SPb. Math. Society Preprint 2004-11 10 Dec 2004

On L^1-norms of meromorphic functions with fixed poles

A. D. Baranov

Abstract. We study boundedness of the differentiation and embedding operators in the shift-coinvariant subspaces K^1_B generated by Blaschke products with sparse zeros, that is, in the spaces of meromorphic functions with fixed poles in the lower half-plane endowed with L^1-norm. We answer negatively the question of K.M. Dyakonov about the necessity of the condition B^′ ∈ L^∞(R) for the boundedness of the differentiation on K^1_B . Our main tool is a construction of an unconditional basis of rational fractions in K^1_B .

2000 Mathematics Subject Classification. Primary: 30D50, 30D55; Secondary 46E15, 47B38.

Keywords. Blaschke products, shift-coinvariant subspaces, Bernstein’s inequality, unconditional basis.

1. Introduction^1

Let Z = {z_n}_{n∈N} be a sequence of points in the upper half-plane C^+ and let m_n ∈ N. We consider the closed subspace of L^p(R) spanned by the rational fractions with poles at the points z_n and multiplicities at most m_n. Namely, for p > 1 let

R^p_Z = Span_Lp_{(R)} { 1 (t − z_n)^l

: n ∈ N, 1 ≤ l ≤ m_n } . For p = 1 we should take only rational fractions which belong to L^1(R), that is, with the zero residue at infinity.

1The work is partially supported by RFBR grant No 03-01-00377, by the grant for Leading Scientific Schools No NSH-2266.2003.1 and by the European Community’s Human Potential Program, contract HPRN-CT-2000-00116 (Analysis and Operators).

Assume that the sequences {z_n} and {m_n} satisfy the Blaschke condition ∑ n Im z_n |z_n|^2 + 1 m_n < ∞. (1)

In this case R^p_Z = H^p ∩ BH^p where H^p denotes the Hardy class in the upper half-plane and

B(z) = ∏ n e^{iαn} ( z − z_n z − z_n

)_{mn}

is the Blaschke product with zeros z_n and multiplicities m_n. If (1) does not hold, then R^p_Z coincides with the whole Hardy class H^p.

Thus, the spaces R^p_Z are a particular case of the so-called shift-coinvariant or model subspaces K^p_Θ = H^p ∩ ΘH^p

in the upper half-plane. Here Θ is an inner function in the upper half-plane, that is, a bounded analytic function such that |Θ(x)| = 1 for almost every x ∈ R in the sense of non-tangential boundary values. It is well known that for p > 1 the subspaces K^p_Θ are the only subspaces of H^p coinvariant with respect to the semigroup of shifts (U_t)_{t≥0}, U_tf(x) = e^{itx}f(x). These subspaces (especially for p = 2) play an outstanding role both in function and operator theory and, in particular, in the Nagy-Foias model for contractions in a Hilbert space. Another important feature of the shift-coinvariant subspaces is that the subspace corresponding to Θ(z) = exp(iaz), a > 0, essentially coincides with the Paley-Wiener space P W^p_a of entire functions of exponential type at most a whose restrictions on R belong to L^p(R). Namely, K^p_Θ = H^p∩P W^p_a . Shift-coinvariant subspaces are discussed in details in monographs [4, 13].

In [6] K.M. Dyakonov posed the problem to describe the inner functions Θ having the following properties analogous to the properties of the Paley- Wiener spaces:

1. K^p_Θ ⊂ K^q_Θ for q > p;

2. the differentiation operator D : f → f^′ is bounded as an operator from K^p_Θ to L^p(R), that is, there is a Bernstein-type inequality

‖f^′‖_p ≤ C‖f‖_p, f ∈ K^p_Θ.

For p > 1 Dyakonov [6] (see also [5, 10]) has obtained the complete answer:

Theorem 1.1. Let 1 < p < ∞. Then the following statements are equivalent:

1. K^p_Θ ⊂ K^q_Θ for some (any) q < p; 2. D is bounded on K^p_Θ;

3. Θ^′ ∈ L^∞(R) in the sense of non-tangential boundary values.

