
Ãèïîòåçà Ðèìàíà è äèîôàíòîâû óðàâíåíèÿ.

Á.Ç. Ìîðîç

1. Êàê èçâåñòíî [1], [2], ëþáîå ïåðå÷èñëèìîå ìíîæåñòâî äèîôàíòîâî.
Äîêàçàòåëüñòâî ýòîé òåîðåìû êîíñòðóêòèâíî, òàê ÷òî äëÿ ëþáîãî ïåðå-
÷èñëèìîãî ïîäìíîæåñòâà S ìíîæåñòâà íàòóðàëüíûõ ÷èñåë N â ïðèíöèïå
ìîæíî ïîñòðîèòü ïîëèíîì PS(t;x) in Z[t,x], x := (x1, . . . , xn), n ∈ N ïîä
óñëîâèåì

S = {a | a ∈ N, (∃ b ∈ Zn) PS(a;b) = 0}.
Ðàçâèòàÿ â õîäå äîêàçàòåëüñòâà ýòîé òåîðåìû òåõíèêà äèîôàíòîâîãî êî-
äèðîâàíèÿ ïîçâîëÿåò ïåðåôîðìóëèðîâàòü ìíîãèå ìàòåìàòè÷åñêèå ïðî-
áëåìû êàê çàäà÷è î ðàçðåøèìîñòè ïîäõîäÿùèõ äèîôàíòîâûõ óðàâíåíèé;
â ÷àñòíîñòè, ãèïîòåçà Ðèìàíà (=: RH) ýêâèâàëåíòíà íåðàçðåøèìîñòè
íåêîòîðîãî äèîôàíòîâîãî óðàâíåíèÿ (ñð. [6], [3]). Öåëü ýòîé çàìåòêè -
ïîñòðîèòü òàêîå óðàâíåíèå (ñð. [7]).

Îáîçíà÷åíèÿ. Êàê îáû÷íî, Z åñòü êîëüöî öåëûõ ÷èñåë, N - ìíîæå-
ñòâî íàòóðàëüíûõ (:= ïîëîæèòåëüíûõ öåëûõ) ÷èñåë, N0 := N∪{0} è ψ(n)
åñòü ôóíêöèÿ ×åáûø¼âà, òàê ÷òî

ψ(n) := í.î.ê. {1, 2, ..., n} ïðè n ∈ N.

Ïîëîæèì

x ∗ y := (a1, ..., am, b1, ..., bn) è L(x) = m, L(y) = n

ïðè x := (a1, ..., am) è y := (b1, ..., bn). Ïîëîæèì, äëÿ êðàòêîñòè,

(∀j ≤ n) A := ∀j ((j ∈ N & j ≤ n) ⇒ A)

è
(∃j ≤ n) A := ∃j (j ∈ N & j ≤ n & A),

ãäå A åñòü êàêàÿ-ëèáî àðèôìåòè÷åñêàÿ ôîðìóëà. Îñòàëüíûå èñïîëüçóå-
ìûå îáîçíà÷åíèÿ ñàìîî÷åâèäíû èëè îáùåïðèíÿòû.

Ñëåäóÿ [3, �6.4], îïðåäåëèì íà N2
0 áèíàðíîå îòíîøåíèå

A(a, b) := ∃c (c > b+ 1 & (1 + 1/c)cb ≤ a+ 1 < 4(1 + 1/c)cb).
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Ëåììà 1. Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:

(∀a ∈ N0 ∃ b ∈ N0) A(a, b)

è
A(a, b)⇒ |b− log(a+ 1)| < 2.

Äîêàçàòåëüñòâî. Ñì. [3, �6.4].

Ëåììà 2. Ãèïîòåçà Ðèìàíà ýêâèâàëåíòíà ñëåäóþùåìó óòâåðæäåíèþ:

(∀n ≥ 73) |ψ(n)− n| < n1/2(log n)2. (1)

Äîêàçàòåëüñòâî. Ýòà ýêâèâàëåíòíîñòü äîêàçàíà â ðàáîòå [8] .

Ïðåäëîæåíèå 1. Îòðèöàíèå ãèïîòåçû Ðèìàíà ýêâèâàëåíòíî ñóùå-
ñòâîâàíèþ ïîëîæèòåëüíûõ öåëûõ ÷èñåë k, l,m, n, óäîâëåòâîðÿþùèõ ñëå-
äóþùèì óñëîâèÿì:

A1 := n ≥ 73; A2 := (∀y ≤ n) y|m; A3 := (∀y ≤ m− 1 ∃x ≤ n) x 6 | y;

A4 := A(m− 1, l); A5 := A(n− 1, k); A6 := (l − n)2 > 4nk4.

