SPb. Math. Society Preprint 2002-09 30 Sep 2002

ŞĎŁ 621.391 : 519.72

Ć. Ŋ. Ňăńőğ-ěňőć, Ł. đ. Űćěâłőć ŐĄ ŐŔŠĹŇĂŃĲŊŻŢ ŔĂŘĂŢ ŚĹČŊĂŃ{ŤĹŃĲŠŘ^1

Ŕőŋïâĺě őŕâĺňăńìŋőľ ŕăàë áĺčŋăń{äĺńìâà àăáŕàőáâàăŋïěâáï ŋă âőâ áńãçăľ, łőčďă ćňěáâő æĺłńĺçěáłőľ áćěàâłĺ ĺáŕőńìğãěâáï n-áćěàâłă. Śâàőïâáï n-őŕâĺňăńìŋëě n-ĺçŋëě áĺčŋăńë ŕàĺ ćáěå n = 2, 3, . . .

§1. Ććěďěŋĺě

Śàěďĺ ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć á ğăďăŋŋőľ íŋěàčĺěľ őŕâĺňăńìŋëň áçĺâăěâáï âőâ, łőâőàőňã áőőâćěâáâćãěâ äĺńìâà ŕőďăćńěŋĺï ąőłőćëå ńěŕěáâłőć (ŤŔĄŃ) á ňĺŋĺňăńìŋőľ ŕő íŋěàčĺĺ ĺňŕãńìáŋőľ åăàăłâěàĺáâĺłőľ. Őŕâĺňăńìŋëľ áĺčŋăń ćňěáâě á őŕâĺňăńìŋëň ŤŔĄŃ őąàăğãîâ őŕâĺňăńìŋãî ŕăàã áĺčŋăń{äĺńìâà.

Ěáńĺ ŋă őâáçěâë áĺčŋăńă ŋě ŋăłńăďëćăâì ŋĺłăłĺå őčàăŋĺçěŋĺľ, âő őŕâĺňăńìŋăï ŕăàă áĺčŋăń{äĺńìâà ďőŕãáłăěâ áńěďãîéãî åăàăłâěàĺğăæĺî [1]: őŕâĺňăńìŋëľ áĺčŋăń ďőńęěŋ ąëâì ďěńìâă-łőààěńĺàőćăŋŋëň, ă áőőâćěâáâćãîéĺľ ěňã ŤŔĄŃ | áőčńăáőćăŋŋëň.

Ć ďăŋŋőľ àăąőâě ŕőŋïâĺě őŕâĺňăńìŋőľ ŕăàë àăáŕàőáâàăŋïěâáï ŋă âőâ áńãçăľ, łőčďă ćňěáâő æĺłńĺçěáłőľ áćěàâłĺ ĺáŕőńìğãěâáï n-áćěàâłă [2, 3]. Őŕàěďěńïîâáï ďěńìâă-n-łőààěńĺàőćăŋŋëě áĺčŋăńë ĺ áőčńăáőćăŋŋëě n-äĺńìâàë ĺ ďőłăğëćăěâáï, çâő ć n-őŕâĺňăńìŋőľ ŕăàě áĺčŋăń ďőńęěŋ ąëâì ďěńìâă-n-łőààěńĺàőćăŋŋëň, ă n-ŤŔĄŃ | áőčńăáőćăŋŋëň. Ŋă őáŋőćě äãŋłæĺľ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ĺ łőŋáâàãłæĺĺ Ťàăŋłă áâàőïâáï ďěńìâă-n-łőààěńĺàőćăŋŋëě n-ĺçŋëě áĺčŋăńë á ŕěàĺőďőň N = n^{2s} ŕàĺ ćáěå n = 2, 3, . . . Ŕőáńěďŋĺľ àěğãńìâăâ ïćńïěâáï áãéěáâćěŋŋëň. Ůâőąë őæěŋĺâì íâő, őâňěâĺň, ŋăŕàĺňěà, çâő áàěďĺ ąĺŋăàŋëå áĺčŋăńőć á ŕěàĺőďőň N ŕàĺ N > 4 ŋě áãéěáâćãěâ ďěńìâă-łőààěńĺàőćăŋŋëå [1] (ŋő áãéěáâćãîâ ďěńìâă-2- łőààěńĺàőćăŋŋëě á ŕěàĺőďőň N = 2^{2s}).

§2. Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï

2.1. Őąőğŋăçĺň çěàěğ C N ňŋőęěáâćő łőňŕńěłáŋőğŋăçŋëå N-ŕěàĺőďĺçěáłĺå äãŋłæĺľ æěńőçĺáńěŋŋőčő ăàčãňěŋâă x = x(j), j ∈ Z. İńěňěŋâë íâőčő ňŋőęěáâćă ąãďěň ŋăğëćăâì áĺčŋăńăňĺ. Ć C_N őąëçŋëň áŕőáőąőň ććőďïâáï őŕěàăæĺĺ ãňŋőęěŋĺï ŋă łőňŕńěłáŋőě çĺáńő, áńőęěŋĺï ĺ ãňŋőęěŋĺï ďćãå áĺčŋăńőć. Ă ĺňěŋŋő, y = cx ⇐⇒ y(j) = cx(j), j ∈ Z; y = x_1 + x_2 ⇐⇒ y(j) = x_1(j) + x_2(j), j ∈ Z;

y = x_1x_2 ⇐⇒ y(j) = x_1(j)x_2(j), j ∈ Z.

Ć àěğãńìâăâě C_N áâăŋőćĺâáï łőňňãâăâĺćŋőľ ăńčěąàőľ á ěďĺŋĺæěľ. Ěďĺŋĺæěľ ïćńïěâáï áĺčŋăń 1I, ćáě őâáçěâë łőâőàőčő àăćŋë ěďĺŋĺæě.

Őąàăâŋëľ ł x áĺčŋăń x^{−1} őŕàěďěńïěâáï ĺğ ãáńőćĺï xx^{−1} = 1I. Őçěćĺďŋő, çâő áĺčŋăń x ĺňěěâ őąàăâŋëľ (őąàăâĺň) âőčďă ĺ âőńìłő âőčďă, łőčďă ćáě ěčő őâáçěâë x(j) őâńĺçŋë őâ ŋãńï. Ć íâőň áńãçăě x^{−1}(j) = [x(j)]^{−1}, j ∈ Z.

1Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŋőňěà ŕàőěłâă 01-01-00231).

Ŋăàïďã á áĺčŋăńőň x àăááňăâàĺćăîâáï áĺčŋăńë Re x, Im x, x, |x|. Őŋĺ őŕàěďěńïîâáï ŕőłőňŕőŋěŋâŋő. Ŋăŕàĺňěà, |x|(j) = |x(j)|, j ∈ Z. §áŋő, çâő xx = |x|^2.

