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B(t)
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0 ≤ t ≤ 1
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YK(t)
d
= Y2−K(t), t ∈ [0, 1], K ∈ R, (1.1)

| ]�[ YK(t) = B(t)− 6Kt(1− t)
∫ 1

0
B(s) ds
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X(x)
w
x ∈ O w�anY ~ qs[ @A��� a < [�]�Y?� � � u�>A@�7¨�< � 7=� � > Y?Y > _ ��~ Y u?� �?[d_

GX(x, y) = EX(x)X(y)
w
x, y ∈ O 2\o q?{"t <\> adc > c � t < [�]�t > q >�� � � w�y\c >
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m ~ adcAe
ϕ
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ψ(x) =

∫

O

GX(x, y)ϕ(y) dy (1.2)

> t < [�]�[rqs[dY 7 t 2i@?2\@ O w ψ 6≡ 0
w?�

q =

∫

O

ψ(u)ϕ(u) du =

∫

O

∫

O

GX(u, v)ϕ(u)ϕ(v) dudv <∞. (1.3)
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Xϕ,α(x) = X(x) − αψ(x)

∫

O

X(u)ϕ(u) du, x ∈ O. (1.4)
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Gϕ,α(x, y) = GX(x, y) +Qψ(x)ψ(y), (1.5)
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Q = qα2 − 2α
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Xϕ,α(x)
d
= Xϕ, 2

q
−α(x), x ∈ O.

X×y 7 adc=Y > adc=��w Xϕ, 2
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(x)

d
= X(x)
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∫

O

Xϕ,bα(x)ϕ(x) dx = 0.

ØC2 m <?>A� [da`a Xϕ,bα(x)
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OX(u)ϕ(u)du
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∫

O

Xϕ,α(x)ϕ(x) dx =

∫

O

X(u)ϕ(u) du · (1 − qα);

EXϕ,α(x)

∫

O

X(u)ϕ(u) du = ψ(x) · (1 − qα). �
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‖X‖2
2 ≡

∫

O

X2(x) dx <∞ t 2 Y 2
(2.1)
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X(x)
d
=

∞∑

k=1

√
λkuk(x)ξk, x ∈ O, (2.2)
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@�7 [ ��>=� a^q ~ y 7 [:wxt > a u�> q6e u\~¤> t\[ <67 c >A< a�{C] <\>A� Gϕ,α(x, y)

{ @ q6{?[rcAa�{ > ]�Y >=� [ < Y ���V@A>=9`�z~ ��[`Y?� �
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y?[ < [ 9
7 a`� � t�c > c=� u\~(� 7 q ��� ~Cu q > Y?[`Y\�?_�]6q?{��\a ��> ]�Y >A|d> t <\>A� [`ada 7\2
� Î?å�Ñ�æÔÎ\çÔÚpÑ 2áä arq6� > t?[ <67 c >A<

G
� � [d[dc"Y?[dc < � @ � 7 qseAY > [%Y ~ qse � t <?> arc <67 Y\adc @=>

U0

w�c >"@ ad��q ~
> y?[ @ �C]�Y >A|d> a >=> cAY >:� [`Y\�\{

ψ ⊥ U0

> Y > a > ]�[ <�� �\cAa�{ @ Y ~ q6e � t <\> adc <67 Y?arc @ [ > t\[ <67 c >A<67 a�{C] <?>=�
Gϕ,α(x, y)

2 m >=� c >=�z~�@ a`[ <?7 a`a ~C� ]�[dY?�\{ ��>v� Y > t <?>A@A> ]��\c=e @ª>=< c >A|d> Y 7 q6eAY >A� ] > t > qsY\[`Y?�?� u
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G
� � a`y\�\c 7 cAe\wIy\c >Ü@N<67:9 q >�� [`Y?�?� �úØ�24ØA����~ Y u?� �?� {uk}

>A}=<67:9`~ ��c
t > qsY ~ � >A< c > Y >A<\� � <?>A@�7 Y?Y ~ � ad�?adc=[ �z~=2
����
����	� Û 2 m ~ adc=e @A� t > q6Y?[`Y >8~ a^q >A@ �\[ �ùØ�2ì�v� w�� �8~ Y u\� �\{

ϕ ∈ L1,loc(O)
~ ] >=@ qs[dc @A>A< {?[rc

~ arq >A@ �?� ���=2 ã �^26ä arqs�
α 6= 1

q

w?c > t < �
ε→ 0

P{‖Xϕ,α‖2 ≤ ε} ∼ 1

|1 − αq| · P{‖X‖2 ≤ ε}. (2.3)
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P{‖Xϕ,α‖2 ≤ ε} ∼ P{‖X‖2 ≤ ε} ·
( ∞∏

k=1

λk

λ̃k

)1/2

, (2.4)

| ]�[
λ̃k

� a >A} arc @ [dY?Y � [ªy\�?arq 7 �?Y\c=[ |`<?7 qseAY >=|`>£> t\[ <67 c >A<67 a�{�] <?>A� Gϕ,α(x, y)
2pè c � [dc=� � wÔy�c >"@

a`��q ~�� �?Y?� � 7:u ad� � 7 qse=Y >A|`> t < �\Y � �?t 7 � a ��2 wáY 7 t <�2 w�f���û¢w�� ���\24Ø l � t > a^qs[^] >=@�7 cA[^qseAY > adcA�
λk

�
λ̃kt?[ < [ � [ �
7 �kcAa�{ 2¢è c=a`�I] 7 w @ y 7 arcAY > adcA��w¢a^qs[^] ~ [dc�w�y\c >�< {C] ∑

k λ̃k

c 7:u\� [8a ��> ]��\c=a�{ 2
è�}A>:9 Y 7 y?� �

µk = λ−1
k

w
µ̃k = λ̃−1

k

� <67 a`a ��> c < � � > t < [^]�[^qs�\cA[^qs� ®�< [�] |`> qse � 7 ]6q6{£{�]�[ <
GX� Gϕ,α

â

F(z) =
∞∏

k=1

(
1 − z

µk

)
; F̃(z) =

∞∏

k=1

(
1 − z

µ̃k

)
.

