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1 Ââåäåíèå

Òåîðèÿ ìàëûõ óêëîíåíèé äëÿ íîðì ãàóññîâñêèõ ïðîöåññîâ èíòåíñèâíî ðàçâèâàåòñÿ â
ïîñëåäíèå äåñÿòèëåòèÿ (ñì., íàïðèìåð, îáçîðû [1, 2]; áîëåå ïîçäíèå ññûëêè ìîæíî íàéòè
íà ñàéòå [3]). Íàèáîëåå ðàçðàáîòàííûì çäåñü ÿâëÿåòñÿ ñëó÷àé L2-íîðìû. Ïóñòü X(t),
0 ≤ t ≤ 1, � ãàóññîâñêèé ïðîöåññ ñ íóëåâûì ñðåäíèì è êîâàðèàöèåé G(t, s) = EX(t)X(s),
t, s ∈ [0, 1]. Ïîëîæèì

∥∥X∥∥ =

 1∫
0

X2(t) dt

1/2

.

Íàñ èíòåðåñóåò òî÷íàÿ àñèìïòîòèêà ïðè ε → 0 âåëè÷èíû P{‖X‖ < ε}. Íåÿâíîå ðåøå-
íèå çàäà÷è áûëî ïîëó÷åíî â [4]. Çàòåì ìíîãèå àâòîðû, íà÷èíàÿ ñ [5, 6, 7], çàíèìàëèñü
óïðîùåíèåì âûðàæåíèÿ äëÿ âåðîÿòíîñòè ìàëûõ óêëîíåíèé ïðè ðàçëè÷íûõ ïðåäïîëî-
æåíèÿõ.

Â ñèëó ðàçëîæåíèÿ Êàðõóíåíà�Ëîýâà èìååò ìåñòî ðàâåíñòâî ïî ðàñïðåäåëåíèþ

∥∥X∥∥2 d
=
∞∑
k=1

λkξ
2
k,

ãäå ξk, k ∈ N, � íåçàâèñèìûå ñòàíäàðòíûå ãàóññîâñêèå ñ.â., à λk > 0, k ∈ N,
∑
λk <∞,

ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè èíòåãðàëüíîãî îïåðàòîðà ñ ÿäðîì G(s, t). Òàêèì
îáðàçîì, èñõîäíàÿ çàäà÷à ñâîäèòñÿ ê îïèñàíèþ ïîâåäåíèÿ ïðè ε → 0 âåðîÿòíîñòè
P{
∑∞

k=1 λkξ
2
k ≤ ε2}. Îñíîâíàÿ òðóäíîñòü çàêëþ÷àåòñÿ â òîì, ÷òî ÿâíûå ôîðìóëû äëÿ

ñîáñòâåííûõ çíà÷åíèé èçâåñòíû ëèøü äëÿ íåìíîãèõ ïðîöåññîâ (ñì. [8, 9]). Åñëè æå
èçâåñòíà äîñòàòî÷íî òî÷íàÿ àñèìïòîòèêà λn, òî àñèìïòîòèêà âåðîÿòíîñòè ìàëûõ óêëî-
íåíèé ñ òî÷íîñòüþ äî êîíñòàíòû ìîæåò áûòü ïîëó÷åíà ñ ïîìîùüþ ïðèíöèïà ñðàâíåíèÿ
Âåíáî Ëè:

Ïðåäëîæåíèå 1. ([8, 10]) Ïóñòü ξk � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñòàíäàðò-

íûõ ãàóññîâñêèõ ñ.â. , à λk è λ̃k � äâå ïîëîæèòåëüíûå íåâîçðàñòàþùèå ñóììèðóåìûå
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ïîñëåäîâàòåëüíîñòè òàêèå, ÷òî
∏
λ̃k/λk <∞. Òîãäà

P
{ ∞∑
k=1

λkξ
2
k < ε2

}
∼ P

{ ∞∑
k=1

λ̃kξ
2
k < ε2

}
·

(
∞∏
k=1

λ̃k
λk

)1/2

, ε→ 0. (1)

Â ðàáîòàõ [11], [12] áûë âûäåëåí êëàññ ãðèíîâñêèõ ãàóññîâñêèõ ïðîöåññîâ, äëÿ êî-
òîðûõ G(s, t) åñòü ôóíêöèÿ Ãðèíà îáûêíîâåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà. Ýòî
ïîçâîëÿåò ïðèìåíèòü äëÿ íàõîæäåíèÿ àñèìïòîòèêè λk ìåòîäû ñïåêòðàëüíîé òåîðèè
ÎÄÎ, âîñõîäÿùèå ê êëàññè÷åñêèì ðàáîòàì Äæ. Áèðêãîôà [13], [14] è ß. Òàìàðêèíà [15],
[16] (äàëüíåéøåå ðàçâèòèå ýòîé òåîðèè ìîæíî íàéòè â [17]).

Ïîäõîä, ðàçâèòûé â [11], [12], ïîçâîëèë ïîëó÷èòü â [18], [19] è [20] òî÷íûå àñèìïòî-
òèêè ìàëûõ óêëîíåíèé äëÿ áîëüøîãî êîëè÷åñòâà êîíêðåòíûõ ïðîöåññîâ â L2-íîðìå ñ
ðàçëè÷íûìè âåñàìè (ñì. òàêæå [21], [22], [23]).

Â ðàáîòå [24] ðàññìàòðèâàëàñü çàäà÷à î âîçìóùåíèè ñïåêòðà êîâàðèàöèîííîãî îïåðà-
òîðà ïðè êîíå÷íîìåðíîì âîçìóùåíèè ãàóññîâñêîãî ïðîöåññà. Áûëî ïîêàçàíî, ÷òî åñëè
âîçìóùåíèå íå ÿâëÿåòñÿ �êðèòè÷åñêèì�, òî ñîáñòâåííûå ÷èñëà λ̃k âîçìóùåííîãî îïå-
ðàòîðà àñèìïòîòè÷åñêè ïðèæèìàþòñÿ ê íåâîçìóùåííûì ñîáñòâåííûì ÷èñëàì, ïðè÷åì∏
λ̃k/λk <∞. Äëÿ áîëåå óçêîãî êëàññà îïåðàòîðîâ àíàëîãè÷íûé ðåçóëüòàò áûë ïîëó÷åí

â [25].
Ìû áóäåì ðàññìàòðèâàòü çàäà÷ó îá àñèìïòîòèêàõ ñîáñòâåííûõ ÷èñåë äëÿ èíòåãðàëü-

íûõ îïåðàòîðîâ ñ ÿäðàìè

G1(s, t) = G(s, t)− h1(s)h1(t), (2)

G2(s, t) = G(s, t)− h2(s)h2(t), (3)

G3(s, t) = G(s, t)− h1(s)h1(t)− h2(s)h2(t), (4)

ãäå G(s, t) = min(s, t)− st åñòü ôóíêöèÿ Ãðèíà êðàåâîé çàäà÷è

Lu := −u′′ = λu, u(0) = u(1) = 0,

è

h1(t) = ϕ(Φ−1(t)), h2(t) = ϕ(Φ−1(t))
Φ−1(t)√

2
,

ãäå

ϕ(s) =
1√
2π

exp
(
−s

2

2

)
, Φ(t) =

t∫
−∞

ϕ(s) ds

� ïëîòíîñòü è ôóíêöèÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ ñîîòâåòñòâåííî.
Êàê èçâåñòíî, cîáñòâåííûå ôóíêöèè è ñîáñòâåííûå ÷èñëà èíòåãðàëüíîãî îïåðàòîðà

ñ ÿäðîì G(s, t) èìåþò âèä

yk(t) = sin (πkt) , λk = (πk)−2.

Ïóñòü λ
(i)
k � ñîáñòâåííûå ÷èñëà èíòåãðàëüíûõ îïåðàòîðîâ ñ ÿäðàìè Gi(s, t), i = 1, 2, 3;

k ∈ N. Â ñëó÷àÿõ (2) è (3) èìååòñÿ îäíîìåðíîå âîçìóùåíèå îïåðàòîðà ñ ÿäðîì G(s, t),
ïîýòîìó, ñîãëàñíî ìèíèìàêñèìàëüíîìó ïðèíöèïó [26, �9.2], ñîáñòâåííûå ÷èñëà âîç-
ìóùåííîãî è íåâîçìóùåííîãî îïåðàòîðîâ ïåðåìåæàþòñÿ. Çàìåòèì, ÷òî îáà âîçìóùå-
íèÿ h1 è h2 ÿâëÿþòñÿ �êðèòè÷åñêèìè� (â òåðìèíàõ íàøåé çàäà÷è ýòî îçíà÷àåò, ÷òî∫
hi(t) (Lhi) (t) dt = 1, i = 1, 2). Ïîýòîìó ñîîòíîøåíèå

∏
λ
(i)
k /λk < ∞ íå èìååò ìå-

ñòà. Áîëåå òîãî, ïîñêîëüêó Lhi 6∈ L2[0, 1], ðåçóëüòàò òåîðåìû 2 èç ñòàòüè [24] òàêæå
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íå ïðèìåíèì. Ìû ïîñòðîèì àñèìïòîòèêó ñîáñòâåííûõ ÷èñåë âîçìóùåííûõ îïåðàòî-
ðîâ (2)�(4), èñïîëüçóÿ ÿâíûå ôîðìóëû äëÿ îïðåäåëèòåëåé Ôðåäãîëüìà, ïîëó÷åííûå

â [27] è [24]. Òàêèì îáðàçîì ìîæíî ïîñòðîèòü ðàçëîæåíèå λ
(i)
k â àñèìïòîòè÷åñêèé ðÿä,

íî ìû îãðàíè÷èìñÿ ïîñòðîåíèåì òàêîãî ïðèáëèæåíèÿ λ̃
(i)
k , äëÿ êîòîðîãî

∏
λ̃
(i)
k /λ

(i)
k <∞.

Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíÿþòñÿ ê çàäà÷å î ìàëûõ óêëîíåíèÿõ â L2[0, 1] äëÿ
ãàóññîâñêèõ ïðîöåññîâX(1)�X(3) ñ íóëåâûì ñðåäíèì, êîâàðèàöèîííûå ôóíêöèè êîòîðûõ
èìåþò âèä (2)�(4) ñîîòâåòñòâåííî. Ýòè ïðîöåññû âîçíèêàþò êàê ïðåäåëüíûå â çàäà÷å
î ïîñòðîåíèè êðèòåðèåâ ñîãëàñèÿ òèïà ω2 äëÿ ïðîâåðêè âûáîðêè íà íîðìàëüíîñòü â
ñëó÷àå, êîãäà ìàòåìàòè÷åñêîå îæèäàíèå è/èëè äèñïåðñèÿ îöåíèâàþòñÿ ïî âûáîðêå. Â
ðàáîòå Ì. Êàöà, Äæ. Êèôåðà è Äæ. Âîëüôîâèöà [27] äîêàçàíà ñõîäèìîñòü ýìïèðè-
÷åñêèõ ïðîöåññîâ ñ îöåíåííûìè ïàðàìåòðàìè ê ïðåäåëüíûì â ñìûñëå êîíå÷íîìåðíûõ
ðàñïðåäåëåíèé. Àíàëîãè÷íûå ðåçóëüòàòû áûëè íåçàâèñèìî ïîëó÷åíû È.È. Ãèõìàíîì
[28], [29]. Âïîñëåäñòâèè â ñòàòüå Äæ. Äóðáèíà [30] áûëà ñòðîãî äîêàçàíà ñëàáàÿ ñõîäè-
ìîñòü ê ïðåäåëüíîìó ïðîöåññó, à òàêæå îïèñàíû ïðåäåëüíûå ïðîöåññû äëÿ çíà÷èòåëüíî
áîëåå øèðîêîãî êëàññà ýìïèðè÷åñêèõ ïðîöåññîâ.

Çàìåòèì, ÷òî ôóíêöèÿ h1(t) ÷åòíàÿ (çäåñü è â äàëüíåéøåì ÷åòíîñòü ïîíèìàåòñÿ
îòíîñèòåëüíî ñåðåäèíû îòðåçêà [0, 1]). Ïîýòîìó ïðè âîçìóùåíèè (2) íå÷åòíûå ñîáñòâåí-
íûå ôóíêöèè è ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ÷èñëà íå ìåíÿþòñÿ. Äëÿ ïðîñòîòû ìû
áóäåì îáîçíà÷àòü èõ λ

(1)
2k = λ2k, k ∈ N, íåñìîòðÿ íà òî, ÷òî ïðè ýòîì íóìåðàöèÿ â ïî-

ðÿäêå óáûâàíèÿ ìîæåò áûòü íàðóøåíà. Àíàëîãè÷íî, â ñèëó íå÷åòíîñòè ôóíêöèè h2(t)
ïðè âîçìóùåíèè (3) ÷åòíûå ñîáñòâåííûå ôóíêöèè è ñîîòâåòñòâóþùèå èì ñîáñòâåííûå

÷èñëà íå ìåíÿþòñÿ, áóäåì îáîçíà÷àòü èõ λ
(2)
2k−1 = λ2k−1, k ∈ N. Êðîìå òîãî, ëåãêî âèäåòü,

÷òî λ
(3)
2k = λ

(1)
2k è λ

(3)
2k−1 = λ

(2)
2k−1. Îòìåòèì åù¼, ÷òî êâàäðàòè÷íàÿ ôîðìà âîçìóùåííûõ

îïåðàòîðîâ (2)�(4) íå ïðåâîñõîäèò êâàäðàòè÷íîé ôîðìû èñõîäíîãî îïåðàòîðà. Ïîýòîìó

â ñèëó ìèíèìàêñèìàëüíîãî ïðèíöèïà λ
(1)
2k−1 ≤ λ2k−1 è λ

(2)
2k ≤ λ2k.

Â ñòàòüå [27] âûïèñàíû óðàâíåíèÿ äëÿ ñîáñòâåííûõ ÷èñåë èíòåãðàëüíîãî îïåðàòî-
ðà ñ ÿäðîì G3(s, t) (ñì. òàêæå [24, ïðèìåð 5]). Ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé ýòèõ
óðàâíåíèé ïîëó÷àåì, ÷òî

ω
(1)
2k−1 :=

(
λ
(1)
2k−1

)−1/2
, ω

(2)
2k :=

(
λ
(2)
2k

)−1/2
ÿâëÿþòñÿ êîðíÿìè óðàâíåíèé

D1(ω) : =
2 sin

(
ω
2

)
ω

· C21 +
cos
(
ω
2

)
ω2

−
4 cos

(
ω
2

)
ω

· I1 = 0, (5)

D2(ω) : = −
cos
(
ω
2

)
ω

· C22 +
3 sin

(
ω
2

)
2ω2

−
2 sin

(
ω
2

)
ω

· I2 = 0, (6)

ñîîòâåòñòâåííî, ãäå

C1 =

1
2∫

0

Φ−1(t) cos(ωt) dt, C2 =

1
2∫

0

(
Φ−1(t)

)2
cos(ωt) dt,

I1 =

1
2∫

0

t∫
0

Φ−1(t)Φ−1(s) sin(ωt) cos(ωs) ds dt,

I2 =

1
2∫

0

t∫
0

(
Φ−1(t)

)2 (
Φ−1(s)

)2
sin(ωt) cos(ωs) ds dt.
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Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â �2 âû÷èñëÿþòñÿ àñèìïòîòèêè èíòåãðà-
ëîâ ñ ìåäëåííî ìåíÿþùèìèñÿ ôóíêöèÿìè (ñì. îïðåäåëåíèå â Ïðèëîæåíèè), ÷àñòíûì
ñëó÷àåì êîòîðûõ ÿâëÿþòñÿ èíòåãðàëû C1, C2, I1 è I2. Äëÿ ýòèõ èíòåãðàëîâ ñòðîèò-
ñÿ ïîëíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå ñ îöåíêîé îñòàòêà. Â �3 ïîëó÷åíû àñèìïòîòè-
÷åñêèå óðàâíåíèÿ äëÿ êîðíåé ω

(1)
2k−1 è ω

(2)
2k è íàéäåíà èõ àñèìïòîòèêà (ôîðìóëû (24)

è (25)). Â ��4 è 5 ïîëó÷åííûå ðåçóëüòàòû ïðèìåíÿþòñÿ ê çàäà÷å î ìàëûõ óêëîíåíèÿõ
äëÿ ïðîöåññîâ X(1)�X(3) (ôîðìóëû (29), (35) è (36)). Â Ïðèëîæåíèå âûíåñåíî äîêàçà-
òåëüñòâî âñïîìîãàòåëüíîé ëåììû îá îïðåäåëèòåëÿõ Ôðåäãîëüìà, à òàêæå íåêîòîðûõ
ñâîéñòâ Φ−1(t).

Âñå ïîëîæèòåëüíûå êîíñòàíòû, çíà÷åíèÿ êîòîðûõ íàì íå âàæíû, îáîçíà÷àþòñÿ áóê-
âîé C, à âåëè÷èíû, îò êîòîðûõ ýòè êîíñòàíòû çàâèñÿò, óêàçûâàþòñÿ â ñêîáêàõ.

2 Àñèìïòîòèêà èíòåãðàëîâ

Ïóñòü ôóíêöèÿ F (t) çàäàíà íà ïîëóèíòåðâàëå
(
0, 1

2

]
, F
(
1
2

)
= 0, è ôóíêöèè F0(t) = F (t),

Fn+1(t) = tF ′n(t), ÿâëÿþòñÿ ìåäëåííî ìåíÿþùèìèñÿ â íóëå. Ââåä¼ì îáîçíà÷åíèå:∫
SN (x)

FM dµN :=

x∫
1

. . .

xN∫
1

FM

(xN+1

ω

)dxN+1

xN+1

. . .
dx2
x2

.

