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Àííîòàöèÿ: ðàññìàòðèâàåòñÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà

ïðîèçâîëüíîãî ïîðÿäêà ñ èíòåãðàëüíûìè îãðàíè÷åíèÿìè. Ïîëó÷åíà àñèìïòîòèêà ñîáñòâåííûõ ÷èñåë.

Ðåçóëüòàòû ïðèìåíÿþòñÿ ê íàõîæäåíèþ àñèìïòîòèêè âåðîÿòíîñòè ìàëûõ óêëîíåíèé äëÿ íåêîòîðûõ

ïðîöåññîâ ñ èñêëþ÷åííûì òðåíäîì n-îãî ïîðÿäêà.

1 Ââåäåíèå

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ:

(−1)pu(2p)(t) = λ(n,p)u(t) + Pn−2p(t),
1∫

0

tiu(t) dt = 0, i = 0 . . . n− 1, (1)

ãäå n, p ∈ N, n > 2p, Pn−2p(t) � ïîëèíîì ñ íåèçâåñòíûìè êîýôôèöèåíòàìè, ñòåïåíü
êîòîðîãî ìåíåå (n− 2p).

Öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ íàõîæäåíèå àñèìïòîòèêè ñîáñòâåííûõ ÷èñåë λ
(n,p)
k

ïðè k → +∞, ãäå λ(n,p)k � k-îå ñîáñòâåííîå ÷èñëî çàäà÷è (1). Ýòà çàäà÷à âîçíèêàåò
ïðè èçó÷åíèè àñèìïòîòèêè ìàëûõ óêëîíåíèé íåêîòîðûõ ãàóññîâñêèõ ïðîöåññîâ (ñì. �3).
Ïðè p = 1 ýòà çàäà÷à ðàññìàòðèâàëàñü â ðàáîòå [1]. Îòìåòèì, ÷òî îïåðàòîðû âòîðîãî
ïîðÿäêà ñ èíòåãðàëüíûìè óñëîâèÿìè áîëåå îáùåãî âèäà ðàññìàòðèâàëèñü â ìîíîãðàôèè
À.Ë. Ñêóáà÷åâñêîãî [2, �1.2] (òàì æå ìîæíî íàéòè äàëüíåéøèå ññûëêè ïî ýòîé òåìå).

Ðàññìîòðèì âñïîìîãàòåëüíóþ êðàåâóþ çàäà÷ó:

(−1)py(2n)(t) = λ(n,p)y(2n−2p)(t), y(j)(0) = y(j)(1) = 0, j = 0 . . . n− 1. (2)

Çàäà÷à (2) âîçíèêàåò ïðè ïîèñêå òî÷íîé êîíñòàíòû â òåîðåìå âëîæåíèÿ
◦
W n

2 (0, 1) ↪→
◦
W

n−p
2 (0, 1):

λ
(n,p)
1 = min

y∈
◦
Wn

2

1∫
0

(y(n)(x))2 dx

1∫
0

(y(n−p)(x))2 dx

.

Ýòà êîíñòàíòà áûëà íàéäåíà Ì. Æàíå [3] (ñì. òàêæå [4]) ïðè ïðîèçâîëüíûõ n ∈ Z+ è
p = 1. Ïðè ïðîèçâîëüíûõ p ∈ N îòâåò áûë ñôîðìóëèðîâàí â ðàáîòå [5] áåç äîêàçàòåëü-
ñòâà è â íåÿâíûõ òåðìèíàõ (ñì. òàêæå [6] ïðè p = 2).

*Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò; e-mail: delafer21@gmail.com. Ðàáîòà ïîääåð-
æàíà ãðàíòîì ÐÔÔÈ 16-01-00258à
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Ëåììà 1. Çàäà÷è (1) è (2) ýêâèâàëåíòíû, ò.å. èìåþò ðåøåíèÿ ïðè îäíèõ è òåõ
æå ïîëîæèòåëüíûõ λ(n,p), ïðè÷åì åñëè u(t) � ðåøåíèå çàäà÷è (1), à y(t) � ðåøåíèå
çàäà÷è (2), òî îíè ñâÿçàíû ñîîòíîøåíèåì: u(t) = y(n)(t).

Äîêàçàòåëüñòâî. Åñëè ïîëîæèòü u(t) := y(n)(t), òî óðàâíåíèå (2) ïðèìåò âèä:

(−1)pu(n)(t) = λ(n,p)u(n−2p)(t), ÷òî ðàâíîñèëüíî óðàâíåíèþ â (1).

Ïåðåïèøåì ãðàíè÷íûå óñëîâèÿ (2) â òåðìèíàõ ôóíêöèè u(t). Ïî ôîðìóëå Íüþòîíà-
Ëåéáíèöà èìååì:

0 = y(n−1)
∣∣∣∣1
0

=

1∫
0

y(n)(t) dt =

1∫
0

v(t) dt;

0 = y(n−2)
∣∣∣∣1
0

=

1∫
0

y(n−1)(t) dt = ty(n−1)
∣∣∣∣1
0

−
1∫

0

ty(n) dt = −
1∫

0

tv(t) dt.