X�ad��q ~ a �A> ]s� ��> adc=� < {C] >=@ ∑
k

µ−1
k

� ∑
k

µ̃−1
k

� cA� uC7 Y > Y?�?y?[da u �\[�t <?> � 9;@ [�]�[`Y\�\{ 1 ] 7=� 7=<?7 a �A> ]s{\c=a�{
t < � @ a`[ �

z ∈ C
2 X @ �C] ~N�Ç�A2��A��> Y?�(a @ { 9v7 Y �ñ� [ � ] ~ a >A}A> _ �8>A<?�z~ q > _��

F̃(z) = F(z) ·
(
1 +Q

∞∑

k=1

a2
kµk

1 − µk

z

)
, (2.5)
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| ]�[
ak

�ªu�>A�`�8� � � �\[`Y\c � ®�~C< e=[ ��~ Y u?� �\�
ψ
t > t 2Þ>?2 Y 2 a 2 {uk}

2
3�9 cA[ >A< [ ���hg [`Y?ad[`Y 7"� a ��2 f��F��lúw0� ã 2�iA� arqs[�] ~ [rc�w�y\c >

∞∏

k=1

µk

µ̃k
= lim

|z|→∞
exp


 1

2π

2π∫

0

ln

(
|F̃(z)|
|F(z)|

)
d arg(z)


 . (2.6)

®�>=<?�z~ q 7��úØ�2��A� �¤q6[ ��� 7
��2�� t >AuC7:9`��@�7 �kc�w�y\c > t > a^qs[^]sY?�?_�t < [�]�[rq <67=@ [dY ∣∣1 + Q
∑

k a
2
kµk

∣∣ 2�5�>� 9
ψ =

∑
k akuk

a^qs[^] ~ [dc
ϕ =

∑
k µkakuk

w6�(t > c >=�z~

∞∑

k=1

a2
kµk =

∫

O

ψ(u)ϕ(u) du = q. (2.7)

m > ]�arc 7=@ q6{�{ �úØ�2�i���@��úØ�2ÞÝ�� w?t > q ~ y?� ��úØ�2 ã �^2
�

¦ 7 a`a ��> c < � � cA[dt?[ < e u?< �\c=�?y?[da u �?_"arq ~ y 7 _
α̂ = 1

q

2
����
����	� ß 2 m ~ adc=e @=� t > qsY?[dY >�~ arq >A@ �?[ �úØ�2���� wC�

α̂ = 1
q

2?ä arq6�
ϕ ∈ L2(O)

w�c > t < �
ε→ 0

P{‖Xϕ,bα‖2 ≤ ε} ∼
√
q

‖ϕ‖2

·
√

2

π
·

ε2∫

0

d

dt
P{‖X‖2 ≤ t} dt√

ε2 − t2
. (2.8)
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F (r) = P{
∞∑

k=1

λkξ
2
k ≤ r} = P{‖X‖2 ≤

√
r};

F̃ (r) = P{
∞∑

k=1

λ̃kξ
2
k ≤ r} = P{‖Xϕ,bα‖2 ≤

√
r};

F1(r) = P{
∞∑

k=2

λkξ
2
k ≤ r}.
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r → 0

F̃ (r) ∼ F1(r) ·
( ∞∏

k=2

µ̃k

µk−1

)1/2

.
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= lim

|z|→∞
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2π

2π∫

0

ln

∣∣∣∣∣
(
1 − z

µ1

)
· F̃(z)

F(z)

∣∣∣∣∣ d arg(z)


 . (2.9)
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(
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µ1

)
·
(
1 +Q
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kµk

1 − µk

z

)
=

1
µ1

− 1
z

q
·

∞∑

k=1

a2
kµ

2
k

1 − µk

z

.
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k =

‖ϕ‖2
2

µ1q
,

y\c > ] 7 [rc

F̃ (r) ∼ F1(r) ·
√
qµ1

‖ϕ‖2
. (2.10)

o�7 q6[`[=w > y?[ @ ��]�Y > w
F (r) = (F1 ∗ f)(r)

w | ]�[

f(x) =
d

dx
P{λ1ξ

2 ≤ x} =
exp
(
− x

2λ1

)
√

2πλ1x
.
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F1(r) =

√
2λ1

π
exp
(
− r

2λ1

)
r∫

0

(
F (x) exp

( x

2λ1

))′ dx√
r − x

. (2.11)
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t < �
x→ +0

2
�NÌsÍ�Î\Ï�Î?Ð?Ñ�ÒÔÓ�ÕAÐ?ÖsÌ 2vþ�7=� [dc=� � w�y\c >
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F1(r) ∼
√
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exp
(
− r−x

2λ1

)
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√
r − x

∼
√

2λ1

π
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F ′(x)
dx√
r − x
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LXu ≡ (−1)`u(2`) +
(
p`−1u

(`−1)
)(`−1)

+ · · · + p0u, (3.1)
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2 X§y 7 adcAY > adc=��w�[`arq6�

ϕ ∈ L2(0, 1)
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ψ ∈ D(LX)
w6�

LXψ = ϕ
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LXGϕ,α = δ(t− s) +Qϕ(t)ψ(s) (3.2)� Y 7 t >A� Y?� � w6y\c >
Q = qα2 − 2α

� ��cA[ � � [ |d<67 Y?�?y\Y ��� ~ a^q >A@ ��{ ��2
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k
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LXu = µu, u ∈ D(LX). (3.3)
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LXv − µv = 0
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]6q6{¤t <\>A� [`ada 7 Xϕ,α

2 è c � [dc=� � w y\c >�@ y 7 adcAY >A� a^q ~ y 7 [
�C]�[r{ � c >=|`>�7 q |`>=< �\c � 7 t < � � [`Y\{Cq 7 ade @
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a8{�] <?>A� Gϕ,α(t, s)
â

