãďěň áçĺâăâì u[1] = 0.

Ğăŕĺèěň ďćőľáâćěŋŋãî ğăďăçã. Ŕőńőęĺň q = mn, Q = {1, ..., q}, R^′ = {1, . . . , m + n}. Ććěďěň ć àăááňőâàěŋĺě ćěłâőà I[Q], ćáě łőňŕőŋěŋâë łőâőàőčő àăćŋë 1, ĺ ćěłâőà f[Q] | ćëâïŋãâăï ć ćěłâőà (ŕő áâàőłăň) ňăâàĺæă F [M, N]. Ć àěğãńìâăâě ŋěáńőęŋëå ŕàěőąàăğőćăŋĺľ ďćőľáâćěŋŋăï ğăďăçă áćőďĺâáï ł áńěďãîéěľ ğăďăçě ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï őâŋőáĺâěńìŋő ćěłâőàă y[Q]: ∑ j∈Q f[j] · y[j] → max, A[R^′, Q] · y[Q] = O[R^′ ], −I[Q] ≤ y[Q] ≤ I[Q], (2) čďě ňăâàĺæă A[R^′, Q] ĺňěěâ áńěďãîéãî ąńőçŋãî áâàãłâãàã A = ( E_n E_n . . . E_n ~_1 ~_2 . . . ~_m ) . Ğďěáì E_n = E[N, N] | ěďĺŋĺçŋăï ňăâàĺæă, ă ňăâàĺæă ~_i[M, N] | ŋãńěćăï ğă ĺáłńîçěŋĺěň i-őľ áâàőłĺ, áőáâőïéěľ ĺğ ěďĺŋĺæ. Ŋěâàãďŋő ćĺďěâì, çâő áâàőłĺ ňăâàĺæë A[R^′, Q] ńĺŋěľŋő ğăćĺáĺňë. Šăł łăł áĺáâěňă ãàăćŋěŋĺľ ć ğăďăçě (2) őďŋőàőďŋăï, âő ĺáłńîçĺň őďŋő ãàăćŋěŋĺě, ŋăŕàĺňěà (n + 1)-ě ( ďńï ğăďăçĺ (1) íâő őğŋăçăěâ, çâő u[1] = 0). Ŕőńőęĺň r := n + m − 1, R = {1, 2, ..., r}. Őçěćĺďŋő, çâő rank A[R, Q] = r. Ąãďěň àěèăâì ğăďăçã (2) á ğăňěŋőľ R^′ ŋă R.

Ğăňěâĺň, çâő áâàãłâãàă ňăâàĺæë A[R, Q] âăłőćă, çâő łăęďëľ ěě áâőńąěæ áőďěàęĺâ ŋě ąőńěě ďćãå ŋěŋãńěćëå íńěňěŋâőć. Ŕàĺ n = 4, m = 3, ŋě ćëŕĺáëćăï ŋãńěćëě łőňŕőŋěŋâë, ĺňěěň

A[R, Q] = 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 .

Ďńï àěèěŋĺï ğăďăçĺ (2) ćőáŕőńìğãěňáï áĺňŕńěłá-ňěâőďőň ďńï ğăďăç á ďćãáâőàőŋŋĺňĺ őčàăŋĺçěŋĺïňĺ ŋă ŕěàěňěŋŋëě [2]. Ŕãáâì

