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BBenenune

Hacrosmmas nuccepraiiust IOCBsIIEHa W3yUYEHUIO HAJAPYII MCKIIOUUTE b-
HbIx rpyin Hlesaje B pasiuuHbiX €CTECTBEHHBIX BJIOXKEHUSIX.

JInneitnbie ajarebpanveckue TpyIibl U, B dacTHocTH, rpynnbl [leBasiie, ak-
TUBHO M3YUAIOTCs C CEPEJIMHbBI TIPOIIJIOTO CTOJIETHsI. DTON TeMe MOCBSIIIEHO OI'POM-
HOE KOJIMIeCTBO crareil u MoHorpaduit. OCHOBbI COBPEMEHHOIO 10/IX0/1a K TEOPUU
JMHEHHBIX aIreOpanvIecKux IPYIT ObUTH 3aJ0KeHbl B cTaThax Komanna [50], [51],
[lesasute [26], |72] u Bopens [36] B 50-e roapr XX Beka. OjiHOil U3 KJIIOUEBDIX
XapaKTEePUCTUK ITUX PabOT ObLIO PACCMOTPEHKE I'PYIIIT HAJL [OJIEM TPOU3BOJILHOM
xapakrepucruku. Yxe B paborax [26], [39] Gbuia nocrpoena rpymiosas cxema
HaJi Z, 9TO OTKPBLIBAJIO BO3MOXKHOCTHU JIJIsI U3YUEHUs aJrebpanvdecKux Pyl HaJl
IIPOM3BOJILHBIM KOJIbIIOM. Elrie OoJjiee mmpokoe o0oOIeHue ObLIo JJOCTUIHYTO B
paMKax si3bIKa I'PYIIOBBIX CXeM; B dacTHocTH, pedysabrarhl [lesase [26], [72]
ObLIIN TIEpEHECeHbI Ha peyKTuBHBIE rpymnoBbie cxembl M. lemasziopom n A. I'po-
rernnkom B SGA [41].

3ajiaua OMMCAHUS IIPOMEXKYTOUHBIX OAIPYIII 3aHUMAET OJHO U3 HEHTPAJIb-
HBIX MECT B M3ydeHuu ajrebpawdeckux rpymi. Jis ciydas ajrebpamdecku 3a-
MKHYTOI'O TI0JIsl, KaK [PaBIJIO, BO3MOXKHO MOJIHOE PEeIeHne PasHoo0pasHbiX 3314
OIUCAHUST TPOMEXKYTOUHBIX A.A2€0PAUYECKUT TIOJIPYII, HO YXKe IPU Hepexo/ie K
IIPOU3BOJLHOMY II0JII0 HEKOTOPLIE BOIMPOCHI, TUIA KJIACCUMDUKAIME 6CEL MaKCH-
MaJIbHBIX MOATPYII B (M30TPOITHBIX ) MOJTYTIPOCTHIX MPYTIIAX CTAHOBITCS 3aBEJOMO
OeCCMBICTIEHHBIMH.

BaxknbiM 001MM KOHTEKCTOM JIJIsi PACCMOTPEHUS MOA00HBIX 3a1a4, Mpeia-
PAIOIIMM CXEMY KJaCCH(PUKAIMU MAKCUMAJIbHBIX HOAIPYIII aJredpandecKux rpylill,
spasercsa subgroup structure theorem Maiikna Ambaxepa ([28], [29], [30], [49],
|55]) 1 ocobenmo nuTepecHbie B Hateil cuTyanun 0000IEH s Ha HCKITIOUUTEbHbIE

rpyTibl, noiaydentbiii Maprunom Jlubekom u Fapu Seiiriem ([68], [54], [69], [70],
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[56], [86], [53], [71]). C 2roit TouKM 3peHUst BEJIOCH U3yUYEHUE HAJIPYIII KJIACCHTe-
CKUX TPYMI (3TO MakKCHMaJbHbIE MOArPYyNIbl u3 Kiacca Ambaxepa Cg). IlosmHoe
ONMUCaHWe TAKWX HAJPYNI HaJ, KOMMYTATHBHBIM KOJIBIIOM MOJIYUe€HO B padoTax
Hukosnasi BasusioBa u Bukropa Tlerposa [11], [12], [18]. B nacrosiueit pabore
OJIy Y€HbI AHAJOTMIHBIE PE3YJIbTATHI JIJIs HEKOTOPHIX THUIIOB BJIOKEHWUH MCKITFOTH-
TEJIbHBIX TPYIIIL.

