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Àííîòàöèÿ

Ïóñòü O ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C1,1. Â ïðîñòðàíñòâå

L2(O;Cn) ðàññìàòðèâàåòñÿ ñàìîñîïðÿæåííûé ìàòðè÷íûé ñèëüíî ýëëèïòè÷åñêèé

äèôôåðåíöèàëüíûé îïåðàòîð BD,ε, 0 < ε 6 1, âòîðîãî ïîðÿäêà ïðè óñëîâèè Äè-

ðèõëå íà ãðàíèöå. Êîýôôèöèåíòû îïåðàòîðà BD,ε ïåðèîäè÷íû è çàâèñÿò îò x/ε.

Íàñ èíòåðåñóåò ïîâåäåíèå îïåðàòîðîâ cos(tB
1/2
D,ε) è B

−1/2
D,ε sin(tB

1/2
D,ε), t ∈ R, â ïðåäå-

ëå ìàëîãî ïåðèîäà. Äëÿ íèõ ïîëó÷åíû àïïðîêñèìàöèè ïî íîðìå îïåðàòîðîâ, äåé-

ñòâóþùèõ èç íåêîòîðîãî ïîäïðîñòðàíñòâà H ïðîñòðàíñòâà Ñîáîëåâà H4(O;Cn) â
L2(O;Cn). Êðîìå ýòîãî, äëÿ B

−1/2
D,ε sin(tB

1/2
D,ε) ïîëó÷åíà àïïðîêñèìàöèÿ ïðè ó÷åòå

êîððåêòîðà ïî íîðìå îïåðàòîðîâ, äåéñòâóþùèõ èç H ⊂ H4(O;Cn) â H1(O;Cn).
Ðåçóëüòàòû ïðèìåíÿþòñÿ ê óñðåäíåíèþ ðåøåíèÿ ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è

äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ∂2
t uε = −BD,εuε.
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Ââåäåíèå

Ðàáîòà îòíîñèòñÿ ê òåîðèè óñðåäíåíèÿ (ãîìîãåíèçàöèè) ïåðèîäè÷åñêèõ äèôôåðåíöè-
àëüíûõ îïåðàòîðîâ (ÄÎ). Òåîðèè óñðåäíåíèÿ ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà; ñì.,
íàïðèìåð, êíèãè [BaPa, BeLPap, ZhKO, Sa].

0.1 Ïîñòàíîâêà çàäà÷è

Ïóñòü Γ ⊂ Rd � ðåøåòêà è Ω � ýëåìåíòàðíàÿ ÿ÷åéêà ðåøåòêè Γ. Äëÿ Γ-ïåðèîäè÷åñêèõ
ôóíêöèé â Rd èñïîëüçóåì îáîçíà÷åíèå f ε(x) := f(ε−1x), ε > 0. Ïóñòü O ⊂ Rd � îãðà-
íè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C1,1. Â ïðîñòðàíñòâå L2(O;Cn) ìû èçó÷àåì ñàìî-
ñîïðÿæåííûé ìàòðè÷íûé ñèëüíî ýëëèïòè÷åñêèé ÄÎ âòîðîãî ïîðÿäêà BD,ε, 0 < ε 6 1,
ïðè óñëîâèè Äèðèõëå íà ãðàíèöå. Ñòàðøàÿ ÷àñòü îïåðàòîðà BD,ε çàäàåòñÿ â ôàêòîðè-
çîâàííîé ôîðìå Aε = b(D)∗gε(x)b(D), ãäå b(D) � ìàòðè÷íûé îäíîðîäíûé ÄÎ ïåðâîãî
ïîðÿäêà, g(x) � Γ-ïåðèîäè÷åñêàÿ ìàòðèöà-ôóíêöèÿ â Rd, îãðàíè÷åííàÿ è ïîëîæèòåëü-
íî îïðåäåëåííàÿ. (Òî÷íûå óñëîâèÿ íà b(D) è g(x) ïðèâåäåíû íèæå â ï. 1.3.) Îïåðàòîð
BD,ε çàäàí äèôôåðåíöèàëüíûì âûðàæåíèåì

Bε = b(D)∗gε(x)b(D) +
d∑
j=1

(
aεj(x)Dj +Dja

ε
j(x)∗

)
+Qε(x) + λI (0.1)

ïðè óñëîâèè Äèðèõëå íà ∂O. Çäåñü Γ-ïåðèîäè÷åñêèå ìàòðèöû-ôóíêöèè aj(x), j =
1, . . . , d, è Q(x) áåðóòñÿ èç ïîäõîäÿùèõ ïðîñòðàíñòâ Lp(Ω), ïðè÷åì Q(x) ïðåäïîëàãà-
åòñÿ ýðìèòîâîé. Ïîñòîÿííàÿ λ âûáðàíà òàê, ÷òîáû îïåðàòîð BD,ε áûë ïîëîæèòåëüíî
îïðåäåëåí. (Òî÷íûå óñëîâèÿ íà êîýôôèöèåíòû ñì. íèæå â ï. 1.4.) Ñòðîãîå îïðåäåëå-
íèå îïåðàòîðà BD,ε äàåòñÿ ÷åðåç ñîîòâåòñòâóþùóþ êâàäðàòè÷íóþ ôîðìó, çàäàííóþ íà
êëàññå Ñîáîëåâà H1

0 (O;Cn).
Êîýôôèöèåíòû îïåðàòîðà BD,ε áûñòðî îñöèëëèðóþò ïðè ìàëîì ε. Íàñ èíòåðåñóåò

ïîâåäåíèå ïðè ε → 0 ðåøåíèÿ ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ: {

∂2uε
∂t2

(x, t) = −(Bεuε)(x, t) + F(x, t), uε(·, t)|∂O = 0,

uε(x, 0) = ϕ(x), ∂uε
∂t

(x, 0) = ψ(x).
(0.2)

Ïðè ϕ ∈ H1
0 (O;Cn), ψ ∈ L2(O;Cn) è F ∈ L1,loc(R;L2(O;Cn)) èìååì

uε(·, t) = cos(tB
1/2
D,ε)ϕ+B

−1/2
D,ε sin(tB

1/2
D,ε)ψ +

∫ t

0

B
−1/2
D,ε sin

(
(t− t̃)B1/2

D,ε

)
F(·, t̃) dt̃.

Òàêèì îáðàçîì, âîïðîñ î ïîâåäåíèè ðåøåíèÿ çàäà÷è (0.2) ñâîäèòñÿ ê èçó÷åíèþ ïîâåäå-

íèÿ îïåðàòîðîâ cos(tB
1/2
D,ε) è B

−1/2
D,ε sin(tB

1/2
D,ε) â ïðåäåëå ìàëîãî ïåðèîäà.

0.2 Îñíîâíûå ðåçóëüòàòû

Íàø ïåðâûé îñíîâíîé ðåçóëüòàò � îöåíêè∥∥∥(cos(tB
1/2
D,ε)− cos(t(B0

D)1/2)
)

(B0
D)−2

∥∥∥
L2(O)→L2(O)

6 Cε
(
1 + |t|5

)
, (0.3)∥∥∥(B−1/2

D,ε sin(tB
1/2
D,ε)− (B0

D)−1/2 sin(t(B0
D)1/2)

)
(B0

D)−2
∥∥∥
L2(O)→L2(O)

6 Cε|t|(1 + |t|5), (0.4)
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ñïðàâåäëèâûå ïðè t ∈ R è äîñòàòî÷íî ìàëîì ε. Çäåñü B0
D � ýôôåêòèâíûé îïåðàòîð ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè. Âòîðîé îñíîâíîé ðåçóëüòàò � àïïðîêñèìàöèÿ∥∥∥(B−1/2
D,ε sin(tB

1/2
D,ε)− (B0

D)−1/2 sin(t(B0
D)1/2)− εKD(ε; t)

)
(B0

D)−2
∥∥∥
L2(O)→H1(O)

6 Cε1/2(1 + t6).
(0.5)

Çäåñü KD(ε; t) � êîððåêòîð. Îí ñîäåðæèò áûñòðî îñöèëëèðóþùèå ìíîæèòåëè è ïîòî-
ìó çàâèñèò îò ε. Â îáùåì ñëó÷àå êîððåêòîð ñîäåðæèò ñãëàæèâàþùèé îïåðàòîð. Åñëè
ãðàíèöà îáëàñòè äîñòàòî÷íî ãëàäêàÿ, ïðè d 6 8 ñãëàæèâàòåëü óäàåòñÿ óñòðàíèòü. Ïî-
ñòîÿííûå â îöåíêàõ (0.3)�(0.5) êîíòðîëèðóþòñÿ ÿâíî ÷åðåç äàííûå çàäà÷è. Ðåçóëüòàòû
òàêîãî ñîðòà íàçûâàþò îïåðàòîðíûìè îöåíêàìè ïîãðåøíîñòè â òåîðèè óñðåäíåíèÿ.

Ïðè ôèêñèðîâàííîì âðåìåíè t îöåíêè (0.3), (0.4) èìåþò òî÷íûé ïîðÿäîê O(ε). Ïîðÿäîê
îöåíêè (0.5) õóæå: O(ε1/2). Ýòî îáúÿñíÿåòñÿ âëèÿíèåì ãðàíèöû îáëàñòè. Äëÿ îïåðàòîðà

cos(tB
1/2
D,ε) ïîëó÷èòü àíàëîã îöåíêè (0.5) íå óäàåòñÿ, îäíàêî âîçìîæíî àïïðîêñèìèðîâàòü

½ñãëàæåííûé� êîñèíóñ:∥∥∥(cos(tB
1/2
D,ε)B

−1
D,ε − cos(t(B0

D)1/2)(B0
D)−1 − εK (ε; t)

)
(B0

D)−1
∥∥∥
L2(O)→H1(O)

6 Cε1/2(1 + |t|5).
(0.6)

Ýòî ñîãëàñóåòñÿ ñ ðåçóëüòàòàìè [BrOtFMu], ñì. îáñóæäåíèå â ï. 0.3 íèæå.

0.3 Îáçîð

Â íàñòîÿùåå âðåìÿ àêòèâíî èçó÷àþòñÿ îïåðàòîðíûå îöåíêè ïîãðåøíîñòè â òåîðèè óñðåä-
íåíèÿ. Èíòåðåñ ê ýòîé òåìàòèêå âîçíèê â ñâÿçè ñ ðàáîòîé Ì. Ø. Áèðìàíà è Ò. À. Ñóñ-
ëèíîé [BSu1]. Â [BSu1] ðàññìàòðèâàëñÿ îïåðàòîð Aε = b(D)∗gε(x)b(D), äåéñòâóþùèé â
L2(Rd;Cn). Ñ ïîìîùüþ ñïåêòðàëüíîãî ïîäõîäà áûëà óñòàíîâëåíà îöåíêà

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 Cε. (0.7)

Çäåñü A0 = b(D)∗g0b(D) � ýôôåêòèâíûé îïåðàòîð, g0 � ïîñòîÿííàÿ ýôôåêòèâíàÿ ìàò-
ðèöà. Àïïðîêñèìàöèÿ îïåðàòîðà (Aε + I)−1 ïî (L2 → H1)-íîðìå ïîëó÷åíà â [BSu3]:

‖(Aε + I)−1 − (A0 + I)−1 − εK(ε)‖L2(Rd)→H1(Rd) 6 Cε. (0.8)

Âïîñëåäñòâèè îöåíêè (0.7) è (0.8) áûëè ïåðåíåñåíû Ò. À. Ñóñëèíîé [Su2] íà áîëåå îáùèé
îïåðàòîð Bε âèäà (0.1), äåéñòâóþùèé â L2(Rd;Cn).

Ê ãèïåðáîëè÷åñêèì ñèñòåìàì ñïåêòðàëüíûé ìåòîä ïðèìåíÿëñÿ â ðàáîòàõ [BSu4, M,
DSu]. Â [BSu4] óñòàíîâëåíû àïïðîêñèìàöèè

‖ cos(tA1/2
ε )− cos(t(A0)1/2)‖H2(Rd)→L2(Rd) 6 Cε(1 + |t|), (0.9)

‖A−1/2
ε sin(tA1/2

ε )− (A0)−1/2 sin(t(A0)1/2)‖H2(Rd)→L2(Rd) 6 Cε(1 + |t|)2, t ∈ R. (0.10)

Â [M] ïîëó÷åíî óëó÷øåíèå îöåíêè (0.10) îòíîñèòåëüíî òèïà îïåðàòîðíîé íîðìû:

‖A−1/2
ε sin(tA1/2

ε )− (A0)−1/2 sin(t(A0)1/2)‖H1(Rd)→L2(Rd) 6 Cε(1 + |t|), t ∈ R, (0.11)

è àïïðîêñèìàöèÿ îïåðàòîðà A
−1/2
ε sin(tA

1/2
ε ) ïðè ó÷åòå êîððåêòîðà ïî (H2 → H1)-íîðìå:∥∥A−1/2

ε sin(tA1/2
ε )− (A0)−1/2 sin(t(A0)1/2)− εK(ε; t)

∥∥
H2(Rd)→H1(Rd)

6 Cε(1 + |t|), t ∈ R.
(0.12)
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Â [DSu] áûëà ïîäòâåðæäåíà òî÷íîñòü îöåíîê (0.9), (0.11) îòíîñèòåëüíî òèïà îïåðàòîð-
íîé íîðìû (â îáùåì ñëó÷àå).

Â îöåíêàõ (0.8) è (0.12) êîððåêòîðû èìåþò ïîõîæóþ ñòðóêòóðó. Åñòåñòâåííî îæè-
äàòü, ÷òî è äëÿ îïåðàòîðíîãî êîñèíóñà ñïðàâåäëèâà àïïðîêñèìàöèÿ ñ êîððåêòîðîì
òîé æå ôîðìû. Îäíàêî â [BrOtFMu] óñòàíîâëåíî, ÷òî ýòî èìååò ìåñòî òîëüêî ïðè
ñïåöèàëüíîì âûáîðå íà÷àëüíûõ äàííûõ. Â íàøåì ñëó÷àå ýòîò âûáîð îòâå÷àåò îöåí-
êå (0.6). Â îáùåì ñëó÷àå àïïðîêñèìàöèÿ ñ êîððåêòîðîì íàéäåíà â ðàáîòàõ [BraLe,
CaDiCoCalMaMarG]. Îäíàêî èç-çà äèñïåðñèè âîëí â íåîäíîðîäíîé îáëàñòè êîððåêòîð
íåëîêàëåí. Äèñïåðñèîííûå ýôôåêòû ïðè ãîìîãåíèçàöèè âîëíîâîãî óðàâíåíèÿ èçó÷à-
ëèñü â ðàáîòàõ [ABriV, ConOrV, ConSaMaBalV]. Îïåðàòîðíûå îöåíêè â óïîìÿíóòûõ
ðàáîòàõ íå îáñóæäàëèñü.

Äðóãîé ïîäõîä ê ïîëó÷åíèþ îïåðàòîðíûõ îöåíîê ïîãðåøíîñòè â òåîðèè óñðåäíåíèÿ
áûë ïðåäëîæåí Â. Â.Æèêîâûì [Zh]. Â ðàáîòàõ [Zh, ZhPas1] áûëè ïîëó÷åíû îöåíêè âèäà
(0.7), (0.8) äëÿ îïåðàòîðîâ àêóñòèêè è òåîðèè óïðóãîñòè. Ìåòîä, íàçâàííûé àâòîðàìè
½ìîäèôèöèðîâàííûì ìåòîäîì ïåðâîãî ïðèáëèæåíèÿ“ èëè ½ìåòîäîì ñäâèãà“, îñíîâàí
íà àíàëèçå ïåðâîãî ïðèáëèæåíèÿ ê ðåøåíèþ è ââåäåíèè â çàäà÷ó äîïîëíèòåëüíîãî ïà-
ðàìåòðà. Ïîìèìî çàäà÷ â Rd â ðàáîòàõ [Zh, ZhPas1] èçó÷àëèñü çàäà÷è óñðåäíåíèÿ â
îãðàíè÷åííîé îáëàñòè O ⊂ Rd ïðè óñëîâèè Äèðèõëå ëèáî Íåéìàíà íà ãðàíèöå. Äàëü-
íåéøèå ðåçóëüòàòû Â. Â. Æèêîâà, Ñ. Å. Ïàñòóõîâîé è èõ ó÷åíèêîâ îòðàæåíû â îáçîðå
[ZhPas3].

Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè ïðè óñðåäíåíèè çàäà÷ Äèðèõëå è Íåéìàíà äëÿ
ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà â îãðàíè÷åííîé îáëàñòè èçó÷àëèñü ìíîãèìè
àâòîðàìè, ñì. [ZhPas1, Gr1, Gr2, KeLiS, PSu, Su3, Su4]. Ïîäðîáíûé îáçîð ìîæíî íàéòè
âî ââåäåíèè ê ðàáîòå [MSu2], â êîòîðîé óñòàíîâëåíû îöåíêè

‖(BD,ε − ζI)−1 − (B0
D − ζI)−1‖L2(O)→L2(O) 6 C(φ)ε|ζ|−1/2, (0.13)

‖(BD,ε − ζI)−1 − (B0
D − ζI)−1 − εKD(ε; ζ)‖L2(O)→H1(O) 6 C(φ)

(
ε1/2|ζ|−1/4 + ε

)
, (0.14)

|ζ| > 1, äëÿ îïåðàòîðà âèäà (0.1). Âåëè÷èíû C(φ) êîíòðîëèðóþòñÿ ÿâíî â òåðìèíàõ
äàííûõ çàäà÷è è óãëà φ = arg ζ. (Áëèçêèå ðåçóëüòàòû ïîëó÷åíû Ê. Êñó [Xu] ïðè ôèê-
ñèðîâàííîì ζ.)

Óñðåäíåíèå ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ îïå-
ðàòîðîì (0.1) èçó÷àëîñü â íåäàâíåé ðàáîòå Þ. Ì. Ìåøêîâîé è Ò. À. Ñóñëèíîé [MSu4].
Ìåòîä [MSu4] îñíîâàí íà òîæäåñòâå

e−tBD,ε = − 1

2πi

∫
γ

e−ζt(BD,ε − ζI)−1 dζ,

è èñïîëüçîâàíèè îöåíîê (0.13), (0.14). Çäåñü γ ⊂ C � êîíòóð, îáõîäÿùèé ñïåêòð îïåðà-
òîðà BD,ε â ïîëîæèòåëüíîì íàïðàâëåíèè. Íàïîìíèì, ÷òî â ñîîòâåòñòâèè ñ êëàññè÷åñêîé
òåîðåìîé Òðîòòåðà-Êàòî (ñì., íàïðèìåð, [Sa, ãëàâà X, òåîðåìà 1.1]), ñèëüíàÿ ñõîäèìîñòü
ïîëóãðóïï ñëåäóåò èç ñèëüíîé ñõîäèìîñòè ðåçîëüâåíò, â òî âðåìÿ êàê â [MSu4] ðå÷ü èäåò
îá àïïðîêñèìàöèè â ðàâíîìåðíîé îïåðàòîðíîé òîïîëîãèè ñ ÿâíûì êîíòðîëåì ïîãðåø-
íîñòè. Îòìåòèì íåäàâíþþ ðàáîòó [ChEl], ãäå îáñóæäàåòñÿ ïåðåíîñ òåîðåìû Òðîòòåðà-
Êàòî íà ñëàáóþ è ðàâíîìåðíóþ îïåðàòîðíûå òîïîëîãèè è ïðèìåíåíèå ê ãîìîãåíèçàöèè
ïàðàáîëè÷åñêèõ óðàâíåíèé, íî áåç îïåðàòîðíûõ îöåíîê.