2.2. Ťĺńìâàőň á ĺňŕãńìáŋőľ åăàăłâěàĺáâĺłőľ h ∈ C N ąãďěň ŋăğëćăâì őŕěàăâőà æĺłńĺçěáłőľ áćěàâłĺ L : C_N → C_N ćĺďă L(x) = x ∗ h. Ěáńĺ őąőğŋăçĺâì y = L(x), âő y(j) = N−1∑ k=0 x(k)h(j − k), j ∈ Z. Ŋăŕőňŋĺň őŕàěďěńěŋĺě äãŋłæĺĺ ćğăĺňŋőľ łőààěńïæĺĺ R_{xy} áĺčŋăńőć x ĺ y: R_{xy}(j) = N−1∑ k=0 x(j + k) y(k), j ∈ Z. Ťãŋłæĺï R_{xx} ŋăğëćăěâáï ăćâőłőààěńïæĺőŋŋőľ äãŋłæĺěľ áĺčŋăńă x.

Ťĺńìâà L á ĺňŕãńìáŋőľ åăàăłâěàĺáâĺłőľ h ŋăğëćăěâáï áőčńăáőćăŋŋëň á áĺčŋăńőň x, ěáńĺ L(x) := x ∗ h = R_{xx}. (2.1) Śőčńăáőćăŋŋëľ äĺńìâà áãéěáâćãěâ. Ŋăŕàĺňěà, ňőęŋő ŕőńőęĺâì h(j) = x(−j),

j ∈ Z. Ć íâőň áńãçăě [x ∗ h](j) = N−1∑ k=0 x ( (k − j) + j ) x(k − j) = N−1∑ k=0 x(k + j) x(k) = R_{xx}(j). Ćëïáŋĺň ćőŕàőá ő ěďĺŋáâćěŋŋőáâĺ áőčńăáőćăŋŋőčő äĺńìâàă.

Ŋăň ŕőâàěąãěâáï ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ťãàìě (ĎŔŤ) F_N : C_N → C_N , áőŕőáâăćńïîéěě áĺčŋăńã x áĺčŋăń X = F_N (x) á łőňŕőŋěŋâăňĺ X(k) = N−1∑ j=0 x(j) ω^{−kj}_N , k ∈ Z, čďě ω_N = exp(2πi/N). Śĺčŋăń X ŋăğëćăěâáï áŕěłâàőň áĺčŋăńă x.

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 1. Ŕãáâì x ∈ C_N | áĺčŋăń á őąàăâĺňëň áŕěłâàőň. Šőčďă ĺňŕãńìáŋăï åăàăłâěàĺáâĺłă h áőčńăáőćăŋŋőčő á x äĺńìâàă őŕàěďěńïěâáï ěďĺŋáâćěŋŋëň őąàăğőň.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ćőğìňěň áĺčŋăń h, ãďőćńěâćőàïîéĺľ ãáńőćĺî (2.1). Őąőğŋăçĺň çěàěğ X ĺ H áŕěłâàë áĺčŋăńőć x ĺ h áőőâćěâáâćěŋŋő. Ŕő âěőàěňě ő áćěàâłě XH = F_N (R_{xx}). Śőčńăáŋő âěőàěňě Ćĺŋěàă{Ţĺŋçĺŋă, F_N (R_{xx}) = XX. Ŕőáłőńìłã X(k) ≠ 0 ŕàĺ ćáěå k ∈ Z, âő H = X. Ŕő äőàňãńě őąàăéěŋĺï

h(j) = 1 N N−1∑ k=0 X(k) ω^{kj}_N , j ∈ Z. Šěŕěàì ĺňěěň h(−j) = 1 N N−1∑ k=0 X(k) ω^{kj}_N = x(j), őâłãďă áńěďãěâ, çâő h(j) = x(−j), j ∈ Z. N

Ğ ă ň ě ç ă ŋ ĺ ě. Ŕãáâì ã áŕěłâàă X áĺčŋăńă x ĺňěîâáï ŋãńěćëě łőňŕőŋěŋâë. Šőčďă áőčńăáőćăŋŋëľ á x äĺńìâà ŋěěďĺŋáâćěŋ. Ŕőńőęĺň H(k) = { X(k), ěáńĺ X(k) ≠ 0, c_k, ěáńĺ X(k) = 0,

čďě c_k | ŕàőĺğćőńìŋëě łőňŕńěłáŋëě çĺáńă. Ťőàňãńă őąàăéěŋĺï h(j) = 1 N N−1∑ k=0 H(k) ω^{kj}_N , j ∈ Z, ďăěâ ăŋăńĺâĺçěáłőě ŕàěďáâăćńěŋĺě ĺňŕãńìáŋëå åăàăłâěàĺáâĺł ćáěå áőčńăáőćăŋŋëå á áĺčŋăńőň x äĺńìâàőć.

2.3. Ŋăň ŕőâàěąãěâáï ěďĺŋĺçŋëľ N-ŕěàĺőďĺçěáłĺľ ĺňŕãńìá δN | áĺčŋăń, ã łőâőàőčő δ_N (j) = 1, ěáńĺ j ďěńĺâáï ŋă N, ĺ δ_N (j) = 0 ŕàĺ őáâăńìŋëå j ∈ Z.

Őąőğŋăçĺň çěàěğ ~R_{xx} = ( R_{xx}(0) )_{−1} R_{xx} ŋőàňĺàőćăŋŋãî ăćâőłőààěńïæĺőŋŋãî äãŋłæĺî áĺčŋăńă x. Ěáńĺ ~R_{xx} = δ_N , (2.2)

âő áĺčŋăń x ŋăğëćăěâáï ďěńìâă-łőààěńĺàőćăŋŋëň. Ŋěâàãďŋő őŕĺáăâì ćáě ňŋőęěáâćő âăłĺå áĺčŋăńőć. Ďńï íâőčő ŕěàěćěďěň àăćěŋáâćő (2.2) ć áŕěłâàăńìŋãî őąńăáâì. Şçĺâëćăï, çâő F_N (R_{xx}) = |X|^2 ĺ F_N (δ_N ) = 1I, ŕőńãçăěň ( R_{xx}(0) )_{−1} |X|^2 = 1I. Ğŋăçĺâ, |X(k)| ≡ √ R_{xx}(0) ∀ k ∈ Z. Ŕàĺåőďĺň ł áńěďãîéěňã ğăłńîçěŋĺî.

