SPb. Math. Society Preprint 2001-05 07 Sep 2001

Ć. Ŋ. Ňăńőğěňőć, Ś. Ň. Ňăèăàáłĺľ

ŤŐŘŇŞŃĂ ČŃĂŚŚŇĂŊĂ, ĄŻŚŠŘŐĚ ŔŘĚŐĄŘĂĞŐĆĂŊĹĚ ŤŞŘĲĚ Ĺ ĆĚĽĆŃĚŠŊŻĚ ŘĂĞŃŐĘĚŊĹ§^1

Őâłàëâĺě ć 1965 č. ąëáâàőčő ŕàěőąàăğőćăŋĺï Ťãàìě (ĄŔŤ) ïćĺńőáì ňőéŋëň áâĺňãńőň ďńï àăğćĺâĺï ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă [1{3]. Ć ŕőáńěďŋĺě čőďë ąëń àăğàăąőâăŋ ŋőćëľ ŕőďåőď ł ĄŔŤ, ŕàĺ łőâőàőň àěğãńìâăâë ŕàőňěęãâőçŋëå ćëçĺáńěŋĺľ ĺŋâěàŕàěâĺàãîâáï łăł łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő ŋěłőâőàëň őàâőčőŋăńìŋëň ąăğĺáăň [4, 5]. Ŕàĺ ďńĺŋě ŕěàĺőďă N, àăćŋőľ 2^s, ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕőáâàőěŋë àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć, ĺňěîéĺå ąńőçŋãî áâàãłâãàã. Ć łăęďőň ąńőłě áĺčŋăńë àăğńĺçăîâáï ńĺèì áďćĺčőň ăàčãňěŋâă. Ĺğ ąńőłőć, ŕàĺŋăďńěęăéĺå àăğŋëň ąăğĺáăň àěłãààěŋâŋőľ ŕőáńěďőćăâěńìŋőáâĺ, äőàňĺàãîâáï őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë. İâő ğŋăçĺâěńìŋő àăáèĺàïěâ ćőğňőęŋőáâĺ æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć.

Ć ďăŋŋőľ àăąőâě àăááňăâàĺćăěâáï ąőńěě őąéăï áĺâãăæĺï, łőčďă ďńĺŋă ŕěàĺőďă N àăćŋă n^s. Śőőâćěâáâćãîéĺě őąőąéěŋĺï őłăğăńĺáì ćőğňőęŋëňĺ ąńăčőďăàï âőňã, çâő ãďăńőáì àăğőąàăâìáï á ĺáâőçŋĺłőň àěłãààěŋâŋëå áőőâŋőèěŋĺľ ďńï ąăğĺáőć. Ěáńĺ ć [4, 5] ŕàĺ N = 2^s âăłĺě áőőâŋőèěŋĺï, ŕő áãéěáâćã, ŕàěďêïćńïńĺáì, âő âěŕěàì őŋĺ ćëćőďïâáï ŋă őáŋőćě àăğńĺçŋëå äăłâőàĺğăæĺľ ňăâàĺæë Ťãàìě ŕőàïďłă N = n^s. Ŕàĺ íâőň æěŋâàăńìŋãî àőńì ĺčàăěâ äőàňãńă Čńăááňăŋă àăğńőęěŋĺï ňăâàĺæë Ťãàìě ŕőàïďłă N = mn [6]. İääěłâĺćŋëě àăáçěâŋëě äőàňãńë ŕőńãçăîâáï ŕãâěň ĺáŕőńìğőćăŋĺï ĺŋďěłáŋőľ âěåŋĺłĺ, łőčďă ŕàĺ ãňŋőęěŋĺĺ àăğàěęěŋŋőľ ňăâàĺæë ŋă ćěłâőà ãąĺàăîâáï ćáě őŕěàăæĺĺ á ŋãńěćëňĺ íńěňěŋâăňĺ ňăâàĺæë.

Ŕàőłőňňěŋâĺàãěň áőďěàęăŋĺě áâăâìĺ ŕő ŕăàăčàăäăň. Ć § 1 ŕàĺćőďïâáï ŕàěďćăàĺâěńìŋëě áćěďěŋĺï. Őŋĺ łăáăîâáï äőàňãńë Čńăááňăŋă ĺ ŕěàěáâăŋőćłĺ reverse, ăłâĺćŋő ĺáŕőńìğãěňőľ ć ďăńìŋěľèěň. Ć § 2 ãłăğăŋă äăłâőàĺğăæĺï ňăâàĺæë Ťãàìě ŕőàïďłă N = n^s, ćëćőď łőâőàőľ őáŋőćăŋ ŋă äőàňãńě Čńăááňăŋă. Ś ŕőňőéìî ŕěàěáâăŋőćłĺ reverse ŕőńãçěŋë ěéě ďćě äăłâőàĺğăæĺĺ ňăâàĺæë Ťãàìě ŕőàïďłă

1Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŕàőěłâ 01-01-00231).

N = n^s, ŋăğćăŋŋëě áőőâćěâáâćěŋŋő äăłâőàĺğăæĺěľ ŕő Łãńĺ{Šìîłĺ, áćïğăŋŋőľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ, ĺ äăłâőàĺğăæĺěľ ŕő Łãńĺ{ Šìîłĺ, áćïğăŋŋőľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

Ťăłâőàĺğăæĺĺ ňăâàĺæë Ťãàìě ĺğ § 2 ŕőğćőńïîâ ŕőáâàőĺâì âàĺ àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć, ĺ ŋă íâőľ őáŋőćě ŕàěďńőęĺâì âàĺ ćăàĺăŋâă ąëáâàőčő ŕàěőąàăğőćăŋĺï Ťãàìě ŕőàïďłă N = n^s. İâőňã ŕőáćïéěŋë § 3{5. Ć § 6 ŕőłăğăŋő, łăł äőàňĺàőćăâì őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, őŕĺàăïáì ŋă àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć, ĺňěîéĺå ąńőçŋãî áâàãłâãàã. Őâňěçăěâáï, ć çăáâŋőáâĺ, çâő ć ŕàőæěááě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺï ŕő ąăğĺáã Ťãàìě ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺï ĺ ŕő ąăğĺáã Ţăăàă|Łàěáâěŋáőŋă.

Ăŋăńőčĺçŋőě ĺááńěďőćăŋĺě ć áńãçăě, łőčďă ćňěáâő ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě àăááňăâàĺćăěâáï ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă, ïćńïîéěěáï ěáâěáâćěŋŋëň őąőąéěŋĺěň ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Şőńèă, ąëńő ŕàőćěďěŋő ć àăąőâě [7].

Ŋă ćăęŋőáâì őŕěàăæĺĺ łàőŋěłěàőćă ãňŋőęěŋĺï ňăâàĺæ ďńï ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă ćŕěàćëě őąàăâĺń ćŋĺňăŋĺě Čãď [8].

§ 1. ŔŘĚĎĆĂŘĹŠĚŃĲŊŻĚ ŚĆĚĎĚŊĹ§ 1.1. Őąőğŋăçĺň çěàěğ C N ńĺŋěľŋőě ŕàőáâàăŋáâćő łőňŕńěłáŋő-

ğŋăçŋëå N-ŕěàĺőďĺçěáłĺå äãŋłæĺľ æěńőçĺáńěŋŋőčő ăàčãňěŋâă x = x(j), j ∈ Z. İńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň ŋăğëćăâì áĺčŋăńăňĺ.

Ć C N őąëçŋëň áŕőáőąőň ććőďĺâáï áłăńïàŋőě ŕàőĺğćěďěŋĺě ĺ ŋőàňă: ⟨x, y⟩ = N−1∑ j=0 x(j) y(j) , ‖x‖ = ⟨x, x⟩^{1/2}. Ěďĺŋĺçŋëň N-ŕěàĺőďĺçěáłĺň ĺňŕãńìáőň ŋăğëćăěâáï áĺčŋăń δ_N (j), àăćŋëľ 1, łőčďă j ďěńĺâáï ŋă N, ĺ àăćŋëľ 0 ŕàĺ őáâăńìŋëå j ∈ Z. Ć çăáâŋőáâĺ, δ_1(j) ≡ 1.

Śĺáâěňă áďćĺčőć δ_N (j), δ_N (j − 1), . . . , δ_N (j − N + 1) őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć C_N , âăł çâő ńîąőľ áĺčŋăń x ďőŕãáłăěâ ŕàěďáâăćńěŋĺě x(j) = N−1∑ k=0 x(k) δ_N (j − k) ∀j ∈ Z. (1.1)

Ĺğ (1.1) ĺ çěâŋőáâĺ δ_N áńěďãěâ, çâő ŕàĺ äĺłáĺàőćăŋŋëå l, l^′ ∈ Z ⟨ δ_N (· − l), δ_N (· − l^′) ⟩ = N−1∑ j=0 δ_N (j − l) δ_N (l^′ − j) = δ_N (l^′ − l).

Ŕőńőęĺň u_k(j) = ω^{kj}_N , čďě ω_N = exp(2πi/N) | łőàěŋì N-ľ áâěŕěŋĺ ĺğ ěďĺŋĺæë. Śĺčŋăńë u_0(j), u_1(j), . . . , u_{N−1}(j) őąàăğãîâ ěéě őďĺŋ őàâőčőŋăńìŋëľ ąăğĺá ć C_N , łőâőàëľ ŋăğëćăěâáï íłáŕőŋěŋæĺăńìŋëň. Őàâőčőŋăńìŋőáâì áńěďãěâ ĺğ íńěňěŋâăàŋőľ äőàňãńë 1 N N−1∑ j=0 ω^{pj}_N = δ_N (p) ∀p ∈ Z. (1.2)

Őçěćĺďŋő, çâő ‖u_k‖^2 = N ŕàĺ ćáěå k = 0, 1, . . . , N − 1. Ńîąőľ áĺčŋăń x ňőęŋő ŕàěďáâăćĺâì ć ćĺďě x(j) = N−1∑ k=0 X(k) u_k(j) ∀j ∈ Z, čďě X(k) = N^{−1}⟨x, u_k⟩.

1.2. Łćăďàăâŋăï ňăâàĺæă FN ŕőàïďłă N á íńěňěŋâăňĺ F_N [k, j] = u_k(j) = ω^{kj}_N , k, j ∈ {0, 1, . . ., N − 1}, ŋăğëćăěâáï ňăâàĺæěľ Ťãàìě. Ďőŕãáâĺň, çâő N = mn, čďě m, n | ŋăâãàăńìŋëě çĺáńă, őâńĺçŋëě őâ ěďĺŋĺæë. Ğăäĺłáĺàãěň ĺŋďěłáë k, j ∈ {0, 1, . . . , N − 1}. Ŕàěďáâăćĺć j ć ćĺďě j = pn + q, čďě q ∈ {0, 1, . . ., n − 1}, p ∈ {0, 1, . . . , m − 1}, ğăŕĺèěň F_N [k, j] = ω^{k(pn+q)} N = ω^{kp}_m ω^{kq}_N . Ććěďěň ćěłâőà-áâàőłã γ_k á łőňŕőŋěŋâăňĺ γ_k(q) = ω^{qk}_N , q = 0, 1, . . ., n − 1. Šőčďă F_N [k, j] = ω^{pk}_m γ_k(q), âăł çâő k-ï áâàőłă ňăâàĺæë F_N ŕàĺňěâ ćĺď F_N [k, ·] = ( γ_k, ω^k_mγ_k, ω^{2k}_m γ_k, . . . , ω^{(m−1)k}_m γ_k ) .

