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Àííîòàöèÿ

Â ðàáîòå ïîëó÷åíà òî÷íàÿ àñèìïòîòèêà ìàëûõ óêëîíåíèé äëÿ âèíåðîâñêîãî ïðî-

öåññà, áðîóíîâñêîãî ìîñòà è ïðîöåññà Îðíøòåéíà�Óëåíáåêà â êâàäðàòè÷íîé íîðìå ñ

âûðîæäåííûì íà îäíîì êîíöå âåñîì.

1. Ââåäåíèå

Òåîðèÿ ìàëûõ óêëîíåíèé ãàóññîâñêèõ ïðîöåññîâ â ïîñëåäíèå äåñÿòèëåòèÿ ïîëó÷èëà èí-

òåíñèâíîå ðàçâèòèå (ñì., ê ïðèìåðó, îáçîðû [13] è [14]). Ýòîìó ñïîñîáñòâîâàëà âîçìîæíîñòü

ïðèìåíåíèÿ òåîðèè ê ðåøåíèþ òàêèõ âàæíûõ ìàòåìàòè÷åñêèõ çàäà÷, êàê îöåíêà òî÷íî-

ñòè äèñêðåòíîé àïïðîêñèìàöèè ñëó÷àéíûõ ïðîöåññîâ, âû÷èñëåíèå ìåòðè÷åñêîé ýíòðîïèè

ôóíêöèîíàëüíûõ ìíîæåñòâ è çàêîí ïîâòîðíîãî ëîãàðèôìà â ôîðìå ×æóíà. Òåîðèÿ ìàëûõ

óêëîíåíèé ñâÿçàíà òàêæå ñ ôóíêöèîíàëüíûì àíàëèçîì äàííûõ [11] è íåïàðàìåòðè÷åñêèì

áàéåñîâñêèì îöåíèâàíèåì [1].

Ïóñòü X(t), a ≤ t ≤ b � ãàóññîâñêèé ïðîöåññ ñ íóëåâûì ñðåäíèì è êîâàðèàöèåé G(t, s),

à ψ(t) � íåîòðèöàòåëüíàÿ ôóíêöèÿ íà [a, b]. Âîçüìåì

‖X‖ψ =

 b∫
a

X2(t)ψ(t)dt

1/2

.

Çàäà÷à î ìàëûõ óêëîíåíèÿõ ñëó÷àéíîãî ïðîöåññà X â L2-íîðìå ñîñòîèò â îïèñàíèè

ïîâåäåíèÿ âåðîÿòíîñòè P{‖X‖ψ ≤ ε} ïðè ε → 0. Òî÷íîé àñèìïòîòèêîé ìàëûõ óêëîíåíèé

íàçûâàåòñÿ ñîîòíîøåíèå âèäà

P{‖X‖ψ ≤ ε} ∼ Cεβ exp(−dε−α), ε→ 0.

Â ñèëó ðàçëîæåíèÿ Êàðõóíåíà-Ëîýâà [10] èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî ïî ðàñïðå-

äåëåíèþ:

‖X‖2ψ =

b∫
a

X2(t)ψ(t)dt =
∞∑
k=1

λkξ
2
k,
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ãäå ξk � íåçàâèñèìûå ñòàíäàðòíûå ãàóññîâñêèå ñ.â., à λk > 0,
∑
k

λk < ∞ ïðåäñòàâëÿþò

ñîáîé ñîáñòâåííûå çíà÷åíèÿ èíòåãðàëüíîãî óðàâíåíèÿ

λf(t) =

b∫
a

G(t, s)
√
ψ(t)ψ(s)f(s)ds.

Òàêèì îáðàçîì, èñõîäíàÿ çàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ ïðè ε → 0 òî÷íîé àñèìïòîòèêè

âåðîÿòíîñòè P{
∑∞

k=1 λkξ
2
k < ε2}.

Â ñòàòüÿõ [15] è [16] áûë ðàçðàáîòàí ïîäõîä, ïîçâîëÿþùèé ïîëó÷èòü ñ òî÷íîñòüþ äî

êîíñòàíòû àñèìïòîòèêó ìàëûõ óêëîíåíèé â L2-íîðìå äëÿ ïðîöåññîâ Ãðèíà � ãàóññîâñêèõ

ïðîöåññîâ, êîâàðèàöèÿ êîòîðûõ ÿâëÿåòñÿ ôóíêöèåé Ãðèíà ñàìîñîïðÿæåííîãî äèôôåðåí-

öèàëüíîãî îïåðàòîðà èç íåêîòîðîãî äîâîëüíî øèðîêîãî êëàññà. Â ðàáîòå [4] Íàçàðîâûì

è Ïóñåâûì áûëà íàéäåíà àñèìïòîòèêà ìàëûõ óêëîíåíèé âçâåøåííûõ ïðîöåññîâ Ãðèíà ñ

òî÷íîñòüþ äî êîíñòàíòû "ðàñõîæäåíèÿ"äëÿ äîñòàòî÷íî ãëàäêèõ âåñîâ. Ýòà êîíñòàíòà âû-

ðàæàåòñÿ ÷åðåç ñîáñòâåííûå ÷èñëà êîâàðèàöèîííîé ôóíêöèè. Â ñòàòüå [5] ïîêàçàí ìåòîä

íàõîæäåíèÿ êîíñòàíòû ðàñõîæäåíèÿ íåêîòîðûõ äëÿ ãàóññîâñêèõ ïðîöåññîâ, îáëàäàþùèõ

íåâûðîæäåííûìè âåñàìè, íå èñïîëüçóþùèé ñîáñòâåííûå ÷èñëà êîâàðèöèîííîé ôóíêöèè.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå òî÷íûõ àñèìïòîòèê è àñèìïòîòèê ñ òî÷-

íîñòüþ äî êîíñòàíòû âåðîÿòíîñòè ìàëûõ óêëîíåíèé íåêîòîðûõ ñëó÷àéíûõ ïðîöåññîâ ñ

âûðîæäåííûìè âåñàìè âèäà tαψ(t), ãäå ψ(t) � äâàæäû äèôôåðåíöèðóåìàÿ íà [0, 1] ïîëî-

æèòåëüíàÿ ôóíêöèÿ.