A[R, P ] | ąăğĺáŋăï ňăâàĺæă, â. ě. ĺŋďěłáŋőě ňŋőęěáâćő P ⊂ Q âăłőě, çâő |P | = |R| = r ĺ ňăâàĺæă A[R, P ] | ŋěćëàőęďěŋŋăï. Ďńï ğăďăçĺ (2) ŋěæěńěáőőąàăğŋő ĺáŕőńìğőćăâì ć ćëçĺáńěŋĺïå âàăďĺæĺőŋŋëě őąàăâŋëě ąăğĺáŋëě ňăâàĺæë ĺğ-ğă áĺńìŋőľ àăğàěęěŋŋőáâĺ ňăâàĺæë A[R, Q], őáőąěŋŋő ŕàĺ ąőńìèĺå m, n. Ŕőíâőňã ŋă łăęďőľ ĺâěàăæĺĺ áĺňŕńěłá-ňěâőďă ąãďěň àěèăâì ďćě áĺáâěňë á ąăğĺáŋőľ ňăâàĺæěľ. Őďŋă áĺáâěňă ďńï őŕàěďěńěŋĺï s[P ] | łőíääĺæĺěŋâőć àăğńőęěŋĺï ććőďĺňőčő áâőńąæă A[R, l] ŕő ąăğĺáã: A[R, P ] · s[P ] = A[R, l], l ∈ Q, (3) ďàãčăï áĺáâěňă ďńï őŕàěďěńěŋĺï ďćőľáâćěŋŋőčő ćěłâőàă x[R] : A^T [P, R] · x[R] = f[P ]. (4) Ć ďăŋŋőľ àăąőâě ŕàěďńăčăîâáï ăńčőàĺâňë àěèěŋĺï áĺáâěň (3) ĺ (4), ãçĺâëćăîéĺě áâàãłâãàã ňăâàĺæë A[R, Q].

2. Śćőľáâćă ąăğĺáŋőľ ňăâàĺæë. Řăááňőâàĺň ąăğĺáŋãî ňăâàĺæã A[R, P ]. Ŋĺęě ąãďěâ ŕőłăğăŋő, çâő ąăğĺáŋëě áâőńąæë ćáěčďă ňőęŋő ćëąàăâì ć âăłőň ŕőàïďłě, çâőąë ć ąăğĺáŋőľ ňăâàĺæě ŋă ďĺăčőŋăńĺ áâőïńĺ ěďĺŋĺæë. Šăłőľ ćĺď ąăğĺáŋőľ ňăâàĺæë ąãďěň ŋăğëćăâì łăŋőŋĺçěáłĺň. Ďăńěě ć ŕŕ. 2, 3 ĺ 4 ąãďěň ŕàěďŕőńăčăâì, çâő ňăâàĺæă A[R, P ] ĺňěěâ łăŋőŋĺçěáłĺľ ćĺď.

Ďńï ãďőąáâćă őąőğŋăçěŋĺľ ğăŋãňěàãěň ŕő ŕőàïďłã ĺŋďěłáë ňŋőęěáâćă P őâ 1 ďő r. Ĺŋëňĺ áńőćăňĺ, ććěďěň ćěłâőà num[R], łăęďăï łőňŕőŋěŋâă łőâőàőčő num[i] àăćŋă ĺŋďěłáã ąăğĺáŋőčő áâőńąæă ĺğ P, áâőïéěňã ŋă i-őľ ŕőğĺæĺĺ. Ďăńěě ąãďěň àăąőâăâì á ňă- âàĺæěľ A[R, R]. Ćěàŋěňáï ł ŕàĺňěàã ŕàĺ m = 3, n = 4. Ŕãáâì ąăğĺá áőáâőĺâ ĺğ ĺŋďěłáőć: P = {2, 5, 7, 9, 10, 12}. Ćëŕĺèěň áńěďãîéãî âăąńĺæã | | | | | | | | | | num[j] 9 2 7 12 5 10 −− −− −− −− −− −− −− i/j 1 2 3 4 5 6 −− −− −− −− −− −− −− 1 1 0 0 0 1 0 2 0 1 0 0 0 1 3 0 0 1 0 0 0 4 0 0 0 1 0 0 5 0 0 1 0 1 0 6 1 0 0 1 0 1

| | | | | | | | | |

.