Àíàëîãè÷íî âñå îñòàëüíûå ãðàíè÷íûå óñëîâèÿ çàïèøóòñÿ â âèäå èíòåãðàëüíûõ óñëîâèé
èç (1).

Îáðàòíî, èìååò ìåñòî ïðåäñòàâëåíèå

y(k)(t) =
1

(n− k − 1)!

∫ t

0

(t− s)(n−k−1)u(s) ds

ïîýòîìó èç èíòåãðàëüíûõ óñëîâèé â (1) ïîëó÷àåì ãðàíè÷íûå óñëîâèÿ â (2). �

Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â �2 âûâåäåíî óðàâíåíèå äëÿ ñîáñòâåííûõ
÷èñåë λ(n,p)k è ïîñòðîåíà èõ àñèìïòîòèêà. Â �3 ïîëó÷åííûå ðåçóëüòàòû ïðèìåíÿþòñÿ ê
íàõîæäåíèþ àñèìïòîòèêè âåðîÿòíîñòåé ìàëûõ óêëîíåíèé äëÿ íåêîòîðûõ ïðîöåññîâ ñ
èñêëþ÷åííûì òðåíäîì.

Â ñòàòüå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: V[x1, . . . , xn] � îïðåäåëèòåëü Âàí-
äåðìîíäà; Jk(x) � ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà ïîðÿäêà k, [f(x)] := f(x) + O( 1

x
).

Ãîâîðÿ î ÷åòíûõ è íå÷åòíûõ ôóíêöèÿõ, ìû èìååì â âèäó ÷åòíîñòü îòíîñèòåëüíî òî÷êè
1/2.

2 Àñèìïòîòèêà ñîáñòâåííûõ ÷èñåë λk

Íå óìàëÿÿ îáùíîñòè, ìîæåì ñ÷èòàòü, ÷òî ðåøåíèÿ çàäà÷è (2) ÿâëÿþòñÿ ëèáî ÷åòíû-
ìè, ëèáî íå÷åòíûìè ôóíêöèÿìè. Ðàññìîòðèì ÷åòíîå ðåøåíèå y(t). Çàìåòèì, ÷òî y′(t)
åñòü íå÷åòíàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óðàâíåíèþ:

(−1)p(y′(t))(2n−1) − λ(n,p)(y′(t))(2n−2p−1) = 0,

îòêóäà

(−1)p(y′(t))(2n−2) − λ(n,p)(y′(t))(2(n−1−p)) = const,

ãäå ëåâàÿ ÷àñòü åñòü íå÷åòíàÿ è íåïðåðûâíàÿ ôóíêöèÿ. Ïîýòîìó êîíñòàíòà â ïðàâîé
÷àñòè ðàâíà 0. Òåì ñàìûì ïîëó÷àåì, ÷òî ñîáñòâåííîå ÷èñëî λ(n,p), îòâå÷àþùåå ÷åòíîìó
ðåøåíèþ çàäà÷è, ðàâíî λ(n−1,p), îòâå÷àþùåìó íå÷åòíîìó ðåøåíèþ çàäà÷è.
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Íàîáîðîò, ðàññìîòðèì íå÷åòíîå ðåøåíèå y(t) çàäà÷è (2) ñ λ(n−1,p). ßñíî, ÷òî
Y (t) :=

∫ t
0
y(x) dx åñòü ÷åòíîå ðåøåíèå êðàåâîé çàäà÷è:

(−1)pY (2n)(t)− λ(n−1,p)Y (2n−2p)(t) = 0, Y (j)(0) = Y (j)(1) = 0, j = 0, . . . , n− 1.

Òàêèì îáðàçîì, äîñòàòî÷íî ðàññìàòðèâàòü òîëüêî íå÷åòíûå ðåøåíèÿ çàäà÷è (2).
Ëþáîå òàêîå ðåøåíèå ìîæåò áûòü çàïèñàíî â âèäå:

y(t) = a0 sin(ξ0(2t− 1)) + a1 sin(ξ1(2t− 1)) + . . .+ ap−1 sin(ξp−1(2t− 1))+

+ ap(2t− 1) + . . .+ an−1(2t− 1)2n−2p−1, (3)

ãäå ξj := ωzj

2
, j = 0 . . . p− 1, ω = |λ(n,p)|

1
2p , z = e

iπ
p . Ïîäñòàâëÿÿ (3) â ãðàíè÷íûå óñëîâèÿ

èç (2), ïîëó÷àåì ñèñòåìó ëèíåéíûõ óðàâíåíèé íà aj, j = 0 . . . n− 1.
Äëÿ ñóùåñòâîâàíèÿ íåòðèâèàëüíîãî ðåøåíèÿ íåîáõîäèìî, ÷òîáû îïðåäåëèòåëü ñè-