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ïóñòü L � ñàìîñîïðÿæåííûé äèôôåðåíöèàëüíûé îïåðàòîð ïîðÿäêà 2l, îïðåäåëåííûé íà

ïðîñòðàíñòâå D(L) ôóíêöèé, óäîâëåòâîðÿþùèõ 2l ãðàíè÷íûì óñëîâèÿì. Ïðîñòðàíñòâî

(m−1) ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé y, ó êîòîðûõ y(m−1) àáñîëþòíî íåïðå-

ðûâíà íà îòðåçêå [0,1] è y(m) ∈ Lp(0, 1), êàê îáû÷íî, îáîçíà÷èì çà Wm
p (0, 1). Â ñòàòüå [4]

áûëà äîêàçàíà ñëåäóþùàÿ ëåììà.

Ëåììà 2.1. Ïóñòü ôóíêöèÿ ψ ∈ W l
∞(0, 1) è ψ > 0 íà (0, 1). Ïóñòü G(t, s) � ôóíêöèÿ

Ãðèíà êðàåâîé çàäà÷è

Lv = µv íà [0, 1], v ∈ D(L). (1)

Òîãäà ôóíêöèÿ

G(t, s) =
√
ψ(t)ψ(s)G(t, s)

2



ÿâëÿåòñÿ ôóíêöèåé Ãðèíà êðàåâîé çàäà÷è

Lv ≡ ψ−1/2L(ψ−1/2v) = µv íà [0, 1], v ∈ D(L), (2)

ãäå ïðîñòðàíñòâî D(L) ñîñòîèò èç ôóíêöèé v, óäîâëåòâîðÿþùèõ óñëîâèþ

ψ−1/2v ∈ D(L). (3)

Çàìå÷àíèå. Çàäà÷à (2) � (3) ñ ïîìîùüþ çàìåíû y = ψ−1/2v ïåðåïèñûâàåòñÿ òàê:

Ly = µψy íà [0, 1], v ∈ D(L).

Â ñòàòüå [16, Òåîðåìà 6.2] áûëà äîêàçàíà òåîðåìà

Òåîðåìà 2.1. Ïóñòü

Λj = (ϑ(j + δ))−d,

ãäå ϑ > 0, δ > −1 è d > 1 � íåêîòîðûå êîíñòàíòû. Òîãäà ïðè ε→ 0

P{
∞∑
j=1

Λjξ
2
j ≤ ε2} ∼ C(ϑ, d, δ) · εγ exp

(
−d− 1

2

(
π/d

ϑ sin(π/d)

) d
d−1

ε−
2
d−1

)
,

ãäå

γ =
2− d− 2δd

2(d− 1)
,

à C(ϑ, d, δ) ïðåäñòàâëÿåò ñîáîé

C(ϑ, d, δ) =
(2π)d/4ϑdγ/2(sin(π/d))

1+γ
2

(d− 1)1/2(π/d)1+
γ
2 Γd/2(1 + δ)

.

3. Àñèìïòîòèêà ñ òî÷íîñòüþ äî êîíñòàíòû äëÿ ïðîöåññîâ

ñ âåñîì ψ(t)tα

Òåîðåìà 3.1. Äëÿ áðîóíîâñêîãî ìîñòà B ïðè ε→ 0 èìååò ìåñòî ñîîòíîøåíèå

P {‖B‖ψtα ≤ ε} ∼ C
2(γ+3)/2π(γ−1)/2

Γ(1 + δ)

( ε
ϑ

)γ
exp

(
− ϑ2

8ε2

)
,

ãäå

C =
∞∏
n=1

(π(n− α
4(α+2)

)/ϑ)−1

λ
1/2
n

, ϑ =

∫ 1

0

√
ψ(t)tαdt,
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γ =
α

2(α + 2)
, δ = − α

4(α + 2)
.

Äîêàçàòåëüñòâî. Ñîáñòâåííûå ÷èñëà λn â ðàçëîæåíèè Êàðõóíåíà�Ëîýâà ðàâíû λn = µ−1n ,

ãäå µn � ñîáñòâåííûå ÷èñëà êðàåâîé çàäà÷è{
− y′′ = µψtαy íà [0, 1],

y(0) = y(1) = 0.

Ñîãëàñíî [2, �6], ÷èñëà µn èìåþò ñëåäóþùóþ àñèìïòîòèêó

µn =

(
π(n+ δ +O(n−c))

ϑ

)2

.

Èñïîëüçóÿ òåîðåìó ñðàâíåíèÿ Ëè [12] è òåîðåìó 2.1, íåïîñðåäñòâåííûì âû÷èñëåíèåì ïî-

ëó÷àåì óòâåðæäåíèå òåîðåìû.

Ñëåäóþùèå óòâåðæäåíèÿ äîêàçûâàþòñÿ àíàëîãè÷íî.

