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CsoiictBo lllypa n nuddepeHnnpyemMocTb

Outer Peiinos

AnHoTAuMA. IpusBonurcs obcyxKienue aByx cuaemyromux pesyiabraros: 1) Ba-
HaxoBO mpocTpancTBo X obmamaer ceoiictBoMm Illypa Torma u TOIBKO TOTIA, KOTIA
BcsKad cimabo muddepennupyemas pyuknus u3 R B X apasercsa cunbaO qudde-
pennupyemoii. 2) Banaxoso npocrparcTBo X €j1a00 CEKBEHIMAIBHO MOJIHO TOTIA
U TOJBKO TOT/A, KOTAa BCaKas ciaabo muddepenmupyevas dbynknus u3 R B X
UMeeT CJIa0YI0 MPOU3BOIHYIO.

1. JIoboubiTHBIE (1 JaKe WHOL/IA HOBbIE) TeOPEeMbl BO3HUKAIOT BCJIEJCTBHE, KAK
s UX Ha3biBako, "brain misprints"s dopmympoBkax 3amad (ecau oHE JAEHCTBATEIHHO
TAKOBBIE, & HE ONTHOKHU MOCTAHOBIIUKOB MPO0JIeM, HanpuMep, cryaentam). O6 oHoil
13 ITOIOOHOTO POA OMEYATOK U O TOM Pe3y/IbTaTe, K KOTOPOMY OHA IIPHBEJIa, XOUeTCs
MOJAETUTBCA B 3TOH KOPOTKOI 3aMeTKe.

HenaBHo KO MHE OOpaTWICS CTYJAeHT ¢ Mpochboii o momormu ("uaeiinoii"; s B
LHPUHIKIE HE IIPEJIOCTaBILAI0 CTYJIeHTaM PelleHre 3a/1a49 B IOL00HBIX CJIydasX, XOTsd
OBIBAIOT M MaJIO3HAYUTEIbHbIE MCK/IIOYEeHHsI) B JOKA3aTeIbCTBE OJHONO yTBEPIKIe-
HHUsI, KOTOpOe (JI0KA3aTeJbCTBO) OBIIIO HY?KHO eMy JIJIsl MOJIYYeHHs] 4ero-To BPOJe
JIOITYCKa K 9K3aMeHy. Bor Tak ObL10 ¢hOPMYTUPOBAHO ITO yTBEPIKICHUE:

(¥) Ilycts X — GamaxoBo (BemiecrBenHoe) npocrpaHcTBo u f — X-3HadHast
dyHKIUA, 3a/jaHHasg Ha Bceil BemecTBeHHoi mpsmoit R. Ilpeamonoxum, aro mis
KazKJIOTO JIMHEHHOTO HempepbiBHOrO (GyHKIHOHATA | Ha X BemecTBeHHAs (DYHKITHS
I(f(+)) maddepenmupyema B KaxkI0ii Touke npamoii. [TokazaTh, 410 7151 JHOOOTO

Koneuno, mist anasmuTudeckux (DYHKIHUI KOMILIEKCHOTO HEPEMEHHOTO B 110100~
HOT'O POJIa YTBEP:K/IEHUSIX HE BO3HUKAET COMHEHUIl: BCsKas CJ1aD0 aHAJATHIECKAsT
(B Hekoropoit obmactu u3 C) yHKIMs SBISETCS CHIBHO AHATUTUIECKO (CM., Ha-
npumep, |3 wiu 4, Theorem 3.10.1|, |5 nim 6, Teopema VI.4|, a Takxke 3ameuanune
1 mmxe). Ho B BemecTBeHHOM ciaydae ¢ quddepeHiupyeMocTbio HAJI0 ObITh I0-
OCTODOYKHEN. IPUMEPOM 4YeMy CIYKUT (KCTaTH, UCHOJIb3yeMasi HUZKE) CJIeIyIomast
u3BecTHasd (DYHKITUS:

t € R cymecrByer mpeaen lim,_.q ||f

1

pt) =S e 1 =1 ecm It <1
0, ecan [t| > 1.
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B BemecrBenHoM ciayuae "Teopema (k) OveHb MOXOXKA HA YTBEPZXK/EHHE 00 SKBHU-
BaJIEHTHOCTH HOHATHI caaboit quddepennupyemMoctu u cuibHOR auddepenmnupye-
moct X -3HAaUHBIX (DyHKIWII, 3aaHabX Ha R. [locaennee cxoacTBo HaBEJIO HAC HA
coobpazkenus, 9T0 (HakT (*) €CTb COMHUTETbHbIH (HaKT, a TaKKe, 4TO XOPOIIO Obl
OBLIO MOCMOTPETHh BHUMATEIbHEH W MOHATH (eC/d, KOHEUHO, (*) HEBEPHO), Kakue
OaHaxXOBbI POCTPAHCTBA 0018/ 1aI0T COOTBETCTBYIOIIMMUA CBORCTBaAMH.

To, uro (*) HEBEPHO, MOJIYIHIOCH JOCTATOYHO OBICTPO U npocTo. [eficTBuTesnb-
HO, paccMoTpuMm tocsegoBarenbrocts {—1,—1/2,—1/3,...,—=1/n,...} To4eK Be-
[IECTBEHHOW MNPsiMOit W B MaJioit okpectHoctu U, KaxKjao# TOYKH Bujga —1 /n o-
cTpouM HeckoHedHO JAuddepeHnupyeMyo GYHKIHUIO @, AaHAJTOTHIHYIO (DYHKIUA ©,
PACCMOTPEHHOMN BBIIIE, HO HECKOJIBKO CKATYIO (M C TeM CBOHCTBOM, YTO B TOYKE
—1/n ona npunumaer 3Hauenue 1). B rouke 0, cipaBa OT Hee U cJieBa OT HOCHTE€il
BceX (byHKIMIA (p,, TAKXKe KaK W MEXKIY HOCUTeIAME (DYHKIHUN @, U ©,41, OMpPeE/Ie-
JuM 3HadeHust HoBoi dyHkimn ¢ (oHa mosBUTCs OYKBAJIBHO Yepe3 mapy CTPOK) Kak
3HavYeHusI, paBHble HY/MI0. Hakowemn, ckjienM Bce "monapHo nu3bioHKTHBIE" (DYHK-
mn {p,} n "HyneBble Kycku'", mosyduB, TaKuM 0Opa30M, HEKOTOPYIO OECKOHETHO
muddepermupyemyo Gyaknuo ©, 3amannyo Ha Beeil npsmoit. Pyuknus f, 11 Ko-
Topoii yrBepKaenue (x) mesepuo (npu t = 0) Tenepb crpouTest Tak: mycrb X = ¢,
(€,)22, — CeMEHCTBO eIMHUIHBIX BEKTOPOB B Co U (X, )22 ; — XapaKTepPUCTHIECKUE
dbyukiun okpectHocreii U, B KOTOPBIX (B OKPECTHOCTSX) JIEZKAT HOCUTEIN COOTBET-
crBytoux dyuknuit. Oyukmusa f, f : R — ¢y, onpenenserca gisa t € R kax

F£) = 200D (8) X, (£) €n.

n=1

2. [ycrs tg € R, U := U(ty) — mexoropast okpecTHOCTh TOYKHU to u f : U — X
— (byuknus co 3HadeHugMu B DAHAXOBOM MPOCTpaHCTBE X.

ToBopsr, aro dyukmus f cradbo guddepennupyema B TOUKe ty, eCu st JTF0O0TO
dbyukumonana ' € X* Bemecrsennas ynkiusa ' o f auddepeHnupyema B 10
touke. Eciu dyukmusa f cirabo quddepennupyema Bty U CyIIEeCTBYeT TaKOH 3/IEMEHT
xo € X, uro jys Beskoro ' € X* umeer mecro paserctBo (2 o f) (ty) = (2/, x),
TO MBI Ha3bIBaeM 3TOT 3JE€MEHT Iy CJaboil mpou3BojaHoil (dyHKIUU f B TOUKe fg
(o6ozuauenue: w-f'(tg)).