ñòåìû áûë ðàâåí íóëþ. Ïîñëå ñîêðàùåíèÿ íà ïîäõîäÿùèå ñòåïåíè äâîéêè ýòîò îïðåäå-
ëèòåëü ðàâåí∣∣∣∣∣∣∣∣∣∣∣∣

sin(ξ0) · · · sin(ξp−1) 1 1 1 · · · 1
ξ0 cos(ξ0) · · · ξp−1 cos(ξp−1) 1 3 5 · · · (2n− 2p− 1)
−ξ20 sin(ξ0) · · · −ξ2p−1 sin(ξp−1) 0 3 · 2 5 · 4 · · · (2n− 2p− 1)(2n− 2p− 2)
−ξ30 cos(ξ0) · · · −ξ3p−1 cos(ξp−1) 0 3! 5 · 4 · 3 · · · (2n− 2p− 1)(2n− 2p− 2)(2n− 2p− 3)
ξ40 sin(ξ0) · · · ξ4p−1 sin(ξp−1) 0 0 5 · 4 · 3 · 2 · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · ·

∣∣∣∣∣∣∣∣∣∣∣∣
.

Îáîçíà÷èì ýòîò îïðåäåëèòåëü ∆n,p è ðàññìîòðèì åãî êàê ôóíêöèþ ïåðåìåííûõ
(ξ0, . . . , ξp−1). Äèôôåðåíöèðóÿ ∆n,p ïî êàæäîé ïåðåìåííîé, ïîëó÷èì

∂p∆n,p

∂ξ0 . . . ∂ξp−1
=

∣∣∣∣∣∣∣∣∣∣∣∣

cos(ξ0) · · · 1 1 · · · 1
cos(ξ0)− ξ0 sin(ξ0) · · · 1 3 · · · (2n− 2p− 1)

−2ξ0 sin(ξ0)− ξ20 cos(ξ0) · · · 0 3 · 2 · · · (2n− 2p− 1)(2n− 2p− 2)
−3ξ20 cos(ξ0) + ξ30 sin(ξ0) · · · 0 3! · · · (2n− 2p− 1)(2n− 2p− 2)(2n− 2p− 3)
4ξ30 sin(ξ0) + ξ40 cos(ξ0) · · · 0 0 · · · · · ·

· · · · · · · · · · · · · · · · · ·

∣∣∣∣∣∣∣∣∣∣∣∣
.

Ïðîäåëàåì ñ ïîëó÷åííûì îïðåäåëèòåëåì ñëåäóþùèå îïåðàöèè:

1. Èç âòîðîé ñòðî÷êè âû÷òåì ïåðâóþ, çàòåì èç òðåòüåé ñòðî÷êè âû÷òåì óäâîåííóþ
âòîðóþ, èç ÷åòâåðòîé � óòðîåííóþ òðåòüþ è ò.ä.

2. Ðàçëîæèì ∆n,p ïî (p+ 1)-îìó ñòîëáöó, ïîëó÷èì îïðåäåëèòåëü ïîðÿäêà (n− 1).

3. Âûíåñåì îáùèå ìíîæèòåëè èç êàæäîãî ñòîëáöà. Ïîëó÷èì ðåêóððåíòíîå ñîîòíî-
øåíèå:

∂p

∂ξ0 . . . ∂ξp−1
∆n,p = 2 · 4 · 6 · . . . · (2n− 2p− 2) · ξ0 · . . . · ξp−1 ·∆n−1,p. (4)

Ïðè n = p èìååì

∆p,p =

∣∣∣∣∣∣∣∣∣
sin(ξ0) · · · sin(ξp−1)
ξ0 sin′(ξ0) · · · ξp−1 sin′(ξp−1)

...
. . .

...
ξp−10 sin(p−1)(ξ0) · · · ξp−1p−1 sin(p−1)(ξp−1)

∣∣∣∣∣∣∣∣∣ .
Ïåðåïèøåì ∆p,p â òåðìèíàõ ôóíêöèé Áåññåëÿ. Çàìåòèì, ÷òî sin(x) =

√
π
2
·x 1

2J 1
2
(x). Åñëè

ìû èç âòîðîé ñòðî÷êè âû÷òåì ïåðâóþ, òî ïîëó÷èì x cos(x) − sin(x) = −
√

π
2
· x 3

2J 3
2
(x).

Àíàëîãè÷íûì îáðàçîì, âû÷èòàÿ èç êàæäîé ñòðî÷êè íåêîòîðóþ ëèíåéíóþ êîìáèíàöèþ
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âñåõ ïðåäûäóùèõ, ïîëó÷àåì ñîãëàñíî ôîðìóëå [7, 8.463] ñëåäóþùåå âûðàæåíèå äëÿ ∆p,p

(ñ òî÷íîñòüþ äî ìóëüòèïëèêàòèâíîé êîíñòàíòû, çà êîòîðîé ìû ñëåäèòü íå áóäåì):

∆p,p = Cp

∣∣∣∣∣∣∣∣∣
ξ
1/2
0 J1/2(ξ0) · · · ξ

1/2
p−1J1/2(ξp−1)

ξ
3/2
0 J3/2(ξ0) · · · ξ

3/2
p−1J3/2(ξp−1)

...
. . .