Òåîðåìà 3.2. Ïóñòü W(u)(t) = W (t) − utW (1), u < 1. Òîãäà ïðè ε → 0 èìååò ìåñòî

ñîîòíîøåíèå

P
{
‖W(u)‖ψtα ≤ ε

}
∼ C

2(γ+3)/2π(γ−1)/2

Γ(1 + δ)

( ε
ϑ

)γ
exp

(
− ϑ2

8ε2

)
,

ãäå

C =
∞∏
n=1

(π(n− 1
2
− α

4(α+2)
)/ϑ)−1

λ
1/2
n

, ϑ =

∫ 1

0

√
ψ(t)tαdt,

γ =
3α + 4

2(α + 2)
, δ = − 3α + 4

4(α + 2)
.

Çàìå÷àíèå. Òî æå ñîîòíîøåíèå âåðíî è äëÿ ïðîöåññà Îðíøòåéíà�Óëåíáåêà ñ íà÷àëîì

â íóëå, òî åñòü ãàóññîâñêîãî ïðîöåññà ñ íóëåâûì ñðåäíèì è êîâàðèàöèîííîé ôóíêöèåé

(e−β|t−s| − e−β(t+s))/(2β).

Îáîçíà÷èì U(β)(t) ñòàöèîíàðíûé ïðîöåññ Îðíøòåéíà�Óëåíáåêà, òî åñòü ãàóññîâñêèé

ïðîöåññ ñ íóëåâûì ñðåäíèì è êîâàðèàöèîííîé ôóíêöèåé e−β|t−s|/(2β).

Òåîðåìà 3.3. Ïðè ε→ 0 èìååò ìåñòî ñîîòíîøåíèå

P
{
‖U(β)‖ψtα ≤ ε

}
∼ C

2(γ+3)/2π(γ−1)/2

Γ(1 + δ)

( ε
ϑ

)γ
exp

(
− ϑ2

8ε2

)
,

ãäå

C =
∞∏
n=1

(π(n− 1 + α
4(α+2)

)/ϑ)−1

λ
1/2
n

, ϑ =

∫ 1

0

√
ψ(t)tαdt,
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γ =
3α + 8

2(α + 2)
, δ = − 3α + 8

4(α + 2)
.

4. Òî÷íàÿ àñèìïòîòèêà äëÿ ïðîöåññîâ ñ âåñîì ψ(t)tα

Òåîðåìà 4.1. Ïóñòü W(u)(t) = W (t) − utW (1), ãäå W (t) � âèíåðîâñêèé ïðîöåññ, u < 1.

Òîãäà ïðè ε→ 0 èìååò ìåñòî ñëåäóþùåå àñèìïòîòè÷åñêîå ñîîòíîøåíèå

P
{
‖W(u)‖ψtα ≤ ε

}
∼ 22+ α

4α+8 (ϑ(α + 2))
α

4α+8

(1− u)π1/4Γ1/2( 1
α+2

)

ψ
1

4α+8 (0)

ψ
1
8 (1)

( ε
ϑ

) 3α+4
2α+4

exp

(
−ϑ2

8ε2

)
,

ãäå

ϑ =

∫ 1

0

√
ψ(t)tαdt. (4)

Äîêàçàòåëüñòâî. Ïî ëåììå 2.1 ñîáñòâåííûå ÷èñëà â ðàçëîæåíèè Êàðõóíåíà-Ëîýâà λk =

µ−1k , ãäå µk � ñîáñòâåííûå ÷èñëà êðàåâîé çàäà÷è
− y′′ = µψ(t)tαy íà [0, 1]

y(0) = 0

(y′ + τy)(1) = 0,

(5)

ãäå τ = (1− u)−2 − 1

Ïóñòü ϕ1(t, ζ), ϕ2(t, ζ) � ðåøåíèÿ óðàâíåíèÿ −y′′ = ζ2ψ(t)tαy, óäîâëåòâîðÿþùèå íà-

÷àëüíûì óñëîâèÿì

ϕ1(0, ζ) = 1 ϕ′1(0, ζ) = 0 (6)

ϕ2(0, ζ) = 0 ϕ′2(0, ζ) = 1. (7)

Ïîäñòàâèâ îáùåå ðåøåíèå y(t) = c1ϕ1(t, ζ) + c2ϕ2(t, ζ) â ãðàíè÷íûå óñëîâèÿ (36), ïîëó÷àåì,

÷òî ñîáñòâåííûå ÷èñëà µk êðàåâîé çàäà÷è (5) ðàâíû x2k, ãäå xk � ïîëîæèòåëüíûå êîðíè

ôóíêöèè

F (ζ) =

∣∣∣∣∣ ϕ1(0, ζ) ϕ2(0, ζ)

ϕ′1(1, ζ) + τϕ1(1, ζ) ϕ′2(1, ζ) + τϕ2(1, ζ)

∣∣∣∣∣ = ϕ′2(1, ζ) + τϕ2(1, ζ)

Íàéäåì àñèìïòîòèêó F (ζ) ïðè |ζ| → ∞. Äëÿ ýòîãî âîñïîëüçóåìñÿ àñèìïòîòè÷åñêèìè ôîð-

ìóëàìè, âûâåäåííûìè À. Äîðîäíèöûíûì.