LXu = µu+ µQϕ

1∫

0

u(s)ψ(s) ds, u ∈ D(LX). (3.4)

m ~ adcAe
µ
� t >AuC7 y\c > Y\[`� 9`@ [`arcAY � _£t 7=<67=� [rc <�2�� [dc > ] >=� @�7=< � 7=� �?��t <\> � 9;@=> qseAY ��� t > adc > {?Y �
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LXη−µη = ϕ
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@ �C]�[

u = c0η + c1v1 + c2v2 + · · · + c2`v2`,
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v1, . . . , v2`

�Ü�
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LXv − µv = 0
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uC>=�`�8� � � �?[dY\c � t < �

ϕ
@"� ã 2ÞÝ��râ

c0
µQ

= c0

1∫

0

η(s)ψ(s) ds+ c1

1∫

0

v1(s)ψ(s) ds+ · · ·+ c2`

1∫

0

v2`(s)ψ(s) ds. (3.5)
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min(t, s) ds =
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2
; q =

1∫
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2
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1

3
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−u′′ = µu+
µQ

2

1∫

0

u(s) (2s− s2) ds, u(0) = u′(1) = 0.
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u(t) = c0 + c1 cos(ωt) + c2 sin(ωt), ω = µ1/2. (3.6)
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Q sin(ω) = cos(ω) · (Qω + (1 +Q/3)ω3). (3.7)
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cos(ω) = 0
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λ̃k = ω−2
k , ũk(t) = γk(cos(ωkt) − 1 + tg(ωk) sin(ωkt)),
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−u′′ = µu+
µQ
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1∫

0

u(s) (s− s2) ds, u(0) = u(1) = 0. (3.8)
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sin(τ) = 0;

Q sin(τ) = cos(τ) · (Qτ + (4 +Q/3)τ 3),
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2
. (3.9)
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� ã 2ÞÝ�� t < �\Y?� � 7 [rc @ ��]

−u′′ = µu+
µQ

12
t(1 − t)

1∫

0

u(s) (s− 2s3 + s4) ds, u(0) = u(1) = 0.

è�} ��[`[ < [ � [dY?�?[ � c >A|d>�~C<67:@ Y?[`Y\�\{

u(t) = c0(t− t2 + 2
ω2 ) + c1 cos(ωt) + c2 sin(ωt), ω = µ1/2.

m > ]�arc 7=@ q6{�{
[ |d>�@�|d<67 Y?�\y?Y � [ ~ a^q >A@ �\{�� @%� ã 2m�A� w @A��@=> ]s� �N~C<67:@ Y?[`Y\�?[�]6q6{�a >A} adc @ [`Y\Y ��� y?�?ad[rq â
[

sin(τ) = 0;
Q sin(τ) = cos(τ) · (Qτ +Qτ 3/3 + 2Qτ 5/15 + 16(1 +Qq)τ 7),

τ =
ω

2
. (3.10)

m < �
Q = 0

] @�7"~C<67=@ Y?[dY?�\{ @ � ã 2ì�>���>A}�q [�]��?Y\{\�kc=a�{ @
sin(ω) = 0

2�è c � [dcA� � w�y\c >
1 + Qq =

(1 − qα)2 ≥ 0
2

ä a^qs�
τk
� t > q >v� �\cA[^qseAY � [ u�>A< Y\� @ c >A<?> _ a`[ < �?� @�� ã 2������ w 9;7 Y ~C� [ <\>A@�7 Y?Y � [ @ t >A< {C] u [ @A>:9d�

<67 adc 7 Y?�\{�w6c >%@������¥<67:9 q >v� [`Y\�?� ]?q6{�t <?>A� [`a`a 7 Bϕ,α

� � [`[ �

λ̃k = (2kπ)−2, ũk(t) =
√

2 sin(2πkt);
˜̃
λk = (2τk)

−2, ˜̃uk(t) = γk(cos(2τkt) − 1 + 2τ 2
k (t2 − t) + tg(τk) sin(2τkt)),| ]�[

γk

� Y >=<?� � <\~ �k���?[ u�> Y\adc 7 Y\c ��2
���ÔÚpå�ÑN��� 2 m ~ adc=e

X(t) = W 1(t) =

t∫

0

(
W (s) −

1∫

0

W (u) du
)
ds

� t <?> �?Y�cA[ |d< � <?>=@�7 Y?Y � _ � [`Y\c < � <?>=@�7 Y?Y � _ @ �?Y?[ <?>A@ a u �?_8t <?>=� [`ada 2���>A@�7=< � 7=� �\{
GW 1

� a ��2 w;Y 7 t <�2 w
f�����l �Nf�����w��Q�'��� 2���2ÞÝ l � [dadc=e ��~ Y u?� �\{�	 < �?Y 7 ]6q?{ > t?[ <67 c >A<67

LW 1
= L2

B

2
ä a^qs�

ϕ ≡ 1
w?c >

ψ(t) = t−2t3+t4

24

w
q = 1

120

w6�(a >A> c=Y >=� [dY?�?[ � ã 2ÞÝ�� t < �\Y?� � 7 [rc @ ��]

uIV = µu+
µQ

24

1∫

0

u(s) (s− 2s3 + s4) ds, u(0) = u(1) = u′′(0) = u′′(1) = 0.