The compactness of differentiation and embedding operators was studied in [10] and [9] respectively. In particular, differentiation operator in K^p_Θ, 1 < p < ∞, is compact if and only if lim_{|t|→∞} |Θ^′(t)| = 0. Certain weighted Bernstein-type inequalities for shift-coinvariant subspaces were proved in [8, 2, 3].

The condition Θ^′ ∈ L^∞, which is equivalent to the inclusion Θ^′ ∈ H^∞(C^+), implies that up to a unimodular constant factor the function Θ is of the form Θ(z) = exp(iaz)B(z), (2)

where a ≥ 0 and B is a Blaschke product with zeros tending to infinity. Thus, Θ is meromorphic in the whole complex plane. In other words, σ(Θ)∩R = ∅, where σ(Θ) = {z ∈ C^+ : lim inf_{ζ→z, ζ∈C+} |Θ(ζ)| = 0} is the so-called spectrum of

the function Θ. In this case

|Θ^′(x)| = a + |B^′(x)| = a + 2 ∑ n Im z_n |x − z_n|^2 m_n, x ∈ R. (3)

Note that |Θ^′(Re z_n)| ≥ 2(Im z_n)^{−1}. Hence, if Θ^′ ∈ L^∞, then inf_n Im z_n > 0.

For the case p = 1 the following results were obtained in [5, 6]:

Theorem 1.2. If Θ^′ ∈ L^∞, then

1. K^1_Θ ⊂ K^∞_Θ ;

2. D is bounded on K^1_Θ.

Conversely, if the exponent a in (2) is positive or

sup_k ∏ n≠k | | | | z_k − z_n z_k − z_n | | | | < 1, (4)

then both statement 1 and statement 2 imply Θ^′ ∈ L^∞.

It was an open problem (posed in [6]) whether condition Θ^′ ∈ L^∞ is necessary for the embedding K^1_Θ ⊂ K^q_Θ, q > 1, or for the boundedness of the differentiation operator in K^1_Θ in the general case. The aim of the present note is to answer this question negatively. In Sections 2 and 3 we construct a class of Blaschke products such that statements 1 and 2 of Theorem 1.2 hold, but inf_n Im z_n = 0 and, thus, Θ^′ /∈ L^∞. In Section 4 we also obtain some new conditions which are necessary for the boundedness of differentiation in K^1_Θ in the general case.

The proof of our main result is based on a construction of “well-behaved” bases in K^1_B (where B is a Blaschke product) consisting of rational fractions. We consider the Blaschke products with sufficiently sparse zeros, and the elements of the bases under consideration will have “almost disjoint supports” (close constructions for the model subspaces in the unit disk may be found in [7] and in [1], where the bases were used to obtain examples concerning Carleson-type embeddings of the model subspaces).

This construction seems to be of independent interest and may produce other examples and counterexamples. To justify this point of view we consider an application to the description of equivalent norms in K^p_Θ. It is an important problem to describe the class of measures μ (on the line or in the upper half-plane) such that the norm ‖ · ‖_Lp_{(μ)} is equivalent to the natural L^p-norm on K^p_Θ, that is, there exist positive constants C_1 and C_2 such that C_1‖f‖_p ≤ ‖f‖_Lp_{(μ)} ≤ C_2‖f‖_p, f ∈ K^p_Θ.

A.L. Volberg [16] solved this problem for the measures of the form μ = wm, where m is the Lebesgue measure on the line and w ∈ L^∞(R). Denote by w̃ the harmonic extension of w to the upper half-plane:

w̃(z) =

Im z π ∫ w(t) |t − z|^2 dt, z ∈ C^+.

Theorem 1.3. Let 1 < p < ∞, μ = wm, w ∈ L^∞. Then μ defines an equivalent norm on K^p_Θ if and only if

inf_{z∈C+}(w̃(z) + |Θ(z)|) > 0. (5)

The situation when Θ(z) = exp(iaz) (that is, the case of the Paley-Wiener spaces) and w = χ_E is the characteristic function of a measurable set E ⊂ R is of special interest (see [12], pp. 112-116, for the history of this problem). The description of discrete measures on the line defining an equivalent norm in the Paley-Wiener space P W^2_a was recently obtained in [14].

