Approximation properties associated with
quasi-normed operator ideals of (r,p, g)-nuclear
operators

Oleg Reinov

ABSTRACT. We consider quasi-normed tensor products lying between Lapresté
tensor products and spaces of (r, p, ¢)-nuclear operators. We define and investigate
the corresponding approximation properties for Banach spaces. An intermediate
aim is to answer a question of Sten Kaijser.

This is, essentially, a continuation of the author’s paper [4] and the first part of
the work on the approximation properties connected with the quasi-normed ideals
of so-called (r, p, g)-nuclear operators.

0. Notation, preliminaries

Throughout, we denote by X,Y,... .G, F,W ... Banach spaces over a field K
(which is either R or C); X*,Y*, ... are Banach dual to X,Y,.... By z,y,...,2/,...
(maybe with indices) we denote elements of X,Y,...,Y* ... respectively. 7y : Y —
Y™** is a natural isometric imbedding.

Notations [,, Iy (0 < p < oo,n = 1,2,...), ¢ are standard; e, (k = 1,2,...)
is the k-th unit vector in [, or ¢y (when we consider the unit vectors as the linear
functionals, we use notation e} ). We use idy for the identity map in X.

It is denoted by F(X,Y) a vector space of all linear continuous mappings from
X toY. By X ® Y we denote the algebraic tensor product of the spaces X and Y.
X ®Y can be considered as a subspace of the vector space F/(X*,Y) (namely, as a
vector space of all linear weak*-to-weak continuous finite rank operators). We can
identify also the tensor product (in a natural way) with a corresponding subspace of
F(Y*, X). If X = W* then W*®Y is identified with F(X,Y**) (or with F/(Y*, X*).
If z € X®Y, then z is the corresponding finite rank operator. If z € X* ® X
and e.g. z = > . _ ¥, ® xy, then trace z := >, (x},xx) does not depend on
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representation of z in X* ® X. L(X,Y) is a Banach space of all linear continuous

mappings ("operators") from X to Y equipped with the usual operator norm.
IfAe L(X,W),BeL(Y,G) and z € X®Y, then a linear map AQB : X®Y —

W ® G is defined by A ® B((z ® y) :== Ax ® By (and then extended by linearity).

Since A® B(z) = BZA* for z € X ® Y, we will use notation Bozo A* ¢ W® G
for A ® B(z). In the case where X is a dual space, say F*, and T' € L(W, F) (so
A=T*: F* — W*), one considers a composition BzT’; in this case T* ® B maps
F*®Y into W* ® Y and we use notation Bo zo T for T* ® B(z).

If v is a tensor quasi-norm (see [5, 0.5]), then v(A® B(z)) < ||A]|||B]|v(z) and
we can extend the map A® B to the completions of the tensor products with respect
to the quasi-norm v, having the same inequality. The natural map (X ® Y,v) —
L(X*Y) is continuous and can be extended to the completion X ®, Y for a tensor
element z G/X\/@%\ Y, we still denote by z the corresponding operator. The natural
mapping X ®, Y — L(X*,Y) need not to be injective; if it is injective for a fized
Y and for all X, then we say that'Y has the v-approzimation property.

A projective tensor product X®Y of Banach spaces X and Y is defined as a
completion of X ® Y with respect to the norm || - ||, :if z € X ® Y, then

n
[12lln := inf Y [lzell [lyal]
k=1

where infimum is taken over all representation of z as >, _, x5 ® y,. We can try to
consider X®Y also as operators X* — Y or Y* — X, but this correspondence is,
in general, not one-to-one. Note that X®Y = Y®X in a sence. If z € X®Y, ¢ > 0,
then one can represent z as z = Y o T @ yr with Y oo [lzxl| [Jykl] < |]2]|a + €.
For z € X*®X with a "projective representation" z = Y ope x) @ x, trace of
z,trace z 1=z =Y ;- (Tk, Yx), does not depend of representation of z. The Banach
dual (X®Y)* = L(Y, X*) by (T, 2) = trace T o z.

Some more notations: If A is an operator ideal then A™9(X,)Y) := {T €
LIX)Y): myT € A(X,Y*)}, AWe(X V) :={T € L(X,Y): T* e A(Y*, X*)}.