Äîêàçàòåëüñòâî. Êàê ïîêàçàíî â [3, �6.4], ýòî óòâåðæäåíèå ñëåäóåò èç
ëåìì 1 è 2.

2. Òåõíèêà äèîôàíòîâîãî êîäèðîâàíèÿ [1] - [3], [5], [6] ïîçâîëÿåò ïî-
ñòðîèòü ïîëèíîìû

Pi(k, l,m, n;x), x := (x1, . . . , xni
), 1 ≤ i ≤ 6,

ñ öåëûìè ðàöèîíàëüíûìè êîýôôèöèåíòàìè òàêèå, ÷òî

Ai ⇔ (∃ b ∈ Zni) Pi(k, l,m, n;b) = 0 ïðè 1 ≤ i ≤ 6. (2)

Òåõíè÷åñêè ïðîùå, îäíàêî, ïîñòðîèòü öåëî÷èñëåííûå ïîëèíîìû

Gi(k, l,m, n;x), x := (x1, . . . , xmi
), 1 ≤ i ≤ 6,

óäîâëåòâîðÿþùèå óñëîâèÿì

Ai ⇔ (∃ b ∈ Nmi) Gi(k, l,m, n;b) = 0 ïðè 1 ≤ i ≤ 6. (3)

×òîáû ïåðåéòè îò ñîîòíîøåíèé (3) ê ñîîòíîøåíèÿì (2), äîñòàòî÷íî âîñ-
ïîëüçîâàòüñÿ òåîðåìîé Ëàãðàíæà, çàìåíèâ íàòóðàëüíûå ÷èñëà â (3) íà
ñóììû ÷åòûð¼õ êâàäðàòîâ öåëûõ ÷èñåë, ñð. [3, �1.3].
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Ëåììà 3. Ïîëèíîìû

G1(k, l,m, n;x) := 72− n+ x1, x := x1

è
G6(k, l,m, n;x) := (l − n)2 − 4nk4 + x1, x := x1

(ñ m1 = m6 = 1) óäîâëåòâîðÿþò óñëîâèþ (3) ïðè i ∈ {1, 6} .

Äîêàçàòåëüñòâî. Ýòî óòâåðæäåíèå î÷åâèäíî.

Ëåììà 4. Â îáîçíà÷åíèÿõ ðàáîòû [4], ïîëîæèì

G2(k, l,m, n;x,b) := (m− b1x1 − b2)2 + (m+ nb3 − b4)2 −H1(x,b)

ñ x := x(1) ∗ ... ∗ x(6), L(x) = 601;

L(x(1)) = L(x(4)) = L(x(5)) = 1, L(x(2)) = 118, L(x(3)) = L(x(6)) = 240 è L(b) = 7.

Ïîëèíîì G2(k, l,m, n;x,b) (ñ m2 = 608) óäîâëåòâîðÿåò óñëîâèþ (3) ïðè
i = 2, ò.å.

A2 ⇔ (∃ x ∈ N601,b ∈ N7) G2(k, l,m, n;x,b) = 0. (4)

Äîêàçàòåëüñòâî. ßñíî, ÷òî

A2 ⇔ (∀j ≤ n ∃ c ∈ N) P (n, j;m, c) = 0

ñ
P (n, j;m, c) := m− jc.

Ïîëàãàÿ
R(n, T ;m) := m+ nT,

ëåãêî íàõîäèì, ÷òî ïîëèíîìû P è R óäîâëåòâîðÿþò âñåì óñëîâèÿì òåî-
ðåìû îá óñòðàíåíèè îãðàíè÷åííîãî êâàíòîðà âñåîáùíîñòè [4, Proposition
6]. Ñîîòíîøåíèå (4) åñòü ñëåäñòâèå ýòîé òåîðåìû.

Ëåììà 5. Â îáîçíà÷åíèÿõ ðàáîòû [4], ïîëîæèì

P (m− 1, j;n, c) := (c1− c3− c5)2 + (n− c1− c4 + 1)2 + (j− c1(c2− 1)− c3)2,

R(m− 1, T ;n) := 9T 2 + (2T + n+ 1)2 + (m+ T 2 + 2T )2

è

G3(k, l,m, n;x,b) := (P (m−1, b1;n,x
(1))−b2)2+(R(m−1, b3;n)−b4)2+H5(x,b)
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ñ
x := x(1) ∗ ... ∗ x(10); L(x(1)) = L(x(4)) = L(x(5)) = 5,

L(x(2)) = 118, L(x(3)) = L(x(6)) = ... = L(x(10)) = 240

è
L(b) = 7.