Â ñîîòâåòñòâèè ñ îáîçíà÷åíèÿìè èç [2, §5]

ω(x) =

α + 2

2

x∫
0

√
ψ(t)tαdt

 2
α+2

(8)
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U1(t) = (α + 2)−
1

α+2 Γ

(
α + 1

α + 2

)√
tJ− 1

α+2

(
2

α + 2
t
α+2
2

)
(9)

U2(t) = (α + 2)
1

α+2 Γ

(
α + 3

α + 2

)√
tJ 1

α+2

(
2

α + 2
t
α+2
2

)
(10)

Yi(x) =
1√
ω′(x)

Ui

(
ζ

2
α+2ω(x)

)
(11)

Êàê âèäíî èç [2, c.37],

ω′(x) = x
α
2 ·
√
ψ(x) · ω−

α
2 (x) (12)

ω(x) = ψ(0)
1

α+2 · x(1 + o(1)), x→ 0 (13)

ω′(x) = ψ(0)
1

α+2 · (1 + o(1)), x→ 0 (14)

Â [2, §5] ïîêàçàíî, ÷òî ìîæíî íàéòè ëèíåéíî íåçàâèñèìûå ðåøåíèÿ óðàâíåíèÿ −y′′ =

µψ(t)tαy â âèäå

Y1(t) · (1 + u1(t))) = Y1(t) · (1 +O(t))), t→ 0. (15)

Y2(t) · (1 + u2(t))) = Y2(t) · (1 +O(t))), t→ 0. (16)

Ñ ïîìîùüþ àñèìïòîòè÷åñêèõ ïðèáëèæåíèé ôóíêöèé Áåññåëÿ ïåðâîãî ðîäà â íóëå [9]

Jν(z) ∼
(

1

2
z

)ν
Γ−1(ν + 1), (17)

Íàéäåì ïðåäåëû U2(t), U ′2(t) ïðè t→ 0

lim
t→0

U2(t) = (α + 2)
1

α+2 Γ

(
α + 3

α + 2

)√
tJ 1

α+2

(
2

α + 2
t
α+2
2

)
= lim

t→0
t = 0 (18)

lim
t→0

U ′2(t) = lim
t→0

(α + 2)
1

α+2 Γ

(
α + 3

α + 2

)(
1

2
√
t
J 1
α+2

(
2

α + 2
t
α+2
2

)
− t

α
2 Jα+3

α+2

(
2

α + 2
t
α+2
2

))
+

+
1

2
(α + 2)

1
α+2 Γ

(
α + 3

α + 2

)
t
α
2
+ 2
α+2J 1

α+2

(
2

α + 2
t
α+2
2

)
=

1

2
+ 0 +

1

2
= 1

Òåïåðü íàéäåì ïðåäåëû Y2(t), Y
′
2(t) ïðè t→ 0

lim
t→0

Y2(t) = lim
t→0

1√
ω′(t)

U2

(
ζ

2
α+2ω(t)

)
= lim

t→0
ψ

1
2α+4 (0)ζ

2
α+2 t = 0 (19)
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lim
t→0

Y ′2(t) = lim
t→0

(α
4
t−

α
4ψ−

1
4 (0)ω

α−4
4 (t)− α

4
t
−α−4

4 ψ−
1
4 (0)ω

α
4 (t)ω′(t) + o(t−1)

)
U2

(
ζ

2
α+2ω(t)

)
+

+ ψ
1

2α+4 (0)ζ
2

α+2 = ψ
1

2α+4 (0)ζ
2

α+2

Àíàëîãè÷íî

lim
t→0

Y1(t) = ψ−
1

2α+4 (0) (20)

lim
t→0

Y ′1(t) = 0 (21)

Òàêèì îáðàçîì, ëèíåéíî íåçàâèñèìûå ðåøåíèÿ ϕ1, ϕ2 ìîæíî íàéòè êàê

ϕ2(t, ζ) = (Y1(t) + u1(t)) · ψ
1

2α+4 (0) (22)

ϕ2(t, ζ) = (Y2(t) + u2(t)) · ψ−
1

2α+4 (0)ζ−
2

α+2 (23)

Ââåäåì îáîçíà÷åíèÿ

B1 = (α + 2)−
1

α+2 Γ

(
α + 1

α + 2

)
B2 = (α + 2)

1
α+2 Γ

(
α + 3

α + 2

)

T (x) = ω
α+2
4 (x)x−

α
4ψ−1/4(x)

ϑ =
2

α + 2
ω
α+2
2 (1)

Òîãäà, ñîãëàñíî [2, §5.1, 5.2] ïðè |ζ| → ∞

Y1(x) + u1(x) = B1 · T (x) · ζ
1

α+2J− 1
α+2

(
2

α + 2
ω
α+2
2 (x)ζ

)(
1 +O(|ζ−1|)

)
Y2(x) + u2(x) = B2 · T (x) · ζ

1
α+2J 1

α+2

(
2

α + 2
ω
α+2
2 (x)ζ

)(
1 +O(|ζ−1|)

)

Y ′1(x)+u′1(x) = B1ζ
1

α+2

(
T ′(x)J− 1

α+2

(
2

α + 2
ω
α+2
2 (x)ζ

)
+ T (x) ·

(
J− 1

α+2

(
2

α + 2
ω
α+2
2 (x)ζ

))′)
=

= −B1ζ
α+3
α+2

(
T (x)ψ1/2(x)x

α
2 Jα+1

α+2

(
2

α + 2
ω
α+2
2 (x)ζ

))
(1 +O(|ζ|−1)) (24)
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Y ′2(x)+u′2(x) = B2ζ
1

α+2

(
T ′(x)J 1

α+2

(
2

α + 2
ω
α+2
2 (x)ζ

)
+ T (x) ·

(
J 1
α+2

(
2

α + 2
ω
α+2
2 (x)ζ

))′)
=

= B2ζ
α+3
α+2

(
T (x)ψ1/2(x)x

α
2 Jα+3

α+2

(
2

α + 2
ω
α+2
2 (x)ζ

))
(1 +O(|ζ|−1)) (25)

Òàê êàê

Jν(ζ) =

√
2

πζ
cos
(
ζ − πν

2
− π

4

)
(1 +O(|ζ|1))