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 2. Ďńï âőčő, çâőąë ŋěŋãńěćőľ áĺčŋăń x ąëń ďěńìâă-łőààěńĺ-àőćăŋŋëň, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë őŋ ďőŕãáłăń ŕàěďáâăćńěŋĺě x(j) = 1 N N−1∑ k=0 c_k ω^{kj}_N , j ∈ Z, čďě c_k | ŕàőĺğćőńìŋëě ŋěŋãńěćëě łőíääĺæĺěŋâë, ŕő ňőďãńî àăćŋëě ňěęďã áőąőľ (â. ě. ńěęăéĺě ŋă ŋěłőâőàőľ őłàãęŋőáâĺ łőňŕńěłáŋőľ ŕńőáłőáâĺ á æěŋâàőň ć ŋãńě).

Őâňěâĺň, çâő ěáńĺ |X(k)| ≡ √ A > 0, âő R_{xx}(0) = A. Ďěľáâćĺâěńìŋő, áőčńăáŋő àăćěŋáâćã Ŕăàáěćăńï

R_{xx}(0) = N−1∑ j=0 |x(j)|^2 = 1 N N−1∑ k=0 |X(k)|^2 = A. 2.4. Őąőğŋăçĺň çěàěğ E(x) íŋěàčĺî áĺčŋăńă x, â. ě. E(x) = N−1∑ j=0 |x(j)|^2.

Ć áĺńã àăćěŋáâćă Ŕăàáěćăńï E(x) = N^{−1}E(X), (2.3) čďě X = F_N (x).

Ŋěŋãńěćőňã áĺčŋăńã x áőŕőáâăćĺň äĺńìâà ŕőďăćńěŋĺï ąőłőćëå ńěŕěáâłőć (ŤŔĄŃ). Ěčő ĺňŕãńìáŋăï åăàăłâěàĺáâĺłă h őŕàěďěńïěâáï ĺğ ãáńőćĺï x ∗ h = E(x) δ_N . (2.4) Ŕěàěŕĺèěň àăćěŋáâćő (2.4) ć áŕěłâàăńìŋőľ őąńăáâĺ: XH = E(x) 1I. Ćĺďĺň, çâő ŤŔĄŃ áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă áĺčŋăń x ĺňěěâ őąàăâĺňëľ áŕěłâà. Ŕàĺ íâőň H = E(x) X^{−1} ĺ

h(j) = N^{−1}E(x) N−1∑ k=0 [X(k)]^{−1} ω^{kj}_N , j ∈ Z. ŤŔĄŃ ŕőńŋőáâìî ãáâàăŋïěâ ćńĺïŋĺě őâàăęěŋĺľ áĺčŋăńă x ńîąőľ ĺŋâěŋáĺćŋőáâĺ á ğăŕăğďëćăŋĺěň ŋă l ∈ 1 : N − 1, ŕőáłőńìłã x(· − l) ∗ h = E(x) δ_N (· − l). 2.5. Řăááňőâàĺň íłáâàěňăńìŋãî ğăďăçã: áàěďĺ áĺčŋăńőć á ğăďăŋŋőľ íŋěàčĺěľ ŋăľâĺ âăłĺě, ã łőâőàëå ĺňŕãńìáŋăï åăàăłâěàĺáâĺłă ŤŔĄŃ ĺňěěâ ŋăĺňěŋìèãî íŋěàčĺî. İâã ğăďăçã ňőęŋő äőàňăńĺğőćăâì áńěďãîéĺň őąàăğőň:

(P1) Ňĺŋĺňĺğĺàőćăâì [E(x)]^{−1}E(h) ŕàĺ őčàăŋĺçěŋĺïå x ∗ h = E(x) δ_N ; E(x) = A; x, h ∈ C_N . Ŕěàěŕĺèěň ğăďăçã (P1) ć ąőńěě łőňŕăłâŋőň ćĺďě γ := A^{−1}E(h) → min, x ∗ h = A δ_N ; E(x) = A; x, h ∈ C_N . (2.5)

Řěèěŋĺě íâőľ ğăďăçĺ (x_∗, h_∗) ŋăğëćăěâáï őŕâĺňăńìŋőľ ŕăàőľ áĺčŋăń{äĺńìâà.

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 3 [1]. Ňĺŋĺňăńìŋőě ğŋăçěŋĺě γ ć ğăďăçě (2.5) àăćŋő ěďĺŋĺæě. Őŋő ďőáâĺčăěâáï ŋă ńîąőň ďěńìâă-łőààěńĺàőćăŋŋőň áĺčŋăńě x á E(x) = A. Ŕàĺ íâőň őŕâĺňăńìŋëň ŤŔĄŃ ïćńïěâáï áőčńăáőćăŋŋëľ äĺńìâà.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕěàěćěďěň ğăďăçã (2.5) ć áŕěłâàăńìŋãî őąńăáâì. Śőčńăáŋő (2.3) ŕőńãçĺň γ := (AN)^{−1} E(H) → min, XH = A 1I; (AN)^{−1}E(X) = 1.

Śŕěłâà H ňőęŋő ĺáłńîçĺâì. Şçĺâëćăï, çâő H = AX^{−1}, ğăŕĺèěň

γ := A N N−1∑ k=0 |X(k)|^{−2} → min, 1 AN N−1∑ k=0 |X(k)|^2 = 1.

Őąőğŋăçĺň a_k = |X(k)|^2. Ć áĺńã łńăááĺçěáłőčő ŋěàăćěŋáâćă ňěęďã áàěďŋĺň čăàňőŋĺçěáłĺň ĺ áàěďŋĺň ăàĺäňěâĺçěáłĺň ĺňěěň 1 A N ∑_{N−1} k=0 a^{−1}_k ≤ 1 A ∑_{N−1} k=0 a_k N = 1. (2.6)

Ć ńěćőľ çăáâĺ ŋěàăćěŋáâćă (2.6) áâőĺâ ćěńĺçĺŋă γ^{−1}, ĺ őŋă ŋě ŕàěćőáåőďĺâ ěďĺŋĺæë. Ğŋăçĺâ, γ ŋě ňěŋìèě ěďĺŋĺæë. Řăćěŋáâćő ěďĺŋĺæě ďőáâĺčăěâáï âőńìłő âőčďă, łőčďă ćáě a_k àăćŋë ňěęďã áőąőľ. Ŕőáłőńìłã ∑_{N−1} k=0 a_k = AN, âő a_k ≡ A, âăł çâő |X(k)| ≡ √ A ŕàĺ ćáěå k ∈ Z. Ŕàĺŋĺňăï ćő ćŋĺňăŋĺě Ŕàěďńőęěŋĺě 2, ŕàĺåőďĺň ł áńěďãîéěňã ćëćőďã: ćëŕőńŋïěâáï ŋěàăćěŋáâćő γ ≥ 1; àăćěŋáâćő γ = 1 ďőáâĺčăěâáï ŋă ćáěå ďěńìâăłőààěńĺàőćăŋŋëå áĺčŋăńăå x á E(x) = A ĺ âőńìłő ŋă ŋĺå.

