Free boundary problem of
magnetohydrodynamics for two liquids

E.V. Frolova *f

1. Introduction

We consider the free boundary problem of magnetohydrodynamics in the bounded domain
Q) C R3. It describes the motion of a finite isolated mass of viscous incompressible electrically
conducting capillary liquid inside the other viscous incompressible liquid under the action
of magnetic field. The interface between the liquids is unknown. Let the bounded variable
domain €y, is filled by the liquid of density d; and viscosity v;. The domain §2y; is surrouded
by the bounded variable domain Qg = Q\ Qy,, filled by the liquid of density dy and viscosity
vy. The boundary of (29, consists of two disjoint components: the free boundary I'; and the
fixed boundary S = 0{2. We assume that both I'y and S are homeomorphic to a sphere,
dist{Ty, S} > 4§ > 0.

The problem consists of determination for ¢ > 0 the variable domains €, i = 1,2
together with the velocity vector field vV, the pressure p®, and the magnetic field H®
Equations in €2;; have the form

V(i)t + (V(i) . V)V(l) J— V . T( 1)’p ) (H(l)) — O7
wHY, + o trotrotHY u rot(v) x HY) = 0, (1.1)
V-vih =0, Vv -HY =0, g;eta,

where p;, - magnetic permeability, v; - kinematic viscosity, a; - conductivity , d; - density.
We assume that v;, oy, d;, j1; are positive constants. Ty (H) = p(H®H — $1|H|?) - magnetic
stress tensor.

1
T(v,p) = ——pl +vS(v)

is the viscous stress tensor,

ov;  0v;
S(v) = Vv + (V)" = <8x- +8xj~> =123
J 17t

is the doubled rate-of-strain tensor.
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On the free surface I';, which is subject to capillary forces, we have the following boundary
conditions

([T(v.p)] + [Tnr(H)])n = on#H,
V,=v-n, [v] =0,
[ (rotH)| = [u(v x H)], (1.2)
pWH-n] =0, [H,] =0 zely,

where o - coefficient of the surface tension, H - is the doubled mean curvature of I';, V,,
is the velocity of evolution of the surface I'; in the direction of the normal n to I';, which
is exterior with respect to the domain ;. By (rotH), we mean the tangential part of the
rotor. By [f] we denote the jump on I'y: [f] = f® — f@). Condition on the jump of the
tangential part of rotH follows from the fact that on the interface tangential part of electric
field is continuous and Maxwell equations.

We assume that the fixed boundary S is a perfectly conducting bounded closed surface.
Boundary conditions on S have the form

H-n=0, (rotH),=0, v=0, z€b. (1.3)
Finally, we add the initial conditions
v(z,0) = vo(x), H(z,0) = Ho(z), x € Q10U Qg. (1.4)

Free boundary problem governing the motion of a finite isolated mass of electrically conduct-
ing capillary liquid in vacuum has been studied in [1-3]. In particular, local in time solv-
ability is proved in [1]. The solution is obtained in Sobolev-Slobodetskii spaces W22 L/

1/2 <1 < 1. We obtain the similar result for the problem (1.1) — (1.4).

)

2. Coordinate transform

In order to reduce the problem (1.1)-(1.4) to a problem set in a domain with a fixed boundary,
we use a modification of Hanzawa coordinate transform.

We assume that the initial position of the free boundary I'y can be regarded as a small
normal perturbation of the given smooth closed surface G

Lo={z=y+N(y)poly), yeG},

where N(y) is the external normal to the surface G, py € W2 (G) is a given function, and
lpo| < 2. Moreover, we are looking for the free boundary in the similar form

Iy ={r=y+N(plyt), vyeda},

where the function p(y,t) is unknown.

We denote by F; the domain bounded by G, F, = Q\ F;. We construct the mapping
which transforms 2 = F; UG U F; to Q = Qy; UL, U Qg To this end, we extend N and p
into 2. By N* we mean a smooth non-vanishing vector field in €2 which coincides with N
on G. By p*(y,t) we denote an extension of unknown function p(y,t) from G into Q with



preservation of the class, which vanishes in a ¢ nelghborhood of the surface S and satisfies

9p* (y,t)
ON

the condition = (0. We introduce thls mapping by the relation

e
r=y+N(y)p (y,t) =e,(y). (2.1)
When p is sufficiently small (which is certainly the case for small ¢), transform (2.1) estab-
lishes one-to-one correspondence between F; and €, i = 1,2. We denote by L(y, p*) the

Jacobi matrix of the transformation (2.1), L = detL, £ = LL™" is the cofactor matrix. The
normal n to the free boundary corresponds to

n(eo(y)) = W)

ILN(y)|

(2.2)

Let
V(6P7 t) = U(y, t)a p(€P7 t) - Q(y7 t)
To simplify the calculations, we introduce the new unknown function
h = LH(e,,t).