ïðè |ζ| → ∞, <(ζ) ≥ 0, ïîëó÷àåì

Y1(1) = B1 · ζ−
α

2α+4

(√
α + 2

π
ψ−1/4(1) cos

(
2

α + 2
ω
α+2
2 (1)ζ − απ

4α + 8

))(
1 +O(|ζ−1|)

)
(26)

Y ′1(1) = B1 · ζ
α+4
2α+4

(√
α + 2

π
ψ1/4(1) cos

(
2

α + 2
ω
α+2
2 (1)ζ − (3α + 4)π

4α + 8

))
(1 +O(|ζ|−1)). (27)

Y2(1) = B2 · ζ−
α

2α+4

(√
α + 2

π
ψ−1/4(1) cos

(
2

α + 2
ω
α+2
2 (1)ζ − (α + 4)π

4α + 8

))(
1 +O(|ζ−1|)

)
(28)

Y ′2(1) = −B2 · ζ
α+4
2α+4

(√
α + 2

π
ψ1/4(1) cos

(
2

α + 2
ω
α+2
2 (1)ζ − (3α + 8)π

4α + 8

))
(1 +O(|ζ|−1)).

(29)

Ñîîòâåòñòâåííî

ϕ1(1, ζ) = B1 · ψ
1

2α+4 (0) · ζ−
α

2α+4

(√
α + 2

π
ψ−1/4(1) cos

(
2

α + 2
ω
α+2
2 (1)ζ − απ

4α + 8

))(
1 +O(|ζ−1|)

)
(30)

ϕ′1(1, ζ) = B1 · ψ
1

2α+4 (0) · ζ
α+4
2α+4

(√
α + 2

π
ψ1/4(1) cos

(
2

α + 2
ω
α+2
2 (1)ζ − (3α + 4)π

4α + 8

))(
1 +O(|ζ−1|)

)
(31)

ϕ2(1, ζ) = B2 · ψ−
1

2α+4 (0) · ζ−
α+4
2α+4

(√
α + 2

π
ψ−1/4(1) cos

(
2

α + 2
ω
α+2
2 (1)ζ − (α + 4)π

4α + 8

))(
1 +O(|ζ−1|)

)
(32)

ϕ′2(1, ζ) = −B2 · ψ−
1

2α+4 (0) · ζ
α

2α+4

(√
α + 2

π
ψ−1/4(1) cos

(
2

α + 2
ω
α+2
2 (1)ζ − (3α + 8)π

4α + 8

))(
1 +O(|ζ−1|)

)
,

(33)
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Îáîçíà÷èì

δ̃ = − α

4α + 8
∈
(
−1

4
, 0

]
Òàêèì îáðàçîì,

F (ζ) = B2 · ψ−
1

2α+4 (0) · ζ
α

2α+4

(√
α + 2

π
ψ1/4(1) cos

(
ϑζ − δ̃π

))
(1 +O(|ζ|−1)). (34)

ïðè |ζ| → ∞. Âîçüìåì ôóíêöèþ

Ψ(ζ) =
∞∏
n=1

(
1− ζ2

(π(n+ δ))2

)
, δ = − 3α + 4

4(α + 2)
.

Ñîãëàñíî [3, Ëåììà 1.3], ïðè |ζ| = π(N + δ + 1/2) è N →∞

Ψ(ζ) ∼ Γ2(1 + δ)π2δζ−2δ−1 cos(ζ − π(δ + 1/2))

òî åñòü

Ψ(ζ) ∼ Γ2

(
α + 4

4(α + 2)

)
π−

3α+4
2α+4 ζ

α
2α+4 cos

(
ζ +

πα

4α + 8

)
.

Çàìåòèì, ÷òî

|F (ζ)|
|Ψ(ϑζ)|

⇒ B2 · ψ−
1

2α+4 (0)

√
α + 2

π
ψ1/4(1)Γ−2

(
α + 4

4(α + 2)

)
π

3α+4
2α+4ϑ−

α
2α+4

Ïî òåîðåìå Éåíñåíà([6, �3.6.1]) äëÿ ôóíêöèè F è xk < r < xk+1 âåðíî ñîîòíîøåíèå

ln

(
rk |F (0)|
x1x2 . . . xk

)
=

1

2π

∫ 2π

0

ln
∣∣F (reiθ)

∣∣ dθ
Àíàëîãè÷íîå ðàâåíñòâî âåðíî äëÿ ôóíêöèè Ψ. Ñëåäîâàòåëüíî

∞∏
n=1

(π(n+ δ)/ϑ)−2

λn
=

(
∞∏
n=1

xn
π(n+ δ)/ϑ

)2

=
|F (0)|Γ2

(
α+4

4(α+2)

)
ϑ

α
2α+4

B2 · ψ−
1

2α+4 (0)
√
α + 2π

α+1
α+2ψ1/4(1)

Îñòàëîñòü âû÷èñëèòü F (0). Çàìåòèì, ÷òî ïî òåîðåìå î íåïðåðûâíîé çàâèñèìîñòè ðåøå-

íèÿ îò ïàðàìåòðà

lim
ζ→0

ϕ′2(1, ζ) + τϕ2(1, ζ) = lim
t→1

ϕ′2(t, 0) + τϕ2(t, 0) = 1 + τt.

Òî åñòü

F (0) = 1 + τ = (1− u)−2
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Îêîí÷àòåëüíî ïîëó÷àåì

∞∏
n=1

(π(n+ δ)/ϑ)−2

λn
=

Γ2
(

α+4
4(α+2)

)
ϑ

α
2α+4ψ

1
2α+4 (0)

(1− u)2(α + 2)
α+4
2α+4 Γ

(
α+3
α+2

)
π
α+1
α+2ψ1/4(1)

Îñòàëîñü ïðèìåíèòü òåîðåìó 3.2

Çàìå÷àíèå. Ïðè α = 0 àñèìïòîòè÷åñêîå âûðàæåíèå ïðèíèìàåò âèä, îïèñàííûé â [5] äëÿ

W(u) ñ íåâûðîæäåííûì âåñîì

P
{
‖W(u)‖ψ ≤ ε

}
∼ 4ψ1/8(0)

(1− u)
√
πϑψ1/8(1)

ε exp

(
−ϑ

2

8
ε−2
)
.