Ůâő łăáăěâáï őŕâĺňăńìŋëå ŤŔĄŃ ďńï ãłăğăŋŋëå áĺčŋăńőć x, âő íâő ŋěőąåőďĺňő áőčńăáőćăŋŋëě äĺńìâàë. Ďěľáâćĺâěńìŋő, ć áĺńã ďěńìâă-łőààěńĺàőćăŋŋőáâĺ R_{xx} = R_{xx}(0) δ_N = E(x) δ_N . Ś ďàãčőľ áâőàőŋë, ŕő ãáńőćĺî ğăďăçĺ (P1), x ∗ h = E(x) δ_N . Śńěďőćăâěńìŋő, x ∗ h = R_{xx}, çâő ć áőőâćěâáâćĺĺ á (2.1) ĺ őğŋăçăěâ, çâő h ěáâì ĺňŕãńìáŋăï åăàăłâěàĺáâĺłă áőčńăáőćăŋŋőčő á x äĺńìâàă. N

Ăŋăńőčĺçŋëě àěğãńìâăâë ąãďãâ ŕőńãçěŋë ć áńãçăě, łőčďă æĺłńĺçěáłĺľ áďćĺč ğăňěŋïěâáï n-ĺçŋëň áďćĺčőň ĺ ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ťãàìě | ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Ŋő ďńï íâőčő ŕőâàěąãěâáï ŋěłőâőàăï ŕőďčőâőćłă.

§3. Čăàňőŋĺçěáłĺľ ăŋăńĺğ ć ąăğĺáě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă

3.1. Ąãďěň áçĺâăâì, çâő N = n^s, čďě n ĺ s | ŋăâãàăńìŋëě çĺáńă, őâńĺçŋëě őâ ěďĺŋĺæë. Ůĺáńő j ĺğ ňŋőęěáâćă T_s = {0, 1, . . . , n^s − 1} ňőęŋő ŕàěďáâăćĺâì ěčő n-ĺçŋëň łőďőň. Ğăŕĺáì j = (j_{s−1}, j_{s−2}, . . . , j_0)_n őğŋăçăěâ, çâő j = j_{s−1}n^{s−1} + j_{s−2}n^{s−2} + . . . + j_0, čďě j_ν ∈ {0, 1, . . . , n − 1} ŕàĺ ćáěå ν = 0, 1, . . . , s − 1. Ŋă ňŋőęěáâćě T_s ććőďïâáï őŕěàăæĺĺ n-ĺçŋőčő áńőęěŋĺï ⊕_n ĺ n-ĺçŋőčő ãňŋőęěŋĺï ⊗_n . İâĺ őŕěàăæĺĺ ćëŕőńŋïîâáï ŕő ňőďãńî n ć łăęďőň n-ĺçŋőň àăğàïďě. Šőçŋěě, p = j ⊕_n k ⇐⇒ p_ν = ⟨j_ν + k_ν⟩_n, ν = 0, 1, . . . , s − 1; r = j ⊗_n k ⇐⇒ r_ν = ⟨j_ν k_ν ⟩_n, ν = 0, 1, . . . , s − 1. Ğďěáì ⟨q⟩_n = q − ⌊q/n⌋n | ćëçěâ æěńőčő çĺáńă q ŕő ňőďãńî n. Őçěćĺďŋő, çâő ⟨q⟩_n ∈ {0, 1, . . . , n − 1}. Ńîąőě çĺáńő k ∈ T_s ĺňěěâ ŕàőâĺćőŕőńőęŋőě k^∗ á n-ĺçŋëňĺ łőňŕőŋěŋâăňĺ k^∗_ν = ⟨−k_ν ⟩_n, ν = 0, 1, . . . , s − 1. Ŕő őŕàěďěńěŋĺî j ⊖_n k = j ⊕_n k^∗. Ŋěâàãďŋő ŕàőćěàĺâì, çâő (j ⊖_n k)⊕_n k = j, (j ⊕_n k)⊖_n k = j. (3.1) Ěďĺŋĺæěľ ć T_s ïćńïěâáï çĺáńő á n-ĺçŋëň łőďőň (1, . . . , 1)_n. Őąàăâŋőě ł j ∈ T_s çĺáńő j^{−1} áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă ćáě łőňŕőŋěŋâë j_ν n-ĺçŋőčő łőďă çĺáńă j ćğăĺňŋő ŕàőáâë á n. Ć áĺńã ćğăĺňŋőľ ŕàőáâőâë j_ν ĺ n áãéěáâćãěâ ěďĺŋáâćěŋŋőě çĺáńő p_ν ∈ {0, 1, . . . , n − 1}, âăłőě, çâő ⟨j_ν p_ν ⟩_n = 1. Őąàăâŋőě çĺáńő j^{−1} ĺňěěâ łőď (p_{s−1}, p_{s−2}, . . . , p_0)_n.

Őâňěâĺň, çâő őâőąàăęěŋĺě j → j ⊕_n l ŕàĺ ńîąőň l ∈ T_s ïćńïěâáï ŕěàěáâăŋőćłőľ ňŋőęěáâćă T_s. Šő ęě áăňőě ňőęŋő áłăğăâì őą őâőąàăęěŋĺĺ j → j ⊗_n l ć áńãçăě, łőčďă çĺáńő l ∈ T_s ĺňěěâ őąàăâŋőě l^{−1}. 3.2. Ŕãáâì j, k ŕàĺŋăďńěęăâ Ts ĺ j = (js−1, js−2, . . . , j0)n, k = (ks−1, ks−2, . . . , k0)n. Ťãŋłæĺĺ

v_k(j) = s−1∏ ν=0 ω^k˚^j˚_n , k = 0, 1, . . . , n^s − 1,

őŕàěďěńěŋŋëě ŋă T_s, ŋăğëćăîâáï ďĺáłàěâŋëňĺ äãŋłæĺïňĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă [3, 4].