M3ydenne MCKJIIOUYATETHLHBIX I'PYII BEJIOCH BMECTe ¢ U3YUYEHWEM KJIacChude-
CKUX I'PYII B 00IIeM KOHTEKCTE ajiredpandeckux rpyri HauuHas ¢ 1950-x rojios.
Buecte ¢ Tem, BO MHOIHX BOIPOCAX CleruuKa NCKJIIOUUTEbHBIX CJIYIaeB JIJIaeT
HPAKTUYECKU HEBO3MOXKHbBIM MX aHaJjin3 6€3 pacCMOTpeHMs OTJI€JIbHO KAy 00 UC-
KJIOUATEeIbHOro Tria. g Takoro paccMorpenus B paborax Hukosas Basuiosa
u ero yuennkos [82], [84], [83], [64], |6], [9] ObL1 pazBuT METO/ ABHBIX MATPUIHBIX
BBIUUCICHUI B MCKJIIOUATEIHHBIX IPyTax. Kro ocHOBbI — cTaOMIbHBIE BHITUCTIE-
HUSl B JIMHEIHBIX 1PeJICTaBjieHusix — Oblin 3ajiokenbl Xujeida Maiymoro [60] u
Maiikiaom Craitaom [76]. OTMeTHM, 9TO O/ HCKITIOUUTETHHBIMA TPYIITAME 3/16Ch
MOJIPa3yMEeBAIOTCA B TIEPBYIO ouepeib rpynmbl TuoB Eg n 7. I'pynna I[leBasre
tuna Fy peasusyercst namu kak cBopaumBanue rpynmb [lesasie tuna Eg (cwm.
riaBy 3). [pynma tuna Go Bo MHOIMX BOIPOCaX ropas/io OJinxKe K KJIacCuIecKuM
rpytnam tuiioB Bg u Dy. Uzydenue rpyuibt tuna Eg ¢ HOMOIIBIO 9TUX METOJIOB
TOXKE BO3MOYKHO, HO COTPS’KEHO C JIOTOJHUTEJBHBIMU CJIOKHOCTSAMU: €€ MWHU-
MaJIbHOE TIPeJICTaB/IeHne He sIBJIAeTCI MIKPOBECOBDLIM.

[lepeauncinm ocHOBHBIE Pe3ysbTaThl paboThl. B mepBoii rimaBe Mbl BHITUCIIS-
em HopmaJimzarop rpyuibl G(Eg, R) B GL(27, R). Kak x0opolio ussectHo, noJiHyo
OPTOTOHAJILHYIO TPYTITY TIPOIE BCETO MBICTUTH ceOe KaK CTaDMIM3aTOP KBaPH-
ku. B pabore 8] mosyuen aHasoruaHbIi pe3yJIbTAT sl UCKTIOUUTEIbHON MDY TIIIhI
tuna Eg. A umenno, tam nocrpoena addunnas rpymmosas cxema G(Eg, —), Ko-
Topas siBjisiercst HopmasuzaTopom G(Eg, —) B GLar. Cuieptytomast reopema yrsep-
XKJIAET, 9TO ITOT «CXEMHbBI» HOPMAJIU3ATOP COBIA/IACT C «ITOTOYCTHBIMY JIJIsT JTFO-

60ro KOMMyTaTUBHOTO Kojtblla K. HamoMHUM HECKOJILKO 0DO3HAYEHW U3 TeOpUn
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rpyui. Ilycrs Hy, Ho — noarpynnst rpyiibt G. Tpancnopmepom nogarpyuinst Hy

B TOArpyny Hy HA3BIBAETCS MHOYKECTBO
Trang(H., Hs) = {g € G | g 'Hig < H>}.
B gacraom ciyaae Hy = Hy = H nonydaeMm HOpMaiu3amop:
Ng(H) = Trang(H, H).
OCHOBHBIM pPe3yJIBTATOM TIEPBOM TJIABBI SIBJSIETCS CJEAYIONAsT TEOPEMA.

