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Ââåäåíèå

Ðàáîòà îòíîñèòñÿ ê òåîðèè óñðåäíåíèÿ (ãîìîãåíèçàöèè) ïåðèîäè÷åñêèõ äèôôåðåíöè-
àëüíûõ îïåðàòîðîâ (ÄÎ). Òåîðèè óñðåäíåíèÿ ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà; ñì.,
íàïðèìåð, êíèãè [BaPa, BeLPap, ZhKO, Sa]. Ìû èñïîëüçóåì ñïåêòðàëüíûé ïîäõîä ê
çàäà÷àì óñðåäíåíèÿ, îñíîâàííûé íà òåîðèè Ôëîêå-Áëîõà è àíàëèòè÷åñêîé òåîðèè âîç-
ìóùåíèé.

0.1 Êëàññ îïåðàòîðîâ

Èçó÷àþòñÿ ñàìîñîïðÿæåííûå ýëëèïòè÷åñêèå ìàòðè÷íûå ÄÎ â L2(Rd;Cn), äîïóñêàþùèå
ôàêòîðèçàöèþ:

Aε = b(D)∗g(x/ε)b(D), ε > 0.

Çäåñü b(D) =
∑d

j=1 bjDj � (m × n)-ìàòðè÷íûé ÄÎ ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè. Ïðåäïîëàãàåòñÿ, ÷òî m > n è ÷òî ñèìâîë b(ξ) èìååò ìàêñèìàëüíûé
ðàíã. Ñ÷èòàåì, ÷òî ïåðèîäè÷åñêàÿ (m×m)-ìàòðèöà-ôóíêöèÿ g(x) òàêîâà, ÷òî

g(x) > 0; g, g−1 ∈ L∞.

Êîýôôèöèåíòû îïåðàòîðà Aε áûñòðî îñöèëëèðóþò ïðè ε→ 0.

0.2 Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè äëÿ ýëëèïòè÷åñêèõ è ïà-

ðàáîëè÷åñêèõ çàäà÷

Â ñåðèè ðàáîò [BSu1, BSu2, BSu3, BSu4] Ì. Ø. Áèðìàíà è Ò. À. Ñóñëèíîé áûë ðàçâèò
àáñòðàêòíûé òåîðåòèêî-îïåðàòîðíûé (ñïåêòðàëüíûé) ïîäõîä ê ýëëèïòè÷åñêèì çàäà÷àì
óñðåäíåíèÿ â Rd. Ýòîò ïîäõîä îñíîâàí íà èñïîëüçîâàíèè ìàñøòàáíîãî ïðåîáðàçîâàíèÿ,
òåîðèè Ôëîêå-Áëîõà è àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé.

Òèïè÷íàÿ ýëëèïòè÷åñêàÿ çàäà÷à óñðåäíåíèÿ ñîñòîèò â èçó÷åíèè ïîâåäåíèÿ ðåøåíèÿ
uε óðàâíåíèÿ Aεuε + uε = F, ãäå F ∈ L2(Rd;Cn), ïðè ε→ 0. Îêàçûâàåòñÿ, ÷òî ðåøåíèÿ
uε â íåêîòîðîì ñìûñëå ñõîäÿòñÿ ê ðåøåíèþ u0 óñðåäíåííîãî óðàâíåíèÿ A0u0 + u0 = F.
Çäåñü

A0 = b(D)∗g0b(D)

� ýôôåêòèâíûé îïåðàòîð, à g0 � ïîñòîÿííàÿ ýôôåêòèâíàÿ ìàòðèöà. Ïðàâèëî íàõîæ-
äåíèÿ g0 õîðîøî èçâåñòíî â òåîðèè óñðåäíåíèÿ.

Â [BSu1] óñòàíîâëåíî, ÷òî

‖uε − u0‖L2(Rd) 6 Cε‖F‖L2(Rd). (0.1)
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Ýòà îöåíêà èìååò òî÷íûé ïîðÿäîê, çàâèñèìîñòü ïîñòîÿííîé C îò äàííûõ çàäà÷è ÿâíî
ïðîñëåæåíà. Íåðàâåíñòâî (0.1) îçíà÷àåò, ÷òî ïðè ε→ 0 ðåçîëüâåíòà (Aε + I)−1 ñõîäèòñÿ
ê ðåçîëüâåíòå ýôôåêòèâíîãî îïåðàòîðà ïî îïåðàòîðíîé íîðìå â L2(Rd;Cn), ïðè÷åì

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 Cε.

Ðåçóëüòàòû òàêîãî òèïà íàçûâàþò îïåðàòîðíûìè îöåíêàìè ïîãðåøíîñòè â òåîðèè
óñðåäíåíèÿ.

Â [BSu4] ïîëó÷åíà àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε+I)−1 ïî (L2 → H1)-îïåðàòîðíîé
íîðìå:

‖(Aε + I)−1 − (A0 + I)−1 − εK(ε)‖L2(Rd)→H1(Rd) 6 Cε.

Â ýòîé àïïðîêñèìàöèè ó÷òåí êîððåêòîð K(ε). Îí ñîäåðæèò áûñòðî îñöèëëèðóþùèé
ìíîæèòåëü, à ïîòîìó çàâèñèò îò ε. Ïðè ýòîì ‖εK(ε)‖L2→H1 = O(1). Â îòëè÷èå îò òðà-
äèöèîííîãî êîððåêòîðà â òåîðèè óñðåäíåíèÿ, îïåðàòîð K(ε) ñîäåðæèò ñãëàæèâàþùèé
îïåðàòîð Πε (ñì. (8.6) íèæå).

Ê ïàðàáîëè÷åñêèì çàäà÷àì óñðåäíåíèÿ ñïåêòðàëüíûé ìåòîä ïðèìåíÿëñÿ â ðàáîòàõ
[Su1, Su2, Su3]. Ñòàðøèé ÷ëåí àïïðîêñèìàöèè íàéäåí â [Su1, Su2]:

‖e−τAε − e−τA0‖L2(Rd)→L2(Rd) 6 Cετ−1/2, τ > 0.

Àïïðîêñèìàöèÿ ïðè ó÷åòå êîððåêòîðà ïîëó÷åíà â [Su3]:

‖e−τAε − e−τA0 − εK(ε, τ)‖L2(Rd)→H1(Rd) 6 Cε(τ−1 + τ−1/2), 0 < ε 6 τ 1/2.

Äðóãîé ïîäõîä (òàê íàçûâàåìûé ìîäèôèöèðîâàííûé ìåòîä ïåðâîãî ïðèáëèæåíèÿ

èëè ìåòîä ñäâèãà) ê ïîëó÷åíèþ îïåðàòîðíûõ îöåíîê ïîãðåøíîñòè áûë ïðåäëîæåí
Â. Â. Æèêîâûì [Zh1, Zh2] è ðàçðàáîòàí èì ñîâìåñòíî ñ Ñ. Å. Ïàñòóõîâîé [ZhPas1].
Â ýòèõ ðàáîòàõ èçó÷àëèñü ýëëèïòè÷åñêèå çàäà÷è äëÿ îïåðàòîðîâ àêóñòèêè è òåîðèè
óïðóãîñòè. Ê ïàðàáîëè÷åñêèì çàäà÷àì ìåòîä ñäâèãà ïðèìåíÿëñÿ â ñòàòüå [ZhPas2]. Èç-
ëîæåíèå äàëüíåéøèõ ðåçóëüòàòîâ Â. Â. Æèêîâà è Ñ. Å. Ïàñòóõîâîé ìîæíî íàéòè â
íåäàâíåì îáçîðå [ZhPas3].

0.3 Îïåðàòîðíûå îöåíêè ïðè óñðåäíåíèè ãèïåðáîëè÷åñêèõ çà-

äà÷ è íåñòàöèîíàðíîãî óðàâíåíèÿ Øð¼äèíãåðà

Äëÿ ýëëèïòè÷åñêèõ è ïàðàáîëè÷åñêèõ ñèñòåì îïåðàòîðíûå îöåíêè ïîãðåøíîñòè õîðîøî
èçó÷åíû. Äëÿ íåñòàöèîíàðíîãî óðàâíåíèÿ Øð¼äèíãåðà è ãèïåðáîëè÷åñêîãî óðàâíåíèÿ
ñèòóàöèÿ èíàÿ. Ñòàðøèé ÷ëåí àïïðîêñèìàöèè áûë íàéäåí â ðàáîòå [BSu5]:

‖e−iτAε − e−iτA0‖H3(Rd)→L2(Rd) 6 Cε(1 + |τ |), (0.2)

‖ cos(τA1/2
ε )− cos(τ(A0)1/2)‖H2(Rd)→L2(Rd) 6 Cε(1 + |τ |). (0.3)

Âïîñëåäñòâèè Ò. À. Ñóñëèíà [Su4] ìåòîäàìè àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé óñòà-
íîâèëà íåóëó÷øàåìîñòü îöåíêè (0.2) îòíîñèòåëüíî òèïà îïåðàòîðíîé íîðìû. Ðàçâèâàÿ
ïîñòðîåíèÿ [Su4], Ì. À. Äîðîäíûé è Ò. À. Ñóñëèíà [DSu1, DSu2] ïîêàçàëè, ÷òî îöåí-
êà (0.3) òî÷íà îòíîñèòåëüíî òèïà îïåðàòîðíîé íîðìû. Â ðàáîòàõ [DSu1, DSu2, Su4]
òàêæå âûäåëåíû ñïåöèàëüíûå ñëó÷àè, êîãäà îöåíêè (0.2), (0.3) äîïóñêàþò óñèëåíèå îò-
íîñèòåëüíî òèïà îïåðàòîðíîé íîðìû. Â ñòàòüÿõ [BSu1, DSu2] ñ ïîìîùüþ òîæäåñòâà

A−1/2
ε sin(τA1/2

ε ) =
∫ τ

0
cos(τ̃A1/2

ε ) dτ̃ è àíàëîãè÷íîãî ðàâåíñòâà äëÿ ýôôåêòèâíîãî îïåðà-
òîðà èç (0.3) â êà÷åñòâå (ãðóáîãî) ñëåäñòâèÿ âûâîäèòñÿ îöåíêà

‖A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)‖H2(Rd)→L2(Rd) 6 Cε(1 + |τ |)2, τ ∈ R. (0.4)
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Òî÷íîñòü îöåíêè (0.4) îòíîñèòåëüíî òèïà îïåðàòîðíîé íîðìû íå îáñóæäàåòñÿ. Ðåçóëü-
òàòû (0.3) è (0.4) ïðèìåíÿþòñÿ ê óñðåäíåíèþ ðåøåíèé ãèïåðáîëè÷åñêèõ ñèñòåì âèäà{

∂2
τuε(x, τ) = −Aεuε(x, τ) + F(x, τ),

uε(x, 0) = ϕ(x), ∂τuε(x, 0) = ψ(x).
(0.5)

0.4 Àïïðîêñèìàöèè ñ êîððåêòîðîì äëÿ ãèïåðáîëè÷åñêèõ ñèñòåì

Îïåðàòîðíûõ îöåíîê ïðè ó÷åòå êîððåêòîðà äëÿ íåñòàöèîíàðíûõ óðàâíåíèé òèïà Øð¼-
äèíãåðà è ãèïåðáîëè÷åñêîãî òèïà ðàíåå óñòàíîâëåíî íå áûëî. Ïîýòîìó îñòàíîâèìñÿ
íà èçâåñòíûõ

”
êëàññè÷åñêèõ“ ðåçóëüòàòàõ óñðåäíåíèÿ (íå äîïóñêàþùèõ çàïèñè â îïå-

ðàòîðíûõ òåðìèíàõ). Ýòè ðåçóëüòàòû îòíîñÿòñÿ ê ñëó÷àþ îïåðàòîðîâ, äåéñòâóþùèõ
â îãðàíè÷åííîé îáëàñòè O ⊂ Rd. Àïïðîêñèìàöèÿ ðåøåíèÿ ãèïåðáîëè÷åñêîé çàäà÷è
ñ íóëåâûìè íà÷àëüíûìè äàííûìè è íåíóëåâîé ïðàâîé ÷àñòüþ ïðè ó÷åòå êîððåêòîðà
ïîëó÷åíà â [BeLPap, ãëàâà 2, ï. 3.6]. Â [BeLPap] óñòàíîâëåíà ñèëüíàÿ ñõîäèìîñòü ê
íóëþ ðàçíîñòè ðåøåíèÿ è ïåðâîãî ïðèáëèæåíèÿ ïî íîðìå â L2((0, T );H1

0 (O)). Îöåíêà
ïîãðåøíîñòè íå ïðèâîäèòñÿ. Ñëó÷àé íóëåâûõ íà÷àëüíûõ äàííûõ è íåíóëåâîé ïðàâîé
÷àñòè ðàññìàòðèâàëñÿ òàêæå â [BaPa, ãëàâà 4, �5]. Â [BaPa] ïîñòðîåíî ïîëíîå àñèìïòî-
òè÷åñêîå ðàçëîæåíèå è ïîëó÷åíà îöåíêà ïîðÿäêà O(ε1/2) äëÿ ðàçíîñòè ðåøåíèÿ çàäà÷è ñ
áûñòðî îñöèëëèðóþùèìè êîýôôèöèåíòàìè è ïåðâîãî ïðèáëèæåíèÿ ê íåìó ïî H1-íîðìå
â ïðîñòðàíñòâåííî-âðåìåííîì öèëèíäðå O× (0, T ). Ïðè ýòîì ïðàâàÿ ÷àñòü ïðåäïîëàãà-
ëàñü C∞-ãëàäêîé.

Åñòåñòâåííî èíòåðåñîâàòüñÿ àïïðîêñèìàöèåé ïðè ó÷åòå êîððåêòîðà è äëÿ ðåøåíèé
ãèïåðáîëè÷åñêèõ ñèñòåì ñ íåíóëåâûìè íà÷àëüíûìè äàííûìè, ò. å. àïïðîêñèìàöèåé îïå-
ðàòîðíîãî êîñèíóñà â ïîäõîäÿùåì ñìûñëå. Õî÷åòñÿ îæèäàòü, ÷òî â ýòîì ñëó÷àå êîððåê-
òîð áóäåò èìåòü òó æå ñòðóêòóðó, ÷òî è äëÿ ýëëèïòè÷åñêèõ è ïàðàáîëè÷åñêèõ ñèñòåì.
Îäíàêî â ðàáîòå [BrOtFMu] óñòàíîâëåíî, ÷òî ýòî èìååò ìåñòî òîëüêî ïðè ñïåöèàëüíîì
âûáîðå íà÷àëüíûõ äàííûõ. Â îáùåì ñëó÷àå àïïðîêñèìàöèÿ ñ êîððåêòîðîì íàéäåíà â
ðàáîòàõ [BraLe, CaDiCoCalMaMarG]. Îäíàêî èç-çà äèñïåðñèè âîëí â íåîäíîðîäíîé ñðå-
äå êîððåêòîð íåëîêàëåí. Ãîìîãåíèçàöèÿ âîëíîâîãî óðàâíåíèÿ ïðè ó÷åòå äèñïåðñèîííûõ
ýôôåêòîâ èçó÷àëàñü â ðàáîòàõ [ABriV, ConOrV, ConSaMaBalV] ìåòîäîì, îñíîâàííûì
íà ðàçëîæåíèè Ôëîêå-Áëîõà è èñïîëüçîâàíèè òåîðèè âîçìóùåíèé. Îäíàêî îïåðàòîðíûå
îöåíêè ïîãðåøíîñòè â ýòèõ ñòàòüÿõ íå îáñóæäàëèñü.

0.5 Îñíîâíûå ðåçóëüòàòû ðàáîòû

Öåëü ðàáîòû � áåç äîïîëíèòåëüíûõ ïðåäïîëîæåíèé óñèëèòü ðåçóëüòàò (0.4) îòíîñè-
òåëüíî òèïà îïåðàòîðíîé íîðìû è ïîëó÷èòü àïïðîêñèìàöèþ ïðè ó÷åòå êîððåêòîðà äëÿ
ðåøåíèÿ ãèïåðáîëè÷åñêîé çàäà÷è (0.5) ñ ϕ = 0 è íåíóëåâûìè F è ψ.

Íàø ðåçóëüòàò � îöåíêà

‖A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→L2(Rd) 6 Cε(1 + |τ |),
ε > 0, τ ∈ R.

(0.6)

Òàêæå óñòàíîâëåíà àïïðîêñèìàöèÿ ïðè ó÷åòå êîððåêòîðà:∥∥A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)− εK(ε, τ)
∥∥
H2(Rd)→H1(Rd)

6 Cε(1 + |τ |),

ε > 0, τ ∈ R.
(0.7)

Êîððåêòîð â îáùåì ñëó÷àå ñîäåðæèò ñãëàæèâàþùèé îïåðàòîð. Ìû âûäåëÿåì ñëó÷àè,
êîãäà ìîæíî èñïîëüçîâàòü áîëåå ïðîñòîé êîððåêòîð áåç ñãëàæèâàòåëÿ, à òàêæå ïîêàçû-
âàåì, ÷òî ìîæíî çàìåíèòü ñãëàæèâàòåëü, åñòåñòâåííî âîçíèêàþùèé èç íàøåé òåõíèêè,
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îïåðàòîðîì ñãëàæèâàíèÿ ïî Ñòåêëîâó. Ïðè óñðåäíåíèè çàäà÷ â îãðàíè÷åííîé îáëàñòè
òàêîé ñãëàæèâàòåëü óäîáíåå. Èñïîëüçîâàíèå ñãëàæèâàíèÿ ïî Ñòåêëîâó çàèìñòâîâàíî
èç ðàáîòû [ZhPas1].