Ĺğ őŕàěďěńěŋĺï áńěďãěâ, çâő v_k(j) = v_j (k), v_k(j ⊖_n l) = v_k(j) v_k(l), v_k(j) v_l(j) = v_m(j), čďě m = k ⊕_n l. Śŕàăćěďńĺćő âăłęě ãáńőćĺě őàâőčőŋăńìŋőáâĺ N−1∑ j=0 v_k(j) v_l(j) = N δ_N (k − l). (3.2)

Ŕàĺ l = 0 àăćěŋáâćő (3.2) ŕàĺŋĺňăěâ ćĺď N−1∑ j=0 v_k(j) = N δ_N (k). (3.3)

3.3. Őąőğŋăçĺň çěàěğ C (Ts) ňŋőęěáâćő äãŋłæĺľ ĺğ C N , àăááňăâàĺćăěňëå ŋă őáŋőćŋőň ŕěàĺőďě T_s. Ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŋăğëćăěâáï őâőąàăęěŋĺě W_N : C (T_s) → C (T_s), áőŕőáâăćńïîéěě áĺčŋăńã x áĺčŋăń X^{(n)} = W_N (x) á łőňŕőŋěŋâăňĺ

X^{(n)}(k) = N−1∑ j=0 x(j) v_k(j), k ∈ T_s. (3.4)

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 4. Ĺňěěâ ňěáâő äőàňãńă őąàăéěŋĺï x(j) = 1 N N−1∑ k=0 X^{(n)}(k) v_k(j), j ∈ T_s. (3.5)

İâő áńěďãěâ ĺğ (3.4) ĺ (3.2). Ďěľáâćĺâěńìŋő, 1 N N−1∑ k=0 X^{(n)}(k) v_k(j) = 1 N N−1∑ k=0 (^{N−1}∑ l=0 x(l) v_k (l) ) v_k(j) =

= N−1∑ l=0 x(l) { 1 N N−1∑ k=0 v_j (k) v_l(k) } = N−1∑ l=0 x(l) δ_N (j − l) = x(j).

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 5. Śŕàăćěďńĺćő àăćěŋáâćő Ŕăàáěćăńï E(x) = N^{−1}E(X^{(n)}). (3.6)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (3.5) ĺ (3.4) E(x) = N−1∑ j=0 x(j) x(j) = 1 N N−1∑ j=0 (^{N−1}∑ k=0 X^{(n)}(k) v_k (j) ) x(j) =

= 1 N N−1∑ k=0 X^{(n)}(k) N−1∑ j=0 x(j) v_k (j) = 1 N N−1∑ k=0 X^{(n)}(k) X^{(n)}(k) = N^{−1}E(X^{(n)}). N

Ćőğìňěň çĺáńő l ∈ T_s, ĺňěîéěě őąàăâŋőě l^{−1}. Ŋăàïďã á áĺčŋăńőň x àăááňőâàĺň áĺčŋăń y(j) = x(j ⊗_n l), j ∈ T_s.

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 6. Ďĺáłàěâŋëě ŕàěőąàăğőćăŋĺï Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă X^{(n)}, Y^{(n)} áĺčŋăńőć x, y áćïğăŋë áőőâŋőèěŋĺěň Y^{(n)}(k) = X^{(n)}(k ⊗_n l^{−1}), k ∈ T_s. (3.7)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺňěěň

Y^{(n)}(k) = N−1∑ j=0 x(j ⊗_n l) v_k ( (j ⊗_n l)⊗_n l^{−1} ) = N−1∑ j=0 x(j) v_k (j ⊗_n l^{−1}).

Őďŋăłő v_k(j ⊗_n l^{−1}) = s−1∏ ν=0 ω^k˚^j˚^l

�1_˚ n = s−1∏ ν=0 ω^{⟨k}˚^l �1_{˚ ⟩nj˚} n = v_m(j), čďě m = k ⊗_n l^{−1}. Ğŋăçĺâ, Y^{(n)}(k) = X^{(n)}(m), çâő àăćŋőáĺńìŋő (3.7). N 3.4. Śĺčŋăń z = x ⊙∗_n y á łőňŕőŋěŋâăňĺ z(j) = N−1∑ k=0 x(k) y(j ⊖_n k), j ∈ T_s, ŋăğëćăěâáï n-áćěàâłőľ áĺčŋăńőć x ĺ y. Ťãŋłæĺï

R^{(n)}_{xy} (j) = N−1∑ k=0 x(j ⊕_n k) y(k), j ∈ T_s, ŋăğëćăěâáï äãŋłæĺěľ ćğăĺňŋőľ n-łőààěńïæĺĺ áĺčŋăńőć x ĺ y.

Őąőğŋăçĺň X^{(n)} = W_N (x), Y^{(n)} = W_N (y). Š ě ő à ě ň ă ő ą n - á ć ě à â ł ě. Śŕàăćěďńĺćő àăćěŋáâćő W_N (x ⊙∗_n y) = X^{(n)} Y^{(n)}. (3.8)

Š ě ő à ě ň ă ő ą n - ł ő à à ě ń ï æ ĺ ĺ. Śŕàăćěďńĺćő àăćěŋáâćő

W_N (R^{(n)}_{xy} ) = X^{(n)} Y^{(n)}. (3.9)

Ŕàőćěàĺň, ŋăŕàĺňěà, (3.9). Śőčńăáŋő (3.1) ĺňěěň [ W_N (R^{(n)}_{xy} ) ] (k) = N−1∑ j=0 (^{N−1}∑ l=0 x(j ⊕_n l) y ( (l ⊕_n j)⊖_n j )) v_k(j) =

= N−1∑ j=0 (^{N−1}∑ l=0 x(l) y(l ⊖_n j) ) v_k(j) = N−1∑ l=0 x(l) N−1∑ j=0 y(l ⊖_n j) v_k ( l ⊖_n (l ⊖_n j) ) =

= N−1∑ l=0 x(l) N−1∑ j=0 y(j) v_k(l ⊖_n j) = N−1∑ l=0 x(l) v_k (l) N−1∑ j=0 y(j) v_k(j) = X^{(n)}(k) Y^{(n)}(k).

Ňë ćőáŕőńìğőćăńĺáì äőàňãńőľ v_k(l ⊖_n j) = v_k(l) v_k (j) ĺ âěň äăłâőň, çâő őâőąàăęěŋĺě j → l ⊖_n j ïćńïěâáï ŕěàěáâăŋőćłőľ ňŋőęěáâćă T_s.