Òàêæå îòìåòèì íåäàâíèé ïðåïðèíò [CooSav], â êîòîðîì (íåçàâèñèìî îò íàñòîÿùåé
ðàáîòû) èç îöåíêè âèäà (0.13) äëÿ BD,ε = −div gε(x)∇ (è ζ = 0) âûâîäèòñÿ ãîìîãåíèçà-
öèÿ àòòðàêòîðîâ êâàçèëèíåéíîãî âîëíîâîãî óðàâíåíèÿ. Îäíàêî ðåçóëüòàòû [CooSav] íå
äîïóñêàþò çàïèñè â ðàâíîìåðíîé îïåðàòîðíîé òîïîëîãèè. Òàêèì îáðàçîì, îïåðàòîðíûõ
îöåíîê ïîãðåøíîñòè ïðè óñðåäíåíèè ãèïåðáîëè÷åñêèõ ñèñòåì â îãðàíè÷åííîé îáëàñòè
ðàíåå èçâåñòíî íå áûëî.
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0.4 Ìåòîä

Íàñòîÿùàÿ ðàáîòà ðàçâèâàåò ìåòîä [MSu4]: ìû âûâîäèì îïåðàòîðíûå îöåíêè äëÿ íåñòà-
öèîíàðíîé çàäà÷è èç ýëëèïòè÷åñêèõ ðåçóëüòàòîâ ñ ïîìîùüþ îáðàòíîãî ïðåîáðàçîâàíèÿ
Ëàïëàñà. (Êîíå÷íî, ïðè óñðåäíåíèè ãèïåðáîëè÷åñêèõ çàäà÷ ïðåîáðàçîâàíèå Ëàïëàñà
ïðèìåíÿëîñü è ðàíåå � ñì. [BeLPap, ãëàâà 2, ï. 3.9], [Sa, ãë. V, �6, ñòð. 90] è [Pas, ZhPas2].
Îòìåòèì òàêæå, ÷òî â [ZhKO, ãëàâà IV] ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà èçó÷àëàñü
íåñòàöèîíàðíàÿ ñèñòåìà óðàâíåíèé Ìàêñâåëëà. Îäíàêî îïåðàòîðíûå îöåíêè ïîãðåøíî-
ñòè â âûøåïåðå÷èñëåííûõ ðàáîòàõ íå îáñóæäàëèñü.)

Ìåòîä îñíîâàí íà èñïîëüçîâàíèè òîæäåñòâà

cos
(
tB

1/2
D,ε

)
B−2
D,ε = −t

2

2
B−1
D,ε +B−2

D,ε +
1

2πi

∫
Reλ=

√
c

λ−3(BD,ε + λ2)−1eλt dλ, c > 0, (0.15)

è ðåçóëüòàòîâ îá àïïðîêñèìàöèè îïåðàòîðà (BD,ε − ζI)−1, ζ ∈ C \ R+, ñ äâóõïàðà-
ìåòðè÷åñêèìè (îòíîñèòåëüíî ε è ζ) îöåíêàìè ïîãðåøíîñòè. Òðåáóåìûå àïïðîêñèìàöèè
óñòàíîâëåíû â [MSu2]. Èç (0.15), àíàëîãè÷íîãî òîæäåñòâà äëÿ ýôôåêòèâíîãî îïåðàòîðà
è àïïðîêñèìàöèè (0.13) ñëåäóåò íåðàâåíñòâî (0.3). ×òîáû âûâåñòè îöåíêó (0.4) èç (0.3),
èñïîëüçóåì ïðåäñòàâëåíèÿ

B
−1/2
D,ε sin(tB

1/2
D,ε) =

∫ t

0

cos(τB
1/2
D,ε) dτ, (B0

D)−1/2 sin
(
t(B0

D)1/2
)

=

∫ t

0

cos
(
τ(B0

D)1/2
)
dτ.

(0.16)
Èç (0.15), àíàëîãè÷íîãî ðàâåíñòâà äëÿ ýôôåêòèâíîãî îïåðàòîðà è îöåíêè (0.14) âû-

òåêàåò àïïðîêñèìàöèÿ ïðè ó÷åòå êîððåêòîðà äëÿ B−1
D,ε cos(tB

1/2
D,ε). Èç ýòîé àïïðîêñèìà-

öèè, òîæäåñòâ (0.16) è ðåçóëüòàòîâ îá ½óñðåäíåíèè“ ðåçîëüâåíòû ñëåäóåò íåðàâåíñòâî
(0.5).

Íàëè÷èå îïåðàòîðà (B0
D)−2 â îöåíêàõ (0.3)�(0.5) îáóñëîâëåíî èñïîëüçóåìûì ìåòî-

äîì. Èç-çà ýòîãî íà íà÷àëüíûå äàííûå è ïðàâóþ ÷àñòü â (0.2) ïðèõîäèòñÿ íàêëàäûâàòü
ñëåäóþùèå îãðàíè÷åíèÿ:

ϕ,ψ ∈ Dom (B0
D)2, F ∈ L1,loc(R; Dom (B0

D)2), (0.17)

ãäå Dom (B0
D)2 ðàññìàòðèâàåòñÿ êàê ïîäïðîñòðàíñòâî â H4(O;Cn). Òàêèì îáðàçîì, òðå-

áóåòñÿ áîëåå âûñîêàÿ ãëàäêîñòü íà÷àëüíûõ äàííûõ è ïðàâîé ÷àñòè â (0.2), ÷åì äëÿ çàäà÷
âî âñåì ïðîñòðàíñòâå. Ïî-âèäèìîìó, ðåçóëüòàòû ðàáîòû íå ÿâëÿþòñÿ òî÷íûìè ïî îòíî-
øåíèþ ê êëàññàì íà÷àëüíûõ äàííûõ è ïðàâîé ÷àñòè óðàâíåíèÿ. Îäíàêî ïðèìåíÿåìàÿ
òåõíèêà íå ïîçâîëÿåò óñèëèòü ðåçóëüòàòû.

0.5 Ñòðóêòóðà ðàáîòû

Ðàáîòà ñîñòîèò èç òðåõ ïàðàãðàôîâ è ââåäåíèÿ. Â �1 îïèñàí êëàññ îïåðàòîðîâ BD,ε,
îïðåäåëåí ýôôåêòèâíûé îïåðàòîð B0

D è ñôîðìóëèðîâàíû ðåçóëüòàòû îá àïïðîêñèìàöèè
ðåçîëüâåíòû (BD,ε−ζI)−1. Â �2 ïðèâåäåíû îñíîâíûå ðåçóëüòàòû ðàáîòû, äîêàçàòåëüñòâî
êîòîðûõ âûíåñåíî â �3.

0.6 Îáîçíà÷åíèÿ

Ïóñòü H, H∗ � êîìïëåêñíûå ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà. Ñèìâîëû (·, ·)H
è ‖ · ‖H îçíà÷àþò ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â H; ñèìâîë ‖ · ‖H→H∗ îçíà÷àåò íîðìó
ëèíåéíîãî íåïðåðûâíîãî îïåðàòîðà èç H â H∗.
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Èñïîëüçóåì îáîçíà÷åíèÿ Z+ äëÿ ìíîæåñòâà íåîòðèöàòåëüíûõ öåëûõ ÷èñåë è R+ äëÿ
ïîëîæèòåëüíîé ïîëóîñè [0,∞).

Ñèìâîëû 〈·, ·〉 è | · | îçíà÷àþò ñîîòâåòñòâåííî ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â
Cn, 1n � åäèíè÷íàÿ (n × n)-ìàòðèöà. Åñëè a � (m × n)-ìàòðèöà, òî ñèìâîë |a| îçíà-
÷àåò íîðìó ìàòðèöû a êàê îïåðàòîðà èç Cn â Cm. Äëÿ z ∈ C ÷åðåç z∗ îáîçíà÷àåòñÿ
êîìïëåêñíî ñîïðÿæåííîå ÷èñëî. (Ìû èñïîëüçóåì òàêîå íåñòàíäàðòíîå îáîçíà÷åíèå, òàê
êàê âåðõíÿÿ ÷åðòà îçíà÷àåò ñðåäíåå çíà÷åíèå ïåðèîäè÷åñêîé ôóíêöèè ïî ÿ÷åéêå ïåðè-
îäîâ.) Èñïîëüçóåì îáîçíà÷åíèÿ x = (x1, . . . , xd) ∈ Rd, iDj = ∂j = ∂/∂xj, j = 1, . . . , d,
D = −i∇ = (D1, . . . , Dd). Êëàññû Lp âåêòîð-ôóíêöèé â îáëàñòè O ⊂ Rd ñî çíà÷åíèÿìè
â Cn îáîçíà÷àåì ÷åðåç Lp(O;Cn), 1 6 p 6∞. Êëàññû Ñîáîëåâà Cn-çíà÷íûõ ôóíêöèé â
îáëàñòè O ⊂ Rd îáîçíà÷àþòñÿ ÷åðåç Hs(O;Cn). ×åðåç H1

0 (O;Cn) îáîçíà÷àåòñÿ çàìûêà-
íèå êëàññà C∞0 (O;Cn) â ïðîñòðàíñòâå H1(O;Cn). Ïðè n = 1 ïèøåì ïðîñòî Lp(O), Hs(O)
è ò. ä., íî, åñëè ýòî íå âåäåò ê íåäîðàçóìåíèÿì, ìû ïðèìåíÿåì òàêèå óïðîùåííûå îáî-
çíà÷åíèÿ è äëÿ ïðîñòðàíñòâ âåêòîð-ôóíêöèé èëè ìàòðè÷íîçíà÷íûõ ôóíêöèé. Ñèìâîë
Lp((0, T );H), 1 6 p 6 ∞, îçíà÷àåò Lp-ïðîñòðàíñòâî H-çíà÷íûõ ôóíêöèé íà èíòåðâàëå
(0, T ).

Ðàçëè÷íûå îöåíî÷íûå ïîñòîÿííûå îáîçíà÷àþòñÿ ñèìâîëàìè c, c, C, C, C , C (âîçìîæ-
íî, ñ èíäåêñàìè è çíà÷êàìè).

Áëàãîäàðíîñòü

Àâòîð ñ÷èòàåò ñâîèì ïðèÿòíûì äîëãîì ïîáëàãîäàðèòü Ò. À. Ñóñëèíó çà âíèìàíèå ê
ðàáîòå.

1 Ðåçóëüòàòû óñðåäíåíèÿ çàäà÷è Äèðèõëå äëÿ ýëëèï-

òè÷åñêèõ ñèñòåì

1.1 Ðåøåòêè â Rd

Ïóñòü Γ ⊂ Rd � ðåøåòêà, ïîðîæäåííàÿ áàçèñîì a1, . . . , ad ∈ Rd:

Γ =
{

a ∈ Rd : a =
d∑
j=1

νjaj, νj ∈ Z
}
,

è ïóñòü Ω � ýëåìåíòàðíàÿ ÿ÷åéêà ðåøåòêè Γ:

Ω =
{

x ∈ Rd : x =
d∑
j=1

τjaj,−
1

2
< τj <

1

2

}
.

×åðåç |Ω| îáîçíà÷èì ìåðó Ëåáåãà ÿ÷åéêè Ω: |Ω| = mes Ω. Ïîëîæèì 2r1 := diam Ω.
Áàçèñ b1, . . . ,bd ∈ Rd, äâîéñòâåííûé ê a1, . . . , ad, îïðåäåëÿåòñÿ èç ñîîòíîøåíèé

〈bj, ai〉 = 2πδji. Ðåøåòêà Γ̃, ïîðîæäåííàÿ áàçèñîì b1, . . . ,bd, íàçûâàåòñÿ äâîéñòâåííîé
ïî îòíîøåíèþ ê ðåøåòêå Γ. Ïîëîæèì 2r0 := min06=b∈Γ̃ |b|.

×åðåç H̃1(Ω) îáîçíà÷àåòñÿ ïîäïðîñòðàíñòâî òåõ ôóíêöèé èç H1(Ω), Γ-ïåðèîäè÷åñêîå
ïðîäîëæåíèå êîòîðûõ íà Rd ïðèíàäëåæèò H1

loc(Rd). Åñëè Φ(x) � Γ-ïåðèîäè÷åñêàÿ ìàò-
ðèöà-ôóíêöèÿ â Rd, ïîëîæèì Φε(x) := Φ(x/ε), ε > 0;

Φ := |Ω|−1

∫
Ω

Φ(x) dx, Φ :=

(
|Ω|−1

∫
Ω

Φ(x)−1 dx

)−1

.
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Çäåñü ïðè îïðåäåëåíèè Φ ïðåäïîëàãàåòñÿ, ÷òî Φ ∈ L1,loc(Rd), à ïðè îïðåäåëåíèè Φ
ñ÷èòàåòñÿ, ÷òî ìàòðèöà Φ êâàäðàòíàÿ è íåîñîáàÿ, ïðè÷åì Φ−1 ∈ L1,loc(Rd). ×åðåç [Φε]
îáîçíà÷àåòñÿ îïåðàòîð óìíîæåíèÿ íà ìàòðèöó-ôóíêöèþ Φε(x).

1.2 Ñãëàæèâàíèå ïî Ñòåêëîâó

Ðàññìîòðèì îïåðàòîð ñãëàæèâàíèÿ ïî Ñòåêëîâó S
(k)
ε , äåéñòâóþùèé â L2(Rd;Ck) (ãäå

k ∈ N) ïî ïðàâèëó

(S(k)
ε u)(x) = |Ω|−1

∫
Ω

u(x− εz) dz, u ∈ L2(Rd;Ck). (1.1)

Çàâèñèìîñòü S
(k)
ε îò k ìû áóäåì îïóñêàòü â îáîçíà÷åíèÿõ, è ïèñàòü ïðîñòî Sε. Î÷åâèäíî,

SεD
αu = DαSεu ïðè u ∈ Hσ(Rd;Ck) äëÿ ëþáîãî ìóëüòèèíäåêñà α òàêîãî, ÷òî |α| 6 σ.

Íàì ïîòðåáóþòñÿ ñëåäóþùèå ñâîéñòâà îïåðàòîðà Sε (ñì. [ZhPas1, ëåììû 1.1 è 1.2] èëè
[PSu, ïðåäëîæåíèÿ 3.1 è 3.2]).

Ïðåäëîæåíèå 1.1. Äëÿ ëþáîé ôóíêöèè u ∈ H1(Rd;Ck) âûïîëíåíà îöåíêà

‖Sεu− u‖L2(Rd) 6 εr1‖Du‖L2(Rd),

ãäå 2r1 = diam Ω.

Ïðåäëîæåíèå 1.2. Ïóñòü Φ � Γ-ïåðèîäè÷åñêàÿ ôóíêöèÿ â Rd òàêàÿ, ÷òî Φ ∈ L2(Ω).
Òîãäà îïåðàòîð [Φε]Sε íåïðåðûâåí â L2(Rd) è ñïðàâåäëèâà îöåíêà

‖[Φε]Sε‖L2(Rd)→L2(Rd) 6 |Ω|−1/2‖Φ‖L2(Ω).

1.3 Îïåðàòîð AD,ε

Ïóñòü O ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C1,1. Â L2(O;Cn) ðàññìîòðèì
îïåðàòîð AD,ε, ôîðìàëüíî çàäàííûé äèôôåðåíöèàëüíûì âûðàæåíèåì

Aε = b(D)∗gε(x)b(D)

ïðè óñëîâèè Äèðèõëå íà ∂O. (Äîãîâîðèìñÿ ñíàáæàòü íèæíèì èíäåêñîì ½D“ äèôôå-
ðåíöèàëüíûé îïåðàòîð ïðè óñëîâèè Äèðèõëå è åãî êâàäðàòè÷íóþ ôîðìó, íî íå ôîð-
ìàëüíîå äèôôåðåíöèàëüíîå âûðàæåíèå, ñîîòâåòñòâóþùåå îïåðàòîðó.) Çäåñü g(x) � Γ-
ïåðèîäè÷åñêàÿ ýðìèòîâà (m × m)-ìàòðèöà-ôóíêöèÿ (âîîáùå ãîâîðÿ, ñ êîìïëåêñíûìè
ýëåìåíòàìè). Ñ÷èòàåì, ÷òî g(x) > 0 è g, g−1 ∈ L∞(Rd). Äèôôåðåíöèàëüíûé îïåðàòîð
b(D) èìååò âèä b(D) =

∑d
j=1 bjDj, ãäå bj, j = 1, . . . , d, � ïîñòîÿííûå ìàòðèöû ðàçìåðà

m×n (âîîáùå ãîâîðÿ, ñ êîìïëåêñíûìè ýëåìåíòàìè). Ñ÷èòàåì, ÷òî m > n è ÷òî ñèìâîë
b(ξ) =

∑d
j=1 bjξj îïåðàòîðà b(D) èìååò ìàêñèìàëüíûé ðàíã:

rank b(ξ) = n, 0 6= ξ ∈ Rd.

Ýòî óñëîâèå ðàâíîñèëüíî ñóùåñòâîâàíèþ òàêèõ ïîñòîÿííûõ α0 è α1, ÷òî

α01n 6 b(θ)∗b(θ) 6 α11n, θ ∈ Sd−1; 0 < α0 6 α1 <∞. (1.2)

Îòìåòèì ñðàçó îöåíêè, âûòåêàþùèå èç (1.2):

|bj| 6 α
1/2
1 , j = 1, . . . , d. (1.3)

Òî÷íîå îïðåäåëåíèå îïåðàòîðà AD,ε äàåòñÿ ÷åðåç êâàäðàòè÷íóþ ôîðìó

aD,ε[u,u] =

∫
O
〈gε(x)b(D)u, b(D)u〉 dx, u ∈ H1

0 (O;Cn). (1.4)

Ïðîäîëæàÿ ôóíêöèþ u ∈ H1
0 (O;Cn) íóëåì íà Rd \ O è ó÷èòûâàÿ (1.2), íàõîäèì

α0‖g−1‖−1
L∞
‖Du‖2

L2(O) 6 aD,ε[u,u] 6 α1‖g‖L∞‖Du‖2
L2(O), u ∈ H1

0 (O;Cn). (1.5)
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1.4 Ìëàäøèå ÷ëåíû. Îïåðàòîð BD,ε

Ìû èçó÷àåì ñàìîñîïðÿæåííûé îïåðàòîð BD,ε, ñòàðøàÿ ÷àñòü êîòîðîãî ñîâïàäàåò ñ Aε.
×òîáû îïðåäåëèòü ìëàäøèå ÷ëåíû îïåðàòîðà, ââåäåì Γ-ïåðèîäè÷åñêèå (n×n)-ìàòðèöû-
ôóíêöèè (âîîáùå ãîâîðÿ, ñ êîìïëåêñíûìè ýëåìåíòàìè) aj, j = 1, . . . , d, òàêèå, ÷òî

aj ∈ Lρ(Ω), ρ = 2 ïðè d = 1, ρ > d ïðè d > 2, j = 1, . . . , d.