Oynknus f (cuabao) nuddepennupyema B ToUKe ty, ecm B X CyIIECTBYeT TIpe-
JIest

f(to+17) — f(to)

Y

lim
70 T
W, B CJIy4ae ero CymecTBOBAHUS, STOT IPEJesl Ha3bIBACTCs (CUIBHON) MPOU3BOIHOM
dbyukmuu [ B Touke ty (o6o3uavenue: f'(tg)). dcuo, uro
(1) Begkas nuddepennupyemas B Touke to dbyHKIus spisiercst caabo mudbde-
peHnupyemoit, u npoussoanas f'(ty) Gyukimun f aBiaseTcs oJHOBpEMEHHO ee ¢1aboii
HIPOU3BO/IHOMA.
Ilpumep 1: Tycrs ¢g € X, 0 € CY(R) u f : R — X, f(t) := ¢(t)eg. B srom
cayqae f'(t) = ¢'(t)ep.
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[Iycts f : U — X cnabo muddepennupyema B Touke tg. g kaxmaoro ¢pyHk-

nuonaia ¥’ € X* cymecrByer mpousBogHas o, = (2’ o f)(ty) € R. Takum 06-
pazoM, umeeMm orobpaxkenue [ : X* — R, [ : ' — ay. Jlng BemecrBeHHBIX a,b
u g rh,xh, € X* Beimonngorcs coorHomenus [(ax) + bxh) o f]'(tg) = a(x) o

f) (to) +b(xh o ) (to) = acy + bayy, T. e. oTobpazkenue | muneitno. ObGo3HATHM Te-

fto+17) = f(to)

pe3 x, 1pobb (cunTast BeIUUUHY T TOCTATOYHO MasieHbKoit). Torma

I(2") = lim, (2’ ,xT>T€ R. PaccmoTpnM Kakyio-HHOYIb MOCTIEI0BATENLHOCTD (T, ),
CTPeMAILYIOCI K HYJI0 npu n — o0o. g moboro ¢dpyuknumonana x’ € X* mocueno-
BaTeJbHOCTL ({2, . )) aBiIsieTcst mocsenoBarebHoCThi0 Kommn, u, cjiegoBaTeabHo,
IOCJIeIOBATEBHOCTD (', ) OrpaHHdYeHa [0 HOpMe, CKaykeM, KoucranTtoi C' > 0.

(2) Ecmu f : U — X cnabo auddepennupyema B Touke to, 7, — 0 u to+7, € U,
f(to+ 1) — fto)

TO MOCJIeIOBATEIBHOCTD (X7, ), TJE T, := , OTpaHUYeHa TI0 HOPMe
T’l’l

koHcrauToii O, 3aBucsieii Toibko ot f, to, (7,).
Orcrona: || = lim, (o', 2,,)| < C||2'|], v e. |l(z")] < C||2'||. TTosTomy | € X**.

(3) Ecim dyukmus [ : U — X cnabo auddepennupyema B TOUKe tg, TO CY-
mecTByeT Takoil dbynknmonan ry € X, 4ro gng Beakoro x' € X mMeer mecto
paserctBo (z,2') = (2’ o f) (o).

Bonpoc: Korpa zj =1 € X?

OrBer — muke (cm. Teopemy 2).

IIpumep 2 (Caabo muddepennupyemast byukmust F : [0, 1] — ¢o, s Koropoii
ne cymecrsyer w-f'(0) B ¢o) : Pacemorpum cemeiictso orpeskos {[—, — 51102,
[Iycte ey, e, ..., — MOCJIEIOBATEILHOCTh €JMHUYHBIX BEKTOPOB (CTaHIAPTHBIN Ga-
3uc) B ¢o. Onpenennm dyuxmuo f @ [—1,0) — ¢y caepyomum o6pa3om.

st € [—1,—3] nosoxkuMm f(t) := eq;
asat € [—1,—3]  monoxnm f(t) :=e + %62;
1) = BOOD
me,
ans t € [—+, —n%q] nosozkum f (1) == > 41 ep + %en.
t++
Tak Kak o, (t) = 17:_1 eCTh HellpepbiBHag Bo3pacTaloniad (pyHKNHud Ha
T ntl T on
npOMEXKyTKe [—+, —n%q] ua,(—+) =0, ozn(—n%rl) =1,10 f(—2)=er+es+---+

en1, f(—g) =e1+ e+ Fen1t+enn

1 1
f(t):61+€2+"'+6n—1+an(t)6n At e _E’_n+1 ’