0.6 Ìåòîä èññëåäîâàíèÿ

Ìû èñïîëüçóåì ìåòîä ðàáîò [BSu5, DSu2], ïîñëåäîâàòåëüíî ïðîâîäÿ âñå ïîñòðîåíèÿ
ïðèìåíèòåëüíî ê îïåðàòîðíîìó ñèíóñó. Äëÿ ïîëó÷åíèÿ ðåçóëüòàòà ñ êîððåêòîðîì ìû
çàèìñòâóåì òàêæå íåêîòîðûå ïðèåìû èç [Su3]. Îáñóäèì äîêàçàòåëüñòâî îöåíêè (0.6).
Ìàñøòàáíîå ïðåîáðàçîâàíèå ïîçâîëÿåò âûâåñòè (0.6) èç íåðàâåíñòâà∥∥(A−1/2 sin(ε−1τA1/2)− (A0)−1/2 sin(ε−1τ(A0)1/2)

)
ε(−∆ + ε2I)−1/2

∥∥
L2(Rd)→L2(Rd)

6 C(1 + |τ |), τ ∈ R, ε > 0.
(0.8)

Çäåñü A = b(D)∗g(x)b(D). Äëÿ ïîëó÷åíèÿ îöåíêè (0.8) ñ ïîìîùüþ óíèòàðíîãî ïðåîá-

ðàçîâàíèÿ Ãåëüôàíäà (ñì. ï. 3.2 íèæå) îïåðàòîð A ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë
ïî îïåðàòîðàì A(k), äåéñòâóþùèì â ïðîñòðàíñòâå L2 íà ÿ÷åéêå ðåøåòêè ïåðèîäîâ è
çàâèñÿùèì îò ïàðàìåòðà k ∈ Rd (êâàçèèìïóëüñà). Ìû âûäåëÿåì îäíîìåðíûé ïàðà-
ìåòð |k| è èçó÷àåì ñåìåéñòâî A(k) ìåòîäàìè àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé. Ïðè
ýòîì ïðèõîäèòñÿ ñëåäèòü çà ðàâíîìåðíîñòüþ ïîñòðîåíèé ïî äîïîëíèòåëüíîìó ïàðàìåò-
ðó θ := k/|k|. Áîëüøóþ ÷àñòü ðàññìîòðåíèé óäàåòñÿ ïðîâåñòè â ðàìêàõ àáñòðàêòíîé
òåîðåòèêî-îïåðàòîðíîé ñõåìû.

0.7 Ñòðóêòóðà ðàáîòû

Ðàáîòà ñîñòîèò èç òðåõ ãëàâ. Â ãëàâå I (�1, 2) ñîäåðæèòñÿ íåîáõîäèìûé àáñòðàêò-
íûé òåîðåòèêî-îïåðàòîðíûé ìàòåðèàë. Ãëàâà II ïîñâÿùåíà ïåðèîäè÷åñêèì ÄÎ. Â �3�5
ââåäåí ðàññìàòðèâàåìûé êëàññ îïåðàòîðîâ, îïèñàíî ðàçëîæåíèå â ïðÿìîé èíòåãðàë è
íàõîæäåíèå ýôôåêòèâíûõ õàðàêòåðèñòèê. Â �6, 7 ïîëó÷åíû ïîðîãîâûå àïïðîêñèìàöèè
äëÿ ñãëàæåííîé îïåðàòîðíîé ôóíêöèè A−1/2 sin(ε−1τA1/2), óñòàíîâëåíà îöåíêà (0.8). Â
ãëàâå III (�8, 9) ðàññìàòðèâàþòñÿ çàäà÷è óñðåäíåíèÿ äëÿ ãèïåðáîëè÷åñêèõ ñèñòåì. Â
�8 ïîëó÷åíû îñíîâíûå ðåçóëüòàòû ðàáîòû â îïåðàòîðíûõ òåðìèíàõ � îöåíêè (0.6) è
(0.7). Çàòåì â �9 ýòè ðåçóëüòàòû ïðèìåíÿþòñÿ ê óñðåäíåíèþ ðåøåíèé íåîäíîðîäíûõ
ãèïåðáîëè÷åñêèõ ñèñòåì.

0.8 Áëàãîäàðíîñòü

Àâòîð âûðàæàåò áëàãîäàðíîñòü Ò. À. Ñóñëèíîé çà âíèìàíèå ê ðàáîòå è ìíîãî÷èñëåííûå
çàìå÷àíèÿ, ñïîñîáñòâîâàâøèå óëó÷øåíèþ êà÷åñòâà èçëîæåíèÿ.

0.9 Îáîçíà÷åíèÿ

Ïóñòü H è H∗ � ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà. Ñèìâîëû (·, ·)H è ‖ · ‖H
îçíà÷àþò ñîîòâåòñòâåííî ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â H; ñèìâîë ‖·‖H→H∗ îçíà÷àåò
íîðìó ëèíåéíîãî íåïðåðûâíîãî îïåðàòîðà èç H â H∗. Èíîãäà ìû îïóñêàåì èíäåêñû, åñëè
ýòî íå âåäåò ê ñìåøåíèÿì. ×åðåç I = IH îáîçíà÷àåòñÿ òîæäåñòâåííûé îïåðàòîð â H. Åñëè
A : H→ H∗ � ëèíåéíûé îïåðàòîð, ÷òî ÷åðåç DomA îáîçíà÷àåòñÿ îáëàñòü îïðåäåëåíèÿ
A. Åñëè N � ïîäïðîñòðàíñòâî â H, òî N⊥ := H	N.

Ñèìâîë 〈·, ·〉 îçíà÷àåò ñòàíäàðòíîå ñêàëÿðíîå ïðîèçâåäåíèå â Cn, | · | � íîðìà âåê-
òîðà â Cn; 1n � åäèíè÷íàÿ ìàòðèöà ðàçìåðà n× n. Äëÿ (m× n)-ìàòðèöû a ñèìâîë |a|
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îçíà÷àåò íîðìó ìàòðèöû êàê ëèíåéíîãî îïåðàòîðà èç Cn â Cm; a∗ îçíà÷àåò ýðìèòîâî
ñîïðÿæåííóþ (n×m)-ìàòðèöó.

Êëàññû Lp âåêòîð-ôóíêöèé â îáëàñòè O ⊂ Rd ñî çíà÷åíèÿìè â Cn îáîçíà÷àåì ÷åðåç
Lp(O;Cn), 1 6 p 6∞. Êëàññû Ñîáîëåâà Cn-çíà÷íûõ ôóíêöèé â îáëàñòèO ⊂ Rd ïîðÿäêà
s è ñòåïåíè ñóììèðîâàíèÿ 2 îáîçíà÷àþòñÿ ÷åðåç Hs(O;Cn). ×åðåç S(Rd;Cn) îáîçíà÷à-
åòñÿ êëàññ Øâàðöà Cn-çíà÷íûõ ôóíêöèé â Rd. Ïðè n = 1 îáû÷íî ïèøåì ïðîñòî Lp(O),
Hs(O) è ò. ä., íî, åñëè ýòî íå âåäåò ê ñìåøåíèÿì, ìû èíîãäà ïðèìåíÿåì òàêèå óïðî-
ùåííûå îáîçíà÷åíèÿ è äëÿ ïðîñòðàíñòâ âåêòîð-ôóíêöèé èëè ìàòðèö-ôóíêöèé. Ñèìâîë
Lp((0, T );H), 1 6 p 6 ∞, îçíà÷àåò Lp-ïðîñòðàíñòâî H-çíà÷íûõ ôóíêöèé íà èíòåðâàëå
(0, T ).

Äàëåå, x = (x1, . . . , xd) ∈ Rd, iDj = ∂j = ∂/∂xj, j = 1, . . . , d, D = −i∇ = (D1, . . . , Dd).
Äëÿ îïåðàòîðà Ëàïëàñà èñïîëüçóåì îáîçíà÷åíèå ∆ = ∂2/∂x2

1 + · · ·+ ∂2/∂x2
d.

×åðåç C, C, C, C, c, c (âîçìîæíî, ñ èíäåêñàìè è çíà÷êàìè) îáîçíà÷àþòñÿ ðàçëè÷íûå
îöåíî÷íûå ïîñòîÿííûå. ×åðåç β ñ ðàçëè÷íûìè èíäåêñàìè íèæå îáîçíà÷àþòñÿ àáñîëþò-
íûå ïîñòîÿííûå.

Ãëàâà I. Àáñòðàêòíàÿ ñõåìà

1 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

1.1 Êâàäðàòè÷íûå îïåðàòîðíûå ïó÷êè

Ïóñòü H, H∗ � êîìïëåêñíûå ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà. Ïóñòü X0 : H→
H∗ � ïëîòíî îïðåäåëåííûé çàìêíóòûé îïåðàòîð, è ïóñòü îïåðàòîð X1 : H → H∗ îãðà-
íè÷åí. Íà îáëàñòè îïðåäåëåíèÿ DomX(t) = DomX0 ââåäåì îïåðàòîð X(t) := X0 + tX1,
t ∈ R. Íàø îñíîâíîé îáúåêò � ñåìåéñòâî ñàìîñîïðÿæåííûõ â H ïîëîæèòåëüíûõ îïå-
ðàòîðîâ

A(t) := X(t)∗X(t), t ∈ R. (1.1)

ÑåìåéñòâîA(t) ïîðîæäåíî çàìêíóòîé â H êâàäðàòè÷íîé ôîðìîé ‖X(t)u‖2
H∗ , u ∈ DomX0.

Îáîçíà÷èì A(0) = X∗0X0 =: A0. Ïîëîæèì

N := KerA0 = KerX0, N∗ := KerX∗0 .

Ïðåäïîëàãàåòñÿ, ÷òî òî÷êà λ0 = 0 èçîëèðîâàíà â ñïåêòðå îïåðàòîðà A0, ïðè÷åì

0 < n := dimN <∞, n 6 n∗ := dimN∗ 6∞.

×åðåç d0 îáîçíà÷èì ðàññòîÿíèå îò òî÷êè íóëü äî îñòàëüíîãî ñïåêòðà îïåðàòîðà A0, ÷å-
ðåç F (t, s) � ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà A(t) äëÿ ïðîìåæóòêà [0, s]. Ôèêñèðóåì
÷èñëî δ > 0 òàêîå, ÷òî 8δ < d0. Ïîëîæèì

t0 := δ1/2‖X1‖−1
H→H∗

. (1.2)

Òîãäà (ñì. [BSu1, (1.1.3)]) F (t, δ) = F (t, 3δ) è rankF (t, δ) = n ïðè |t| 6 t0. Ìû ÷àñòî
áóäåì ïèñàòü F (t) âìåñòî F (t, δ). ×åðåç P è P∗ îáîçíà÷èì ñîîòâåòñòâåííî îðòîïðîåêòîðû
â H íà N è â H∗ íà N∗.

1.2 Îïåðàòîðû Z è R

Ïóñòü D := DomX0 ∩N⊥, è ïóñòü u ∈ H∗. Ðàññìîòðèì óðàâíåíèå íà ýëåìåíò ψ ∈ D (ñð.
[BSu1, ãëàâà I, (1.7)]):

X∗0 (X0ψ − u) = 0, (1.3)
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êîòîðîå ïîíèìàåòñÿ â ñëàáîì ñìûñëå. Èíûìè ñëîâàìè, ψ ∈ D óäîâëåòâîðÿåò òîæäåñòâó

(X0ψ,X0ζ)H∗ = (u,X0ζ)H∗ , ∀ζ ∈ D.

Óðàâíåíèå (1.3) èìååò åäèíñòâåííîå ðåøåíèå ψ, è ‖X0ψ‖H∗ 6 ‖u‖H∗ . Ïóñòü òåïåðü ω ∈ N
è u = −X1ω. Ñîîòâåòñòâóþùåå ðåøåíèå óðàâíåíèÿ (1.3) îáîçíà÷èì ÷åðåç ψ(ω). Îïðå-
äåëèì îãðàíè÷åííûé îïåðàòîð Z : H→ H ðàâåíñòâàìè

Zω = ψ(ω), ω ∈ N; Zx = 0, x ∈ N⊥.

Çàìåòèì, ÷òî
ZP = Z, PZ = 0. (1.4)

Îïðåäåëèì òåïåðü îïåðàòîð R (ñì. [BSu1, ãëàâà I, ï. 1.2]) ñëåäóþùèì îáðàçîì:

R : N→ N∗, Rω = X0ψ(ω) +X1ω ∈ N∗.

Äðóãîå îïèñàíèå îïåðàòîðà R äàåòñÿ ôîðìóëîé

R = P∗X1|N.

1.3 Ñïåêòðàëüíûé ðîñòîê

Ñïåêòðàëüíûì ðîñòêîì îïåðàòîðíîãî ñåìåéñòâà (1.1) ïðè t = 0 íàçûâàåòñÿ (ñì. [BSu1,
ãëàâà I, ï. 1.3]) ñàìîñîïðÿæåííûé îïåðàòîð

S := R∗R : N→ N,

äëÿ êîòîðîãî òàêæå ñïðàâåäëèâî ïðåäñòàâëåíèå S = PX∗1P∗X1|N. Îòñþäà ñëåäóåò îöåí-
êà

‖S‖ 6 ‖X1‖2. (1.5)

Ñïåêòðàëüíûé ðîñòîê S íåâûðîæäåí, åñëè KerS = {0} èëè, ýêâèâàëåíòíî, rankR = n.
Â ñîîòâåòñòâèè ñ àíàëèòè÷åñêîé òåîðèåé âîçìóùåíèé (ñì. [Ka]), ïðè |t| 6 t0 íàé-

äóòñÿ òàêèå âåùåñòâåííî-àíàëèòè÷åñêèå ôóíêöèè λl(t) è âåùåñòâåííî-àíàëèòè÷åñêèå
H-çíà÷íûå ôóíêöèè φl(t), ÷òî

A(t)φl(t) = λl(t)φl(t), l = 1, . . . , n, |t| 6 t0,

ïðè÷åì φl(t), l = 1, . . . , n, îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â ñîáñòâåííîì ïðîäïðî-
ñòðàíñòâå F (t)H. Ïðè äîñòàòî÷íî ìàëîì t∗ (6 t0) è |t| 6 t∗ ñïðàâåäëèâû ñõîäÿùèåñÿ
ñòåïåííûå ðàçëîæåíèÿ

λl(t) = γlt
2 + µlt

3 + . . . , γl > 0, µl ∈ R, l = 1, . . . , n; (1.6)

φl(t) = ωl + tφ
(1)
l + t2φ

(2)
l + . . . , l = 1, . . . , n.

Ýëåìåíòû ωl = φl(0), l = 1, . . . , n, îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â N.
Â [BSu1, ãëàâà I, ï. 1.6] óñòàíîâëåíî, ÷òî ÷èñëà γl è ýëåìåíòû ωl, l = 1, . . . , n, ÿâëÿ-

þòñÿ ñîáñòâåííûìè äëÿ îïåðàòîðà S:

Sωl = γlωl, l = 1, . . . , n. (1.7)

Âåëè÷èíû γl è ωl, l = 1, . . . , n, íàçûâàþò ïîðîãîâûìè õàðàêòåðèñòèêàìè íà êðàþ ñïåê-

òðà äëÿ îïåðàòîðíîãî ñåìåéñòâà A(t).
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1.4 Ïîðîãîâûå àïïðîêñèìàöèè

Áóäåì ïðåäïîëàãàòü, ÷òî ïðè íåêîòîðîì c∗ > 0 âûïîëíåíî ñîîòíîøåíèå

A(t) > c∗t
2I, |t| 6 t0. (1.8)

Ýòî ýêâèâàëåíòíî òîìó, ÷òî ñîáñòâåííûå ÷èñëà λl(t) îïåðàòîðà A(t) ïîä÷èíåíû îöåíêàì

λl(t) > c∗t
2, |t| 6 t0, l = 1, . . . , n.

Ó÷èòûâàÿ (1.6), çàêëþ÷àåì, ÷òî γl > c∗, l = 1, . . . , n, à òîãäà â ñèëó (1.7) ðîñòîê S
íåâûðîæäåí:

S > c∗IN. (1.9)

Êàê ïîêàçàíî â [BSu1, ãëàâà I, òåîðåìà 4.1],

‖F (t)− P‖ 6 C1|t|, |t| 6 t0; C1 := β1δ
−1/2‖X1‖. (1.10)

Êðîìå (1.10), íàì ïîòðåáóåòñÿ òàêæå áîëåå òî÷íàÿ àïïðîêñèìàöèÿ ñïåêòðàëüíîãî ïðî-
åêòîðà, ïîëó÷åííàÿ â [BSu2, (2.10)]:

F (t) = P + tF1 + F2(t), ‖F2(t)‖ 6 C2t
2, |t| 6 t0; C2 := β2δ

−1‖X1‖2. (1.11)

Ñîãëàñíî [BSu2, (2.15)] îïåðàòîð F1 èìååò âèä

F1 = ZP + PZ∗. (1.12)

Èç (1.4) è (1.12) ñëåäóåò, ÷òî
F1P = ZP. (1.13)

Â [BSu1, ãëàâà I, òåîðåìà 5.2] óñòàíîâëåíà ñëåäóþùàÿ îöåíêà:

‖(A(t) + sI)−1F (t)− (t2SP + sI)−1P‖ 6 C3|t|(c∗t2 + s)−1, s > 0, |t| 6 t0; (1.14)

C3 := β3δ
−1/2‖X1‖(1 + c−1

∗ ‖X1‖2). (1.15)

Â [BSu5, òåîðåìà 2.4] äîêàçàíà àïïðîêñèìàöèÿ:

‖A(t)1/2F (t)− (t2S)1/2P‖ 6 C4t
2, |t| 6 t0; (1.16)

C4 := β4δ
−1/2‖X1‖2(1 + c−1/2

∗ ‖X1‖). (1.17)

Îòñþäà è èç (1.5) ñëåäóåò, ÷òî

‖A(t)1/2F (t)‖ 6 |t|‖S‖1/2 + C4t
2 6 (‖X1‖+ C4t0)|t|, |t| 6 t0. (1.18)

Òàêæå íàì ïîòðåáóåòñÿ îöåíêà äëÿ îïåðàòîðà A(t)1/2F2(t), ïîëó÷åííàÿ â [BSu4,
(2.23)]:

‖A(t)1/2F2(t)‖H→H 6 C5t
2, |t| 6 t0; C5 := β5δ

−1/2‖X1‖2. (1.19)

1.5 Àïïðîêñèìàöèÿ îïåðàòîðà A(t)−1/2F (t) ïðè t 6= 0

Ëåììà 1.1. Ïðè |t| 6 t0 è t 6= 0 âûïîëíåíî

‖A(t)−1/2F (t)− (t2S)−1/2P‖ 6 C6. (1.20)

Ïîñòîÿííàÿ C6 îïðåäåëåíà íèæå â (1.23) è çàâèñèò ëèøü îò δ, ‖X1‖ è c∗.
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Äîêàçàòåëüñòâî. Ñïðàâåäëèâî òîæäåñòâî

A(t)−1/2F (t) =
1

π

∫ ∞
0

ζ−1/2(A(t) + ζI)−1F (t) dζ, t 6= 0. (1.21)

(Ñì., íàïðèìåð, [ViGKo, ãëàâà III, �3, ï. 4]). Àíàëîãè÷íî,

(t2S)−1/2P =
1

π

∫ ∞
0

ζ−1/2(t2S + ζIN)−1P dζ =
1

π

∫ ∞
0

ζ−1/2(t2SP + ζI)−1P dζ. (1.22)

Âû÷èòàÿ (1.22) èç (1.21) è ó÷èòûâàÿ (1.14), ïîëó÷àåì

‖A(t)−1/2F (t)− (t2S)−1/2P‖ 6 C3

π

∫ ∞
0

ζ−1/2|t|(c∗t2 + ζ)−1 dζ

6
C3

π
c−1
∗ |t|−1

∫ t2

0

ζ−1/2 dζ +
C3

π
|t|
∫ ∞
t2

ζ−3/2 dζ.