As it is demonstrated in [1], h is a solenoidal vector field and satisfies the homogeneous
condition [ph - N] = 0, y € G. Transformation (2.1) converts the problem (1.1) — (1.4) to
a nonlinear problem in the fixed domain 2 = F; U S, U F3, for the unknown functions
u(y,t), q(y,t), h(y,t). We separate linear and nonlinear parts in this problem and write the
boundary condition (1.2); for the tangential and normal parts separately, then it can be
written in the following form:

u) — 5Vl + EVq(’) =1 ¢D h® p), yeF
VvV -ul l ( ,p) y € F;,
[mwwmzwmw,yaz

[Fal + PN S@N(y)] + 0Bp = l(u, b, p), y€G,
pr—u-N=1I(up), [u=0 yeq, (2.3)
,uihgi) + a; trotroth® 1(2 (WD u® p), yeF,

[uh-N] =0, [h] = Iz(h, p), %(mth) | =ls(h,u,p) yeg,

h®.n=0, (roth®),=0, u®=0 yes,
u?(y,0) = ui’(y), hV(y,0=h’(y), yeF. p.0)=ply), yed.
Here Ilou = u—N(u-N) is the tangential part of the vector field u, —Bp is the first variation
of H with respect to p and has the form Bp = —Agp+bp, where AG is the Laplace-Beltrami

operator on G. The nonlinear terms I’ ® — 1, are similar to the nonlinear terms calculated in
[1]. The nonlinear term lg has the form

Iy = [£(roth),] = [ (roth — (roth - N)N)]
= [ (roth — £ LrotL" 1 Lh)]
+[X (($LrotL" L -n(e,)n)(e,) — (roth - N)N)]
Hp (L7 ux h = ((£7'a x h) -n(e,)n(e,)))],
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where n(e,) is given in (2.2).

3. Main result

Theorem 1. Let uy € Wy ™(F), Hos € WSTHF), i = 1,2, po € WZT(G) with a certain
[ € (1/2,1) and the following compatibility conditions

Ve =1y o).y e T,
[vIpS(ug)N] = I3(ug, po), y € G,
V-h{’=0, yeF, (3.1)
[uhg - N] =0, [(ho)r] = Lz(hg, po), [L(rothy),] =ls(hg, ug, po), [ug) =0 y e G,
h -n=0, (rothy), =0, u’=0 yes

are hold. We assume that the smallness conditions
||100||W22+l(G) <e¢ 1Uo — 110HW21+1/2(G)§8, (3.2)

where Uy € WiT2(G) is a given vector field, be satisfied. Then problem (2.3) has a unique
solution on a certain small time interval (0,7") with the following regularity properties

p € Wil (Gr) nW((0,T), Wy 2(Q)),  pe € Wl T2 (G,

g € WG n WP (0, T, WL *(G)), Vg e Wy (F % (0,T)).

Scheme of the proof. It is clear that problem (2.3) can be decomposed in two parts:
the hydrodynamical part with linear terms depending on u, ¢, and p and the magnetic part
with linear terms depending on h. Linearized hydrodynamical problem is as follows

0 — g2 4 d1<i> vph = £0 v.ud =v.FY yer
[VIIpS(u)]N = THA,
1
— [ap] + [vN-S(u)N|+0Bp=A"-N, (3.3)

pt_UN:g(y7t)7 [u}:07 ?JEG7
u? =0, yes,
u?(y,0) = ui’(y), yeF, p,0)=ply), yeG.
Problem (3.3) similar to the linearized problem in two phase free boundary problem describes

the motion of two liquids without action of magnetic field. This linear problem has been
studied in [6], [4]. In particular unique solvability in Sobolev-Slobodetskii spaces is obtained.



The part with linear terms depending on h is as follows

i 1 . 4 .
,uiHE) + ;rotrotH(’) =f0 V.-HY =0, ycF,

[~ (rotH).]| =g,

H® .n =0, (rotH?). =0, yes,
HO(y,0) = H(y), yeF.

c =&

Problem (3.4) can be reduced to the similar problem with g = 0,, a = 0 in the same way as
in [1], where the solution to the auxilliary problem
roth(y) =j(y ), V-h(y) =0, yeF,
om0,y = (35
N(y) = yes
has been constructed. .
Theorem 2.[5] Let in (3.4) a=0, g =0, O ¢ W l/Q(Q z)) Hél) c WHY(F), 1€[0,1)
and the following compatibility conditions be satisfied
vV-f0 =0~ v.-HY=0  yeF,
[H, - N]‘G =0, [Hyl| =0, [érotTHo]‘G —0, [f- N]‘ —0

H, - n‘s =0, (rotH?),

—0, f(2)-n‘ —0.
S

(Condition V - f) = 0 holds in a week sense. Compatibility conditions on the tangential
part of rotor at the boundary and for f on the boundary are set only when [ > 1/2.)

Then problem (3.4) has a unique solution H® e Wit l/2+1( gf)), ng) = F x (0,7),
1 = 1,2. For this solution the following estimate

2 2
Z | H® HW21+2,1/2+1(Q¥))§ CZ <H £ "Wé,l/2(Q¥)) + || H(()’) HW21+1(]'-1')> (3.6)
i=1 =1

holds.

Solvability of the nonlinear problem is proved by the successive approximations method,
based on solvability results for linear problems (3.3), (3.4) and estimates of nonlinear terms.
Assumption (3.2); is stronger as the corresponding assumption in [1] (||p0||W23/2+z(G) <e). It
gives us the opportunity to obtain for the magnetic field the same regularity properties as
for the velocity vector field. Detailed proof will be given in subsequent publications.
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