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Optimal multidimensional continued fractions

Simon Bliudze∗

This paper in Russian consists of the dissertation submitted by the author in
1998 to fulfil the requirements of the Department of Mathematics and Mechanics
of the Saint-Petersburg State University (Russia) for obtaining the Specialist
degree.1 The dissertation was prepared under the supervision of Prof. Andrei
A. Lodkin.

The main objective of the presented work was to identify candidates for the
multidimensional generalisation of the golden ratio, based on its interpretation
as a continued fraction.

Indeed, all the coefficients of the continued fraction expansion of the golden

ratio, 1+
√
5

2 , are equal to 1. This makes it the solution of many optimisation
problems. For instance, its approximation by rational fractions is the slowest
among reals. Two other examples of such optimisation problems are mentioned
in the paper: phyllotaxis2 and the distribution of points of an irrational arith-
metic progression on a unit circle3.

We consider the integer lattice within the space Rn+1 and its basis A =
(A0, . . . , An). The generalised continued-fraction-type expansion of this basis
along a given direction l0 ∈ Rn+1 is a sequence of basesA(i) = {A0(i), . . . , An(i)},
with i = 0, 1 . . . , such that A = A(0) and, for all i,

1. l0 belongs to the first hyperoctant of A(i),

2. the basis Ai+1 is obtained from Ai by changing one of its vectors as follows:

∃b ∈ Zn
+ :

{
An(i+ 1) = A0(i) +

∑n
j=1 bjAj(i),

Aj(i+ 1) = Aj+1(i), for j 6= n ,

i.e. if A(i + 1) = A(i)B, where B =



0 0 . . . 0 0 1
1 0 . . . 0 0 b1
0 1 . . . 0 0 b2
...

... · · ·
...

...
...

0 0 . . . 1 0 bn−1
0 0 . . . 0 1 bn
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2https://en.wikipedia.org/wiki/Phyllotaxis
3Among all irrational arithmetic progressions, the points of that whereof the step is equal

to the golden ratio, are distributed on a unit circle in the most even manner possible.
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generator matrix.

Notice that b and B in this definition depend on i. They generalise the continued
fraction coefficients. Notice also, that, since both A(i) and A(i + 1) are bases,
we have det(B) = 1.

In order to identify a candidate for the two-dimensional generalisation of the
golden ratio, we recall that

1. its continued fraction expansion has the period 1,

2. among all reals, its approximation by rational fractions is the slowest.

Therefore, we consider generalised continued-fraction-type expansions of the
standard Euclidean basis that are periodic, i.e. whereof generator matrices do
not depend on i. Among such expansions, we have to identify those with the
slowest convergence.

Given a 1-periodic expansion with the 3×3 generator matrix B, its expansion
direction l0 is an eigenvector of B with the corresponding eigenvalue λ, such
that |λ| > 1. Let µ1 and µ2 be the other two eigenvalues of B, with |µ1| ≤ |µ2|.
Denoting by ρ(X) the distance from the point X ∈ Rn+1 to the straight line
passing through the origin and parallel to l0, we show that, for all k ∈ N and
j ∈ [0, n],

|µ1| ≤
ρ
(
Aj(i+ 1)

)
ρ
(
Aj(i)

) ≤ |µ2| .

We conjecture that the expansion convergence is slowest, when |µ1| = |µ2|.
When this equality holds, we also conclude that the expansion converges the
slowest, when |λ| is the lowest. Additionally, it is known that for the expansion
to converge at all, λ must be a Pisot number.4

Based on the above constraints, we show that the slowest convergence—
hence, also the candidate for the two-dimensional generalisation of the golden
ratio—is provided by the expansion of the standard Euclidean basis generated

by the matrix B =

 0 0 1
1 0 1
0 1 0

 along the direction

 1
λ2

λ

, where λ =

1.3247 . . . is the real root of the polynomial x3 − x− 1 (the plastic number).

The paper is structured as follows. Section 1 provides a brief summary of
the paper. Section 2 presents the necessary background on continued fractions
and their geometrical representations. Section 3 discusses phyllotaxis and the
problem of even distribution of arithmetic progression points on a unit circle.
Section 4 presents the multidimensional generalisations of continued fractions.
Section 5 concludes the paper by using these generalisations to propose a can-
didate for the two-dimensional generalisation of the golden ratio.

4https://en.wikipedia.org/wiki/Pisot-Vijayaraghavan_number
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