Finally,

bp(X) = {(w:) C X | My = (D Ml [P)7 < o0},
wo(X) 1= {(1) © X+ |(@i)lloo := sup [la| < o0},
L (X) = {(:) € X2 |[(20)wp - = Sup (D e’z )P < oo},

loo(X) i={(21) © X+ [(@0)lfu oo 1= sup [|a]| < o0}

Note that if p < g, then || - ||, < |||, and || - |Jwg < || - ||wp- H 0 < p < 0o, then p/
is a conjugate exponent: 1/p+1/p'=1ifp>1and p' = 0 if p € (0,1].

Below 0 <r,s<1,0<pg<ocand l/r+1/p+1/g=1/5>1.

Let us note that "Remarks" in the paper can contain sometimes quite important
information comparable to the information presented in Theorems and Propositions.
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1. The tensor products X®,,,Y

We use partially notations from [5]. For z € X ® Y we put

trpa(2) = (| @)@ [ W) g = 2 =Y e ® g ks
k=1
X ®ppq Y is the tensor product, equipped with this quasi-norm p,,,. Note that
H1.00.00 18 the projective tensor norm of A. Grothendieck [1].
Let us denote by X ®,,,Y the completion of X ® Y with respect to this quasi-

norm g, (in [5] — X ® Y). Every tensor element z € X@Y admits a rep-

T?p?q
resentation of type z = Zzozl Ty @ Yy, where ||(ak)||r||(xk)‘
and

wpl (W) lw,g < 00,

firpq(2) := Inf || (o) |r[| (i) wp | (W) |,
(infimum is taken over all such finite or infinite representations) [5, Proposition 1.3,
p. 52]. Note that X @) 0000 Y = XQY.

Lemma 1.1 Let 1) 0<r; < <1,p; <peand ¢ < qor2) 0 <r <ry <1,
pr > pa, @t = gz and 1/re +1/po+1/¢p < 1/ri+1/p1 +1/qi. If 2 € X ®Y,
then fir, py g0 (2) < ey pr.gi (7). In particular, (1 00.00(2) < ftry pr.gi (2). Consequently,
a natural mappings X @ pig ¥ = X Qrypoge ¥ — X®Y can be extended to the
(natural) continuos maps

X g ¥ = X Orpon ¥ — XBY.

Proof. Case 1): If = = Y7 s @ i, then [[(0n)llall @) lluupal () s <

[ ) |1 0) [, 191 1
Case 2: The proof is standard (cf. [6, 18.1.5, p. 246-247|). Take r such that

1/r1 =1/r+1/p+1/q, where 1/p :=1/ps—1/pyand 1/q :=1/g2—1/q1. Then r < ry
and r/r+r/p+ri/g=1.1z=>"7_| ary @y, then z =3 ;_ lozzl/r(azl/pxk) ®
(/) and

1Ml < 1@ = 1) 72"
Since po < p; and 1 — po/p1 = po/p < 1, we can apply Golder inequality to get
r 1172 1 .p2
1@ ")l ps < ZI%I"Q )77 (@) g =

(@) || ()]

By the same reason,

1551 e < 110GVl 11 s = @I 101 s

war = @2 11 @) s -

Hence,
1@ M 11528 oo 11 Y g <

1) 18" M) Ia? i) luwp )0 ) oy =
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[ () ey 1) o [ ()]

It follows that firy py.g0(2) < ey pr.ar (2)-

w,q1

Let us recall the following useful fact (see Section 0). If A € L(X,W), B €
L(Y,G) and z € X ®,,,Y, then Bozo A" € W ®,,,G and p,,,(BozoA*) <
|| B|| ||Al| ttr.p.q(2). Particular cases: X =W and A =idx or Y = G and B = idy .

The topological dual to (X@ Y, ttrp.q) is the space Il p4(X,Y™) of absolutely
(00, p, q)-summing operators from X to Y* [5, Theorem 1.3, p. 57] (recall that 0 < r < 1) :

If re (X@ Y)*and z ® y € X ® Y, then the corresponding operator T is defined by
(1, ®y) = (T'x,y) [5, pp. 56-57]. Recall that, by definition, an operator T' : X — F
is absolutely (0o, p, ¢)-summing if for any finite sequences (xx) and (f;) (from X and F*
respectively) one has

Sup [Tk, fi)l < Cl@i)lwpl| (i) lhw.g-

With a norm 7o p¢(7") := inf C, the space Il p (X, F') is a Banach space and in duality
above (for F' = Y™*) oo pq(T) = ||7]| (on the right is the norm of the functional 7 in
(X @rpg Y)).