Ťãŋłæĺï R^{(n)}xx ŋăğëćăěâáï n-ăćâőłőààěńïæĺőŋŋőľ äãŋłæĺěľ áĺčŋăńă x. Ĺğ (3.9) áńěďãěâ, çâő W_N (R^{(n)}_{xx} ) = |X^{(n)}|^2. (3.10)

§4. Őŕâĺňăńìŋëě n-äĺńìâàë ŕőďăćńěŋĺï ąőłőćëå ńěŕěáâłőć

4.1. Ŋăğőćěň n-äĺńìâàőň á ĺňŕãńìáŋőľ åăàăłâěàĺáâĺłőľ h őŕěàăâőà L : C (Ts) →

C (Ts) ćĺďă L(x) = x ⊙∗_n h; n-äĺńìâà, áőčńăáőćăŋŋëľ á áĺčŋăńőň x, őŕàěďěńïěâáï ãáńő-

ćĺěň L(x) := x ⊙∗_n h = R^{(n)}_{xx} . Ŋěâàãďŋő őŕĺáăâì ćáě ňŋőęěáâćő áőčńăáőćăŋŋëå n-äĺńìâàőć. Ďńï íâőčő ŕőńőęĺň

H^{(n)}(k) = { X^{(n)}(k), ěáńĺ X^{(n)}(k) ≠ 0, c_k, ěáńĺ X^{(n)}(k) = 0,

čďě c_k | ŕàőĺğćőńìŋëě łőňŕńěłáŋëě çĺáńă. Ťőàňãńă őąàăéěŋĺï h(j) = 1 N N−1∑ k=0 H^{(n)}(k) v_k (j), j ∈ T_s, ďăěâ ăŋăńĺâĺçěáłőě ŕàěďáâăćńěŋĺě ĺňŕãńìáŋëå åăàăłâěàĺáâĺł ćáěå n-äĺńìâàőć, áőčńăáőćăŋŋëå á áĺčŋăńőň x. Ć çăáâŋőáâĺ, ňőęŋő ćğïâì

h(j) = 1 N N−1∑ k=0 X^{(n)}(k) v_k(j), j ∈ T_s. Ć íâőň áńãçăě h(j) = x(j^∗). Ďőłăğăâěńìáâćő ãłăğăŋŋëå äăłâőć ŕàőćőďĺâáï ŕő áåěňě ŕ. 2.2 áő ááëńłőľ ŋă äőàňãńë (3.8) ĺ (3.10). Ĺáŕőńìğãěâáï âăłęě àăćěŋáâćő v_k(j) = v_k(j^∗).

4.2. Őąőğŋăçĺň çěàěğ^~R^{(n)}xx =^(R^{(n)}xx (0)^{)−1}R^{(n)}xx ŋőàňĺàőćăŋŋãî n-ăćâőłőààěńïæĺ-őŋŋãî äãŋłæĺî áĺčŋăńă x. Ěáńĺ ~R^{(n)}_{xx} (j) = δ_N (j) ∀ j ∈ T_s, (4.1)

âő áĺčŋăń x ŋăğëćăěâáï ďěńìâă-n-łőààěńĺàőćăŋŋëň.

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 7. Ďńï âőčő, çâőąë ŋěŋãńěćőľ áĺčŋăń x ąëń ďěńìâă-n-łőààě-ńĺàőćăŋŋëň, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë őŋ ďőŕãáłăń ŕàěďáâăćńěŋĺě x(j) = 1 N N−1∑ k=0 c_k v_k(j), j ∈ T_s, (4.2) čďě c_k | ŕàőĺğćőńìŋëě ŋěŋãńěćëě łőíääĺæĺěŋâë, ŕő ňőďãńî àăćŋëě ňěęďã áőąőľ.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋ ě ő ą å ő ď ĺ ň ő á â ì. Ĺğ àăćěŋáâćă (4.1) ć áĺńã (3.10) áńěďãěâ, çâő |X^{(n)}(k)|^2 = R^{(n)}xx (0) ŕàĺ ćáěå k ∈ T_s. Őáâăěâáï ãçěáâì, çâő ć (4.2) c_k = X^{(n)}(k).

Ď ő á â ă â ő ç ŋ ő á â ì. Ĺňěěň |X^{(n)}(k)| = √ A > 0 ŕàĺ ćáěå k ∈ T_s. Śőčńăáŋő (3.10), W_N (R^{(n)}xx ) = A 1I. Ťőàňãńă őąàăéěŋĺï ĺ (3.3) ŕàĺćőďïâ ł àăćěŋáâćã R^{(n)}xx = A δ_N . Ć çăáâŋőáâĺ, ŕàĺ j = 0 ŕőńãçăěň R^{(n)}xx (0) = A. Őłőŋçăâěńìŋő, ~R^{(n)}xx = δ_N , çâő ĺ čăàăŋâĺàãěâ ďěńìâă-n-łőààěńĺàőćăŋŋőáâì áĺčŋăńă x. N

4.3. Ŋěŋãńěćőňã áĺčŋăńã x áőŕőáâăćĺň n-äĺńìâà ŕőďăćńěŋĺï ąőłőćëå ńěŕěáâłőć (n-ŤŔĄŃ). Ěčő ĺňŕãńìáŋăï åăàăłâěàĺáâĺłă h őŕàěďěńïěâáï ĺğ ãáńőćĺï x ⊙∗_n h = E(x) δ_N . (4.3) Ŕěàěŕĺèěň (4.3) ć íłćĺćăńěŋâŋőň ćĺďě: X^{(n)}H^{(n)} = E(x) 1I. §áŋő, çâő n-ŤŔĄŃ áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă áĺčŋăń x ĺňěěâ őąàăâĺňëľ áŕěłâà Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă X^{(n)}. Ŕàĺ íâőň H^{(n)} = E(x) [X^{(n)}]^{−1} ĺ

h(j) = N^{−1}E(x) N−1∑ k=0 [X^{(n)}(k)]^{−1} v_k(j), j ∈ T_s.

4.4. Řăááňőâàĺň íłáâàěňăńìŋãî ğăďăçã, ăŋăńőčĺçŋãî (P1):

(P2) Ňĺŋĺňĺğĺàőćăâì [E(x)]^{−1}E(h) ŕàĺ őčàăŋĺçěŋĺïå x ⊙∗_n h = E(x) δ_N ; E(x) = A; x, h ∈ C (T_s). Ąőńěě łőňŕăłâŋăï ğăŕĺáì íâőľ ğăďăçĺ ĺňěěâ ćĺď γ := A^{−1}E(h) → min, x ⊙∗_n h = A δ_N ; E(x) = A; x, h ∈ C (T_s). (4.4)

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 8. Ňĺŋĺňăńìŋőě ğŋăçěŋĺě γ ć ğăďăçě (4.4) àăćŋő ěďĺŋĺæě. Őŋő ďőáâĺčăěâáï ŋă ńîąőň ďěńìâă-n-łőààěńĺàőćăŋŋőň áĺčŋăńě x á E(x) = A. Ŕàĺ íâőň őŕâĺňăńìŋëň n-ŤŔĄŃ ïćńïěâáï áőčńăáőćăŋŋëľ n-äĺńìâà.

Ďőłăğăâěńìáâćő ňë őŕãáłăěň, ŕőáłőńìłã őŋő őâńĺçăěâáï őâ ďőłăğăâěńìáâćă Ŕàěďńőęěŋĺï 3 ńĺèì ğăňěŋőľ ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě ŋă ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă.