Orciona caenyer, uro dbyukuus f wenpepbiBaa Ha [—1,0). Ecom € [y, 1o mis
t € [-2, ——L] umeem
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[Iycts e == (1,1,...,1,...) € ly, B € l. Badukcupyem ¢ > 0, u mycrhb
N := N(e) rakoBo, 4o Y ;- \ |G| < €. Paccmarpusast npocTpaHcTBO ¢p Kak HOA-
IIPOCTPAHCTBO MPOCTPAHCTBA o, OTydaeM: ecan t € | 0), TO JJIsi HEKOTOPOIO
n,n > N,

N
N+1°

[(F(8) = eB) =104+ 04+ 0+ (an(t) = 1B < Y 1] <e.
k=n

Orciona BoiTekaer, 410 f(t) —e w*-caabo CTPeMUTCst K HYJIIO HPH ¢, CTPEMSIIIEeMCsE
K HYyJIIO cleBa, T. e. f(t) o e= (1,1,...) € loo B TOmOMOTHN 0 (lo0, 7).
% —

TTosrozkum

| tf(t), ecmt e [-1,0),
F(t) = { 0, ecau t = 0.

Oyuknus F, orobpazatormas npomekyTok [0, 1] B 6aHaX0BO MPOCTPAHCTBO Co,
HelrpepbIBHA U
F(t)

w —tl_1>rOn_T =w —tl_lgl_f(t):eEloo\Co.

Takum obpasom, F' ecthb ciabo auddepennupyemas co-3HaIHas GyHKIIg, "cradbas
IpOM3BOIHALA " KOTOPOIl He JIEXKHUT B Cg.

3. fcuo, uTo Begkasa ciabo auddepennupyemas (pyHKnug ciabo HelmpepbIiBHA
MEbI uMeeM, OTHAKO:

(4) Eciu f : U — X cnabo muddepennupyeMa B TOUKe ly, TO OHA CUIBHO
HeIIPepbIBHA B 9TOi TOUKeE.

Jleticmeumenvho, nycrs &' € X* ut, = to+7, € U, upuaem 7, — 0. Paccmorpum
IIOCJIeIOBATEIBLHOCTD (2, ) U3 yrBepxkaenus (2). Mmeem:

f(to +7.) — f(to)

n

|20 f(tn) — 2’0 f(to)| = |2'(

OTKYJa CJIEeIYT, 9TO

M7l = [ (@7, |7l < Cll2']] 7l

1f(62) = SII < Clral = 0.

3ameuanue 1: [Tycrs, no-npexuemy, to € R, U := U(tg) — HeKoTOpasi OKpecT-
HOCTh TOUKM tg u f : U — X — dpyuknus co 3Hadenusimu B 0aHAXOBOM ITPOCTPAHCTBE
X. @yuxums f caaboro knacca C' B U, ecoim na U dbynkmus f ci1abo HenpephIBHO
nuddeperupyema, T. e. I Jodboro dgpyuknuonanta x’ € X* komnosumusa x’ o f
MMeeT HelpephIBHYI0 Npou3BoAnyio Ha U. @yukmusa [ (cmibHoro) kmacca C v U,
ecim Ha U dyukius f (cuwibHO) HempepblBHO auddepennupyema, T. e. f umMeer
HEMpPEePBIBHYIO0 MPOU3BOAHYI0 Ha U. AHAJOIHIHO ONpee/isaeTcsa HOHITUusS (yHKINT
caaboro min cunbHOro Kiaacca C™ mus n > 1. Jlemma 2.1 u3 2] (¢ gocTaTodso mpo-
CTHIM JIOKA3aTeJbCTBOM) yTBepzKaaer, 941o ecam n > 1 u  — obsacts B R nim B
C. to Beakag X-3naunas gyHKmusa caaboro xiacca C™ ectn dynkmus cuibHO-
ro kmacca C". Orciofa, KCTaTu, CjleiyeT COOTBETCTBYIONIEe YTBEPZKieHne o c1abo
aHAJINTHIeCKUX (DYHKIMX (CM. HAYATIO HAIeH 3aMeTKH).
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4. B sToM mocsieHeM paszesie Mbl IPABOIUM B [JIABHBIX HAOTIOIEHNS, CAeTaH-
Hble HAMH IIPH PACCMOTPEHHH BOIIPOCA, ¢ KOTOPOrO HAa4YaJIach 3Ta 3aMeTKa. Hamom-
HUM, 9TO OaHAXOBO IMPOCTPAHCTBO obOJasaeT cBoiictBoM Illypa, ecim Besgkas crabo
CXOJISTIASCS K HYJIO TOCTE0BATETBHOCTD €r0 3JIEMEHTOB CXOUTCS CHJIBHO (T. e. 1Mo
HOpMe M, eCTeCTBEHHO, K HYJI0; CM., Hanpumep, [1], cp. 37).