Futhermore, taking a sequence in X x F™*, consisting of one nonzero element (z, ), we
obtain: If T' € Ilo p (X, F), then (T, f')] < Toop.q(T) ||| [|F|]; thus, [|T| < 7oopq(T)-
On the other hand, if T' € L(X, F'), then for any finite sequences (zj) and (f;) we have:

sngTxk,f/cH < [IT]] sup [l sup |71l < 11 @) p 1| (i)l lug-
(2

Therefore, Il p 4(X, F) = L(X, F).

I do not know whether the dual space Il p 4(X,Y ™) separates points of X@ Y. If
so, then the natural map X@ Y — XQY is one-to-one. As a matter of fact, it follows
from the above considerations, that the space u p (X, Y™) separates points ofX@ Y
iff the natural map jrpq : X@ Y — X®Y is one-to-one.

Definition 1.1. We define a tensor product X@np,qY as a linear subspace of the

projective tensor product X RY, consisting of all tensor elements z, which admit represen-
tations of type

[e.@]
2= aptp @ Yps () € Ly (Tk) € lups (Uk) € lug
k=1

and equipped with the quasi-norm [[2]| g = nf [|(@)]lr /(@) [|(9) g, where the
infimum is taken over all representations of z in the above form.

Note that this tensor product is S-normed (see [5, 6]).

Remark 1.1. We can define X®,,,Y also as a quotient of the space X@ Y by
the kernel of the map jyp, (i.e. by the annihilator L(X,Y™*); of L(X,Y™) in the space
X @ Y'). Therefore:

(i) The tensor product X @,.,p,qY is complete, i.e. a quasi-Banach space. This, with
the injectivity of the natural map X ®T7p,qY — XQ®Y answers a corresponding question of
Sten Kaijser ("Why the last map is one-to-one for the "completion" X®&,.,,Y?").
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(ii) If the dual of X @ Y separates points of this space, then we can write X @ Y =
X®,p,4Y. In this case "finite nuclear" quasi-norm g, , coincides with the tensor quasi-
norm ||z||xrp,q (compare with [6, 18.1.10.]).

(iii) The dual space to X ®;, Y is still Tlo , 4(X, Y*) of absolutely (oo, p, ¢)-summing
operators from X to Y* with its natural quasi-norm.

It follows from Lemma 1.1 (or, if one wishes, can be proved by the same method)

Proposition 1.1 Let 1) 0 < r; <79 <1, p1 < prand gt < gor2) 0<r <
ro <1, p1 > po, 1 > qeand 1/ro+1/pa+1/gp < 1/ +1/p1+1/q1. f 2z € X ®Y,
then ||2||nry paige < HZH/\,H pra- 10 partlcular HZH/\,IOOOO < [|2[|nr,p1,q - Consequently, a

natural mappings X ®,, ppY — X Ory pogpY — X ®Y are continuos injections of quasi-
norms 1.

Proposition 1.2. If X or Y has the bounded approximation property, then p,p, =
I| - [|nrpq on X ® Y. Hence, in this case the dual of X ®,,,Y separates points, jpq is

injective and X ®,.,,Y = X®,,,Y (and equals to the corresponding space of (r,p, q)-
nuclear operators; see below Corollary 2.1).

Proof. It is enough to show that the map j,,, is injective. Since X@Y =
Y ®pqp X, it is enough to consider the case, where Y € C-MAP, C' € [1,00). Let
z€ X®Y and let z : X* — Y be an operator, associated with z (note that this is
one-to-one correspondence). There exists a finite rank operator R : Y — Y such that
|R|| < C+ 1 and Rz (:= (idx ®R)(z)) = z (see [6, 10.2.5, p. 131]). Fix § > 0 and
choose a representation for z, z = Y po; ag Tk @ Y, with |[(ar)||r [|(@)]lwp 1Y) [lw,g <
l12||xrpq (1 +0). Let E:= R(Y) CY, M := dimE and € = ¢(M) € (0,6] (to be cho-
sen later). Then z = Y .7, o (wy, - >g0k, where ¢ = Ryr € E. Let N be such that
()58l 11 @) oo 195 g < €112 pig- -