...
ξ
(2p−1)/2
0 J(2p−1)/2(ξ0) · · · ξ

(2p−1)/2
p−1 J(2p−1)/2(ξp−1)

∣∣∣∣∣∣∣∣∣ .
Çíàÿ ∆p,p è ïîëüçóÿñü ñîîòíîøåíèåì (4), íàéäåì ∆p+1,p. Äîìíîæèì ∆p,p íà ξj, j = 0, . . . ,
p− 1, è ïðîèíòåãðèðóåì ïî êàæäîé ïåðåìåííîé ξj îò 0 äî ξj. Ïîëüçóÿñü ðåêóððåíòíûì
ñîîòíîøåíèåì íà ôóíêöèþ Áåññåëÿ [7, 8.472.3], ïîëó÷èì

∆p+1,p = Cp+1

∣∣∣∣∣∣∣∣∣
ξ
3/2
0 J3/2(ξ0) · · · ξ

3/2
p−1J3/2(ξp−1)

ξ
5/2
0 J5/2(ξ0) · · · ξ

5/2
p−1J5/2(ξp−1)

...
. . .

...
ξ
(2p+1)/2
0 J(2p+1)/2(ξ0) · · · ξ

(2p+1)/2
p−1 J(2p+1)/2(ξp−1)

∣∣∣∣∣∣∣∣∣ .
Òàêèì îáðàçîì, ïðîäåëàâ ýòó îïåðàöèþ (n− p) ðàç, ïîëó÷èì îêîí÷àòåëüíî

∆n,p = Cn

∣∣∣∣∣∣∣∣∣
ξ
(2n−2p+1)/2
0 J(2n−2p+1)/2(ξ0) · · · ξ

(2n−2p+1)/2
p−1 J(2n−2p+1)/2(ξp−1)

ξ
(2n−2p+3)/2
0 J(2n−2p+3)/2(ξ0) · · · ξ

(2n−2p+3)/2
p−1 J(2n−2p+3)/2(ξp−1)

...
. . .

...
ξ
(2n−1)/2
0 J(2n−1)/2(ξ0) · · · ξ

(2n−1)/2
p−1 J(2n−1)/2(ξp−1)

∣∣∣∣∣∣∣∣∣ . (5)

Òåîðåìà 1. Ïðè k →∞ èìååì

λ
(n,p)
k =

(
πk +

(2n− p− 1)π

2
+O(k−1)

)2p

. (6)

Äîêàçàòåëüñòâî. Ðàññìîòðèì ∆n,p êàê ôóíêöèþ îäíîé ïåðåìåííîé ω ∈ C (íàïîìíèì,
÷òî ξj = ωzj

2
). Íàéäåì àñèìïòîòèêó êîðíåé ∆n,p(ω) = 0 ïðè |ω| → ∞. Çàìåòèì, ÷òî

|∆n,p(ω)| = |∆n,p(zω)|, ïîýòîìó äîñòàòî÷íî ðàññìàòðèâàòü | arg(ω)| ≤ π
2p
.

Â óãëå | arg(ω)| < ϕ0 < π ó ôóíêöèè Áåññåëÿ èìååòñÿ ðàâíîìåðíàÿ àñèìïòîòèêà íà
áåñêîíå÷íîñòè (ñì. [7, 8.451.1]):

Jn+ 1
2
(ω) = (−1)n

√
2

π

sin(n)(ω)

ω
1
2

(
1 +O

(
1

ω

))
, |ω| → ∞.

Ïîýòîìó ïðè | arg(ω)| ≤ π
2p
èìååì

∆n,p(ω) = Cn

( 2

π

) p
2

∣∣∣∣∣∣∣
(−ω

2
)n−p sin(n−p)(ω

2
) · · · (−ω

2
)n−pz(p−1)(n−p) sin(n−p)(ω

2
zp−1)

...
. . .

...
(−ω

2
)n−1 sin(n−1)(ω

2
) · · · (−ω

2
)n−1z(p−1)(n−1) sin(n−1)(ω

2
zp−1)

∣∣∣∣∣∣∣ · [1].

Çàìåòèì, ÷òî ïðè | arg(ω)| ≤ π
2p

âåðíî =(ωzj) > aω > 0 ïðè íåêîòîðîì a > 0 è
j = 0, . . . , p− 1, ïîýòîìó

sin
(ω

2
zj
)

= −
e−i

ω
2
zj

2i
· [1], j = 1, . . . , p− 1, |ω| → ∞.