Ŕőńőęĺć k = lm + r, čďě r ∈ {0, 1, . . ., m − 1}, l ∈ {0, 1, . . ., n − 1}, ŕàĺďěň ł äőàňãńě F_N [k, ·] = ( γ_k, ω^r_mγ_k, ω^{2r}_m γ_k, . . . , ω^{(m−1)r}_m γ_k ) . (1.3)

Őąőğŋăçĺň çěàěğ E_n ěďĺŋĺçŋãî ňăâàĺæã ŕőàïďłă n ĺ ććěďěň ďćě łćăďàăâŋëě ňăâàĺæë ŕőàïďłă N:

D_N = E_n E_n E_n . . . E_n E_n ω_mE_n ω^2_mE_n . . . ω^{m−1}_m E_n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . E_n ω^{m−1}_m E_n ω^{2(m−1)}m E_n . . . ω^{(m−1)2}m E_n ,

`_N = γ_0

γ_1 ... γ_{m−1} γ_m γ_{m+1} ... γ_{2m−1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . γ_{(n−1)m} γ_{(n−1)m+1} ... γ_{nm−1}

.

Ŋěâàãďŋő ŕàőćěàĺâì, őŕĺàăïáì ŋă (1.3), çâő

F_N = `_N D_N . (1.4)

İâă äőàňãńă ãáâăŋőćńěŋă Čńăááňăŋőň [6].

Ŕőïáŋĺň ŕàăćĺńő ŕőáâàőěŋĺï ňăâàĺæë `_N . Ćőğìňěň ŕőďňăâàĺæã, áőáâőïéãî ĺğ n ŕěàćëå áâőńąæőć ňăâàĺæë Ťãàìě F_N . Śâàőłĺ íâőľ ŕőďňăâàĺæë, ĺŋďěłá k łőâőàëå ŕàĺ ďěńěŋĺĺ ŋă m ďăěâ ć őáâăâłě r, áďćĺŋěň ŋă rn ŕőğĺæĺľ ćŕàăćő. Ďőŕőńŋĺć ŕőńãçěŋŋãî ňăâàĺæã ŋãńïňĺ, ŕàĺďěň ł `_N .

1.3. Ć ďăńìŋěľèěň áçĺâăěň, çâő N = n^s, čďě n ≥ 2, s ≥ 2 |

ŋăâãàăńìŋëě çĺáńă. Ŕőńőęĺň N_ν = N/n^ν, ´_ν = n^{ν−1}. Ć çăáâŋőáâĺ, N_0 = N, N_s = 1, ´_1 = 1, ´_2 = n, ´_{ν+1} = N_{s−ν} ŕàĺ ν = 0, 1, . . . , s.

Ůĺáńő p ∈ {0, 1, . . ., ´_{ν+1} − 1} ňőęŋő ŕàěďáâăćĺâì ć ćĺďě

p = p_{ν−1}n^{ν−1} + p_{ν−2}n^{ν−2} + . . . + p_0,

čďě p_k ∈ {0, 1, . . ., n − 1}. Őąőğŋăçĺň

rev_ν (p) = p_0n^{ν−1} + p_1n^{ν−2} + . . . + p_{ν−1}.

Őŕěàăæĺï rev_ν áőŕőáâăćńïěâ çĺáńã p çĺáńő rev_ν(p), n-ĺçŋëľ łőď łőâőàőčő àăćěŋ ŕěàěćěàŋãâőňã n-ĺçŋőňã łőďã çĺáńă p. Őçěćĺďŋő, çâő rev_ν ( rev_ν (p) ) = p. Ŕő őŕàěďěńěŋĺî rev_1(p) = p ŕàĺ p ∈ {0, 1, . . ., n − 1}. Ŕőńőęĺň âăłęě rev_0(0) = 0.

Őŕěàăæĺï rev_ν ŕàĺ ν ≥ 2 ïćńïěâáï ŕěàěáâăŋőćłőľ ňŋőęěáâćă {0, 1, . . ., ´_{ν+1} − 1}. Ńěňňă 1.1. Śŕàăćěďńĺćő àěłãààěŋâŋőě áőőâŋőèěŋĺě

rev_0(0) = 0,

rev_ν(nl + σ) = σ´_ν + rev_{ν−1}(l) (1.5) ŕàĺ l ∈ {0, 1, . . . , ´_ν − 1}, σ ∈ {0, 1, . . . , n − 1}, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 äőàňãńă (1.5) âàĺćĺăńìŋă.

Ŕãáâì ν ≥ 2. Ĺňěěň nl + σ = l_{ν−2}n^{ν−1} + . . . + l_0n + σ. Ğŋăçĺâ,

rev_ν (nl + σ) = σn^{ν−1} + l_0n^{ν−2} + . . . + l_{ν−2} = σ´_ν + rev_{ν−1}(l).

Ńěňňă ďőłăğăŋă.

1.4. Ććěďěň łćăďàăâŋãî ňăâàĺæã Rν ŕőàïďłă ´ν+1 á íńěňěŋâăňĺ R_ν [k, j] = { 1, ěáńĺ j = rev_ν(k), 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . ., ´_{ν+1} − 1}.

Ć çăáâŋőáâĺ, R_1 = E_n. Őçěćĺďŋő, çâő R_ν | áĺňňěâàĺçŋăï ňăâàĺæă ĺ

R_ν R_ν = E_{Δ˚+1} . (1.6)

Ďěľáâćĺě R_ν őŕàěďěńïěâáï âăł: y = R_ν x ⇔ y(k) = x ( rev_ν (k) ) , k ∈ {0, 1, . . . , ´_{ν+1} − 1}. Ć áćïğĺ á íâĺň ňăâàĺæă R_ν ŋăğëćăěâáï ňăâàĺæěľ àěćěàáŋëå ŕěàěáâăŋőćőł. Ěáńĺ A | łćăďàăâŋăï ňăâàĺæă ŕőàïďłă ´_{ν+1}, âő ãňŋőęěŋĺě R_ν A àěćěàâĺàãěâ áâàőłĺ ňăâàĺæë A, ă ãňŋőęěŋĺě AR_ν àěćěàâĺàãěâ áâőńąæë ňăâàĺæë A.

§ 2. ŤĂŁŠŐŘĹĞĂŰĹ§ ŇĂŠŘĹŰŻ ŤŞŘĲĚ ŔŐ ČŃĂŚŚŇĂŊŞ Ĺ ŔŐ ŁŞŃĹ{ŠĲđŁĹ 2.1. Őŕěàăæĺï łàőŋěłěàőćă ãňŋőęěŋĺï ⊗ ŕőğćőńïěâ ğăŕĺáăâì ňă-

âàĺæã D_N ĺğ (1.4) ć ćĺďě D_N = F_m ⊗ E_n, âăł çâő

F_N = `_N (F_m ⊗ E_n). (2.1)

Ś ŕőňőéìî (2.1) ŕőńãçĺň ąőńěě čńãąőłãî äăłâőàĺğăæĺî ňăâàĺæë Ťãàìě F_N ŕàĺ N = n^s.

Ććěďěň ćěłâőà-áâàőłĺ

γ^{(ν)}_k = ( 1, ω^k_{Δ˚+1} , ω^{2k}_{Δ˚+1} , . . . , ω^{(n−1)k}_{Δ˚+1} ) , k = 0, 1, . . ., ´_{ν+1} − 1, ĺ ĺğ ŋĺå áőáâăćĺň łćăďàăâŋãî ňăâàĺæã `_{Δ˚+1} ŕőàïďłă ´_{ν+1}:

`_{Δ˚+1} = γ^{(ν)}_0 γ^{(ν)}_1 ... γ^{(ν)}_{Δ˚ −1} γ^{(ν)}_{Δ˚} γ^{(ν)}_{Δ˚+1} ... γ^{(ν)}_{2Δ˚ −1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . γ^{(ν)}_{(n−1)Δ˚}

γ^{(ν)}_{(n−1)Δ˚+1} ... γ^{(ν)}_{Δ˚+1−1}

.

Ŋăŕőňŋĺň, çâő N_ν = N/n^ν.

Šěőàěňă 2.1. Ďńï ňăâàĺæë Ťãàìě FN ŕàĺ N = n^s áŕàăćěďńĺćő

àăğńőęěŋĺě F_N = H_sH_{s−1} · · · H_1, (2.2) čďě H_ν = `_{Δ˚+1} ⊗ E_{N˚} .

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕőáłőńìłã ´_{ν+1} = n´_ν, âő áőčńăáŋő (2.1) ŕàĺ ν ∈ {2, . . . , s} ĺňěěň F_{Δ˚+1} = `_{Δ˚+1} (F_{Δ˚} ⊗ E_n). (2.3) Ŕőłăęěň, çâő F_{Δ˚+1} ⊗ E_{N˚} = H_ν (F_{Δ˚} ⊗ E_{N˚}�_1 ). (2.4) İâő ńěčłő áńěďãěâ ĺğ (2.3) ĺ áćőľáâć łàőŋěłěàőćă ãňŋőęěŋĺï. Ďěľáâćĺâěńìŋő,

F_{Δ˚+1} ⊗ E_{N˚} = ( `_{Δ˚+1} (F_{Δ˚} ⊗ E_n) ) ⊗ (E_{N˚} E_{N˚} ) = = (`_{Δ˚+1} ⊗ E_{N˚} )(F_{Δ˚} ⊗ E_n ⊗ E_{N˚} ) = H_ν (F_{Δ˚} ⊗ E_{N˚}�_1 ).

Ćőáŕőńìğãěňáï âěň, çâő H_s = `_{Δs+1} ⊗ E_1 = `_{Δs+1} . Ŋă őáŋőćăŋĺĺ (2.3) ĺ (2.4) ŕőńãçĺň

F_N = F_{Δs+1} = `_{Δs+1} (F_{Δs} ⊗ E_n) = H_s(F_{Δs} ⊗ E_{Ns}�_1 ) = = H_sH_{s−1}(F_{Δs}�_1 ⊗ E_{Ns}�_2 ) = . . . = H_sH_{s−1} · · · H_2(F_{Δ2} ⊗ E_{N1} ).

Šăł łăł `_n = F_n (áńãçăľ ν = 1), âő F_{Δ2} ⊗ E_{N1} = `_{Δ2} ⊗ E_{N1} = H_1.

Šěőàěňă ďőłăğăŋă.

2.2. Ćëïáŋĺň áâàãłâãàã ňăâàĺæë Hν .

Ńěňňă 2.1. Ŕàĺ ν ∈ {1, . . . , s} áŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

H_ν [(σ´_ν + l)N_ν + p, (ln + τ)N_ν + p] = ω^{στ}_n ω^{lτ}_{Δ˚+1} , (2.5) čďě p ∈ {0, 1, . . ., N_ν −1}, l ∈ {0, 1, . . ., ´_ν −1}, σ, τ ∈ {0, 1, . . . , n−1}; H_ν [k, j] = 0 ŕàĺ őáâăńìŋëå (k, j).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ğăäĺłáĺàãěň ĺŋďěłáë k, j ∈ {0, 1, . . ., N − 1} ĺ ŕàěďáâăćĺň ĺå ć ćĺďě k = qN_ν + p, j = q^′N_ν + p^′, čďě p, p^′ ∈ {0, 1, . . . , N_ν − 1}, q, q^′ ∈ {0, 1, . . . , ´_{ν+1} − 1}. Šăł łăł H_ν = `_{Δ˚+1} ⊗ E_{N˚} , âő ŕő őŕàěďěńěŋĺî łàőŋěłěàőćă ãňŋőęěŋĺï

H_ν[k, j] = `_{Δ˚+1} [q, q^′]E_{N˚} [p, p^′] = { `_{Δ˚+1} [q, q^′] ŕàĺ p = p^′, 0 ŕàĺ p ≠ p^′.