Now, since E' is finite dimensional, idg admit a representation in E* ®;,, E which
give us an estimation from above for p,,q(idg) by a constant C = C(M) depending
only on M. Indeed, take an isomorphism A : E — I3 with ||A|| = 1,]|A7Y] < VM
(see e.g. [7, Corollary 3.9]). Since idjyr = Zﬁil e, @ eg, firp,q(idjar) < M/ Therefore,

idp = A1 idjr A = Z,]y:l Arel @A ey, and puyp 4 (idg) < MYPHY2 S0, for any v € XQF,

considering idg ov (= idg ¥) we obtain an inequality ., ,(idg ov) < MY/A+1/2|[3]|. Since
oIl < 1[ollxrp.q we get

w7p

trpiq(idp 0v) < C(M) [[v]|nrp,q-
Hence, for our z we get
N

o
“f,p,q(z) < “Ep,q( Z Tk ® ‘Pk) + /‘ﬁp,q( Z QU Ty & 9016) <
k=1 E=N-+1

N [e%s)
BRI (D wn @) + COMP || D" ek @ @il g <
k=1 k=N+1
RN (1)l 1) g 11 @) o) + C AP () 11(@0) R Mo 197 o) <
L+ 8)° 1R 112l R pg + 2 CODP (2] R e
Taking & < § to have ?C(M)P < §, we obtain (i q(2) < [(148)% (CH+1)P+6] [|2]%p.q-
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This inequality means, in particular, that the quasi-norms gy, 4 and || - [|xrpq are
equivalent on the space X ®Y, thus giving the same completions. Since the space X®,, Y

is complete (Remark (i) above), we obtain that the natural quotient map X ®,,,Y —
X@T,an is injective (recall that the last space is a subspace of the projective product
X®Y).

Remark 1.2. For an "operator" situation, see Corollary 2.1 below and (for 1 < p, ¢, <
o0) [6, pp. 249-251].

Approximation properties

We begin with the main definition.
Definition 2.1. A Banach space X has the approximation property AP, , if for
every Banach space Y the canonical mapping Y ®,., ,X — L(Y™, X) is one to one.

Proposition 2.1. The following conditions are equivalent:

1) X has the AP, ,.

2) For every Banach space W the natural map W*®,.,,,X — L(W, X) is one-to-one.

3) The natural map X*®,,,X — L(X) := L(X, X) is one-to-one.

Proof. Implications 1) = 2) == 3) are evident.

3) = 1). Suppose that the canonical map X*®;,,X — L(X) is one-to-one, but
there exists a Banach space Y such that the natural map Y®,,,X — L(Y* X) is not
injective. Let 2 € Y®,,,X be such that z # 0 and the associated operator 7 is a zero
operator. Then we can find an operator V from L(Y, X*) (the dual space to the projective
tensor product Y ®X ) so that trace V o 2! = 1, where, as usual, 2! is the transposed tensor
element, 2! € X®Y. Since Voz! € X®X* and trace V ozt = 1, the tensor element (V o0 z*)?
(which, evidently, belongs to X*®.,,X) is not zero. Contradiction.

Remark 2.1. One can introduce also (in a similar way) some new notions of the ap-
proximation properties by using the Lapresté tensor products. We do not consider these
properties here because we do not know how to work with the tensor products if their
Banach duals do not separate points.

The following assertion is an analogue of [4, Prop. 6.2|. Its proof is contained in the
corresponding proof of Proposition 6.2 from [4]. But since a situation now is a little bit
different from the one there (quasi-norms are here not "selfadjoint"), we present a proof
here.

Proposition 2.2. If X* has the AP, ,,, then X has the AP, ;.

Proof. We will use Proposition 1. As it is known |[1|, the projective tensor product
X*®X is a Banach subspace of the tensor product X*®X**. The tensor product X*(EA@T,M,X
is a linear subspace of X*®X, as well as X*®;4,X** is a linear subspace of X*®X**.
Therefore, the natural map X*@r,qu — X*@nq,pX** is one-to-one. Now if X* has the
AP, ., then the canonical map X**®,,,X* — L(X*, X*) is one-to-one. Since we can
identify the tensor product X**®, ,,X* with the tensor product X*®, ,,X**, it follows
that the natural map X*®,,,X — L(X,X) is one-to-one. Thus, if X* has the AP, ,,,
then X has the AP, .