Âî âñåõ ñòîëáöàõ, êðîìå ïåðâîãî, çàìåíèì ñèíóñû íà ñîîòâåòñòâóþùèå ýêñïîíåíòû:

∆n,p =
Cn(−1)p−1

(2i)p

( 2

π

) p
2×∣∣∣∣∣∣∣

(−ω
2 )n−p(in−pei

ω
2 − (−i)n−pe−iω

2 ) zn−p( iω
2 )n−pe−iω

2 z · · · z(p−1)(n−p)( iω
2 )n−pe−iω

2 zp−1

...
...

. . .
...

(−ω
2 )n−1(in−1ei

ω
2 − (−i)n−1e−iω

2 ) zn−1( iω
2 )n−1e−iω

2 z · · · z(p−1)(n−1)( iω
2 )n−1e−iω

2 zp−1

∣∣∣∣∣∣∣ · [1].
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Âûíîñÿ îáùèå ìíîæèòåëè èç ñòðîê è ñòîëáöîâ, ïîëó÷èì

∆n,p =
Cn(−1)p−1

(2π)
p
2 ip

(
iω

2

)p(2n−p−1)/2

e−iω
2 · . . . · e−iω

2 zp−1

· z(n−p)p(p−1)/2×

×

∣∣∣∣∣∣∣∣∣
(−1)n−peiω − 1 1 · · · 1

(−1)n−p+1eiω − 1 z · · · zp−1

...
...

. . .
...

(−1)n−1eiω − 1 zp−1 · · · z(p−1)2

∣∣∣∣∣∣∣∣∣ · [1]. (7)

Òàêèì îáðàçîì, àñèìïòîòè÷åñêîå ðåøåíèå óðàâíåíèÿ ∆n,p(ω) = 0 ñâîäèòñÿ ê ðåøåíèþ
óðàâíåíèÿ

eiω(−1)n−p ·V[−1, z, . . . , zp−1] = V[1, z, . . . , zp−1] · [1],

èëè

eiω = (−1)n−p
(z − 1) · . . . · (zp−1 − 1)

(z + 1) · . . . · (zp−1 + 1)
· [1] = (−1)n−p

z − 1

zp−1 + 1
· . . . · z

p−1 − 1

z + 1
· [1] =

= (−1)n−pei
π
p · . . . · ei

(p−1)π
p = ei

(2n−p−1)π
2 · [1]. (8)

Ñòàíäàðòíûå ðàññóæäåíèÿ, èñïîëüçóþùèå òåîðåìó Ðóøå (ïîäðîáíî ìîæíî ïî÷èòàòü â
[8, ñòð.78]), ïîêàçûâàþò, ÷òî âñå êîðíè óðàâíåíèÿ (8) äîñòàòî÷íî áîëüøîãî ìîäóëÿ íà-
õîäÿòñÿ â îêðåñòíîñòÿõ òî÷åê 2πk+ (2n−p−1)π

2
ñ ðàäèóñîì O(k−1), ïðè÷åì â îêðåñòíîñòè

êàæäîé òî÷êè íàõîäèòñÿ ðîâíî îäèí êîðåíü óðàâíåíèÿ. Ó óðàâíåíèÿ ∆n−1,p(ω) = 0

êîðíè íàõîäÿòñÿ âáëèçè òî÷åê 2πk − π + (2n−p−1)π
2

, k → ∞. Ïîñêîëüêó ìíîæåñòâî{(
λ
(n,p)
k

) 1
2p

}
k∈N

åñòü îáúåäèíåíèå ïîëîæèòåëüíûõ êîðíåé îïðåäåëèòåëåé ∆n,p è ∆n−1,p,

ìû ïîëó÷àåì òàêóþ àñèìïòîòèêó ñîáñòâåííûõ ÷èñåë çàäà÷è (2) (çäåñü k0 � íåêîòîðîå
öåëîå ÷èñëî):

λk+k0 =

(
πk +

(2n− p− 1)π

2
+O(k−1)

)2p

, k →∞.

Îñòàëîñü ïîêàçàòü, ÷òî k0 = 0. Äëÿ ýòîãî âîñïîëüçóåìñÿ òåîðåìîé Éåíñåíà (ñì. [9, �3.6]).
Îáîçíà÷èì δ := (2n−p−1)

2
. Èç òîãî, ÷òî |∆n,p(ω)| = |∆n,p(zω)|, ñëåäóåò, ÷òî êîðíè óðàâ-

íåíèÿ ∆n,p(ω) = 0 èìåþò âèä ωkzj, j = 0, . . . , 2p − 1, ãäå ωk � ïîëîæèòåëüíûå êîðíè
ýòîãî óðàâíåíèÿ. Êðîìå ýòèõ êîðíåé, åñòü ïîñòîðîííèå êîðíè ω = 0, êîòîðûå íå ñîîò-
âåòñòâóþò ñîáñòâåííûì ÷èñëàì. Äëÿ èõ èñêëþ÷åíèÿ âîñïîëüçóåìñÿ àñèìïòîòè÷åñêèì
ïîâåäåíèåì ôóíêöèé Áåññåëÿ â îêðåñòíîñòè íóëÿ (ñì. [7, 8.440]). Ïîëó÷èì ïðè ω → 0