Ŕãáâì ďăńěě q = σ´_ν + l, q^′ = l^′n + τ, čďě l, l^′ ∈ {0, 1, . . ., ´_ν − 1}, σ, τ ∈ {0, 1, . . ., n − 1}. Ŕő ŕőáâàőěŋĺî ňăâàĺæë `_{Δ˚+1}

`_{Δ˚+1} [q, q^′] = `_{Δ˚+1} [σ´_ν + l, l^′n + τ] = { γ^{(ν)}q (τ) ŕàĺ l = l^′, 0 ŕàĺ l ≠ l^′.

(2.6)

Ğŋăçĺâ, ŋěŋãńěćëňĺ ïćńïîâáï âőńìłő âě íńěňěŋâë H_ν [k, j], ã łőâőàëå k = (σ´_ν + l)N_ν + p, j = (ln + τ)N_ν + p. Ŕàĺ íâőň

H_ν[(σ´_ν + l)N_ν + p, (ln + τ)N_ν + p] = γ^{(ν)}_{σΔ˚+l}(τ) = ω^{(σΔ˚+l)τ} Δ˚_{+1} = ω στ n ω^{lτ}_{Δ˚+1} .

Ńěňňă ďőłăğăŋă.

2.3. Řăğńőęěŋĺě (2.2) ňăâàĺæë Ťãàìě FN ŋăğőćěň äăłâőàĺğă-

æĺěľ ŕő Čńăááňăŋã. Ś ŕőňőéìî ňăâàĺæ àěćěàáŋëå ŕěàěáâăŋőćőł R_ν ŕőńãçĺň ěéě ďćă àăğńőęěŋĺï F_N .

Őąőğŋăçĺň U_1 = H_1 = F_n ⊗ E_{N1} ;

G_{Δ˚+1} = R_ν `_{Δ˚+1} (R_{ν−1} ⊗ E_n), U_ν = G_{Δ˚+1} ⊗ E_{N˚} , ν = 2, . . . , s.

Šěőàěňă 2.2. Ŕàĺ N = n^s ňăâàĺæă Ťãàìě FN ďőŕãáłăěâ ŕàěď-

áâăćńěŋĺě F_N = R_sU_sU_{s−1} · · · U_1. (2.7)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕőáłőńìłã H_s = `_{Δs+1} , âő

U_s = G_{Δs+1} = R_sH_s(R_{s−1} ⊗ E_n).

Őâáîďă á ãçěâőň (1.6) áńěďãěâ, çâő H_s = R_sU_s(R_{s−1} ⊗ E_n)^{−1} = R_sU_s(R_{s−1} ⊗ E_n).

Śőčńăáŋő (2.2) ĺňěěň F_N = R_sU_s(R_{s−1} ⊗ E_n)H_{s−1} · · · H_1. (2.8) Ŕőłăęěň, çâő ŕàĺ ν = s − 1, s − 2, . . . , 2 (R_ν ⊗ E_{N˚} )H_ν = U_ν (R_{ν−1} ⊗ E_{N˚}�_1 ). (2.9) Ďěľáâćĺâěńìŋő,

(R_ν ⊗ E_{N˚} )H_ν = (R_ν ⊗ E_{N˚} )(`_{Δ˚+1} ⊗ E_{N˚} ) = = (R_ν `_{Δ˚+1} ) ⊗ E_{N˚} = ( G_{Δ˚+1} (R_{ν−1} ⊗ E_n) ) ⊗ (E_{N˚} E_{N˚} ) = = (G_{Δ˚+1} ⊗ E_{N˚} )(R_{ν−1} ⊗ E_n ⊗ E_{N˚} ) = U_ν(R_{ν−1} ⊗ E_{N˚}�_1 ).

Ćěàŋěňáï ł äőàňãńě (2.8). Şçĺâëćăï (2.9), ŕőńãçăěň

F_N = R_sU_sU_{s−1}(R_{s−2} ⊗ E_{Ns}�_2 )H_{s−2} · · · H_1 = . . . = = R_sU_sU_{s−1} · · · U_2(R_1 ⊗ E_{N1} )H_1.

Őáâăěâáï ŕàĺŋïâì ćő ćŋĺňăŋĺě, çâő R_1 = E_n ĺ H_1 = U_1.

Šěőàěňă ďőłăğăŋă.

Ńěňňă 2.2. Ŕàĺ ν ∈ {1, . . . , s} ĺňěîâ ňěáâő àăćěŋáâćă

U_ν[(ln + σ)N_ν + p, (ln + τ)N_ν + p] = ω^{στ}_n ω^τ rev^˚�^{1(l)}_{Δ˚+1} , (2.10) čďě p ∈ {0, 1, . . ., N_ν −1}, l ∈ {0, 1, . . ., ´_ν −1}, σ, τ ∈ {0, 1, . . . , n−1}; U_ν[k, j] = 0 ŕàĺ őáâăńìŋëå (k, j).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 äőàňãńă (2.10) ŕàĺŋĺňăěâ ćĺď U_1[σN_1 + p, τN_1 + p] = ω^{στ}_n , p ∈ {0, 1, . . ., N_1 − 1}, σ, τ ∈ {0, 1, . . . , n − 1}.

Ěě áŕàăćěďńĺćőáâì áńěďãěâ ĺğ (2.5) (ŕàĺ ν = 1) ĺ àăćěŋáâćă U_1 = H_1. Ć ďăńìŋěľèěň áçĺâăěň, çâő ν ∈ {2, . . . , s}.

Ğăäĺłáĺàãěň k, j ∈ {0, 1, . . . , N − 1} ĺ ğăŕĺèěň k = qN_ν + p, j = q^′N_ν + p^′, čďě p, p^′ ∈ {0, 1, . . . , N_ν − 1}, q, q^′ ∈ {0, 1, . . ., ´_{ν+1} − 1}. Ŕő őŕàěďěńěŋĺî łàőŋěłěàőćă ãňŋőęěŋĺï ňăâàĺæ

U_ν [k, j] = G_{Δ˚+1} [q, q^′]E_{N˚} [p, p^′]. (2.11) Ŕãáâì q = ln + σ, q^′ = l^′n + τ, čďě σ, τ ∈ {0, 1, . . . , n − 1}, l, l^′ ∈ {0, 1, . . ., ´_ν − 1}. Ŕőłăęěň, çâő

G_{Δ˚+1} [ln + σ, l^′n + τ] = `_{Δ˚+1} [rev_ν(ln + σ), n rev_{ν−1}(l^′) + τ]. (2.12)

Ďěľáâćĺâěńìŋő, ŕő őŕàěďěńěŋĺî G_{Δ˚+1}

G_{Δ˚+1} [ln + σ, l^′n + τ] = Δ˚ −1∑

r=0 n−1∑ s=0 `_{Δ˚+1} [rev_ν (ln + σ), rn + s]×

×R_{ν−1}[r, l^′]E_n[s, τ] = `_{Δ˚+1} [rev_ν (ln + σ), n rev_{ν−1}(l^′) + τ]. Śőčńăáŋő (1.5), (2.6) ĺ (2.12) ŕőńãçăěň

G_{Δ˚+1} [ln + σ, l^′n + τ] = `_{Δ˚+1} [σ´_ν + rev_{ν−1}(l), n rev_{ν−1}(l^′) + τ] = = { γ^{(ν)}_{σΔ˚+} rev_˚�_{1 (l)}(τ) ŕàĺ l = l^′ 0 ŕàĺ l ≠ l^′ } = { ω^{στ}_n ω^τ rev^˚�^{1(l)}

Δ˚_{+1} ŕàĺ l = l ′, 0 ŕàĺ l ≠ l^′.

Šěŕěàì ĺğ (2.11) áńěďãěâ, çâő íńěňěŋâ U_ν [k, j] őâńĺçěŋ őâ ŋãńï âőńìłő ć áńãçăě p = p^′ ĺ l = l^′. Ŕàĺ íâőň áŕàăćěďńĺćă äőàňãńă (2.10). Ńěňňă ďőłăğăŋă.

2.4. Ŕőńőęĺň Tν = RsUν Rs.

Šěőàěňă 2.3. Ďńï ňăâàĺæë Ťãàìě FN ŕàĺ N = n^s áŕàăćěďńĺćő

àăğńőęěŋĺě F_N = T_sT_{s−1} · · · T_1R_s. (2.13)

Ď ő ł ă ğ ă â ě ń ì á â ć ő ńěčłő áńěďãěâ ĺğ (2.7) ĺ (1.8). Ďěľáâćĺâěńìŋő,

F_N = R_sU_sU_{s−1} · · · U_1 = (R_sU_sR_s)(R_sU_{s−1}R_s) · · · (R_sU_1R_s)R_s =

= T_sT_{s−1} · · · T_1R_s. Ńěňňă 2.3. Ŕàĺ ν ∈ {1, . . . , s} ĺňěîâ ňěáâő àăćěŋáâćă

T_ν[l + σ´_ν + p´_{ν+1}, l + τ´_ν + p´_{ν+1}] = ω^{στ}_n ω^{lτ}_{Δ˚+1} , (2.14) čďě p ∈ {0, 1, . . ., N_ν −1}, l ∈ {0, 1, . . ., ´_ν −1}, σ, τ ∈ {0, 1, . . . , n−1}; T_ν [k, j] = 0 ŕàĺ őáâăńìŋëå (k, j).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 äőàňãńă (2.14) ŕàĺŋĺňăěâ ćĺď T_1[σ + pn, τ + pn] = ω^{στ}_n , p ∈ {0, 1, . . ., N_1 − 1}, σ, τ ∈ {0, 1, . . . , n − 1}. Ďńï ěě ŕàőćěàłĺ ćőáŕőńìğãěňáï őŕàěďěńěŋĺěň T_1, äőàňãńăňĺ (1.5) ŕàĺ ν = s ĺ (2.10) ŕàĺ ν = 1. Ŕőńãçĺň

T_1[σ + pn, τ + pn] = U_1[rev_s(σ + pn), rev_s(τ + pn)] = = U_1[σ´_s + rev_{s−1}(p), τ´_s + rev_{s−1}(p)] = = U_1[σN_1 + rev_{s−1}(p), τN_1 + rev_{s−1}(p)] = ω^{στ}_n , çâő ĺ âàěąőćăńőáì ãáâăŋőćĺâì. Ć ďăńìŋěľèěň áçĺâăěň, çâő ν ∈ {2, . . . , s}. Ŕőáłőńìłã T_ν [k, j] = U_ν [rev_s(k), rev_s(j)], âő íńěňěŋâ T_ν[k, j] őâńĺçěŋ őâ ŋãńï âőńìłő âőčďă, łőčďă

rev_s(k) = (ln + σ)N_ν + p, rev_s(j) = (ln + τ)N_ν + p, ĺńĺ k = rev_s(lN_{ν−1} + σN_ν + p), j = rev_s(lN_{ν−1} + τN_ν + p). Ŕàĺ íâőň T_ν[k, j] = ω^{στ}_n ω^τ rev^˚�^{1(l)}

Δ˚_{+1} . (2.15)

Ŕãáâì l = l_{ν−2}n^{ν−2} + . . . + l_0, p = p_{s−ν−1}n^{s−ν−1} + . . . + p_0. Šőčďă lN_{ν−1} + σN_ν + p = l_{ν−2}n^{s−1} + . . . + l_0n^{s−ν+1} + σn^{s−ν} + +p_{s−ν−1}n^{s−ν−1} + . . . + p_0, âăł çâő

rev_s(lN_{ν−1} + σN_ν + p) = p_0n^{s−1} + . . . + p_{s−ν−1}n^ν + σn^{ν−1}+ +l_0n^{ν−2} + . . . + l_{ν−2} = n^ν(p_0n^{s−ν−1} + . . . + p_{s−ν−1}) + σ´_ν + +rev_{ν−1}(l) = ´_{ν+1}rev_{s−ν} (p) + σ´_ν + rev_{ν−1}(l).