It is known that (5) is not sufficient for the equivalence of norms on K^1_Θ; a counterexample was constructed by V.P. Havin and B. Jöricke [11]. They show, however, that (5) is still sufficient if Θ has the following property: for any sufficiently small σ > 0 the level set {z ∈ C^+ : |Θ(z)| < σ} is a finite union of connected sets with mutually disjoint closures. On the other hand, it is shown in [6] that (5) is necessary for the equivalence of the corresponding norms if Θ is a function of the form (2) such that either a > 0 or (4) is fulfilled.

Making use of our construction of subspaces K^1_B with unconditional bases of rational functions we produce in Section 5 a shift-coinvariant subspace such that (5) is at the same time neither necessary nor sufficient for the equivalence of the norms. This example simplifies considerably the construction of [11] and answers the question about necessity of (5) asked by Dyakonov in [6].

2. Bases of rational functions in K^1_B

In what follows the symbols C, C_1, C_2 etc. denote different positive constants which may change their values in different occurrences. We write g ≍ h if C_1g ≤ h ≤ C_2g, and we write a_j = o(b_j ), j → ∞, if lim_{j→∞} a_j /b_j = 0.

We say that a system of vectors {h_j } in a Banach space H is an unconditional basis if each element h of H may be represented as an unconditionally convergent series h = ∑ j a_j h_j and ‖h‖_H ≍ ∑ j |a_j | · ‖h_j ‖_H .

Let B be a Blaschke product with simple zeros {z_j }_{j≥0}, z_j = x_j + iy_j . Put f_j (z) = 1 (z − z_0)(z − z_j )

, j ≥ 1.

Clearly, f_j ∈ K^1_B . We mentioned in Introduction that K^1_B coincides with the closed linear span of rational fractions with the poles at the points z_j , j ≥ 0, and with zero residue at infinity (see [15], Corollary 2.3, for the proof of an analogous result for the case of the unit disk; the statement for the upper half-plane follows by means of the conformal mapping). Thus, in particular, the system {f_j}_{j≥1} is complete in K^1_B. We show that for a class of Blaschke products with sufficiently sparse zeros the functions f_j form an unconditional basis in K^1_B .

To make our construction more transparent we consider in details the following particular case. Let z_0 = i. Assume that x_1 > 0, x_{j+1} ≥ 4x_j , and

0 < y_j ≤ 1. Note that the system {f_j} is minimal, that is, f_k /∈ Span{f_j : j ≠ k}. Therefore, the property to be a basis is preserved when we add or eliminate a finite number of zeros. Without loss of generality we may assume that x_1 ≥ 4^3 and, consequently, x_j ≥ 4^{j+2}.

An easy calculation shows that

‖f_j‖_1 ≍ 1 x_j − x_1 ln x_j − x_1

y_j ≍ 1 x_j ln x_j y_j . Theorem 2.1. The system {f_j}_{j≥1} is an unconditional basis in K^1_B . Proof. The theorem will be proved as soon as we show that

‖h‖_1 ≍ ∑ j≥1 |a_j| · ‖f_j‖_1

for any finite linear combination h = ∑ j a_j f_j of the functions f_j . We show that ‖h‖_1 ≥ C ∑ j≥1 |a_j | · ‖f_j ‖_1

(the converse inequality is trivial). Put Δ_k = [x_k, 5x_k/4], k ∈ N. Then, clearly, ‖h‖_1 > ∑ k≥1 ∫ Δ_k

|h|.

Since ∫

Δ_k

|h| ≥ |a_k| ∫ Δ_k

|f_k| − ∑ j≠k

|a_j | ∫ Δ_k

|f_j|,

we get

‖h‖_1 > ∑ j≥1 |a_j | (∫ Δ_j

|f_j | − ∑ k≠j ∫ Δ_k

|f_j| ) . (6)

Note that |t − z_0| < 2x_j , t ∈ Δ_j . Hence, ∫ Δ_j

|f_j | > 1 2x_j ∫ Δ_j dt |t − z_j | > 1 2x_j ln x_j 4y_j

. (7)

Let us estimate ∫ Δ_k |fj|, k ≠ j. If k > j, then |xk − zj| < 3xk/4, and ∫ Δ_k

|f_j| ≤ (3x_k)^{−1}.