∆n,p = Cn

∣∣∣∣∣∣∣∣∣∣∣∣

(ω
2
)2n−2p+1 · (1 + o(1))

2
2n−2p+1

2 Γ(n− p+ 3
2
)
· · ·

(ω
2
zp−1)2n−2p+1 · (1 + o(1))

2
2n−2p+1

2 Γ(n− p+ 3
2
)

...
. . .

...
(ω
2
)2n−1 · (1 + o(1))

2
2n−1

2 Γ(n+ 1
2
)

· · ·
(ω
2
zp−1)2n−1 · (1 + o(1))

2
2n−1

2 Γ(n+ 1
2
)

∣∣∣∣∣∣∣∣∣∣∣∣
.

Çíà÷èò,

|∆n,p(ω)|
ωp(2n−p)

∣∣∣∣
ω=0

=
Cn · |V[1, z2, . . . , z2(p−1)]| · 2− 3

2
p(2n−p)

p∏
j=1

Γ(n− p+ j + 1
2
)

=
Cn · p

p
2 · 2− 3

2
p(2n−p)

p∏
j=1

Γ(n− p+ j + 1
2
)

.
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Ðàññìîòðèì ôóíêöèþ

∆̃n,p(ω) :=
∆n,p(ω)

Cnωp(2n−p)
· ∆n−1,p(ω)

Cn−1ωp(2n−2−p)
. (9)

Çàìåòèì, ÷òî

∆̃n,p(0) =
pp · 2−3p(2n−p−1)

Γ(n− p+ 1
2
)Γ(n+ 1

2
)
p−1∏
j=1

Γ2(n− p+ j + 1
2
)

6= 0. (10)

Íóëè ôóíêöèè ∆̃n,p(ω) àñèìïòîòè÷åñêè áëèçêè ê íóëÿì ôóíêöèè Ψ(ω) (ñì. [10, ñòð.8])

Ψ(ω) := ψδ(ω) · ψδ(ωz) · . . . · ψδ(ωzp−1),

ãäå

ψδ(ω) =
∞∏
n=1

(
1− ω2

(π(n+ δ))2

)
=

Γ2(1 + δ)

Γ(1 + δ + ω
π

)Γ(1 + δ − ω
π

)
.

Äîêàæåì, ÷òî ñóùåñòâóåò ðàâíîìåðíûé ïðåäåë

lim
|∆̃n,p(ω)|
|Ψ(ω)|

ïðè |ω| = π

(
N + δ +

1

2

)
, N →∞.

Êàê è âûøå, äîñòàòî÷íî îãðàíè÷èòüñÿ ñåêòîðîì | arg(ω)| ≤ π
2p
. Èçâåñòíî, ÷òî (ñì. [10,

ëåììà 1.3])

ψδ(ω) ∼ Γ2(1 + δ)π2δω−2δ−1 cos

(
ω − π

(
δ +

1

2

))
.

ðàâíîìåðíî ïî |ω| = π(N + δ + 1
2
), N → ∞, â äàííîì ñåêòîðå. Äàëåå, èç ôîð-

ìóë (7), (9) ñ ó÷åòîì (8) ïîëó÷àåì ðàâíîìåðíîå àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè |ω| → ∞
è | arg(ω)| ≤ π

2p∣∣∣∆̃n,p(ω)
∣∣∣ ∼(2ω)−p(2n−p)

(
2

π

)p
·
∣∣V[1, z, . . . , zp−1]

∣∣2 · ∣∣e−iωz∣∣ · . . . · ∣∣e−iωzp−1∣∣·∣∣eiω2 − ei(δπ−ω2 )∣∣ · ∣∣eiω2 − ei(δπ−π−ω2 )∣∣ .
Äëÿ j = 1 . . . p− 1, èìååì ïðè |ω| → ∞ ðàâíîìåðíî â äàííîì ñåêòîðå∣∣∣∣cos

(
ωzj − π

(
δ +

1

2

))∣∣∣∣ ∼ 1

2

∣∣∣e−i(ωzj−π(δ+ 1
2
))
∣∣∣ =

1

2

∣∣∣e−iωzj ∣∣∣ .
Êðîìå òîãî,∣∣eiω2 − ei(δπ−ω2 )∣∣ · ∣∣eiω2 − ei(δπ−π−ω2 )∣∣ =

∣∣eiω − ei(2δπ−ω)∣∣ = 2

∣∣∣∣cos

(
ω − π

(
δ +

1

2

))∣∣∣∣ .
Ïîýòîìó ïðè |ω| = π(N + δ + 1

2
), N →∞,

|∆̃n,p(ω)|
|Ψ(ω)|

⇒
22p · |V[1, z, . . . , zp−1]|2

Γ2p(1 + δ)(2π)p(2n−p)
. (11)
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Ïî òåîðåìå Éåíñåíà