§5. Śĺčŋăń Ťàăŋłă{Łàěáâěŋáőŋă

Ŕő-ŕàěęŋěňã áçĺâăěň, çâő N = n^s. Ğăäĺłáĺàãěň ŕěàěáâăŋőćłã π ňŋőęěáâćă T_s, őâőąàăęěŋĺě τ : T_s → T_s ĺ ŋěŋãńěćëě łőňŕńěłáŋëě çĺáńă a(k), k ∈ T_s. Ŕő őąàăğæã [5] ććěďěň ŋă ňŋőęěáâćě T_{2s} áĺčŋăń Ťàăŋłă{Łàěáâěŋáőŋă φ(kn^s + j) = a(k) v_{π(k)} ( j ⊕_n τ (k) ) , k, j ∈ T_s. (5.1) Őąőğŋăçĺň ˘ = W_N2(φ).

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 9. Śŕàăćěďńĺćő àăćěŋáâćő

˘(pN + q) = N a(q^′) v_q ( τ (q^′) ) v_p(q^′), p, q ∈ T_s, (5.2) čďě q^′ = π^{−1}(q).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕőńőęĺň k^′ = π(k). Šőčďă

˘(pN + q) = N−1∑ k,j=0 φ(kN + j) v_{pN+q}(kN + j) =

= N−1∑ k,j=0 a(k) s−1∏ ν=0 ω^k 0_{˚(j˚+[τ(k)]˚)−p˚k˚ −q˚j˚} n =

= N−1∑ k=0 a(k) v_k0 ( τ (k) ) v_p(k) N−1∑ j=0 v_k0(j) v_q(j). Śőčńăáŋő (3.2) ĺňěěň

˘(pN + q) = N N−1∑ k=0 a(k) v_k0 ( τ (k) ) v_p(k) δ_N (k^′ − q). Ć ŕőáńěďŋěľ áãňňě őâńĺçŋő őâ ŋãńï âőńìłő őďŋő áńăčăěňőě ŕàĺ k^′ = q, çâő áőőâćěâáâćãěâ k = π^{−1}(q) = q^′. Ğŋăçĺâ,

˘(pN + q) = N a(q^′) v_q ( τ (q^′) ) v_p(q^′). Ŕàěďńőęěŋĺě ďőłăğăŋő. N

Ś ń ě ď á â ć ĺ ě. Ěáńĺ |a(k)| ≡ r > 0 ŕàĺ ćáěå k ∈ T_s, âő áĺčŋăń Ťàăŋłă{Łàěáâěŋáőŋă φ ćĺďă (5.1), őŕàěďěńěŋŋëľ ŋă ňŋőęěáâćě T_{2s} = {0, 1, . . . , n^{2s} − 1}, ïćńïěâáï ďěńìâă-n-łőààěńĺàőćăŋŋëň.

Ďěľáâćĺâěńìŋő, áőčńăáŋő (5.2), |˘(pN + q)| = N |a(q^′)| = Nr. Őáâăěâáï áőáńăâìáï ŋă Ŕàěďńőęěŋĺě 7.

Łőńĺçěáâćő ďěńìâă-n-łőààěńĺàőćăŋŋëå áĺčŋăńőć ňőęŋő ěéě ãćěńĺçĺâì, ěáńĺ ćőáŕőńìğőćăâìáï Ŕàěďńőęěŋĺěň 6, áőčńăáŋő łőâőàőňã ŋăàïďã á φ ďěńìâă-n-łőààě-ńĺàőćăŋŋëňĺ ąãďãâ áĺčŋăńë x(j) = φ(j ⊗_n l), j ∈ T_{2s}, ŕàĺ ãáńőćĺĺ, çâő çĺáńő l ∈ T_{2s} ĺňěěâ őąàăâŋőě l^{−1}.

§6. Őŕâĺňăńìŋëě n-ĺçŋëě áĺčŋăńë

6.1. Őąőğŋăçĺň ˙n = {1, ω^1_n, ω^2_n, . . . , ω^{n−1}_n }. Śĺčŋăń x ŋăğőćěň n-ĺçŋëň, ěáńĺ

x(j) ∈ ˙_n ŕàĺ ćáěå j ∈ Z.

Ŕěàěäőàňãńĺàãěň ğăďăçã (P2) ďńï n-ĺçŋëå áĺčŋăńőć ŕàĺ N = n^{2s}. Şçĺâëćăï, çâő íŋěàčĺï ńîąőčő n-ĺçŋőčő áĺčŋăńă àăćŋă N, ŕàĺåőďĺň ł áńěďãîéěľ íłáâàěňăńìŋőľ ğăďăçě:

(P3) Ňĺŋĺňĺğĺàőćăâì N^{−1}E(h) ŕàĺ őčàăŋĺçěŋĺïå x(j) ∈ ˙_n ∀ j ∈ T_{2s}; x ⊙∗_n h = N δ_N ; x, h ∈ C (T_{2s}). Řěèěŋĺě íâőľ ğăďăçĺ ğăćĺáĺâ őâ áãéěáâćőćăŋĺï áàěďĺ n-ĺçŋëå áĺčŋăńőć ďěńìâăn-łőààěńĺàőćăŋŋëå áĺčŋăńőć. Őŋĺ ĺ ąãďãâ őŕâĺňăńìŋëňĺ áĺčŋăńăňĺ, łőâőàëě ćňěáâě á áőčńăáőćăŋŋëňĺ n-äĺńìâàăňĺ őąàăğãîâ àěèěŋĺě ğăďăçĺ (P3).

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 10. Śĺčŋăń Ťàăŋłă{Łàěáâěŋáőŋă φ ćĺďă (5.1) ŕàĺ a(k) ∈ ˙_n ďńï ćáěå k ∈ T_s ïćńïěâáï őŕâĺňăńìŋëň ďńï ğăďăçĺ (P3). Ŕàĺ íâőň ĺňŕãńìáŋăï åăàăłâěàĺáâĺłă h őŕâĺňăńìŋőčő n-ŤŔĄŃ âăł ęě, łăł ĺ φ, ąãďěâ n-ĺçŋëň áĺčŋăńőň.

Ŕàőáâőě ďőłăğăâěńìáâćő Ŕàěďńőęěŋĺï 10, őáŋőćăŋŋőě ŋă Ŕàěďńőęěŋĺĺ 8, áńěďáâćĺĺ ĺğ Ŕàěďńőęěŋĺï 9, őŕàěďěńěŋĺĺ äãŋłæĺľ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ĺ äőàňãńě h(j) = φ(j^∗), ňë őŕãáłăěň.