Òåîðåìà 1. Ïðè ω →∞ èìååò ìåñòî ôîðìóëà:

C :=

1
2∫

0

F (t) cos(ωt) dt =
N∑
k=1

ccosk
Fk(

1
ω

)

ω
+Rcos

N , (7)

ãäå

ccosk = −
∞∫
0

sin(x)

x

lnk−1(x)

(k − 1)!
dx, k ≥ 1,

Rcos
N = −

ω
2∫

0

sin(x1)

x1

∫
SN (x1)

FN+1 dµN
dx1
ω

+O

(
LN(ω)

ω2

)
, (8)

à LN(ω) � íåêîòîðàÿ ìåäëåííî ìåíÿþùàÿñÿ ôóíêöèÿ ïðè ω → ∞. Áîëåå òîãî, âåðíà

îöåíêà:

|Rcos
N | ≤ C(F,N) ·

∣∣FN+1(
1
ω

)
∣∣

ω
. (9)

Äîêàçàòåëüñòâî. Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì

1
2∫

0

F (t) cos(ωt) dt = −

ω
2∫

0

F1

(x
ω

) sin(x)

x

dx

ω
.

Â äàëüíåéøåì íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ôîðìóëà ïðåäñòàâëåíèÿ ôóíêöèè FM :

FM

(x
ω

)
= FM

(
1

ω

)
+

x∫
1

FM+1

( y
ω

) dy
y
, ∀M ≥ 0. (10)
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Âîñïîëüçóåìñÿ ôîðìóëîé (10) ïðè M = 1, ïîëó÷èì

C = −
∞∫
0

sin(x)

x
dx ·

F1(
1
ω

)

ω
− 1

ω

ω
2∫

0

x∫
1

F2

( y
ω

) dy
y

sin(x)

x
dx

︸ ︷︷ ︸
=R1

+O

(
1

ω2

)
,

÷òî äà¼ò (7) äëÿ N = 1. Èíòåãðèðóÿ ïî ÷àñòÿì R1, ïîëó÷èì

R1 =
1− cos(x)

x
·

x∫
1

F2

( y
ω

) dy
y

∣∣∣∣x=ω
2

x=0

−

ω
2∫

0

1− cos(x)

x2
F2

(x
ω

)
dx+ (11)

+

ω
2∫

0

1− cos(x)

x2

x∫
1

F2

( y
ω

) dy

y
dx.

Äëÿ îöåíêè âîçíèêàþùèõ èíòåãðàëîâ íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå:

Ïðåäëîæåíèå 2. (ñì. [31, ãë.1, ñ.18]) Ïóñòü F(t) > 0 � ìåäëåííî ìåíÿþùàÿñÿ ôóíê-

öèÿ â íóëå, Òîãäà äëÿ ëþáîãî α > 0 ñóùåñòâóåò ε > 0 òàêîå, ÷òî F(t)tα� âîçðàñòàþ-

ùàÿ ôóíêöèÿ, à F(t)t−α� óáûâàþùàÿ ôóíêöèÿ â ε-îêðåñòíîñòè íóëÿ.

Ïóñòü α > 0, è ε òàêîâî, ÷òî âåðíî ïðåäëîæåíèå 2. Òîãäà ïðè áîëüøèõ ω (1/ω < ε)
èìååì îöåíêó∣∣∣F( y

ω

)∣∣∣ ( y
ω

)α
≤
∣∣∣∣F( 1

ω

)∣∣∣∣ω−α ïðè y ∈ (0, 1], (12)∣∣∣F( y
ω

)∣∣∣ (ω
y

)α
≤
∣∣∣∣F( 1

ω

)∣∣∣∣ωα ïðè y ∈ (1, εω] . (13)

Íàêîíåö, ââèäó (13) è íåïðåðûâíîñòè F ïîëó÷àåì∣∣∣F( y
ω

) ∣∣∣(ω
y

)α
≤ C(α, F )

∣∣∣F(εω
ω

)∣∣∣ ( ω
εω

)α
≤

≤ C(α, F )
∣∣∣F( 1

ω

)∣∣∣ωα ïðè y ∈
[
εω,

ω

2

]
. (14)

Îöåíèì
x∫
1

F2

(
y
ω

)
dy
y
. Ïðè x ∈ (0, 1], èñïîëüçóÿ îöåíêó (12) äëÿ F = F2, ïîëó÷àåì

∣∣∣∣∣
x∫

1

F2

( y
ω

) dy
y

∣∣∣∣∣ ≤ ωα
x∫

1

∣∣∣F2

( y
ω

)∣∣∣ ( y
ω

)α dy

y1+α
≤
∣∣∣F2

( 1

ω

)∣∣∣ |x−α − 1|
α

. (15)

Ïðè x ∈
[
1, ω

2

]
, èñïîëüçóÿ îöåíêè (13) è (14), èìååì∣∣∣∣∣

x∫
1

F2

( y
ω

) dy
y

∣∣∣∣∣ ≤ ω−α
x∫

1

∣∣∣F2

( y
ω

)∣∣∣ (ω
y

)α dy

y1−α
≤ C(α, F )

∣∣∣∣F2

( 1

ω

)∣∣∣∣ |xα − 1|
α

. (16)

Ïîäñòàâëÿÿ îöåíêè (15) è (16) ïðè α = 1/2 â âûðàæåíèå (11) äëÿ R1, ïîëó÷èì îöåíêó (9)
ïðè N = 1. Ïðè N > 1 äåéñòâóåì ïî èíäóêöèè: ïîäñòàâëÿåì (10) ñ M = N â (8) è
îöåíèâàåì îñòàòîê ñ ïîìîùüþ ïðåäëîæåíèÿ 2. �
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Òåîðåìà 2. Ïðè ω →∞ èìååò ìåñòî ôîðìóëà:

S :=

1
2∫

0

F (t) sin(ωt) dt =
F ( 1

ω
)

ω
+

N∑
k=1

csink
Fk(

1
ω

)

ω
+Rsin

N ,

ãäå

csink = −
1∫

0

1− cos(x)

x

lnk−1(x)

(k − 1)!
dx+

∞∫
1

cos(x)

x

lnk−1(x)

(k − 1)!
dx, k ≥ 1,

Rsin
N = −

1∫
0

1− cos(x1)

x1

∫
SN (x1)

FN+1 dµN
dx1
ω

+

ω
2∫

1

cos(x1)

x1

∫
SN (x1)

FN+1 dµN
dx1
ω

+O

(
LN(ω)

ω2

)
,

à LN(ω) � íåêîòîðàÿ ìåäëåííî ìåíÿþùàÿñÿ ôóíêöèÿ ïðè ω →∞.

Áîëåå òîãî, ñïðàâåäëèâà îöåíêà:

|Rsin
N | ≤ C(F,N) ·

|FN+1(
1
ω

)|
ω

.

Äîêàçàòåëüñòâî àíàëîãè÷íî òåîðåìå 1. �

Çàìå÷àíèå 1. Ê èíòåãðàëàì C è S ñâîäÿòñÿ òàêæå èíòåãðàëû

1
2∫

0

τ∫
0

F (t)F (τ) sin(ωt) sin(ωτ) dt dτ =
S2

2
,

1
2∫

0

τ∫
0

F (t)F (τ) cos(ωt) cos(ωτ) dt dτ =
C2

2
.

Òåîðåìà 3.

I :=

1
2∫

0

τ∫
0

F (t)F (τ) sin(ωτ) cos(ωt) dt dτ =

=
1

2ω

1
2∫

0

F 2(t) dt+
N∑
n=2

∑
k+m=n
k,m≥1

ak,m
Fk(

1
ω

)Fm( 1
ω

)

ω2
+Rsc

N , (17)

ãäå

ak,m = −
∞∫
0

sin(x)

x

lnk−1(x)

(k − 1)!

∞∫
x

cos(y)

y

lnm−1(y)

(m− 1)!
dy dx

è ñïðàâåäëèâà îöåíêà:

|Rsc
N | ≤ C(F,N)

∑
i+j=N+1
i,j≥1

|Fi( 1
ω

)Fj(
1
ω

)|
ω2

. (18)
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Äîêàçàòåëüñòâî. Ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ è èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó-
÷àåì

I =
1

2ω

1
2∫

0

F 2(t) dt− 1

ω2

ω
2∫

0

F1

(x
ω

) sin(x)

x

ω
2∫

x

F1

( y
ω

) cos(y)

y
dy dx.