Teopema 1. Ilycts X — (BemecTBeHHOE) HaHAXOBO MPOCTPAHCTBO U U — HEKO-
TOpas OKpecTHOCTh Hyd B R. Creyiomnue yTBepzK IeHus PaBHOCHIbHBIL:

1) Beskas cnabo muddepenmupyemas dbyukiuus u3 R B X gBasgercs CHIBHO
jucdepenupyemoii Ha Beeit npsaMoii.

2) Ecom f : U — X — byukuus, cirabo auddepennupyemasi B Hyste, 10 f
cuibHO Juddepennupyema B HyJIe.

3) Ecin ty € R u X-3naunas dyukims f onpe/esieHa B HEKOTOPOl OKPECTHOCTH
TOUKH 1o U caabo quddepeHnupyemMa B 3TOil TOUKe, TO OHA CUJIBHO JuddepeHnupy-
eMa, B TOUKe {j.

4) Ecmu f — caabo muddepennupyemas dbyuknus u3 R B X, To st m060i
toukn t € R cymecrByer npejen

(L0 =)

h—0 h H
5) BanaxoBo mpocrpancrBo X obsagaer coitcrBom I1lypa.

Joxazameavcmeo. Vmmmukamun 5) = 3) = 2) = 1) = 4) oueBugubl. [Joka-
JKeM, 9T0 4) Bieder 5).

[Ipeamosioxkum, uTo mpocTpancTtBo X He obyagaer cBoiictBoM Illypa, um mycthb
() — mocsIeoBAaTeIBHOCTh BEKTOPOB 3 X, KOTOpasi ¢Jaab0 CXOAUTCS K HYJIIO, HO
HOPMBI KOTOPBIX HE MEHBINE €MHUIbI 1 OTPAHUIEHBI CBEPXY HEKOTOPOIl MOCTOSTHHO
C: C > ||zy|| > 1 nas Becex n € N. Pazobbem unrepsas (0, 1] Ha cuernoe 4uciio
MHTEPBAJIOB BHJIA (%H, %], n=1,2,.... dna gkaxgoro n = 1,2,... nocrpouM Ha
uHTepBaJe I, = (%H, %] Geckonedno udddepennupyeMyo GYHKIHO @, (ACHOIIb-
3ysl PUBEJEHHBIT Bbille npuMep (DYHKIMK ), KOTOpas PaBHA eJMHUIE B IEHTPE

. _2n+l . .
tn = ooy unTepBana I, u paBHa HyMO HA J€BOIl 1 NPaBOil TPETH STOrO MHTEPBA-
na I,. IpojoszkuB GyHKIUIO ©,, HA BCIO MPSAMYIO TOXK/IECTBEHHBIM HYJIEM, TOJIY 1M
C*®-dbyuknumo ¢, (coxpanum obosnauenne) uz R B [0, 1], Hocuress J, KoTOpoii ecrb

3aMKHYTBI{l IIEHTPAJIbHbIN OTPe30K HHTepBasa I, pa3GuTOro Ha TPH PABHBIX TACTH:
n+1/3 n+2/3
nn+1) nn+1)]

Omnpenennm, makouer, Gyaknuio [ kak X-3Ha49HYI0 (DYHKIUIO, PABHYIO HA, KAaZKJIOM
u3 narepsaion I, ynxmun (20) D" ¢, () 1, u Hymo Ha ocTaabHOl YacTH Hps-

n -

moii. Torja He cylecTByeT npejesia BeJTuIHHbI HWH B Touke t = 0 upu h,
CTPEMSIIIEMCST K HYJIIO, TIOCKOJIBKY w = (20)" V"3, w1 < ||z, < C.

Ocrajoch 3aMeTuTh, 9To (hyHKnusa f gaBiasgercsd caado muddepeHnupyemMoii B Kaxk-
JOII TOYKe.