Hence, ∑ k≠j ∫ Δ_k

|f_j | ≤ j − 1 x_j + ∑ k>j 1 3x_k ≤ j 3x_j < 1 3x_j ln x_j 4y_j . Thus, it follows from (6) and (7) that

‖h‖_1 ≥ ∑ j≥1 |a_j| 6x_j ln x_j 4y_j ≍ ∑ j≥1 |a_j| · ‖f_j‖_1. ◯

The same arguments lead to the following slightly more general statement. Theorem 2.2. Let B be a Blaschke product with the simple zeros z_j = x_j + iy_j, j ≥ 0, such that x_j > 0, lim inf_{j→∞} x_{j+1}/x_j > 1, and {y_j} ∈ ℓ^∞. Then the system {f_j }_{j≥1} is an unconditional basis in K^1_B.

3. Main results

In this section B is a Blaschke product with zeros satisfying the conditions of Theorem 2.2. In this case a linear operator T is bounded on K^1_B if and only if it is bounded on the basic elements f_j , that is, ‖T f_j‖ ≤ C‖f_j‖_1. Theorem 3.1. Differentiation operator D is bounded on K^1_B if and only if

lim inf j→∞ y_j ln x_j > 0. (8)

The operator D is compact on K^1_B if and only if lim_{j→∞} y_j ln x_j = ∞.

Proof. Note that

f^′_j(t) = − 1 (t − z_0)^2(t − z_j ) − 1 (t − z_0)(t − z_j)^2 . Clearly, the norm of the first summand is majorized by ‖f_j ‖_1 (moreover, it is o(‖f_j‖_1)), whereas for the second one we have for sufficiently large j ‖ ‖ ‖ 1 (t − z_0)(t − z_j )^2 ‖ ‖ ‖ 1 ≍ 1 x_j y_j . Thus, differentiation is bounded if and only if 1 x_j y_j

≤ C_2 1 x_j ln x_j y_j , which is equivalent to (8).

Let lim_{j→∞} y_j ln x_j = ∞ and, consequently, ‖f^′_j ‖_1 = o(‖f_j‖_1). Then the operator D may be approximated by finite rank operators T_N , where

T_N ( ∑ j≥1 a_jf_j ) = N∑ j=1 a_jf^′_j ,

n ∈ N. Indeed, if h = ∑ j≥1 a_jf_j , then

‖h^′ − T_N h‖_1 ≤ ∞∑ j=N+1

|a_j| · ‖f^′_j‖_1 ≤ sup_{j>N}

‖f^′_j ‖_1 ‖f_j ‖_1

‖h‖_1.

Now assume that 0 < lim inf_{j→∞} y_j ln x_j < ∞. Then there is a subsequence

f_{jn} such that ‖f^′_{jn} ‖_1 ≍ ‖f_{jn} ‖_1. Integrating over the intervals [x_{jn} , x_{jn} + y_{jn} ] it is easy to show that

inf_{n≠k} ‖ ‖ ‖ ‖ f^′_{jn} ‖f_{jn} ‖_1 − f^′_{jk} ‖f_{jk} ‖_1 ‖ ‖ ‖ ‖_1 > 0.

Thus, the sequence f^′_{jn} /‖f_{jn} ‖_1 does not contain a convergent subsequence, and D is not compact. ◯

As an immediate corollary of Theorem 3.1 we get the negative answer to the question of K.M. Dyakonov on necessity of the condition Θ^′ ∈ L^∞(R) for the boundedness of the differentiation.

Corollary 3.2. There exist Blaschke products B such that differentiation operator is bounded or compact on K^1_B , but B^′ /∈ L^∞.

Proof. Since x_j ≥ Cγ^j , γ > 1, one can take y_j → 0 such that 1/y_j ≤ C_1j. The differentiation operator will be bounded, but |B^′(x_j )| > 2/y_j and, thus, B^′ /∈ L^∞. If, moreover, 1/y_j = o(j), j → ∞, then D is compact. ◯

Now we consider the problem of the embeddings of K^1_B into the spaces K^q_B for q > 1. An interesting feature of the spaces K^1_B is that in contrast to the case p > 1 the embedding criterion may depend essentially on the exponent q. In particular, for q > 1 there exists a Blaschke product B such that K^1_B ⊂ K^q_B, but the embedding K^1_B ⊂ K^r_B does not take place for any r > q.