è�} ��[`[ < [ � [dY?�?[ � c >A|d>�~C<67:@ Y?[`Y\�\{

u(t) = c0 + c1 cos(ωt) + c2 sin(ωt) + c3 ch(ωt) + c4 sh(ωt), ω = µ1/4.

m > ]�arc 7=@ q6{�{
[ |d>�@�|d<67 Y?�\y?Y � [ ~ a^q >A@ �\{�� @%� ã 2m�A� w @A��@=> ]s� �N~C<67:@ Y?[`Y\�?[�]6q6{�a >A} adc @ [`Y\Y ��� y?�?ad[rq â
[

sin(τ) = 0;
Q(sin(τ) + cos(τ) th(τ)) = cos(τ) · (2Qτ + (32 + 4Q/15)τ 5),

τ =
ω

2
. (3.11)

m < �
Q = 0

] @A7�~�<?7=@ Y?[dY?�\{ @(� ã 2��A���ë>A}�q [^]s�?Y\{?��cAa�{ @
sin(ω) = 0

2?è c � [dc=� � wsy\c >
32 + 4Q/15 =

32(1 − qα)2 ≥ 0
2

p



ä a^qs�
τk
� t > q >v� �\cA[^qseAY � [ u�>A< Y\� @ c >A<?> _ a`[ < �?� @�� ã 2��A��� w 9;7 Y ~C� [ <\>A@�7 Y?Y � [ @ t >A< {C] u [ @A>:9d�

<67 adc 7 Y?�\{�w6c >%@������¥<67:9 q >v� [`Y\�?� ]?q6{�t <?>A� [`a`a 7 X1,α

� � [`[ �

λ̃k = (2kπ)−4, ũk(t) =
√

2 sin(2πkt);
˜̃
λk = (2τk)

−4, ˜̃uk(t) = γk(cos(2τkt) + ch(2τkt) − 2 + tg(τk) sin(2τkt)) − th(τk) sh(2τkt)),
| ]�[

γk

� Y >=<?� � <\~ �k���?[ u�> Y\adc 7 Y\c ��2
êëq6[^] ~ [dc > c � [dc=�\cAe\wCy�c >8@ t < � � [ <67¨� ß � � a >=} adc @ [`Y?Y � [�y\�?arq 7 � 9 t?[ <?@A> _
ad[ < �?� @�� ã 2�n��¡�r� ã 2ì�=���

Y?[ 9;7=@ �?a�{�c > c
Q
2�� c > a @ { 9;7 Y > a�cA[ � w�y\c > a >A> c @ [rcAadc @=~ �k���?[8a >A} arc @ [dY?Y � [ ��~ Y u?� �\�

sin(2πkt)
w

k ∈ N
w >=< c >A|d> Y 7 q6eAY �

ψ
@
L2(0, 1)

w?��t > arqs[�]�Y?�?_�y�qs[dY @�~C<67=@ Y\[`Y?�?� � ã 2ÞÝ���>A} Y ~ q6{?[rcAa�{ 2
���ÔÚpå�ÑN� ��2 m ~ adc=e

X = B
w6�

ϕ(t) =
1

φ(Φ−1(t))
,

| ]s[
φ(t) =

1√
2π

exp(−t2/2); Φ(x) =

x∫

−∞

φ(t) dt.

X � c >A�b@�7:� Y >A� ]6q?{©adc 7 cA�?arcA� u ��t < � � [ < [ � a ��2 f��u��� lùw¢f4û���l � w > y?[ @ �C]�Y > w
ϕ 6∈ L2(0, 1)

2�è ]sY 7=u�>
t < { � 7 { @A��u q 7 ] uC7 ] 7 [dc

ψ = φ(Φ−1) = 1
ϕ

w
q = 1

w?�(t > c >A�z~ t < � � [dY?� ���W@ a`[ ~ c @ [ <�� ]�[dY?�\{�� �A2
o�7 q6[`[=w6a >A> c=Y >=� [dY?�?[ � ã 2ÞÝ�� t < �\Y?� � 7 [rc @ ��]

−u′′ = µu+
µQ

φ(Φ−1(t))

1∫

0

u(s)φ(Φ−1(s)) ds, u(0) = u(1) = 0.

è�} ��[`[ < [ � [dY?�?[ � c >A|d>�~C<67:@ Y?[`Y\�\{

u(t) = c0

t∫

1

2

sin(ω(τ − t)) dτ

ωφ(Φ−1(τ))
+ c1 cos(ωt) + c2 sin(ωt), ω = µ1/2.

m > ]�arc 7=@ q6{�{�[ |d>�@
|d<67 Y?�?y\Y � [ ~ arq >A@ �\{(� @(� ã 2��A� w?t > a^qs[�Y?[ u�> c >A<?��� t < [ >A}A<?7:9;>A@A7 Y?�?_�t > q ~ y\� �
~�<?7=@ Y?[dY?�?[�]6q6{�a >=} adc @ [`Y?Y ��� y\�?a`[^q�� â

det




0
1∫
0

Φ
−1(τ) cos(ωτ) dτ − 1

ω2Q
+

1∫
0

τ∫
0

Φ
−1(τ)Φ−1(t) sin(ω(t−τ))

ω
dtdτ

sin(ω) 0 − 1
ω

1∫
0

Φ
−1(τ) cos(ωτ) dτ

cos(ω) 1 1
ω

1∫
0

Φ
−1(τ) sin(ωτ) dτ




= 0.

m < �
Q = 0

t < [�]�[rq6eAY � _ t?[ < [ ��> ] ] 7 [dc�w�[dadcA[dadc @ [`Y?Y > w
sin(ω) = 0

2 è c � [rcA� � w�y\c >¤9 ]�[da`e�c 7=u��
� [�t > q >A@ �\Y 7 � 9 a >A} adc @ [`Y?Y ��� ��~ Y u?� �?_ �?a �A> ]�Y >A|d> t <?>A� [da`a 7 w 7 � � [`Y?Y > w

sin(2πkt)
w
k ∈ N

w
>A< c >=|`> Y 7 qseAY �

ψ
@
L2(0, 1)

w?��t > c >A�z~ Y?[ � [`Y�{?�kc=a�{"t < ��� 9;� [`Y\[`Y?�?�
Q
2

è t?� � [ � [d��[ > ]��?Y a^q ~ y 7 _�w u�>A| ] 7������¡<67:9 q >�� [`Y?�?[�]6q6{ t < [ >A}=<67:9;>=@�7 Y?Y >=|`> t <\>A� [`ada 7 adc <?>:�
�\cAa�{ � qs[ � [dY\c 7=< Y >\2 m ~ adc=e