Âîñïîëüçóåìñÿ ïðåäñòàâëåíèåì (10) ïðè M = 1:

ω
2∫

0

F1

(x
ω

) sin(x)

x

ω
2∫

x

F1

( y
ω

) cos(y)

y
dy dx = F 2

1

( 1

ω

) ω
2∫

0

sin(x)

x

ω
2∫

x

cos(y)

y
dy dx+

+ F1

( 1

ω

) ω
2∫

0

sin(x)

x

ω
2∫

x

cos(y)

y

y∫
1

F2

( z
ω

) dz
z
dy dx

︸ ︷︷ ︸
=R11

+

+

ω
2∫

0

sin(x)

x

x∫
1

F2

( z
ω

) dz
z

ω
2∫

x

F1

( y
ω

) cos(y)

y
dy dx

︸ ︷︷ ︸
=R12

. (19)

Íåñëîæíî ïîíÿòü, ÷òî

ω
2∫

0

sin(x)

x

ω
2∫

x

cos(y)

y
dy dx =

∞∫
0

sin(x)

x

∞∫
x

cos(y)

y
dy dx+O

( 1

ω

)
.

Òàêèì îáðàçîì, ïîëó÷åíà ôîðìóëà (17) ïðè N = 2.
Äëÿ îöåíêè èíòåãðàëà R11 ðàçîáúåì åãî íà òðè ñëàãàåìûõ

R11 =

1∫
0

sin(x)

x

1∫
x

cos(y)

y

y∫
1

F2

( z
ω

) dz
z
dy dx+

1∫
0

sin(x)

x

ω
2∫

1

cos(y)

y

y∫
1

F2

( z
ω

) dz
z
dy dx+

+

ω
2∫

1

sin(x)

x

ω
2∫

x

cos(y)

y

y∫
1

F2

( z
ω

) dz
z
dy dx =: R111 +R112 +R113.

Çàìåòèì, ÷òî ïîäûíòåãðàëüíîå âûðàæåíèå â R111 çíàêîïîñòîÿííî. Èñïîëüçóÿ ñîîò-
íîøåíèå (15), à òàêæå íåðàâåíñòâà

sin(x)

x
≤ 1, cos(y) ≤ 1,

ïîëó÷èì îöåíêó

|R111| ≤
∣∣∣F2

( 1

ω

)∣∣∣ 1∫
0

1∫
x

y−α − 1

αy
dy dx = C(α) ·

∣∣∣F2

( 1

ω

)∣∣∣.
7



Äàëåå,

|R112| ≤

∣∣∣∣∣
ω
2∫

1

cos(y)

y

y∫
1

F2

( z
ω

) dz
z
dy dx

∣∣∣∣∣.
Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì

|R112| ≤

∣∣∣∣∣1 + sin(y)

y

y∫
1

F2

( z
ω

) dz
z

∣∣∣∣y=ω
2

y=1

−

ω
2∫

1

1 + sin(y)

y2

(
F2

( y
ω

)
−

y∫
1

F2

( z
ω

) dz
z

)
dy

∣∣∣∣∣.
Ïîäñòàíîâêà y = 1 îáíóëÿåòñÿ, ïîäñòàíîâêà y = ω

2
ñ ó÷åòîì (16) åñòü O(|F2

(
1
ω

)
| ·ωα−1), à

ïîëó÷åííûé èíòåãðàë, èñïîëüçóÿ íåðàâåíñòâà (16), (13) è (14) äëÿ F = F2, îöåíèì òàê:∣∣∣∣∣
ω
2∫

1

1 + sin(y)

y2

(
F2

( y
ω

)
−

y∫
1

F2

( z
ω

) dz
z

)
dy

∣∣∣∣∣ ≤ C(α, F )
∣∣∣F2

( 1

ω

)∣∣∣ ·
ω
2∫

1

1 + sin(y)

y2−α
dy ≤

≤ C(α, F )
∣∣∣F2

( 1

ω

)∣∣∣.
Ðàññìîòðèì R113. Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷àåì

R113 =
1− cos(x)

x

ω
2∫

x

cos(y)

y

y∫
1

F2

( z
ω

) dz
z
dy

∣∣∣∣x=ω
2

x=1

+

+

ω
2∫

1

1− cos(x)

x2

ω
2∫

x

cos(y)

y

y∫
1

F2

( z
ω

) dz
z
dy dx+

ω
2∫

1

(
1− cos(x)

)
cos(x)

x2

x∫
1

F2

( z
ω

) dz
z
dx.

Ïîäñòàíîâêà x = ω
2
îáíóëÿåòñÿ, ïîäñòàíîâêà x = 1 îöåíèâàåòñÿ ÷åðåç R112. Ïîñëåäíèé

èíòåãðàë ñ ïîìîùüþ (16) îöåíèâàåòñÿ ÷åðåç C(α, F ) ·
∣∣F2

(
1
ω

)∣∣. Âî âòîðîì ñëàãàåìîì,
èíòåãðèðóÿ ïî ÷àñòÿì ïî ïåðåìåííîé y, ïîëó÷èì

ω
2∫

1

1− cos(x)

x2

ω
2∫

x

cos(y)

y

y∫
1

F2

( z
ω

) dz
z
dy dx =

=

ω
2∫

1

1− cos(x)

x2

[
1 + sin(y)

y

y∫
1

F2

( z
ω

) dz
z

∣∣∣∣y=ω
2

y=x

+

+

ω
2∫

x

1 + sin(y)

y2

( y∫
1

F2

( z
ω

) dz
z
− F2

( y
ω

))
dy

]
dx.

Îöåíèâàÿ àíàëîãè÷íî èíòåãðàëó R112, ïîëó÷àåì îêîí÷àòåëüíî

|R11| ≤ C(α, F )
∣∣∣F2

( 1

ω

)∣∣∣.
Àíàëîãè÷íî îöåíèì R12. Ïîëàãàÿ α = 1/2, ïîëó÷àåì îöåíêó (18) äëÿ N = 2. Ïðè N > 2
äåéñòâóåì ïî èíäóêöèè: ïîäñòàâëÿåì (10) ïðè M = N â (19) è îöåíèâàåì îñòàòêè
àíàëîãè÷íûì îáðàçîì ñ ïîìîùüþ ïðåäëîæåíèÿ 2. �
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3 Àñèìïòîòèêà ñîáñòâåííûõ ÷èñåë

Îáîçíà÷èì äëÿ óäîáñòâà F0(x) := Φ−1(x), Fi(x) := xF ′i−1(x), è çàìåòèì, ÷òî, ñîãëàñíî
òåîðåìå 5 ôóíêöèè F = F0 è F = F2

0 óäîâëåòâîðÿþò óñëîâèÿì, ñôîðìóëèðîâàííûì â
íà÷àëå �2. Çàïèøåì àñèìïòîòèêè èíòåãðàëîâ C1, C2, I1, I2, èñïîëüçóÿ ôîðìóëû (7) è (17)
ïðè N = 2 (êàê áóäåò ÿñíî èç ñëåäóþùåãî ïàðàãðàôà, òàêàÿ òî÷íîñòü áóäåò äîñòàòî÷íà
äëÿ íàøèõ öåëåé):

C1 = −π
2

F1

ω
+
γπ

2

F2

ω
+O

(
|F3|
ω

)
,

C2 = −πF0F1

ω
+ γπ

F0F2 + F2
1

ω
+O

(
|F0F3|+ |F1F2|

ω

)
, (20)

I1 =
1

4ω
+
π3

8

F1F2

ω2
+O

(
|F1F3|+ F2

2

ω2

)
,

I2 =
3

4ω
+
π3

2

F2
0F1F2 + F0F3

1

ω2
+O

(
|F2

0F1F3|+ |F0F2
1F2|

ω2

)
.

Çäåñü γ � êîíñòàíòà Ýéëåðà, è ó âñåõ Fi àðãóìåíò ðàâåí 1
ω
. Ïîäñòàâëÿÿ (20) â ôîðìó-

ëû (5) è (6) äëÿ D1(ω) è D2(ω), ïîëó÷àåì

D1(ω) =
π2

2ω3
F2

1

[
sin
(ω

2

)
− 2γ sin

(ω
2

) F2

F1

− π cos
(ω

2

) F2

F1

+O

(
|F3F1|+ F2

2

F2
1

)]
;

D2(ω) =
π2

ω3
(F0F1)

2

[
− cos

(ω
2

)
+ 2γ cos

(ω
2

) F0F2 + F2
1

F0F1

− π sin
(ω

2

) F0F2 + F2
1

F0F1

+

+O

(
(F0F2)

2 + F4
1 + |F2

0F1F3|+ |F0F2
1F2|

F2
0F2

1

)]
. (21)

Ðàññìîòðèì óðàâíåíèå íà ω
(1)
2k−1. Ïîñëå ïðåîáðàçîâàíèé îíî ïðèìåò âèä

tg
(ω

2

)
= π
F2

F1

+O

(
|F3F1|+ F2

2

F2
1

)
, (22)

ãäå àðãóìåíò âñåõ Fi ðàâåí 1
ω
. Ïîñêîëüêó ïðàâàÿ ÷àñòü ñòðåìèòñÿ ê íóëþ ïðè ω →∞, â

îêðåñòíîñòè òî÷êè 2πk ïðè äîñòàòî÷íî áîëüøèõ k íàõîäèòñÿ ðîâíî îäèí êîðåíü äàííîãî
óðàâíåíèÿ.