Theorem 3.3. Let 1 < q ≤ ∞. Then the embedding K^1_B ⊂ K^q_B takes place if and only if lim inf j→∞ y^{1− 1q}_j ln x_j > 0.

Proof. By the closed graph theorem, the embedding K^1_B ⊂ K^q_B is equivalent to the inequality ‖f‖_q ≤ C‖f‖_1, f ∈ K^1_B . Now, the theorem follows

immediately from the estimate ‖f_j ‖_q ≍ x^{−1}_j y^{1q −1}_j . ◯

4. Necessary conditions for Bernstein-type inequality in K^1_Θ

In this section we obtain a few necessary conditions for the boundedness of differentiation operator in K^1_Θ.

For ζ ∈ C^+ consider the function

k(z, ζ) =

1 − Θ(z)Θ(ζ) z − ζ

, z ∈ C^+,

which is the reproducing kernel of the space K^2_Θ corresponding to the point ζ, that is, (f, k(·, ζ)) = 2πif(ζ), f ∈ K^2_Θ. ◯

Proposition 4.1. If D is bounded on K^1_Θ, then Θ is of the form (2) (equivalently, σ(θ) ∩ R = ∅).

Proof. Let Θ = Θ_1Θ_2 where the functions Θ_l, l = 1, 2 are inner, and let k_l(·, ζ) denote the corresponding reproducing kernels. Then the function k_1(·, ζ_1)k_2(·, ζ_2) is in K^1_Θ for any ζ_1, ζ_2 ∈ C^+. Applying the Bernsteintype inequality ‖f^′‖_1 ≤ C‖f‖_1 to the functions f of this form we see that ∫_β α |Θ^′(t)|dt < ∞ for any α, β ∈ R, α < β. Here |Θ^′(t)| is understood as the modulus of the angular derivative. On the other hand, it follows immediately from the formula for the modulus of the angular derivative that ∫_β α |Θ^′(t)|dt = ∞ whenever σ(Θ) ∩ (α, β) ≠ ∅ (see also [3], Lemma 6.1). Hence, σ(Θ) ∩ R = ∅. ◯

Proposition 4.2. Let B be a Blaschke product with zeros z_n such that inf_n Im z_n = δ > 0. Then differentiation operator is bounded on K^1_B if and only if B^′ ∈ L^∞.

We make use of the following estimate:

Lemma 4.3. Let B be a Blaschke product with zeros z_n such that inf_n Im z_n = δ > 0. Then there is ε = ε(δ) such that

|k(t, x)| ≍ |B^′(x)|, t, x ∈ R, |t − x| < ε(1 + |B^′(x)|)^{−1}.

Proof. Note that B is meromorphic in the complex plane C. Therefore, k(·, x) ∈ K^2_B, x ∈ R, and, ‖k(·, x)‖^2 = 2π|B^′(x)|. In particular, k(t, x) is well-defined for t ∈ R. Since inf_n Im z_n ≥ δ, we have |t − z_n| ≍ |x − z_n|, |t−x| ≤ 1 (with the constants depending on δ) and, by (3), |B^′(t)| ≍ |B^′(x)|, |t − x| ≤ 1. Hence, there is ε > 0 such that ∫ |t−x|<ε(1+|B^′(x)|)^{−1}

|B^′(t)|dt ≤ π 2 .

Since B is a meromorphic Blaschke product, there is a well-defined branch of the argument of B on the real axis. Namely, there exists an increasing differentiable function φ such that B(t) = e^{2iφ(t)}, t ∈ R. Note that

k(t, x) = −2ie^{i(φ(t)−φ(x))} sin(φ(t) − φ(x)) t − x . Therefore, if |t − x| < ε(1 + |B^′(x)|)^{−1}, then |φ(t) − φ(x)| ≤ π/4, and

|k(t, x)| ≍ φ(t) − φ(x)

t − x

≍ φ^′(x) = |B^′(x)|/2. ◯

Proof of Proposition 4.2. Let us fix x ∈ R. Note that each of the summands in the formula (3), which are of the form 2|x − z_n|^{−2}Im z_n, does not exceed 2/δ. Thus, if |B^′(x)| ≥ 4/δ, then there exist two subproducts B_1 and B_2 such that B = B_1B_2 and

|B^′_1(x)| ≍ |B^′_2(x)| ≍ |B^′(x)|.