Âû÷èñëÿÿ ïîëó÷åííûå èíòåãðàëû, ïðèõîäèì ê îöåíêå (1.20) ñ ïîñòîÿííîé

C6 := 2C3π
−1(c−1

∗ + 1). (1.23)

2 Àïïðîêñèìàöèÿ îïåðàòîðà A(t)−1/2 sin(τA(t)1/2)

2.1 Ñòàðøèé ÷ëåí àïïðîêñèìàöèè

Ïðåäëîæåíèå 2.1. Ïðè |t| 6 t0 è τ ∈ R âûïîëíåíî∥∥(A(t)−1/2 sin(τA(t)1/2)− (t2S)−1/2 sin(τ(t2S)1/2P )
)
P
∥∥ 6 C7(1 + |τ ||t|). (2.1)

Ïîñòîÿííàÿ C7 çàâèñèò ëèøü îò δ, ‖X1‖ è c∗.

Äîêàçàòåëüñòâî. Ïðè t = 0 îïåðàòîð ïîä çíàêîì íîðìû â (2.1) ïîíèìàåòñÿ êàê ïðåäåë
ïðè t→ 0. Ðàñêëàäûâàÿ ñèíóñ â ðÿä Òåéëîðà, ëåãêî âèäåòü, ÷òî ýòîò ïðåäåë ðàâåí íóëþ.

Ïóñòü òåïåðü t 6= 0. Ïîëîæèì

E(τ) := e−iτA(t)1/2A(t)−1/2F (t)− e−iτ(t2S)1/2P (t2S)−1/2P ; (2.2)

Σ(τ) := eiτ(t2S)1/2PE(τ) = eiτ(t2S)1/2P e−iτA(t)1/2A(t)−1/2F (t)− (t2S)−1/2P. (2.3)

Òîãäà
Σ(0) = A(t)−1/2F (t)− (t2S)−1/2P

è
dΣ(τ)

dτ
= ieiτ(t2S)1/2P

(
(t2S)1/2P − A(t)1/2F (t)

)
e−iτA(t)1/2A(t)−1/2F (t). (2.4)

Â ñèëó (1.8) è (1.16) äëÿ îïåðàòîð-ôóíêöèè (2.4) âûïîëíåíà îöåíêà∥∥∥∥dΣ(τ)

dτ

∥∥∥∥ 6 C4t
2‖A(t)−1/2‖ 6 C4c

−1/2
∗ |t|, |t| 6 t0, t 6= 0.

Òîãäà ñ ó÷åòîì (1.20) è (2.3) èìååì

‖E(τ)‖ = ‖Σ(τ)‖ 6 C4c
−1/2
∗ |t||τ |+ ‖Σ(0)‖ 6 C8(1 + |τ ||t|), |t| 6 t0, t 6= 0; (2.5)

C8 := max{C4c
−1/2
∗ ;C6}. (2.6)
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(Ñð. ñ äîêàçàòåëüñòâîì òåîðåìû 2.5 èç [BSu5].) Îòñþäà

‖A(t)−1/2 sin(τA(t)1/2)F (t)− (t2S)−1/2 sin(τ(t2S)1/2P )P‖ 6 C8(1 + |τ ||t|). (2.7)

Ñ ïîìîùüþ (1.8) è (1.10) èç (2.7) âûâîäèì íåðàâåíñòâî∥∥(A(t)−1/2 sin(τA(t)1/2)− (t2S)−1/2 sin(τ(t2S)1/2P )
)
P
∥∥

6 C8(1 + |τ ||t|) + ‖A(t)−1/2 sin(τA(t)1/2)(F (t)− P )‖
6 C7(1 + |τ ||t|), |t| 6 t0; C7 := C8 + c−1/2

∗ C1.

(2.8)

2.2 Àïïðîêñèìàöèÿ ïî
”
ýíåðãåòè÷åñêîé“ íîðìå

Çäåñü ìû óñòàíàâëèâàåì äðóãóþ àïïðîêñèìàöèþ äëÿ îïåðàòîðà A(t)−1/2 sin(τA(t)1/2)
(ïî

”
ýíåðãåòè÷åñêîé“ íîðìå).

Ïðåäëîæåíèå 2.2. Ïðè τ ∈ R è |t| 6 t0 ñïðàâåäëèâà îöåíêà∥∥A(t)1/2
(
A(t)−1/2 sin(τA(t)1/2)− (I + tZ)(t2S)−1/2 sin(τ(t2S)1/2P )

)
P
∥∥ 6 C9(|t|+ |τ |t2).

(2.9)
Ïîñòîÿííàÿ C9 çàâèñèò ëèøü îò δ, ‖X1‖ è c∗.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

A(t)1/2e−iτA(t)1/2A(t)−1/2P = A(t)1/2e−iτA(t)1/2A(t)−1/2F (t)P + e−iτA(t)1/2(P − F (t))P.

(2.10)

Â ñèëó (1.10)

‖e−iτA(t)1/2(P − F (t))P‖ 6 C1|t|, τ ∈ R, |t| 6 t0. (2.11)

Äàëåå,

A(t)1/2e−iτA(t)1/2A(t)−1/2F (t)P

= A(t)1/2F (t)
(
e−iτA(t)1/2A(t)−1/2F (t)− e−iτ(t2S)1/2P (t2S)−1/2P

)
P

+ A(t)1/2F (t)e−iτ(t2S)1/2P (t2S)−1/2P.

(2.12)

Â ñèëó (1.18), (2.2) è (2.5) ïðè t 6= 0 âûïîëíåíî∥∥∥A(t)1/2F (t)
(
e−iτA(t)1/2A(t)−1/2F (t)− e−iτ(t2S)1/2P (t2S)−1/2P

)
P
∥∥∥

6 C8(‖X1‖+ C4t0)(|t|+ |τ |t2), τ ∈ R, |t| 6 t0, t 6= 0.
(2.13)

Ïðè t = 0 îïåðàòîð ïîä çíàêîì íîðìû â (2.13) áóäåì ïîíèìàòü êàê ïðåäåë ïðè t → 0.

Èìååì e−iτA(t)1/2F (t)→ P ïðè t→ 0. Äàëåå, â ñèëó (1.9) è (1.16) ñïðàâåäëèâà îöåíêà

‖A(t)1/2F (t)e−iτ(t2S)1/2P (t2S)−1/2P − e−iτ(t2S)1/2PP‖
= ‖A(t)1/2F (t)(t2S)−1/2P − P‖ 6 c−1/2

∗ C4|t|, τ ∈ R, |t| 6 t0.

Ñ ó÷åòîì ýòèõ ñîîáðàæåíèé ïðåäåë ëåâîé ÷àñòè (2.13) ïðè t→ 0 ðàâåí íóëþ.
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Äàëåå, ñîãëàñíî (1.11) è (1.13)

A(t)1/2F (t)e−iτ(t2S)1/2P (t2S)−1/2P − A(t)1/2(I + tZ)e−iτ(t2S)1/2P (t2S)−1/2P

= A(t)1/2F2(t)e−iτ(t2S)1/2P (t2S)−1/2P.
(2.14)

Íà îñíîâàíèè (1.9) è (1.19) ïîëó÷àåì

‖A(t)1/2F2(t)e−iτ(t2S)1/2P (t2S)−1/2P‖ 6 c−1/2
∗ C5|t|, τ ∈ R, |t| 6 t0. (2.15)

Îáúåäèíÿÿ (2.10)�(2.15), íàõîäèì∥∥∥A(t)1/2
(
e−iτA(t)1/2A(t)−1/2 − (I + tZ)e−iτ(t2S)1/2P (t2S)−1/2P

)
P
∥∥∥ 6 C9(|t|+ |τ |t2),

τ ∈ R, |t| 6 t0; C9 := C1 + c−1/2
∗ C5 + C8(‖X1‖+ C6t0).

(2.16)

(Ñð. ñ äîêàçàòåëüñòâîì òåîðåìû 3.1 èç [Su3].)

2.3 Àïïðîêñèìàöèÿ îïåðàòîðà A(t)−1/2 sin(ε−1τA(t)1/2)P

Ââåäåì òåïåðü ïàðàìåòð ε > 0. Íàì ïîòðåáóåòñÿ èññëåäîâàòü ïîâåäåíèå îïåðàòîðà

A(t)−1/2 sin(ε−1τA(t)1/2)P

ïðè ìàëîì ε. Çàìåíèì τ íà ε−1τ â (2.1):∥∥(A(t)−1/2 sin(ε−1τA(t)1/2)− (t2S)−1/2 sin(ε−1τ(t2S)1/2P )
)
P
∥∥ 6 C7(1 + ε−1|τ ||t|),

|t| 6 t0, ε > 0, τ ∈ R.

Äîìíîæàÿ ëåâóþ ÷àñòü íà
”
ñãëàæèâàþùèé“ ìíîæèòåëü ε(t2 + ε2)−1/2 è ó÷èòûâàÿ íåðà-

âåíñòâà

ε(t2 + ε2)−1/2 6 1,

|τ ||t|(t2 + ε2)−1/2 6 |τ |,

ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó.

Òåîðåìà 2.3. Ïðè τ ∈ R, ε > 0, |t| 6 t0 âûïîëíåíà îöåíêà∥∥(A(t)−1/2 sin(ε−1τA(t)1/2)− (t2S)−1/2 sin(ε−1τ(t2S)1/2P )
)
ε(t2 + ε2)−1/2P

∥∥ 6 C7(1 + |τ |).

Çàìåíèâ â (2.9) τ íà ε−1τ è óìíîæèâ ïîëó÷èâøèéñÿ îïåðàòîð íà ε2(t2 + ε2)−1, ïîëó-
÷àåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2.4. Ïðè τ ∈ R, ε > 0, |t| 6 t0 âûïîëíåíà îöåíêà∥∥A(t)1/2
(
A(t)−1/2 sin(ε−1τA(t)1/2)− (I + tZ)(t2S)−1/2 sin(ε−1τ(t2S)1/2P )

)
ε2(t2 + ε2)−1P

∥∥
6 C9ε(1 + |τ |).

Ãëàâà II. Ïåðèîäè÷åñêèå äèôôåðåíöèàëüíûå îïåðàòî-

ðû â L2(Rd;Cn)

Â íàñòîÿùåé ãëàâå ìû îïèñûâàåì êëàññ ìàòðè÷íûõ ÄÎ âòîðîãî ïîðÿäêà, äîïóñêàþùèõ
ôàêòîðèçàöèþ âèäà A = X ∗X , ãäå X � îäíîðîäíûé ÄÎ ïåðâîãî ïîðÿäêà. Ýòîò êëàññ
áûë âûäåëåí è èçó÷åí â [BSu1]. Òàì æå ìîæíî íàéòè áîëåå ïîäðîáíîå èçëîæåíèå (ñì.
ãëàâó II).
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3 Ôàêòîðèçîâàííûå ïåðèîäè÷åñêèå äèôôåðåíöèàëü-

íûå îïåðàòîðû âòîðîãî ïîðÿäêà

3.1 Ðåøåòêè Γ è Γ̃

Ïóñòü Γ � ðåøåòêà â Rd, ïîðîæäåííàÿ áàçèñîì a1, . . . , ad:

Γ :=

{
a ∈ Rd : a =

d∑
j=1

νjaj, νj ∈ Z

}
,

è ïóñòü Ω � ýëåìåíòàðíàÿ ÿ÷åéêà ðåøåòêè Γ:

Ω :=

{
x ∈ Rd : x =

d∑
j=1

ζjaj, −1

2
< ζj <

1

2

}
.

Áàçèñ b1, . . . ,bd, äâîéñòâåííûé ê a1, . . . , ad, îïðåäåëÿåòñÿ èç ñîîòíîøåíèé 〈bl, aj〉 =

2πδlj. Ýòîò áàçèñ ïîðîæäàåò ðåøåòêó Γ̃, äâîéñòâåííóþ ê Γ:

Γ̃ :=

{
b ∈ Rd : b =

d∑
j=1

µjbj, µj ∈ Z

}
.

×åðåç Ω̃ îáîçíà÷èì ïåðâóþ çîíó Áðèëëþåíà ðåøåòêè Γ̃:

Ω̃ :=
{
k ∈ Rd : |k| < |k− b|, 0 6= b ∈ Γ̃

}
. (3.1)

Ïóñòü |Ω| � ìåðà Ëåáåãà ÿ÷åéêè Ω: |Ω| = mes Ω, è ïóñòü |Ω̃| = mes Ω̃. Ïîëîæèì 2r1 :=

diam Ω. ×åðåç r0 îáîçíà÷èì ðàäèóñ øàðà, âïèñàííîãî â clos Ω̃. Îòìåòèì, ÷òî

2r0 = min
06=b∈Γ̃

|b|. (3.2)

Ñ ðåøåòêîé Γ ñâÿçàíî äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå

v(x) = |Ω|−1/2
∑
b∈Γ̃

v̂be
i〈b,x〉, x ∈ Ω, (3.3)

êîòîðîå óíèòàðíî îòîáðàæàåò l2(Γ̃) íà L2(Ω):∫
Ω

|v(x)|2 dx =
∑
b∈Γ̃

|v̂b|2. (3.4)

Íèæå ÷åðåç H̃1(Ω;Cn) îáîçíà÷àåòñÿ ïîäïðîñòðàíñòâî òåõ ôóíêöèé èç H1(Ω;Cn),
Γ-ïåðèîäè÷åñêîå ïðîäîëæåíèå êîòîðûõ íà Rd ïðèíàäëåæèò H1

loc(Rd;Cn). Èìååì

‖(D + k)u‖2
L2(Ω) =

∑
b∈Γ̃

|b + k|2|ûb|2, u ∈ H̃1(Ω;Cn), k ∈ Rd, (3.5)

ïðè÷åì ñõîäèìîñòü ðÿäà â ïðàâîé ÷àñòè (3.5) ðàâíîñèëüíà âêëþ÷åíèþ u ∈ H̃1(Ω;Cn).
Èç (3.1), (3.4) è (3.5) ñëåäóåò, ÷òî

‖(D + k)u‖2
L2(Ω) >

∑
b∈Γ̃

|k|2|ûb|2 = |k|2‖u‖2
L2(Ω), u ∈ H̃1(Ω;Cn), k ∈ Ω̃. (3.6)
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3.2 Ïðåîáðàçîâàíèå Ãåëüôàíäà

Ïåðâîíà÷àëüíî ïðåîáðàçîâàíèå Ãåëüôàíäà U îïðåäåëÿåòñÿ íà ôóíêöèÿõ èç êëàññàØâàð-
öà ôîðìóëîé

ṽ(k,x) = (Uv)(k,x) = |Ω̃|−1/2
∑
a∈Γ

e−i〈k,x+a〉v(x + a), v ∈ S(Rd;Cn), x ∈ Ω, k ∈ Ω̃.

Ïðè ýòîì ∫
Ω̃

∫
Ω

|ṽ(k,x)|2 dx dk =

∫
Rd
|v(x)|2 dx,

è U ïðîäîëæàåòñÿ ïî íåïðåðûâíîñòè äî óíèòàðíîãî îïåðàòîðà

U : L2(Rd;Cn)→
∫

Ω̃

⊕L2(Ω;Cn) dk.

Âêëþ÷åíèå v ∈ H1(Rd;Cn) ðàâíîñèëüíî òîìó, ÷òî ṽ(k, ·) ∈ H̃1(Ω;Cn) ïðè ï. â. k ∈ Ω̃ è∫
Ω̃

∫
Ω

(
|(D + k)ṽ(k,x)|2 + |ṽ(k,x)|2

)
dx dk <∞.

Ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ Ãåëüôàíäà îïåðàòîð óìíîæåíèÿ íà îãðàíè÷åííóþ ïåðè-
îäè÷åñêóþ ôóíêöèþ â L2(Rd;Cn) ïåðåõîäèò â îïåðàòîð óìíîæåíèÿ íà òó æå ôóíêöèþ
â ñëîÿõ ïðÿìîãî èíòåãðàëà. Äåéñòâèå îïåðàòîðà D íà v ∈ H1(Rd;Cn) ïåðåõîäèò â ïî-

ñëîéíîå äåéñòâèå îïåðàòîðà D + k íà ṽ(k, ·) ∈ H̃1(Ω;Cn).