Ć ŕěàćőľ áâàőłě âăąńĺæë ğăŕĺáăŋë łőňŕőŋěŋâë ćěłâőàă num, ćő ćâőàőľ áâàőłě | ŕőàïďłőćëě ŋőňěàă áâőńąæőć ňăâàĺæë A[R, R], ć ŕěàćőň áâőńąæě | ŕőàïďłőćëě ŋőňěàă áâàőł ňăâàĺæë A[R, R], ă őáâăńìŋãî çăáâì ğăŋĺňăěâ áăňă ňăâàĺæă A[R, R].

Őąőğŋăçĺň çěàěğ R_1 ňŋőęěáâćő ŋőňěàőć ĺğ R, áőőâćěâáâćãîéĺå őďŋőłőňŕőŋěŋâŋëň áâőńąæăň, ă çěàěğ R_2 | ňŋőęěáâćő ŋőňěàőć, áőőâćěâáâćãîéĺå ďćãåłőňŕőŋěŋâŋëň áâőńąæăň, âăł çâő

R = R_1 ∪ R_2.

Őçěćĺďŋő, çâő ňŋőęěáâćő R_1 ŋě ŕãáâő, ĺŋăçě áâàőłĺ ňăâàĺæë A[R, R] ąëńĺ ąë ńĺŋěľŋő ğăćĺáĺňë.

Śńěďãîéĺľ ăńčőàĺâň ŕőáâàőěŋĺï æěŕőçłĺ ŋőňěàőć ĺğ R, łőâőàăï áćïğëćăěâ ŋőňěà ĺğ i_1 ∈ R_2 á ŋőňěàőň i_p ∈ R_1, ńěęĺâ ć őáŋőćě ăńčőàĺâňőć àěèěŋĺï áĺáâěň (3) ĺ (4). Őŕĺèěň ěčő, ŋăŕőňŋĺć, çâő ćáě ďĺăčőŋăńìŋëě łőňŕőŋěŋâë ňăâàĺæë A[R, R] àăćŋë ěďĺŋĺæě.

Ăńčőàĺâň Z. Ŕãáâì i1 ∈ R2, âăł çâő áâőńąěæ A[R, i1] ïćńïěâáï ďćãåłőňŕőŋěŋâŋëň. Šőčďă áãéěáâćãěâ ŋőňěà i_2 ∈ R, őâńĺçŋëľ őâ i_1, âăłőľ, çâő A[i_2, i_1] = 1. Ğăňěçăěň âěŕěàì, çâő ć áâàőłě i_2 ĺňěěâáï ďćă ŋěŋãńěćëå íńěňěŋâă

A[i_2, i_1] = 1, A[i_2, i_2] = 1.

Ěáńĺ áâőńąěæ A[R, i_2] őďŋőłőňŕőŋěŋâŋëľ, â.ě. i_2 ∈ R_1, âő ŕàőæěáá őłőŋçěŋ á p = 2. Ŕãáâì áâőńąěæ A[R, i_2] | ďćãåłőňŕőŋěŋâŋëľ, âőčďă áãéěáâćãěâ ŋőňěà i_3 ≠ i_2 âăłőľ, çâő

A[i_3, i_2] = 1, A[i_3, i_3] = 1.

Ŕàĺ íâőň i_3 ≠ i_1, ĺŋăçě áőćŕăďăńĺ ąë áâőńąæë á ŋőňěàăňĺ i_1 ĺ i_2, çâő ŋěćőğňőęŋő ć ąăğĺáŋőľ ňăâàĺæě. Ěáńĺ i_3 ∈ R_1, âő àăąőâă ăńčőàĺâňă őłőŋçěŋă á p = 3. Ěáńĺ i_3 ∈ R_2, âő ăŋăńőčĺçŋëň őąàăğőň ŋăåőďĺň ŋőňěàă i_4, ..., i_ν , ... ĺğ R_2, ŕőłă ŋě ŕőïćĺâáï i_p ∈ R_1. Ěáńĺ łăęďëľ áńěďãîéĺľ ŋőňěà i_ν ŋě áőćŕăďăěâ ŋĺ á őďŋĺň ĺğ ŕàěďëďãéĺå, âő ğă (p − 1) èăčőć ŋăľďěâáï ŋőňěà i_p ∈ R_1, çâő ĺ ğăćěàèĺâ àăąőâã ăńčőàĺâňă. Ŕàĺćěďěň áåěňã àăáŕőńőęěŋĺï ŋěŋãńěćëå íńěňěŋâőć ć áâőńąæăå á ŋőňěàăňĺ ĺğ ŕőáâàőěŋŋőľ æěŕĺ:

i_1 i_2 i_3 ... i_{p−1} i_p −− −− −− −− −− − − − i_1 1 i_2 1 1 i_3 1 1 ... ... ... ... ... ... ... i_p 1 1

Ďőłăęěň âěŕěàì, çâő ŕàĺ ŕőáâàőěŋĺĺ æěŕĺ łăęďëľ áńěďãîéĺľ ŋőňěà ŋě áőćŕăďăěâ ŋĺ á őďŋĺň ĺğ ŕàěďèěáâćãîéĺå. Ďěľáâćĺâěńìŋő, ĺğ áâàãłâãàë ňăâàĺæë A[R, Q] ćĺďŋő, çâő ć łăęďőň áâőńąæě őďĺŋ ŋěŋãńěćőľ íńěňěŋâ ŋăåőďĺâáï ć áâàőłě á ŋőňěàőň ŋě ŕàěćőáåőďïéĺň n, ă ďàãčőľ | ć áâàőłě á ŋőňěàőň ąőńìèĺň n. Ğŋăçĺâ, ďćă áőáěďŋĺå ŋőňěàă ć áâàőïéěľáï ŕőáńěďőćăâěńìŋőáâĺ áćïğăŋë áőőâŋőèěŋĺěň { ěáńĺ i_k ≤ n, âő i_{k+1} > n, ěáńĺ i_k > n, âő i_{k+1} ≤ n. (5) Ďőŕãáâĺň âěŕěàì, çâő ŋă (ν − 1)-őň èăčě (ν > 2)ŕàőĺğőèńő áőćŕăďěŋĺě ŋőňěàőć: i_ν = i_q , q < ν, âăł çâő ć i_q-ľ áâàőłě

A[i_q, i_{ν−1}] = 1, A[i_q , i_q] = 1.

Śőčńăáŋő (5) ć ŕőáńěďőćăâěńìŋőáâĺ K = {i_q, i_{q+1}, ..., i_{ν−1}} çěâŋőě çĺáńő íńěňěŋâőć. §áŋő, çâő áâőńąæë ĺ áâàőłĺ ňăâàĺæë A[K, K] ďćãåłőňŕőŋěŋâŋëě ĺ ć łăęďőľ áâàőłě á ŋőňěàőň i_k ∈ K, k > q, őâńĺçŋë őâ ŋãńï ďćě łőňŕőŋěŋâë ć áőáěďŋĺå áâőńąæăå:

A[i_k, i_{k−1}] = 1, A[i_k, i_k] = 1.

Šăł łăł őąě ŋěŋãńěćëě łőňŕőŋěŋâë ć áâőńąæăå á ŋőňěàăňĺ ĺğ K áőďěàęăâáï ć áâàőłăå ĺğ K, âő A[R \ K, K] = O. Śńěďőćăâěńìŋő, ν−1∑ k=q (−1)^{k+1}A[R, i_k] = O, çâő ŕàőâĺćőàěçĺâ ŋěőáőąěŋŋőáâĺ ąăğĺáŋőľ ňăâàĺæë A[R, R].