Êàê óêàçàíî âî ââåäåíèè, λ
(1)
2k = λ2k è λ

(1)
2k−1 ≤ λ2k−1. Ïîýòîìó ω

(1)
2k = 2πk è

ω
(1)
2k−1 ≥ π(2k − 1). Èç ýòèõ ôàêòîâ è ïåðåìåæàåìîñòè ñîáñòâåííûõ ÷èñåë ñëåäóåò, ÷òî

íà ïðîìåæóòêå [(2k − 1)π, (2k + 1)π) ðàñïîëàãàþòñÿ ω
(1)
2k−1 è ω

(1)
2k . Çíà÷èò, â îêðåñòíîñòè

2πk ëåæèò êîðåíü ω
(1)
2k−1 óðàâíåíèÿ (22).

Ñòàíäàðòíûìè ìåòîäàìè ïîëó÷àåì àñèìïòîòèêó ω
(1)
2k−1 ïðè k →∞:

ω
(1)
2k−1 = 2πk + 2π

F2

F1

+O

(
|F3F1|+ F2

2

F2
1

)
.

ãäå àðãóìåíò âñåõ Fi ðàâåí
1

2πk
. Â ñèëó ñîîòíîøåíèé (43), (44)�(46) èìååì

F1 =
1

F0

+O

(
1

|F0|3

)
, F2 = − 1

F3
0

+O

(
1

|F0|5

)
, F3 = O

(
1

|F0|5

)
, ω →∞ (23)
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(àðãóìåíò âñåõ Fi ðàâåí 1
ω
). Îòñþäà

ω
(1)
2k−1 = 2πk +

2π

F2
0 ( 1

2πk
)

+O

(
1

F4
0 ( 1

2πk
)

)
.

Èçâåñòíî, ÷òî (ñì., íàïðèìåð, [32])

F(x) = Φ−1(x) = −
√
−2 ln(x) ·

[
1 +O

(
ln(− ln(x))

ln(x)

)]
, x→ 0.

Ïîýòîìó

ω
(1)
2k−1 = 2πk +

π

ln(k)
+O

(
ln(ln(k))

ln2(k)

)
. (24)

Ðàññìîòðèì óðàâíåíèå íà ω
(2)
2k . Ïîñëå ïðåîáðàçîâàíèé, îíî ïðèìåò âèä

ctg
(ω

2

)
= −πF0F2 + F2

1

F0F1

+O

(
(F0F2)

2 + F4
1 + F2

0 |F1F3|+ |F0F2
1F2|

F2
0F2

1

)
,

ãäå àðãóìåíò âñåõ Fi ðàâåí 1
ω
. Ðàññóæäàÿ àíàëîãè÷íûì îáðàçîì, ïîëó÷àåì, ÷òî â îêðåñò-

íîñòè 2πk+π ïðè äîñòàòî÷íî áîëüøèõ k íàõîäèòñÿ ðîâíî îäèí êîðåíü äàííîãî óðàâíå-
íèÿ ñ íîìåðîì ω

(2)
2k . Åãî àñèìïòîòèêà:

ω
(2)
2k = π + 2πk − πF0F2 + F2

1

F0F1

+O

(
(F0F2)

2 + F4
1 + F2

0 |F1F3|+ |F0F2
1F2|

F2
0F2

1

)
,

ãäå àðãóìåíò âñåõ Fi ðàâåí
1

π(2k + 1)
. Â ñèëó (23) èìååì

ω
(2)
2k = π + 2πk +O

(
1

F4
0 ( 1

π(2k+1)
)

)
= π(2k + 1) +O

(
1

ln2(k)

)
. (25)

4 Àñèìïòîòèêà ìàëûõ óêëîíåíèé äëÿ ïðîöåññà X(2)

Ïðèìåíèì ïîëó÷åííûå ðåçóëüòàòû ê çàäà÷å îá àñèìïòîòèêå âåðîÿòíîñòåé ìàëûõ óêëî-
íåíèé â L2-íîðìå äëÿ ãàóññîâñêèõ ïðîöåññîâ X(1)�X(3) ñ íóëåâûì ñðåäíèì è ôóíêöèÿìè
êîâàðèàöèè, îïðåäåëåííûìè â (2)�(4).

Íàèáîëåå ïðîñòîé ÿâëÿåòñÿ çàäà÷à äëÿ X(2). Ïðèìåíèì ïðèíöèï ñðàâíåíèÿ Ëè
(ïðåäëîæåíèå 1). Â êà÷åñòâå àïïðîêñèìàöèè âîçüì¼ì ïðîöåññ ñ ñîáñòâåííûìè ÷èñëàìè
γk ñîîòâåòñòâóþùåãî èíòåãðàëüíîãî îïåðàòîðà

γk =
[
(2k + 1)π/2

]−2
, k ∈ N.

Èçâåñòíî, ÷òî ([8, òåîðåìà 3.4], ñì. òàêæå [11, òåîðåìà 6.2])

P
{ ∞∑
k=1

γkξ
2
k < ε2

}
∼ 4

π3/2
ε−1 exp

(
− 1

8ε2

)
. (26)
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Äëÿ òîãî, ÷òîáû íàéòè êîíñòàíòó èç (1), äîïîëíèòåëüíî ââåä¼ì

µ1 := π−2, µ2k = µ2k+1 :=
[
(2k + 1)π

]−2
.

Òîãäà

∞∏
k=1

γk

λ
(2)
k

=
∞∏
k=1

γk
µk
·
∞∏
k=1

µk

λ
(2)
k

=
∞∏
k=1

γk
µk
·
∞∏
k=1

µ2k

λ
(2)
2k

.

Ïåðâîå áåñêîíå÷íîå ïðîèçâåäåíèå ëåãêî ñ÷èòàåòñÿ ïî ôîðìóëå Ñòèðëèíãà:

∞∏
k=1

γk
µk

= lim
k→∞

π · (3π)2 · (5π)2 · . . . · ((2k + 1)π)2

3π
2
· 5π

2
· . . . · (4k+3)π

2

=
1√
2
. (27)

Çàìåòèì, ÷òî µ
− 1

2
2k è

(
λ
(2)
2k

)− 1
2

= ω
(2)
2k åñòü êîðíè öåëûõ ôóíêöèé

M(ω) :=
cos(ω

2
)

1−
(
ω
π

)2 è D(ω) := ωD2(ω), ω ∈ C,

ïðè÷åì ýòè êîðíè äîñòàòî÷íî áëèçêè. Çàìåòèì òàêæå, ÷òî M(0) = D(0) = 1. Âîñïîëü-
çóåìñÿ ëåììîé 1 (ñì. Ïðèëîæåíèå). Ïîëó÷àåì

∞∏
k=1

µ2k

λ
(2)
2k

= lim
|ω|=2πk
k→∞

M(ω)

D(ω)
,

ïðè÷¼ì ïðåäåë ìîæíî áðàòü òîëüêî ïî âåùåñòâåííîé îñè. Òîãäà, ïîëüçóÿñü ôîðìóëà-
ìè (21) è (23), èìååì

∞∏
k=1

µ2k

λ
(2)
2k

= lim
ω=2πk
k→∞

M(ω)

ωD2(ω)
= lim

ω=2πk
k→∞

(
F0

( 1

ω

)
F1

( 1

ω

))2
= 1. (28)

Â èòîãå èç ôîðìóë (1), (26)�(28) ïîëó÷àåì

P
{
‖X(2)‖ < ε

}
= P

{ ∞∑
k=1

λ
(2)
k ξ2k < ε2

}
∼ 2
√

2

π3/2
ε−1 exp

(
− 1

8ε2

)
, ε→ 0. (29)

5 Àñèìïòîòèêà ìàëûõ óêëîíåíèé äëÿ X(1) è X(3)

Äëÿ ïðîöåññîâ X(1) è X(3) òî÷íóþ êîíñòàíòó â àñèìïòîòèêå ìàëûõ óêëîíåíèé íàéòè
íå óäàåòñÿ. Äëÿ òîãî, ÷òîáû ïîñ÷èòàòü àñèìïòîòèêó ìàëûõ óêëîíåíèé ñ òî÷íîñòüþ äî
êîíñòàíòû, âîñïîëüçóåìñÿ ñëåäóþùèì ïðåäëîæåíèåì, ÿâëÿþùèìñÿ ÷àñòíûì ñëó÷àåì
[9, òåîðåìà 3.1]:

Ïðåäëîæåíèå 3. Ïóñòü φ(t) � îïðåäåëåííàÿ íà [1,∞), ïîëîæèòåëüíàÿ, ëîãàðèôìè-

÷åñêè âûïóêëàÿ, äâàæäû äèôôåðåíöèðóåìàÿ è èíòåãðèðóåìàÿ ôóíêöèÿ, Òîãäà

P
{ ∞∑
k=1

φ(k)ξ2k ≤ r
}
∼ C

√
f(uφ(1))

I2(u)
exp(I0(u) + ur), r → 0,
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ãäå f(t) = (1 + 2t)−1/2, à u = u(r) � ôóíêöèÿ, óäîâëåòâîðÿþùàÿ

lim
r→0

I1(u) + ur√
I2(u)

= 0, (30)

I0(u) =

∞∫
1

ln f(uφ(t)) dt,

I1(u) =

∞∫
1

uφ(t)(ln f(uφ(t)))′ dt,

I2(u) =

∞∫
1

(uφ(t))2(ln f(uφ(t)))′′ dt.