Äàëåå, ïóñòü Q � òàêàÿ Γ-ïåðèîäè÷åñêàÿ ýðìèòîâà (n × n)-ìàòðèöà-ôóíêöèÿ (ñ êîì-
ïëåêñíûìè ýëåìåíòàìè), ÷òî

Q ∈ Ls(Ω), s = 1 ïðè d = 1, s > d/2 ïðè d > 2. (1.6)

Â ñèëó òåîðåìû âëîæåíèÿ Ñîáîëåâà íàëîæåííûå íà ρ è s óñëîâèÿ ãàðàíòèðóþò ñèëüíóþ
ïîä÷èíåííîñòü ìëàäøèõ ÷ëåíîâ îïåðàòîðà BD,ε åãî ñòàðøåé ÷àñòè Aε.

Äëÿ óäîáñòâà äàëüíåéøèõ ññûëîê íàçîâåì ½èñõîäíûìè äàííûìè� ñëåäóþùèå âåëè-
÷èíû

d, m, n, ρ, s; α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , ‖aj‖Lρ(Ω), j = 1, . . . , d; ‖Q‖Ls(Ω);

ïàðàìåòðû ðåøåòêè Γ; îáëàñòü O.
(1.7)

Â L2(O;Cn) ðàññìîòðèì îïåðàòîð BD,ε, 0 < ε 6 1, ôîðìàëüíî çàäàííûé äèôôåðåí-
öèàëüíûì âûðàæåíèåì

Bε = b(D)∗gε(x)b(D) +
d∑
j=1

(
aεj(x)Dj +Dja

ε
j(x)∗

)
+Qε(x) + λI (1.8)

ïðè óñëîâèè Äèðèõëå íà ãðàíèöå. Çäåñü ïîñòîÿííàÿ λ âûáðàíà òàê (ñì. (1.14) íèæå),
÷òîáû îïåðàòîð BD,ε áûë ïîëîæèòåëüíî îïðåäåëåí. Òî÷íîå îïðåäåëåíèå îïåðàòîðà BD,ε

äàåòñÿ ÷åðåç êâàäðàòè÷íóþ ôîðìó

bD,ε[u,u] = (gεb(D)u, b(D)u)L2(O) + 2Re
d∑
j=1

(aεjDju,u)L2(O)

+ (Qεu,u)L2(O) + λ(u,u)L2(O), u ∈ H1
0 (O;Cn).

(1.9)

Ïðîâåðèì çàìêíóòîñòü ôîðìû bD,ε. Ïðèìåíÿÿ íåðàâåíñòâî Ã¼ëüäåðà è òåîðåìó âëîæå-
íèÿ Ñîáîëåâà, ìîæíî ïîêàçàòü (ñì. [Su2, (5.11)�(5.14)]), ÷òî äëÿ ëþáîãî ν > 0 íàéäóòñÿ
òàêèå ïîñòîÿííûå Cj(ν) > 0, ÷òî

‖a∗ju‖2
L2(Rd) 6 ν‖Du‖2

L2(Rd) + Cj(ν)‖u‖2
L2(Rd), u ∈ H1(Rd;Cn), j = 1, . . . , d.

Äåëàÿ çàìåíó ïåðåìåííîé y := ε−1x è îáîçíà÷àÿ u(x) =: v(y), îòñþäà ïîëó÷àåì

‖(aεj)∗u‖2
L2(Rd) =

∫
Rd
|aj(ε−1x)∗u(x)|2 dx = εd

∫
Rd
|aj(y)∗v(y)|2 dy

6 εdν

∫
Rd
|Dyv(y)|2 dy + εdCj(ν)

∫
Rd
|v(y)|2 dy

6 ν‖Du‖2
L2(Rd) + Cj(ν)‖u‖2

L2(Rd), u ∈ H1(Rd;Cn), 0 < ε 6 1.

Òîãäà ñ ó÷åòîì (1.2) äëÿ ëþáîãî ν > 0 íàéäåòñÿ òàêàÿ ïîñòîÿííàÿ
C(ν) > 0, ÷òî

d∑
j=1

‖(aεj)∗u‖2
L2(Rd) 6 ν‖(gε)1/2b(D)u‖2

L2(Rd) + C(ν)‖u‖2
L2(Rd),

u ∈ H1(Rd;Cn), 0 < ε 6 1.

(1.10)
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Åñëè ν ôèêñèðîâàíî, òî C(ν) çàâèñèò ëèøü îò d, ρ, α0, îò íîðì ‖g−1‖L∞ , ‖aj‖Lρ(Ω),
j = 1, . . . , d, è îò ïàðàìåòðîâ ðåøåòêè Γ.

Â ñèëó (1.2) äëÿ u ∈ H1(Rd;Cn) âûïîëíåíî

‖Du‖2
L2(Rd) 6 c2

1‖(gε)1/2b(D)u‖2
L2(Rd), (1.11)

ãäå c1 := α
−1/2
0 ‖g−1‖1/2

L∞
. Îòñþäà è èç (1.10) âûòåêàåò, ÷òî

2

∣∣∣∣∣Re
d∑
j=1

(Dju, (a
ε
j)
∗u)L2(Rd)

∣∣∣∣∣ 6 1

4
‖(gε)1/2b(D)u‖2

L2(Rd) + c2‖u‖2
L2(Rd),

u ∈ H1(Rd;Cn), 0 < ε 6 1,

(1.12)

ãäå c2 := 8c2
1C(ν0) ïðè ν0 := 2−6α0‖g−1‖−1

L∞
.

Äàëåå, â ñèëó óñëîâèÿ (1.6) íà Q äëÿ ëþáîãî ν > 0 íàéäåòñÿ ïîñòîÿííàÿ CQ(ν) > 0
òàêàÿ, ÷òî

|(Qεu,u)L2(Rd)| 6 ν‖Du‖2
L2(Rd) + CQ(ν)‖u‖2

L2(Rd),

u ∈ H1(Rd;Cn), 0 < ε 6 1.
(1.13)

Ïðè ôèêñèðîâàííîì ν âåëè÷èíà CQ(ν) êîíòðîëèðóåòñÿ ÷åðåç d, s, ‖Q‖Ls(Ω) è ïàðàìåòðû
ðåøåòêè Γ.

Ôèêñèðóåì ïîñòîÿííóþ λ â (1.8) êàê â [MSu1, ï. 2.8]:

λ := CQ(ν∗) + c2 ïðè ν∗ := 2−1α0‖g−1‖−1
L∞
. (1.14)

Âåðíåìñÿ ê ôîðìå (1.9). Ïðîäîëæèì ôóíêöèþ u ∈ H1
0 (O;Cn) íóëåì â Rd\O. Òåïåðü

èç (1.4), (1.11), (1.12) è (1.13) ïðè ν = ν∗ ïîëó÷àåì îöåíêó ñíèçó äëÿ ôîðìû (1.9):

bD,ε[u,u] >
1

4
aD,ε[u,u] > c∗‖Du‖2

L2(O), u ∈ H1
0 (O;Cn); c∗ :=

1

4
α0‖g−1‖−1

L∞
. (1.15)

Äàëåå, â ñèëó (1.5), (1.12) è (1.13) ïðè ν = 1 âûïîëíåíî

bD,ε[u,u] 6 C∗‖u‖2
H1(O), u ∈ H1

0 (O;Cn), (1.16)

ãäå C∗ := max{5
4
α1‖g‖L∞ + 1;CQ(1) + λ + c2}. Òàêèì îáðàçîì, ôîðìà bD,ε çàìêíóòà.

Îòâå÷àþùèé åé ñàìîñîïðÿæåííûé â L2(O;Cn) îïåðàòîð îáîçíà÷èì ÷åðåç BD,ε.
Ñ ïîìîùüþ íåðàâåíñòâà Ôðèäðèõñà èç (1.15) ïîëó÷àåì

bD,ε[u,u] > c∗(diamO)−2‖u‖2
L2(O), u ∈ H1

0 (O;Cn). (1.17)

Ïîýòîìó îïåðàòîð BD,ε ïîëîæèòåëüíî îïðåäåëåí. Îòìåòèì îöåíêó, âûòåêàþùóþ èç
(1.15) è (1.17):

‖u‖H1(O) 6 c3‖B1/2
D,εu‖L2(O), u ∈ H1

0 (O;Cn); c3 := c−1/2
∗

(
1 + (diamO)2

)1/2
. (1.18)

Íàì ïîòðåáóþòñÿ ñëåäóþùèå íåðàâåíñòâà, âûòåêàþùèå èç (1.17) è (1.18):

‖B−1
D,ε‖L2(O)→L2(O) 6 c−1

∗ (diamO)2 =: C1, (1.19)

‖B−1
D,ε‖L2(O)→H1(O) 6 c3‖B−1/2

D,ε ‖L2(O)→L2(O) 6 c3c
−1/2
∗ diamO =: C2. (1.20)
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1.5 Ýôôåêòèâíàÿ ìàòðèöà è åå ñâîéñòâà

Ýôôåêòèâíûé îïåðàòîð äëÿ AD,ε çàäàåòñÿ äèôôåðåíöèàëüíûì âûðàæåíèåì

A0 = b(D)∗g0b(D)

ïðè óñëîâèè Äèðèõëå íà ∂O. Çäåñü g0 � ïîñòîÿííàÿ ýôôåêòèâíàÿ ìàòðèöà ðàçìåðà
m×m. Ìàòðèöà g0 âûðàæàåòñÿ ÷åðåç ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è íà ÿ÷åéêå. Ïóñòü
Γ-ïåðèîäè÷åñêàÿ (n×m)-ìàòðèöà-ôóíêöèÿ Λ(x) � (ñëàáîå) ðåøåíèå çàäà÷è

b(D)∗g(x)(b(D)Λ(x) + 1m) = 0,

∫
Ω

Λ(x) dx = 0. (1.21)

Ïîëîæèì
g̃(x) := g(x)(b(D)Λ(x) + 1m). (1.22)

Òîãäà ýôôåêòèâíàÿ ìàòðèöà çàäàíà âûðàæåíèåì

g0 := |Ω|−1

∫
Ω

g̃(x) dx. (1.23)

Ìîæíî ïîêàçàòü, ÷òî ìàòðèöà g0 ïîëîæèòåëüíî îïðåäåëåíà.
Èç (1.21) ñëåäóåò, ÷òî

‖b(D)Λ‖L2(Ω) 6 |Ω|1/2m1/2‖g‖1/2
L∞
‖g−1‖1/2

L∞
. (1.24)

Íàì ïîòðåáóþòñÿ îöåíêè äëÿ ðåøåíèÿ çàäà÷è (1.21), ïîëó÷åííûå â [BSu2, (6.28) è ï. 7.3]:

‖Λ‖L2(Ω) 6 |Ω|1/2M1, M1 := m1/2(2r0)−1α
−1/2
0 ‖g‖1/2

L∞
‖g−1‖1/2

L∞
, (1.25)

‖DΛ‖L2(Ω) 6 |Ω|1/2M2, M2 := m1/2α
−1/2
0 ‖g‖1/2

L∞
‖g−1‖1/2

L∞
. (1.26)

Îòìåòèì îöåíêè äëÿ ýôôåêòèâíîé ìàòðèöû, èçâåñòíûå â òåîðèè óñðåäíåíèÿ êàê
âèëêà Ôîéãòà�Ðåéññà (ñì., íàïðèìåð, [BSu1, ãë. 3, òåîðåìà 1.5]).

Ïðåäëîæåíèå 1.3. Ïóñòü g0 � ýôôåêòèâíàÿ ìàòðèöà (1.23). Òîãäà

g 6 g0 6 g. (1.27)

Â ñëó÷àå, êîãäà m = n, ñïðàâåäëèâî òîæäåñòâî g0 = g.

Èç (1.27) âûòåêàþò íåðàâåíñòâà

|g0| 6 ‖g‖L∞ , |(g0)−1| 6 ‖g−1‖L∞ . (1.28)

Âûäåëèì ñëó÷àè, êîãäà â (1.27) ðåàëèçóåòñÿ âåðõíÿÿ èëè íèæíÿÿ ãðàíü, ñì. [BSu1,
ãë. 3, ïðåäëîæåíèÿ 1.6 è 1.7].

Ïðåäëîæåíèå 1.4. Ðàâåíñòâî g0 = g ðàâíîñèëüíî ñîîòíîøåíèÿì

b(D)∗gk(x) = 0, k = 1, . . . ,m, (1.29)

ãäå gk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû g(x).

Ïðåäëîæåíèå 1.5. Ðàâåíñòâî g0 = g ðàâíîñèëüíî ïðåäñòàâëåíèÿì

lk(x) = l0k + b(D)wk, l0k ∈ Cm, wk ∈ H̃1(Ω;Cm), k = 1, . . . ,m, (1.30)

ãäå lk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû g(x)−1.
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1.6 Ýôôåêòèâíûé îïåðàòîð

×òîáû îïèñàòü óñðåäíåíèå ìëàäøèõ ÷ëåíîâ îïåðàòîðàBD,ε, ðàññìîòðèì Γ-ïåðèîäè÷åñêóþ

(n× n)-ìàòðèöó-ôóíêöèþ Λ̃(x), ÿâëÿþùóþñÿ ðåøåíèåì çàäà÷è

b(D)∗g(x)b(D)Λ̃(x) +
d∑
j=1

Djaj(x)∗ = 0,

∫
Ω

Λ̃(x) dx = 0. (1.31)

(Óðàâíåíèå ïîíèìàåòñÿ â ñëàáîì ñìûñëå.) Îòìåòèì ñðàçó îöåíêè, óñòàíîâëåííûå â [Su2,
(7.51), (7.52)]:

‖b(D)Λ̃‖L2(Ω) 6 Can
1/2α

−1/2
0 ‖g−1‖L∞ , (1.32)

‖Λ̃‖L2(Ω) 6 (2r0)−1Can
1/2α−1

0 ‖g−1‖L∞ , (1.33)

‖DΛ̃‖L2(Ω) 6 Can
1/2α−1

0 ‖g−1‖L∞ , (1.34)

ãäå C2
a =

∑d
j=1

∫
Ω
|aj(x)|2 dx.

Îïðåäåëèì ïîñòîÿííûå ìàòðèöû V è W ðàâåíñòâàìè

V := |Ω|−1

∫
Ω

(b(D)Λ(x))∗g(x)(b(D)Λ̃(x)) dx, (1.35)

W := |Ω|−1

∫
Ω

(b(D)Λ̃(x))∗g(x)(b(D)Λ̃(x)) dx. (1.36)

Â ïðîñòðàíñòâå L2(O;Cn) ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó

b0
D[u,u] = (g0b(D)u, b(D)u)L2(O) + 2Re

d∑
j=1

(ajDju,u)L2(O) − 2Re (V u, b(D)u)L2(O)

− (Wu,u)L2(O) + (Qu,u)L2(O) + λ(u,u)L2(O), u ∈ H1
0 (O;Cn).

Ñëåäóþùèå îöåíêè óñòàíîâëåíû â [MSu2, (2.22) è (2.23)]:

c∗‖Du‖2
L2(O) 6 b0

D[u,u] 6 c4‖u‖2
H1(O), u ∈ H1

0 (O;Cn), (1.37)

b0
D[u,u] > c∗(diamO)−2‖u‖2

L2(O), u ∈ H1
0 (O;Cn). (1.38)

Çäåñü ïîñòîÿííàÿ c4 çàâèñèò òîëüêî îò èñõîäíûõ äàííûõ (1.7). Îòâå÷àþùèé ôîðìå b
0
D

ñàìîñîïðÿæåííûé â L2(O;Cn) îïåðàòîð îáîçíà÷èì ÷åðåç B0
D. Îáúåäèíÿÿ (1.37) è (1.38),

íàõîäèì

‖u‖H1(O) 6 c3‖(B0
D)1/2u‖L2(O), u ∈ H1

0 (O;Cn), (1.39)

ãäå c3 � ïîñòîÿííàÿ èç (1.18). Èç (1.38) è (1.39) âûòåêàþò îöåíêè

‖(B0
D)−1‖L2(O)→L2(O) 6 C1, (1.40)

‖(B0
D)−1‖L2(O)→H1(O) 6 C2.

Çäåñü ïîñòîÿííûå C1 è C2 � òå æå, ÷òî â (1.19) è (1.20).
Â ñèëó óñëîâèÿ ∂O ∈ C1,1 îïåðàòîð B0

D çàäàåòñÿ äèôôåðåíöèàëüíûì âûðàæåíèåì

B0 = b(D)∗g0b(D)− b(D)∗V − V ∗b(D) +
d∑
j=1

(aj + a∗j)Dj −W +Q+ λI (1.41)
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íà îáëàñòè îïðåäåëåíèÿ H2(O;Cn) ∩H1
0 (O;Cn). Ïðè ýòîì

‖(B0
D)−1‖L2(O)→H2(O) 6 C3. (1.42)

Çäåñü ïîñòîÿííàÿ C3 çàâèñèò ëèøü îò èñõîäíûõ äàííûõ (1.7). Äëÿ îïðàâäàíèÿ ýòîãî
ôàêòà ñîøëåìñÿ íà òåîðåìû î ïîâûøåíèè ãëàäêîñòè äëÿ ñèëüíî ýëëèïòè÷åñêèõ ñèñòåì
(ñì. [McL, ãëàâà 4]).

Çàìå÷àíèå 1.6. Âìåñòî óñëîâèÿ ∂O ∈ C1,1 ìîæíî áûëî áû íàëîæèòü íåÿâíîå òðå-

áîâàíèå: îãðàíè÷åííàÿ îáëàñòü O ⊂ Rd ñ ëèïøèöåâîé ãðàíèöåé òàêîâà, ÷òî ñïðàâåä-

ëèâà îöåíêà (1.42). Äëÿ òàêîé îáëàñòè îñíîâíûå ðåçóëüòàòû ðàáîòû â îïåðàòîðíûõ

òåðìèíàõ (ñì. òåîðåìû 2.1, 2.2 è 2.3) îñòàþòñÿ â ñèëå. Â ñëó÷àå ñêàëÿðíûõ ýëëèïòè-

÷åñêèõ îïåðàòîðîâ øèðîêèå äîñòàòî÷íûå óñëîâèÿ íà ∂O, îáåñïå÷èâàþùèå ñïðàâåäëè-
âîñòü îöåíêè (1.42), ìîæíî íàéòè â [KoE] è [MaSh, ãë. 7] (â ÷àñòíîñòè, äîñòàòî÷íî,
÷òîáû ∂O ∈ Cα, α > 3/2).

Ëåììà 1.7. Ïóñòü Φ ∈ Dom (B0
D)2 ⊂ H4(O;Cn). Òîãäà

‖(B0
D)2Φ‖L2(O) 6 C‖Φ‖H4(O), (1.43)

ãäå ïîñòîÿííàÿ C çàâèñèò òîëüêî îò èñõîäíûõ äàííûõ (1.7).

Äîêàçàòåëüñòâî. Â ñèëó (1.3), (1.28), (1.41) äëÿ Ψ ∈ DomB0
D âûïîëíåíî

‖B0
DΨ‖L2(O) 6 dα1‖g‖L∞‖D2Ψ‖L2(O) + 2α

1/2
1 d1/2|V |‖DΨ‖L2(O)

+ 2|Ω|1/2
( d∑
j=1

|aj|2
)1/2

‖DΨ‖L2(O) +
(
|W |+ |Q|+ λ

)
‖Ψ‖L2(O).