Ïîëèíîì G3(k, l,m, n;x,b) (ñ m3 = 1580) óäîâëåòâîðÿåò óñëîâèþ (3)
ïðè i = 3, ò.å.

A3 ⇔ (∃ x ∈ N1573,b ∈ N7) G3(k, l,m, n;x,b) = 0. (5)

Äîêàçàòåëüñòâî. Îòìåòèì ïðåæäå âñåãî, ÷òî

A3 ⇔ (∀j ≤ n ∃ c ∈ N5) P (m− 1, j;n, c) = 0.

Ñ äðóãîé ñòîðîíû, íåòðóäíî ïîêàçàòü, ÷òî ïîëèíîìû P è R óäîâëåòâîðÿ-
þò âñåì óñëîâèÿì òåîðåìû îá óñòðàíåíèè îãðàíè÷åííîãî êâàíòîðà âñå-
îáùíîñòè [4, Proposition 6]. Êàê è ïðè äîêàçàòåëüñòâå ëåììû 4, ñîîòíî-
øåíèå (5) âûòåêàåò èç ýòîé òåîðåìû.

Ëåììà 6. Ïóñòü, â îáîçíà÷åíèÿõ ðàáîòû [4],

G0(a, b;x) := (z1 + b− c+ 1)2 + (z2 + y1 − y2(a+ 1)− 1)2+

(z3 − 4y1 + y2(a+ 1))2 + f3(y1, 1 + c, bc;x(1)) + f3(y2, c, bc;x
(2))

ñ
x := c ∗ z ∗ y ∗ x(1) ∗ x(2), z := (z1, z2, z3), y := (y1, y2),

x(j) := (x
(j)
1 , ...,x

(j)
20 ) ïðè j ∈ {1, 2}.

Òîãäà
A(a, b) ⇔ (∃ x ∈ N46) G0(a, b;x) = 0. (6)

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ,

A(a, b) ⇔ ∃c (c > b+ 1 & (1 + c)cb ≤ (a+ 1)ccb < 4(1 + c)cb). (7)

Ñîîòíîøåíèå (6) ñëåäóåò èç ñîîòíîøåíèÿ (7) è ëåììû î äèîôàíòîâîñòè
ôóíêöèè

ϕ : N2 → N, ϕ : (x, y) 7→ xy

âîçâåäåíèÿ â ñòåïåíü [4, Lemma 2].
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Ñëåäñòâèå 1. Ïîëîæèì

G4(k, l,m, n;x) := G0(m− 1, l;x) è G5(k, l,m, n;x) := G0(n− 1, k;x),

òîãäà

Ai ⇔ (∃ x ∈ N46) Gi(k, l,m, n;x) = 0 ïðè i ∈ {4, 5}. (8)

Äîêàçàòåëüñòâî. Ñîîòíîøåíèå (8) ñëåäóåò èç (6) ïðè

(a, b) = (m− 1, l), i = 4 èëè (a, b) = (n− 1, k), i = 5.

Îáîçíà÷åíèå. Ïîëîæèì

G(z) :=
6∑

i=1

Gi(k, l,m, n;y(i))2

ñ
z := (k, l,m, n) ∗ y, y := y(1) ∗ ... ∗ y(6), L(z) = 2286;

L(y(1)) = L(y(6)) = 1, L(y(2)) = 608, L(y(3)) = 1580, L(y(4)) = L(y(5)) = 46.

Òåîðåìà 1. Ãèïîòåçà Ðèìàíà ýêâèâàëåíòíà óòâåðæäåíèþ

(∀ z ∈ N2286) G(z) 6= 0.

Äîêàçàòåëüñòâî. Ýòî óòâåðæäåíèå âûòåêàåò èç ïðåäëîæåíèÿ 1, ëåìì
3 - 5 è ñëåäñòâèÿ 1.

3. Îòêðûòàÿ ïðîáëåìà. Ïîñòðîèòü äîñòàòî÷íî ïðîñòîå äèîôàíòîâî
óðàâíåíèå, íåðàçðåøèìîñòü êîòîðîãî ýêâèâàëåíòíà ãèïîòåçå Ðèìàíà.
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