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Online-centered Gaussian processes

and applications

A1 Nazarov* and Ya.Yu. Nikitin**

Abstract

We establish various properties of the online centering of Gaussian processes and

discuss their application to goodness-of-fit testing.
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The operation of online centering was introduced in [8]. For a Gaussian process X on

[0, 1], we consider the process
1 x
X(z) = X(z) — ;/X(t)dt.
0

Proposition (|8, Example 4|, |5, Proposition 6.3]). The online centered Brownian

motion is spectrally equivalent to the usual centered Brownian motion:

W(z) ~ W(z) = W(z)— / W (t) dt. (1)
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In [8] this fact was proved by the Laplace transform while in [5] a direct calculation of

the spectrum of W was given.

In this paper we demonstrate the operator nature of the relation (1) and show that a

similar identity holds for the entire class of online centered Gaussian processes.

Let A and B be compact operators in a Hilbert space H. We call A and B spectrally
equivalent and write A ~ B if their non-zero eigenvalues coincide (with the multiplicities).
A typical example of such operators is given by operator products AB ~ BA, see, e.g.,
[1, Section 3.10].

Also we call two Gaussian random functions X and Y spectrally equivalent and write
X ~ Y if their covariance operators Kx and Ky are spectrally equivalent. The notion
of spectral equivalence was introduced in the recent paper [14]| though examples of such
functions, both in univariate and in multivariate case, were known much earlier, see the

references in [14].

We define some operators in Ly(0, 1): operators of integration from the left and from
the right

x 1

(Tu)(x) = /u(t) dt, (T*u)(x) = /u(t) dt,

the orthogonal projector onto the subspace of constants, the multiplication operator

1

(Pu)@) = [ult)de,  (Su)e) = wula),

0

and the operator of online centering

Proposition 1. The following identities hold:
T*T=1-P; TT =1 (2)

This statement shows that operators T and T* form, respectively, the left and the
right shifts in Ly(0,1). This fact was proved in [2], see also [9, Theorem 1.1]. We give

here an elementary proof for the reader’s convenience. We have

TTu= (I —T*S™)(I — S 'T)u,



1.e.

(T*Tu)(z) = u(x) ——ju(t) dt—j@dpr/ltlz/tu(s) dsdt.
Since ’ : v
/1<u§f) _t%/tu(s)d )t = (%/tu(s) ds) lZ/IU(t) dt—%/xu(t)dt,

(Trfr*u)(x):u(x)—1/Iu(t)dt—/1@dt+i/$/l@dsdt.

Integration by parts annihilates three last terms, and the statement follows. 0
Now we can formulate our first main result.

Theorem 1. For any zero mean-value Gaussian process X(x) on [0, 1], the online

centered process X (x) is spectrally equivalent to the usual centered process:

1
X(z) ~ X(z) = X(z) — /X(t) dt. (3)
0

Proof. Tt is easy to see that the covariance operators of the online centered and the

usual centered process admit the representation
Kp=TKxT;  Kz=(I—-P)Ky(I—P).

Therefore, we can write down the following chain:
T- [KxT*] ~ [KxT*]-T = Ka(I — P) = [Kx(I = P)] - (I = P) ~ (I = P)- [Kx(I - P)],

(the equality (e) follows from Proposition 1), and the statement follows. O

Remark 1. Notice that the online centered Brownian motion is a Green Gaussian
process, i.e. its covariance function is the Green function of a boundary value problem

for an ordinary differential operator, see |5, Proposition 6.3]. Since the spectral theory
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of ODOs is well developed, this fact always helps a lot in search of the spectrum, see,
e.g., [13], [10]. In contrast, for many Green Gaussian processes, the corresponding online
centered process is NOT a Green Gaussian process. For instance, this is the case for the
Brownian bridge. However, the equivalence (3) associates the spectrum of B with that of
B which is known long ago, see [18].

Another interesting example is related to the fractional Brownian motion (FBM) W#

that is a zero mean-value Gaussian process with covariance function

1
5($2H+y2H_ |x_y|2H)7 T,y € [071]7

(here H € (0,1) is the so-called Hurst index, the case H = § corresponds to the standard

Brownian motion). Using Theorem 1 we obtain

GWH (SC, y) =

WH(z) ~ WH(z).

Notice that all fractional processes are not Green Gaussian processes, and their spec-
trum is not known exactly. However, recently the sharp spectral asymptotics for W#

were obtained in [11] using a breakthrough approach of [3].

Remark 1 generates a natural question, for which Green Gaussian processes corre-
sponding online centered process is again a Green (Gaussian process. A partial answer is

given by the following theorem.