Remark 2.2. The inverse statement is not true. Some examples are given in |4, Remark
6.1].
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Remark 2.3. (i) From the proof it follows that: For any X and Y the natural map
X®pgpY = X®pgpY ™™ is one-to-one.

(ii) On the other hand: For any X andY the natural map X @y qp Y — X @y qp Y** is
an isometric embedding. To prove this, it is enough to apply Principle of Local Reflexivity
(see e.g. [6, E.3.1]) as it was done in [6, 18.1.12] for the case 1 < p,q < co.

Recall that a linear map 7' : X — Y is called (r,p, ¢)-nuclear if it has a representa-
tion T = > 72, oy (@), ) yk, where (ag) € by, (2},) € lwp(X*) and (yr) € lyq(Y). Every
such a map is continuous. The space N, ,(X,Y) of all (7, p, ¢)-nuclear operators from
X to Y can be considered as a quotient of the tensor product X *@T%QY (as well as a
quotient of X*@q Y) by the kernel of the natural map X*®,.,,Y — L(X,Y). We equip
this space with the induced quasi-norm (8-norm) denoted by v, 4. If the corresponding
quotient map has a trivial kernel, then we write N, ,,(X,Y) = X*®,,,Y (respectively,
Nypqo(X)Y) = X*@q Y). Thus, X has the AP, ,, iff for every Banach space Y the
equality Nypq(Y, X) = Y*&,,,X holds.

Remark 2.4. 1) If t € (0,400], then Ny, 4(X,Y) (the space of (¢, p, ¢)-nuclear opera-
tors) can be defined by the analogues way: an operator T : X — Y is (¢,p, ¢)-nuclear, if
it can be written in the form T' = "7 ag (@}, )Yk, where (ag) € Uy, (z),) € Ly p(X*) and
(Yk) € lw,g. The quasi-norm || - ||n,,, is defined for T as inf [[(ar)||¢|[(2))]lw.p!| (k)] w.q>
where infimum is taken over all appropriate representations of 7. If 1/t + 1/p+ 1/q = 1,
then it is a norm.

2) In notation, we follow J.-T. Lapresté [5], only changing a triple (p,r,s) there to
(r,p,q) here (see also [6] ; nota bene: A. Pietsch [6, 18.1] uses different notations for this
class of operators and considers the cases where 1 < p,q < o0.)

It follows from Proposition 1.1:

Proposition 2.3 Tet 1) 0<r <ry <1,py<psand ¢t < g or2) 0<r <ry <1,
P1>p2, 1 > qeand 1/ro+1/pa+1/g2 <1/r1+1/p1+1/q:. If X has the AP,, p, 4o, then
X has the AP, p, 4. In particular, the AP of A. Grothendieck implies any AP, ,.

Corollary 2.1. (i) If X has the bounded approximation property, then for all r, p, g

and Y the equalities Nypq(Y, X) = Y*®,gX = Y* @y, X hold (with the same quasi-
norms). (ii) If Y* has the bounded approximation property, then for all r,p,q and X the

equalities N, (Y, X) = Y*®,p,X = Y*@ X hold (with the same quasi-norms).

Proof. Apply Propositions 1.2 and 2.3.

Lemma 2.1. The tensor product - m is injective, i.e. if 1 : Y — W is an isometric
imbedding and z € X ®,.,2 Y, then p,p2(2) = pirp2(io 2).

Proof. Tt is clear that p,p2(2) > prp2(ioz). Let € > 0 and Zfevzl arTL @ ¢k be a finite
representation of oz in X ® W such that ||(ax)||r||(zk)||wpl|(0r)||wg < (1 +€)prp(ioz).
Define an operator S € L(IY,W) and a tensor element 20 € X ®; 21 by S =Y e} ® px
and zp = Y agxp @eg. Let B = zo(X*) ciy and P : 1Y — 15 be an orthogonal projector

from {3 onto E. Then Sozy =io z, SPo > 20 = iozand SP(IY) c i(Y). It follows that
z= (i_ liv)ySP) 0 20 = Y oy @ iy SPey, (as the elements of X ®Y) and

prp2(2) < SIHI(ar)lle (@0 [wp = () [ (@0l lwpl (9r)lwg < (14 €)prpalio 2).