(1.44)

Èç (1.24), (1.32) è (1.35) ñëåäóåò, ÷òî

|V | 6 |Ω|−1‖g‖L∞‖b(D)Λ‖L2(Ω)‖b(D)Λ̃‖L2(Ω) 6 CV , (1.45)

ãäå CV := |Ω|−1/2α
−1/2
0 Cam

1/2n1/2‖g‖3/2
L∞
‖g−1‖3/2

L∞
.

Èñïîëüçóÿ (1.32) è (1.36), íàõîäèì

|W | 6 |Ω|−1‖g‖L∞‖b(D)Λ̃‖2
L2(Ω) 6 CW , (1.46)

ãäå CW := |Ω|−1C2
anα

−1
0 ‖g‖L∞‖g−1‖2

L∞ .
Î÷åâèäíî,

d∑
j=1

|aj|2 6 |Ω|−1C2
a , |Q| 6 |Ω|−1/s‖Q‖Ls(Ω). (1.47)

Îáúåäèíÿÿ (1.44)�(1.47), ïîëó÷àåì

‖B0
DΨ‖L2(O) 6 CB

(
‖D2Ψ‖L2(O) + ‖DΨ‖L2(O) + ‖Ψ‖L2(O)

)
, Ψ ∈ DomB0

D. (1.48)

Çäåñü CB := max{dα1‖g‖L∞ ; 2(dα1)1/2CV + 2Ca;CW + |Ω|−1/s‖Q‖Ls(Ω) + λ}. Â êà÷åñòâå Ψ
áóäåì áðàòü B0

DΦ, Φ ∈ Dom (B0
D)2.

Ðàññóæäàÿ ïî àíàëîãèè ñ (1.44) è èñïîëüçóÿ (1.41), (1.45)�(1.47), íàõîäèì

‖D2B0
DΦ‖L2(O) 6 ‖D2b(D)∗g0b(D)Φ‖L2(O) + ‖D2b(D)∗VΦ‖L2(O) + ‖D2V ∗b(D)Φ‖L2(O)

+
d∑
j=1

‖(aj + a∗j)D
2DjΦ‖L2(O) + ‖D2WΦ‖L2(O) + ‖QD2Φ‖L2(O) + λ‖D2Φ‖L2(O)

6 CB
(
‖D4Φ‖L2(O) + ‖D3Φ‖L2(O) + ‖D2Φ‖L2(O)

)
.

(1.49)
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Àíàëîãè÷íî,

‖DB0
DΦ‖L2(O) 6 CB

(
‖D3Φ‖L2(O) + ‖D2Φ‖L2(O) + ‖DΦ‖L2(O)

)
, (1.50)

‖B0
DΦ‖L2(O) 6 CB

(
‖D2Φ‖L2(O) + ‖DΦ‖L2(O) + ‖Φ‖L2(O)

)
. (1.51)

Êîìáèíèðóÿ (1.48)�(1.51), íàõîäèì

‖(B0
D)2Φ‖L2(O)

6 C2
B

(
‖D4Φ‖L2(O) + 2‖D3Φ‖L2(O) + 3‖D2Φ‖L2(O) + 2‖DΦ‖L2(O) + ‖Φ‖L2(O)

)
6 3
√

5C2
B‖Φ‖H4(O), Φ ∈ Dom (B0

D)2.

Ìû ïîëó÷èëè îöåíêó (1.43) ñ ïîñòîÿííîé C := 3
√

5C2
B.

1.7 Àïïðîêñèìàöèè ðåçîëüâåíòû (BD,ε − ζI)−1

Ñôîðìóëèðóåì ðåçóëüòàòû óñðåäíåíèÿ ðåçîëüâåíòû îïåðàòîðàBD,ε, ïîëó÷åííûå â [MSu2].
Ñì. òàêæå êðàòêîå ñîîáùåíèå [MSu3].

Âûáåðåì ÷èñëà ε0, ε1 ∈ (0, 1] ñîãëàñíî ñëåäóþùåìó óñëîâèþ.

Óñëîâèå 1.8. Ïóñòü O ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü. Ïîëîæèì

(∂O)ε :=
{
x ∈ Rd : dist {x; ∂O} < ε

}
.

Ïóñòü ñóùåñòâóåò òàêîå ÷èñëî ε0 ∈ (0, 1], ÷òî ïîëîñêó (∂O)ε0 ìîæíî ïîêðûòü êî-

íå÷íûì íàáîðîì îêðåñòíîñòåé, äîïóñêàþùèõ äèôôåîìîðôèçìû êëàññà C0,1, ðàñïðÿì-

ëÿþùèå ãðàíèöó ∂O. Îáîçíà÷èì ε1 := ε0(1 + r1)−1, ãäå 2r1 = diam Ω.

Î÷åâèäíî, âåëè÷èíà ε1 çàâèñèò òîëüêî îò îáëàñòè O è ðåøåòêè Γ.
Îòìåòèì, ÷òî óñëîâèå 1.8 áûëî áû îáåñïå÷åíî òîëüêî ëèïøèöåâîñòüþ ∂O; áîëåå

ñèëüíîå îãðàíè÷åíèå ∂O ∈ C1,1 ìû íàëîæèëè, ÷òîáû ãàðàíòèðîâàòü îöåíêó (1.42).
Ñëåäóþùèé ðåçóëüòàò óñòàíîâëåí â [MSu2, òåîðåìû 9.2 è 10.1].

Òåîðåìà 1.9. Ïóñòü O ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C1,1. Ïóñòü

âûïîëíåíû óñëîâèÿ ï. 1.3�1.6. Ïóñòü ÷èñëî ε1 ïîä÷èíåíî óñëîâèþ 1.8.
1◦. Ïóñòü ζ = |ζ|eiφ ∈ C \ R+, |ζ| > 1. Ïîëîæèì

c(φ) :=

{
| sinφ|−1, φ ∈ (0, π/2) ∪ (3π/2, 2π),

1, φ ∈ [π/2, 3π/2].

Òîãäà ïðè 0 < ε 6 ε1 è ζ ∈ C \ R+, |ζ| > 1 ñïðàâåäëèâà îöåíêà

‖(BD,ε − ζI)−1 − (B0
D − ζI)−1‖L2(O)→L2(O) 6 C1c(φ)2ε|ζ|−1/2. (1.52)

2◦. Ïóñòü c[ � îáùàÿ íèæíÿÿ ãðàíü îïåðàòîðîâ B0
D è BD,ε ïðè 0 < ε 6 ε1. Ïîëîæèì

ψ = arg (ζ − c[), 0 < ψ < 2π, è

%[(ζ) :=

{
c(ψ)2|ζ − c[|−2, |ζ − c[| < 1,

c(ψ)2, |ζ − c[| > 1.
(1.53)

Òîãäà ïðè 0 < ε 6 ε1 è ζ ∈ C \ [c[,∞) âûïîëíåíî

‖(BD,ε − ζI)−1 − (B0
D − ζI)−1‖L2(O)→L2(O) 6 C2%[(ζ)ε. (1.54)

Ïîñòîÿííûå C1 è C2 çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (1.7).
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Ïîñòîÿííàÿ c[ â òåîðåìå 1.9(2
◦) � ëþáàÿ îáùàÿ íèæíÿÿ ãðàíü îïåðàòîðîâ B0

D è BD,ε.
Áóäåì ñ÷èòàòü, ÷òî

c[ := 4−1α0‖g−1‖−1
L∞

(diamO)−2, (1.55)

îïèðàÿñü íà íåðàâåíñòâà (1.17), (1.38) è âûðàæåíèå äëÿ ïîñòîÿííîé c∗ (ñì. (1.15)).
Ôèêñèðóåì ëèíåéíûé íåïðåðûâíûé îïåðàòîð ïðîäîëæåíèÿ

PO : H l(O;Cn)→ H l(Rd;Cn), l ∈ Z+. (1.56)

Òàêîé ½óíèâåðñàëüíûé� îïåðàòîð ïðîäîëæåíèÿ ñóùåñòâóåò äëÿ ëþáîé îãðàíè÷åííîé
îáëàñòè ñ ëèïøèöåâîé ãðàíèöåé (ñì. [St] èëè [R]). Ïðè ýòîì

‖PO‖Hl(O)→Hl(Rd) 6 C
(l)
O , l ∈ Z+, (1.57)

ãäå ïîñòîÿííàÿ C
(l)
O çàâèñèò ëèøü îò l è îò îáëàñòè O. ×åðåç RO îáîçíà÷èì îïåðàòîð

ñóæåíèÿ ôóíêöèé â Rd íà îáëàñòü O. Ïîëîæèì

KD(ε; ζ) := RO
(
[Λε]b(D) + [Λ̃ε]

)
SεPO(B0

D − ζI)−1. (1.58)

Êîððåêòîð (1.58) îãðàíè÷åí êàê îïåðàòîð, äåéñòâóþùèé èç L2(O;Cn) â H1(O;Cn). Ýòî

íåòðóäíî óñòàíîâèòü ñ ïîìîùüþ ïðåäëîæåíèÿ 1.2 è âêëþ÷åíèé Λ, Λ̃ ∈ H̃1(Ω). Îòìåòèì,
÷òî ‖εKD(ε; ζ)‖L2(O)→H1(O) = O(1) ïðè ìàëîì ε è ôèêñèðîâàííîì ζ.

Âûïèøåì ðåçóëüòàòû [MSu2, òåîðåìû 9.2 è 10.1].

Òåîðåìà 1.10. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.9. Ïóñòü KD(ε; ζ) � îïåðàòîð

(1.58).
1◦. Ïðè 0 < ε 6 ε1 è ζ ∈ C \ R+, |ζ| > 1 ñïðàâåäëèâà îöåíêà

‖(BD,ε − ζI)−1 − (B0
D − ζI)−1 − εKD(ε; ζ)‖L2(O)→H1(O) 6 C3c(φ)2(ε1/2|ζ|−1/4 + ε). (1.59)

2◦. Ïóñòü c[ � ïîñòîÿííàÿ (1.55). Òîãäà ïðè 0 < ε 6 ε1 è ζ ∈ C \ [c[,∞) âûïîëíåíî

‖(BD,ε − ζI)−1 − (B0
D − ζI)−1 − εKD(ε; ζ)‖L2(O)→H1(O) 6 C4(ε1/2%[(ζ)1/2 + ε|1 + ζ|1/2%[(ζ)).

(1.60)
Ïîñòîÿííûå C3 è C4 çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (1.7).

Ñëåäñòâèå 1.11. Â óñëîâèÿõ òåîðåìû 1.10 ïðè 0 < ε 6 ε1 è ζ ∈ C \ R+, |ζ| > 1
ñïðàâåäëèâà îöåíêà

‖(BD,ε − ζI)−1 − (B0
D − ζI)−1 − εKD(ε; ζ)‖L2(O)→H1(O)

6 C5

(
c(φ)2ε1/2|ζ|−1/4 + c(φ)3/2ε1/2

)
.

(1.61)

Ñëåäñòâèå 1.11 âûòåêàåò èç òåîðåìû 1.10(1◦) è ãðóáîé îöåíêè äëÿ îïåðàòîðîâ ïîä
çíàêîì íîðìû â (1.59). Äëÿ ýòîãî íàì ïîòðåáóþòñÿ îöåíêè äëÿ ðåçîëüâåíò (BD,ε−ζI)−1

è (B0
D − ζI)−1 (ñì. [MSu2, ëåììû 2.1 è 2.3]).

Ëåììà 1.12. Ïóñòü BD,ε è B0
D � îïåðàòîðû âèäà (1.8) è (1.41) ñîîòâåòñòâåííî,

äåéñòâóþùèå â L2(O;Cn) ïðè óñëîâèè Äèðèõëå. Òîãäà ïðè 0 < ε 6 1 è ζ ∈ C \ R+

ñïðàâåäëèâû îöåíêè

‖(BD,ε − ζI)−1‖L2(O)→L2(O) 6 c(φ)|ζ|−1,

‖D(BD,ε − ζI)−1‖L2(O)→L2(O) 6 C4c(φ)|ζ|−1/2,

‖(B0
D − ζI)−1‖L2(O)→L2(O) 6 c(φ)|ζ|−1,

‖D(B0
D − ζI)−1‖L2(O)→L2(O) 6 C4c(φ)|ζ|−1/2,

‖(B0
D − ζI)−1‖L2(O)→H2(O) 6 C3c(φ).

Çäåñü C4 := 23/2α
−1/2
0 ‖g−1‖1/2

L∞
, ïîñòîÿííàÿ C3 � òà æå, ÷òî â (1.42).
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Äîêàçàòåëüñòâî ñëåäñòâèÿ 1.11. Îöåíèì îïåðàòîð (1.58):

ε‖KD(ε; ζ)‖L2(O)→H1(O)

6
(
ε‖ΛεSε‖L2(Rd)→L2(Rd) + ‖(DΛ)εSε‖L2(Rd)→L2(Rd)

)
‖b(D)PO(B0

D − ζI)−1‖L2(O)→L2(Rd)

+
(
ε‖Λ̃εSε‖L2(Rd)→L2(Rd) + ‖(DΛ̃)εSε‖L2(Rd)→L2(Rd)

)
‖PO(B0

D − ζI)−1‖L2(O)→L2(Rd)

+ ε‖ΛεSε‖L2(Rd)→L2(Rd)‖Db(D)PO(B0
D − ζI)−1‖L2(O)→L2(Rd)

+ ε‖Λ̃εSε‖L2(Rd)→L2(Rd)‖DPO(B0
D − ζI)−1‖L2(O)→L2(Rd).

(1.62)

Èç ïðåäëîæåíèÿ 1.2 è íåðàâåíñòâ (1.25), (1.26), (1.33), (1.34) âûòåêàþò îöåíêè

‖ΛεSε‖L2(Rd)→L2(Rd) 6M1, (1.63)

‖(DΛ)εSε‖L2(Rd)→L2(Rd) 6M2,

‖Λ̃εSε‖L2(Rd)→L2(Rd) 6 |Ω|−1/2(2r0)−1Can
1/2α−1

0 ‖g−1‖L∞ =: M̃1, (1.64)

‖(DΛ̃)εSε‖L2(Rd)→L2(Rd) 6 |Ω|−1/2Can
1/2α−1

0 ‖g−1‖L∞ =: M̃2.

Ñ ó÷åòîì ýòèõ íåðàâåíñòâ èç ëåììû 1.12 è (1.2), (1.57), (1.62) ñëåäóåò, ÷òî

‖(BD,ε − ζI)−1 − (B0
D − ζI)−1 − εKD(ε; ζ)‖L2(O)→H1(O) 6 Ĉ5c(φ), 0 < ε 6 1, |ζ| > 1,

(1.65)

ãäå Ĉ5 :=
(

2 + (M1 +M2)α
1/2
1 C

(1)
O + M̃1C

(1)
O

)
(1 + C4) + (M̃1 + M̃2)C

(0)
O +M1α

1/2
1 C

(2)
O C3.

Îáúåäèíÿÿ (1.59) è (1.65), ïðè 0 < ε 6 ε1 è ζ ∈ C \ R+, |ζ| > 1, èìååì

‖(BD,ε − ζI)−1 − (B0
D − ζI)−1 − εKD(ε; ζ)‖L2(O)→H1(O)

6 min{C3c(φ)2(ε1/2|ζ|−1/4 + ε); Ĉ5c(φ)}
6 C3c(φ)2ε1/2|ζ|−1/4 + min{C3c(φ)2ε; Ĉ5c(φ)}
6 C3c(φ)2ε1/2|ζ|−1/4 + (C3Ĉ5)1/2c(φ)3/2ε1/2.

Ìû ïðèøëè ê îöåíêå (1.61) ñ ïîñòîÿííîé C5 := max{C3; (C3Ĉ5)1/2}.

1.8 Àïïðîêñèìàöèÿ îïåðàòîðà B
−1/2
D,ε

Èç òåîðåìû 1.9 âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Ëåììà 1.13. Â óñëîâèÿõ òåîðåìû 1.9 ïðè 0 < ε 6 ε1 âûïîëíåíà îöåíêà

‖B−1/2
D,ε − (B0

D)−1/2‖L2(O)→L2(O) 6 C6ε
1/2. (1.66)

Ïîñòîÿííàÿ C6 çàâèñèò òîëüêî îò èñõîäíûõ äàííûõ (1.7).

Äîêàçàòåëüñòâî. Ñïðàâåäëèâî òîæäåñòâî

B
−1/2
D,ε = π−1

∫ ∞
0

ν−1/2(BD,ε + νI)−1 dν.

Ñì., íàïðèìåð, [ViGKo, ãëàâà III, �3, ï. 4]. Äëÿ (B0
D)−1/2 âåðíî àíàëîãè÷íîå ïðåäñòàâ-

ëåíèå. Ïîýòîìó

‖B−1/2
D,ε − (B0

D)−1/2‖L2(O)→L2(O) 6 π−1

∫ ∞
0

ν−1/2‖(BD,ε+νI)−1− (B0
D +νI)−1‖L2(O)→L2(O) dν.
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Òàê êàê c[ � îáùàÿ íèæíÿÿ ãðàíü îïåðàòîðîâ BD,ε è B
0
D, âûïîëíåíî

‖(BD,ε + νI)−1 − (B0
D + νI)−1‖L2(O)→L2(O) 6 2(ν + c[)

−1, ν ∈ R+.

Îòñþäà

‖B−1/2
D,ε − (B0

D)−1/2‖L2(O)→L2(O)

6 21/2π−1

∫ ∞
0

ν−1/2(ν + c[)
−1/2‖(BD,ε + νI)−1 − (B0

D + νI)−1‖1/2
L2(O)→L2(O) dν.

Ïðè ν ∈ [0, 1] âîñïîëüçóåìñÿ àïïðîêñèìàöèåé (1.54):

‖(BD,ε + νI)−1 − (B0
D + νI)−1‖L2(O)→L2(O) 6 C2εmax{1; (c[ + ν)−2} 6 C2εmax{1; c−2

[ }.

Ïðè ν > 1 ïðèìåíèì îöåíêó (1.52):

‖(BD,ε + νI)−1 − (B0
D + νI)−1‖L2(O)→L2(O) 6 C1εν

−1/2, ν > 1.

Ñ ó÷åòîì ýòèõ ñîîáðàæåíèé ñïðàâåäëèâî íåðàâåíñòâî

‖B−1/2
D,ε − (B0

D)−1/2‖L2(O)→L2(O) 6 21/2π−1C
1/2
2 max{1; c−1

[ }ε
1/2

∫ 1

0

ν−1/2(ν + c[)
−1/2 dν

+ 21/2π−1C
1/2
1 ε1/2

∫ ∞
1

ν−1/2(ν + c[)
−1/2ν−1/4 dν.

Îöåíèâàÿ èíòåãðàëû, ïîëó÷àåì îöåíêó (1.66) ñ ïîñòîÿííîé

C6 := 23/2π−1C
1/2
2 c

−1/2
[ max{1; c−1

[ }+ 25/2π−1C
1/2
1 .

2 Ïîñòàíîâêà çàäà÷è. Îñíîâíûå ðåçóëüòàòû

2.1 Ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ãèïåðáîëè÷åñêèõ ñè-

ñòåì

Öåëü ðàáîòû � èçó÷èòü ïîâåäåíèå â ïðåäåëå ìàëîãî ïåðèîäà ðåøåíèÿ ïåðâîé íà÷àëüíî-
êðàåâîé çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ:

∂2uε
∂t2

(x, t) = −(Bεuε)(x, t) + F(x, t),

uε(·, t)|∂O = 0,

uε(x, 0) = ϕ(x), ∂uε
∂t

(x, 0) = ψ(x).