Ăŋăńőčĺçŋő

rev_s(lN_{ν−1} + τN_ν + p) = ´_{ν+1}rev_{s−ν}(p) + τ´_ν + rev_{ν−1}(l). Ŕőńőęĺň p^′ = rev_{s−ν}(p), l^′ = rev_{ν−1}(l). Ć íâőň áńãçăě äőàňãńã (2.15) ňőęŋő ŕěàěŕĺáăâì âăł:

T_ν [l^′ + σ´_ν + p^′´_{ν+1}, l^′ + τ´_ν + p^′´_{ν+1}] = ω^{στ}_n ω^{τl}

0_{Δ˚+1} , çâő àăćŋőáĺńìŋő (2.14). Ńěňňă ďőłăğăŋă.

2.5. Ğăňěçăâěńìŋőľ őáőąěŋŋőáâìî ćáěå âàěå àăğńőęěŋĺľ (2.2),

(2.7) ĺ (2.13) ňăâàĺæë Ťãàìě ïćńïěâáï âő, çâő áâàőłĺ áőňŋőęĺâěńěľ H_ν, U_ν, T_ν , ć ŋĺå ćåőďïéĺå, őàâőčőŋăńìŋë. Ŕàőćěàĺň íâő.

Őąőğŋăçĺň çěàěğ F^∗_N ňăâàĺæã, áőŕàïęěŋŋãî á F_N . Ć áĺńã (1.2) F_N F^∗_N = NE_N .

Ńěňňă 2.4. Ŕàĺ ν ∈ {1, . . . , s} ćëŕőńŋïîâáï áőőâŋőèěŋĺï

H_νH^∗_ν = U_ν U^∗_ν = T_ν T^∗_ν = nE_N . (2.16) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 ĺňěěň

H_1H^∗_1 = (F_n ⊗ E_{N1} )(F^∗_n ⊗ E_{N1} ) = (F_nF^∗_n ) ⊗ E_{N1} = = nE_n ⊗ E_{N1} = nE_N .

Ŕőáłőńìłã U_1 = H_1, âő ĺ U_1U^∗_1 = nE_N .

Ŕãáâì ν ∈ {2, . . . , s}. Śőčńăáŋő (2.4) H_ν = (F_{Δ˚+1} ⊗E_{N˚} )(F^{−1}_{Δ˚} ⊗E_{N˚}�_1 ) = ´^{−1}_ν (F_{Δ˚+1} ⊗E_{N˚} )(F^∗_{Δ˚} ⊗E_{N˚}�_1 ), ŕőíâőňã H_νH^∗_ν = ´^{−2}_ν (F_{Δ˚+1} ⊗E_{N˚} )(F^∗_{Δ˚} ⊗E_{N˚}�_1 )(F_{Δ˚} ⊗E_{N˚}�_1 )(F^∗_{Δ˚+1} ⊗E_{N˚} ) =

= ´^{−1}_ν (F_{Δ˚+1} ⊗ E_{N˚} )(F^∗_{Δ˚+1} ⊗ E_{N˚} ) = nE_N .

Ďăńěě, äőàňãńă (2.9) ćěàŋă ŋě âőńìłő ŕàĺ ν ∈ {2, . . . , s − 1}, ŋő ĺ ŕàĺ ν = s. Şçĺâëćăï íâő, ğăŕĺèěň

U_ν = (R_ν ⊗ E_{N˚} )H_ν (R_{ν−1} ⊗ E_{N˚}�_1 ).

Šěŕěàì àăćěŋáâćő U_ν U^∗_ν = nE_N ŕàőćěàïěâáï ăŋăńőčĺçŋő ŕàěďëďãéěňã. Řăćěŋáâćő T_νT^∗_ν = nE_N ŕàĺ ν ∈ {1, . . . , s} áńěďãěâ ĺğ ŕàěďáâăćńěŋĺï T_ν = R_sU_ν R_s. Ńěňňă ďőłăğăŋă.

2.6. Ŋăŕőňŋĺň, çâő àăğńőęěŋĺě (2.2) ňăâàĺæë Ťãàìě ąëńő ŋă-

ğćăŋő äăłâőàĺğăæĺěľ ŕő Čńăááňăŋã. Řăğńőęěŋĺï (2.7) ĺ (2.13) ŋăğőćěň äăłâőàĺğăæĺïňĺ ŕő Łãńĺ{Šìîłĺ, áćïğăŋŋëňĺ áőőâćěâáâćěŋŋő á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ ĺ ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Ŋěőąåőďĺňëě ŋă íâőâ áçěâ ŕőïáŋěŋĺï ąãďãâ ďăŋë ć § 4, 5.

§ 3. ĄŻŚŠŘŐĚ ŔŘĚŐĄŘĂĞŐĆĂŊĹĚ ŤŞŘĲĚ.

ŐŚŊŐĆŊŐĽ ĆĂŘĹĂŊŠ 3.1. Ŋă őáŋőćě àăğńőęěŋĺï (2.2) ňăâàĺæë Ťãàìě FN ŕàĺ N = n^s

ŕőáâàőĺň ć C_N ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {h_ν (k; j)}^{N−1}_{k=0} , ν = 0, 1, . . . , s, âăł, çâőąë h_0(k; j) = δ_N (j − k) ĺ h_s(k; j) = u_k(j) = ω^{kj}_n ŕàĺ k = 0, 1, . . ., N − 1. Śĺčŋăńë h_ν (k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì h_ν (k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áâőńąæă h_ν = ( h_ν (0), h_ν (1), . . . , h_ν (N − 1) )_⊤ . Ŕőńőęĺň h_ν = H_ν H_{ν−1} · · · H_1 h_0. (3.1)

Śőčńăáŋő (2.2), h_s = F_N h_0, âăł çâő ŕàĺ k, j ∈ {0, 1, . . ., N − 1}

h_s(k; j) = N−1∑ l=0 F_N [k, l]δ_N (j − l) = F_N [k, j] = ω^{kj}_N . Řăğąěàěňáï á ŕàőňěęãâőçŋëňĺ ąăğĺáăňĺ h_1, . . . , h_{s−1}. Őąőğŋăçĺň Q_ν = H_νH_{ν−1} · · · H_1. Ć áĺńã (2.16) Q_ν Q^∗_ν = n^νE_N . İâő őğŋăçăěâ, çâő áâàőłĺ ňăâàĺæë Q_ν ŕőŕăàŋő őàâőčőŋăńìŋë ĺ łćăďàăâ ŋőàňë łăęďőľ ĺğ ŋĺå àăćěŋ n^ν. Şçĺâëćăï, çâő h_ν = Q_ν h_0, ŕàĺåőďĺň ł áńěďãîéěňã ćëćőďã.

Šěőàěňă 3.1. Ŕàĺ łăęďőň ν ∈ {0, 1, . . ., s} áĺčŋăńë

h_ν (0), h_ν (1), . . . , h_ν (N − 1) (3.2)

őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N . Ŕàĺ íâőň ‖h_ν (k)‖^2 = n^ν ŕàĺ ćáěå k = 0, 1, . . ., N − 1.

3.2. Śőčńăáŋő (3.1), hν = Hνhν−1. Ťőàňãńă (2.5) ŕőğćőńïěâ ğăŕĺ-

áăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă h_{ν−1} ł ąăğĺáã h_ν :

h_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1; h_ν ( (l + σ´_ν )N_ν + p ) = n−1∑ τ=0 ω^{στ}_n ω^{lτ}_{Δ˚+1} h_{ν−1}(lN_{ν−1} + τN_ν + p), (3.3) p = 0, 1, . . ., N_ν − 1, l = 0, 1, . . . , ´_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Ŕàĺ ν = 1 äőàňãńă (3.3) ŕàĺŋĺňăěâ ćĺď

h_1(σN_1 + p) = n−1∑ τ=0 ω^{στ}_n h_0(τN_1 + p), (3.4) p = 0, 1, . . . , N_1 − 1, σ = 0, 1, . . ., n − 1. Šěőàěňă 3.2. Śŕàăćěďńĺćő àăćěŋáâćő

h_ν (lN_ν + p) =

Δ˚_{+1}−1 ∑ q=0 ω^{lq}_{Δ˚+1} h_0(qN_ν + p), (3.5) p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 äőàňãńă (3.5) áőćŕăďăěâ á (3.4), ěáńĺ ć ŕőáńěďŋěľ ğăňěŋĺâì σ ŋă l. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν − 1 ł ν.

Ćőğìňěň ĺŋďěłá l ∈ {0, 1, . . . , ´_{ν+1} − 1} ĺ ŕàěďáâăćĺň ěčő ć ćĺďě l = σ´_ν + l^′, čďě l^′ ∈ {0, 1, . . ., ´_ν − 1}, σ ∈ {0, 1, . . ., n − 1}. Ŋă őáŋőćăŋĺĺ (3.3) ĺ ĺŋďãłæĺőŋŋőčő ŕàěďŕőńőęěŋĺï ğăŕĺèěň

h_ν (lN_ν + p) = h_ν ( (l^′ + σ´_ν )N_ν + p ) =

= n−1∑ τ=0 ω^{στ}_n ω^l 0_{τΔ} ˚+1 h_{ν−1}(l^′N_{ν−1} + τN_ν + p) =

= n−1∑ τ=0 ω^{lτ}_{Δ˚+1} Δ˚ −1∑

q=0 ω^l 0_q Δ˚ h_0(qN_{ν−1} + τN_ν + p) =

= Δ˚ −1∑

q=0 n−1∑ τ=0 ω^{lτ}_{Δ˚+1} ω^{(l}

0_{+σΔ˚)nq}

Δ˚_{+1} h0 ( (nq + τ)N_ν + p ) =

= Δ˚_{+1}−1 ∑ q0_{=0} ω^{lq} 0 Δ˚_{+1} h0(q ′N_ν + p). Šěőàěňă ďőłăğăŋă.