Ïðè ψ ≡ 1 ïîëó÷àåì ðåçóëüòàò [3, Òåîðåìà 3.3, ï. 2]

Òåîðåìà 4.2. Ïóñòü Ůa(t) � ïðîöåññ Îðíøòåéíà-Óëåíáåêà ñ íà÷àëîì â íóëå. Òîãäà èìååò

ìåñòî ñëåäóþùåå àñèìïòîòè÷åñêîå ñîîòíîøåíèå

P
{
‖Ůa‖ψtα ≤ ε

}
∼ 22+ α

4α+8 (ϑ(α + 2))
α

4α+8 ea/2

π1/4Γ1/2( 1
α+2

)

ψ
1

4α+8 (0)

ψ
1
8 (1)

( ε
ϑ

) 3α+4
2α+4

exp

(
−ϑ2

8ε2

)
,

ãäå

ϑ =

∫ 1

0

√
ψ(t)tαdt. (35)

Äîêàçàòåëüñòâî. Ïî ëåììå 2.1 ñîáñòâåííûå ÷èñëà â ðàçëîæåíèè Êàðõóíåíà-Ëîýâà λk =

µ−1k , ãäå µk � ñîáñòâåííûå ÷èñëà êðàåâîé çàäà÷è
− y′′ = (µψ(t)tα − a2)y íà [0, 1]

y(0) = 0

(y′ + ay)(1) = 0

(36)

Ïîäñòàâèâ îáùåå ðåøåíèå y(t) = c1ϕ1(t, ζ) + c2ϕ2(t, ζ) â ãðàíè÷íûå óñëîâèÿ (36), ïîëó÷à-

åì, ÷òî ñîáñòâåííûå ÷èñëà µk ñâÿçàííîé ñ ïðîöåññîì êðàåâîé çàäà÷è ðàâíû x2k, ãäå xk �

ïîëîæèòåëüíûå êîðíè ôóíêöèè

F (ζ) =

∣∣∣∣∣ ϕ1(0, ζ) ϕ2(0, ζ)

ϕ′1(1, ζ) + αϕ1(1, ζ) ϕ′2(1, ζ) + αϕ2(1, ζ)

∣∣∣∣∣ = ϕ′2(1, ζ) + αϕ2(1, ζ)

Çàìåòèì([2]), ÷òî ñëàãàåìîå −a2y â óðàâíåíèè 36 íå âëèÿåò íà ãëàâíûé ÷ëåí Yi, ïîýòîìó

àñèìïòîòè÷åñêèå âûðàæåíèÿ èç ïðîøëîé òåîðåìû âåðíû è äëÿ ðåøåíèé äàííîé çàäà÷è.

Òàêèì îáðàçîì
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F (ζ) = B2 · ψ−
1

2α+4 (0) · ζ
α

2α+4

(√
α + 2

π
ψ1/4(1) cos

(
ϑζ − δ̃π

))
(1 +O(|ζ|−1)). (37)

ïðè |ζ| → ∞. Çäåñü èñïîëüçóþòñÿ òå æå îáîçíà÷åíèÿ, ÷òî è â äîêàçàòåëüñòâå ïðåäûäóùåé

òåîðåìû.

Êàê è â ïðîøëûé ðàç, âîçüìåì ôóíêöèþ

Ψ(ζ) =
∞∏
n=1

(
1− ζ2

(π(n+ δ))2

)
, δ = − 3α + 4

4(α + 2)
.

Êàê ìû âûÿñíèëè â äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû,

∞∏
n=1

(π(n+ δ)/ϑ)−2

λn
=

(
∞∏
n=1

xn
π(n+ δ)/ϑ

)2

=
|F (0)|Γ2

(
α+4

4(α+2)

)
ϑ

α
2α+4

B2 · ψ−
1

2α+4 (0)
√
α + 2π

α+1
α+2ψ1/4(1)

Îñòàåòñÿ íàéòè F (0). Ïî òåîðåìå î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ îò ïàðàìåòðà

lim
ζ→0

φ′2(1, ζ) + τφ2(1, ζ) = lim
t→1

φ′2(t, 0) + τφ2(t, 0)

ãäå φ(t, 0) � ðåøåíèå óðàâíåíèÿ 
y′′ = a2y íà [0, 1]

y(0) = 0

(y′ + ay)(1) = 0

(38)

Òàêàÿ çàäà÷à èìååò ðåøåíèå φ(t, 0) = 1
a

sh(at), òî åñòü F (0) = ch(a) + sh(a) = ea

Îêîí÷àòåëüíî ïîëó÷àåì

∞∏
n=1

(π(n+ δ)/ϑ)−2

λn
=

Γ2
(

α+4
4(α+2)

)
ϑ

α
2α+4ψ

1
2α+4 (0)ea

(α + 2)
α+4
2α+4 Γ

(
α+3
α+2

)
π
α+1
α+2ψ1/4(1)

Çàìå÷àíèå. Ïðè α = 0 àñèìïòîòè÷åñêîå âûðàæåíèå ïðèíèìàåò âèä, îïèñàííûé â [5] äëÿ

Ů(a)(t) ñ íåâûðîæäåííûì âåñîì

P
{
‖Ůa‖ψ ≤ ε

}
∼ 4ψ1/8(0)eα/2√

πϑψ1/8(1)
ε exp

(
−ϑ

2

8
ε−2
)
.