ϕ = um

� a >A} arc @ [dY?Y 7 { ��~ Y u?� �\{ u�>A@�7=< � 7=� �?�
GX

2:àá>A| ] 7
ψ = λmum

w
����G ]Q]���L�Pº´^³W.`¹:±#4r½¨¸�½&"�¸�3·±^µ&"$ º±^½�³�4W"�½�³`¿0;&P�(&45"&4d±#,¨¸�½¨´^½�³d¿0;�45";¶:¸dË

n



| ]�[
λm

� a >A> c @ [rcAadc @=~ �k��[`[�a >=} adc @ [`Y?Y > [Iy\�?arq >\2 m >A� c >A�z~�@ a`[ëa >A} adc @ [`Y?Y � [ ��~ Y u?� �?�
uk

w
k 6= m

w
>A< c >=|`> Y 7 qseAY �

ψ
w6�(t > c >A�z~

λ̃k = λk, ũk = uk, k 6= m,

λ̃m = λm(1 − qα)2, ũm = um.

k arc 7 Y >A@ � � cA[dt?[ < e �8>A<\�z~ q ~ w ~ t <?> � 7 �k� ~ � �ùØ�2�pA� ]6q?{ªt <\>A� [`ada >A@�<?7 a`a � 7 c < � @�7 [ ��>=|`>�u q 7 a �
a 7\2
����
����	�z� 2 m ~ arcAe u�>A@�7=< � 7=� �\{

GX
{ @ q?{?[dc=a�{ ��~ Y u?� �?[d_�	 < �?Y 7 ]6q6{ > t?[ <67 c >=<67 @ �C] 7

� ã 2���� w
α̂ = 1

q

26ä arqs�
ϕ ∈ L2(0, 1)

wCc > t < �
ε→ 0

P{‖Xϕ,bα‖ ≤ ε} ∼
√
q

‖ϕ‖2
·
(
2` sin( π

2`
)ε2
)− `

2`−1 · P{‖X‖ ≤ ε}. (3.12)

�NÌsÍ�Î\Ï�Î?Ð?Ñ�ÒÔÓ�ÕAÐ?ÖsÌ 2¼��7:u t >AuC7:9v7 Y > @ f���� � w à [ >A< [ � 7 �A2éØ l � arq ~ y 7 _ > t\[ <67 c >A<67
LX

a <67¨9d�
]�[rqs[dY?Y ��� � |`<67 Y?�?y?Y ��� � ~ arq >A@ �\{ � � }A� q <67 ada ��> c < [`Y <67 Y?[`[ @ f�����w�� l l � w ]6q6{×t <?>A� [da`a 7

Xa`t <67:@ [^]6q6� @A> a >A> c=Y >=� [`Y?�?[

F (r) = P{‖X‖ ≤
√
r} ∼ C · rβ exp

(
−Dr−d

)
, r → 0, (3.13)

| ]�[
d = 1

2`−1

w
D = 1

2d

(
2` sin( π

2`
)
)−d−1 �È9 Y 7 y?[dY?�\{ u�> Y?arc 7 Y\c C � β ]6q6{ªY 7 a�ad[`_?y 7 a�Y?[`a ~ ��[`arc @ [dY �Y ���r2

m >A@ [^]�[dY?�?[ªtCq > cAY > adc=� <?7 a`t < [^]�[^qs[`Y?��{
F ′(r)

t < � � 7 q ���
r
� 9d~ y 7 q > ade @ f��0  Ø w���[ >A< [ � 7 ã l

t < � @ [`a`e � 7>A} ��� � t < [�]�t > q >�� [`Y?�\{ �¢2 X Y 7:� � �
~ arq >=@ �\{ �£� a ��2C@ a @ { 9 �ªa � cA� � ] >AuC7:9v7 cA[rq6eAadc @A>
à [ >=< [ ���¡i\2éØ f����nl �¼� c > c < [ 9d~ q6e�c 7 c¤f���  Ø l ��>v� Y >�9;7 t?�?a 7 cAe�c 7=u�â

F ′(r) ∼ CDd · rβ−d−1 exp
(
−Dr−d

)
, r → 0, (3.14)

y\c > w > y?[ @ ��]�Y > w >=9 Y 7 y 7 [rcªt <\> adc > ]�� ��� [ < [`Y � � <\~ [ ��> adc=e 7 a`� � t\c > c=� u � � ã 2�� ã � t >
r
2

m > ]�arc 7=@ q6{�{ � ã 2��;Ý�� � �úØ�2���ØA��@��úØC2ì���A� w?t > q ~ y?� �

F̃ (r) ∼ CDd

‖ϕ‖2
·
√

2q

π
·

r∫

0

xβ−d−1

√
r − x

exp
(
−Dx−d

)
dx.

þ�7=� [`Y 7 t?[ < [ � [dY?Y > _
x = r(1 − y)

] 7 [rc

F̃ (r) ∼ CDd

‖ϕ‖2
·
√

2q

π
· rβ−d− 1

2 exp
(
−Dr−d

) 1∫

0

(1 − y)β−d−1

√
y

exp

(
−D

rd

(
(1 − y)−d − 1

))
dy.

� [ |`u�>(@ �C]�[rcAe?wxy\c > t < �
y ≥ rd/2 t > ] � Y�cA[ |d<67 qse=Y > [ @=��<67:� [dY?�?[ �`u a`t > Y?[`Y � � 7 qse=Y >"� 7 q >?2 m >:�� c >=�z~ª��>v� Y > �?Y\c=[ |d< � <?>A@A7 cAe
c > q6e u�> t > t <?>=� [ ��~ c u\~