Teopema 2. Ilycrs X — (BemectBenHoe) 6aHaxoBo mpocTpancTBo u U — HeKo-
Topast okpectHOCTh HYJist B R. Crieyromue yTBepK/IeHUsT PABHOCUIbHBIL:
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1) Beskasg caabo auddepennupyemas dyuknusa uz R 8 X umeer ciabywo mpo-
U3BOJHYIO B JII000# TOYKE HPSIMOii.

2) Ecmu f: U — X — dyuknus, crabo auddepeniupyeMast B HyJe, TO CyIIe-
crByer ciaabas npoussoanasg w-f'(0) (Kak smeMeHT mpocTpaHcTBa X ).

3) Ecim tg € R u X-3uaunast dbynkuus f omnpejgeseHa B HEKOTODPOl OKpecT-
HOCTHU TOYKH ty U cjaabo jauddepenniupyemMa B 9TOI TOYKe, TO CYHIECTBYeT cJiabas
npoussoguast w-f'(tp) (kax s;mement npocrpamcrsa X ).

4) BanaxoBo npoctpancTBo X ¢aab0 CeKBEHIMAIBHO ITOJHO.

Jlokasameavcmso. fcuno, aro yrBexkaenus 1) — 3) paBHOCHIBHBI MeXK/Ly CODOi 1
yrBepKienne 4) Biaeder, Hanpumep, 2). [Ipeanosozxkum, aro npocrpancrBo X He siB-
JISIETCsI ¢1a00 CEKBEHIMAIBHO HOJHBIM, U YCTh () — c1abast moc/ie10BaTe IbHOCTD
Koru, koropast cxoaures B Tonosioruu o( X ™) X*) k snementy " uz X**\ X. Mox-
HO CUHUTATD, YTO BCE PACCMATPUBAEMBIE 3JIEMEHTHI [I0 CBOUM HOPMAM He IPEBOCXO/ISAT
eINHUIIBI.

BBejieM HEKOTOpbIE 0603HAUEHU ST, KOTOPBIE MO3BOJIAT HAM YIIPOCTUTH H3JI0KEHHIEe
JoKazaTeabcTBa TeopeMbl. [lomokum e := 2" (€ X**) u e 1= 11, €9 := 19 — 21, €3 1=
Ty — Tye.oy €y 1= Ty — Tp_1,...; (n > 1). Torma e; +ex+ -+ e, = x, u psj
> ey cnabo* cxomurest B X k e. Onpegesum dyuknuo f : [—1,0) — X no
dbopmystam, coBepieHHO aHaTornaHbIM dhopmyiam u3 [Ipumvepa 2, nonaras f(t) = e;
s t € [—1,—1/2] m f(t) == S0t ex + an(t)e, mrat € [ L] (n > 1), tae

n’ n+l
t4 2
an(t) == — . Baduxcupyem 2’ € X" u sarem € > 0. Ilycrb N := N(e)
n+1 n

TaKOBO, YTO 1pu Bcex n > N umeeMm
€ €
|(x’,a:n+1—a:n)|<§ u |(xn—e,x'>\<§.

Ecmu t € [— 0), To mas mekoroporo n,n > N,

1
N+1?

[(F(8) = e.a’) = 1Y en + ansa(t)enss — e,a)|

k=1
€
2

Orcrona BbiTekaer, uro f(t) —e w*-caabo cTpeMuTCs K HYJIO 1PH ¢, CTPEMSAIIEMCsE
K HyJIIO cleBa, T. e. f(f) €€ X** B Tonosorun o(X**, X*).
t—0—

€
= [{n = €,2) + {1 () (Tn1 = @), )| < 5 4 F anial(t) < e

[Toxoxkum
tf(t), ecmn t € [—1,0),
F(t) =< —tf(-t), ecomt € (0.1],
0, ecan t = 0.

®yuknus F, orobpazatoras npoMexyTok [—1, 1] B 6aHaxoBo mpocTpancTBo X,
HEeIpepbIBHA U
o(X™, X )—hmT =o(X™, X )—11r%f(t) =e€c X™\X.
—

t—0
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Takum obpaszom, F' ectb ciabo muddepennupyemas B Hysne X-3HadHas (YHKIHS,
"cnabas npou3BogHag"KoTopoil He exur B X.
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