6.2. Őáőąëľ ĺŋâěàěá ŕàěďáâăćńïěâ áńãçăľ n = 2, łőčďă ˙2 = {1, −1} ĺ Ts =

{0, 1, . . . , 2^s − 1}. Ďĺáłàěâŋëě áĺčŋăńë, ŕàĺŋĺňăîéĺě âőńìłő ďćă ğŋăçěŋĺï +1 ĺńĺ −1, ŋăğëćăîâáï ąĺŋăàŋëňĺ.

Ŕàĺ n = 2 äãŋłæĺĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ĺňěîâ ćĺď

v_k(j) = s−1∏ ν=0 (−1)^{k˚ j˚} , k, j ∈ T_s, â. ě. áâăŋőćïâáï äãŋłæĺïňĺ Şőńèă. Ŕő ăŋăńőčĺĺ á (5.1) ććěďěň áĺčŋăń Ťàăŋłă{ Şőńèă ψ(k 2^s + j) = a(k) v_{π(k)} ( j ⊕_2 τ (k) ) , k, j ∈ T_s. (6.1) Ć łăçěáâćě áńěďáâćĺï ĺğ Ŕàěďńőęěŋĺï 10 ŕőńãçăěň âăłőľ àěğãńìâăâ:

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 11. Śĺčŋăń Ťàăŋłă{Şőńèă ψ ćĺďă (6.1) á a(k) = ±1 ďńï ćáěå k ∈ T_s ïćńïěâáï őŕâĺňăńìŋëň ďńï ğăďăçĺ (P3) ŕàĺ n = 2. Ŕàĺ íâőň ĺňŕãńìáŋăï åăàăłâěàĺáâĺłă h őŕâĺňăńìŋőčő 2-ŤŔĄŃ áőćŕăďăěâ á ψ, â. ě. h(j) = ψ(j) ŕàĺ ćáěå j ∈ T_{2s}.

Ć ŕàőćěàłě ŋãęďăěâáï âőńìłő ãâćěàęďěŋĺě őą h. Ĺňěěň h(j) = ψ(j^∗) = ψ(j). Ňë ćőáŕőńìğőćăńĺáì ąĺŋăàŋőáâìî áĺčŋăńă ψ ĺ àăćěŋáâćőň j^∗ = j, áŕàăćěďńĺćëň ŕàĺ n = 2.

§7. Ğăłńîçĺâěńìŋëě ğăňěçăŋĺï Śćïğì ňěęďã n-ĺçŋëň áďćĺčőň ĺ äãŋłæĺïňĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŋě ïćńïěâáï áńãçăľŋőľ.

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 12. Ŕàĺ N = n^s äãŋłæĺĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă v_0, v_1, . . . , v_{N−1} őąàăğãîâ ŕőńŋëľ ŋăąőà áőąáâćěŋŋëå äãŋłæĺľ őŕěàăâőàă n-ĺçŋőčő áďćĺčă P_l(x) = x(·⊖_n l) ŕàĺ l ∈ {1, . . . , N − 1}. Ďěľáâćĺâěńìŋő, [P_l(v_k)](j) = v_k(j ⊖_n l) = v_k(j) v_k(l), â. ě. P_l(v_k) = v_k(l) v_k ŕàĺ ćáěå k = 0, 1, . . . , N − 1.

Śŕàăćěďńĺć ąőńěě čńãąőłĺľ àěğãńìâăâ.

Ŕ à ě ď ń ő ę ě ŋ ĺ ě 13. Ŕàĺ N = n^s äãŋłæĺĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă v_0, v_1, . . . , v_{N−1} őąàăğãîâ ŕőńŋëľ ŋăąőà áőąáâćěŋŋëå äãŋłæĺľ ńîąőčő n-äĺńìâàă L(x) = x ⊙∗_n h. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺňěěň

[L(v_k)](j) = N−1∑ l=0 v_k(l) h(j ⊖_n l) =

= N−1∑ l=0 v_k ( j ⊖_n (j ⊖_n l) ) h(j ⊖_n l) = N−1∑ l=0 v_k(j ⊖_n l) h(l) =

= v_k(j) N−1∑ l=0 h(l) v_k(l) = v_k(j) H(k), čďě H = W_N (h). Šăłĺň őąàăğőň, L(v_k ) = H(k) v_k, k = 0, 1, . . . , N − 1, (7.1) őâłãďă ĺ áńěďãěâ âàěąãěňőě ğăłńîçěŋĺě. Ąőńěě âőčő, äőàňãńă (7.1) ŕőłăğëćăěâ, çâő áőąáâćěŋŋëň ğŋăçěŋĺěň, áőőâćěâáâćãîéĺň áőąáâćěŋŋőľ äãŋłæĺĺ v_k, ïćńïěâáï k-ï łőňŕőŋěŋâă áŕěłâàă Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ĺňŕãńìáŋőľ åăàăłâěàĺáâĺłĺ h n-äĺńìâàă L. N

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ

1. Ĺŕăâőć Ć. Ŕ. Ŕěàĺőďĺçěáłĺě ďĺáłàěâŋëě áĺčŋăńë á őŕâĺňăńìŋëňĺ łőààěńïæĺőŋŋëňĺ áćőľáâćăňĺ. Ň.: Řăďĺő ĺ áćïğì, 1992.

2. Šàăåâňăŋ Ă. Ň. Ććěďěŋĺě ć őąőąéěŋŋãî áŕěłâàăńìŋãî âěőàĺî áĺčŋăńőć. Ň.:

Śőć. àăďĺő, 1972.

3. Šàăåâňăŋ Ă. Ň., Šàăåâňăŋ Ć. Ă. Őáŋőćë âěőàĺĺ ďĺáłàěâŋëå áĺčŋăńőć ŋă łőŋěçŋëå ĺŋâěàćăńăå. Ň.: Śőć. àăďĺő, 1975.

4. Ňăńőğ-ěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áćïğăŋŋëě á ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă// Ăńčěąàă ĺ ăŋăńĺğ. 2001. Š. 13. Ćëŕ. 1. Ś. 111{157.

5. Ňăńőğ-ěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň., Űćěâłőć Ł. đ. Śĺčŋăń Ťàăŋłă ĺ ěčő őąőąéěŋĺï // Ŕàőąń. ŕěàěďăçĺ ĺŋäőàň. 2001. Š. 37. Ćëŕ. 2. Ś. 18{26.

ŔĚŘĚĆŐĎ ŊĂĞĆĂŊĹ§ ŚŠĂŠĲĹ ŊĂ ĂŊČŃĹĽŚŁĹĽ §ĞŻŁ

V. N. Malozemov and K. Yu. Tsvetkov ON OPTIMAL SIGNAL{FILTER PAIRS