Ś ń ě ď á â ć ĺ ě. Ĺňěîâ ňěáâő âőęďěáâćă h_ν (0; j) = δ_{N˚} (j), ν = 0, 1, . . ., s; (3.6)

h_ν (σN_1; j) = n−1∑ τ=0 ω^{στ}_n δ_{N˚}�_1 (j − τN_ν ), (3.7) σ = 0, 1, . . . , n − 1, ν = 1, . . . , s; h_ν (lN_ν + p; j) = h_ν (lN_ν ; j − p), (3.8) p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . ., ´_{ν+1} − 1, ν = 1, . . . , s − 1. Ďěľáâćĺâěńìŋő, áőčńăáŋő (3.5)

h_ν (0; j) =

Δ˚_{+1}−1 ∑ q=0 δ_N (j − qN_ν) = δ_{N˚} (j).

Ďăńěě

h_ν (σN_1; j) = h_ν ( (σ´_ν )N_ν ; j ) = Δ˚_{+1}−1 ∑ q0_{=0} ω^{σΔ˚q} 0 Δ˚_{+1} δN (j − q

′N_ν ) =

= n−1∑ τ=0

Δ˚ −1∑ q=0 ω^{σ(nq+τ)} n δ_N ( j − (nq + τ)N_ν ) =

= n−1∑ τ=0 ω^{στ}_n Δ˚ −1∑ q=0 δ_N (j − τN_ν − qN_{ν−1}) = n−1∑ τ=0 ω^{στ}_n δ_{N˚}�_1 (j − τN_ν ).

Ďńï ďőłăğăâěńìáâćă (3.8) őâňěâĺň, çâő h_ν (lN_ν ; j) =

Δ˚_{+1}−1 ∑ q=0 ω^{lq}_{Δ˚+1} δ_N (j − qN_ν), ŕőíâőňã h_ν (lN_ν ; j − p) =

Δ˚_{+1}−1 ∑ q=0 ω^{lq}_{Δ˚+1} δ_N (j − p − qN_ν) =

= Δ˚_{+1}−1 ∑ q=0 ω^{lq}_{Δ˚+1} h_0(qN_ν + p; j) = h_ν (lN_ν + p; j).

3.3. Ńîąőľ áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąă-

ğĺáã (3.2) ŕàĺ łăęďőň ν ∈ {0, 1, . . . , s}: x = N−1∑ k=0 x_ν (k) h_ν (k). (3.9) Ğďěáì x_ν (k) = n^{−ν} ⟨x, h_ν (k)⟩. Ć çăáâŋőáâĺ, x_0(k) = N−1∑ j=0 x(j) δ_N (j − k) = x(k). Śőčńăáŋő (3.3) x_ν ( (l+σ´_ν )N_ν +p ) = n^{−ν} n−1∑ τ=0 ω^{−στ}_n ω^{−lτ}_{Δ˚+1} ⟨ x, h_{ν−1}(lN_{ν−1} +τN_ν +p) ⟩ =

= 1 n n−1∑ τ=0 ω^{−στ}_n ω^{−lτ}_{Δ˚+1} x_{ν−1}(lN_{ν−1} + τN_ν + p).

Ŕàĺåőďĺň ł áńěďãîéěľ àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺľ (3.9): x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν ( (l+σ´_ν )N_ν +p ) = 1 n n−1∑ τ=0 ω^{−στ}_n ω^{−lτ}_{Δ˚+1} x_{ν−1}(lN_{ν−1} +τN_ν +p), (3.10) p = 0, 1, . . ., N_ν − 1, l = 0, 1, . . . , ´_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Ŕàĺ ν = s ŕőïćńïîâáï łőíääĺæĺěŋâë x_s(σN_1 + l) ŕàĺ l = 0, 1, . . . , N_1 − 1, σ = 0, 1, . . . , n − 1, ĺńĺ x_s(k) ŕàĺ k = 0, 1, . . ., N − 1. Ŕő őŕàěďěńěŋĺî x_s(k) = n^{−s}⟨x, h_s(k)⟩ = 1 N N−1∑ j=0 x(j) h_s(k; j) =

= 1 N N−1∑ j=0 x(j) ω^{−kj}_N = N^{−1}⟨x, u_k⟩ = X(k). Šăłĺň őąàăğőň, ŕàĺ ν = s ŕőńãçăěň łőíääĺæĺěŋâë àăğńőęěŋĺï áĺčŋăńă x ŕő íłáŕőŋěŋæĺăńìŋőňã ąăğĺáã. Ŕőŕãâŋő ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő ćáěň ŕàőňěęãâőçŋëň ąăğĺáăň h_ν .

Śåěňã (3.10) ŋăğőćěň őáŋőćŋëň ćăàĺăŋâőň ąëáâàőčő ŕàěőąàăğőćăŋĺï Ťãàìě ŕàĺ N = n^s.

3.4. Ťőàňãńă (3.10) ďőŕãáłăěâ őąàăéěŋĺě:

x_{ν−1}(lN_{ν−1} + τN_ν + p) = ω^{lτ}_{Δ˚+1} n−1∑ σ=0 ω^{στ}_n x_ν ( (l + σ´_ν )N_ν + p ) , (3.11) p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_ν − 1, τ = 0, 1, . . ., n − 1, ν = s, s − 1, . . . , 1. Ďěľáâćĺâěńìŋő, áőčńăáŋő (1.2) n−1∑ σ=0 ω^{στ}_n x_ν ( (l + σ´_ν )N_ν + p ) =

= 1 n n−1∑ σ=0 ω^{στ}_n n−1∑ δ=0 ω^{−σδ}_n ω^{−lδ}_{Δ˚+1} x_{ν−1}(lN_{ν−1} + δN_ν + p) =

= n−1∑ δ=0 ω^{−lδ}_{Δ˚+1} x_{ν−1}(lN_{ν−1} + δN_ν + p) { 1 n n−1∑ σ=0 ω^{σ(τ −δ)} n } = = ω^{−lτ}_{Δ˚+1} x_{ν−1}(lN_{ν−1} + τN_ν + p),

çâő àăćŋőáĺńìŋő (3.11).

Ś ŕőňőéìî (3.11) ćőááâăŋăćńĺćăîâáï ğŋăçěŋĺï (őâáçěâë) áĺčŋăńă x = x(j) ĺğ C_N , ŕàěďáâăćńěŋŋőčő ć ćĺďě x = N−1∑ k=0 X(k) u_k = N−1∑ k=0 x_s(k) h_s(k). Ŕàőćěďï ćëçĺáńěŋĺï ŕő äőàňãńě (3.11), ŕőńãçĺň x(j) = x_0(j), j = 0, 1, . . . , N − 1. § 4. ĄŻŚŠŘŐĚ ŔŘĚŐĄŘĂĞŐĆĂŊĹĚ ŤŞŘĲĚ, ŚĆ§ĞĂŊŊŐĚ Ś ŔŘŐŘĚĘĹĆĂŊĹĚŇ ŔŐ ĆŘĚŇĚŊĹ 4.1. Ć ŕàőáâàăŋáâćě C N ŕàĺ N = n^s ŕőáâàőĺň ěéě őďŋã ŕőáńě-

ďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {g_ν(k; j)}^{N−1}_{k=0} , ν = 0, 1, . . . , s. Ďńï íâőčő ćőáŕőńìğãěňáï àăğńőęěŋĺěň (2.7) ňăâàĺæë Ťãàìě. Ŕőńőęĺň g_0(k; j) = δ_N (j − k), k = 0, 1, . . . , N − 1. Śĺčŋăńë g_ν (k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì g_ν(k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áâőńąæă g_ν = ( g_ν(0), g_ν (1), . . . , g_ν(N − 1) )_⊤ ĺ őŕàěďěńĺň ěčő áńěďãîéĺň őąàăğőň:

g_ν = U_νU_{ν−1} · · · U_1 g_0. (4.1)

Śőčńăáŋő (2.7) ĺ (1.6), g_s = R_sF_N g_0, âăł çâő

g_s(k; j) = ω^j rev^{s(k)} N , k, j ∈ {0, 1, . . . , N − 1}. (4.2) Řăğąěàěňáï á ŕàőňěęãâőçŋëňĺ ąăğĺáăňĺ g_1, . . . , g_{s−1}. Őąőğŋăçĺň Q_ν = U_νU_{ν−1} · · · U_1. Ć áĺńã (2.16) Q_ν Q^∗_ν = n^νE_N . İâő őğŋăçăěâ, çâő áâàőłĺ ňăâàĺæë Q_ν ŕőŕăàŋő őàâőčőŋăńìŋë ĺ łćăďàăâ ŋőàňë łăęďőľ ĺğ ŋĺå àăćěŋ n^ν . Şçĺâëćăï, çâő g_ν = Q_ν g_0, ŕàĺåőďĺň ł âăłőňã ğăłńîçěŋĺî.

Šěőàěňă 4.1. Ŕàĺ łăęďőň ν ∈ {0, 1, . . ., s} áĺčŋăńë

g_ν(0), g_ν (1), . . . , g_ν(N − 1) (4.3) őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć C N . Ŕàĺ íâőň ‖gν(k)‖^2 = n^ν ŕàĺ ćáěå k = 0, 1, . . ., N − 1.

4.2. Śőčńăáŋő (4.1), gν = Uν gν−1. Ťőàňãńă (2.10) ŕőğćőńïěâ ğăŕĺ-

áăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă g_{ν−1} ł ąăğĺáã g_ν : g_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1; g_ν ( (nl + σ)N_ν + p ) = n−1∑ τ=0 ω^{στ}_n ω^τ rev^˚�^{1(l)} Δ˚_{+1} gν−1(lNν−1 + τNν + p), (4.4) p = 0, 1, . . ., N_ν − 1, l = 0, 1, . . . , ´_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Ŕàĺ ν = 1 äőàňãńă (4.4) ŕàĺŋĺňăěâ ćĺď

g_1(σN_1 + p) = n−1∑ τ=0 ω^{στ}_n g_0(τN_1 + p), (4.5) p = 0, 1, . . . , N_1 − 1, σ = 0, 1, . . ., n − 1. Šěőàěňă 4.2. Śŕàăćěďńĺćő àăćěŋáâćő

g_ν(lN_ν + p) =

Δ˚_{+1}−1 ∑ q=0 ω^q rev^{˚(l)}

Δ˚_{+1} g0(qNν + p), (4.6) p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 äőàňãńă (4.6) áőćŕăďăěâ á (4.5), ěáńĺ ć ŕőáńěďŋěľ ğăňěŋĺâì σ ŋă l. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν − 1 ł ν.

Ćőğìňěň ĺŋďěłá l ∈ {0, 1, . . . , ´_{ν+1} − 1} ĺ ŕàěďáâăćĺň ěčő ć ćĺďě l = nl^′ + σ, čďě l^′ ∈ {0, 1, . . ., ´_ν − 1}, σ ∈ {0, 1, . . . , n − 1}. Śő- čńăáŋő (4.4) ĺ ĺŋďãłæĺőŋŋőňã ŕàěďŕőńőęěŋĺî ĺňěěň g_ν(lN_ν + p) = g_ν ( (nl^′ + σ)N_ν + p ) = = n−1∑ τ=0 ω^{στ}_n ω^τ rev^˚�^{1(l}

0_)

Δ˚_{+1} gν−1(l

′N_{ν−1} + τN_ν + p) =

= n−1∑ τ=0 ω^{στ}_n ω^τ rev^˚�^{1(l}

0_)

Δ˚_{+1} Δ˚ −1∑

q=0 ω^q rev^˚�^{1(l}

0_) Δ˚ g_0(qN_{ν−1} + τN_ν + p) =

= n−1∑ τ=0

Δ˚ −1∑

q=0 ω^{(nq+τ)[}rev^˚�^{1(l}

0_{)+σΔ˚]}

Δ˚_{+1} g0 ( (nq + τ)N_ν + p ) . Ŋă őáŋőćăŋĺĺ (1.5) rev_{ν−1}(l^′) + σ´_ν = rev_ν(nl^′ + σ) = rev_ν (l).