Â êà÷åñòâå ôóíêöèè φ(t) ìû áóäåì ðàññìàòðèâàòü

φ(t) = (t+ δ + F (t))−d, d > −1,

ãäå F (t) � ìåäëåííî ìåíÿþùàÿñÿ ôóíêöèÿ ïðè t→∞, ìîíîòîííî ñòðåìÿùàÿñÿ ê íóëþ

ïðè t → ∞. Åñëè
∞∫
1

F (t)
t
dt < ∞, òî ïðîèçâåäåíèå

∏ φ(k)
(k+δ)−d ñõîäèòñÿ, è àñèìïòîòèêà

ñ òî÷íîñòüþ äî êîíñòàíòû ñëåäóåò èç [11, òåîðåìà 6.2]. Ïîýòîìó áóäåì ñ÷èòàòü, ÷òî
∞∫
1

F (t)
t
dt ðàñõîäèòñÿ.

Ïðåîáðàçóåì èíòåãðàë I1 òàê:

I1 = −u
∞∫
1

dt

2u+ (t+ δ + F (t))d
= −1

2

∞∫
1+δ+F (1)

dx

1 +
(

x
(2u)1/d

)d +
1

2

∞∫
1

F ′(t) dt

1 +
(
t+δ+F (t)

(2u)1/d

)d =

= − π(2u)1/d

2d sin
(
π
d

) +
1

2

1+δ+F (1)∫
0

dx

1 +
(

x
(2u)1/d

)d +
1

2

∞∫
1

F ′(t) dt

1 +
(
t+δ+F (t)

(2u)1/d

)d .
Îáà èíòåãðàíòà çäåñü èìåþò ñóììèðóåìûå ìàæîðàíòû, ïîýòîìó ïî òåîðåìå Ëåáåãà

ïðè u→∞ èìååì

1

2

1+δ+F (1)∫
0

dx

1 +
(

x
(2u)1/d

)d +
1

2

∞∫
1

F ′(t) dt

1 +
(
t+δ+F (t)

(2u)1/d

)d → 1 + δ

2
,

è, òàêèì îáðàçîì,

I1(u) = − π(2u)1/d

2d sin
(
π
d

) +
δ + 1

2
+ o(1), u→∞.

Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ ñ èíòåãðàëîì I2(u), ïîëó÷àåì ïðè u→∞

I2(u) = 2u2
∞∫
1

dt

(2u+ (t+ δ + F (t))d)2
=

(d− 1)π(2u)1/d

2d2 sin
(
π
d

) +O(1).
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Çàìåòèì, ÷òî àñèìïòîòèêà èíòåãðàëîâ I1(u) è I2(u) ñîâïàäàåò ñ àñèìïòîòèêîé ñîîòâåò-
ñòâóþùèõ èíòåãðàëîâ â [11], ïîýòîìó ìû ìîæåì âûáðàòü â êà÷åñòâå ôóíêöèè u = u(r)

u =
1

2

( πr−1

d sin(π
d
)

) d
d−1
, (31)

êîòîðàÿ óäîâëåòâîðÿåò óñëîâèþ (30).
Ðàññìîòðèì I0(u). Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì

I0(u) = −1

2

∞∫
1

ln
(

1 +
2u

(t+ δ + F (t))d

)
dt =

=
(1 + δ)

2
ln
(

1 +
2u

(1 + δ + F (1))d

)
− ud

∞∫
1

(t+ δ)(1 + F ′(t)) dt

(2u+ (t+ δ + F (t))d)(t+ δ + F (t))
.

Ïîñëåäíèé èíòåãðàë ìîæíî ðàñïèñàòü íà ñëåäóþùèå ÷åòûðå ñëàãàåìûõ:

− ud
∞∫
1

dt

2u+ (t+ δ + F (t))d
− ud

∞∫
1

F ′(t) dt

2u+ (t+ δ + F (t))d
+

+ ud

∞∫
1

F (t) dt

(2u+ (t+ δ + F (t))d)(t+ δ + F (t))
+

+ ud

∞∫
1

F (t)F ′(t) dt

(2u+ (t+ δ + F (t))d)(t+ δ + F (t))
=: K1 +K2 +K3 +K4.

Èíòåãðàë K1 = −d · I1, ïîýòîìó

K1 =
π(2u)1/d

2 sin(π
d
)

+ const+ o(1), u→∞.

Ó èíòåãðàíòîâ â K2 è K4 èìåþòñÿ ñóììèðóåìûå ìàæîðàíòû, ïîýòîìó ïðè u→∞

K2 =
d

2

∞∫
1

F ′(t) dt

1 +
(
t+δ+F (t)

(2u)1/d

)d → d

2

∞∫
1

F ′(t) dt = −d
2
· F (1) = const;

K4 =
d

2

∞∫
1

F (t)F ′(t) dt(
1 +

(
t+δ+F (t)

(2u)1/d

)d)(
t+ δ + F (t)

) → d

2

∞∫
1

F (t)F ′(t) dt

(t+ δ + F (t))
= const.

Èíòåãðàë K3 ïðåäñòàâèì â âèäå ñóììû ÷åòûðåõ èíòåãðàëîâ

K3 =
d

2

(2u)1/d∫
1

F (t)

t
dt− d

2

(2u)1/d∫
1

F (t)(δ + F (t))

t(t+ δ + F (t))
dt−

− 1

2u
· d

2

(2u)1/d∫
1

F (t)(t+ δ + F (t))d−1

1 +
(
t+δ+F (t)

(2u)1/d

)d dt+
d

2

∞∫
(2u)1/d

F (t) dt(
1 +

(
t+δ+F (t)

(2u)1/d

)d)(
t+ δ + F (t)

) =:

=:
d

2
· F−1

(
(2u)1/d

)
−K31 −K32 +K33,
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ãäå F−1(x) =
x∫
1

F (t)
t
dt. Ïî òåîðåìå Ëåáåãà

K31 →
d

2

∞∫
1

F (t)(δ + F (t))

t(t+ δ + F (t))
dt = const.

Ñäåëàåì çàìåíó ïåðåìåííîé t = (2u)1/d · z â èíòåãðàëàõ K32 è K33:

K32 =
d

2

1∫
1

(2u)1/d

F ((2u)1/dz)
(
z + δ+F ((2u)1/dz)

(2u)1/d

)d−1
1 +

(
z + δ+F ((2u)1/d·z)

(2u)1/d

)d dz,

K33 =

∞∫
1

F ((2u)1/dz) dz(
1 +

(
z + δ+F (t)

(2u)1/d

)d)(
z + δ+F (t)

(2u)1/d

) .
Ïîäûíòåãðàëüíûå âûðàæåíèÿ çäåñü îãðàíè÷åíû, ïîýòîìó ïî òåîðåìå Ëåáåãà K32 → 0 è
K33 → 0 ïðè u→∞. Òàêèì îáðàçîì, ïðè u→∞

K3 =
d

2
· F−1

(
(2u)1/d

)
+ const+ o(1),

îòêóäà

I0(u) =
(1 + δ)

2
ln
(

1 +
2u

(1 + δ + F (1))d

)
− π(2u)1/d

2 sin(π
d
)

+
d

2
· F−1

(
(2u)1/d

)
+ const+ o(1).

(32)

Çàìåòèì, ÷òî ôóíêöèÿ exp (F−1(t)) � ìåäëåííî ìåíÿþùàÿñÿ [31, òåîðåìà 1.2], ïîýòîìó
ñ ó÷åòîì (31)

exp
(
F−1

(
(2u)1/d

))
= exp

(
F−1(r

− 1
d−1 ) + o(1)

)
, r → 0. (33)

Ïðèìåíÿÿ ïðåäëîæåíèå 3 ñ ó÷åòîì ôîðìóë (31)�(33) è ïåðåìàñøòàáèðîâàíèÿ, ïðèõîäèì
ê ñëåäóþùåìó ðåçóëüòàòó:

Òåîðåìà 4. Ðàññìîòðèì ôîðìó
∞∑
k=0

Λkξ
2
k, ãäå

Λk = (ϑ(k + δ + F (k)))−d,

à ϑ > 0, δ > −1 è d > 1 � íåêîòîðûå êîíñòàíòû. Òîãäà ïðè ε→ 0

P
{ ∞∑
k=0

Λkξ
2
k < ε2

}
∼ C · εγ · exp

(
− d− 1

2

( π

dϑ sin(π
d
)

) d
d−1 · ε−

2
d−1 +

d

2
· F−1(ε−

2
d−1 )

)
,

ãäå

γ =
2− d− 2dδ

2(d− 1)
, C = C(ϑ, δ, d, F ) = const.
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Â ñëó÷àå ïðîöåññà X(1) ïîëîæèì

Λk :=
[
π
(
k +

1

2
+

1

2 ln(k)

)]−2
.