Therefore, the natural map idx ®7 : X X ® Y - X ‘oW W is an isometric imbedding and it
extends to the isometry idy ®i : X ®Tp Y =+ X ®T,p7g w.
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Remark 2.5.. Tt follows from Lemma 2.1 and from definitions of @TJ,,Q (and N, p2)
that ®,po (and Ny, 9) are injective (consider the quotient maps ®y.pa — ®rpao — Nypo).
On the other hand, the injectivity of (/557’719,2 (and Ny p2) can be proved in the same way
as above by consideration the infinite representations of z, z (instead of finite ones) in the
given proof. Also, we see from the proof that if >, | apzr ® ¢y is a representation of 70 z
in X @W (see |5, Proposition 1.3, p. 52|, then the corresponding representation for z
in X@ Y can be taken of the type > ro; arzr @ yr with ||(ye)|lw2 < |[(¥k)||w,2- The
same is true for @2 and Nyp 2.

The first part of the following fact is partially known (cf. [6, 18.1.15-18.1.16] for
1 <p,qg<o0).

Proposition 2.4. For any Banach spaces X, Y the equalities
Nrp2(Y, X) =Y ®pp2X = V* @rpo X and Nyog(V, X) = YV ®pagX = V* @ g X

hold (with the same quasi-norms). In particular, every Banach space has the AP, ;2 and
the APTQ’p.

Proof. As is known, the operator ideal N, is injective, (see [6, 18.1.8] for the case
1 < p,q < o0); apply (factorization) Theorem 2.5 [5]| in other cases). le., if X C G,
T e L(Y,X) and T € Nyp2(Y,G), then T € N, ,o(Y,X) (with the same quasi-norm).
Also, the tensor product - @r_p\g is injective too (Lemma 2.1)Now, let z € Y*@ X and
7:X —>NLOO be an isometric embedding of X into an Lyo-space. Since Lo, has theAMAP,
Vrp2(i02) = trpa(ioz) (see Corollary 2.1). Hence, pirp2(2) = pirp2(ioz) = vppa(ioz) =
Vrp2(iz) < vpp2(2) < pirp2(2).

To get the last two equalities it is enough to apply the surjectivity of the operator
ideal N, 24 and Corollary 2.1 (second part), by using the same idea as above, or just to

apply Lemma 2.1 and Remark 2.5 (second part): Take z € Y*@ X and a quotient map
Q : Ly — Y. Considering (z 0 Q)" as an element of X ®; 42 Loo, we get:

Vrq2(Q* 0 ) = lirg2(Q" 0 2") = pirg2(2") = pin2q(2).

But v,2(Q* 0 2%) < vp24(2 0 Q) < vr2,4(2); thus, pir2,4(2) < vr2,4(2).

Y

Remark 2.6. The fact that every X has the AP s is essentially contained in [6,
27.4.10, Proposition|. It is strange, but it seems that a corresponding fact for AP o2
appears here for the first time. Note that this fact follows also from the preceding by
virtue of Proposition 2.2: if every X has the AP 2 o, then X* possesses this property, and
by Proposition 2.2 X has the AP « 2.

Many of the above approximation properties were considered earlier, e.g. in the papers
[2, 3, 4] etc:

(i) For p = ¢ = oo, we get the AP, from [3, 4].

(ii) For p = oo, we get the AP}, ;) from [2, 4].

(iii) For q = 0o, we get the AP[P) from [2, 4].

Following notations from [4] (see also |2]), we denote

Nr,oo,oo by er

Nroo,q DY N[T,q]7

Ny poo by NP1
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@T,O0,00 byA(/g\)T’
Bro0.q DY Dlr.gl;

(@T,p,oo, by @[T,p]‘

The corresponding notations are used also for the AP, , , (see above (i)-(iii)).

Almost all the information about Banach spaces without (or with) the properties AP,
AP, 4 and APPl which is known to us by now, can be found in |2, 3, 4]. Other results
in this direction are the subject of the forthcoming paper of the author.
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