Teopema A. IIycmv R — aboe xommymamusnoe xoavyo. Tozda
N(E(E6, R)) = N(G(E(,‘, R)) = Tran(E(EG, R), G(Eﬁ, R)) = E<E6, R),

2de mopmasusamopv. u mpancnopmep bepymes 6 epynne GL(27, R).

Pazyiesn 1.1 HOCUT 1IOJINOTOBUTEJIbHBIN XapaKTep; 37eCh cOOpaHbl OCHOBHbLIE
obo3HaveHus u Haubosiee BaxKHbIe (PaKTbl, Kacatoiumecs rpymn Illesajse Ha
KoJibIlamMu. [IpuBojuTCs Kparkoe omnucaHue mocrpoeHust ap@UHHONW TPYIITIOBO
cxembl [leBasuie—/lemaziopa. B pazjesie 1.2 mbl paccmarpubaem 60Jiee KOHKpeET-
HYIO CUTYAINIO: MUHEMAaJIbHBIE IIpencTapienus rpynn [lesasie Tunos Eg u E7. B
pazjiesie 1.3 onucaHbl BayKHble HHBAPUAHTHI MUHUMAJILHOT'O IIPEJICTaBJICHHS I'PYII-
el Trtia, Eg: kyOndeckast n cBsizanubie ¢ Heit (hopmbl. OCcHOBHAsST Teopema, mepBoit
ryiaBbl, Teopema A Jokaszana B pasjesie 1.4. B pazjese 1.5 ssBHO IPUBEJICHBI YPaB-
HeHWsl, KOTOpbIMHU 3aj1aercs HopMmasusarop G(Eg, R) B GL(27, R).

Bropas ryiaBa mnocssiieHa BOIPOCY KJacCUpUKAIUA HAJATPYIIT dJIeMeHTap-
woit nojrpynisl E(®, R) rpynnst [lesase tuna & = Eg, E7 8 MunuMainabix
HEITPUBOINMBIX TTPEJICTABJICHUSIX, HaJ KOMMYTAaTHBHBIM KOJbIOM R. ITomobHbiM
3a/la9aM OIUCAHUs HAJIIPYIII MTOCBSIIEHO OOJIBIIOE KOJMIECTBO paboT, HO 1O/ aB-
JIsifolee OOJIBIMMHCTBO M3 HUX KacaeTcs KJIACCUUEeCKUX IPYII, U IOUYTH BCErJa

pacCMaTPUBAIOTCS TPYIIbL Hat osieM. Takosbl paborer Has [42], [43], [44], Kunra

[47], [48], Tu Tanaxsr [57], [58], [59]. JInus B Hegasanx paborax H. A. BaBusiosa
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u B. A. Ilerposa [11], [12] nosydeno cranjapTHoe OlMcaHUsi HAJIPYIITT CHMILJICK-
TUYECKON W OPTOTOHAJILHON 3JIEMEHTAPHBIX MPYII JIJIsI Caydas KOMMYTaTHBHOTO
KoJIbIIa, a B pabore B. A. Ilerposa [63| — omucanue HarpyIn yHUTAPHBIX TPYIII
B cMbIicse Baka 151 TpOM3BOILHOTO KOJIbII, ¢ HEKOTOPHIM OTPAHUIECHUEM Ha, JIO-
KaJbHBIN CTaOMIbHBIN panr. CXOMHBIM BONPOCAM MOCBSIIEHbl paboThl XoHa FO
187], [88].