(2.1)

Çäåñü ϕ,ψ ∈ Dom (B0
D)2, F ∈ L1,loc(R; Dom (B0

D)2). (Íàëîæåííûå îãðàíè÷åíèÿ ïðîäèê-
òîâàíû òåõíèêîé, èñïîëüçóåìîé â íàñòîÿùåé ðàáîòå.) Èìååì

uε(·, t) = cos(tB
1/2
D,ε)ϕ+B

−1/2
D,ε sin(tB

1/2
D,ε)ψ +

∫ t

0

B
−1/2
D,ε sin

(
(t− t̃)B1/2

D,ε

)
F(·, t̃) dt̃. (2.2)

Ïîýòîìó äëÿ èçó÷åíèÿ ïîâåäåíèÿ ðåøåíèÿ uε(·, t) äîñòàòî÷íî ïîëó÷èòü àïïðîêñèìàöèè
îïåðàòîðîâ cos(tB

1/2
D,ε) è B

−1/2
D,ε sin(tB

1/2
D,ε).
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Ýôôåêòèâíàÿ çàäà÷à èìååò âèä
∂2u0

∂t2
(x, t) = −(B0u0)(x, t) + F(x, t),

u0(·, t)|∂O = 0,

u0(x, 0) = ϕ(x), ∂u0

∂t
(x, 0) = ψ(x).

(2.3)

Òîãäà

u0(·, t) = cos
(
t(B0

D)1/2
)
ϕ+ (B0

D)−1/2 sin
(
t(B0

D)1/2
)
ψ

+

∫ t

0

(B0
D)−1/2 sin

(
(t− t̃)(B0

D)1/2
)

F(·, t̃) dt̃.
(2.4)

2.2 Îñíîâíûå ðåçóëüòàòû ðàáîòû â îïåðàòîðíûõ òåðìèíàõ

Òåîðåìà 2.1. Ïóñòü O ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C1,1. Ïóñòü

âûïîëíåíû óñëîâèÿ ï. 1.3�1.6. Ïóñòü ÷èñëî ε1 ïîä÷èíåíî óñëîâèþ 1.8. Òîãäà ïðè t ∈ R
è 0 < ε 6 ε1 ñïðàâåäëèâû îöåíêè∥∥∥(cos(tB

1/2
D,ε)− cos(t(B0

D)1/2)
)

(B0
D)−2

∥∥∥
L2(O)→L2(O)

6 C7ε
(
1 + |t|5

)
, (2.5)∥∥∥(B−1/2

D,ε sin(tB
1/2
D,ε)− (B0

D)−1/2 sin(t(B0
D)1/2)

)
(B0

D)−2
∥∥∥
L2(O)→L2(O)

6 C7ε|t|(1 + |t|5). (2.6)

Ïîñòîÿííàÿ C7 çàâèñèò òîëüêî îò èñõîäíûõ äàííûõ (1.7).

Åñòåñòâåííî íàäåÿòüñÿ ïîëó÷èòü äëÿ ãèïåðáîëè÷åñêèõ ñèñòåì àíàëîã òåîðåìû 1.10.
Íî àïïðîêñèìèðîâàòü ïî ýíåðãåòè÷åñêîé íîðìå îïåðàòîðíûé êîñèíóñ íå óäàåòñÿ, õîòÿ
îïåðàòîð B−1

D,ε cos(tB
1/2
D,ε) ïðèáëèçèòü ìîæíî (ñì. òåîðåìó 2.3 íèæå). Ýòî ñîãëàñóåòñÿ ñ

ðåçóëüòàòàìè [BrOtFMu]. Çàòî äëÿ îïåðàòîðà B
−1/2
D,ε sin(tB

1/2
D,ε) óäàåòñÿ ïîëó÷èòü ïðè-

áëèæåíèå ïî ýíåðãåòè÷åñêîé íîðìå.

Òåîðåìà 2.2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.1. Ïóñòü ìàòðèöû-ôóíêöèè Λ(x)

è Λ̃(x) � Γ-ïåðèîäè÷åñêèå ðåøåíèÿ çàäà÷ (1.21) è (1.31) ñîîòâåòñòâåííî. Ïóñòü Sε �
îïåðàòîð ñãëàæèâàíèÿ ïî Ñòåêëîâó (1.1) è PO � îïåðàòîð ïðîäîëæåíèÿ (1.56). Òîãäà
ïðè t ∈ R è 0 < ε 6 ε1 âûïîëíåíà îöåíêà∥∥∥(B−1/2

D,ε sin(tB
1/2
D,ε)− (B0

D)−1/2 sin(t(B0
D)1/2)

− ε
(
Λεb(D) + Λ̃ε

)
SεPO(B0

D)−1/2 sin(t(B0
D)1/2)

)
(B0

D)−2
∥∥∥
L2(O)→H1(O)

6 C8ε
1/2(1 + t6).

(2.7)

Ïóñòü g̃(x) � ìàòðèöà-ôóíêöèÿ (1.22). Îáîçíà÷èì

GD(ε; t) :=
(
g̃εSεb(D) + gε(b(D)Λ̃)εSε

)
PO(B0

D)−1/2 sin(t(B0
D)1/2).

Òîãäà äëÿ îïåðàòîðà gεb(D)B
−1/2
D,ε sin(tB

1/2
D,ε), îòâå÷àþùåãî ½ïîòîêó“, ïðè t ∈ R è

0 < ε 6 ε1 ñïðàâåäëèâà àïïðîêñèìàöèÿ∥∥(gεb(D)B
−1/2
D,ε sin(tB

1/2
D,ε)−GD(ε; t)

)
(B0

D)−2
∥∥
L2(O)→L2(O)

6 C9ε
1/2(1 + t6). (2.8)

Çäåñü ïîñòîÿííûå C8 è C9 çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (1.7).

Äîêàçàòåëüñòâà òåîðåì 2.1 è 2.2 âûíåñåíû â �3.
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2.3 Îá àïïðîêñèìàöèè îïåðàòîðà cos(tB
1/2
D,ε)B

−1
D,ε â ýíåðãåòè÷åñêîì

êëàññå

Òåîðåìà 2.3. Â óñëîâèÿõ òåîðåìû 2.2 ïðè t ∈ R è 0 < ε 6 ε1 ñïðàâåäëèâà îöåíêà∥∥∥(cos(tB
1/2
D,ε)B

−1
D,ε − cos

(
t(B0

D)1/2
)
(B0

D)−1

− ε
(
Λεb(D) + Λ̃ε

)
SεPO cos

(
t(B0

D)1/2
)
(B0

D)−1
)

(B0
D)−1

∥∥∥
L2(O)→H1(O)

6 C10ε
1/2(1 + |t|5).

(2.9)

Ïîñòîÿííàÿ C10 çàâèñèò òîëüêî îò èñõîäíûõ äàííûõ (1.7).

Äîêàçàòåëüñòâî òåîðåìû 2.3 âûíåñåíî â �3.
Òåîðåìà 2.3 ïîçâîëÿåò ïîëó÷èòü àïïðîêñèìàöèþ â ýíåðãåòè÷åñêîì êëàññå äëÿ ãè-

ïåðáîëè÷åñêèõ ñèñòåì ñî ñïåöèàëüíûì âûáîðîì íà÷àëüíûõ äàííûõ:

∂2
t uε = −Bεuε, uε(·, t)|∂O = 0, uε|t=0 = B−1

D,εϕ, (∂tuε)|t=0 = 0,

ãäå ϕ ∈ DomB0
D = H2(O;Cn) ∩ H1

0 (O;Cn). Â ýòîì ñëó÷àå ýôôåêòèâíàÿ çàäà÷à èìååò
âèä

∂2
t u0 = −B0u0, u0(·, t)|∂O = 0, u0|t=0 = (B0

D)−1ϕ, (∂tu0)|t=0 = 0.

Èç (1.48) è (2.9) âûòåêàåò îöåíêà

‖uε(·, t)− u0(·, t)− ε(Λεb(D) + Λ̃ε)Sεũ0(·, t)‖H1(O) 6 31/2CBC10ε
1/2(1 + |t|5)‖ϕ‖H2(O).

Âîçìîæíîñòü àïïðîêñèìàöèè â ýíåðãåòè÷åñêîì êëàññå äëÿ ðåøåíèÿ ïðè òàêîì âûáîðå
íà÷àëüíûõ äàííûõ ñîãëàñóåòñÿ ñ ðåçóëüòàòàìè [BrOtFMu].

Îòìåòèì, ÷òî ñ ïîìîùüþ ëåììû 1.13 è îöåíîê (1.18), (1.40) èç òåîðåìû 2.3 ìîæíî

âûâåñòè àïïðîêñèìàöèþ îïåðàòîðà cos(tB
1/2
D,ε)B

−1/2
D,ε :

‖ cos(tB
1/2
D,ε)B

−1/2
D,ε (B

−1/2
D,ε − (B0

D)−1/2)(B0
D)−1‖L2(O)→H1(O)

6 c3‖B−1/2
D,ε − (B0

D)−1/2‖L2(O)→L2(O)‖(B0
D)−1‖L2(O)→L2(O) 6 c3C6C1ε

1/2.

Îòñþäà è èç (2.9) âûòåêàåò îöåíêà∥∥∥(cos(tB
1/2
D,ε)B

−1/2
D,ε − (I + ε(Λεb(D) + Λ̃ε)SεPO) cos(t(B0

D)1/2)(B0
D)−1/2

)
× (B0

D)−3/2
∥∥∥
L2(O)→H1(O)

6 (C10 + c3C6C1)ε1/2(1 + |t|5).

2.4 Óñòðàíåíèå ñãëàæèâàþùåãî îïåðàòîðà â êîððåêòîðå

Îêàçûâàåòñÿ, ÷òî ñãëàæèâàþùèé îïåðàòîð â êîððåêòîðå ìîæåò áûòü óñòðàíåí, åñëè
íàëîæèòü íà ìàòðèöû-ôóíêöèè Λ(x) è Λ̃(x) äîïîëíèòåëüíûå óñëîâèÿ.

Óñëîâèå 2.4. Ïðåäïîëîæèì, ÷òî Γ-ïåðèîäè÷åñêîå ðåøåíèå Λ(x) çàäà÷è (1.21) îãðàíè-
÷åíî, ò. å. Λ ∈ L∞(Rd).

Ñëó÷àè, êîãäà óñëîâèå 2.4 âûïîëíåíî àâòîìàòè÷åñêè, âûäåëåíû â [BSu3, ëåììà 8.7].

Ïðåäëîæåíèå 2.5. Óñëîâèå 2.4 çàâåäîìî âûïîëíåíî, åñëè ñïðàâåäëèâî õîòÿ áû îäíî

èç ñëåäóþùèõ ïðåäïîëîæåíèé:
1◦) d 6 2;
2◦) ðàçìåðíîñòü d > 1 ïðîèçâîëüíà, à äèôôåðåíöèàëüíîå âûðàæåíèå Aε èìååò âèä

Aε = D∗gε(x)D, ãäå g(x) � ñèììåòðè÷íàÿ ìàòðèöà ñ âåùåñòâåííûìè ýëåìåíòàìè;
3◦) ðàçìåðíîñòü d ïðîèçâîëüíà, è g0 = g, ò. å. ñïðàâåäëèâû ñîîòíîøåíèÿ (1.30).
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Äëÿ òîãî, ÷òîáû óñòðàíèòü Sε â ÷ëåíå êîððåêòîðà, ñîäåðæàùåì Λ̃ε, äîñòàòî÷íî íà-
ëîæèòü ñëåäóþùåå óñëîâèå.

Óñëîâèå 2.6. Ïðåäïîëîæèì, ÷òî Γ-ïåðèîäè÷åñêîå ðåøåíèå Λ̃(x) çàäà÷è (1.31) òàêîâî,
÷òî

Λ̃ ∈ Lp(Ω), p = 2 ïðè d = 1, p > 2 ïðè d = 2, p = d ïðè d > 3.

Ñëåäóþùèé ðåçóëüòàò óñòàíîâëåí â [Su2, ïðåäëîæåíèå 8.11].

Ïðåäëîæåíèå 2.7. Óñëîâèå 2.6 çàâåäîìî âûïîëíåíî, åñëè ñïðàâåäëèâî õîòÿ áû îäíî

èç ñëåäóþùèõ ïðåäïîëîæåíèé:
1◦) d 6 4;
2◦) ðàçìåðíîñòü d ïðîèçâîëüíà, à äèôôåðåíöèàëüíîå âûðàæåíèå Aε èìååò âèä Aε =
D∗gε(x)D, ãäå g(x) � ñèììåòðè÷íàÿ ìàòðèöà ñ âåùåñòâåííûìè ýëåìåíòàìè.

Çàìå÷àíèå 2.8. Åñëè Aε = D∗gε(x)D, ãäå g(x) � ñèììåòðè÷íàÿ ìàòðèöà ñ âåùå-

ñòâåííûìè ýëåìåíòàìè, òî èç [LaU, ãëàâà III, òåîðåìà 13.1] ñëåäóåò, ÷òî Λ, Λ̃ ∈ L∞,
ïðè÷åì íîðìà ‖Λ‖L∞ íå ïðåâîñõîäèò âåëè÷èíû, çàâèñÿùåé îò d, ‖g‖L∞, ‖g−1‖L∞ è Ω,

à íîðìà ‖Λ̃‖L∞ îöåíèâàåòñÿ â òåðìèíàõ d, ρ, ‖g‖L∞, ‖g−1‖L∞, ‖aj‖Lρ(Ω), j = 1, . . . , d, è
Ω. Â ýòîì ñëó÷àå óñëîâèÿ 2.4 è 2.6 ñïðàâåäëèâû îäíîâðåìåííî.

Íàøà öåëü â ýòîì ïóíêòå � äîêàçàòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 2.9. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2. Ïóñòü ìàòðèöà-ôóíêöèÿ Λ(x)

ïîä÷èíåíà óñëîâèþ 2.4, à ìàòðèöà-ôóíêöèÿ Λ̃(x) � óñëîâèþ 2.6. Îáîçíà÷èì

G0
D(ε; t) :=

(
g̃εb(D) + gε(b(D)Λ̃)ε

)
(B0

D)−1/2 sin(t(B0
D)1/2). (2.10)

Òîãäà ïðè t ∈ R è 0 < ε 6 ε1 ñïðàâåäëèâû àïïðîêñèìàöèè∥∥∥(B−1/2
D,ε sin(tB

1/2
D,ε)−

(
I + εΛεb(D) + εΛ̃ε

)
(B0

D)−1/2 sin(t(B0
D)1/2)

)
(B0

D)−2
∥∥∥
L2(O)→H1(O)

6 C11ε
1/2(1 + t6),

(2.11)∥∥(gεb(D)B
−1/2
D,ε sin(tB

1/2
D,ε)−G

0
D(ε; t)

)
(B0

D)−2
∥∥
L2(O)→L2(O)

6 C12ε
1/2(1 + t6). (2.12)

Ïîñòîÿííûå C11 è C12 çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (1.7), îò p è îò íîðì

‖Λ‖L∞, ‖Λ̃‖Lp(Ω).

Äëÿ äîêàçàòåëüñòâà òåîðåìû 2.9 íàì ïîòðåáóþòñÿ ñëåäóþùèå ðåçóëüòàòû, óñòàíîâ-
ëåííûå â [MSu2, ëåììû 7.7 è 7.8].

Ëåììà 2.10. Ïóñòü Γ-ïåðèîäè÷åñêîå ìàòðè÷íîçíà÷íîå ðåøåíèå Λ(x) çàäà÷è (1.21)
óäîâëåòâîðÿåò óñëîâèþ 2.4. Ïóñòü Sε � îïåðàòîð ñãëàæèâàíèÿ ïî Ñòåêëîâó (1.1).
Òîãäà ïðè 0 < ε 6 1 âûïîëíåíî

‖[Λε]b(D)(Sε − I)‖H2(Rd)→H1(Rd) 6 CΛ.

Ïîñòîÿííàÿ CΛ çàâèñèò òîëüêî îò m, d, α0, α1, ‖g‖L∞, ‖g−1‖L∞, îò ïàðàìåòðîâ ðå-

øåòêè Γ è íîðìû ‖Λ‖L∞.

19



Ëåììà 2.11. Ïóñòü ìàòðè÷íîçíà÷íîå Γ-ïåðèîäè÷åñêîå ðåøåíèå Λ̃(x) çàäà÷è (1.31)
óäîâëåòâîðÿåò óñëîâèþ 2.6. Ïóñòü Sε � îïåðàòîð ñãëàæèâàíèÿ ïî Ñòåêëîâó (1.1).
Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâà îöåíêà

‖[Λ̃ε](Sε − I)‖H2(Rd)→H1(Rd) 6 CΛ̃.

Ïîñòîÿííàÿ CΛ̃ çàâèñèò òîëüêî îò n, d, α0, α1, ρ, ‖g‖L∞, ‖g−1‖L∞, îò íîðì ‖aj‖Lρ(Ω),

j = 1, . . . , d, îò p, ‖Λ̃‖Lp(Ω) è îò ïàðàìåòðîâ ðåøåòêè Γ.

Ñëåäóþùåå óòâåðæäåíèå íåñëîæíî ïðîâåðèòü ñ ïîìîùüþ íåðàâåíñòâà Ã¼ëüäåðà è
òåîðåìû âëîæåíèÿ Ñîáîëåâà (ñð. [MSu1, ëåììà 3.5]).

Ëåììà 2.12. Ïóñòü ìàòðèöà-ôóíêöèÿ Λ̃(x) ïîä÷èíåíà óñëîâèþ 2.6. Òîãäà ïðè

0 < ε 6 1 îïåðàòîð [Λ̃ε] íåïðåðûâåí èç H1(Rd;Cn) â L2(Rd;Cn), ïðè÷åì

‖[Λ̃ε]‖H1(Rd)→L2(Rd) 6 ‖Λ̃‖Lp(Ω)CΩ(p),

ãäå CΩ(p) � íîðìà îïåðàòîðà âëîæåíèÿ H1(Ω) ↪→ L2(p/2)′(Ω). Çäåñü (p/2)′ = ∞ ïðè

d = 1, è (p/2)′ = p/(p− 2) ïðè d > 2.

Äîêàçàòåëüñòâî òåîðåìû 2.9. Ðåçóëüòàò òåîðåìû 2.9 âûâîäèòñÿ èç òåîðåìû 2.2 ñ ïî-
ìîùüþ ëåìì 2.10, 2.11 è 2.12.