Denote by k_l(·, x) and φ_l, l = 1, 2, the corresponding reproducing kernels and arguments, and put f = k_1(·, x)k_2(·, x). Clearly, f ∈ K^1_B, and, by the Cauchy inequality (recall that ‖k_l(·, x)‖^2 = 2π|B^′_l(x)|),

‖f‖_1 ≤ C_1|B^′(x)|. (9)

Making use of the formula

f(t) = 4e^{i(φ(t)−φ(x))} sin(φ_1(t) − φ_1(x))

t − x · sin(φ_2(t) − φ_2(x)) t − x

, t ∈ R, it is easy to see that

|f^′(t)| ≥ 4φ^′(t) | | | | sin(φ_1(t) − φ_1(x)) t − x | | | | · | | | | sin(φ_2(t) − φ_2(x)) t − x | | | | . Now, applying Lemma 4.2 to the kernels k_l(·, x), we get

‖f^′‖_1 > ∫ |t−x|<ε(1+|B^′(x)|)^{−1}

|f^′| ≥ C_2

|B^′(x)|^3 1 + |B^′(x)| .

If the differentiation operator is bounded, then, combining the last inequality with (9), we get a uniform estimate for |B^′(x)|, x ∈ R. ◯

Next we show that in the case when differentiation operator is bounded, the zeros which are close to the real axis should be sufficiently sparse. Proposition 4.4. If D is bounded on K^1_B , then 1 Im z_k

≤ C max(1, ln |z_j − z_k|) (10)

for any distinct zeros z_k and z_j .

Proof. We consider the action of D on the test functions

f_{jk}(z) = 1 (z − z_j)(z − z_k) . Without loss of generality assume that x_k ≥ x_j and y_k ≤ y_j. Then, by a direct calculation,

‖f_{jk}‖_1 ≤

C_1 x_k − x_j + y_j − y_k ln x_k − x_j + y_j

y_k . On the other hand,

‖f^′_{jk}‖_1 ≥ C_2

x_k+y_k∫

x_k dt |t − z_k|^2|t − z_j | ≥ C_3 y_k|z_j − z_k| .

Combining these two inequalities we arrive at the necessary condition (10). ◯

Condition (10) implies that if a zero z_k is close to the real axis, then there are no other zeros in the disk of the radius e^{C/Im zk} . For example, if z_k = x_k +ik^{−1}, k ∈ N, then x_k should grow as a progression and we are in the situation considered in Sections 2 and 3: there is a basis of rational fractions with two poles, and the boundedness of differentiation in K^1_Θ reduces to the boundedness on basic elements, that is, to (8). Thus, the gap between necessary and sufficient conditions for the Bernstein-type inequality in K^1_B seems to be rather small.

5. A counterexample to the Volberg’s theorem

In this section we use the construction of Section 2 to produce new counterexamples to L^1-version of the Volberg’s theorem. In particular, we give the negative answer to the question of K.M. Dyakonov on necessity of (5). Theorem 5.1. Let B be a Blaschke product satisfying the conditions of Theorem 2.2. Assume also that y_j → 0 and ln^1_{yj} = o(ln x_j ). Then the condition (5) (with Θ = B) is neither necessary nor sufficient for the equivalence of the norms ‖ · ‖_1 and ‖ · ‖_L1_{(wm)} on K^1_B . Proof. Let

E_1 = ∪_{j≥1}[x_j − 1, x_j + 1], E_2 = ∪_{j≥1}[x_j + 1, x_{j+1} − 1],

and let w_l = χ_{El} , l = 1, 2. First, we show that the weight w_2 defines an equivalent norm on K^1_B , but (5) is not fullfilled. Indeed,

w̃_2(z_j ) = y_j π ∫ E_2 dt |t − z_j |^2 ≤ y_j π ∫ |t−x_j |>1 dt (t − x_j )^2

≤ Cy_j.

Thus, w̃(z_j ) + |B(z_j )| → 0, j → ∞. On the other hand,

x_{j+1}−1∫

x_j +1

|f_j | ≍ 1 x_j ln x_j ≍ 1 x_j ln x_j y_j

≍ ‖f_j ‖_1

and, by the arguments analogous to the proof of Theorem 2.1, it is easily shown that ∫ E_2 |f| ≥ C1‖f‖1, f ∈ K 1 B . Hence, the weight w_2 defines an equivalent norm on K^1_B .