Theorem 2. Let X(x) be a zero mean-value Green Gaussian process on [0, 1]. Denote

by X (x) the left-integrated process
X(x):/X(t)dt, x € [0, 1].
0

Then the online centered process X (x) is also a Green Gaussian process.

Before giving the proof we recall that the assumption of theorem means that the

covariance function Gx satisfies
LGx(y)=6(-—y);  Gx(,y) € Dom(L), (4)
where L is a self-adjoint ordinary differential operator of order 2/,
L= (-1)D* (pg(x)Dz) + D1 (pg,l(w)Dg’l) + -+ po(x)

(here D stands for the differentiation operator, and py(x) > 0) and the domain Dom/(L)

is defined by 2¢ boundary conditions. In operator terms, (4) can be written as LKy = I.
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Proof. 1t is easy to see that the covariance operators of X and X admit the represen-
tation
Ky =TExT*:  Ky3=TTKxT'T".

We begin with the identity
TT = S7'TS, (5)

which follows from a simple integration by parts formula

]tf(t)dt:x]f(t)dt—]jf(s) dsdt.

Ky =ST'"TSKxST*S™".

So, we obtain

We invert the operator factors consequently and arrive at LK 7 =1, where L is an ODO
of order 2¢ 4 2 given by
L=zDr 'Lz Dx.

Since for every u € Ly(0,1) we have

(ST*S~ ) (1) =0, KxST*S™'u € Dom(L), (K 5u)(0) =0,

-~

the domain Dom(L) is defined by 2¢ + 2 boundary conditions
u(0) = 0; 2~ 'Dzu € Dom(L); (Lx ' Dau)(1) = 0.

Thus, the covariance function G5 satisfies

-~

ZG)?(‘:ZJ):(S(‘—Q)§ G5(-,y) € Dom(L),
and the statement follows. 0

Remark 2. In the case where L is an operator with constant coefficients, the funda-
mental system of solutions to the equation Lu = pu can be written in terms of elementary
functions, see [12]. We stress that this family of explicitly solvable ODEs is not included
into classical handbooks [4, 16].

Next, by virtue of the Karhunen—Loeve expansion, spectrally equivalent Gaussian
functions have equally distributed Lo-norms. By Theorem 1, the following identity in law

holds for any zero mean-value Gaussian process X'(x) on [0, 1]:

~ d e
HXH%Q(OJ) = HXH%Q(O,H
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However, we provide a much stronger statement.

Theorem 3. Let X(z) be arbitrary random process on [0, 1], square integrable a.s.
Then

||X||%2(0,1) = ||X||%2(0,1) a.8.

Proof. Using Proposition 1 we derive
1 1 1
/f%ﬂhiﬂﬁywﬁ:/@ﬁxmyﬂﬂﬁ
0

0 0
1

_/w—Pwmyx@ﬁ_/m>Pmy@ﬁ_/§%ML

0 0

1

and the statement follows. O

The results obtained above may have an unexpected application to nonparametrric
statistics, namely to goodness-of-fit testing. Consider the classical empirical process built

on a uniform sample on [0, 1]

&) = Vn(Fu(t) —1), 0 <t < 1,

where F,,(t) is the empirical distribution function. The functionals of the empirical process
are the famous nonparametric statistics such as Kolmogorov, Cramér—von Mises, Watson,
Anderson—Darling statistics, and many others.

All them are used for goodness-of-fit testing. It is well known, see, e.g., the classical
monograph [17] that the empirical process converges weakly in the Skorokhod space D]0, 1]
to the Brownian bridge, and therefore the limiting distributions of statistics listed above
coincide with these of Brownian bridge, and therefore are well studied.

In nonparametric statistics, the researchers are very interested in transformations of
the empirical process and in functionals from such processes in the hope of finding new,
more powerful or efficient tests for fit. The examples of such transformations are the
extracting of the martingale part and more general constructions due to Khmaladze [6],
[7] or the so-called Deheuvels empirical process [15].

The online centered empirical process has never been considered in this context. It

has the form

é\n(t) = gn(t) - %/gn(5>d5’, 0<t<1.
0

This process converges in Skorokhod space to the process B which is spectrally equivalent

to the usual centered Brownian bridge B by Theorem 1.



1 A~
The corresponding w?-type statistic [ &2(¢)dt not only has the same limiting distribu-
0

— 1 —
tion as || B||7, ) but equals the Watson statistics [ &7 (¢)dt almost surely by Theorem 3.
0

However, it would be interesting to calculate and compare the local Bahadur asymptotic

efficiency of other statistics based on En against standard alternatives.
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