Ïðèìåíÿÿ ëåììó 2.10 è (1.57), ïîëó÷àåì

‖Λεb(D)(Sε − I)PO(B0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→H1(Rd)

6 CΛC
(2)
O ‖(B

0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→H2(O), t ∈ R, 0 < ε 6 1.
(2.13)

Èìååì

‖(B0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→H2(O)

6 ‖(B0
D)−1‖L2(O)→H2(O)‖(B0

D)−1‖L2(O)→L2(O)‖(B0
D)−1/2 sin(t(B0

D)1/2)‖L2(O)→L2(O).
(2.14)

Â ñèëó ñïåêòðàëüíîé òåîðåìû è ýëåìåíòàðíîãî íåðàâåíñòâà | sinµ|/|µ| 6 1, µ ∈ R,
âûïîëíåíî

‖(B0
D)−1/2 sin(t(B0

D)1/2)‖L2(O)→L2(O) 6 |t|.
Îòñþäà è èç (1.40), (1.42) è (2.14) ñëåäóåò, ÷òî

‖(B0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→H2(O) 6 C1C3|t|, t ∈ R. (2.15)

Íà îñíîâàíèè ëåììû 2.11 è (1.57), (2.15) âûïîëíåíî

‖Λ̃ε(Sε − I)PO(B0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→H1(Rd)

6 CΛ̃C
(2)
O ‖(B

0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→H2(O)

6 CΛ̃C
(2)
O C1C3|t|, t ∈ R, 0 < ε 6 1.

(2.16)

Òåïåðü èç (2.7), (2.13), (2.15) è (2.16) âûòåêàåò îöåíêà (2.11) ñ ïîñòîÿííîé C11 :=

C8 + (CΛ + CΛ̃)C
(2)
O C1C3. Ìû ó÷ëè, ÷òî |t| 6 (1 + t6), t ∈ R.

Ïåðåéäåì ê äîêàçàòåëüñòâó íåðàâåíñòâà (2.12). Èç (1.3) è (2.11) ñëåäóåò, ÷òî∥∥∥(gεb(D)B
−1/2
D,ε sin(tB

1/2
D,ε)− g

εb(D)
(
I + εΛεb(D) + εΛ̃ε

)
(B0

D)−1/2 sin(t(B0
D)1/2)

)
× (B0

D)−2
∥∥∥
L2(O)→L2(O)

6 (dα1)1/2‖g‖L∞C11ε
1/2(1 + t6), t ∈ R, 0 < ε 6 ε1.

(2.17)
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Èìååì

gεb(D)
(
I + εΛεb(D) + εΛ̃ε

)
(B0

D)−5/2 sin(t(B0
D)1/2)

= gεb(D)(B0
D)−5/2 sin(t(B0

D)1/2) + gε(b(D)Λ)εb(D)(B0
D)−5/2 sin(t(B0

D)1/2)

+ gε
(
b(D)Λ̃

)ε
(B0

D)−5/2 sin(t(B0
D)1/2) + ε

d∑
l=1

gεbl
(
Λεb(D) + Λ̃ε

)
Dl(B

0
D)−5/2 sin(t(B0

D)1/2).

(2.18)

×òîáû îöåíèòü ÷åòâåðòûé ÷ëåí ñïðàâà â (2.18), âîñïîëüçóåìñÿ óñëîâèÿìè 2.4 è 2.6,
ëåììîé 2.12 è íåðàâåíñòâîì (1.3):∥∥∥∥∥ε

d∑
l=1

gεbl
(
Λεb(D) + Λ̃ε

)
Dl(B

0
D)−5/2 sin(t(B0

D)1/2)

∥∥∥∥∥
L2(O)→L2(O)

6 ε(dα1)1/2‖g‖L∞‖Λ‖L∞‖b(D)D(B0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→L2(O)

+ ε(dα1)1/2‖g‖L∞‖Λ̃‖Lp(Ω)CΩ(p)‖POD(B0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→H1(Rd).

Ñ ïîìîùüþ (1.3), (1.57) è (2.15) îòñþäà ïîëó÷àåì∥∥∥∥∥ε
d∑
l=1

gεbl
(
Λεb(D) + Λ̃ε

)
Dl(B

0
D)−5/2 sin(t(B0

D)1/2)

∥∥∥∥∥
L2(O)→L2(O)

6 ε|t|Ĉ12, t ∈ R, (2.19)

ãäå Ĉ12 := (dα1)1/2C1C3‖g‖L∞
(
(dα1)1/2‖Λ‖L∞ + CΩ(p)C

(1)
O ‖Λ̃‖Lp(Ω)

)
.

Èç (2.17)�(2.19) âûòåêàåò îöåíêà (2.12) ñ ïîñòîÿííîé C12 := (dα1)1/2‖g‖L∞C11 + Ĉ12.

2.5 Óñòðàíåíèå ñãëàæèâàþùåãî îïåðàòîðà â êîððåêòîðå â ñëó-

÷àå, êîãäà 3 6 d 6 8

Ðàññìîòðèì âîçìîæíîñòü óñòðàíåíèÿ ñãëàæèâàòåëÿ ïðè d > 3 áåç íàëîæåíèÿ äîïîëíè-
òåëüíûõ óñëîâèé íà ìàòðèöû-ôóíêöèè Λ è Λ̃. (Â ñèëó ïðåäëîæåíèé 2.5 è 2.7 ïðè d 6 2
ïðèìåíèìà òåîðåìà 2.9.)

Îêàçûâàåòñÿ, ÷òî åñëè ãðàíèöà îáëàñòè äîñòàòî÷íî ãëàäêàÿ, òî ïðè 3 6 d 6 8 ñãëà-
æèâàþùèé îïåðàòîð Sε ìîæåò áûòü óñòðàíåí èç îáîèõ ÷ëåíîâ êîððåêòîðà. ×òîáû ïî-
êàçàòü ýòî, íàì ïîòðåáóþòñÿ ìóëüòèïëèêàòîðíûå ñâîéñòâà ìàòðèö-ôóíêöèé Λε è Λ̃ε.
Ñëåäóþùèé ðåçóëüòàò óñòàíîâëåí â [MSu4, ëåììû 6.3 è 6.5, ñëåäñòâèÿ 6.4 è 6.6].

Ëåììà 2.13. Ïóñòü ìàòðèöà-ôóíêöèÿ Λ(x) ÿâëÿåòñÿ Γ-ïåðèîäè÷åñêèì ðåøåíèåì çà-

äà÷è (1.21). Ïóñòü d > 3 è l = d/2.
1◦. Ïðè 0 < ε 6 1 îïåðàòîð [Λε] íåïðåðûâíî ïåðåâîäèò H l−1(O;Cm) â L2(O;Cn), ïðè÷åì

‖[Λε]‖Hl−1(O)→L2(O) 6 C(0).

2◦. Ïðè 0 < ε 6 1 äëÿ u ∈ H l(Rd;Cm) ñïðàâåäëèâû âêëþ÷åíèå Λεu ∈ H1(Rd;Cn) è

îöåíêà

‖Λεu‖H1(Rd) 6 C(1)ε−1‖u‖L2(Rd) + C(2)‖u‖Hl(Rd).

Ïîñòîÿííûå C(0), C(1) è C(2) çàâèñÿò îò m, d, α0, α1, ‖g‖L∞, ‖g−1‖L∞ è îò ïàðàìåòðîâ

ðåøåòêè Γ.
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Ëåììà 2.14. Ïóñòü ìàòðèöà-ôóíêöèÿ Λ̃(x) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (1.31).
Ïóñòü d > 3 è l = d/2.

1◦. Ïðè 0 < ε 6 1 îïåðàòîð [Λ̃ε] íåïðåðûâíî ïåðåâîäèò H l−1(O;Cn) â L2(O;Cn), ïðè÷åì

‖[Λ̃ε]‖Hl−1(O)→L2(O) 6 C̃(0).

2◦. Ïðè 0 < ε 6 1 äëÿ u ∈ H l(Rd;Cn) ñïðàâåäëèâû âêëþ÷åíèå Λ̃εu ∈ H1(Rd;Cn) è îöåíêà

‖Λ̃εu‖H1(Rd) 6 C̃(1)ε−1‖u‖H1(Rd) + C̃(2)‖u‖Hl(Rd).

Ïîñòîÿííûå C̃(0), C̃(1) è C̃(2) çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (1.7).

Â ñîîòâåòñòâèè ñ òåîðåìàìè î ïîâûøåíèè ãëàäêîñòè äëÿ ñèëüíî ýëëèïòè÷åñêèõ ñè-
ñòåì (ñì., íàïðèìåð, [McL, òåîðåìà 4.18]) ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 2.15. Ïóñòü 3 6 d 6 8. Ïóñòü ∂O ∈ Cd/2,1, åñëè d ÷åòíîå, è ∂O ∈ C(d+1)/2,1, åñ-

ëè d � íå÷åòíîå. Òîãäà îïåðàòîð (B0
D)−5/2 íåïðåðûâíî ïåðåâîäèò L2(O;Cn) â

Hd/2+1(O;Cn) è ñïðàâåäëèâà îöåíêà

‖(B0
D)−5/2‖L2(O)→Hl+1(O) 6 Cl, l = d/2. (2.20)

Îòìåòèì òàêæå, ÷òî ïðè ïðîèçâîëüíîì d > 1 è ∂O ∈ C4,1 âûïîëíåíî (B0
D)−5/2 :

L2(O;Cn)→ H5(O;Cn),
‖(B0

D)−5/2‖L2(O)→H5(O) 6 C5. (2.21)

Òåîðåìà 2.16. Ïóñòü ñïðàâåäëèâû óñëîâèÿ òåîðåìû 2.2, ïðè÷åì 3 6 d 6 8 è ∂O
óäîâëåòâîðÿåò óñëîâèÿì ëåììû 2.15. Ïóñòü G0

D(ε; t) � îïåðàòîð (2.10). Òîãäà ïðè

t ∈ R è 0 < ε 6 ε1 èìåþò ìåñòî àïïðîêñèìàöèè∥∥∥(B−1/2
D,ε sin(tB

1/2
D,ε)−

(
I + εΛεb(D) + εΛ̃ε

)
(B0

D)−1/2 sin(t(B0
D)1/2)

)
(B0

D)−2
∥∥∥
L2(O)→H1(O)

6 C13ε
1/2(1 + t6),

(2.22)∥∥(gεb(D)B
−1/2
D,ε sin(tB

1/2
D,ε)−G

0
D(ε; t)

)
(B0

D)−2
∥∥
L2(O)→L2(O)

6 C14ε
1/2(1 + t6). (2.23)

Ïîñòîÿííûå C13 è C14 çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (1.7)

Äîêàçàòåëüñòâî. Â ñèëó ïðåäëîæåíèÿ 1.1, ëåììû 2.13(2◦) è (1.2) âûïîëíåíî

ε‖[Λε](Sε − I)b(D)PO(B0
D)−1/2 sin(t(B0

D)1/2)(B0
D)−2‖L2(O)→H1(O)

6 C(1)‖(Sε − I)b(D)PO(B0
D)−5/2‖L2(O)→L2(Rd)

+ εC(2)‖(Sε − I)b(D)PO(B0
D)−5/2‖L2(O)→Hl(Rd)

6 r1α
1/2
1 C(1)ε‖D2PO(B0

D)−5/2‖L2(O)→L2(Rd) + 2α
1/2
1 C(2)ε‖DPO(B0

D)−5/2‖L2(O)→Hl(Rd).

Îòñþäà è èç (1.57), (2.20) ñëåäóåò, ÷òî

ε‖[Λε](Sε − I)b(D)PO(B0
D)−1/2 sin(t(B0

D)1/2)(B0
D)−2‖L2(O)→H1(O)

6 εα
1/2
1

(
r1C

(1)C
(2)
O ‖(B

0
D)−5/2‖L2(O)→H2(O) + 2C(2)C

(l+1)
O ‖(B0

D)−5/2‖L2(O)→Hl+1(O)

)
6 εα

1/2
1

(
r1C

(1)C
(2)
O + 2C(2)C

(l+1)
O

)
Cl, 3 6 d = 2l 6 8.

(2.24)
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Àíàëîãè÷íî, ñ ïîìîùüþ ëåììû 2.14(2◦) ïîëó÷àåì

ε‖[Λ̃ε](Sε − I)PO(B0
D)−1/2 sin(t(B0

D)1/2)(B0
D)−2‖L2(O)→H1(O)

6 ε
(
r1C̃

(1)C
(2)
O + 2C̃(2)C

(l)
O

)
Cl, 3 6 d = 2l 6 8.

(2.25)

Îáúåäèíÿÿ (2.7), (2.24) è (2.25), ïðèõîäèì ê îöåíêå (2.22) ñ ïîñòîÿííîé C13 := C8 +

α
1/2
1

(
r1C

(1)C
(2)
O + 2C(2)C

(l+1)
O

)
Cl +

(
r1C̃

(1)C
(2)
O + 2C̃(2)C

(l)
O

)
Cl.

Ïåðåéäåì ê äîêàçàòåëüñòâó íåðàâåíñòâà (2.23). Èç (1.3) è (2.22) ñëåäóåò, ÷òî∥∥∥(gεb(D)B
−1/2
D,ε sin(tB

1/2
D,ε)− g

εb(D)
(
I + εΛεb(D) + εΛ̃ε

)
(B0

D)−1/2 sin(t(B0
D)1/2)

)
× (B0

D)−2
∥∥∥
L2(O)→L2(O)

6 (dα1)1/2‖g‖L∞C13ε
1/2(1 + t6), t ∈ R, 0 < ε 6 ε1.

(2.26)

Òîæäåñòâî (2.18) ñîõðàíÿåò ñèëó. ×òîáû îöåíèòü ÷åòâåðòûé ÷ëåí ñïðàâà â (2.18), âîñ-
ïîëüçóåìñÿ ëåììàìè 2.13(1◦) è 2.14(1◦) è íåðàâåíñòâàìè (1.3), (2.20):∥∥∥∥∥ε

d∑
l=1

gεbl
(
Λεb(D) + Λ̃ε

)
Dl(B

0
D)−5/2 sin(t(B0

D)1/2)

∥∥∥∥∥
L2(O)→L2(O)

6 ε‖g‖L∞(dα1)1/2
∥∥∥(Λεb(D) + Λ̃ε

)
D(B0

D)−5/2
∥∥∥
L2(O)→L2(O)

6 ε‖g‖L∞(dα1)1/2
(
C(0)(dα1)1/2‖D2(B0

D)−5/2‖L2(O)→Hl−1(O) + C̃(0)‖D(B0
D)−5/2‖L2(O)→Hl−1(O)

)
6 εĈ14, d 6 8, Ĉ14 := ‖g‖L∞(dα1)1/2

(
C(0)(dα1)1/2 + C̃(0)

)
Cl.

(2.27)

Èç (2.26) è (2.27) âûòåêàåò îöåíêà (2.23) ñ ïîñòîÿííîé C14 := (dα1)1/2‖g‖L∞C13 +Ĉ14.

Çàìå÷àíèå 2.17. Åñëè ∂O ∈ C4,1 è d = 9, 10, òî óñòðàíèòü ñãëàæèâàþùèé îïåðàòîð

Sε óäàåòñÿ òîëüêî â ÷ëåíå êîððåêòîðà, ñîäåðæàùåì Λ̃ε. Äëÿ ýòîãî âìåñòî ëåììû 2.15
èñïîëüçóåì îöåíêó (2.21).

2.6 Óñðåäíåíèå ðåøåíèÿ ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è

Ïðèìåíèì ðåçóëüòàòû ï. 2.2 è 2.4 ê óñðåäíåíèþ ðåøåíèÿ ïåðâîé íà÷àëüíî-êðàåâîé çà-
äà÷è (2.1). Çàìåòèì, ÷òî åñëè Φ ∈ Dom (B0

D)2, òî ôóíêöèþ Φ ìîæíî ïðåäñòàâèòü â âèäå
Φ = (B0

D)−2Φ̌, ãäå Φ̌ ∈ L2(O;Cn). Åñëè ∂O ∈ C3,1, òî â ñèëó ëåììû 1.7

‖Φ̌‖L2(O) = ‖(B0
D)2Φ‖L2(O) 6 C‖Φ‖H4(O).

Ïðèìåíÿÿ ýòè ñîîáðàæåíèÿ ê ôóíêöèÿì ϕ, ψ è F(·, t), èñïîëüçóÿ òîæäåñòâà (2.2), (2.4)
è òåîðåìó 2.1, ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2.18. Ïóñòü O ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C3,1. Ïóñòü

âûïîëíåíû óñëîâèÿ ï. 1.3�1.6. Ïóñòü uε � ðåøåíèå çàäà÷è (2.1) è u0 � ðåøåíèå ýô-

ôåêòèâíîé çàäà÷è (2.3), ïðè÷åì ϕ, ψ ∈ Dom (B0
D)2 è F ∈ L1,loc(R; Dom (B0

D)2). Òîãäà
ïðè t ∈ R è 0 < ε 6 ε1 ñïðàâåäëèâà îöåíêà

‖uε(·, t)− u0(·, t)‖L2(O) 6 CC7ε(1 + |t|5)
(
‖ϕ‖H4(O) + |t|‖ψ‖H4(O) + |t|‖F‖L1((0,t);H4(O))

)
.

Ïîñòîÿííûå C è C7 çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (1.7).

23



Íà îñíîâàíèè òåîðåì 2.1 è 2.2 ïîëó÷àåì àïïðîêñèìàöèþ ïî ýíåðãåòè÷åñêîé íîðìå
ðåøåíèÿ uε çàäà÷è (2.1) ïðè ϕ = 0.

Òåîðåìà 2.19. Ïóñòü â óñëîâèÿõ òåîðåìû 2.18 ϕ = 0. Ïðè t ∈ R è 0 < ε 6 ε1 èìååì∥∥∥∥∂uε
∂t

(·, t)− ∂u0

∂t
(·, t)

∥∥∥∥
L2(O)

6 CC7ε(1 + |t|5)
(
‖ψ‖H4(O) + ‖F‖L1((0,t);H4(O))

)
. (2.28)

Ïóñòü Λ(x) è Λ̃(x) � Γ-ïåðèîäè÷åñêèå ðåøåíèÿ çàäà÷ (1.21) è (1.31) ñîîòâåòñòâåííî.
Ïóñòü PO � ëèíåéíûé íåïðåðûâíûé îïåðàòîð ïðîäîëæåíèÿ (1.56) è Sε � îïåðàòîð

ñãëàæèâàíèÿ ïî Ñòåêëîâó (1.1). Ïîëîæèì ũ0(·, t) := POu0(·, t). ×åðåç vε(·, t) îáîçíà-
÷èì ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ uε(·, t):

ṽε(·, t) := ũ0(·, t) + εΛεSεb(D)ũ0(·, t) + εΛ̃εSεũ0(·, t), vε(·, t) := ṽε(·, t)|O.

Òîãäà ïðè t ∈ R è 0 < ε 6 ε1 âûïîëíåíà îöåíêà

‖uε(·, t)− vε(·, t)‖H1(O) 6 CC8ε
1/2(1 + t6)

(
‖ψ‖H4(O) + ‖F‖L1((0,t);H4(O))

)
. (2.29)

Ïóñòü g̃(x) � ìàòðèöà-ôóíêöèÿ (1.22). Äëÿ ïîòîêà pε(·, t) := gεb(D)uε(·, t) ïðè t ∈ R
è 0 < ε 6 ε1 ñïðàâåäëèâà àïïðîêñèìàöèÿ

‖pε(·, t)− g̃εSεb(D)ũ0(·, t)− gε(b(D)Λ̃)εSεũ0(·, t)‖L2(O)

6 CC9ε
1/2(1 + t6)

(
‖ψ‖H4(O) + ‖F‖L1((0,t);H4(O))

)
.

(2.30)

Ïîñòîÿííûå C, C8 è C9 çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (1.7).