Óáåäèìñÿ, ÷òî
∏
λ
(1)
k /Λk ñõîäèòñÿ. Äëÿ ýòîãî îïðåäåëèì

τ2k :=
(
2πk

)−2
, τ2k−1 :=

[
π
(

2k +
1

ln(k)

)]−2
, k ∈ N.

Èìååì

∞∏
k=1

λ
(1)
k

Λk

=
∞∏
k=1

λ
(1)
k

τk
·
∞∏
k=1

τk
Λk

=
∞∏
k=1

λ
(1)
2k−1

τ2k−1
·
∞∏
k=1

τk
Λk

. (34)

Ïåðâîå ïðîèçâåäåíèå â (34) ñõîäèòñÿ, ïîñêîëüêó â ñèëó (24)

∞∏
k=1

λ
(1)
2k−1

τ2k−1
=
∞∏
k=1

(
1 +O

( ln ln(k)

k ln2(k)

))
<∞.

Âòîðîå ïðîèçâåäåíèå ïðåäñòàâèì â âèäå

∞∏
k=1

τ2kτ2k−1
Λ2kΛ2k−1

=
∞∏
k=1

(
2k + 1

2
+ 1

2 ln(2k)

)(
2k − 1

2
+ 1

2 ln(2k−1)

)
2k(2k + 1

ln(k)
)

=

=
∞∏
k=1

(
1 +

1

4k

( 1

ln(2k)
+

1

ln(2k − 1)
− 2

ln(k)

)
+O

( 1

k2

))
=

=
∞∏
k=1

(
1 +O

( 1

k ln2(k)

))
<∞.

Ïðèìåíÿÿ òåîðåìó ñðàâíåíèÿ Ëè è òåîðåìó 4, ïîëó÷àåì

P
{
‖X(1)‖ < ε

}
= P

{ ∞∑
k=1

λ
(1)
k ξ2k < ε2

}
∼ C · P

{ ∞∑
k=1

Λkξ
2
k < ε2

}
∼

∼ C · ε−1 · ln
1
2

(1

ε

)
· exp

(
− 1

8ε2

)
, ε→ 0. (35)

Â ñëó÷àå ïðîöåññà X(3) ïîëîæèì

Λ̃k =
[
π
(
k + 1 +

1

2 ln(k)

)]−2
.

Àíàëîãè÷íî (35), ïîëó÷èì

P
{
‖X(3)‖ < ε

}
= P

{ ∞∑
k=1

λ
(3)
k ξ2k < ε2

}
∼ C · P

{ ∞∑
k=1

Λ̃kξ
2
k < ε2

}
∼

∼ C · ε−2 · ln
1
2

(1

ε

)
· exp

(
− 1

8ε2

)
, ε→ 0. (36)
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6 Ïðèëîæåíèå

6.1 Ñëåäóþùàÿ ëåììà óñèëèâàåò óòâåðæäåíèå ëåììû 1.2 èç [18].

Ëåììà 1. Ïóñòü ïîñëåäîâàòåëüíîñòè ÷èñåë ωk è ρk èìåþò îäèíàêîâóþ äâó÷ëåííóþ

àñèìïòîòèêó ïðè k →∞

ωk ∼ c(k + δ) + ak, ρk ∼ c(k + δ) + bk,

ãäå ak, bk → 0 è |ak − bk| ìîíîòîííî óáûâàåò ïðè k →∞, ïðè÷åì

∞∑
k=1

|ak − bk|
k

<∞. (37)

Òîãäà ôóíêöèè

f(ζ) =
∞∏
k=1

(
1− ζ2

ω2
k

)
, g(ζ) =

∞∏
k=1

(
1− ζ2

ρ2k

)
èìåþò îäèíàêîâîå ïîâåäåíèå íà áåñêîíå÷íîñòè ñ òî÷íîñòüþ äî êîíñòàíòû. À èìåííî,

ïðè |ζ| = c(n+ δ + 1
2
), n→∞

f(ζ)

g(ζ)
⇒ const =

∞∏
k=1

ρ2k
ω2
k

. (38)

Äîêàçàòåëüñòâî. Èìååì

f(ζ)

g(ζ)
=
∞∏
k=1

ρ2k
ω2
k

·
∞∏
k=1

(
1 +

ωk − ρk
ρk + ζ

)
·
∞∏
k=1

(
1 +

ωk − ρk
ρk − ζ

)
. (39)

Ñõîäèìîñòü ïåðâîãî ïðîèçâåäåíèÿ â (39) ðàâíîñèëüíà ñõîäèìîñòè ðÿäà

∞∑
k=1

|ak − bk|
c(k + δ) + bk

,

êîòîðûé ñõîäèòñÿ áëàãîäàðÿ óñëîâèþ (37). Ïóñòü <(ζ) ≥ 0. Òîãäà âòîðîå ïðîèçâåäåíèå
â (39) ñõîäèòñÿ ðàâíîìåðíî. Òðåòüå ïðîèçâåäåíèå ñõîäèòñÿ ðàâíîìåðíî, åñëè ñõîäèòñÿ
ðàâíîìåðíî ðÿä

∞∑
k=1

|ωk − ρk|
|ρk −R|

, ãäå R = c(n+ δ + 1/2). (40)

Çàìåòèì, ÷òî |ρk −R| ≥ c|n− k + δ1|, ãäå δ1 > 0. Ïîýòîìó

∞∑
k=1

|ωk − ρk|
|ρk −R|

≤
(∑
k≤ 2

3
n

+
∑

2
3
n≤k≤ 4

3
n

+
∑
k≥ 4

3
n

) |ak − bk|
c|n− k + δ1|

. (41)

Òðåòüÿ ñóììà â (41) ñòðåìèòñÿ ê íóëþ ïðè n→∞:

∞∑
k≥ 4

3
n

|ak − bk|
c|n− k + δ1|

≤ C
∑
k≥ 4

3
n

|ak − bk|
k

→ 0.
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Ïåðâàÿ ñóììà ìàæîðèðóåòñÿ ñõîäÿùèìñÿ ðÿäîì

∑
k≤ 2

3
n

|ak − bk|
c|n− k + δ1|

≤ C

∞∑
k=1

|ak − bk|
k

,

ïîýòîìó îíà ñõîäèòñÿ ðàâíîìåðíî, è ïðè n→∞∑
k≤ 2

3
n

|ak − bk|
c|n− k + δ1|

→ 0.

Ïîñêîëüêó |ak − bk| ìîíîòîííî óáûâàåò, èìååì∑
2
3
n≤k≤ 4

3
n

|ak − bk|
c|n− k + δ1|

≤ 2
∑

2
3
n≤k≤n

|ak − bk|
c|n− k + δ1|

≤ 2

c

∑
m≤ 1

3
n

|am+n
3
− bm+n

3
|

|m+ δ1|
.

Ïîñëåäíÿÿ ñóììà ìàæîðèðóåòñÿ ñõîäÿùèìñÿ ðÿäîì, ïîýòîìó îíà ñõîäèòñÿ ðàâíîìåðíî.
Òàêèì îáðàçîì, ðÿä (40) ñõîäèòñÿ ðàâíîìåðíî. Çíà÷èò, â (39) ìîæíî ïåðåéòè ê ïðåäåëó
ïðè |ζ| = c(n + δ + 1

2
) → ∞, ÷òî äà¼ò (38) äëÿ <(ζ) ≥ 0. Äîêàçàòåëüñòâî ïðè <(ζ) ≤ 0

àíàëîãè÷íî. �

6.2 Ñâîéñòâà Φ−1(x). Ââåä¼ì îáîçíà÷åíèÿ:

x = Φ(y), y = F0(x) := Φ−1(x).

Ïîñòðîèì ïîñëåäîâàòåëüíîñòü ôóíêöèé:

FN+1(x) := xF ′N(x), N ≥ 0. (42)

Îáîçíà÷èì F̃N(y) := FN(x(y)) è çàìåòèì, ÷òî

F̃1(y) = x(y)
dF (x(y))

dx
= x(y)

dy

dx
,

F̃N+1(y) = x(y)
dFN(x)

dx
= x(y)

dy

dx

dF̃N(y)

dy
= F̃1(y)F̃ ′N(y). (43)

Èññëåäóåì ïîâåäåíèå ôóíêöèé F̃N(y). Ðàññìîòðèì ôóíêöèþ F̃1(y):

F̃1(y) = x(y) · dy
dx

=
x(y)
dx
dy

=

y∫
−∞

exp(− t2

2
) dt

exp(−y2

2
)

= exp
(y2

2

) y∫
−∞

exp
(
−t

2

2

)
dt =

=

∞∫
0

exp
(
yz − z2

2

)
dz = −1

y

∞∫
0

exp
(
− u− u2

2y2

)
du.