N∏
k=1

(π(k + δ))2p

ω2p
k

=
|Ψ(0)|
|∆̃n,p(0)|

· exp

 1

2π

2π∫
0

ln
|∆̃n,p(π(N + δ + 1

2
)eiϕ)|

|Ψ(π(N + δ + 1
2
)eiϕ)|

dϕ

 . (12)

Èç ôîðìóë (10), (11) è (12) âèäíî, ÷òî áåñêîíå÷íîå ïðîèçâåäåíèå
∞∏
k=1

(π(k+δ))2p

ω2p
k

ñõîäèòñÿ.

Îòñþäà ïîëó÷àåì, ÷òî k0 = 0. �

3 Ïðèìåíåíèå ê àñèìïòîòèêå ìàëûõ óêëîíåíèé

Êàê óæå óêàçûâàëîñü âî ââåäåíèè, çàäà÷à (1) âîçíèêàåò ïðè èçó÷åíèè àñèìïòîòèêè
ìàëûõ óêëîíåíèé P{‖Xn‖2 < ε} ïðè ε → 0 íåêîòîðûõ ãàóññîâñêèõ ïðîöåññîâ Xn(t),
t ∈ [0, 1], à èìåííî:

Xn(t) := X(t)−
n−1∑
i=0

ait
i, (13)

ãäå ai îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè∫ 1

0

tiXn(t) dt = 0, i = 0 . . . n− 1.

Çäåñü X(t), t ∈ [0, 1], � ãàóññîâñêèé ïðîöåññ ñ íóëåâûì ñðåäíèì (EX(t) ≡ 0), ôóíê-
öèÿ êîâàðèàöèè êîòîðîãî G(s, t) = EX(s)X(t) ÿâëÿåòñÿ ôóíêöèåé Ãðèíà ñëåäóþùåé
êðàåâîé çàäà÷è:

Lu := (−1)pu(2p) = λu + ãðàíè÷íûå óñëîâèÿ. (14)

Ñëó÷àé n = 1 (öåíòðèðîâàííûå ïðîöåññû) àêòèâíî èçó÷àëñÿ äëÿ ðàçëè÷íûõ X(t). Â
÷àñòíîñòè, ðåçóëüòàòû äëÿ öåíòðèðîâàííîãî áðîóíîâñêîãî äâèæåíèÿ W1(t) è áðîóíîâ-
ñêîãî ìîñòà B1(t) áûëè ïîëó÷åíû â ðàáîòàõ [11, 12] (îíè îòâå÷àþò ñëó÷àþ p = 1 è
ïîäõîäÿùèì ãðàíè÷íûì óñëîâèÿì).

Åñòåñòâåííî ñìîòðåòü íà öåíòðèðîâàííûé ïðîöåññ X1(t) êàê íà îðòîãîíàëüíóþ êîì-
ïîíåíòó X(t) ê ïðîåêöèè íà ïîäïðîñòðàíñòâî êîíñòàíò â L2[0, 1]. Åñëè âû÷èòàòü ïðî-
åêöèþ íà ëèíåéíûå ôóíêöèè, òî ïîëó÷àåì òàê íàçûâàåìûå ïðîöåññû ñ èñêëþ÷åííûì
òðåíäîì X2(t). Äëÿ ïðîöåññà B2(t) àñèìïòîòèêà ìàëûõ óêëîíåíèé èçó÷àëàñü â ðàáî-
òå [13]. Äëÿ ïðîèçâîëüíîãî n ïðîöåññû Xn íàçûâàþò ïðîöåññàìè ñ èñêëþ÷åííûì òðåí-
äîì n-îãî ïîðÿäêà. Äëÿ ïðîöåññîâ Wn(t) è Bn(t) ñîáñòâåííûå ÷èñëà êîâàðèàöèîííîãî
îïåðàòîðà áûëè íàéäåíû â [1].

Â ñèëó èçâåñòíîãî ðàçëîæåíèÿ Êàðõóíåíà�Ëîýâà (ñì., íàïð. [14, �12]) èìååì ðàâåí-
ñòâî ïî ðàñïðåäåëåíèþ

‖Xn‖22
d
=
∞∑
k=1

µkη
2
k,

ãäå ηk, k ∈ N, � íåçàâèñèìûå ñòàíäàðòíûå ãàóññîâñêèå ñ.â., à µk, k ∈ N, � ñîáñòâåííûå
÷èñëà èíòåãðàëüíîãî îïåðàòîðà ñ ÿäðîì Gn(s, t) = EXn(s)Xn(t).