3.3 Ôàêòîðèçîâàííûå îïåðàòîðû âòîðîãî ïîðÿäêà

Ïóñòü b(D) � ìàòðè÷íûé ÄÎ ïåðâîãî ïîðÿäêà, èìåþùèé âèä
∑d

j=1 bjDj, ãäå bj, j =
1, . . . , d, � ïîñòîÿííûå ìàòðèöû ðàçìåðà m × n (âîîáùå ãîâîðÿ, ñ êîìïëåêñíûìè ýëå-
ìåíòàìè). Âñåãäà ñ÷èòàåì, ÷òî m > n. Ïðåäïîëîæèì, ÷òî ñèìâîë b(ξ) =

∑d
j=1 bjξj,

ξ ∈ Rd, îïåðàòîðà b(D) èìååò ìàêñèìàëüíûé ðàíã: rank b(ξ) = n ïðè 0 6= ξ ∈ Rd. Ýòî
óñëîâèå ðàâíîñèëüíî ñóùåñòâîâàíèþ òàêèõ ïîñòîÿííûõ α0, α1 > 0, ÷òî

α01n 6 b(θ)∗b(θ) 6 α11n, θ ∈ Sd−1, 0 < α0 6 α1 <∞. (3.7)

Îòìåòèì îöåíêó, âûòåêàþùóþ èç (3.7):

|bj| 6 α
1/2
1 , j = 1, . . . , d. (3.8)

Ïóñòü Γ-ïåðèîäè÷åñêàÿ (m × m)-ìàòðèöà-ôóíêöèÿ g(x) ýðìèòîâà, ïîëîæèòåëüíî
îïðåäåëåíà, îãðàíè÷åíà è îãðàíè÷åííî îáðàòèìà:

g(x) > 0; g, g−1 ∈ L∞(Rd). (3.9)

Ðàññìîòðèì äåéñòâóþùèé â L2(Rd;Cn) ÄÎ A, ôîðìàëüíî çàäàííûé äèôôåðåíöèàëü-
íûì âûðàæåíèåì

A = b(D)∗g(x)b(D). (3.10)

Ñòðîãîå îïðåäåëåíèå îïåðàòîðà A äàåòñÿ ÷åðåç êâàäðàòè÷íóþ ôîðìó

a[u,u] := (gb(D)u, b(D)u)L2(Rd), u ∈ H1(Rd;Cn).

Èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå è (3.7), (3.9), ëåãêî ïðîâåðèòü, ÷òî

α0‖g−1‖−1
L∞
‖Du‖2

L2(Rd) 6 a[u,u] 6 α1‖g‖L∞‖Du‖2
L2(Rd), u ∈ H1(Rd;Cn).

Òàêèì îáðàçîì, ôîðìà a[·, ·] çàìêíóòà è íåîòðèöàòåëüíà.
Îïåðàòîð A äîïóñêàåò ôàêòîðèçàöèþ âèäà A = X ∗X , ãäå

X := g(x)1/2b(D) : L2(Rd;Cn)→ L2(Rd;Cm), DomX = H1(Rd;Cn).

Îïåðàòîð X çàìêíóò.
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4 Ðàçëîæåíèå îïåðàòîðà A â ïðÿìîé èíòåãðàë

4.1 Ôîðìà a(k) è îïåðàòîð A(k)

Ïîëîæèì
H := L2(Ω;Cn), H∗ := L2(Ω;Cm) (4.1)

è ðàññìîòðèì çàìêíóòûé îïåðàòîð X (k) : H → H∗, k ∈ Rd, çàäàííûé íà îáëàñòè îïðå-

äåëåíèÿ H̃1(Ω;Cn) ôîðìóëîé X (k) = g(x)1/2b(D + k). Ñàìîñîïðÿæåííûé â L2(Ω;Cn)
îïåðàòîð A(k) ôîðìàëüíî çàäàí äèôôåðåíöèàëüíûì âûðàæåíèåì

A(k) = b(D + k)∗g(x)b(D + k) (4.2)

ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè. Ñòðîãîå îïðåäåëåíèå îïåðàòîðà A(k) äàåò-

ñÿ ÷åðåç çàìêíóòóþ êâàäðàòè÷íóþ ôîðìó a(k)[u,u] := ‖X (k)u‖2
H∗ , u ∈ H̃1(Ω;Cn). Ñ

ïîìîùüþ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå (3.3) è (3.7), (3.9) íåòðóäíî ïðîâåðèòü,
÷òî

α0‖g−1‖−1
L∞
‖(D + k)u‖2

L2(Ω) 6 a(k)[u,u] 6 α1‖g‖L∞‖(D + k)u‖2
L2(Ω), u ∈ H̃1(Ω;Cn).

(4.3)

Îòñþäà è èç êîìïàêòíîñòè âëîæåíèÿ H̃1(Ω;Cn) ↪→ L2(Ω;Cn) ñëåäóåò, ÷òî ñïåêòð îïå-
ðàòîðà A(k) äèñêðåòåí, à ðåçîëüâåíòà êîìïàêòíà.

Â ñèëó (3.6) è íèæíåé îöåíêè (4.3) âûïîëíåíî

A(k) > c∗|k|2I, k ∈ clos Ω̃; c∗ := α0‖g−1‖−1
L∞
. (4.4)

Ïîëîæèì
N := KerA(0) = KerX (0). (4.5)

Òîãäà
N = {u = c ∈ L2(Ω;Cn) : c ∈ Cn}. (4.6)

×åðåç P îáîçíà÷èì îðòîãîíàëüíûé ïðîåêòîð ïðîñòðàíñòâà L2(Ω;Cn) íà ïîäïðîñòðàí-
ñòâî (4.6):

Pu = |Ω|−1

∫
Ω

u(x) dx. (4.7)

Èç (3.2) è (3.6) ïðè k = 0 ñëåäóåò, ÷òî

‖Dv‖2
L2(Ω) > 4r2

0‖v‖2
L2(Ω), v ∈ H̃1(Ω;Cn),

∫
Ω

v dx = 0.

Îòñþäà è èç íèæíåé îöåíêè (4.3) ïðè k = 0 âûòåêàåò, ÷òî ðàññòîÿíèå d0 îò òî÷êè íóëü
äî îñòàëüíîãî ñïåêòðà îïåðàòîðà A(0) óäîâëåòâîðÿåò íåðàâåíñòâó

d0 > 4c∗r
2
0. (4.8)

4.2 Ïðÿìîé èíòåãðàë äëÿ îïåðàòîðà A
Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà îïåðàòîð A ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë
ïî îïåðàòîðàì A(k):

UAU−1 =

∫
Ω̃

⊕A(k) dk.
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Ýòî îçíà÷àåò ñëåäóþùåå. Åñëè v ∈ H1(Rd;Cn), òî

ṽ(k, ·) = (Uv)(k, ·) ∈ H̃1(Ω;Cn) ïðè ï. â. k ∈ Ω̃, (4.9)

a[v,v] =

∫
Ω̃

a(k)[ṽ(k, ·), ṽ(k, ·)] dk. (4.10)

Îáðàòíî, åñëè ṽ ∈
∫

Ω̃
⊕L2(Ω;Cn) dk óäîâëåòâîðÿåò (4.9) è èíòåãðàë â (4.10) êîíå÷åí, òî

v ∈ H1(Rd;Cn) è âûïîëíåíî (4.10).

4.3 Âêëþ÷åíèå îïåðàòîðîâ A(k) â àáñòðàêòíóþ ñõåìó

Ïðè d > 1 îïåðàòîðû A(k) çàâèñÿò îò ìíîãîìåðíîãî ïàðàìåòðà k. Ñëåäóÿ [BSu1, ãëàâà
II], ìû âûäåëÿåì îäíîìåðíûé ïàðàìåòð t = |k|. Ìû áóäåì ïðèìåíÿòü ñõåìó ãëàâû I. Ïðè
ýòîì âñå ïîñòðîåíèÿ ñòàíóò çàâèñåòü îò äîïîëíèòåëüíîãî ïàðàìåòðà θ = k/|k| ∈ Sd−1,
è íåîáõîäèìî ñëåäèòü çà ðàâíîìåðíîñòüþ îöåíîê ïî ïàðàìåòðó θ.

Ïðîñòðàíñòâà H è H∗ îïðåäåëåíû â (4.1). Ïîëîæèì X(t) = X(t,θ) := X (tθ). Òîãäà

X(t,θ) = X0 + tX1(θ), ãäå X0 = g(x)1/2b(D), DomX0 = H̃1(Ω;Cn), è X1(θ) � îãðàíè÷åí-
íûé îïåðàòîð óìíîæåíèÿ íà ìàòðèöó-ôóíêöèþ g(x)1/2b(θ). Ïîëîæèì A(t) = A(t,θ) :=
A(tθ). Òîãäà A(t,θ) = X(t,θ)∗X(t,θ). Ñîãëàñíî (4.5) è (4.6) N = KerX0 = KerA(0),
dimN = n. ×èñëî d0 ïîä÷èíåíî îöåíêå (4.8). Êàê ïîêàçàíî â [BSu1, ãëàâà II, �3], óñëîâèå
n 6 n∗ = dim KerX∗0 òàêæå ñïðàâåäëèâî.

Òàêèì îáðàçîì, âñå óñëîâèÿ àáñòðàêòíîé ñõåìû âûïîëíåíû.
Â ï. 1.1 òðåáîâàëîñü âûáðàòü ÷èñëî δ < d0/8. Ó÷èòûâàÿ (4.4) è (4.8), ïðèìåì

δ := c∗r
2
0/4 = (r0/2)2α0‖g−1‖−1

L∞
. (4.11)

Äàëåå, â ñèëó (3.7) äëÿ îïåðàòîðà X1(θ) = g(x)1/2b(θ) ñïðàâåäëèâà îöåíêà

‖X1(θ)‖ 6 α
1/2
1 ‖g‖

1/2
L∞
. (4.12)

Ýòî ïîçâîëÿåò â êà÷åñòâå t0 (ñì. (1.2)) âûáðàòü ÷èñëî, íå çàâèñÿùåå îò θ ∈ Sd−1:

t0 := δ1/2α
−1/2
1 ‖g‖−1/2

L∞
= (r0/2)α

1/2
0 α

−1/2
1 ‖g‖−1/2

L∞
‖g−1‖−1/2

L∞
. (4.13)

Î÷åâèäíî, t0 6 r0/2, è øàð |k| 6 t0 ëåæèò âíóòðè Ω̃. Ñóùåñòâåííî, ÷òî âåëè÷èíû c∗, δ
è t0 (ñì. (4.4), (4.11), (4.13)) íå çàâèñÿò îò ïàðàìåòðà θ.

Èç (4.4) ñëåäóåò íåâûðîæäåííîñòü ðîñòêà S(θ) îïåðàòîðà A(t,θ) (êîòîðûé ñåé÷àñ
çàâèñèò îò θ):

S(θ) > c∗IN. (4.14)

Âàæíî, ÷òî ðîñòîê íåâûðîæäåí ðàâíîìåðíî ïî θ.

5 Ýôôåêòèâíàÿ ìàòðèöà. Ýôôåêòèâíûé îïåðàòîð

5.1 Ýôôåêòèâíàÿ ìàòðèöà

Â ñîîòâåòñòâèè ñ [BSu1, ãëàâà III, �1] ñïåêòðàëüíûé ðîñòîê S(θ) îïåðàòîðíîãî ñåìåéñòâà
A(t,θ), äåéñòâóþùèé â N, ïðåäñòàâèì â âèäå

S(θ) = b(θ)∗g0b(θ), θ ∈ Sd−1, (5.1)
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ãäå b(θ) � ñèìâîë îïåðàòîðà b(D), è g0 � òàê íàçûâàåìàÿ ýôôåêòèâíàÿ ìàòðèöà. Ïî-
ñòîÿííàÿ ïîëîæèòåëüíàÿ (m×m)-ìàòðèöà g0 îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì. Ïðåä-

ïîëîæèì, ÷òî Γ-ïåðèîäè÷åñêàÿ (n×m)-ìàòðèöà-ôóíêöèÿ Λ ∈ H̃1(Ω) ÿâëÿåòñÿ ñëàáûì
ðåøåíèåì çàäà÷è

b(D)∗g(x)(b(D)Λ(x) + 1m) = 0,

∫
Ω

Λ(x) dx = 0. (5.2)

Ýôôåêòèâíàÿ ìàòðèöà g0 îïðåäåëåíà ðàâåíñòâîì

g0 = |Ω|−1

∫
Ω

g̃(x) dx,

ãäå
g̃(x) := g(x)(b(D)Λ(x) + 1m). (5.3)

Îêàçûâàåòñÿ, ÷òî ìàòðèöà g0 àâòîìàòè÷åñêè ïîëîæèòåëüíî îïðåäåëåíà.
Èç (5.2) íåñëîæíî âûâåñòè, ÷òî

‖b(D)Λ‖L2(Ω) 6 |Ω|1/2m1/2‖g‖1/2
L∞
‖g−1‖1/2

L∞
. (5.4)

Íàì òàêæå ïîòðåáóþòñÿ ñëåäóþùèå îöåíêè, óñòàíîâëåííûå â [BSu3, (6.28) è ï. 7.3]:

‖Λ‖L2(Ω) 6 |Ω|1/2M1; M1 := m1/2(2r0)−1α
−1/2
0 ‖g‖1/2

L∞
‖g−1‖1/2

L∞
, (5.5)

‖DΛ‖L2(Ω) 6 |Ω|1/2M2; M2 := m1/2α
−1/2
0 ‖g‖1/2

L∞
‖g−1‖1/2

L∞
. (5.6)

5.2 Ýôôåêòèâíûé îïåðàòîð

Â ñèëó (5.1) è îäíîðîäíîñòè ñèìâîëà b(k) èìååì

S(k) := t2S(θ) = b(k)∗g0b(k), k ∈ Rd, t = |k|, θ = k/|k|. (5.7)

Âûðàæåíèå S(k) ÿâëÿåòñÿ ñèìâîëîì ÄÎ

A0 = b(D)∗g0b(D), (5.8)

äåéñòâóþùåãî â L2(Rd;Cn) íà îáëàñòè îïðåäåëåíèÿ H2(Rd;Cn) è íàçûâàåìîãî ýôôåê-

òèâíûì îïåðàòîðîì äëÿ îïåðàòîðà A.
Ïóñòü A0(k) � îïåðàòîðíîå ñåìåéñòâî â L2(Ω;Cn), îòâå÷àþùåå ýôôåêòèâíîìó îïå-

ðàòîðó A0. Òîãäà A0(k) = b(D+k)∗g0b(D+k) ïðè ïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ:

DomA0(k) = H̃2(Ω;Cn). Îòñþäà ñ ó÷åòîì (4.7) è (5.7) âûòåêàåò ðàâåíñòâî

S(k)P = A0(k)P. (5.9)

Îöåíèâàÿ êâàäðàòè÷íóþ ôîðìó îïåðàòîðà A0(k), ìîæíî ïîêàçàòü, ÷òî

A0(k) > c∗|k|2I, k ∈ Ω̃. (5.10)

5.3 Ñâîéñòâà ýôôåêòèâíîé ìàòðèöû

Ýôôåêòèâíàÿ ìàòðèöà g0 ïîä÷èíåíà îöåíêàì, èçâåñòíûì â òåîðèè óñðåäíåíèÿ êàê âèë-
êà Ôîéãòà-Ðåéññà (ñì., íàïðèìåð, [BSu1, ãëàâà III, òåîðåìà 1.5]).
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Ïðåäëîæåíèå 5.1. Ïóñòü g0 � ýôôåêòèâíàÿ ìàòðèöà. Òîãäà

g 6 g0 6 g, (5.11)

ãäå g :=
(
|Ω|−1

∫
Ω
g(x)−1 dx

)−1
è g := |Ω|−1

∫
Ω
g(x) dx. Åñëè m = n, òî g0 = g.

Èç íåðàâåíñòâà (5.11) ñëåäóåò, ÷òî

|g0| 6 ‖g‖L∞ , |(g0)−1| 6 ‖g−1‖L∞ . (5.12)

Âûäåëèì ñëó÷àè, êîãäà â (5.11) ðåàëèçóåòñÿ âåðõíÿÿ èëè íèæíÿÿ ãðàíü, ñì. [BSu1,
ãë. 3, ïðåäëîæåíèÿ 1.6 è 1.7].

Ïðåäëîæåíèå 5.2. Ðàâåíñòâî g0 = g ðàâíîñèëüíî ñîîòíîøåíèÿì

b(D)∗gk(x) = 0, k = 1, . . . ,m, (5.13)

ãäå gk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû g(x).

Ïðåäëîæåíèå 5.3. Ðàâåíñòâî g0 = g ðàâíîñèëüíî ïðåäñòàâëåíèÿì

lk(x) = l0k + b(D)wk, l0k ∈ Cm, wk ∈ H̃1(Ω;Cm), k = 1, . . . ,m, (5.14)

ãäå lk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû g(x)−1.