Äîêàçàòåëüñòâî. Îöåíêè (2.29) è (2.30) ïðÿìî ñëåäóþò èç òåîðåìû 2.2, ëåììû 1.7 è
ñîîòíîøåíèé (2.2), (2.4).

Îáñóäèì äîêàçàòåëüñòâî íåðàâåíñòâà (2.28). Äèôôåðåíöèðóÿ ïî âðåìåíè âûðàæåíèå
(2.2), ãäå ϕ = 0, íàõîäèì

∂uε
∂t

(·, t) = cos(tB
1/2
D,ε)ψ +

∫ t

0

cos
(

(t− t̃)B1/2
D,ε

)
F(·, t̃) dt̃.

Äëÿ ðåøåíèÿ ýôôåêòèâíîé çàäà÷è ñïðàâåäëèâî àíàëîãè÷íîå ïðåäñòàâëåíèå. Ñ ó÷åòîì
ëåììû 1.7 îòñþäà è èç òåîðåìû 2.1 ñëåäóåò îöåíêà (2.28).

Èç òåîðåìû 2.16 âûâîäèì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2.20. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.19, ïðè÷åì d 6 8. Ïðè d = 7, 8
ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî ∂O ∈ C4,1. Îáîçíà÷èì

v̌ε(·, t) := u0(·, t) + ε(Λεb(D) + Λ̃ε)u0(·, t).

Òîãäà ïðè t ∈ R è 0 < ε 6 ε1 èìåþò ìåñòî àïïðîêñèìàöèè

‖uε(·, t)− v̌ε(·, t)‖H1(O) 6 CC13ε
1/2(1 + t6)

(
‖ψ‖H4(O) + ‖F‖L1((0,t);H4(O))

)
,

‖pε(·, t)− g̃εb(D)u0(·, t)− gε(b(D)Λ̃)εu0(·, t)‖L2(O)

6 CC14ε
1/2(1 + t6)

(
‖ψ‖H4(O) + ‖F‖L1((0,t);H4(O))

)
.

Ïîñòîÿííûå C, C13 è C14 çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (1.7).
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2.7 Ñïåöèàëüíûé ñëó÷àé

Ïðåäïîëîæèì òåïåðü, ÷òî g0 = g, ò. å. ñïðàâåäëèâû ïðåäñòàâëåíèÿ (1.30). Òîãäà â ñèëó
ïðåäëîæåíèÿ 2.5(3◦) âûïîëíåíî óñëîâèå 2.4. Ïðè ýòîì ñîãëàñíî [BSu2, çàìå÷àíèå 3.5]
ìàòðèöà-ôóíêöèÿ (1.22) ïîñòîÿííà è ñîâïàäàåò ñ g0, ò. å. g̃(x) = g0 = g. Òàêèì îáðàçîì,
g̃εb(D)u0(·, t) = g0b(D)u0(·, t).

Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî ñïðàâåäëèâî ðàâåíñòâî

d∑
j=1

Djaj(x)∗ = 0. (2.31)

Òîãäà Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (1.31) ðàâíî íóëþ: Λ̃(x) = 0 è èç òåîðåìû 2.9
âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Ïðåäëîæåíèå 2.21. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.19. Ïóñòü ñïðàâåäëèâû

ïðåäñòàâëåíèÿ (1.30) è ðàâåíñòâî (2.31). Òîãäà ïðè t ∈ R è 0 < ε 6 ε1 äëÿ ïîòîêà

pε(·, t) èìååò ìåñòî àïïðîêñèìàöèÿ

‖pε(·, t)− g0b(D)u0(·, t)‖L2(O) 6 CC12ε
1/2(1 + t6)

(
‖ψ‖H4(O) + ‖F‖L1((0,t);H4(O))

)
.

2.8 Ñëó÷àé íóëåâîãî êîððåêòîðà

Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî g0 = g, ò. å. âûïîëíåíû ñîîòíîøåíèÿ (1.29). Ïóñòü
ñïðàâåäëèâî óñëîâèå (2.31). Òîãäà Γ-ïåðèîäè÷åñêèå ðåøåíèÿ çàäà÷ (1.21) è (1.31) ðàâíû

íóëþ: Λ(x) = 0 è Λ̃(x) = 0. Èç òåîðåì 2.2 è 2.3 âûòåêàåò, ÷òî ïðè t ∈ R è 0 < ε 6 ε1

ñïðàâåäëèâû îöåíêè∥∥∥(B−1/2
D,ε sin(tB

1/2
D,ε)− (B0

D)−1/2 sin(t(B0
D)1/2)

)
(B0

D)−2
∥∥∥
L2(O)→H1(O)

6 C8ε
1/2(1 + t6), (2.32)∥∥∥(cos(tB

1/2
D,ε)B

−1
D,ε − cos(t(B0

D)1/2)(B0
D)−1

)
(B0

D)−1
∥∥∥
L2(O)→H1(O)

6 C10ε
1/2(1 + |t|5). (2.33)

Èç òåîðåìû 1.10(2◦) ñëåäóåò, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå âûïîëíåíî

‖B−1
D,ε − (B0

D)−1‖L2(O)→H1(O) 6 C4(c−1
[ + c−2

[ )ε1/2, 0 < ε 6 ε1. (2.34)

Ïîñëåäîâàòåëüíî ïðèìåíÿÿ (1.18) è (1.16), íàõîäèì

‖ cos(tB
1/2
D,ε)(B

−1
D,ε − (B0

D)−1)(B0
D)−1‖L2(O)→H1(O)

6 c3‖B1/2
D,ε cos(tB

1/2
D,ε)(B

−1
D,ε − (B0

D)−1)(B0
D)−1‖L2(O)→L2(O)

6 c3C
1/2
∗ ‖B−1

D,ε − (B0
D)−1‖L2(O)→H1(O)‖(B0

D)−1‖L2(O)→L2(O).

(2.35)

Îáúåäèíÿÿ (1.40) è (2.33)�(2.35), ïîëó÷àåì, ÷òî ïðè t ∈ R è 0 < ε 6 ε1 âûïîëíåíî∥∥∥(cos(tB
1/2
D,ε)− cos(t(B0

D)1/2)
)

(B0
D)−2

∥∥∥
L2(O)→H1(O)

6 C15ε
1/2(1 + |t|5). (2.36)

Çäåñü C15 := C10 + c3C
1/2
∗ C4(c−1

[ + c−2
[ )C1.

Ñ ïîìîùüþ (2.32) è (2.36) ïîëó÷àåì àïïðîêñèìàöèþ â êëàññå Ñîáîëåâà H1(O;Cn)
äëÿ ðåøåíèÿ (2.2) çàäà÷è (2.1).

Ïðåäëîæåíèå 2.22. Ïóñòü uε è u0 � ðåøåíèÿ çàäà÷ (2.1) è (2.3) ñîîòâåòñòâåííî
ïðè ϕ, ψ ∈ Dom (B0

D)2 è F ∈ L1,loc(R; Dom (B0
D)2). Ïóñòü ñïðàâåäëèâû ñîîòíîøåíèÿ

(1.29) è (2.31). Òîãäà ïðè 0 < ε 6 ε1 è t ∈ R âûïîëíåíà îöåíêà

‖uε(·, t)− u0(·, t)‖H1(O) 6 CC15ε
1/2(1 + |t|5)‖ϕ‖H4(O)

+ CC8ε
1/2(1 + t6)

(
‖ψ‖H4(O) + ‖F‖L1((0,t);H4(O))

)
.
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3 Äîêàçàòåëüñòâà òåîðåì 2.1 è 2.2

3.1 Äîêàçàòåëüñòâî òåîðåìû 2.1

Äîêàçàòåëüñòâî îöåíêè (2.5) îñíîâàíî íà èñïîëüçîâàíèè îáðàòíîãî ïðåîáðàçîâàíèÿ Ëà-
ïëàñà è ïðèìåíåíèè òåîðåìû 1.9. ×òîáû îáåñïå÷èòü ñõîäèìîñòü ïîÿâëÿþùèõñÿ ïðè ýòîì
èíòåãðàëîâ, âìåñòî êîñèíóñà ìû ðàññìàòðèâàåì ôóíêöèþ âèäà(

cos(ta1/2)− 1 + at2/2
)
a−2,

äëÿ êîòîðîé îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà óáûâàåò áûñòðåå (ñì., íàïðèìåð, [GraRy,
ðàçäåë 17.13]).

Äîêàçàòåëüñòâî òåîðåìû 2.1. Ïðè t = 0 ðåçóëüòàò (2.5) òðèâèàëåí: cos(tB
1/2
D,ε)|t=0 =

cos(t(B0
D)1/2)|t=0 = I, ïîýòîìó äàëåå áóäåì ñ÷èòàòü, ÷òî t > 0. Ýòî íå îãðàíè÷èâàåò

îáùíîñòè, òàê êàê êîñèíóñ � ÷åòíàÿ ôóíêöèÿ.
Ó÷èòûâàÿ îöåíêó

‖B−1
D,ε − (B0

D)−1‖L2(O)→L2(O) 6 C16ε, C16 := max{1; c−2
[ }C2, (3.1)

âûòåêàþùóþ èç (1.53), (1.54), íà îñíîâàíèè òîæäåñòâà

B−2
D,ε − (B0

D)−2 =
1

2
(B−1

D,ε − (B0
D)−1)(B−1

D,ε + (B0
D)−1) +

1

2
(B−1

D,ε + (B0
D)−1)(B−1

D,ε − (B0
D)−1)

è îöåíîê (1.19), (1.40) ïîëó÷àåì, ÷òî

‖B−2
D,ε − (B0

D)−2‖L2(O)→L2(O) 6 2C1C16ε. (3.2)

Ïîýòîìó ∥∥∥(cos(tB
1/2
D,ε)− cos(t(B0

D)1/2)
)

(B0
D)−2

∥∥∥
L2(O)→L2(O)

6 ‖ cos(tB
1/2
D,ε)

(
B−2
D,ε − (B0

D)−2
)
‖L2(O)→L2(O)

+ ‖ cos(tB
1/2
D,ε)B

−2
D,ε − cos(t(B0

D)1/2)(B0
D)−2‖L2(O)→L2(O)

6 2C1C16ε+ ‖ cos(tB
1/2
D,ε)B

−2
D,ε − cos(t(B0

D)1/2)(B0
D)−2‖L2(O)→L2(O).

(3.3)

Ïóñòü a > 0 � ïàðàìåòð. Ñïðàâåäëèâî òîæäåñòâî(
1

2
at2 − 1 + cos(t

√
a)

)
a−2 =

1

2πi

∫
Reλ=c

λ−3(a+ λ2)−1eλt dλ, c > 0. (3.4)

Â ýòîì íåñëîæíî óáåäèòüñÿ, ïîñ÷èòàâ èíòåãðàë â ïðàâîé ÷àñòè (3.4) ïî âû÷åòàì.
Áóäåì ñ÷èòàòü, ÷òî ïîñòîÿííàÿ c â (3.4) ðàâíà

√
c[/t. Ñ ïîìîùüþ ñïåêòðàëüíîé òåî-

ðåìû èç (3.4) âûâîäèì ðàâåíñòâî(
1

2
BD,εt

2 − I + cos(tB
1/2
D,ε)

)
B−2
D,ε =

1

2πi

∫
Reλ=

√
c[/t

λ−3(BD,ε + λ2I)−1eλt dλ. (3.5)

Äëÿ ýôôåêòèâíîãî îïåðàòîðà ñïðàâåäëèâî àíàëîãè÷íîå òîæäåñòâî, ïîýòîìó

cos(tB
1/2
D,ε)B

−2
D,ε − cos(t(B0

D)1/2)(B0
D)−2 = −t

2

2

(
B−1
D,ε − (B0

D)−1
)

+
(
B−2
D,ε − (B0

D)−2
)

+
1

2πi

∫
Reλ=

√
c[/t

λ−3
(
(BD,ε + λ2I)−1 − (B0

D + λ2I)−1
)
eλt dλ.

(3.6)
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Re ζt

Im ζt

ζt

− c[
t2

−2c[
t2

2c[
t2

Ðèñ. 1: Ïàðàáîëà Πt.

Îòñþäà íà îñíîâàíèè (3.1) è (3.2) çàêëþ÷àåì, ÷òî

‖ cos(tB
1/2
D,ε)B

−2
D,ε − cos(t(B0

D)1/2)(B0
D)−2‖L2(O)→L2(O)

6 2−1C16εt
2 + 2C1C16ε

+

∥∥∥∥∥ 1

2πi

∫
Reλ=

√
c[/t

λ−3
(
(BD,ε + λ2I)−1 − (B0

D + λ2I)−1
)
eλt dλ

∥∥∥∥∥
L2(O)→L2(O)

.

(3.7)

Ïåðåéäåì ê îöåíèâàíèþ èíòåãðàëà â ïðàâîé ÷àñòè (3.7). Ñäåëàåì â í¼ì çàìåíó ïå-
ðåìåííîé λt = µ:

1

2πi

∫
Reλ=

√
c[/t

λ−3
(
(BD,ε + λ2I)−1 − (B0

D + λ2I)−1
)
eλt dλ

=
t2

2πi

∫
Reµ=

√
c[

eµµ−3

(
(BD,ε +

µ2

t2
I)−1 − (B0

D +
µ2

t2
I)−1

)
dµ =: I(ε; t).

(3.8)

Áóäåì ñ÷èòàòü, ÷òî µ =
√
c[+iβ, β ∈ R. Ïîéìåì, ãäå ìåíÿåòñÿ âåëè÷èíà ζt := −µ2/t2.

Èìååì
µ2 = c[ − β2 + i2β

√
c[ =: x+ iy. (3.9)

Òîãäà {
x = c[ − β2,

y = 2β
√
c[.

Ñëåäîâàòåëüíî, {
x = c[ − (4c[)

−1y2,

β = 2−1c
−1/2
[ y.

Òàêèì îáðàçîì, âåëè÷èíà ζt ïðîáåãàåò ïàðàáîëó Πt (ñì. ðèñ. 1):

Πt :=

{
ζt ∈ C : Re ζt = −c[

t2
+

t2

4c[
(Im ζt)

2

}
. (3.10)

Ïðè ζt ∈ Πt, Re ζt < c[ + 1, áóäåì ïîëüçîâàòüñÿ àïïðîêñèìàöèåé (1.54) äëÿ ðåçîëü-
âåíòû (BD,ε − ζtI)−1. Îöåíèì âåëè÷èíó %[(ζt) ïðè ðàññìàòðèâàåìûõ ζt ∈ Πt. Èìååì

ζt = −µ
2

t2
=
β2 − c[
t2

− i
2β
√
c[

t2
, β ∈ R. (3.11)
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Ïîýòîìó

|ζt − c[|2 =

(
β2 − c[
t2

− c[
)2

+
4β2c[
t4

.

Ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàõîäèì

|ζt − c[|2 = t−4
(
(β2 − c[t2)2 + 2β2c[ + c2

[ + 2c2
[ t

2
)
.

Îòñþäà

|ζt − c[|−2 6
t2

2c2
[

.

Ïðè ζt ∈ Πt, Re ζt 6 c[, áóäåì ïîëüçîâàòüñÿ îöåíêîé

%[(ζt) 6 max{1; |ζt − c[|−2} 6 max{1; (2c2
[ )
−1t2} 6 c1(t2 + 1); c1 := max{1; (2c2

[ )
−1}.
(3.12)

Ïóñòü ψt = arg (ζt − c[). Ïðè ζt ∈ Πt, c[ < Re ζt 6 c[ + 1, âåëè÷èíó %[(ζt) îöåíèì
ñëåäóþùèì îáðàçîì:

%[(ζt) 6 max{c(ψt)2|ζt − c[|−2; c(ψt)
2} = max{|Im (ζt − c[)|−2; c(ψt)

2}. (3.13)

Èìååì

|Im (ζt − c[)|−2 = |Im ζt|−2 6 |Imζ̂t|−2, ζt ∈ Πt, c[ < Re ζt 6 c[ + 1. (3.14)

Çäåñü ζ̂t � òî÷êà êîíòóðà Πt òàêàÿ, ÷òî Re ζ̂t = c[. (Òàêèõ òî÷åê äâå, ãîäèòñÿ ëþáàÿ.)

Ïóñòü ýòîé òî÷êå îòâå÷àåò çíà÷åíèå ïàðàìåòðà β̂ ∈ R. Òîãäà

Re ζ̂t = c[ =
β̂2 − c[
t2

.

Îòñþäà β̂2 = c[(1 + t2). È â ñèëó (3.14) ïðè ðàññìàòðèâàåìûõ ζt ∈ Πt âûïîëíåíî

|Im (ζt − c[)|−2 = |Im ζt|−2 6
t4

4c[
β̂−2 =

t4

4c2
[ (1 + t2)

6
t2

4c2
[

. (3.15)

Îöåíèì òåïåðü c(ψt). Ïðè ζt ∈ Πt, c[ < Re ζt 6 c[ + 1, î÷åâèäíî âûïîëíåíî c(ψt) 6
c(ψ̃t), ãäå ψ̃t = arg ζ̃t, ζ̃t ∈ Πt, Re ζ̃t = c[+1. (Òàêèõ òî÷åê íà êîíòóðå äâå.) Áóäåì ñ÷èòàòü,

÷òî òî÷êå ζ̃t ∈ Πt îòâå÷àåò çíà÷åíèå ïàðàìåòðà β̃ > 0. Èìååì

c[ + 1 = Re ζ̃t =
β̃2 − c[
t2

.

Îòñþäà
β̃2 = c[ + t2(c[ + 1). (3.16)

Ïîýòîìó (
Im ζ̃t

)2

=
4β̃2c[
t4

=
4c2
[ + 4c[t

2(c[ + 1)

t4
.

Äàëåå,

c(ψ̃t)
2 =
|ζ̃t − c[|2(

Im ζ̃t

)2 =

(
Re (ζ̃t − c[)

)2

+
(

Im ζ̃t

)2

(
Im ζ̃t

)2 =
t4 + 4c2

[ + 4c[t
2(c[ + 1)

4c2
[ + 4c[t2(c[ + 1)

.
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Ïîëüçóÿñü ýëåìåíòàðíûì íåðàâåíñòâîì 1 6 (c[ + 1)2, íàõîäèì

c(ψ̃t)
2 6

t4(c[ + 1)2 + 4c2
[ + 4c[t

2(c[ + 1)

4c2
[ + 4c[t2(c[ + 1)

=
(t2(c[ + 1) + 2c[)

2

4c2
[ + 4c[t2(c[ + 1)

.

Óìåíüøàÿ çíàìåíàòåëü, ïîëó÷àåì

c(ψ̃t)
2 6

(t2(c[ + 1) + 2c[)
2

2c2
[ + c[t2(c[ + 1)

=
t2(c[ + 1) + 2c[

c[
= 2 + (1 + c−1

[ )t2.