[0, rd/2]
w\Y 7�u�> c >A<?>A�

(1− y)β−d−1 ∼ 1
�

(1 − y)−d − 1 ∼ yd
2 ê ]�[rq 7=@ [r��[ 9v7=� [dY ~

y = rdz
wst > q ~ y?� �

F̃ (r) ∼ CDd

‖ϕ‖2
·
√

2q

π
· rβ− d+1

2 exp
(
−Dr−d

)
r−d/2∫

0

1√
z

exp (−dDz) dz ∼

∼ C
‖ϕ‖2

·
√

2qDd · rβ− d+1

2 exp
(
−Dr−d

)
∼

√
2qDd

‖ϕ‖2
· r− d+1

2 · F (r),

���



y\c > ] 7 [rc � ã 2���ØA�r2
�

X t < � � [ <67¨� w <67 a`a ��> c < [`Y?Y ���£@A�¼� [:w 7 a`� � t\c > cA� u�7©� 7 q ���(~�u q > Y?[dY?�?_(]6q?{"�?a �A> ]�Y ��� t <?>:�
� [`ada >A@�A>A<?>=��> � 9;@ [`adc=Y 7�� t <?>A� [da`a �

W
�
B
{ @ q6{\�kc=a�{ u q 7 ada`�?y\[`a u � � ��w?t <\>A� [`ada

W 1

<67:9;>=}A<67 Y
@ f��W��¢�l �r2 m < � � [`Y\{�{(c=[ >A< [ ���-� � ã w?t > q ~ y 7 [ �
���ÔÑ=ÙáÒáÌ�£NÑCçpÚpÑ§Û 2 m < �

ε→ 0
� � [d[ �

P{‖W1,α‖ ≤ ε} ∼




4ε√
π|1−α

3
| · exp

(
−1

8
ε−2
)
,

2ε−1√
3π

· exp
(
−1

8
ε−2
)
,

α 6= 3,

α = 3;

P{‖B1,α‖ ≤ ε} ∼




2
√

2√
π|1− α

12
| · exp

(
−1

8
ε−2
)
,

ε−2
√

6π
· exp

(
−1

8
ε−2
)
,

α 6= 12,

α = 12;

P{‖Bϕ,α‖ ≤ ε} ∼




2
√

2√
π|1− 17α

5040
| · exp

(
−1

8
ε−2
)
,

√
17ε−2

2
√

21π
· exp

(
−1

8
ε−2
)
,

α 6= 5040
17
,

α = 5040
17
,

ϕ(t) = t(1 − t);

P{‖X1,α‖ ≤ ε} ∼




4
√

2ε−
1
3√

3π|1− α
120

| · exp
(
−3

8
ε−

2

3

)
,

ε−
5
3

3
√

5π
· exp

(
−3

8
ε−

2

3

)
,

α 6= 120,

α = 120,
X(t) = W 1(t);

P{‖Bϕ,α‖ ≤ ε} ∼ 2
√

2√
π|1−α| · exp

(
−1

8
ε−2
)
, α 6= 1, ϕ(t) = 1

φ(Φ
−1

(t))
.

� Î?å�Ñ�æÔÎ\çÔÚpÑ 2 XWt < � � [ < [ � t < �
α = 1

c=[ >A< [ � 7"Ø¤� ��w�a^qs[^] >A@�7 c=[rqseAY > w�cA[ >A< [ � 7 ã � Y\[�t < � �
� [`Y?� � 7�2

¤ ¥�G�ó�Qò�Q�ô�õ G Q�¦Q�¦�§ G�J�K S

�8> Y?adc <\~Cu?� �\{ �Ç�A2ÞÝ�����>�� [dc }=� cAe <67 a`t <?> adc <?7 Y?[`Y 7 Y 7 Y?[ uC> c >A<?� _ adt?[ � � 7 qseAY � _ u q 7 ada >A}A>=}:�
��[`Y\Y ���(��~ Y u?� �?_

ϕ
2

m ~ adcAe
ϕ ∈ D′(O)

c 7=u�>A@�7 w y\c >
q ≡ E|

〈
ϕ,X

〉
|2 < ∞ 2pè t < [�]�[rq6� � a`[ � [`_?arc @A>¤|^7;~ ada >A@ a u � ��8~ Y u\� �?_ ��>=<?�z~ q > _�w 7 Y 7 q >A| �?y?Y > _ ���=2iÝ��^â

Xϕ,α(x) = X(x) − αψ(x)
〈
ϕ,X

〉
, x ∈ O, (4.1)

| ]�[
ψ(x) = EX(x)

〈
ϕ,X

〉 2
� Î?å�Ñ�æÔÎ\çÔÚpÑ 2 X�cA[ <\� �?Y 7¨� cA[ >A< �?� > t?[ <67 c >=<?>A@k~ arq >=@ �?[�Y 7

ϕ
>=9 Y 7 y 7 [dc�w�y\c >

ϕ ∈ (Im(G1/2))′
2

ê >A> c @ [dcAarc @ [dY?Y > w
ψ ∈ Im(G1/2)

w��
q =

〈
ϕ, ψ

〉 2 X cA[ >A< �?�×arq ~ y 7 _?Y ��� t <?>A� [da`a >=@
Im(G1/2)� � [`Y ~ [dc=a�{¤{C] <?>=� <67 adt < [^]s[rqs[dY?�\{¤t <\>A� [`ada 7

X
w 7

ϕ
� qs�?Y?[d_?Y ��� � 9`� [ < � �����×��~ Y u?� � > Y 7 q >=�

> c�t <?>A� [da`a 7
X
� a ��2 f��0  � w0� n l �r2

o q6{�t <?>A� [`a`a >A@ ��Ý\2ì����@A� t > qsY?[`Y 7�è adY >A@ Y 7 {gqs[ ��� 7 �bêëqs[�]�adc @ �?[ �A2 X � [dadc > êëqs[�]�adc @ �\{ Ø
� � [`[rc � [dadc > arqs[�] ~ �k���?_£[ |d>ª7 Y 7 q >A|:â

�A�



��ÒÔÑ=Ù ÕAÐ?ÖsÚpÑ ß�¨ 2 m < �
α̂ = 1

q

t <?>A� [`a`a Xϕ,bα(x)
� a 2Þ@?2 〈

ϕ,X
〉 Y?[ 9v7=@ �\a`� ����2k��<?>A� [¤c >A|d> w

〈
ϕ,Xϕ,bα

〉
= 0

t 2 Y 2
o�7 q6[`[=w�t < � @A� t > q6Y?[`Y?�\� ~ a^q >A@ �\{ �úØ�2���� a`t <?7=@ [^]?qs� @�7 cA[ >=< [ � 7W�A2nä a^qs� � [ u�>A@�7=< � 7=� �\{