6 Ïîðîãîâûå àïïðîêñèìàöèè äëÿ îïåðàòîðà

A(k)−1/2 sin(ε−1τA(k)1/2)

6.1 Àïïðîêñèìàöèÿ îïåðàòîðà A(k)−1/2 sin(ε−1τA(k)1/2)
ïðè |k| 6 t0

Ðàññìîòðèì îïåðàòîð H0 = −∆ â L2(Rd;Cn). Ïðè ðàçëîæåíèè â ïðÿìîé èíòåãðàë ýòîìó
îïåðàòîðó îòâå÷àåò îïåðàòîðíîå ñåìåéñòâîH0(k), çàäàííîå â L2(Ω;Cn) äèôôåðåíöèàëü-
íûì âûðàæåíèåì |D + k|2 ïðè ïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ. Îáîçíà÷èì

R(k, ε) := ε2(H0(k) + ε2I)−1. (6.1)

Î÷åâèäíî,
R(k, ε)P = ε2(t2 + ε2)−1P, |k| = t. (6.2)

Ìû áóäåì ïðèìåíÿòü ðåçóëüòàòû ãëàâû I ê ñåìåéñòâó îïåðàòîðîâ A(t,θ) = A(k).
Îñòàëîñü òîëüêî ðåàëèçîâàòü çíà÷åíèÿ ïîñòîÿííûõ. Ó÷èòûâàÿ (4.12), âûáåðåì çàâû-
øåííûå çíà÷åíèÿ ïîñòîÿííûõ èç (1.10), (1.11) è (1.15), íå çàâèñÿùèå îò θ:

C1 := β1δ
−1/2α

1/2
1 ‖g‖

1/2
L∞
,

C2 := β2δ
−1α1‖g‖L∞ ,

C3 := β3δ
−1/2α

1/2
1 ‖g‖

1/2
L∞

(1 + c−1/2
∗ α1‖g‖L∞).

Çäåñü ïîñòîÿííûå c∗ è δ îïðåäåëåíû â (4.4) è (4.11) ñîîòâåòñòâåííî. Äàëåå, ó÷èòûâàÿ
(4.12), ñîãëàñíî (1.17), (1.19) è (1.23) ïîëîæèì

C4 := β4δ
−1/2α1‖g‖L∞(1 + c−1/2

∗ α
1/2
1 ‖g‖

1/2
L∞

),

C5 := β5δ
−1/2α1‖g‖L∞ ,

C6 := 2C3π
−1(c−1

∗ + 1).
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Íàêîíåö, ïî óæå ðåàëèçîâàííûì ïîñòîÿííûì C1, C4, C5 è C6 ñîãëàñíî (2.6), (2.8) è
(2.16) îïðåäåëèì

C8 := max{C4c
−1/2
∗ ;C6},

C7 := C8 + c−1/2
∗ C1,

C9 := C1 + c−1/2
∗ C5 + C8(α

1/2
1 ‖g‖

1/2
L∞

+ C6t0).

Ìû ó÷ëè (4.12). Çäåñü t0 � ïîñòîÿííàÿ (4.13).
Ïðèìåíÿÿ òåîðåìó 2.3, ñ ó÷åòîì (5.9) è (6.2) ïîëó÷àåì∥∥(A(k)−1/2 sin(ε−1τA(k)1/2)−A0(k)−1/2 sin(ε−1τA0(k)1/2)

)
R(k, ε)1/2P

∥∥
L2(Ω)→L2(Ω)

6 C7(1 + |τ |), ε > 0, τ ∈ R, |k| 6 t0.

(6.3)

Â ñîîòâåòñòâèè ñ [BSu3, (4.2)] ðîëü îïåðàòîðà Z èãðàåò îïåðàòîð Z(θ) = [Λ]b(θ)P .
Çäåñü [Λ] � îïåðàòîð óìíîæåíèÿ íà ìàòðèöó-ôóíêöèþ Λ(x). Èìååì

tZ(θ)P = Λb(k)P = Λb(D + k)P.

Ïðèìåíÿÿ òåîðåìó 2.4, çàêëþ÷àåì, ÷òî∥∥∥A(k)1/2
(
A(k)−1/2 sin(ε−1τA(k)1/2)

− (I + Λb(D + k))A0(k)−1/2 sin(ε−1τA0(k)1/2)
)
R(k, ε)P

∥∥∥
L2(Ω)→L2(Ω)

6 C9ε(1 + |τ |), ε > 0, τ ∈ R, |k| 6 t0.

(6.4)

6.2 Àïïðîêñèìàöèÿ ïðè |k| > t0

Ïðè |k| > t0 îöåíêè òðèâèàëüíû. Â ñèëó (4.4) è (5.10) âûïîëíåíî

‖A(k)−1/2‖L2(Ω)→L2(Ω) 6 c−1/2
∗ t−1

0 , ‖A0(k)−1/2‖L2(Ω)→L2(Ω) 6 c−1/2
∗ t−1

0 ,

k ∈ clos Ω̃, |k| > t0.
(6.5)

Ñîãëàñíî (6.2),

‖R(k, ε)1/2P‖L2(Ω)→L2(Ω) 6 1, k ∈ clos Ω̃. (6.6)

Îáúåäèíÿÿ (6.5) è (6.6), îöåíèì ëåâóþ ÷àñòü (6.3) ïðè |k| > t0:∥∥(A(k)−1/2 sin(ε−1τA(k)1/2)−A0(k)−1/2 sin(ε−1τA0(k)1/2)
)
R(k, ε)1/2P

∥∥
L2(Ω)→L2(Ω)

6 2c−1/2
∗ t−1

0 , ε > 0, τ ∈ R, k ∈ clos Ω̃, |k| > t0.

(6.7)

Ñîáèðàÿ âìåñòå (6.3) è (6.7), íàõîäèì∥∥(A(k)−1/2 sin(ε−1τA(k)1/2)−A0(k)−1/2 sin(ε−1τA0(k)1/2)
)
R(k, ε)1/2P

∥∥
L2(Ω)→L2(Ω)

6 C7(1 + |τ |) + 2c−1/2
∗ t−1

0 , ε > 0, τ ∈ R, k ∈ clos Ω̃.
(6.8)

Îöåíèì òåïåðü îïåðàòîð, ñòîÿùèé ïîä çíàêîì íîðìû â (6.4). Â ñèëó (6.2) è ýëåìåí-
òàðíîãî íåðàâåíñòâà t2 + ε2 > 2εt0, t > t0, âûïîëíåíî

‖R(k, ε)P‖L2(Ω)→L2(Ω) 6 (2t0)−1ε, ε > 0, k ∈ clos Ω̃, |k| > t0, (6.9)
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ïîýòîìó

‖ sin(ε−1τA(k)1/2)R(k, ε)P‖L2(Ω)→L2(Ω) 6 (2t0)−1ε,

ε > 0, τ ∈ R, k ∈ clos Ω̃, |k| > t0.
(6.10)

Ñîãëàñíî (4.2), (5.12) è (6.9)

‖A(k)1/2 sin(ε−1τA0(k)1/2)A0(k)−1/2R(k, ε)P‖L2(Ω)→L2(Ω)

6 (2t0)−1ε‖g1/2b(D + k) sin(ε−1τA0(k)1/2)A0(k)−1/2‖L2(Ω)→L2(Ω)

6 (2t0)−1ε‖g‖1/2
L∞
‖g−1‖1/2

L∞
‖A0(k)1/2 sin(ε−1τA0(k)1/2)A0(k)−1/2‖L2(Ω)→L2(Ω)

= (2t0)−1ε‖g‖1/2
L∞
‖g−1‖1/2

L∞
, ε > 0, τ ∈ R, k ∈ clos Ω̃, |k| > t0.

(6.11)

×òîáû îöåíèòü îïåðàòîð

A(k)1/2Λb(D + k)A0(k)−1/2 sin(ε−1τA0(k)1/2)R(k, ε)P,

ïðåäñòàâèì åãî â âèäå(
A(k)1/2ΛPm

)
b(D + k)A0(k)−1/2 sin(ε−1τA0(k)1/2)R(k, ε)P,

ãäå Pm � îðòîãîíàëüíûé ïðîåêòîð ïðîñòðàíñòâà H∗ = L2(Ω;Cm) íà ïîäïðîñòðàíñòâî
êîíñòàíò. Ñîãëàñíî [BSu4, (6.22)], âûïîëíåíî

‖A(k)1/2ΛPm‖L2(Ω)→L2(Ω) 6 CΛ, k ∈ Ω̃,

ãäå ïîñòîÿííàÿ CΛ çàâèñèò òîëüêî îòm, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ è îò ïàðàìåòðîâ ðåøåòêè
Γ. Òàêèì îáðàçîì, ñ ó÷åòîì (5.12) è (6.9) èìååì

‖A(k)1/2Λb(D + k)A0(k)−1/2 sin(ε−1τA0(k)1/2)R(k, ε)P‖L2(Ω)→L2(Ω)

6 (2t0)−1CΛε‖b(D + k)A0(k)−1/2 sin(ε−1τA0(k)1/2)‖L2(Ω)→L2(Ω)

6 (2t0)−1CΛε‖g−1‖1/2
L∞
‖A0(k)1/2A0(k)−1/2 sin(ε−1τA0(k)1/2)‖L2(Ω)→L2(Ω)

= (2t0)−1CΛ‖g−1‖1/2
L∞
ε, ε > 0, τ ∈ R, k ∈ clos Ω̃, |k| > t0.

(6.12)

Îáúåäèíÿÿ (6.10)�(6.12), íàõîäèì, ÷òî ïðè |k| > t0 ëåâàÿ ÷àñòü (6.4) îöåíèâàåòñÿ

÷åðåç Č9ε, ãäå Č9 := (2t0)−1(1 + ‖g‖1/2
L∞
‖g−1‖1/2

L∞
+CΛ‖g−1‖1/2

L∞
). Îòñþäà è èç (6.4) ñëåäóåò,

÷òî ∥∥A(k)1/2
(
A(k)−1/2 sin(ε−1τA(k)1/2)

− (I + Λb(D + k))A0(k)−1/2 sin(ε−1τA0(k)1/2)
)
R(k, ε)P

∥∥
L2(Ω)→L2(Ω)

6 C9ε(1 + |τ |) + Č9ε, ε > 0, τ ∈ R, k ∈ clos Ω̃.

(6.13)

6.3 Óñòðàíåíèå îïåðàòîðà P

Ïîêàæåì òåïåðü, ÷òî â îïåðàòîðå ïîä çíàêîì íîðìû â (6.8) ìîæíî çàìåíèòü ïðîåêòîð
P òîæäåñòâåííûì îïåðàòîðîì òàê, ÷òî èçìåíèòñÿ òîëüêî ïîñòîÿííàÿ â îöåíêå. Äëÿ
ýòîãî îöåíèì íîðìó îïåðàòîðàR(k, ε)1/2(I−P ) ñ ïîìîùüþ äèñêðåòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå:

‖R(k, ε)1/2(I − P )‖L2(Ω)→L2(Ω) = max
0 6=b∈Γ̃

ε(|b + k|2 + ε2)−1/2 6 εr−1
0 , ε > 0, k ∈ clos Ω̃.

(6.14)
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Ïðèìåíÿÿ ñïåêòðàëüíóþ òåîðåìó è ýëåìåíòàðíîå íåðàâåíñòâî | sinx|/|x| 6 1, x ∈ R,
çàêëþ÷àåì, ÷òî

‖A(k)−1/2 sin(ε−1τA(k)1/2)‖L2(Ω)→L2(Ω) 6 ε−1|τ |. (6.15)

Àíàëîãè÷íî,
‖A0(k)−1/2 sin(ε−1τA0(k)1/2)‖L2(Ω)→L2(Ω) 6 ε−1|τ |. (6.16)

Îáúåäèíÿÿ (6.14)�(6.16), íàõîäèì

‖
(
A(k)−1/2 sin(ε−1τA(k)1/2)−A0(k)−1/2 sin(ε−1τA0(k)1/2)

)
R(k, ε)1/2(I − P )‖L2(Ω)→L2(Ω)

6 2r−1
0 |τ |.

Îòñþäà è èç (6.8) âûâîäèì, ÷òî

‖
(
A(k)−1/2 sin(ε−1τA(k)1/2)−A0(k)−1/2 sin(ε−1τA0(k)1/2)

)
R(k, ε)1/2‖L2(Ω)→L2(Ω)

6 C10(1 + |τ |), ε > 0, τ ∈ R, k ∈ clos Ω̃; C10 := 2r−1
0 + C7 + 2c−1/2

∗ t−1
0 .

(6.17)

Ïîêàæåì òåïåðü, ÷òî â ñòàðøåì ÷ëåíå â îöåíêå (6.13) îïåðàòîð P ìîæåò áûòü óñòðà-
íåí. Äëÿ ýòîãî îöåíèì îïåðàòîð R(k, ε)(I − P ). Èç (6.14) ñëåäóåò íåðàâåíñòâî

‖R(k, ε)(I−P )‖L2(Ω)→L2(Ω) = max
06=b∈Γ̃

ε2(|b+k|2+ε2)−1 6 εr−1
0 , ε > 0, k ∈ clos Ω̃. (6.18)

Òîãäà
‖ sin(ε−1τA(k)1/2)R(k, ε)(I − P )‖L2(Ω)→L2(Ω) 6 εr−1

0 . (6.19)

Äàëåå, ñîãëàñíî (4.2), (5.12) è (6.18)

‖A(k)1/2A0(k)−1/2 sin(ε−1τA0(k)1/2)R(k, ε)(I − P )‖L2(Ω)→L2(Ω) 6 εr−1
0 ‖g‖

1/2
L∞
‖g−1‖1/2

L∞
.

(6.20)
Îáúåäèíÿÿ (6.13), (6.19) è (6.20), ïîëó÷àåì∥∥∥A(k)1/2

(
A(k)−1/2 sin(ε−1τA(k)1/2)

− (I + Λb(D + k)P )A0(k)−1/2 sin(ε−1τA0(k)1/2)
)
R(k, ε)

∥∥∥
L2(Ω)→L2(Ω)

6 C11ε(1 + |τ |), ε > 0, τ ∈ R, k ∈ clos Ω̃.

(6.21)

Çäåñü C11 := C9 + Č9 + r−1
0 (1 + ‖g‖1/2

L∞
‖g−1‖1/2

L∞
).

7 Àïïðîêñèìàöèÿ îïåðàòîðà A−1/2 sin(ε−1τA1/2)

Ïóñòü A = b(D)∗g(x)b(D) � îïåðàòîð, äåéñòâóþùèé â L2(Rd;Cn), è A0 = b(D)∗g0b(D)
� ýôôåêòèâíûé îïåðàòîð. Íàïîìíèì îáîçíà÷åíèå H0 = −∆ è ïîëîæèì

R(ε) := ε2(H0 + ε2I)−1.

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà ýòîò îïåðàòîð ðàñêëàäûâàåòñÿ â ïðÿìîé èíòå-
ãðàë ïî îïåðàòîðàì (6.1):

R(ε) = U−1

(∫
Ω̃

⊕R(k, ε) dk

)
U .
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Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ãåëüôàíäà, èç (6.17) âûâîäèì

‖
(
A−1/2 sin(ε−1τA1/2)− (A0)−1/2 sin(ε−1τ(A0)1/2)

)
R(ε)1/2‖L2(Rd)→L2(Rd) 6 C10(1 + |τ |),

ε > 0, τ ∈ R.
(7.1)

×òîáû ïîëó÷èòü àïïðîêñèìàöèþ ïî ýíåðãåòè÷åñêîé íîðìå, íàì ïîòðåáóåòñÿ îïåðà-
òîð Π = U−1[P ]U , äåéñòâóþùèé â L2(Rd;Cn). Çäåñü [P ] � ïðîåêòîð â

∫
Ω̃
⊕L2(Ω;Cn) dk,

äåéñòâóþùèé ïîñëîéíî êàê îïåðàòîð P óñðåäíåíèÿ ïî ÿ÷åéêå Ω (ñì. (4.7)). Êàê ïîêà-
çàíî â [BSu3, (6.8)], Π � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð â L2(Rd;Cn) ñ ñèìâîëîì

χΩ̃(ξ), ãäå χΩ̃ � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà Ω̃. Òî åñòü

(Πu)(x) = (2π)−d/2
∫

Ω̃

ei〈x,ξ〉û(ξ) dξ.

Çäåñü û(ξ) � Ôóðüå-îáðàç ôóíêöèè u(x).
Èç (6.21) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà ïîëó÷àåì, ÷òî∥∥A1/2

(
A−1/2 sin(ε−1τA1/2)− (I + Λb(D)Π)(A0)−1/2 sin(ε−1τ(A0)1/2)

)
R(ε)

∥∥
L2(Rd)→L2(Rd)

6 C11ε(1 + |τ |), ε > 0, τ ∈ R.
(7.2)

Ãëàâà III. Çàäà÷à óñðåäíåíèÿ äëÿ ãèïåðáîëè÷åñêèõ ñè-

ñòåì

8 Àïïðîêñèìàöèÿ îïåðàòîðà A−1/2
ε sin(τA1/2

ε )

Åñëè ψ(x) � Γ-ïåðèîäè÷åñêàÿ èçìåðèìàÿ ôóíêöèÿ â Rd, îáîçíà÷èì ψε(x) := ψ(ε−1x),
ε > 0. ×åðåç [ψε] áóäåì îáîçíà÷àòü îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ ψε(x). Íàø îñ-

íîâíîé îáúåêò � äåéñòâóþùèé â L2(Rd;Cn) îïåðàòîð Aε, ε > 0, ôîðìàëüíî çàäàííûé
äèôôåðåíöèàëüíûì âûðàæåíèåì

Aε = b(D)∗gε(x)b(D). (8.1)

Ñòðîãîå îïðåäåëåíèå îïåðàòîðà Aε äàåòñÿ ÷åðåç êâàäðàòè÷íóþ ôîðìó. Êîýôôèöèåíòû
îïåðàòîðà (8.1) áûñòðî îñöèëëèðóþò ïðè ε→ 0.

Íàøà öåëü � àïïðîêñèìèðîâàòü îïåðàòîð A−1/2
ε sin(τA1/2

ε ) è ïðèìåíèòü ðåçóëüòàòû
ê óñðåäíåíèþ ðåøåíèé çàäà÷è Êîøè äëÿ ãèïåðáîëè÷åñêèõ ñèñòåì.