Îòñþäà è èç (3.13), (3.15) âûòåêàåò, ÷òî ïðè ζt ∈ Πt, c[ < Re ζt 6 c[ + 1, âåðíà îöåíêà

%[(ζt) 6 max{(2c[)−2t2; 2+(1+c−1
[ )t2} 6 c2(t2 +1); c2 := max{(2c[)−2; 2; 1+c−1

[ }. (3.17)

Îáúåäèíÿÿ (3.12) è (3.17), çàêëþ÷àåì, ÷òî

%[(ζt) 6 c3(1 + t2), ζt ∈ Πt, Re ζt 6 c[ + 1; c3 := max{c1; c2}. (3.18)

Ïóñòü òåïåðü ζt ∈ Πt, Re ζt > c[ + 1. Íà ýòîì ó÷àñòêå êîíòóðà áóäåì îöåíèâàòü
ïîäûíòåãðàëüíîå âûðàæåíèå â (3.8) ñ ïîìîùüþ (1.52). Ïóñòü φt = arg ζt. Çàìåòèì, ÷òî
ñ ó÷åòîì (3.11) âûïîëíåíî

t2|µ−3||ζt|−1/2c(φt)
2 = t−1|ζt|−2c(φt)

2 = t−1|Im ζt|−2 = (4c[)
−1t3β−2. (3.19)

Òåïåðü ìû ìîæåì îöåíèòü èíòåãðàë (3.8). Èìååì

I(ε; t) =
t2

2π

∫ ∞
−∞

e
√
c[eiβ(µ(β))−3

(
(BD,ε +

µ(β)2

t2
I)−1 − (B0

D +
µ(β)2

t2
I)−1

)
dβ,

ãäå µ(β) = c
1/2
[ + iβ. Íà îñíîâàíèè (1.52), (1.54), (3.18) è (3.19) îòñþäà âûâîäèì

‖I(ε; t)‖L2(O)→L2(O) 6
e
√
c[t2

2π

(
εC2c3(1 + t2)

∫ β̃

−β̃
|µ(β)|−3 dβ + εC1(2c[)

−1t

∫ ∞
β̃

β−2 dβ

)
.

(3.20)

(Íàïîìíèì, ÷òî çíà÷åíèå ïàðàìåòðà β = β̃ (ñì. (3.16)) îòâå÷àåò òî÷êå ζ̃t ∈ Πt, äëÿ

êîòîðîé Re ζ̃t = c[ + 1.) Çàìåòèì, ÷òî |µ(β)| > Reµ(β) = c
1/2
[ , è â ñèëó (3.16) âûïîëíåíî∫ β̃

−β̃
|µ(β)|−3 dβ 6 2c

−3/2
[ β̃ = 2c

−3/2
[

√
c[ + t2(c[ + 1) 6 c4(t2 + 1)1/2, (3.21)

ãäå c4 := 2c
−3/2
[ (c[ + 1)1/2.

Äàëåå, ñîãëàñíî (3.16) èìååì∫ ∞
β̃

β−2 dβ = β̃−1 = (c[ + t2(c[ + 1))−1/2 6 t−1(c[ + 1)−1/2. (3.22)

Îáúåäèíÿÿ (3.20)�(3.22), íàõîäèì

‖I(ε; t)‖L2(O)→L2(O) 6 c5εt
2
(
(1 + t2)3/2 + 1

)
, (3.23)

ãäå

c5 :=
e
√
c[

2π
max{c3c4C2; (2c[)

−1(c[ + 1)−1/2C1}.
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Îáúåäèíÿÿ (3.3), (3.7), (3.8) è (3.23), ïðèõîäèì ê îöåíêå∥∥∥(cos(tB
1/2
D,ε)− cos(t(B0

D)1/2)
)

(B0
D)−2

∥∥∥
L2(O)→L2(O)

6 Ĉ7ε
(
1 + t2 + t2(1 + t2)3/2

)
(3.24)

ñ ïîñòîÿííîé Ĉ7 := max {4C1C16; 2−1C16 + c5}. Çàìåòèì, ÷òî ïðè |t| 6 1 ñòàðøàÿ ñòåïåíü
âðåìåíè â ïðàâîé ÷àñòè (3.24) � ýòî t0, à ïðè |t| > 1 ñòàðøàÿ ñòåïåíü � t5. Ñ ó÷åòîì

ýòîãî ñîîáðàæåíèÿ èç (3.24) âûòåêàåò îöåíêà (2.5) ñ ïîñòîÿííîé C7 := 2(1 +
√

2)Ĉ7.
Ñ ïîìîùüþ òîæäåñòâà

B
−1/2
D,ε sin(tB

1/2
D,ε) =

∫ t

0

cos(τB
1/2
D,ε) dτ (3.25)

è àíàëîãè÷íîãî òîæäåñòâà äëÿ ýôôåêòèâíîãî îïåðàòîðà íà îñíîâàíèè (2.5) ïîëó÷àåì
îöåíêó (2.6).

3.2 Äîêàçàòåëüñòâî òåîðåìû 2.3

Äîêàçàòåëüñòâî òåîðåìû 2.3. Àíàëîãè÷íî (3.5) èìååì

cos
(
t(B0

D)1/2
)
(B0

D)−2 = −t
2

2
(B0

D)−1 + (B0
D)−2 +

1

2πi

∫
Reλ=

√
c[/t

λ−3(B0
D + λ2I)−1eλt dλ.

Îòñþäà âûòåêàåò, ÷òî

ε
(
Λεb(D) + Λ̃ε

)
SεPO cos

(
t(B0

D)1/2
)
(B0

D)−2 = −εt
2

2
KD(ε; 0) + εKD(ε; 0)(B0

D)−1

+
ε

2πi

∫
Reλ=

√
c[/t

λ−3KD(ε;−λ2)eλt dλ.

Çäåñü KD(ε; ·) � îïåðàòîð (1.58). Ñëåäîâàòåëüíî, ñ ó÷åòîì (3.6) èìååì

cos(tB
1/2
D,ε)B

−2
D,ε − cos

(
t(B0

D)1/2
)
(B0

D)−2 − ε
(
Λεb(D) + Λ̃ε

)
SεPO cos

(
t(B0

D)1/2
)
(B0

D)−2

= −t
2

2

(
B−1
D,ε − (B0

D)−1 − εKD(ε; 0)
)

+
(
B−2
D,ε − (B0

D)−2 − εKD(ε; 0)(B0
D)−1

)
+

1

2πi

∫
Reλ=

√
c[/t

λ−3
(
(BD,ε + λ2I)−1 − (B0

D + λ2I)−1 − εKD(ε;−λ2)
)
eλt dλ.

(3.26)

Ïîñëåäíåå ñëàãàåìîå â ïðàâîé ÷àñòè (3.26) îáîçíà÷èì ÷åðåç I(ε; t).
Íà îñíîâàíèè (1.20), (1.40) è (1.54), (1.60) èìååì

‖B−2
D,ε − (B0

D)−2 − εKD(ε; 0)(B0
D)−1‖L2(O)→H1(O)

6 ‖B−1
D,ε

(
B−1
D,ε − (B0

D)−1
)
‖L2(O)→H1(O)

+ ‖
(
B−1
D,ε − (B0

D)−1 − εKD(ε; 0)
)

(B0
D)−1‖L2(O)→H1(O)

6 C2C2 max{1; c−2
[ }ε+ 2 max{1; c−2

[ }C1C4ε
1/2 6 c6ε

1/2,

(3.27)

ãäå c6 := max{1; c−2
[ }(C2C2 + 2C1C4).

Â ñèëó (1.60), (3.26) è (3.27) âûïîëíåíî

‖ cos(tB
1/2
D,ε)(BD,ε)

−2 − cos
(
t(B0

D)1/2
)
(B0

D)−2

− ε
(
Λεb(D) + Λ̃ε

)
SεPO cos

(
t(B0

D)1/2
)
(B0

D)−2‖L2(O)→H1(O)

6 max{1; c−2
[ }C4ε

1/2t2 + c6ε
1/2 + ‖I(ε; t)‖L2(O)→H1(O).

(3.28)
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Â èíòåãðàëå I(ε; t) ñäåëàåì çàìåíó ïåðåìåííîé λt = µ:

I(ε; t) =
t2

2πi

∫
Reµ=

√
c[

eµµ−3

(
(BD,ε +

µ2

t2
I)−1 − (B0

D +
µ2

t2
I)−1 − εKD

(
ε;−µ

2

t2
))

dµ.

(3.29)

Ñ÷èòàåì, ÷òî µ = µ(β) = c
1/2
[ +iβ, β ∈ R. Âåëè÷èíà ζt(β) = −µ(β)2/t2 ëåæèò íà ïàðàáîëå

Πt (ñì. (3.10)). Ïðè −β̃ 6 β 6 β̃ (çäåñü β̃ îïðåäåëåíî â (3.16)) áóäåì ïîëüçîâàòüñÿ
îöåíêîé (1.60). Çàìåòèì, ÷òî â ñèëó (3.9)

ε1/2%[(ζt)
1/2 + ε|1 + ζt|1/2%[(ζt) 6 ε1/2%[(ζt)(1 + (1 + |ζt|)1/2)

6 ε1/2%[(ζt)
(

1 +
(
1 + t−2(c[ + β2)

)1/2
)
.

Îòñþäà è èç (1.60), (3.16), (3.18) ñëåäóåò, ÷òî

‖(BD,ε − ζt(β)I)−1 − (B0
D − ζt(β)I)−1 − εKD(ε; ζt(β))‖L2(O)→H1(O)

6 ε1/2(1 + t2)c3C4

(
2 + t−1(c

1/2
[ + β̃)

)
, −β̃ 6 β 6 β̃.

(3.30)

Ïðè |β| > β̃ ïðèìåíèì (1.61) è ó÷òåì îöåíêó

|µ(β)|−3 c(φt)
2

|ζt(β)|1/4
= t−3|ζt(β)|−3/2 c(φt)

2

|ζt(β)|1/4
= t−3 |ζt(β)|1/4

|Im ζt(β)|2

= t−3 (t−2(β2 + c[))
1/4

t−44β2c[
6 (4c[)

−1t1/2(β−3/2 + c
1/4
[ β−2)

è ðàâåíñòâî

c(φt)
3/2|µ(β)|−3 =

|ζt(β)|3/2

t3|Im ζt(β)|3/2
|ζt(β)|−3/2 = 2−3/2c

−3/4
[ β−3/2.

Ïîëó÷àåì

|µ(β)|−3‖(BD,ε − ζt(β)I)−1 − (B0
D − ζt(β)I)−1 − εKD(ε; ζt(β))‖L2(O)→H1(O)

6 C5ε
1/2
(
t1/2(4c[)

−1(β−3/2 + c
1/4
[ β−2) + 2−3/2c

−3/4
[ β−3/2

)
.

(3.31)

Èç (3.29)�(3.31) è îöåíêè |µ(β)| > c
1/2
[ ñëåäóåò, ÷òî

‖I(ε; ζ)‖L2(O)→H1(O) 6
t2e
√
c[

2π

(
c3C4(1 + t2)ε1/2

(
2 + t−1(c

1/2
[ + β̃)

)∫ β̃

−β̃
|µ(β)|−3 dβ

+ 2ε1/2t1/2(4c[)
−1C5

∫ ∞
β̃

(β−3/2 + c
1/4
[ β−2) dβ + 2ε1/2C52−3/2c

−3/4
[

∫ ∞
β̃

β−3/2 dβ
)

6
t2e
√
c[

2π

(
c3C4(1 + t2)ε1/2c

−3/2
[

(
2 + t−1(c

1/2
[ + β̃)

)
2β̃ + ε1/2t1/2c−1

[ C5β̃
−1/2

+ ε1/2t1/2(2c[)
−1c

1/4
[ C5β̃

−1 + 21/2ε1/2C5c
−3/4
[ β̃−1/2

)
.

Îòìåòèì, ÷òî â ñèëó (3.16)

(1 + t2)β̃ 6 (1 + t2)3/2(c[ + 1)1/2,

β̃−1/2 6 t−1/2(c[ + 1)−1/4.
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Òîãäà

t1/2β̃−1/2 6 (c[ + 1)−1/4,

t1/2β̃−1 6 t−1/2(c[ + 1)−1/2.

Ñëåäîâàòåëüíî,

‖I(ε; t)‖L2(O)→H1(O) 6 c7ε
1/2t2

(
(1 + t2)3/2(1 + t−1) + t−1/2 + 1

)
, (3.32)

ãäå

c7 := (2π)−1e
√
c[ max

{
2c3C4c

−3/2
[ (c[ + 1)1/2 max{2 + (c[ + 1)1/2; 2c

1/2
[ }; (c[ + 1)−1/4c−1

[ C5;

2−1c
−3/4
[ (c[ + 1)−1/2C5 + 21/2C5c

−3/4
[ (c[ + 1)−1/4

}
.

Îáúåäèíÿÿ (3.28) è (3.32), ïðèõîäèì ê îöåíêå∥∥ cos(tB
1/2
D,ε)B

−2
D,ε − cos

(
t(B0

D)1/2
)
(B0

D)−2

− ε
(
Λεb(D) + Λ̃ε

)
SεPO cos

(
t(B0

D)1/2
)
(B0

D)−2
∥∥
L2(O)→H1(O)

6 Ĉ10ε
1/2
(
1 + t2

(
t−1/2 + 1 + (1 + t2)3/2(1 + t−1)

))
.

(3.33)

Çäåñü Ĉ10 := max
{
C4 max{1; c−2

[ }+ c7; c6

}
. Íàêîíåö, ñîãëàñíî (1.18), (1.19) è (3.1),

‖ cos(tB
1/2
D,ε)B

−1
D,ε(B

−1
D,ε − (B0

D)−1)‖L2(O)→H1(O)

6 c3‖B−1/2
D,ε (B−1

D,ε − (B0
D)−1)‖L2(O)→L2(O) 6 c3C1/2

1 C16ε.

Îòñþäà è èç (3.33) âûòåêàåò îöåíêà∥∥∥(cos(tB
1/2
D,ε)B

−1
D,ε − cos

(
t(B0

D)1/2
)
(B0

D)−1

− ε
(
Λεb(D) + Λ̃ε

)
SεPO cos

(
t(B0

D)1/2
)
(B0

D)−1
)

(B0
D)−1

∥∥∥
L2(O)→H1(O)

6 C̃14ε
1/2
(
1 + t2

(
1 + t−1/2 + (1 + t2)3/2(1 + t−1)

))
.

(3.34)

Çäåñü C̃10 := Ĉ10 + c3C1/2
1 C16. Â çàêëþ÷åíèå çàìåòèì, ÷òî ïðè |t| < 1 ñòàðøàÿ ñòåïåíü

t â ïðàâîé ÷àñòè (3.34) � ýòî t0, à ïðè |t| > 1 ñòàðøàÿ ñòåïåíü � t5. Ñ ó÷åòîì ýòîãî

ñîîáðàæåíèÿ èç (3.34) âûòåêàåò îöåíêà (2.9) ñ ïîñòîÿííîé C10 := (3 + 25/2)C̃10.

3.3 Äîêàçàòåëüñòâî òåîðåìû 2.2

Äîêàçàòåëüñòâî òåîðåìû 2.2. Èñïîëüçóÿ òåîðåìó 2.3, òîæäåñòâî (3.25) è àíàëîãè÷íîå
òîæäåñòâî äëÿ ýôôåêòèâíîãî îïåðàòîðà, íàõîäèì∥∥∥(B−1/2

D,ε sin(tB
1/2
D,ε)B

−1
D,ε − (B0

D)−1/2 sin(t(B0
D)1/2)(B0

D)−1

− ε(Λεb(D) + Λ̃ε)SεPO(B0
D)−1/2 sin(t(B0

D)1/2)(B0
D)−1

)
(B0

D)−1‖L2(O)→H1(O)

6 C10ε
1/2|t|(1 + |t|5), t ∈ R, 0 < ε 6 ε1.

(3.35)

Äàëåå, íà îñíîâàíèè (1.18), (1.40) è (3.1) èìååì

‖B−1/2
D,ε sin(tB

1/2
D,ε)(B

−1
D,ε − (B0

D)−1)(B0
D)−1‖L2(O)→H1(O) 6 c3 max{1; c−2

[ }C2C1ε. (3.36)
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Îáúåäèíÿÿ (3.35) è (3.36), ïðèõîäèì ê îöåíêå (2.7) ñ ïîñòîÿííîé

C8 := 2
(
C10 + c3 max{1; c−2

[ }C2C1

)
.

Ïðîâåðèì íåðàâåíñòâî (2.8). Èç (1.3) è (2.7) ñëåäóåò, ÷òî ïðè t ∈ R è 0 < ε 6 ε1

âûïîëíåíî∥∥∥(gεb(D)B
−1/2
D,ε sin(tB

1/2
D,ε)− g

εb(D)
(
I + εΛεb(D)SεPO + εΛ̃εSεPO

)
(B0

D)−1/2 sin(t(B0
D)1/2)

)
× (B0

D)−2
∥∥∥
L2(O)→L2(O)

6 (dα1)1/2C8‖g‖L∞ε1/2(1 + t6).

(3.37)

Èìååì

gεb(D)
(
I + εΛεb(D)SεPO + εΛ̃εSεPO

)
(B0

D)−1/2 sin(t(B0
D)1/2)(B0

D)−2

= gεb(D)(B0
D)−5/2 sin(t(B0

D)1/2) + gε (b(D)Λ)ε Sεb(D)PO(B0
D)−5/2 sin(t(B0

D)1/2)

+ gε
(
b(D)Λ̃

)ε
SεPO(B0

D)−5/2 sin(t(B0
D)1/2)

+ ε
d∑
l=1

gεbl

(
ΛεSεb(D)Dl + Λ̃εSεDl

)
PO(B0

D)−5/2 sin(t(B0
D)1/2).

(3.38)

×åòâåðòîå ñëàãàåìîå ñïðàâà â (3.38) îöåíèì íà îñíîâàíèè (1.3), (1.63) è (1.64):∥∥∥∥∥ε
d∑
l=1

gεbl

(
ΛεSεb(D)Dl + Λ̃εSεDl

)
PO(B0

D)−5/2 sin(t(B0
D)1/2)

∥∥∥∥∥
L2(O)→L2(Rd)

6 ε(dα1)1/2‖g‖L∞M1‖b(D)DPO(B0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→L2(Rd)

+ ε(dα1)1/2‖g‖L∞M̃1‖DPO(B0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→L2(Rd).

(3.39)

Îáúåäèíÿÿ (1.2), (1.57), (2.15) è (3.39), íàõîäèì∥∥∥∥∥ε
d∑
l=1

gεbl

(
ΛεSεb(D)Dl + Λ̃εSεDl

)
PO(B0

D)−5/2 sin(t(B0
D)1/2)

∥∥∥∥∥
L2(O)→L2(Rd)

6 ε|t|Ĉ9, t ∈ R, 0 < ε 6 1,

(3.40)

ãäå Ĉ9 := (dα1)1/2‖g‖L∞
(
M1α

1/2
1 C

(2)
O + M̃1C

(1)
O
)
C1C3.

Â ñèëó ïðåäëîæåíèÿ 1.1 è (1.2), (1.57), (2.15) èìååì

‖gεb(D)(Sε − I)PO(B0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→L2(Rd)

6 εr1‖g‖L∞‖Db(D)PO(B0
D)−5/2 sin(t(B0

D)1/2)‖L2(O)→L2(Rd)

6 ε|t|r1‖g‖L∞α
1/2
1 C

(2)
O C1C3.

(3.41)

Òåïåðü èç (1.22), (3.37), (3.38), (3.40) è (3.41) âûòåêàåò íåðàâåíñòâî (2.8) ñ ïîñòîÿííîé

C9 := (dα1)1/2C8‖g‖L∞ + Ĉ9 + r1‖g‖L∞α
1/2
1 C

(2)
O C1C3.
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