Now consider the weight w_1. Note that ∫ E_1

|f_j| ≍

x_j +1∫

x_j −1

|f_j| ≍ 1 x_j ln 1 y_j

= o(‖f_j‖_1),

and, thus, the norm ‖ · ‖_L1_{(w1m)} is not equivalent to the natural L^1-norm. Let us show that the weight w_1 satisfies (5). Put F = ∪_{j≥0}{z ∈ C^+ : |z −x_j | < 1} and G = C^+ \ F . Then for z = x + iy ∈ F

w̃_1(z) > y π x_j +1∫

x_j −1 dt (t − x)^2 + y^2 = 1 π ( arctg x_j + 1 − x y + arctg x + 1 − x_j y ) > 1 4 .

Finally, making use of the formula

2 ln |B(z)| = ∑ j≥0 ln ( 1 − 4yy_j |z − z_j |^2 )

it is easy to see that inf_{z∈G} |B(z)| > 0. ◯

The author thanks K.M. Dyakonov for the interest in this work and helpful discussions.

References

[1] A. B. Aleksandrov, Embedding theorems for coinvariant subspaces of the shift operator. II, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 262 (1999), 5-48; English transl. in J. Math. Sci. 110 (2002), 2907-2929.

[2] A. D. Baranov, Weighted Bernstein-type inequalities and embedding theorems for shift-coinvariant subspaces, Algebra i Analiz 15 (2003), 5, 138–168; English transl. St. Petersburg Math. J. 15 (2004).

[3] A. D. Baranov, Weighted Bernstein-type inequalities for shiftcoinvariant subspaces and their applications to Carleson embeddings, to appear in Journal of Functional Analysis.

[4] J. A. Cima, W. T. Ross, The backward shift on the Hardy space, Mathematical Surveys and Monographs, 79, AMS, Providence, RI, 2000.

[5] K. M. Dyakonov, Moduli and arguments of analytic functions from subspaces in H^p that are invariant under the backward shift operator, Sibirsk. Mat. Zh. 31 (1990), 6, 64–79; English transl. Siberian Math. J. 31 (1990), 6, 926–939.

[6] K. M. Dyakonov, Entire functions of exponential type and model subspaces in H^p, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 190 (1991), 81–100; English transl. J. Math. Sci. 71 (1994), 1, 2222–2233.

[7] K. M. Dyakonov, Moment problems for bounded functions, Comm. Anal.

Geom. 2 (1994), 4, 533–562.

[8] K. M. Dyakonov, Smooth functions in the range of a Hankel operator, Indiana Univ. Math. J. 43 (1994), 3, 805–838.

[9] K. M. Dyakonov, Continuous and compact embeddings between starinvariant subspaces, Complex analysis, operators, and related topics, Oper. Theory Adv. Appl. 113 (2000), 65–76.

[10] K. M. Dyakonov, Differentiation in star-invariant subspaces I: Boundedness and compactness, J. Funct. Anal. 192 (2002), 2, 364–386.

[11] V. Havin, B. Jöricke, Traces of harmonic functions and comparison of L^p-norms of analytic functions, Math. Nachr. 123 (1985), 225–254 (Russian).

[12] V. Havin, B. Jöricke, The Uncertainty Principle in Harmonic Analysis, Springer-Verlag, Berlin, 1994.

[13] N. K. Nikolski, Operators, functions, and systems: an easy reading. Vol.

1-2, Mathematical Surveys and Monographs, 92-93, AMS, Providence, RI, 2002.

[14] J. Ortega-Cerdà, K. Seip, Fourier frames, Ann. of Math. (2) 155 (2002), 3, 789–806.

[15] C. Sundberg, Truncations of BMO functions, Indiana Univ. Math. J.

33 (1984), 5, 749–771.

[16] A. L. Volberg, Thin and thick families of rational fractions, Lecture Notes in Math. 864 (1981), 440–480.

Department of Mathematics and Mechanics, St. Petersburg State University, 28, Universitetskii pr., St. Petersburg, 198504, Russia.