Çàìåòèì, ÷òî

Gn(s, t) = E
(
X(s)−

n−1∑
i=1

ais
i
)(
X(t)−

n−1∑
i=1

ait
i
)

= G(s, t) + Pn(s, t),
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ãäå Pn(s, t) � ìíîãî÷ëåí ñòåïåíè íå áîëåå (n−1) ïî îáåèì ïåðåìåííûì. Òîãäà óðàâíåíèå
íà ñîáñòâåííûå ÷èñëà âûãëÿäèò ñëåäóþùèì îáðàçîì:

µu(t) =

∫ 1

0

u(s)(G(s, t) + Pn(s, t)) ds.

Ïðèìåíÿÿ îïåðàòîð L ê îáåèì ÷àñòÿì ýòîãî ðàâåíñòâà è îáîçíà÷àÿ λ(n,p) := µ−1, ìû ïî-
ëó÷àåì óðàâíåíèå èç (1). Åñëè äîïóñòèòü, ÷òî n ≥ 2p, ïîëó÷àåì, ÷òî u(t) óäîâëåòâîðÿåò
òàêæå èíòåãðàëüíûì óñëîâèÿì èç (1). Â ýòîì ñëó÷àå àñèìïòîòèêà ìàëûõ óêëîíåíèé íå
çàâèñèò îò èñõîäíûõ ãðàíè÷íûõ óñëîâèé â (14).

Äëÿ ïîëó÷åíèÿ òî÷íîé àñèìïòîòèêè ìàëûõ óêëîíåíèé âîñïîëüçóåìñÿ ïðèíöèïîì
ñðàâíåíèÿ Âåíáî Ëè:

Ïðåäëîæåíèå 1. ([15, 16]) Ïóñòü ηk � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñòàíäàðò-
íûõ ãàóññîâñêèõ ñ.â. , à µk è µ̃k � äâå ïîëîæèòåëüíûå íåâîçðàñòàþùèå ñóììèðóåìûå
ïîñëåäîâàòåëüíîñòè òàêèå, ÷òî

∏
µ̃k/µk <∞. Òîãäà

P
{ ∞∑
k=1

µkη
2
k < ε2

}
∼ P

{ ∞∑
k=1

µ̃kη
2
k < ε2

}
·

(
∞∏
k=1

µ̃k
µk

)1/2

, ε→ 0.

Â êà÷åñòâå àïïðîêñèìàöèè âîçüì¼ì ïîñëåäîâàòåëüíîñòü

µ̃k :=
[
π (k + δ)

]−2p
, k ∈ N.

ãäå δ = 2n−p−1
2

. Òîãäà

P
{ ∞∑
k=1

µkη
2
k < ε2

}
∼ P

{ ∞∑
k=1

µ̃kη
2
k < ε2

}( ∞∏
k=1

µ̃k
µk

) 1
2

= P
{ ∞∑
k=1

µ̃kη
2
k < ε2

} ∞∏
k=1

ωpk
(π(k + δ))p

.

Ïîñëåäíåå ïðîèçâåäåíèå âû÷èñëÿåòñÿ èç ôîðìóë (12), (10), (11). Èñïîëüçóÿ [17, òåîðåìà
6.2], ïîëó÷àåì ñëåäóþùóþ òåîðåìó:

Òåîðåìà 2. Äëÿ ïðîöåññîâ Xn èìååì ïðè ε→ 0

P
{
‖Xn‖2 < ε

}
∼ Cεγ exp

(
− 2p− 1

2(2p sin( π
2p

))
2p

2p−1

ε−
2

2p−1

)
,

ãäå γ =
1− 2np+ p2

2p− 1
è

C =
(2p)1+

γ
2
+ p

2 · π
p−1
2 · sin

1+γ
2 ( π

2p
)

2p(2n−p−
1
2
)
√

2p− 1 ·V[1, z, . . . , zp−1]|
·

Γ−
1
2

(
n− p+ 1

2

)
Γ−

1
2

(
n+ 1

2

)
p−1∏
j=1

Γ(n− p+ j + 1
2
)

.

Çàìå÷àíèå 1. ïðè n = 2, p = 1 ýòîò ðåçóëüòàò áûë ïîëó÷åí â ðàáîòå [13] áåç
òî÷íîãî çíà÷åíèÿ êîíñòàíòû C. Äëÿ ñëó÷àÿ p = 1 è ïðîèçâîëüíîãî n â [1, Proposition
4.3] ïðèâåäåí îòâåò òàêæå ñ íåèçâåñòíîé êîíñòàíòîé C. Êðîìå òîãî, çíà÷åíèå γ â
ýòîé ðàáîòå âû÷èñëåíî íåâåðíî.

ß ïðèçíàòåëüíà À.È. Íàçàðîâó çà öåííûå ñîâåòû è ðåäàêòîðñêèå ïðàâêè, à òàêæå
ß.Þ. Íèêèòèíó çà óêàçàíèå íà ðàáîòû [13, 1].
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