8.1 Îñíîâíûå ðåçóëüòàòû. Ñòàðøèé ÷ëåí àïïðîêñèìàöèè

Ïóñòü Tε � óíèòàðíûé â L2(Rd;Cn) îïåðàòîð ìàñøòàáíîãî ïðåîáðàçîâàíèÿ: (Tεu)(x) :=
εd/2u(εx), ε > 0. Òîãäà ñïðàâåäëèâî òîæäåñòâî Aε = ε−2T ∗εATε. Ïîýòîìó

A−1/2
ε sin(τA1/2

ε ) = εT ∗εA−1/2 sin(ε−1τA1/2)Tε.

Äëÿ ýôôåêòèâíîãî îïåðàòîðà èìååò ìåñòî àíàëîãè÷íîå ðàâåíñòâî. Äàëåå,

(H0 + I)−1/2 = εT ∗ε (H0 + ε2I)−1/2Tε = T ∗εR(ε)1/2Tε.

Ñ ó÷åòîì ýòèõ ñîîáðàæåíèé èç (7.1) âûâîäèì ñëåäóþùèé ðåçóëüòàò.
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Òåîðåìà 8.1. Ïóñòü Aε � îïåðàòîð (8.1), è ïóñòü A0 � ýôôåêòèâíûé îïåðàòîð (5.8).
Ïóñòü H0 = −∆. Òîãäà ïðè ε > 0 è τ ∈ R ñïðàâåäëèâà îöåíêà

‖
(
A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)
)

(H0 + I)−1/2‖L2(Rd)→L2(Rd) 6 C10ε(1 + |τ |).
(8.2)

Ïîñòîÿííàÿ C10 êîíòðîëèðóåòñÿ ÷åðåç r0, α0, α1, ‖g‖L∞ è ‖g−1‖L∞.

Â ñèëó ýëåìåíòàðíîãî íåðàâåíñòâà | sinx|/|x| 6 1 èìååì

‖A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)‖L2(Rd)→L2(Rd) 6 2|τ | 6 2(1 + |τ |). (8.3)

Èíòåðïîëèðóÿ ìåæäó (8.2) è (8.3), ïðè 0 6 s 6 1 ïîëó÷àåì∥∥(A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)
)

(H0 + I)−s/2
∥∥
L2(Rd)→L2(Rd)

6 21−sCs
10ε

s(1 + |τ |), τ ∈ R, ε > 0.
(8.4)

Îïåðàòîð (H0+I)s/2 îñóùåñòâëÿåò èçîìåòðè÷åñêèé èçîìîðôèçì ïðîñòðàíñòâà Ñîáîëåâà
Hs(Rd;Cn) íà L2(Rd;Cn). Äåéñòâèòåëüíî, äëÿ u ∈ Hs(Rd;Cn) âûïîëíåíî

‖(H0 + I)s/2u‖2
L2(Rd) =

∫
Rd

(|ξ|2 + 1)s|û(ξ)|2 dξ = ‖u‖2
Hs(Rd), (8.5)

ãäå û(ξ) � Ôóðüå-îáðàç ôóíêöèè u(x).
Èç (8.4) è (8.5) âûòåêàåò îöåíêà

‖A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)‖Hs(Rd)→L2(Rd) 6 21−sCs
10ε

s(1 + |τ |),
0 6 s 6 1, τ ∈ R, ε > 0.

Â ÷àñòíîñòè, ýòà îöåíêà ïîçâîëÿåò ñ÷èòàòü ïàðàìåòð τ (âðåìÿ) áîëüøèì, à èìåííî,
ðàññìàòðèâàòü çíà÷åíèÿ |τ | = O(ε−α) ïðè 0 < α < s.

Ïîäûòîæèì ðåçóëüòàòû.

Òåîðåìà 8.2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.1. Òîãäà ïðè 0 6 s 6 1 è τ ∈ R,
ε > 0 ñïðàâåäëèâà îöåíêà

‖A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)‖Hs(Rd)→L2(Rd) 6 Cs(1 + |τ |)εs; Cs := 21−sCs
10.

Â ÷àñòíîñòè, ïðè 0 < s 6 1, |τ | = ε−α, 0 < α < s, âûïîëíåíî íåðàâåíñòâî

‖A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)‖Hs(Rd)→L2(Rd) 6 2Csεs−α,
|τ | = ε−α, 0 < ε 6 1.

8.2 Îñíîâíûå ðåçóëüòàòû. Àïïðîêñèìàöèÿ ïðè ó÷åòå êîððåêòî-

ðà

Óñòàíîâèì òåïåðü àïïðîêñèìàöèþ ïðè ó÷åòå êîððåêòîðà. Ïîëîæèì Πε := T ∗ε ΠTε. Òîãäà
Πε � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð â L2(Rd;Cn) ñ ñèìâîëîì χΩ̃/ε(ξ), ò. å.

(Πεu)(x) = (2π)−d/2
∫

Ω̃/ε

ei〈x,ξ〉û(ξ) dξ. (8.6)

Î÷åâèäíî, ΠεD
σu = DσΠεu ïðè u ∈ Hκ(Rd;Cn) è |σ| 6 κ. Îòìåòèì, ÷òî

‖Πε‖Hκ(Rd)→Hκ(Rd) 6 1, κ ∈ Z+.

Ñëåäóþùèå ðåçóëüòàòû óñòàíîâëåíû â [PSu, ïðåäëîæåíèå 1.4] è [BSu4, ï. 10.2].
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Ïðåäëîæåíèå 8.3. Ïðè ε > 0 äëÿ ëþáîé ôóíêöèè u ∈ H1(Rd;Cn) âåðíà îöåíêà

‖Πεu− u‖L2(Rd) 6 εr−1
0 ‖Du‖L2(Rd).

Ïðåäëîæåíèå 8.4. Ïóñòü f(x) � òàêàÿ Γ-ïåðèîäè÷åñêàÿ ôóíêöèÿ â Rd, ÷òî f ∈
L2(Ω). Òîãäà îïåðàòîð [f ε]Πε íåïðåðûâåí â L2(Rd;Cn), ïðè÷åì

‖[f ε]Πε‖L2(Rd)→L2(Rd) 6 |Ω|−1/2‖f‖L2(Ω), ε > 0.

Òåîðåìà 8.5. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.1. Ïóñòü Λ(x) � Γ-ïåðèîäè÷åñêîå
(n×m)-ìàòðè÷íîå ðåøåíèå çàäà÷è (5.2). Ïóñòü Πε � îïåðàòîð (8.6). Òîãäà ñïðàâåäëèâà
îöåíêà∥∥(A−1/2

ε sin(τA1/2
ε )− (I + εΛεb(D)Πε)(A0)−1/2 sin(τ(A0)1/2)

)
(H0 + I)−1

∥∥
L2(Rd)→H1(Rd)

6 C12ε(1 + |τ |), ε > 0, τ ∈ R.
(8.7)

Ïîñòîÿííàÿ C12 çàâèñèò òîëüêî îò m, α0, α1, ‖g‖L∞, ‖g−1‖L∞ è îò ïàðàìåòðîâ ðå-

øåòêè Γ.

Äîêàçàòåëüñòâî. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãåëüôàíäà èç (7.2) ïîëó÷àåì àïïðîêñè-
ìàöèþ ïî

”
ýíåðãåòè÷åñêîé“ íîðìå:∥∥A1/2

ε

(
A−1/2
ε sin(τA1/2

ε )− (I + εΛεb(D)Πε)(A0)−1/2 sin(τ(A0)1/2)
)

(H0 + I)−1
∥∥
L2(Rd)→L2(Rd)

6 C11ε(1 + |τ |), ε > 0, τ ∈ R.
(8.8)

Îòìåòèì, ÷òî â ñèëó (3.7), (3.9) è (8.1)

c∗‖Du‖2
L2(Rd) 6 ‖A

1/2
ε u‖2

L2(Rd), u ∈ H1(Rd;Cn), (8.9)

ãäå c∗ � ïîñòîÿííàÿ èç (4.4).
Èç (8.8) è (8.9) âûòåêàåò, ÷òî∥∥D (A−1/2

ε sin(τA1/2
ε )− (I + εΛεb(D)Πε)(A0)−1/2 sin(τ(A0)1/2)

)
(H0 + I)−1

∥∥
L2(Rd)→L2(Rd)

6 c−1/2
∗ C11ε(1 + |τ |), ε > 0, τ ∈ R.

(8.10)

Îöåíèì òåïåðü (L2 → L2)-íîðìó êîððåêòîðà. Ïóñòü Π
(m)
ε � ïñåâäîäèôôåðåíöèàëü-

íûé îïåðàòîð â L2(Rd;Cm) ñ ñèìâîëîì χΩ̃/ε(ξ). Ñ ïîìîùüþ ïðåäëîæåíèÿ 8.4 è (5.5)
ïîëó÷àåì

‖ΛεΠ(m)
ε ‖L2(Rd)→L2(Rd) 6M1. (8.11)

Èñïîëüçóÿ (5.12) è (8.11), íàõîäèì

‖εΛεb(D)Πε(A0)−1/2 sin(τ(A0)1/2)(H0 + I)−1‖L2(Rd)→L2(Rd)

6 ε‖ΛεΠ(m)
ε ‖L2(Rd)→L2(Rd)‖b(D)(A0)−1/2 sin(τ(A0)1/2)(H0 + I)−1‖L2(Rd)→L2(Rd)

6 εM1‖g−1‖1/2
L∞
‖ sin(τ(A0)1/2)(H0 + I)−1‖L2(Rd)→L2(Rd) 6 εM1‖g−1‖1/2

L∞
.

(8.12)

Îáúåäèíÿÿ (8.2), (8.10) è (8.12), ïîëó÷àåì îöåíêó (8.7) ñ ïîñòîÿííîé C12 := C10 +

c
−1/2
∗ C11 +M1‖g−1‖1/2

L∞
.
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Ñ ïîìîùüþ èíòåðïîëÿöèè èç òåîðåìû 8.5 âûâåäåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 8.6. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.5. Òîãäà ïðè 0 6 s 6 1 è τ ∈ R,
ε > 0 èìååò ìåñòî îöåíêà∥∥A−1/2

ε sin(τA1/2
ε )− (I + εΛεb(D)Πε)(A0)−1/2 sin(τ(A0)1/2)

∥∥
Hs+1(Rd)→H1(Rd)

6 Cs(1 + |τ |)εs.
(8.13)

Çäåñü Cs := Ĉ1−s
12 Cs

12, ãäå ïîñòîÿííàÿ Ĉ12 îïðåäåëåíà íèæå è çàâèñèò òîëüêî îò m,
α0, ‖g‖L∞, ‖g−1‖L∞ è îò ïàðàìåòðîâ ðåøåòêè Γ.

Â ÷àñòíîñòè, ïðè |τ | = ε−α, 0 < α < s, ñïðàâåäëèâî íåðàâåíñòâî∥∥A−1/2
ε sin(τA1/2

ε )− (I + εΛεb(D)Πε)(A0)−1/2 sin(τ(A0)1/2)
∥∥
Hs+1(Rd)→H1(Rd)

6 2Csε
s−α,

|τ | = ε−α, 0 < ε 6 1.

(8.14)

Äîêàçàòåëüñòâî. Ïîëó÷èì îöåíêó ëåâîé ÷àñòè (8.13) ïðè s = 0. Â ñèëó (3.7) è (8.1)
èìååì

‖A−1/2
ε sin(τA1/2

ε )‖H1(Rd)→H1(Rd) 6 |τ |+ ‖DA−1/2
ε sin(τA1/2

ε )‖H1(Rd)→L2(Rd)

6 |τ |+ α
−1/2
0 ‖g−1‖1/2

L∞
.

(8.15)

Àíàëîãè÷íî, ñîãëàñíî (3.7), (5.8) è (5.12) âûïîëíåíî

‖(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→H1(Rd) 6 |τ |+ α
−1/2
0 ‖g−1‖1/2

L∞
. (8.16)

Èç (5.12) è (8.11) âûòåêàåò, ÷òî

‖εΛεb(D)Πε(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→H1(Rd)

6 εM1‖g−1‖1/2
L∞

+ ε‖DΛεb(D)Πε(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→L2(Rd)

6 εM1‖g−1‖1/2
L∞

+ ‖(DΛ)εb(D)Πε(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→L2(Rd)

+ ε‖ΛεDb(D)Πε(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→L2(Rd).

(8.17)

Â ñèëó ïðåäëîæåíèÿ 8.4, (5.6) è (5.12)

‖(DΛ)εb(D)Πε(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→L2(Rd) 6M2‖g−1‖1/2
L∞
. (8.18)

Äàëåå, ñîãëàñíî (5.8), (5.12), (8.11)

ε‖ΛεDb(D)Πε(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→L2(Rd)

6 εM1‖g−1‖1/2
L∞
‖D sin(τ(A0)1/2)‖H1(Rd)→L2(Rd).

(8.19)

Òàê êàê îïåðàòîð A0 ñ ïîñòîÿííûìè êîýôôèöèåíòàìè êîììóòèðóåò ñ äèôôåðåíöèðî-
âàíèåì D, âûïîëíåíî

‖D sin(τ(A0)1/2)‖H1(Rd)→L2(Rd) 6 1. (8.20)

Îòñþäà è èç (8.19) âûòåêàåò îöåíêà

ε‖ΛεDb(D)Πε(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→L2(Rd) 6 εM1‖g−1‖1/2
L∞
. (8.21)

Îáúåäèíÿÿ (8.15)�(8.18) è (8.21), íàõîäèì∥∥A−1/2
ε sin(τA1/2

ε )− (I + εΛεb(D)Πε)(A0)−1/2 sin(τ(A0)1/2)
∥∥
H1(Rd)→H1(Rd)

6 Ĉ12(1 + |τ |),

τ ∈ R, ε > 0.

(8.22)

Çäåñü Ĉ12 := max{2; 2α
−1/2
0 ‖g−1‖1/2

L∞
+ (2M1 + M2)‖g−1‖1/2

L∞
}. Èíòåðïîëèðóÿ ìåæäó (8.7)

è (8.22), ïðèõîäèì ê îöåíêå (8.13).
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8.3 Ñëó÷àé Λ ∈ L∞
Îêàçûâàåòñÿ, ÷òî ñãëàæèâàþùèé îïåðàòîð Πε â êîððåêòîðå ìîæåò áûòü óñòðàíåí, åñëè
íàëîæèòü íà ìàòðèöó-ôóíêöèþ Λ(x) äîïîëíèòåëüíîå óñëîâèå.

Óñëîâèå 8.7. Ïðåäïîëîæèì, ÷òî Γ-ïåðèîäè÷åñêîå ðåøåíèå Λ(x) çàäà÷è (5.2) îãðàíè-
÷åíî, ò. å. Λ ∈ L∞(Rd).

Ñëó÷àè, êîãäà óñëîâèå 8.7 âûïîëíåíî àâòîìàòè÷åñêè, âûäåëåíû â [BSu4, ëåììà 8.7].

Ïðåäëîæåíèå 8.8. Óñëîâèå 8.7 çàâåäîìî âûïîëíåíî, åñëè ñïðàâåäëèâî õîòÿ áû îäíî

èç ñëåäóþùèõ ïðåäïîëîæåíèé:

1◦) d 6 2;
2◦) ðàçìåðíîñòü d > 1 ïðîèçâîëüíà, à îïåðàòîð Aε èìååò âèä Aε = D∗gε(x)D, ãäå g(x)
� ñèììåòðè÷íàÿ ìàòðèöà ñ âåùåñòâåííûìè ýëåìåíòàìè;
3◦) ðàçìåðíîñòü d ïðîèçâîëüíà, è g0 = g, ò. å. ñïðàâåäëèâû ñîîòíîøåíèÿ (5.14).

×åðåç [Λ] îáîçíà÷èì îïåðàòîð óìíîæåíèÿ íà ìàòðèöó-ôóíêöèþ Λ(x), äåéñòâóþùèé
èç L2(Rd;Cm) â L2(Rd;Cn). Â [BSu4, ëåììà 8.3] áûëî óñòàíîâëåíî ñëåäóþùåå óòâåðæäå-
íèå.

Ïðåäëîæåíèå 8.9. Ïóñòü âûïîëíåíî óñëîâèå 8.7. Òîãäà îïåðàòîð g1/2b(D)[Λ] íåïðå-
ðûâíî ïåðåâîäèò H1(Rd;Cm) â L2(Rd;Cm), ïðè÷åì

‖g1/2b(D)[Λ]‖H1(Rd)→L2(Rd) 6 C13,

ãäå ïîñòîÿííàÿ C13 çàâèñèò ëèøü îò d, m, α1, ‖g‖L∞ è ‖Λ‖L∞.

Ñ ïîìîùüþ ïðåäëîæåíèÿ 8.9 äîêàæåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 8.10. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.5, è ïóñòü ìàòðèöà-ôóíêöèÿ

Λ(x) ïîä÷èíåíà óñëîâèþ 8.7. Òîãäà ïðè τ ∈ R è ε > 0 ñïðàâåäëèâà îöåíêà∥∥(A−1/2
ε sin(τA1/2

ε )− (I + εΛεb(D))(A0)−1/2 sin(τ(A0)1/2)
)

(H0 + I)−1
∥∥
L2(Rd)→H1(Rd)

6 C14ε(1 + |τ |).
(8.23)

Ïîñòîÿííàÿ C14 çàâèñèò òîëüêî îò d, m, α0, α1, ‖g‖L∞, ‖g−1‖L∞, îò ‖Λ‖L∞ è îò

ïàðàìåòðîâ ðåøåòêè Γ.

Íåïðåðûâíîñòü îïåðàòîðà ïîä çíàêîì íîðìû â (8.23) ïðîâåðÿåòñÿ ñ ïîìîùüþ ñëå-
äóþùåé ëåììû, óñòàíîâëåííîé â [PSu, ñëåäñòâèå 2.4].