GX(t, s)
~ ] >A@ qs[rc @A>=< {\[dc ~ arq >A@ �\{ � w > t?�?a 7 Y?Y ���Z@ � ã wëc > t <?>;��> ]���cb� 7 q |`>=< �\c � t > adc <\> [`Y?��{

�����¡<67:9 q >�� [`Y?�\{ª]?q6{(t <?>A� [da`a 7 Xϕ,α

2
m < � @ [^]�[ � Y?[da u�> qse uC> t < � � [ <?>A@?2
���ÔÚpå�ÑN�}© 2 m ~ arcAe

X = W
w
ϕ(t) = δ(t− 1)

2?àá>A| ] 7
ψ(t) = GW (t, 1) = t

w
q = GW (1, 1) = 1

w
�

Gϕ,α(t, s) = min{t, s} +Qts (Q = α2 − 2α).àz7=u � � >A}=<67:9;>=� wzt < �
α ∈]0, 2[

t <?>A� [da`a Wϕ,α

a >=@ t 7 ] 7 [dcgt >�<67 a`t < [^]�[^qs[`Y\�?� a }A<?>=~ Y >=@ a u � �
��> adc >A� > c�Y ~ q6{©] > Y ~ q6{©]6q6�?Y � − 1

Q

� a ��2 f�����û¢w Ý?2ÞÝ?24Ø�� l �r2
à [ >A< [ � 7 � ] 7 [dc�]6q6{

α 6= 1

P{‖Wϕ,α‖ ≤ ε} ∼ 4ε√
π|1 − α| · exp

(
−1

8
ε−2
)
, ε→ 0,

y\c > a >A@ t 7 ] 7 [rc�a�y 7 adc=Y ��� �£arq ~ y 7 { � �gf����\wsm < [^]?q >v� [`Y?�\[ �=2�n l �Nf����nw à [ >A< [ � 7�Ý?2�� l 2
� Î?å�Ñ�æÔÎ\çÔÚpÑ 2 m < �

α = 1
t <?>A� [da`a Wϕ,α

a >A@ t 7 ] 7 [dcgt >N<67 a`t < [^]�[^qs[`Y\�?� a > adc 7 YC] 7=< c=Y ���
}A<?>=~ Y >A@ a u � �b��> arc >A��2C� [ |`u�>
@ �C]s[dcAe\w\y\c >�} [`a u�> Y\[`y?Y > [�t <?> � 9`@ [^]s[`Y?�?[ @��ùØ�2�n�� t < � � c >=� <67 a ��>:�
]��\cAa�{�ws�(c=[ >A< [ � 7ªØ�� [`arc 7 Y?[8� � [d[dc ��uC7=u � @ ] 7 qseAY?[d_ � � � t < � � [ <?7¨�?�r2
���ÔÚpå�ÑN�¡ª 2 ¦ 7 ada ��> c < � � t <\> �?Y\c=[ |`< � <?>A@�7 Y?Y � _ @ �\Y?[ <?>=@ a u �\_"t <?>=� [`ada

X(t) = W
[0]
1 (t) =

t∫

0

W (s) ds.

ä a^qs�
ϕ(t) = δ′(t− 1)

w\c >
ψ(t) = −(GW1

)s(t, 1) = − t2

2

w
q = (GW1

)st(1, 1) = 1
w6�

Gϕ,α(t, s) = GW1
(t, s) +Q

t2s2

4
(Q = α2 − 2α).

àz7=u � �§>A}A<67:9`>A� wCt <?>A� [da`a Xϕ,α

a >A@ t 7 ] 7 [rc�t >�<67 a`t < [�]�[rq6[`Y?�?�a�t <?> �?Y\c=[ |d< � <?>A@A7 Y?Y ��� t <?>A� [da �
a >A� � 9 t < � � [ <67 © 2 k�c @ [ <�� ]�[`Y?�\[ªcA[ >A< [ ��� � a >A> c @ [dc=adc @=~ [rc�a^q ~ y 7 �

m = 1
@ f�����wÔm < [�]6q >:�

� [`Y?�\[ �=2�n l 2«�"7 q � [ ~Cu q > Y?[`Y\�\{ @ a^q ~ y 7 [
α = 1

� t <\> �?Y\c=[ |`< � <?>A@�7 Y?Y � _ }A<\>=~ Y >A@ a u �?_ ��> adc �
<67 a`a ��> c < [`Y ��@ f����\w6m < [�]6q >v� [dY?�?[ �A2�i l 2
m ~ adcAe�cA[dt?[ < e

ϕ(t) = δ(t − 1)
2áàÔ>A| ] 7

ψ(t) = GW1
(t, 1) = t2

2
− t3

6

wá�
q = GW1

(1, 1) = 1
3

2
à [ >=< [ � 7 � ] 7 [rc
]6q?{

α 6= 3

P{‖Xϕ,α‖ ≤ ε} ∼ 8
√

6 ε1/3

√
π|3 − α| · exp

(
−3

8
ε−2/3

)
, ε→ 0.

m < �
α = 3

��>v� Y > t < { ������@A� y?�?a^qs[`Y\�?[ � t <?>A@ [ < �\c=e?w�y�c > Gϕ,α(t, s)
[dadcAe ��~ Y u?� �\{�	 < �?Y 7

u?<67 [ @A> _ 9v7 ] 7 y\�
uIV = µu; u(0) = u′(0) = u(1) = u′′(1) = 0.

m < � � [`Y\{�{ à [ >=< [ �z~¤�=2iÝ f����:lùw?t > q ~ y 7 [ �

P{‖Xϕ,α‖ ≤ ε} ∼ 4
√

2 ε−2/3

3
√
π

· exp
(
−3

8
ε−2/3

)
, ε→ 0.
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���ÔÚpå�ÑN�¬ 2 ¦ 7 ada ��> c < � � [d��[kt <?>A� [da`a�êëqs[`t\{\Y 7 fiû�®�l � arc 7=� � > Y 7=< Y � _ |^7;~ a`a >=@ a u �\_©t <?>A� [`a`a
aëY ~ q6[ @A��� a < [�]�Y?� � � u�>A@�7=< � 7=� �?[d_

GS(t, s) = 1−|t−s| w t, s ∈ [0, 1]
2 m ~ arcAe

ϕ(t) = δ(t)+δ(t−1)
2

àá>A| ] 7
ψ ≡ 1

w
q = 2

w?�

Gϕ,α(t, s) = 1 +Q− |t− s| (Q = 2α2 − 2α).