Ĺâăł, ŋăçĺŋăï á ńîąőčő ŋőňěàă i_1 ∈ R_2 ć àěğãńìâăâě ćëŕőńŋěŋĺï ăńčőàĺâňă Z äőàňĺàãěâáï æěŕőçłă ŕőŕăàŋő àăğńĺçŋëå ŋőňěàőć ~ = {i_1, i_2, ..., i_p}, ć łőâőàőľ ŕőáńěďŋĺľ ŋőňěà i_p ŕàĺŋăďńěęĺâ R_1, ă ćáě őáâăńìŋëě ĺğ R_2. Ŋăŕőňŋĺň, çâő ďćă áőáěďŋĺå ŋőňěàă ć æěŕőçłě ~ áćïğăŋë áőőâŋőèěŋĺěň (5). Šăł łăł i_p ∈ R_1, âő i_p ≤ n, ŕőíâőňã { p | çěâŋőě, ěáńĺ i_1 > n, p | ŋěçěâŋőě, ěáńĺ i_1 ≤ n. (6) Ďńï àěèěŋĺï áĺáâěň (3) ĺ (4) ďőáâăâőçŋő ãňěâì áâàőĺâì æěŕőçłĺ ŕő ăńčőàĺâňã Z.

3. Řěèěŋĺě ŕàïňőľ áĺáâěňë. Őŕĺèěň ăńčőàĺâň àěèěŋĺï áĺáâěňë A[R, R] · s[R] = A[R, l], l ∈ Q. (7) Ğăňěâĺň, çâő áâőńąěæ A[R, l] ńĺąő őàâ e_{l1}[R], ńĺąő ŕàěďáâăćĺň ć ćĺďě áãňňë ďćãå őàâőć: A[R, l] = e_{l1}[R] + e_{l2}[R]. Ěáńĺ áâőńąěæ A[R, l] | ďćãåłőňŕőŋěŋâŋëľ, âő àěèěŋĺě áĺáâěňë (7) áłńăďëćěâáï ĺğ ďćãå ćěłâőàőć: s[R] = s_1[R] + s_2[R], čďě

A[R, R] · s_1[R] = e_{l1}[R], A[R, R] · s_2[R] = e_{l2}[R].

Ğŋăçĺâ, ďńï àěèěŋĺï áĺáâěňë (7) ďőáâăâőçŋő őŕĺáăâì ŕàőæěáá àěèěŋĺï áĺáâěňë á ŕàőĺğćőńìŋëň őàâőň: A[R, R] · s[R] = e_i[R]. (8) Ŕő ăńčőàĺâňã Z ŕőáâàőĺň æěŕőçłã ~ = {i = i_1, i_2, ..., i_p}, áćïğëćăîéãî ŋőňěà i á ŋőňěàőň i_p ∈ R_1 (ěáńĺ i ∈ R_1, âő p = 1).

Şâćěàęďěŋĺě. Řěèěŋĺěň áĺáâěňë (8) ïćńïěâáï ćěłâőà

s[R] á łőňŕőŋěŋâăňĺ

s[i_k] = (−1)^{k+1}, k ∈ 1 : p, s[R \ ~] = O. (9)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàőćěàĺň, çâő ćěłâőà s[R] ïćńïěâáï àěèěŋĺěň áĺáâěňë (8). Śőčńăáŋő ăńčőàĺâňã Z ŋěŋãńěćëňĺ łőňŕőŋěŋâăňĺ áâàőłĺ i_k ňăâàĺæë A[R, ~] ŕàĺ k > 1 ïćńïîâáï âőńìłő A[i_k, i_k], ĺ A[i_k, i_{k−1}], ă ć áâàőłě i_1 ŋěŋãńěćőľ łőňŕőŋěŋâőľ ïćńïěâáï âőńìłő A[i_1, i_1]. Ğŋăçĺâ, ãàăćŋěŋĺï á ŋőňěàăňĺ i_k ∈ ~ áĺáâěňë (8) ňőęŋő ğăŕĺáăâì ć ćĺďě

s[i_1] = 1, s[i_{k−1}] + s[i_k] = 0, k = 2 : p.