Şçĺâëćăï íâő, ŕőńãçăěň

g_ν(lN_ν + p) = n−1∑ τ=0

Δ˚ −1∑

q=0 ω^{(nq+τ)}rev^{˚(l)}

Δ˚_{+1} g0 ( (nq + τ)N_ν + p ) =

= Δ˚_{+1}−1 ∑ q0_{=0} ω^q 0 rev_{˚ (l)}

Δ˚_{+1} g0(q ′N_ν + p). Šěőàěňă ďőłăğăŋă.

Ś ń ě ď á â ć ĺ ě. Ĺňěîâ ňěáâő âőęďěáâćă g_ν(0; j) = δ_{N˚} (j), ν = 0, 1, . . ., s; (4.7)

g_ν(σN_ν ; j) = n−1∑ τ=0 ω^{στ}_n δ_{N˚}�_1 (j − τN_ν), (4.8) σ = 0, 1, . . . , n − 1, ν = 1, . . . , s;

g_ν(lN_ν + p; j) = g_ν(lN_ν ; j − p), (4.9) p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . ., ´_{ν+1} − 1, ν = 1, . . . , s − 1. Ŕàĺ ďőłăğăâěńìáâćě (4.8) ŋãęŋő ãçěáâì, çâő rev_ν (σ) = σ´_ν ŕàĺ σ = 0, 1, . . . , n − 1. Ć őáâăńìŋőň ŕàőćěàłă âőęďěáâć (4.7){(4.9) ăŋăńőčĺçŋă ŕàőćěàłě âőęďěáâć (3.6){(3.8).

4.3. Ńîąőľ áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąă-

ğĺáã (4.3) ŕàĺ łăęďőň ν ∈ {0, 1, . . . , s}: x = N−1∑ k=0 x_ν (k) g_ν (k). (4.10)

Ğďěáì x_ν (k) = n^{−ν} ⟨x, g_ν(k)⟩. Ŋă őáŋőćăŋĺĺ (4.4) ŕàĺåőďĺň ł áńěďãîéěľ àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺľ (4.10): x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν ( (nl + σ)N_ν + p ) = 1 n n−1∑ τ=0 ω^{−στ}_n ω^{−τ} rev^˚�^{1(l)} Δ˚_{+1} xν−1(lNν−1 + τNν + p), (4.11) p = 0, 1, . . ., N_ν − 1, l = 0, 1, . . . , ´_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Ŕàĺ ν = s áőčńăáŋő (4.2) ŕőńãçăěň x(j) = N−1∑ k=0 x_s(k) g_s(k; j) = N−1∑ k=0 x_s(k) ω^j rev^{s(k)} N =

= N−1∑ k=0 x_s ( rev_s(k) ) ω^{jk}_N . Ğŋăçĺâ, X(k) = x_s ( rev_s(k) ) ŕàĺ k = 0, 1, . . . , N − 1.

Ć áńãçăě n = 2 (ŕàĺ N = 2^s) áåěňă (4.11) áőőâćěâáâćãěâ ăńčőàĺâňã Łãńĺ{Šìîłĺ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ ďńï ćëçĺáńěŋĺï ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě [4]. Ŋă íâőň őáŋőćăŋĺĺ ć őąéěň áńãçăě N = n^s áåěňã (4.11) ŋăğőćěň ąëáâàëň ŕàěőąàăğőćăŋĺěň Ťãàìě, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

4.4. Ťőàňãńă (4.11) ďőŕãáłăěâ őąàăéěŋĺě:

x_{ν−1}(lN_{ν−1} +τN_ν +p) = ω^τ rev^˚�^{1(l)}

Δ˚_{+1} n−1∑ σ=0 ω^{στ}_n x_ν ( (nl+σ)N_ν +p ) , (4.12) p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_ν − 1, τ = 0, 1, . . ., n − 1, ν = s, s − 1, . . . , 1. İâő ďőłăğëćăěâáï âăł ęě, łăł (3.11).

Ś ŕőňőéìî (4.12) ňőęŋő ćőááâăŋőćĺâì ğŋăçěŋĺï áĺčŋăńă x = x(j) ŕő ěčő łőíääĺæĺěŋâăň Ťãàìě X(k) = N^{−1}⟨x, u_k⟩. Ďńï íâőčő ďőáâăâőçŋő ŕőńőęĺâì x_s(k) = X ( rev_s(k) ) , k = 0, 1, . . ., N −1. Ŕàőćěďï ćëçĺáńěŋĺï ŕő äőàňãńě (4.12), ŕőńãçĺň x(j) = x_0(j), j = 0, 1, . . . , N−1.

§ 5. ĄŻŚŠŘŐĚ ŔŘĚŐĄŘĂĞŐĆĂŊĹĚ ŤŞŘĲĚ, ŚĆ§ĞĂŊŊŐĚ Ś ŔŘŐŘĚĘĹĆĂŊĹĚŇ ŔŐ ŮĂŚŠŐŠĚ 5.1. Őąàăâĺňáï ł àăğńőęěŋĺî (2.13) ňăâàĺæë Ťãàìě ĺ ŕőáâàőĺň

ć ŕàőáâàăŋáâćě C_N ŕàĺ N = n^s âàěâìî ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {f_ν (k; j)}^{N−1}_{k=0} , ν = 0, 1, . . ., s. Ŕőńőęĺň f_0(k; j) = δ_N ( j − rev_s(k) ) , k = 0, 1, . . . , N − 1. Śĺčŋăńë f_ν (k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì f_ν (k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áâőńąæă f_ν = ( f_ν (0), f_ν (1), . . . , f_ν(N − 1) )_⊤ ĺ őŕàěďěńĺň ěčő áńěďãîéĺň őąàăğőň:

f_ν = T_ν T_{ν−1} · · · T_1 f_0. (5.1)

Śőčńăáŋő (2.13), f_s(k; j) = ω^{kj}_N , k, j ∈ {0, 1, . . . , N − 1}. Řăğąěàěňáï á ŕàőňěęãâőçŋëňĺ ąăğĺáăňĺ f_1, . . . , f_{s−1}.

Őąőğŋăçĺň Q_ν = T_ν T_{ν−1} · · · T_1. Ć áĺńã (2.16) Q_ν Q^∗_ν = n^νE_N . İâő őğŋăçăěâ, çâő áâàőłĺ ňăâàĺæë Q_ν ŕőŕăàŋő őàâőčőŋăńìŋë ĺ łćăďàăâ ŋőàňë łăęďőľ ĺğ ŋĺå àăćěŋ n^ν . Ŕő őŕàěďěńěŋĺî f_ν = Q_ν f_0, âăł çâő

f_ν (k; j) = N−1∑ l=0 Q_ν [k, l] δ_N ( j − rev_s(l) ) =

= N−1∑ l=0 Q_ν [k, rev_s(l)] δ_N (j − l).

Ŕàĺŋĺňăï ćő ćŋĺňăŋĺě ãłăğăŋŋëě äăłâë, ŕàĺåőďĺň ł âăłőňã ğăłńîçěŋĺî.

Šěőàěňă 5.1. Ŕàĺ łăęďőň ν ∈ {0, 1, . . ., s} áĺčŋăńë

f_ν (0), f_ν (1), . . . , f_ν (N − 1) (5.2) őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N . Ŕàĺ íâőň ‖f_ν (k)‖^2 = n^ν ŕàĺ ćáěå k = 0, 1, . . ., N − 1.

5.2. Śőčńăáŋő (5.1), fν = Tνfν−1. Ťőàňãńă (2.14) ŕőğćőńïěâ ğăŕĺ-

áăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă f_{ν−1} ł ąăğĺáã f_ν : f_0(k) = δ_N ( · − rev_s(k) ) , k = 0, 1, . . . , N − 1; f_ν (l + σ´_ν + p´_{ν+1}) = n−1∑ τ=0 ω^{στ}_n ω^{lτ}_{Δ˚+1} f_{ν−1} ( l + (np + τ)´_ν ) , (5.3) p = 0, 1, . . ., N_ν − 1, l = 0, 1, . . . , ´_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Ŕàĺ ν = 1 äőàňãńă (5.3) ŕàĺŋĺňăěâ ćĺď

f_1(np + σ) = n−1∑ τ=0 ω^{στ}_n f_0(np + τ), (5.4) σ = 0, 1, . . ., n − 1, p = 0, 1, . . ., N_1 − 1. Šěőàěňă 5.2. Śŕàăćěďńĺćő àăćěŋáâćő

f_ν (l + p´_{ν+1}) =

Δ˚_{+1}−1 ∑ q=0 ω^l rev^{˚(q)}

Δ˚_{+1} f0(q + p´ν+1), (5.5) p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 äőàňãńă (5.5) áőćŕăďăěâ á (5.4), ěáńĺ ć ŕőáńěďŋěľ ğăňěŋĺâì σ ŋă l. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν − 1 ł ν.

Ćőğìňěň ĺŋďěłá l ∈ {0, 1, . . . , ´_{ν+1} − 1} ĺ ŕàěďáâăćĺň ěčő ć ćĺďě l = l^′ + σ´_ν , čďě l^′ ∈ {0, 1, . . ., ´_ν − 1}, σ ∈ {0, 1, . . ., n − 1}. Ŋă őáŋőćăŋĺĺ (5.3) ĺ ĺŋďãłæĺőŋŋőčő ŕàěďŕőńőęěŋĺï ğăŕĺèěň f_ν (l + p´_{ν+1}) = f_ν (l^′ + σ´_ν + p´_{ν+1}) = = n−1∑ τ=0 ω^{στ}_n ω^l 0_{τΔ˚+1}^{Δ˚ −1}∑ q=0 ω^l 0 rev_˚�_{1(q)} Δ˚ f_0 ( q + (np + τ)´_ν ) =

= n−1∑ τ=0

Δ˚ −1∑

q=0 ω^{(l} 0_{+σΔ˚)[n} rev_˚�_{1(q)+τ]}

Δ˚_{+1} f0(q + τ´ν + p´ν+1).

Ŕãáâì q = q_{ν−2}n^{ν−2} + . . . + q_0. Šőčďă

n rev_{ν−1}(q) + τ = q_0n^{ν−1} + . . . + q_{ν−2}n + τ = rev_ν (τ´_ν + q). Ğŋăçĺâ,

f_ν (l + p´_{ν+1}) = n−1∑ τ=0

Δ˚ −1∑

q=0 ω^l rev^{˚(q+τΔ˚)}

Δ˚_{+1} f0 ( (q + τ´_ν) + p´_{ν+1} ) =

= Δ˚_{+1}−1 ∑ q0_{=0} ω^l rev^{˚ (q}

0_)

Δ˚_{+1} f0(q

′ + p´_{ν+1}).

Šěőàěňă ďőłăğăŋă.