Ëåììà 8.11. Ïóñòü ñïðàâåäëèâî óñëîâèå 8.7. Òîãäà äëÿ ëþáîé ôóíêöèè u ∈ H1(Rd) è
ε > 0 âûïîëíåíî∫

Rd
|(DΛ)ε(x)|2|u(x)|2 dx 6 c1‖u‖2

L2(Rd) + c2ε
2‖Λ‖2

L∞‖Du‖
2
L2(Rd).

Ïîñòîÿííûå c1 è c2 çàâèñÿò îò m, d, α0, α1, ‖g‖L∞ è ‖g−1‖L∞.

Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû 8.10. Â ñèëó òåîðåìû 8.1, óñëîâèÿ 8.7 è ðàñ-
ñìîòðåíèé, àíàëîãè÷íûõ (8.12), èìååì∥∥(A−1/2

ε sin(τA1/2
ε )− (I + εΛεb(D))(A0)−1/2 sin(τ(A0)1/2)

)
(H0 + I)−1

∥∥
L2(Rd)→L2(Rd)

6 C10ε(1 + |τ |) + ε‖Λ‖L∞‖g−1‖1/2
L∞
.

(8.24)
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Òàêèì îáðàçîì, ñ ó÷åòîì (8.9) äëÿ äîêàçàòåëüñòâà òåîðåìû 8.10 äîñòàòî÷íî îöåíèòü
íîðìó îïåðàòîðà

E(ε, τ) := εA1/2
ε Λεb(D)(Πε − I)(A0)−1/2 sin(τ(A0)1/2)(H0 + I)−1.

Ïðèìåíÿÿ ìàñøòàáíîå ïðåîáðàçîâàíèå, (3.10) è ïðåäëîæåíèå 8.9, íàõîäèì

‖E(ε, τ)‖L2(Rd)→L2(Rd) = ‖A1/2Λb(D)(Π− I)(A0)−1/2 sin(ε−1τ(A0)1/2)R(ε)‖L2(Rd)→L2(Rd)

6 C13‖b(D)(Π− I)(A0)−1/2 sin(ε−1τ(A0)1/2)R(ε)‖L2(Rd)→H1(Rd).

Ó÷èòûâàÿ, ÷òî χΩ̃(ξ) � ñèìâîë îïåðàòîðà Π, à S(ξ) � ñèìâîë îïåðàòîðà A0, ïîëó÷àåì

‖E(ε, τ)‖L2(Rd)→L2(Rd) 6 C13 sup
ξ∈Rd

(|ξ|2 + 1)1/2|b(ξ)||S(ξ)|−1/2(1− χΩ̃(ξ))ε2(|ξ|2 + ε2)−1.

Èñïîëüçóÿ (3.7), (4.14), (5.7) è îöåíêó ε2(|ξ|2 + ε2)−1 6 ε|ξ|−1, çàêëþ÷àåì, ÷òî

‖E(ε, τ)‖L2(Rd)→L2(Rd) 6 c−1/2
∗ α

1/2
1 (1 + r−2

0 )1/2C13ε, ε > 0, τ ∈ R. (8.25)

Îáúåäèíÿÿ (8.9), (8.24) è (8.25), ïðèõîäèì ê îöåíêå (8.23) ñ ïîñòîÿííîé C14 := C10 +

‖Λ‖L∞‖g−1‖1/2
L∞

+ c−1
∗ α

1/2
1 (1 + r−2

0 )1/2C13.
Ïðîâåðèì òåïåðü, ÷òî ïðè óñëîâèè 8.7 ðåçóëüòàò òåîðåìû 8.6 îñòàåòñÿ â ñèëå, åñëè

çàìåíèòü ñãëàæèâàíèå Πε òîæäåñòâåííûì îïåðàòîðîì.
Îöåíèì îïåðàòîð ïîä çíàêîì íîðìû â (8.23) ïî (H1 → H1)-íîðìå. Â ñèëó (3.7), (5.8)

è (5.12) èìååì

‖εΛεb(D)(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→H1(Rd)

6 ε‖Λ‖L∞‖g−1‖1/2
L∞

(1 + ‖D sin(τ(A0)1/2)‖H1(Rd)→L2(Rd))

+ ‖(DΛ)εb(D)(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→L2(Rd).

(8.26)

Èç ëåììû 8.11 è (8.20) ñ ó÷åòîì (5.8), (5.12) ñëåäóåò, ÷òî ïðè 0 < ε 6 1 âûïîëíåíî

‖(DΛ)εb(D)(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→L2(Rd) 6 ‖g−1‖1/2
L∞

(
c1 + c2‖Λ‖2

L∞

)1/2
. (8.27)

Îáúåäèíÿÿ (8.15), (8.16), (8.20), (8.26) è (8.27), íàõîäèì

‖A−1/2
ε sin(τA1/2

ε )− (I + εΛεb(D))(A0)−1/2 sin(τ(A0)1/2)‖H1(Rd)→H1(Rd)

6 Ĉ14(1 + |τ |), 0 < ε 6 1, τ ∈ R,
(8.28)

ãäå

Ĉ14 := max
{

2; ‖g−1‖1/2
L∞

(
2α
−1/2
0 + 2‖Λ‖L∞ +

(
c1 + c2‖Λ‖2

L∞

)1/2
)}
.

Èíòåðïîëèðóÿ ìåæäó (8.23) è (8.28), ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó.

Òåîðåìà 8.12. Â óñëîâèÿõ òåîðåìû 8.10 ïðè 0 6 s 6 1 è τ ∈ R, 0 < ε 6 1 ñïðàâåäëèâà

îöåíêà

‖A−1/2
ε sin(τA1/2

ε )− (I + εΛεb(D))(A0)−1/2 sin(τ(A0)1/2)‖Hs+1(Rd)→H1(Rd) 6 Cs(1 + |τ |)εs.

Çäåñü Cs := Ĉ1−s
14 Cs

14. Â ÷àñòíîñòè, ïðè |τ | = ε−α, 0 < α < s, èìååò ìåñòî íåðàâåíñòâî

‖A−1/2
ε sin(τA1/2

ε )− (I + εΛεb(D))(A0)−1/2 sin(τ(A0)1/2)‖Hs+1(Rd)→H1(Rd) 6 2Csε
s−α,

|τ | = ε−α, 0 < ε 6 1.
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8.4 Ñëó÷àé, êîãäà êîððåêòîð îáðàùàåòñÿ â íóëü

Ïðåäïîëîæèì, ÷òî g0 = g, ò. å. ñïðàâåäëèâû ñîîòíîøåíèÿ (5.13). Òîãäà Γ-ïåðèîäè÷åñêîå
ðåøåíèå çàäà÷è (5.2) îáðàùàåòñÿ â íóëü: Λ(x) = 0.

Ïðåäëîæåíèå 8.13. Ïóñòü ñïðàâåäëèâû ñîîòíîøåíèÿ (5.13). Òîãäà â óñëîâèÿõ òåî-

ðåìû 8.5 ïðè τ ∈ R è ε > 0 ñïðàâåäëèâà îöåíêà∥∥(A−1/2
ε sin(τA1/2

ε )− (A0)−1/2 sin(τ(A0)1/2)
)

(H0 + I)−1
∥∥
L2(Rd)→H1(Rd)

6 C12ε(1 + |τ |).

8.5 Îïåðàòîð ñãëàæèâàíèÿ ïî Ñòåêëîâó. Äðóãàÿ àïïðîêñèìàöèÿ

ïðè ó÷åòå êîððåêòîðà

Ïîêàæåì, ÷òî ðåçóëüòàò òåîðåìû 8.5 îñòàåòñÿ â ñèëå, åñëè çàìåíèòü Πε äðóãèì ñãëàæè-
âàþùèì îïåðàòîðîì.

Îïåðàòîð Sε, ε > 0, äåéñòâóþùèé â L2(Rd;Cn) è îïðåäåëåííûé ðàâåíñòâîì

(Sεu)(x) = |Ω|−1

∫
Ω

u(x− εz) dz, u ∈ L2(Rd;Cn), (8.29)

íàçûâàþò îïåðàòîðîì ñãëàæèâàíèÿ ïî Ñòåêëîâó.
Ñëåäóþùèå ñâîéñòâà îïåðàòîðà Sε óñòàíîâëåíû â [ZhPas1, ëåììû 1.1 è 1.2] (ñì.

òàêæå [PSu, ïðåäëîæåíèÿ 3.1 è 3.2]).

Ïðåäëîæåíèå 8.14. Äëÿ ëþáîé ôóíêöèè u ∈ H1(Rd;Cn) âûïîëíåíî

‖Sεu− u‖L2(Rd) 6 εr1‖Du‖L2(Rd), ε > 0.

Ïðåäëîæåíèå 8.15. Ïóñòü f(x) � òàêàÿ Γ-ïåðèîäè÷åñêàÿ ôóíêöèÿ â Rd, ÷òî f ∈
L2(Ω). Ïóñòü [f ε] � îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ f ε(x). Òîãäà îïåðàòîð [f ε]Sε
íåïðåðûâåí â L2(Rd;Cn) è

‖[f ε]Sε‖L2(Rd)→L2(Rd) 6 |Ω|−1/2‖f‖L2(Ω), ε > 0.

Òàêæå íàì ïîòðåáóåòñÿ ñëåäóþùåå óòâåðæäåíèå, óñòàíîâëåííîå â [PSu, ëåììà 3.5].

Ïðåäëîæåíèå 8.16. Ïóñòü Πε � îïåðàòîð (8.6), è ïóñòü Sε � îïåðàòîð ñãëàæèâà-

íèÿ ïî Ñòåêëîâó (8.29). Ïóñòü Λ � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (5.2). Òîãäà

ε‖[Λε]b(D)(Πε − Sε)‖H2(Rd)→H1(Rd) 6 C15ε, ε > 0, (8.30)

ãäå ïîñòîÿííàÿ C15 çàâèñèò òîëüêî îò d, m, r0, r1, α0, α1, ‖g‖L∞, ‖g−1‖L∞.

Ñ ïîìîùüþ ïðåäëîæåíèÿ 8.16 ïîëó÷èì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 8.17. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.1. Ïóñòü Λ(x) � Γ-ïåðèîäè÷åñêîå
(n×m)-ìàòðè÷íîå ðåøåíèå çàäà÷è (5.2). Ïóñòü Sε � îïåðàòîð (8.29). Òîãäà ñïðàâåä-
ëèâà îöåíêà∥∥(A−1/2

ε sin(τA1/2
ε )− (I + εΛεb(D)Sε)(A0)−1/2 sin(τ(A0)1/2)

)
(H0 + I)−1

∥∥
L2(Rd)→H1(Rd)

6 C16ε(1 + |τ |), ε > 0, τ ∈ R.
(8.31)

Ïîñòîÿííàÿ C16 çàâèñèò òîëüêî îò d, m, r0, r1, α0, α1, ‖g‖L∞ è ‖g−1‖L∞.

27



Äîêàçàòåëüñòâî. ×òîáû âûâåñòè îöåíêó (8.31) èç (8.7), âîñïîëüçóåìñÿ (8.30):

ε‖Λεb(D)(Πε − Sε)(A0)−1/2 sin(τ(A0)1/2)(H0 + I)−1‖L2(Rd)→H1(Rd)

6 C15ε‖(A0)−1/2 sin(τ(A0)1/2)(H0 + I)−1‖L2(Rd)→H2(Rd)

(8.32)

Ïåðåõîäÿ ê ñèìâîëàì ÄÎ è ó÷èòûâàÿ ýëåìåíòàðíîå íåðàâåíñòâî | sinx|/|x| 6 1, x ∈ R,
îöåíèâàåì ïðàâóþ ÷àñòü (8.32) ÷åðåç C15ε|τ |. Îòñþäà è èç (8.7) âûòåêàåò îöåíêà (8.31)
ñ ïîñòîÿííîé C16 := C12 + C15.

Çàìå÷àíèå 8.18. Ðàññóæäàÿ ïî àíàëîãèè ñ äîêàçàòåëüñòâîì òåîðåìû 8.6 è èñïîëü-

çóÿ ñâîéñòâà ñãëàæèâàíèÿ ïî Ñòåêëîâó, ìîæíî óáåäèòüñÿ, ÷òî ðåçóëüòàòû âèäà

(8.13) è (8.14) ñîõðàíÿþò ñèëó, åñëè Πε çàìåíèòü íà Sε.

9 Óñðåäíåíèå ðåøåíèé íåîäíîðîäíûõ ãèïåðáîëè÷åñêèõ

ñèñòåì

9.1 Ïîñòàíîâêà çàäà÷è. Óñðåäíåíèå ðåøåíèé ãèïåðáîëè÷åñêèõ

ñèñòåì

Ïðèìåíèì ðåçóëüòàòû �8 ê óñðåäíåíèþ ðåøåíèé ñëåäóþùåé çàäà÷è{
∂2uε(x,τ)

∂τ2
= −b(D)∗gε(x)b(D)uε(x, τ) + F(x, τ),

uε(x, 0) = 0, ∂uε(x,0)
∂τ

= ψ(x).
(9.1)

Çäåñü ψ ∈ L2(Rd;Cn), F ∈ L1,loc(R;L2(Rd;Cn)) � çàäàííûå ôóíêöèè. Ðåøåíèå çàäà÷è
(9.1) äàåòñÿ ôîðìóëîé

uε(·, τ) = A−1/2
ε sin(τA1/2

ε )ψ +

∫ τ

0

A−1/2
ε sin((τ − τ̃)A1/2

ε )F(·, τ̃) dτ̃ . (9.2)

Ïóñòü u0(x, τ) � ðåøåíèå óñðåäíåííîé çàäà÷è{
∂2u0(x,τ)

∂τ2
= −b(D)∗g0b(D)u0(x, τ) + F(x, τ),

u0(x, 0) = 0, ∂u0(x,0)
∂τ

= ψ(x).
(9.3)

Òîãäà

u0(·, τ) = (A0)−1/2 sin(τ(A0)1/2)ψ +

∫ τ

0

(A0)−1/2 sin((τ − τ̃)(A0)1/2)F(·, τ̃) dτ̃ . (9.4)

Ïðèìåíÿÿ òåîðåìû 8.1, 8.5 è 8.17, ó÷èòûâàÿ (8.5) è èñïîëüçóÿ òîæäåñòâà (9.2), (9.4),
ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó.

Òåîðåìà 9.1. Ïóñòü uε � ðåøåíèå çàäà÷è (9.1), è ïóñòü u0 � ðåøåíèå ýôôåêòèâíîé

çàäà÷è (9.3).
1◦. Ïóñòü ψ ∈ H1(Rd;Cn) è F ∈ L1,loc(R;H1(Rd;Cn)). Òîãäà ïðè τ ∈ R è ε > 0 ñïðàâåä-

ëèâà îöåíêà

‖uε(·, τ)− u0(·, τ)‖L2(Rd) 6 C10ε(1 + |τ |)
(
‖ψ‖H1(Rd) + ‖F‖L1((0,τ);H1(Rd))

)
.
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2◦. Ïóñòü ψ ∈ H2(Rd;Cn) è F ∈ L1,loc(R;H2(Rd;Cn)). Ïóñòü Λ(x) � Γ-ïåðèîäè÷åñêîå
ðåøåíèå çàäà÷è (5.2). Ïóñòü Πε � ñãëàæèâàþùèé îïåðàòîð (8.6). ×åðåç vε îáîçíà÷èì
ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ uε:

vε(x, τ) := u0(x, τ) + εΛεb(D)Πεu0(x, τ). (9.5)

Òîãäà ïðè τ ∈ R è ε > 0 âûïîëíåíî

‖uε(·, τ)− vε(·, τ)‖H1(Rd) 6 C12ε(1 + |τ |)
(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
.

Ïóñòü Sε � îïåðàòîð ñãëàæèâàíèÿ ïî Ñòåêëîâó (8.29). Ïîëîæèì

v̌ε(x, τ) := u0(x, τ) + εΛεb(D)Sεu0(x, τ). (9.6)

Òîãäà ïðè τ ∈ R è ε > 0 èìååì

‖uε(·, τ)− v̌ε(·, τ)‖H1(Rd) 6 C16ε(1 + |τ |)
(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
.

Ïðèìåíÿÿ òåîðåìû 8.2 è 8.6, ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 9.2. Ïóñòü uε � ðåøåíèå çàäà÷è (9.1), è ïóñòü u0 � ðåøåíèå ýôôåêòèâíîé

çàäà÷è (9.3).
1◦. Ïóñòü ψ ∈ Hs(Rd;Cn) è F ∈ L1,loc(R;Hs(Rd;Cn)), 0 6 s 6 1. Òîãäà ïðè τ ∈ R è

ε > 0 ñïðàâåäëèâà îöåíêà

‖uε(·, τ)− u0(·, τ)‖L2(Rd) 6 Cs(1 + |τ |)εs
(
‖ψ‖Hs(Rd) + ‖F‖L1((0,τ);Hs(Rd))

)
.

Åñëè äîïîëíèòåëüíî èçâåñòíî, ÷òî F ∈ L1(R±;Hs(Rd;Cn)), òî ïðè 0 < s 6 1, |τ | =
ε−α, 0 < α < s, âûïîëíåíî íåðàâåíñòâî

‖uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd) 6 2Csεs−α
(
‖ψ‖Hs(Rd) + ‖F‖L1(R±;Hs(Rd))

)
,

0 < ε 6 1.

2◦. Ïóñòü ψ ∈ H1+s(Rd;Cn) è F ∈ L1,loc(R;H1+s(Rd;Cn)), 0 6 s 6 1. Ïóñòü vε � ïåðâîå

ïðèáëèæåíèå (9.5). Òîãäà ïðè τ ∈ R è ε > 0 âûïîëíåíî

‖uε(·, τ)− vε(·, τ)‖H1(Rd) 6 Cs(1 + |τ |)εs
(
‖ψ‖H1+s(Rd) + ‖F‖L1((0,τ);H1+s(Rd))

)
.