Őçěćĺďŋő, çâő ćěłâőà ćĺďă (9) ãďőćńěâćőàïěâ íâĺň ãàăćŋěŋĺïň. Šăł łăł A[R \ ~, ~] = O, âő ŋěŋãńěćëě s[i_k] ć ďàãčĺå ãàăćŋěŋĺïå ŋě ãçăáâćãîâ. �

Őąàăâĺňáï ł áĺáâěňě (7) ć áńãçăě, łőčďă ć ŕàăćőľ çăáâĺ áâőĺâ ďćãåłőňŕőŋěŋâŋëľ áâőńąěæ A[R, l]. Ŋăŕőňŋĺň, çâő ěčő ŋěŋãńěćëě łőňŕőŋěŋâë ŋăåőďïâáï ć áâàőłăå á ŋőňěàăňĺ l_1, l_2, čďě l_1 ≤ n, l_2 > n. Ŋăçĺŋăï á ŋőňěàőć l_1 ĺ l_2, ŕőáâàőĺň æěŕőçłĺ ~_1 ĺ ~_2 áőőâćěâáâćěŋŋő. Ŕő äőàňãńăň (9) ŋăľďěň s_1[R] ĺ s_2[R]. Šőčďă àěèěŋĺěň áĺáâěňë (7) ïćńïěâáï ćěłâőà s = s_1 + s_2.

Ğăňěâĺň, çâő ěáńĺ ~_1 ĺ ~_2 ŕěàěáěłăîâáï, âő ŋăçĺŋăï á ŋěłőâőàőčő ŋőňěàă i_q, q > 1, ćáě áńěďãîéĺě ŋőňěàă æěŕőçěł ~_1 ĺ ~_2 áőćŕăďăîâ. Ŕőłăęěň, çâő ŋă áőćŕăďăîéĺå ŋőňěàăå

s_1[i_k] = −s_2[i_k], âăł çâő s[i_k] := s_1[i_k] + s_2[i_k] = 0. (10)

Šăł łăł l_1 ≤ n, âő ć áĺńã (6) ć æěŕőçłě ~_1 ŋěçěâŋőě çĺáńő íńěňěŋâőć ĺ áőčńăáŋő (9) s_1[i_p] = 1. Ă âăł łăł l_2 > n, âő ć æěŕőçłě ~_2 çěâŋőě çĺáńő íńěňěŋâőć ĺ s_2[i_p] = −1. Őáâăńìŋőě őçěćĺďŋő.

4. Řěèěŋĺě áőŕàïęěŋŋőľ áĺáâěňë. Őąàăâĺňáï ł àěèěŋĺî áĺáâěňë (4), łőâőàãî ňőęŋő ğăŕĺáăâì ć ćĺďě

A^T [R, R] · x[R] = f_1[R], f_1[i] = f[num[i]], i ∈ R. (11)

Ŕãáâì R_1 = {j_1, j_2, . . . j_k}. Ğăňěâĺň, çâő k ≤ n. Šăł łăł áâàőłĺ ňăâàĺæë A^T [j_ν, R] őďŋőłőňŕőŋěŋâŋëě, âő áőőâćěâáâćãîéĺě ãàăćŋěŋĺï áĺáâěňë (11) ĺňěîâ âàĺćĺăńìŋëľ ćĺď

x[j_ν ] = f_1[j_ν], j_ν ∈ R_1.

Řăááňőâàĺň âěŕěàì ŋőňěà i ∈ R_2 ĺ ŕő ăńčőàĺâňã Z ŕőáâàőĺň æěŕőçłã ~ := {i = i_1, i_2, . . . , i_p}. Łăęďăï áâàőłă A^T [i_k, R] ĺňěěâ ďćě ŋěŋãńěćëå łőňŕőŋěŋâë, âăł çâő i_k-ě ãàăćŋěŋĺě áĺáâěňë (11) ĺňěěâ ćĺď (áň. áåěňã æěŕőçłĺ )

x[i_k] + x[i_{k+1}] = f_1[i_k], k ∈ 1 : p − 1. (12)

Ŋőňěà i_p ŕàĺŋăďńěęĺâ R_1 ĺ ğŋăçěŋĺě x[i_p] ĺğćěáâŋő, ŕőíâőňã ĺğ àěłãààěŋâŋëå áőőâŋőèěŋĺľ (12) ŋăåőďĺň ŕőáńěďőćăâěńìŋő ćáě łőňŕőŋěŋâë x[i_k], ďńï k ∈ (p − 1) : 1.