Ś ń ě ď á â ć ĺ ě. Ĺňěîâ ňěáâő âőęďěáâćă f_ν (0; j) = δ_{N˚} (j), ν = 0, 1, . . . , s; (5.6)

f_ν (σ´_ν ; j) = n−1∑ τ=0 ω^{στ}_n δ_{N˚}�_1 (j − τN_ν ), (5.7) σ = 0, 1, . . . , n − 1, ν = 1, . . . , s; f_ν (l + p´_{ν+1}; j) = f_ν ( l; j − rev_{s−ν}(p) ) , (5.8) p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . ., ´_{ν+1} − 1, ν = 1, . . . , s − 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Őâňěâĺň, çâő ŕàĺ q ∈ {0, 1, . . ., ´_{ν+1} −1} rev_s(q) = N_ν rev_ν (q). (5.9) Ďěľáâćĺâěńìŋő, ŕãáâì q = q_{ν−1}n^{ν−1} + . . . + q_0. Šőčďă rev_s(q) = q_0n^{s−1} + q_1n^{s−2} + . . . + q_{ν−1}n^{s−ν} = = n^{s−ν} (q_0n^{ν−1} + q_1n^{ν−2} + . . . + q_{ν−1}) = N_ν rev_ν (q).

Şçĺâëćăï (5.5) ĺ (5.9), ğăŕĺèěň

f_ν (0; j) =

Δ˚_{+1}−1 ∑ q=0 f_0(q; j) =

Δ˚_{+1}−1 ∑ q=0 δ_N ( j − rev_s(q) ) =

= Δ˚_{+1}−1 ∑ q=0 δ_N ( j − N_ν rev_ν (q) ) = Δ˚_{+1}−1 ∑ q=0 δ_N (j − qN_ν) = δ_{N˚} (j), çâő áőőâćěâáâćãěâ (5.6).

Ŕàĺ ν = 1 äőàňãńă (5.7) ćëćőďĺâáï ŋěŕőáàěďáâćěŋŋő:

f_1(σ´_1; j) = n−1∑ q=0 ω^{σq}_n δ_N ( j − rev_s(q) ) = n−1∑ q=0 ω^{σq}_n δ_N (j − qN_1). Ćőğìňěň ν ∈ {2, . . . , s}. Ŕàĺ σ ∈ {0, 1, . . ., n − 1} ĺňěěň f_ν (σ´_ν ) =

Δ˚_{+1}−1 ∑ q=0 ω^σ rev^{˚(q)} n f_0(q) =

= n−1∑ τ=0

Δ˚ −1∑ q0_{=0} ω^σ rev^{˚ (τΔ˚+q}

0_) n f_0(τ´_ν + q^′).

Ŕőáłőńìłã

rev_ν (τ´_ν + q^′) = rev_ν(τn^{ν−1} + q^′_{ν−2}n^{ν−2} + . . . + q^′_0) = = q^′_0n^{ν−1} + . . . + q^′_{ν−2}n + τ, âő f_ν (σ´_ν ; j) = n−1∑ τ=0

Δ˚ −1∑ q0_{=0} ω^{στ}_n δ_N ( j − rev_s(τ´_ν + q^′) ) . Ćőáŕőńìğãěňáï âěň, çâő

rev_s(τ´_ν + q^′) = q^′_0n^{s−1} + . . . + q^′_{ν−2}n^{s−ν+1} + τn^{s−ν} = = τN_ν + N_{ν−1}rev_{ν−1}(q^′).

Ŕőńãçĺň

f_ν (σ´_ν ; j) = n−1∑ τ=0 ω^{στ}_n Δ˚ −1∑ q0_{=0} δ_N (j − τN_ν − q^′N_{ν−1}) =

= n−1∑ τ=0 ω^{στ}_n δ_{N˚}�_1 (j − τN_ν),

çâő áőőâćěâáâćãěâ (5.7).

Ŕěàěåőďï ł ŕàőćěàłě âőęďěáâćă (5.8), őâňěâĺň, çâő ŕàĺ p ∈ {0, 1, . . ., N_ν − 1}, q ∈ {0, 1, . . . , ´_{ν+1} − 1} ĺ ν ∈ {1, . . . , s − 1} rev_s(q + p´_{ν+1}) = = rev_s(p_{s−ν−1}n^{s−1} + . . . + p_0n^ν + q_{ν−1}n^{ν−1} + . . . + q_0) = = q_0n^{s−1} + . . . + q_{ν−1}n^{s−ν} + p_0n^{s−ν−1} + . . . + p_{s−ν−1} = = N_ν rev_ν (q) + rev_{s−ν} (p).

Ŕőíâőňã

f_ν (l + p´_{ν+1}; j) =

Δ˚_{+1}−1 ∑ q=0 ω^l rev^{˚(q)}

Δ˚_{+1} δN ( j − rev_{s−ν} (p) − N_ν rev_ν (q) ) =

= Δ˚_{+1}−1 ∑ q=0 ω^{lq}_{Δ˚+1} δ_N ( j − rev_{s−ν} (p) − qN_ν ) . Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő f_ν (l + p´_{ν+1}; j) = f_ν ( l; j − rev_{s−ν}(p) ) .

5.3. Ńîąőľ áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąă-

ğĺáã (5.2) ŕàĺ łăęďőň ν ∈ {0, 1, . . . , s}: x = N−1∑ k=0 x_ν (k) f_ν (k). (5.10)

Ğďěáì x_ν (k) = n^{−ν} ⟨x, f_ν (k)⟩. Ŋă őáŋőćăŋĺĺ (5.3) ŕàĺåőďĺň ł àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺľ (5.10):

x_0(k) = x ( rev_s(k) ) , k = 0, 1, . . . , N − 1; x_ν (l + σ´_ν + p´_{ν+1}) = 1 n n−1∑ τ=0 ω^{−στ}_n ω^{−lτ}_{Δ˚+1} x_{ν−1} ( l + (np + τ)´_ν ) , (5.11) p = 0, 1, . . ., N_ν − 1, l = 0, 1, . . . , ´_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Ŕàĺ ν = s ŕőńãçăěň x(j) = N−1∑ k=0 x_s(k) f_s(k; j) = N−1∑ k=0 x_s(k) ω^{kj}_N . Ğŋăçĺâ, x_s(k) = X(k) ŕàĺ k = 0, 1, . . . , N − 1.

Ć áńãçăě n = 2 (ŕàĺ N = 2^s) áåěňă (5.11) áőőâćěâáâćãěâ ăńčőàĺâňã Łãńĺ{Šìîłĺ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ďńï ćëçĺáńěŋĺï ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě [5]. Ŋă íâőň őáŋőćăŋĺĺ ć őąéěň áńãçăě N = n^s áåěňã (5.11) ŋăğőćěň ąëáâàëň ŕàěőąàăğőćăŋĺěň Ťãàìě, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

5.4. Ťőàňãńă (5.11) ďőŕãáłăěâ őąàăéěŋĺě: x_{ν−1} ( l + (np + τ)´_ν ) = ω^{lτ}_{Δ˚+1} n−1∑ σ=0 ω^{στ}_n x_ν (l + σ´_ν + p´_{ν+1}), (5.12) p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_ν − 1, τ = 0, 1, . . ., n − 1, ν = s, s − 1, . . . , 1. İâő ďőłăğëćăěâáï âăł ęě, łăł (3.11).

Ś ŕőňőéìî (5.12) ňőęŋő ćőááâăŋőćĺâì ğŋăçěŋĺï áĺčŋăńă x = x(j) ŕő ěčő łőíääĺæĺěŋâăň Ťãàìě X(k) = x_s(k). Ŕàőćěďï ćëçĺáńěŋĺï ŕő äőàňãńě (5.12), ŕőńãçĺň x(j) = x_0 ( rev_s(j) ) , j = 0, 1, . . . , N − 1.

§ 6. ĆĚĽĆŃĚŠŊŻĚ ŘĂĞŃŐĘĚŊĹ§ 6.1. Ć § 3{5 ąëńĺ ŕőáâàőěŋë âàĺ ŕőáńěďőćăâěńìŋőáâĺ őàâőčő-

ŋăńìŋëå ąăğĺáőć {h_ν }^s_{ν=0}, {g_ν}^s_{ν=0}, {f_ν }^s_{ν=0} ć ŕàőáâàăŋáâćě C_N ŕàĺ N = n^s. Őąàăâĺň ćŋĺňăŋĺě ŋă ĺŋďěłáë ąăğĺáŋëå áĺčŋăńőć ć äőàňãńăå (3.3), (4.4), (5.3) ŕěàěåőďă őâ ąăğĺáă (ν − 1)-čő ãàőćŋï ł ąăğĺáã ν-čő ãàőćŋï: { h_{ν−1}(lN_{ν−1} + τN_ν + p) } → { h_ν ( (l + σ´_ν )N_ν + p )} , { g_{ν−1}(lN_{ν−1} + τN_ν + p) } → { g_ν ( (nl + σ)N_ν + p )} , { f_{ν−1} ( l + (np + τ)´_ν )} → { f_ν (l + σ´_ν + p´_{ν+1}) } , p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_ν − 1, τ, σ = 0, 1, . . ., n − 1, ν = 1, . . . , s. Ňőęŋő áçĺâăâì, çâő ćő ćáěå âàěå áńãçăïå ąăğĺáë (ν − 1)-čő ãàőćŋï àăğąĺâë ŋă ´_ν ąńőłőć, ŕőňěçěŋŋëå ĺŋďěłáőň l; ć łăęďőň âăłőň ąńőłě áőďěàęĺâáï N_{ν−1} áĺčŋăńőć, őŕàěďěńïěňëå ŕăàőľ ĺŋďěłáőć (p, τ). Ć áőőâćěâáâćĺĺ á (3.3), (4.4), (5.3) ąńőł (ν − 1)-čő ãàőćŋï á ĺŋďěłáőň l ŕőàőęďăěâ n ąńőłőć ν-čő ãàőćŋï, őŕàěďěńïěňëå ŕăàőľ ĺŋďěłáőć (l, σ), σ = 0, 1, . . . , n − 1; łăęďëľ âăłőľ ąńőł áőďěàęĺâ N_ν áĺčŋăńőć, ŕőňěçěŋŋëå ĺŋďěłáőň p. Łăł áńěďãěâ ĺğ (3.8), (4.9), (5.8), áĺčŋăńë, ćåőďïéĺě ć ãłăğăŋŋëě ąńőłĺ, àăğńĺçăîâáï ňěęďã áőąőľ ńĺèì áďćĺčőň ăàčãňěŋâă.

Őŕĺáăŋŋăï áåěňă ćěâćńěŋĺï ŕàĺ N = 9 (n = 3, s = 2) ŕàěďáâăćńěŋă ŋă àĺá. 1. Łćăďàăâăňĺ ćëďěńěŋë ąńőłĺ. Ůĺáńő ćŋãâàĺ łćăďàăâă ŕőłăğëćăěâ, áłőńìłő áĺčŋăńőć áőďěàęĺâáï ć ďăŋŋőň ąńőłě.