Åñëè, äîïîëíèòåëüíî, F ∈ L1(R±;H1+s(Rd;Cn)), ãäå 0 < s 6 1, òî ïðè τ = ±ε−α,
0 < α < s, èìååì

‖uε(·,±ε−α)− vε(·,±ε−α)‖H1(Rd) 6 2Csε
s−α (‖ψ‖H1+s(Rd) + ‖F‖L1(R±;H1+s(Rd))

)
,

0 < ε 6 1.

Íà îñíîâàíèè òåîðåìû Áàíàõà-Øòåéíãàóçà âûâîäèì îòñþäà ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 9.3. Ïóñòü uε � ðåøåíèå çàäà÷è (9.1), è ïóñòü u0 � ðåøåíèå ýôôåêòèâíîé

çàäà÷è (9.3).
1◦. Ïóñòü ψ ∈ L2(Rd;Cn) è F ∈ L1,loc(R;L2(Rd;Cn)). Òîãäà

lim
ε→0
‖uε(·, τ)− u0(·, τ)‖L2(Rd) = 0, τ ∈ R.

2◦. Ïóñòü ψ ∈ H1(Rd;Cn) è F ∈ L1,loc(R;H1(Rd;Cn)). Ïóñòü vε � ïåðâîå ïðèáëèæåíèå

(9.5). Òîãäà ïðè τ ∈ R âûïîëíåíî

lim
ε→0
‖uε(·, τ)− vε(·, τ)‖H1(Rd) = 0.
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Çàìå÷àíèå 9.4. Ñ ó÷åòîì çàìå÷àíèÿ 8.18 ðåçóëüòàòû òåîðåì 9.2(2◦) è 9.3(2◦) îñòà-
þòñÿ âåðíûìè, åñëè çàìåíèòü îïåðàòîð Πε íà ñãëàæèâàíèå ïî Ñòåêëîâó Sε, ò. å.
èñïîëüçîâàòü ïåðâîå ïðèáëèæåíèå (9.6). Ïðè ýòîì èçìåíÿòñÿ òîëüêî ïîñòîÿííûå â

îöåíêàõ.

Ïðèìåíÿÿ òåîðåìó 8.12, ñ ó÷åòîì çàìå÷àíèÿ 8.18 äåëàåì ñëåäóþùåå íàáëþäåíèå.

Çàìå÷àíèå 9.5. Ïðè óñëîâèè 8.7 ðåçóëüòàòû òåîðåì 9.1, 9.2 è 9.3 îñòàþòñÿ â ñèëå,
åñëè çàìåíèòü ñãëàæèâàþùèå îïåðàòîðû Πε è Sε íà òîæäåñòâåííûå, ñ÷èòàÿ, ÷òî

0 < ε 6 1.

9.2 Àïïðîêñèìàöèÿ ïîòîêîâ

Ïîëó÷èì òåïåðü àïïðîêñèìàöèþ
”
ïîòîêîâ“

pε(x, τ) := gε(x)b(D)uε(x, τ). (9.7)

Òåîðåìà 9.6. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 9.1(2◦). Ïóñòü pε � ”
ïîòîê“ (9.7).

Ïóñòü g̃(x) � ìàòðèöà-ôóíêöèÿ (5.3). Òîãäà ïðè τ ∈ R è ε > 0 âûïîëíåíû îöåíêè

‖pε(·, τ)− g̃εb(D)Πεu0(·, τ)‖L2(Rd) 6 C17ε(1 + |τ |)
(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
, (9.8)

‖pε(·, τ)− g̃εb(D)Sεu0(·, τ)‖L2(Rd) 6 C18ε(1 + |τ |)
(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
. (9.9)

Ïîñòîÿííûå C17 è C18 çàâèñÿò òîëüêî îò m, d, α0, α1, ‖g‖L∞, ‖g−1‖L∞ è îò ïàðàìåò-

ðîâ ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Ñîãëàñíî (8.8) è (9.2), (9.4) â óñëîâèÿõ òåîðåìû âûïîëíåíî∥∥A1/2
ε (uε(·, τ)− (I + εΛεb(D)Πε)u0(·, τ))

∥∥
L2(Rd)

6 C11ε(1 + |τ |)
(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
.

(9.10)

Çàìåòèì, ÷òî â ñèëó (3.7) è ïðåäëîæåíèÿ 8.3 ñïðàâåäëèâî íåðàâåíñòâî

‖A1/2
ε (Πε − I)u0(·, τ)‖L2(Rd) 6 ‖g‖

1/2
L∞
α

1/2
1 ‖(Πε − I)Du0(·, τ)‖L2(Rd)

6 ε‖g‖1/2
L∞
α

1/2
1 r−1

0 ‖D2u0(·, τ)‖L2(Rd).
(9.11)

Òàê êàê îïåðàòîðû D è A0 êîììóòèðóþò, ó÷èòûâàÿ (9.4), íàõîäèì

‖D2u0(·, τ)‖L2(Rd) 6 |τ |
(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
. (9.12)

Îáúåäèíÿÿ (9.7) è (9.10)�(9.12), çàêëþ÷àåì, ÷òî

‖pε(·, τ)− gεb(D)(I + εΛεb(D))Πεu0(·, τ)‖L2(Rd)

6 Ĉ17ε(1 + |τ |)
(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
.

(9.13)

Çäåñü Ĉ17 := C11‖g‖1/2
L∞

+ α
1/2
1 r−1

0 ‖g‖L∞ .
Èìååì

εgεb(D)Λεb(D)Πεu0(·, τ) = gε(b(D)Λ)εb(D)Πεu0(·, τ) + εgε
d∑
l=1

blΛ
εΠ(m)

ε Dlb(D)u0(·, τ).

(9.14)
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Èñïîëüçóÿ (3.7), (3.8), (8.11) è (9.12), îöåíèì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (9.14):∥∥∥∥∥εgε
d∑
l=1

blΛ
εΠ(m)

ε Dlb(D)u0(·, τ)

∥∥∥∥∥
L2(Rd)

6 ε|τ |α1d
1/2M1‖g‖L∞

(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
.

(9.15)

Îáúåäèíÿÿ (5.3) è (9.13)�(9.15), ïðèõîäèì ê îöåíêå (9.8) ñ ïîñòîÿííîé C17 := Ĉ17 +
α1d

1/2M1‖g‖L∞ .
Ïåðåéäåì ê äîêàçàòåëüñòâó íåðàâåíñòâà (9.9). Ïðèìåíÿÿ (9.10), íàõîäèì∥∥A1/2

ε (uε(·, τ)− (I + εΛεb(D))Sεu0(·, τ))
∥∥
L2(Rd)

6 C11ε(1 + |τ |)
(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
+ ‖A1/2

ε (Sε − I)u0(·, τ)‖L2(Rd) + ε‖A1/2
ε Λεb(D)(Πε − Sε)u0(·, τ)‖L2(Rd).

(9.16)

Â ñèëó ïðåäëîæåíèÿ 8.14 è (3.7), (8.1), (9.12) èìååì

‖A1/2
ε (Sε − I)u0(·, τ)‖L2(Rd) 6 ε|τ |α1/2

1 r1‖g‖1/2
L∞

(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
. (9.17)

Òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè (9.16) îöåíèì ñ ïîìîùüþ (8.30), ó÷èòûâàÿ (3.7), (8.1)
è (9.4):

ε‖A1/2
ε Λεb(D)(Πε − Sε)u0(·, τ)‖L2(Rd) 6 ε‖g‖1/2

L∞
α

1/2
1 C15‖u0(·, τ)‖H2(Rd)

6 ε|τ |‖g‖1/2
L∞
α

1/2
1 C15

(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
.

(9.18)

Êîìáèíèðóÿ (8.1) è (9.16)�(9.18), ïîëó÷àåì

‖pε(·, τ)− gεb(D)(I + εΛεb(D))Sεu0(·, τ)‖L2(Rd)

6 Ĉ18ε(1 + |τ |)
(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
,

(9.19)

ãäå Ĉ18 := C11‖g‖1/2
L∞

+ α
1/2
1 r1‖g‖L∞ + α

1/2
1 C15‖g‖L∞ .

Îòìåòèì, ÷òî èç ïðåäëîæåíèÿ 8.15 è (5.5) âûòåêàåò íåðàâåíñòâî

‖ΛεSε‖L2(Rd)→L2(Rd) 6M1.

Ñ ó÷åòîì ýòîãî ñîîáðàæåíèÿ, ðàññóæäàÿ ïî àíàëîãèè ñ (9.14) è (9.15), èç (9.19) âûâîäèì

îöåíêó (9.9) ñ ïîñòîÿííîé C18 := Ĉ18 + α1d
1/2M1‖g‖L∞ .

×òîáû ïîëó÷èòü àïïðîêñèìàöèþ ïîòîêîâ â ñëó÷àå, êîãäà ψ ∈ Hs(Rd;Cn) è F ∈
L1,loc(R;Hs(Rd;Cn)) ïðè 0 6 s 6 2, óñòàíîâèì ñëåäóþùåå ïðîñòîå óòâåðæäåíèå.

Ëåììà 9.7. Ïóñòü uε, u0 � ðåøåíèÿ çàäà÷ (9.1), (9.3) ñîîòâåòñòâåííî ïðè ψ ∈
L2(Rd;Cn) è F = 0. Ïóñòü pε � ïîòîê (9.7). Òîãäà

‖pε(·, τ)− g̃εb(D)Πεu0(·, τ)‖L2(Rd) 6 C19‖ψ‖L2(Rd), ε > 0, τ ∈ R. (9.20)

Â îïåðàòîðíûõ òåðìèíàõ,

‖gεb(D)A−1/2
ε sin(τA1/2

ε )− g̃εb(D)Πε(A0)−1/2 sin(τ(A0)1/2)‖L2(Rd)→L2(Rd) 6 C19,

ε > 0, τ ∈ R.
(9.21)

Ïîñòîÿííàÿ C19 çàâèñèò òîëüêî îò m, ‖g‖L∞, ‖g−1‖L∞ è îò ïàðàìåòðîâ ðåøåòêè Γ.
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Äîêàçàòåëüñòâî. Â ñèëó (8.1) è (9.2) ïðè F = 0 âûïîëíåíî

‖pε(·, τ)‖L2(Rd) = ‖gεb(D)A−1/2
ε sin(τA1/2

ε )ψ‖L2(Rd) 6 ‖g‖
1/2
L∞
‖ψ‖L2(Rd). (9.22)

Äàëåå, ñîãëàñíî (5.8), (5.12) è (9.4) ïðè F = 0

‖g̃εb(D)Πεu0(·, τ)‖L2(Rd) = ‖g̃εΠ(m)
ε (g0)−1/2(g0)1/2b(D)u0(·, τ)‖L2(Rd)

6 ‖g̃εΠ(m)
ε ‖L2(Rd)→L2(Rd)‖g−1‖1/2

L∞
‖ψ‖L2(Rd).

(9.23)

Èñïîëüçóÿ ïðåäëîæåíèå 8.4 è (5.4), íàõîäèì

‖g̃εΠ(m)
ε ‖L2(Rd)→L2(Rd) 6 ‖g‖L∞(|Ω|−1/2‖b(D)Λ‖L2(Ω) + 1) 6 ‖g‖L∞(m1/2‖g‖1/2

L∞
‖g−1‖1/2

L∞
+ 1).
(9.24)

Îáúåäèíÿÿ (9.22)�(9.24), ïðèõîäèì ê îöåíêå (9.20) ñ ïîñòîÿííîé

C19 := ‖g‖1/2
L∞

+ ‖g‖L∞‖g−1‖1/2
L∞

(m1/2‖g‖1/2
L∞
‖g−1‖1/2

L∞
+ 1).

Òåîðåìà 9.8. 1◦. Ïóñòü uε è u0 � ðåøåíèÿ çàäà÷ (9.1) è (9.3) ñîîòâåòñòâåííî ïðè
ψ ∈ Hs(Rd;Cn) è F ∈ L1,loc(R;Hs(Rd;Cn)) ïðè 0 6 s 6 2. Ïóñòü pε � ïîòîê (9.7), è
ïóñòü g̃(x) � ìàòðèöà-ôóíêöèÿ (5.3). Òîãäà ïðè τ ∈ R è ε > 0 âûïîëíåíî

‖pε(·, τ)− g̃εb(D)Πεu0(·, τ)‖L2(Rd) 6 Cs(1 + |τ |)s/2εs/2
(
‖ψ‖Hs(Rd) + ‖F‖L1((0,τ);Hs(Rd))

)
.

(9.25)

Çäåñü Cs := C
1−s/2
19 C

s/2
17 . Åñëè, äîïîëíèòåëüíî, F ∈ L1(R±;Hs(Rd;Cn)), ãäå 0 6 s 6 2,

òî ïðè |τ | = ε−α, 0 < α < 1, ñïðàâåäëèâà îöåíêà

‖pε(·,±ε−α)− g̃εb(D)Πεu0(·,±ε−α)‖L2(Rd)

6 2s/2Csε
s(1−α)/2

(
‖ψ‖Hs(Rd) + ‖F‖L1(R±;Hs(Rd))

)
, 0 < ε 6 1.

(9.26)

2◦. Åñëè ψ ∈ L2(Rd;Cn), F ∈ L1,loc(R;L2(Rd;Cn)), òî

lim
ε→0
‖pε(·, τ)− g̃εb(D)Πεu0(·, τ)‖L2(Rd) = 0, τ ∈ R.

3◦. Åñëè ψ ∈ L2(Rd;Cn) è F ∈ L1(R±;L2(Rd;Cn)), òî

lim
ε→0
‖pε(·,±ε−α)− g̃εb(D)Πεu0(·,±ε−α)‖L2(Rd) = 0, 0 < α < 1.

Äîêàçàòåëüñòâî. Ïåðåïèñûâàÿ â îïåðàòîðíûõ òåðìèíàõ îöåíêó (9.8) ïðè F = 0 è èí-
òåðïîëèðóÿ ñ (9.21), çàêëþ÷àåì, ÷òî

‖gεb(D)A−1/2
ε sin(τA1/2

ε )− g̃εb(D)Πε(A0)−1/2 sin(τ(A0)1/2)‖Hs(Rd)→L2(Rd)

6 C
1−s/2
19 C

s/2
17 (1 + |τ |)s/2εs/2.

Îòñþäà è èç (9.2), (9.4) âûòåêàåò îöåíêà (9.25).
Óòâåðæäåíèå 2◦ ïîëó÷àåòñÿ íà îñíîâàíèè òåîðåìû Áàíàõà-Øòåéíãàóçà èç (9.25).
Ðåçóëüòàò 3◦ âûâîäèòñÿ èç (9.26) ñ ïîìîùüþ òåîðåìû Áàíàõà-Øòåéíãàóçà.

Çàìå÷àíèå 9.9. Èñïîëüçóÿ ïðåäëîæåíèå 8.15 è ðàññóæäàÿ ïî àíàëîãèè ñ (9.22)�(9.24),
ëåãêî âèäåòü, ÷òî óòâåðæäåíèå ëåììû 9.7 ñîõðàíÿåò ñèëó, åñëè Πε çàìåíèòü íà

ñãëàæèâàíèå ïî Ñòåêëîâó Sε. Îòñþäà è èç (9.9) ñ ïîìîùüþ èíòåðïîëÿöèè âûâîäèì,

÷òî òåîðåìà 9.8 îñòàíåòñÿ âåðíîé, åñëè Πε çàìåíèòü íà Sε. Ïðè ýòîì èçìåíèòñÿ

òîëüêî ïîñòîÿííàÿ â îöåíêå.
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9.3 Ñïåöèàëüíûé ñëó÷àé

Ïðåäïîëîæèì, ÷òî g0 = g, ò. å. ñïðàâåäëèâû ñîîòíîøåíèÿ (5.14). Ñîãëàñíî [BSu3, çà-
ìå÷àíèå 3.5] â ýòîì ñëó÷àå ìàòðèöà-ôóíêöèÿ (5.3) ïîñòîÿííà è ñîâïàäàåò ñ g0, ò. å.
g̃(x) = g0 = g. Ñëåäîâàòåëüíî,

g̃εb(D)Πεu0(·, τ) = g0b(D)Πεu0(·, τ).

Çàìåòèì, ÷òî îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè A0 êîììóòèðóåò ñî ñãëàæèâà-
íèåì Πε, ïîýòîìó â ñèëó (5.8), (5.12) âûïîëíåíî

‖g0b(D)(Πε − I)u0(·, τ)‖L2(Rd) 6 ‖g‖
1/2
L∞
‖(A0)1/2(Πε − I)u0(·, τ)‖L2(Rd)

= ‖g‖1/2
L∞
‖(Πε − I)(A0)1/2u0(·, τ)‖L2(Rd).

Ïðèìåíÿÿ ïðåäëîæåíèå 8.3, ó÷èòûâàÿ (9.4) è ïðèíèìàÿ âî âíèìàíèå, ÷òî îïåðàòîð A0

êîììóòèðóåò ñ äèôôåðåíöèðîâàíèåì, çàêëþ÷àåì, ÷òî

‖g0b(D)(Πε − I)u0(·, τ)‖L2(Rd) 6 εr−1
0 ‖g‖

1/2
L∞

(
‖Dψ‖L2(Rd) + ‖DF‖L1((0,τ);L2(Rd))

)
.

Îòñþäà è èç òåîðåìû 9.6 âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Ïðåäëîæåíèå 9.10. Ïóñòü ñïðàâåäëèâû ñîîòíîøåíèÿ (5.14). Òîãäà â óñëîâèÿõ òåî-

ðåìû 9.6 ïðè τ ∈ R è ε > 0 èìååì

‖pε(·, τ)− g0b(D)u0(·, τ)‖L2(Rd) 6 C20ε(1 + |τ |)
(
‖ψ‖H2(Rd) + ‖F‖L1((0,τ);H2(Rd))

)
.

Çäåñü C20 := C17 + r−1
0 ‖g‖

1/2
L∞

.
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