Òåîðåìà 4.3. Ïóñòü B(t) � áðîóíîâñêèé ìîñò. Òîãäà èìååò ìåñòî ñëåäóþùåå àñèìï-

òîòè÷åñêîå ñîîòíîøåíèå
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P {‖B‖ψtα ≤ ε} ∼ 21+ 3α+4
4α+8 (ϑ(α + 2))−

α+4
4α+8 · ψ

1
4α+8 (0)ψ

1
8 (1)

π1/4Γ1/2(α+3
α+2

)

( ε
ϑ

) α
2α+4

exp

(
−ϑ2

8ε2

)
,

ãäå

ϑ =

∫ 1

0

√
ψ(t)tαdt. (39)

Äîêàçàòåëüñòâî. Ïî ëåììå 2.1 ñîáñòâåííûå ÷èñëà â ðàçëîæåíèè Êàðõóíåíà-Ëîýâà λk =

µ−1k , ãäå µk � ñîáñòâåííûå ÷èñëà êðàåâîé çàäà÷è
− y′′ = µψ(t)tαy íà [0, 1]

y(0) = 0

y(1) = 0

(40)

Ïîäñòàâèâ îáùåå ðåøåíèå y(t) = c1ϕ1(t, ζ) + c2ϕ2(t, ζ) â ãðàíè÷íûå óñëîâèÿ (40), ïîëó÷à-

åì, ÷òî ñîáñòâåííûå ÷èñëà µk ñâÿçàííîé ñ ïðîöåññîì êðàåâîé çàäà÷è ðàâíû x2k, ãäå xk �

ïîëîæèòåëüíûå êîðíè ôóíêöèè

F (ζ) =

∣∣∣∣∣ ϕ1(0, ζ) ϕ2(0, ζ)

ϕ1(1, ζ) ϕ2(1, ζ)

∣∣∣∣∣ = ϕ2(1, ζ)

Âîçüìåì δ̃ = − (α+4)π
4α+8

. Òîãäà, ïðèìåíÿÿ ïîëó÷åííûå àñèìïòîòèêè ðåøåíèé, ïîëó÷àåì

F (ζ) = B2 · ψ−
1

2α+4 (0) · ζ−
α+4
2α+4

(√
α + 2

π
ψ−1/4(1) cos

(
ϑζ − δ̃π

))
(1 +O(|ζ|−1)), (41)

ïðè |ζ| → ∞.

Âîçüìåì ôóíêöèþ

Ψ(ζ) =
∞∏
n=1

(
1− ζ2

(π(n+ δ))2

)
, δ = − α

4(α + 2)
.

Òîãäà ïî [3, Ëåììà 1.3], ïðè |ζ| = π(N + δ + 1/2) è N →∞

Ψ(ζ) ∼ Γ2

(
3α + 8

4(α + 2)

)
π−

α
2α+4 ζ−

α+4
2α+4 cos

(
ζ − π(α + 4)

4α + 8

)
.

Ñîîòâåòñòâåííî

|F (ζ)|
|Ψ(ϑζ)|

⇒ B2 · ψ−
1

2α+4 (0)

√
α + 2

π
ψ−1/4(1)

(
Γ

(
3α + 8

4(α + 2)

))−2
π

α
2α+4ϑ

α+4
2α+4
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Ïðèìåíÿÿ òåîðåìó Éåíñåíà, ïîëó÷àåì

∞∏
n=1

(π(n+ δ)/ϑ)−2

λn
=

(
∞∏
n=1

xn
π(n+ δ)/ϑ

)2

=
|F (0)|Γ2

(
3α+8
4(α+2)

)
ϑ−

α+4
2α+4π

1
α+2

B2 · ψ−
1

2α+4 (0)
√
α + 2ψ−1/4(1)

Îñòàåòñÿ íàéòè F (0). Ïî òåîðåìå î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ îò ïàðàìåòðà

lim
ζ→0

φ2(1, ζ) = lim
t→1

φ2(t, 0).

ßñíî, ÷òî φ2(t, 0) = t, òàêèì îáðàçîì, F (0) = 1. Îêîí÷àòåëüíî ïîëó÷àåì

∞∏
n=1

(π(n+ δ)/ϑ)−2

λn
=

Γ2
(

3α+8
4(α+2)

)
π

1
α+2 · ψ

1
2α+4 (0) · ψ1/4(1)

(α + 2)
α+4
2α+4 Γ

(
α+3
α+2

)
· ϑ

α+4
2α+4

Îñòàëîñü ïðèìåíèòü òåîðåìó 3.1

Çàìå÷àíèå. Ïðè α = 0 àñèìïòîòè÷åñêîå âûðàæåíèå ïðèíèìàåò âèä, îïèñàííûé â [5] äëÿ

B(t) ñ íåâûðîæäåííûì âåñîì

P {‖B‖ψ ≤ ε} ∼ 2
√

2ψ1/8(1)ψ1/8(0)√
πϑ

exp

(
−ϑ

2

8
ε−2
)
.