1 1 1 3 1 1 1 3 1 1 1 3 9

Řĺá. 1

Łőńĺçěáâćő őàâőčőŋăńìŋëå ąăğĺáőć ć C_N ňőęŋő ğŋăçĺâěńìŋő ãćěńĺçĺâì, ěáńĺ ĺáŕőńìğőćăâì ćěàâĺłăńìŋãî áőáâăćńïîéãî. İâő ďěňőŋáâàĺàãěâáï ŋă àĺá. 2 ŕàĺ N = 27 (n = 3, s = 3). Śĺčŋăńë, ŋăåőďïéĺěáï ć ćĺáïçĺå ąńőłăå, ćő ćáěå çěâëàěå ŕàĺňěàăå őąàăğãîâ őàâőčőŋăńìŋëě ąăğĺáë. Ďěľáâćĺâěńìŋő, őàâőčőŋăńìŋőáâì áĺčŋăńőć ν-čő ãàőćŋï ĺğćěáâŋă. Śĺčŋăńë łăęďőčő ćĺáïçěčő ąńőłă (ν + 1)-čő ãàőćŋï ïćńïîâáï ńĺŋěľŋëňĺ łőňąĺŋăæĺïňĺ áĺčŋăńőć ŋěłőâőàőčő ąńőłă ν-čő ãàőćŋï ĺ ŕőíâőňã őŋĺ őàâőčőŋăńìŋë áĺčŋăńăň ĺğ őáâăńìŋëå ąńőłőć ν-čő ãàőćŋï.

1 1 1

3 3 3

9 9 9 27

1 1 1

3 3 3 9 9 9 9 27

(a) (b)

1 1 1

3 3 3

9 9 9 27

1 1 1

3 3 3 9 3 3 3 9 9 27

(c) (d)

Řĺá. 2

Őàâőčőŋăńìŋëě ąăğĺáë ć C_N ŕàĺ N = n^s, áäőàňĺàőćăŋŋëě ĺğ ąńőłőć ćáěå ãàőćŋěľ ν = 1, . . . , s, ąãďěň ŋăğëćăâì őąőąéěŋŋëňĺ ćěľćńěâŋëňĺ ąăğĺáăňĺ. Ďăńěě ňë ďěâăńìŋő àăááňőâàĺň őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áőőâćěâáâćãîéĺě áåěňě ćěâćńěŋĺï (a) ŋă àĺá. 2.

6.2. Ğăŕĺèěň áőőâŋőèěŋĺï (3.3) ŕàĺ l = 0:

h_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1;

h_ν (σN_1 + p) = n−1∑ τ=0 ω^{στ}_n h_{ν−1}(τN_ν + p), p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Śĺčŋăńë

{h_s(0); h_ν (σN_1 + p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = s, s − 1, . . . , 1} (6.1)

őąàăğãîâ őàâőčőŋăńìŋëľ ćěľćńěâŋëľ ąăğĺá ć C_N .

Śőőâŋőèěŋĺï (4.4) ŕàĺ l = 0 ŕàĺŋĺňăîâ ćĺď g_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1;

g_ν(σN_ν + p) = n−1∑ τ=0 ω^{στ}_n g_{ν−1}(τN_ν + p), (6.2) p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Śĺčŋăńë {g_s(0); g_ν (σN_ν + p), p = 0, 1, . . ., N_ν − 1, σ = 1, . . . , n − 1, ν = s, s − 1, . . . , 1} (6.3)

âăłęě őąàăğãîâ őàâőčőŋăńìŋëľ ćěľćńěâŋëľ ąăğĺá ć C_N .

Ğăŕĺèěň áőőâŋőèěŋĺï (5.3) ŕàĺ l = 0:

f_0(k) = δ_N ( · − rev_s(k) ) , k = 0, 1, . . . , N − 1;

f_ν (σ´_ν + p´_{ν+1}) = n−1∑ τ=0 ω^{στ}_n f_{ν−1}(τ´_ν + p´_{ν+1}), p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ĺ ğďěáì áĺčŋăńë {f_s(0); f_ν (σ´_ν + p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = s, s − 1, . . . , 1} (6.4) őąàăğãîâ őàâőčőŋăńìŋëľ ćěľćńěâŋëľ ąăğĺá ć C_N .

Šěőàěňă 6.1. Ćáě âàĺ ćěľćńěâŋëě ąăğĺáă (6.1), (6.3), (6.4) ĺďěŋ-

âĺçŋë ŕő áőáâăćã íńěňěŋâőć.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (3.6), (4.7), (5.6) ĺňěěň h_s(0; j) = g_s(0; j) = f_s(0; j) = δ_1(j) ≡ 1.

Ďăńěě, ć áĺńã (3.7), (4.8), (5.7)

h_ν (σN_1; j) = g_ν(σN_ν ; j) = f_ν (σ´_ν ; j) = n−1∑ τ=0 ω^{στ}_n δ_{N˚}�_1 (j − τN_ν), σ = 1, . . . , n − 1, ν = s, s − 1, . . . , 1. Őáâăěâáï ãçěáâì, çâő ŋă őáŋőćăŋĺĺ (3.8), (4.9), (5.8) h_ν (σN_1 + p; j) = h_ν (σN_1; j − p), g_ν(σN_ν + p; j) = g_ν(σN_ν ; j − p), f_ν (σ´_ν + p´_{ν+1}; j) = f_ν ( σ´_ν ; j − rev_{s−ν} (p) ) , p = 0, 1, . . ., N_ν − 1, σ = 1, . . . , n − 1, ν = s − 1, . . . , 1. Ŕàĺ ν = s ŕőáńěďŋĺě áőőâŋőèěŋĺï âàĺćĺăńìŋë. Šěőàěňă ďőłăğăŋă.

6.3. Ŋăĺąőńěě ãďőąŋëň ďńï ĺáŕőńìğőćăŋĺï ïćńïěâáï ąăğĺá (6.3).

Ć àăąőâě [7] őŋ ąëń ŕőńãçěŋ ĺğ ďàãčĺå áőőąàăęěŋĺľ ĺ ŋăğćăŋ ąăğĺáőň Ţăăàă|Łàěáâěŋáőŋă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ćőğìňěň áĺčŋăń x ĺ àăğńőęĺň ěčő ŕő őàâőčőŋăńìŋőňã ąăğĺáã (6.3):

x = x_s(0) g_s(0) + s∑ ν=1 n−1∑ σ=1

N˚ −1∑

p=0 x_ν (σN_ν + p) g_ν(σN_ν + p). (6.5)

Ğďěáì x_s(0) = N^{−1}⟨x, g_s(0)⟩ = 1 N N−1∑ j=0 x(j) ĺ x_ν (σN_ν + p) = n^{−ν} ⟨x, g_ν(σN_ν + p)⟩. Ŕàĺŋĺňăï ćő ćŋĺňăŋĺě (6.2), ğăŕĺèěň

x_ν (σN_ν + p) = n^{−ν} n−1∑ τ=0 ω^{−στ}_n ⟨x, g_{ν−1}(τN_ν + p)⟩ =

= 1 n n−1∑ τ=0 ω^{−στ}_n x_{ν−1}(τN_ν + p). Ŕàĺ íâőň

x_0(k) = ⟨x, g_0(k)⟩ = N−1∑ j=0 x(j) δ_N (j − k) = x(k). Ŕàĺåőďĺň ł áńěďãîéěľ àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺï (6.5): x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν (σN_ν + p) = 1 n n−1∑ τ=0 ω^{−στ}_n x_{ν−1}(τN_ν + p), (6.6) p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Łőíääĺæĺěŋâë x_ν (p), p = 0, 1, . . . , N_ν −1, áőőâćěâáâćãîéĺě ĺŋďěłáã σ = 0, ĺáŕőńìğãîâáï ďńï ćëçĺáńěŋĺï łőíääĺæĺěŋâőć (ν + 1)-čő ãàőćŋï.

Ěáâěáâćěŋŋő, çâő áőőâŋőèěŋĺï (6.6) áőćŕăďăîâ á (4.11) ŕàĺ l = 0. Őąéĺľ äăłâ ğăłńîçăěâáï ć âőň, çâő âăąńĺæë {x_ν (k)}, ν = 0, 1, . . . , s, k = 0, 1, . . . , N − 1, ćëçĺáńěŋŋëě ŕő äőàňãńăň (3.10), (4.11), (5.11), ŋăàïďã á łőíääĺæĺěŋâăňĺ àăğńőęěŋĺľ ŕő ąăğĺáăň h_ν , g_ν, f_ν áőőâćěâáâćěŋŋő áőďěàęăâ łőíääĺæĺěŋâë ćáěå ćěľćńěâŋëå àăğńőęěŋĺľ.

6.4. Ťőàňãńă (6.6) ďőŕãáłăěâ őąàăéěŋĺě:

x_{ν−1}(τN_ν + p) = n−1∑ σ=0 ω^{στ}_n x_ν (σN_ν + p), p = 0, 1, . . ., N_ν − 1, τ = 0, 1, . . ., n − 1, ν = s, s − 1, . . . , 1. İâő ŕőğćőńïěâ ćëçĺáńĺâì ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (6.5), ŋă őáŋőćŋőň ŕěàĺőďě, ă ĺňěŋŋő: x(k) = x_0(k), k = 0, 1, . . ., N − 1.

Śåěňă (6.6) ŋăğëćăěâáï ąëáâàëň ŕàěőąàăğőćăŋĺěň Ţăăàă|Łàěáâěŋáőŋă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Şłăğăâěńì ńĺâěàăâãàë

1. C o o l e y J. W., T u k e y J. W. An algorithm for the machine calculation of complex Fourier series // Math. Comput. 1965. Vol. 19. P. 297{301.

2. Ň ă ł ł ń ě ń ń ă ŋ Ďę. Ţ., Ř ě ľ ď ě à Ů. Ň. Ŕàĺňěŋěŋĺě âěőàĺĺ çĺáěń ć æĺäàőćőľ őąàăąőâłě áĺčŋăńőć. Ŕěà. á ăŋčń. Ň., 1983. 264 á.

3. Ą ń ě ľ å ã â Ř. Ąëáâàëě ăńčőàĺâňë æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć. Ŕěà.

á ăŋčń. Ň., 1989. 448 á.

4. Ň ă ń ő ğ ě ň ő ć Ć. Ŋ., Š à ě â ì ï ł ő ć Ă. Ă. Ŋőćëľ ŕőďåőď ł ăńčőàĺâňã Łãńĺ{Šìîłĺ // Ćěáâŋ. Ś.-Ŕěâěàąãàč. ãŋ-âă. Śěà. 1. 1997. Ćëŕ. 3. Ś. 57{60.

5. Ň ă ń ő ğ ě ň ő ć Ć. Ŋ., Š à ě â ì ï ł ő ć Ă. Ă. Ăńčőàĺâň Łãńĺ{Šìîłĺ ĺ ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ţăăàă // Ćěáâŋ. Ś.-Ŕěâěàąãàč. ãŋ-âă. Śěà. 1. 1998. Ćëŕ. 3. Ś. 31{34.

6. G l a s s m a n J. A. A generalization of the Fast Fourier Transform // IEEE Trans. on Computers. 1970. Vol. 19. P. 105{116.

7. Ň ă ń ő ğ ě ň ő ć Ć. Ŋ., Ň ă è ă à á ł ĺ ľ Ś. Ň. Őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áćïğăŋŋëě á ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ćĺńěŋłĺŋă|Łàěáâěŋáőŋă // Ăńčěąàă ĺ ăŋăńĺğ. 2001. Š. 13. Ćëŕ. 1. Ś. 111{157.

8. G o o d I. J. The interaction algorithm and practical Fourier analysis // J.

Royal Stat. Soc. Ser. B. 1958. Vol. 20. P. 361{372.