àz7=u � � >A}A<67:9`>A� w�t <?>A� [da`a Sϕ,α

a >A@ t 7 ] 7 [dc t > <67 a`t < [^]�[^qs[`Y\�?�Za >A}A>=} ��[dY?Y ��� t <?>A� [`a`a >A� êëqs[ �
t\{?Y 7

S(c) w c = 1 + Q
� a ��2 f��u�xl � f���� � w�� Ø l �^2Ôè c � [dc=� � wáy\c > t < �

Q ≥ 0
a`t <?7=@ [^]?qs� @A> c 7:u\� [

<67=@ [dY?adc @A>
S(c)(t)

d
= W (t+ c) −W (t), 0 ≤ t ≤ 1.

k�c @ [ <�� ]s[`Y?�?[�c=[ >A< [ ��� � a >A> c @ [dc=adc @:~ [dc¤f���� � w à [ >=< [ � 7
Ø�2�� w�t 2éØ l 2��"7 q � [ ~Cu q > Y?[`Y?��{ @ arq ~ y 7 [
α = 1/2

� c 2 [ 2
c = 1/2

��<?7 a`a ��> c < [dY ��@ f���� � w à [ >A< [ � 7%Ø�2ì� w?t 2�� l 2
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f����\w�m < [�]6q >v� [`Y\�?[ �=2�n lát < ��t <?> � 9;@A> qseAY >A�
m ∈ N

w 7 c 7=u\� [�f���� � w à [ >A< [ � 7�ØC2éØ w¢t 24Ø l���Y?[ u�>:�
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�(>�� Y > c 7=u\� [ <?7 a`a � 7 c < � @�7 cAe � Y >A|d> t 7=<67:� [dc < �?y?[`a u �?[ 7 Y 7 q >A| �8t < [ >=}A<67:9`>A@�7 Y?��{ �Ç�A2ÞÝ��r2&�(�
>A|`<67 Y?�?y?� � a�{(t <\> adc=[`_ � � � arq ~ y 7 [ ��2
m ~ adcAe ��~ Y u?� �?�

ϕ1, ϕ2 ∈ L1,loc(O)
~ ] >A@ q6[dc @=>A< {?�kc ~ a^q >A@ �\� �Ç�A2 ã � � ~ arq >=@ �?�²± >A< c >A|`> Y 7 qse �

Y > adc=��±+³
∫

O

∫

O

GX(u, v)ϕ1(u)ϕ2(v) dudv = 0

¦ 7 ada ��> c < � � ad[ � [`_\adc @=>©|^7;~ a`a >A@ a u � ����~ Y u?� �?_

Xϕ, α(x) = X(x) − α1ψ1(x)

∫

O

X(u)ϕ1(u) du− α2ψ2(x)

∫

O

X(u)ϕ2(u) du, x ∈ O, (4.2)

| ]�[
ψk = Gϕk

w
k = 1, 2

2
� [ |`u�>%@ �C]�[dc=e?wsy\c >���~ Y u?� �\{ � Ý?2éØ=� � � [`[rc u�>A@�7=< � 7=� �?�

Gϕ, α(x, y) = GX(x, y) +Q1ψ1(x)ψ1(y) +Q2ψ2(x)ψ2(y),

| ]�[
Qk = qkα

2
k − 2αk

w
qk =

〈
ϕk, ψk

〉 2 m >A� c >A�z~ w6Y 7 t < � � [ < w 7 a`� � t\c > c=� uC7
L2

�¥� 7 q ���©~Cu q > Y?[`Y?�\_
�8~ Y u\� �?� Xϕ, α

t < �
αk 6= 1

qk

w
k = 1, 2

wxt > q ~ y 7 [dc=a�{g] @=~Cu?<?7 cAY ��� t < � � [`Y\[`Y?�?[ � cA[ >=< [ ��� �A2
àz7=u©� [8t > q ~ y 7 �kc=a�{ 7 Y 7 q >A| � > adc 7 qse=Y ����~ c @ [ <�� ]�[dY?�?_ 2

´ µ�ô�K©T"Q�v G�J�K�G

*"��		� � o�Û 2 ¦ 7 ada ��> c < � � ] @ [Nt > a^qs[^] >=@�7 cA[^qseAY > adcA� â
µk > 0

�
bk ≥ 0

w
k ∈ N

2 m ~ arcAe
∑

k µ
−1
k <∞ � ∑

k bk <∞ 2\àá>A| ] 7 ]6q?{�q6� }A��� γ1, γ2 ∈ R
t < �

R→ ∞

1

2π

2π∫

0

ln

∣∣∣∣γ1 + γ2

∞∑

k=1

bk
1 − µk

R exp(iθ)

∣∣∣∣ dθ −→ ln

∣∣∣∣γ1 + γ2

∞∑

k=1

bk

∣∣∣∣. (5.1)

¶E· ,&6�³r²d³r²+9I¸�½�½$<0X�/�.`½$(&[&"&*
ϕ1, ϕ2 ∈ (Im(G1/2))′

Pº´^³F.5 ),¨³+45"�¸Ôµ¨¹&"�½&"¨¿6±r¸�´F45";¶ 〈
ϕ1, Gϕ2

〉
= 0
Ë

� ã
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@A��<67:� [dY?�?[
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R exp(iθ)
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