Ś őáâăńìŋëňĺ ŋőňěàăňĺ l ∈ R_2, ć łőâőàëå ěéě ŋě őŕàěďěńěŋă łőňŕőŋěŋâă x[l], ŕőáâãŕăěň ăŋăńőčĺçŋő. Ğăňěâĺň, çâő ŋőćăï æěŕőçłă ~_1 := {l = l_1, l_2, . . . , l_μ} ňőęěâ ćńĺâìáï ć ãęě àăááňőâàěŋŋãî æěŕőçłã ~, ďńï łőâőàőľ ĺğćěáâŋë ćáě x[i_k]. Ěáńĺ l_q ∈ R_2 ŕěàćëľ őąéĺľ ŋőňěà íâĺå æěŕőçěł, âő áőčńăáŋő (12) ŕàěďëďãéĺě x[l_k] ŋăåőďïâáï ŕő ąőńěě łőàőâłőľ àěłãààěŋâŋőľ äőàňãńě

x[l_k] + x[l_{k+1}] = f_1[l_k], k ∈ (q − 1) : 1.

5. Ŕàĺćěďěŋĺě ŋőćőľ ąăğĺáŋőľ ňăâàĺæë ł łăŋőŋĺçěáłőňã ćĺďã. Ć łăçěáâćě ŋăçăńìŋőčő ąăğĺáă ćőğìňěň P = {1, 2, ..., n,

n + 1, 2n + 1, ..., (m − 1)n + 1}. Ŋěâàãďŋő ŕàőćěàĺâì, çâő ŕàĺ âăłőň ćëąőàě P ąăğĺáŋăï ňăâàĺæă A[R, P ] ĺňěěâ łăŋőŋĺçěáłĺľ ćĺď.