Ââåäåì âñïîìîãàòåëüíûå ôóíêöèè:

eN(y) :=

∞∫
0

exp
(
− u− u2

2y2

)
u2N−2 du.
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Ëåììà 2. Ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:

1. e′N(y) =
eN+1(y)

y3
; (44)

2. (2N − 2)!

(
1− N(2N − 1)

y2

)
< eN(y) < (2N − 2)!. (45)

Äîêàçàòåëüñòâî. 1. Ïðîâåðÿåòñÿ íåïîñðåäñòâåííûì âû÷èñëåíèåì.
2. Ó÷èòûâàÿ, ÷òî

1− u2

2y2
< exp

(
− u2

2y2

)
< 1,

ïîëó÷àåì

∞∫
0

exp(−u)
(

1− u2

2y2

)
u2N−2 du < eN(y) <

∞∫
0

exp(−u)u2N−2 du,

(2N − 2)!− (2N)!

2y2
< eN(y) < (2N − 2)!,

÷òî äà¼ò (45). �

Ëåììà 3. Äëÿ N-îé ïðîèçâîäíîé ôóíêöèè F̃1(y) ñïðàâåäëèâî ñëåäóþùåå òîæäåñòâî:

F̃
(N)
1 (y) =

(−1)N+1N !e1(y)

yN+1
+
c2e2(y)

yN+3
+ . . .+

cN+1eN+1(y)

y3N+1
, (46)

ãäå

c2 = c2(N), c3 = c3(N), . . . , cN+1 = cN+1(N) � êîíñòàíòû.

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî èíäóêöèè ñ ïîìîùüþ (44). �

Ñëåäñòâèå 1.

F̃
(N)
1 (y) ∼ (−1)N+1N !

yN+1
ïðè y → −∞. (47)

Äîêàçàòåëüñòâî. Ñëåäóåò èç (45) è (46). �

Ëåììà 4. F̃N(y) ïðåäñòàâèìî â ñëåäóþùåì âèäå

F̃N(y) =
∑

{n1,...,nN}

cn1,··· ,nN
F̃ n1,...,nN

N (y), (48)

ãäå

F̃ n1,...,nN

N (y) :=
(
F̃1(y)

)n1

·
(
F̃ ′1(y)

)n2

· . . . ·
(
F̃

(N−1)
1 (y)

)nN

, (49)

ïðè÷åì

n1, . . . , nN ∈ N0 = {0, 1, . . .};
1 · n1 + 2 · n2 + . . .+N · nN = 2N − 1; (50)

à êîýôôèöèåíòû â (48) óäîâëåòâîðÿþò ñëåäóþùèì íåðàâåíñòâàì

cn1,··· ,nN
≥ 0,

∑
{n1,...,nN}

cn1,··· ,nN
> 0. (51)
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Äîêàçàòåëüñòâî ïðîâåäåì ïî èíäóêöèè.
Áàçà: N = 1 : F̃1(y) = cn1F̃

n1
1 , n1 = 1, cn1 = 1. Ñâîéñòâà (49)�(51) î÷åâèäíî âûïîëíÿþòñÿ.

Èíäóêöèîííûé ïåðåõîä: Ïóñòü óòâåðæäåíèå âåðíî äëÿ F̃N(y). Çàïèøåì (50) â âèäå:

1 · n1 + . . .+N · nN + (N + 1) · nN+1 = 2N − 1,

ãäå nN+1 = 0. Â ñèëó (43) è (48)

F̃N+1(y) =
∑

{n1,...,nN}

cn1,...,nN
F̃1(y) · d

dy

[(
F̃1(y)

)n1

·
(
F̃ ′1(y)

)n2

. . .
(
F̃

(N−1)
1 (y)

)nN
]
,

ãäå êîýôôèöèåíòû cn1,...,nN
óäîâëåòâîðÿþò óñëîâèþ (51). Äèôôåðåíöèðóÿ, ïîëó÷èì

N∑
k=0

cn1,...,nN
· nk ·

(
F̃1

)n1+1

· . . . ·
(
F̃

(k−1)
1

)nk−1
·
(
F̃

(k)
1

)nk+1+1

· . . . ·
(
F̃

(N−1)
1

)nN

. (52)

Ðàññìîòðèì ñëàãàåìîå ñ íîìåðîì k â ñóììå (52). Ïóñòü n′1, n
′
2, . . . , n

′
N+1 � ïîêàçàòåëè

ñòåïåíåé ñîîòâåòñòâóþùèõ ïðîèçâîäíûõ F̃1 â ýòîì ñëàãàåìîì.
Åñëè k = 1, òî n′2 = n2 + 1 è n′i = ni äëÿ îñòàëüíûõ i.
Åñëè k > 2, òî n′1 = n1 + 1, n′k = nk − 1, n′k+1 = nk+1 + 1 è n′i = ni äëÿ îñòàëüíûõ i.
Îòñþäà âèäíî, ÷òî ñâîéñòâî (50) âûïîëíåíî. Äàëåå, âñå êîýôôèöèåíòû â (52) î÷å-

âèäíî íåîòðèöàòåëüíûå, ïðè÷åì ∑
k=1..N
{n1,...,nN}

cn1,...,nN
· nk > 0.

Òàêèì îáðàçîì, íåðàâåíñòâà (51) âûïîëíåíû, è ëåììà äîêàçàíà. �

Ëåììà 5. Ïðè y → −∞ èìååì

F̃N(y) ∼ − C

y2N−1
, (53)

ãäå C = C(N) > 0 � êîíñòàíòà.

Äîêàçàòåëüñòâî. Äëÿ êàæäîãî ñëàãàåìîãî âèäà (49) ñ íåíóëåâûì êîýôôèöèåíòîì
cn1,...,nN

â ñèëó (47) è (50) ïîëó÷àåì(
F̃1(y)

)n1

·
(
F̃ ′1(y)

)n2

· . . . ·
(
F̃

(N−1)
1 (y)

)nN

∼

∼
((−1)0!

y1

)n1

·
((−1)21!

y2

)n2

· · ·
((−1)N(N − 1)!

yN

)nN

=

= 0!n11!n2 . . . (N − 1)!nN︸ ︷︷ ︸
cN

(−1)n1+2n2+...+NnN

yn1+2n2+...+NnN
= cN

(−1)2N−1

y2N−1
= − cN

y2N−1
.

Òàêèì îáðàçîì, ñîîòíîøåíèå (53) âûïîëíåíî äëÿ

C = cN
∑

{n1,...,nN}

cn1,··· ,nN
.

Ëåììà äîêàçàíà. �

19



Îïðåäåëåíèå. (ñì. [31, ãë.1, ñ.1]) Ôóíêöèÿ L(x) íàçûâàåòñÿ ìåäëåííî ìåíÿþùåéñÿ íà
áåñêîíå÷íîñòè, åñëè îíà èçìåðèìà è çíàêîïîñòîÿííà íà ïîëóîñè [A,∞), A > 0, è äëÿ

ïðîèçâîëüíîãî λ > 0 âûïîëíåíî:

lim
x→∞

L(λx)

L(x)
= 1.

Ôóíêöèÿ L(x) íàçûâàåòñÿ ìåäëåííî ìåíÿþùåéñÿ â íóëå, åñëè L( 1
x
) ìåäëåííî ìåíÿåòñÿ

íà áåñêîíå÷íîñòè.

Ìåäëåííî ìåíÿþùèìèñÿ íà áåñêîíå÷íîñòè ÿâëÿþòñÿ, íàïðèìåð, lnα(x), α ∈ R.

Òåîðåìà 5. FN(x) � ìåäëåííî ìåíÿþùèåñÿ ôóíêöèè â íóëå ïðè âñåõ N ≥ 0.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü (ñì. [31, ãë.1, ñ.15]), ÷òî FN(x) � çíàêîïîñòî-
ÿííû â îêðåñòíîñòè x = 0 (èëè, ÷òî òîæå ñàìîå, F̃N(y) � çíàêîïîñòîÿííû â îêðåñòíîñòè
y = −∞) è

lim
y→−∞

F̃N+1(y)

F̃N(y)
= 0.

Îáà ýòè óòâåðæäåíèÿ î÷åâèäíî ñëåäóþò èç ëåììû 5. �

Çàìå÷àíèå 2. Òåîðåìà îñòà¼òñÿ ñïðàâåäëèâîé, åñëè ïîñëåäîâàòåëüíîñòü (42) ïîñòðî-
èòü ïî ôóíêöèè F0(x) = (Φ−1(x))

n
, n ∈ N.

Ìû âåñüìà ïðèçíàòåëüíû ß.Þ. Íèêèòèíó çà öåííûå çàìå÷àíèÿ è êîíñóëüòàöèè ïî
èñòîðèè âîïðîñà.
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