Ïðè ψ ≡ 1 ïîëó÷àåì ðåçóëüòàò [3, Òåîðåìà 3.3, ï. 1]

Òåîðåìà 4.4. Ïóñòü U(a)(t) � ñòàöèîíàðíûé ïðîöåññ Îðíøòåéíà-Óëåíáåêà. Òîãäà èìååò

ìåñòî ñëåäóþùåå àñèìïòîòè÷åñêîå ñîîòíîøåíèå

P
{
‖U(a)‖ψtα ≤ ε

}
∼

√
a · ea/2 · 22+ 3α+8

4α+8 · ϑ
α+4
4α+8

(α + 2)−
α

4α+8π1/4Γ1/2(α+1
α+2

) · ψ
1

4α+8 (0)ψ
1
8 (1)

( ε
ϑ

) 3α+8
2α+4

exp

(
−ϑ2

8ε2

)
,

ãäå

ϑ =

∫ 1

0

√
ψ(t)tαdt. (42)

Äîêàçàòåëüñòâî. Ïî ëåììå 2.1 ñîáñòâåííûå ÷èñëà â ðàçëîæåíèè Êàðõóíåíà-Ëîýâà λk =

µ−1k , ãäå µk � ñîáñòâåííûå ÷èñëà êðàåâîé çàäà÷è
− y′′ = (µψ(t)tα − a2)y íà [0, 1]

(y′ − ay)(0) = 0

(y′ + ay)(1) = 0

(43)
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Ïîäñòàâèâ îáùåå ðåøåíèå y(t) = c1ϕ1(t, ζ) + c2ϕ2(t, ζ) â ãðàíè÷íûå óñëîâèÿ (43), ïîëó÷à-

åì, ÷òî ñîáñòâåííûå ÷èñëà µk ñâÿçàííîé ñ ïðîöåññîì êðàåâîé çàäà÷è ðàâíû x2k, ãäå xk �

ïîëîæèòåëüíûå êîðíè ôóíêöèè

F (ζ) =

∣∣∣∣∣ ϕ′1(0, ζ)− aϕ1(0, ζ) ϕ′2(0, ζ)− aϕ2(0, ζ)

ϕ′1(1, ζ) + aϕ1(1, ζ) ϕ′2(1, ζ) + aϕ2(1, ζ)

∣∣∣∣∣ = −aϕ′2(1, ζ)−a2ϕ(1, ζ)−ϕ′1(1, ζ)−aϕ1(1, ζ).

Çàìåòèì([2]), ÷òî ñëàãàåìîå −a2y â óðàâíåíèè 43 íå âëèÿåò íà ãëàâíûé ÷ëåí Yi, ïîýòîìó

àñèìïòîòè÷åñêèå âûðàæåíèÿ èç òåîðåìû 4.1 âåðíû è äëÿ ðåøåíèé äàííîé çàäà÷è. Òàêèì

îáðàçîì

F (ζ) = aB1 · ψ
1

2α+4 (0) · ζ
α+4
2α+4

√
α + 2

π
ψ1/4(1) cos

(
ϑζ +

(α + 4)π

4α + 8

)(
1 +O(|ζ−1|)

)
, (44)

ïðè |ζ| → ∞. .

Âîçüìåì ôóíêöèþ

Ψ(ζ) =
∞∏
n=1

(
1− ζ2

(π(n+ δ))2

)
, δ = − 3α + 8

4(α + 2)
.

Òîãäà ïî [3, Ëåììà 1.3], ïðè |ζ| = π(N + δ + 1/2) è N →∞

Ψ(ζ) ∼ Γ2

(
α

4(α + 2)

)
π−

3α+8
2α+4 ζ

α+4
2α+4 cos

(
ζ +

(α + 4)π

4α + 8

)
.

Ñîîòâåòñòâåííî

|F (ζ)|
|Ψ(ϑζ)|

⇒ aB1 · ψ
1

2α+4 (0)

√
α + 2

π
ψ1/4(1)

(
Γ

(
α

4(α + 2)

))−2
π

3α+8
2α+4ϑ−

α+4
2α+4

Ïðèìåíÿÿ òåîðåìó Éåíñåíà, ïîëó÷àåì

∞∏
n=1

(π(n+ δ)/ϑ)−2

λn
=

(
∞∏
n=1

xn
π(n+ δ)/ϑ

)2

=
|F (0)|Γ2

(
α

4(α+2)

)
ϑ

α+4
2α+4π−

α+3
α+2

aB1 · ψ
1

2α+4 (0)
√
α + 2ψ1/4(1)

Îñòàåòñÿ íàéòè F (0). Ïî òåîðåìå î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ îò ïàðàìåòðà

F (0) = lim
t→1

(−aϕ′2(t, 0)− a2ϕ(t, 0)− ϕ′1(t, 0)− aϕ1(t, 0))

Ëåãêî çàìåòèòü, ÷òî ϕ1(t, 0) = ch(at), ϕ2(t, 0) = 1
a

sh(at). Òàêèì îáðàçîì, |F (0)| = 2aea.
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Îêîí÷àòåëüíî ïîëó÷àåì

∞∏
n=1

(π(n+ δ)/ϑ)−2

λn
=

2aea · Γ2
(

α
4(α+2)

)
π−

α+3
α+2ϑ

α+4
2α+4

(α + 2)
α

2α+4 Γ
(
α+1
α+2

)
· ψ

1
2α+4 (0) · ψ1/4(1)

Îñòàëîñü ïðèìåíèòü òåîðåìó 3.3

Çàìå÷àíèå. Ïðè α = 0 àñèìïòîòè÷åñêîå âûðàæåíèå ïðèíèìàåò âèä, îïèñàííûé â [5] äëÿ

U(a)(t) ñ íåâûðîæäåííûì âåñîì

P
{
‖U(a)‖ψ ≤ ε

}
∼ 8a1/2ea/2

π1/2ϑ3/2ψ1/8(1)ψ1/8(0)
ε2 exp

(
−ϑ

2

8
ε−2
)
.

Ïðè ψ ≡ 1 ïîëó÷àåì ðåçóëüòàò [3, Òåîðåìà 3.3, ï. 1]
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