Řăááňőâàĺň ąăğĺáŋãî ňăâàĺæã A[R, R] łăŋőŋĺçěáłőčő ćĺďă. Ŕãáâì ć ąăğĺá ćłńîçăěâáï áâőńąěæ A[R, l] á ŋěŋãńěćőľ łőňŕőŋěŋâőľ ć áâàőłě i_1 ≤ n, ă ěáńĺ őŋ ďćãåłőňŕőŋěŋâŋëľ, âő ĺ ć áâàőłě j_1 > n. Ŕãáâì ĺğ ąăğĺáŋőľ ňăâàĺæë ĺáłńîçăěâáï q-ëľ áâőńąěæ. Ďńï őŕàěďěńěŋĺï ŋőňěàă q ∈ R àěèăńăáì áĺáâěňă (7), â. ě. áâàőĺńĺáì ďćě æěŕőçłĺ ~_1 = {i_1, . . . , i_p}, ~_2 = {j_1, . . . , j_h} (ĺńĺ âőńìłő őďŋă, ěáńĺ ćłńîçăěňëľ áâőńąěæ A[R, l] őďŋőłőňŕőŋěŋâŋëľ). Šăł łăł s[q] ≠ 0, âő ŋőňěà q áőčńăáŋő (10) áőďěàęĺâáï ć őďŋőľ ĺ âőńìłő ć őďŋőľ ĺğ æěŕőçěł ~_1 ĺńĺ ~_2, ŕőíâőňã ďăńěě ąãďěň àăááňăâàĺćăâì âőńìłő őďŋã æěŕőçłã, ďńï őŕàěďěńěŋŋőáâĺ ~_1. Ćáě áâőńąæë ąăğĺáŋőľ ňăâàĺæë, ŋőňěàă łőâőàëå áőďěàęăâáï ć æěŕőçłě, ïćńïîâáï ďćãåłőňŕőŋěŋâŋëňĺ ğă ĺáłńîçěŋĺěň ŕőáńěďŋěčő. Ďńï ńîąëå ďćãå áâőńąæőć á áőáěďŋĺňĺ ŋőňěàăňĺ A[R, i_{k−1}] ĺ A[R, i_k] (2 ≤ k ≤ p) ĺňěěň A[i_k, i_{k−1}] = 1, A[i_k, i_k] = 1, â. ě. ã áâőńąæă A[R, i_k] ěďĺŋĺæă ŋăåőďĺâáï ŋă ďĺăčőŋăńĺ, ă ã áâőńąæă A[R, i_{k−1}] | ŋěâ (áň. áåěňã æěŕĺ). Ŕãáâì ďńï őŕàěďěńěŋŋőáâĺ q = i_ν . Ŋă ňěáâő áâőńąæă A[R, i_ν ] ŕőňěáâĺň áâőńąěæ A[R, i_{ν−1}], âăł çâő łőňŕőŋěŋâă ňăâàĺæë á ŋőňěàăňĺ [i_ν , i_ν ] őáâăŋěâáï àăćŋőľ ěďĺŋĺæě. Ĺğ âěå ęě áőőąàăęěŋĺľ ŋă ňěáâő i_{ν−1}-čő áâőńąæă ŕőňěáâĺň i_{ν−2}-ľ áâőńąěæ ĺ â.ď. Ŋăłőŋěæ, ŋă ňěáâő, čďě ŋăåőďĺńáï áâőńąěæ A[R, i_2], ŕőňěáâĺň áâőńąěæ A[R, i_1], ă ćňěáâő áâőńąæă A[R, i_1] ŕőáâăćĺň ććőďĺňëľ ć ąăğĺá áâőńąěæ. Ŋăŕőňŋĺň, çâő íâőâ áâőńąěæ ĺňěěâ ŋěŋãńěćãî łőňŕőŋěŋâã ć áâàőłě i_1, âăł çâő A[i_1, i_1] = 1. Ć àěğãńìâăâě íâĺå ŕěàěáâăŋőćőł ŋőćăï ąăğĺáŋăï ňăâàĺæă ŕàĺňěâ łăŋőŋĺçěáłőľ ćĺď.

ŃĹŠĚŘĂŠŞŘĂ

1. Cheney E.M. The best approximation of multivariate functions by combinations of univariate ones // Approximat. Theory IV, 1983.

2. Ąãńăćáłĺľ Ć.Ă., Ğćïčĺŋă Ř.Ă., §łőćńěćă Ň.Ă. Ůĺáńěŋŋëě ňěâőďë ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï // Ň. Ŋăãłă. 1977. 367 á.

A ˛nite and time-saving algorithm of the solution of an information compression problem is described. The e‹ciency of the algorithm is de˛ned by the speed of the solution of two linear systems (straight and conjugate) with a strongly sparse matrix, having a de˛nite structure. Essentially a simple and fast algorithm of the solution of these two systems is developed.

Őŕĺáăŋ łőŋěçŋëľ ĺ íłőŋőňŋëľ ŕő ćàěňěŋĺ ăńčőàĺâň àěèěŋĺï őďŋőľ ğăďăçĺ áęăâĺï ĺŋäőàňăæĺĺ. İääěłâĺćŋőáâì ăńčőàĺâňă őŕàěďěńïěâáï áłőàőáâìî àěèěŋĺï ďćãå ńĺŋěľŋëå áĺáâěň (ŕàïňőľ ĺ áőŕàïęěŋŋőľ) á ňăâàĺæěľ áĺńìŋő àăğàěęěŋŋőľ, ŋő ĺňěîéěľ őŕàěďěńěŋŋãî áâàãłâãàã. Ŕő áãéěáâćã ć àăąőâě àăğàăąőâăŋ ŕàőáâőľ ĺ ąëáâàëľ ăńčőàĺâň àěèěŋĺï íâĺå áĺáâěň.