JlokazaTesIbCTBO MOJOOHBIX TEOPEM O CTAHIAPTHOM ONMUCAHUN JIJIsT UCKJTIOUH-
TEJILHBIX TPYIIIT TPEACTaBIIsLI0 Obl 60sbINoi nHTepec. [losgcHuM, 4To 9TO O3HATAET.
Mbi pacemarpusaem rpyiiy G(®, R) B MUHUMAaJILHOM HEIPUBOJUMOM HPEJICTAB-
aenun kak noarpyuny 8 G = GL(n, R); upu stom n = 27 B cayuae ¢ = Eg,
n = 56 B ciydae ® = E7. ['0BOpsT, UTO BBIIOJHEHO cmaHdapmHoe onucaHue o
rpyun B GL(n, R), conepxamux E(P®, R), eciu juist j11060ii Takoii nojrpymns: H

cyniecrsyer ejuacTBennbiii uiean A < R raxoii, uro
E(®,R)E(n,R,A) < H < Ng(E(®,R)E(n, R, A)),

rie E(n, R, A) = E(n, A)PR) — oraocurensras sinementapuas rpymma, a Ng
O3HAUAET B3ATHE HOpMaau3aTopa B rpyiie G. s HCKIIOUNTEIBHBIX IPYIIIT THIIA
E¢ u E7 B ux MUHMMATBHBIX HEMPUBOAUMBIX TIPEJICTABICHUIX (pasMepHocTeit 27
1 56 COOTBETCTBEHHO) HEM3BECTHO, UMEET JIM MECTO CTaHJAPTHOE OMUCAHNUE, JaiKe
B ciiydae, Korja R — mnoJe.

OCHOBHBIM PE3yJIBTATOM BTOPOMN IJIaBbI SIBJISIETCST CJICYIOINIAsT TEOPEMA.

Teopema B. IIycmo H — nodepynna ¢ GL(n, R), codepocawan E(P, R), npu-
wem 2,3 € R*. Toeda cywecmesyem eduncmeennoiti nauborvwut udeasr A < R

maxoti, wmo E(n, R, A) < H. Ipu smom, ecau ty,(§) € H daa nexomopux

A €N XNF#pu, moé e A.

Unean A, urypupyiomuii B TeopemMe, Ha3LIBACTCSI HUNCHUM YPOGHEM TIOM-
rpyumbl H; Takium oOpa3oM, JJOKa3aHO OJIHO U3 BKJOUEHUH, HEOOXOUMbIX JIJIsl I10-

JIy9eHHUsI CTAaHJAPTHOTO OMUCAHUS MOArpYyIIl. A uMmenno, Mbl Haunia uaean A < R
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Takoit, uro nojrpynna E(®, R)E(n, R, A) copepxxurcs B H. Dra noarpyina ss-
JISIeTCsT COBEPITEHHOM (CM. mpejioxkenue 2.3)
s rpynnnl tuna Er, BUauMO, cTangapTHOE ONUCAHUE JIOJIZKHO BBITVISIIETD

CJIOYKHEE: HeODXOJIMMO paccMaTpuBaTh I'PYIIILY
EEL(56, R, A, B) = E(E;, R)E(56, R, A) Ep(56, R, B),

rae A € B — jaBa njeasia B R. 970 ¢BsI3aHO ¢ TeM, 9TO IpyIia Tuiia F7 BKJaabiBa-
eTcs B MOAXOJANIYIO cuMILIekTrHueckyio rpynny Ep(56, R). st ciydas & = Fry,
TaKUM 00Pa30M, Mbl CTPOMM CEPHIO IIPOMEXKYTOUHBIX MOJTPYIIIL, IapaMeTpU30BaH-
HBIX HE OJIHUM, & JBYMs WjeaJlaMi; TTOC/Ie 9TOr0 JOKA3bIBACTCs, UTO TTOCTPOCHHBIE
MOJMPY Bl COBEPIEHHbI (CM. Tipejioxkenue 2.5).

CrpyKkTypa BTOpO# IyiaBbl TakoBa: B pazjese 2.1 Mbl (hopMyIupyeM BCIIO-
MOTaTeJbHbIE Pe3YIbTaThl, K KOTOPBIM CBOAUTCA TeopeMa B. VX mokaszareabcTBy
IOCBAIIEHBI pasjienbl 2.2-2.5. B pasaene 2.6 npuBeeHO H0Ka3aTeIbCTBO IPEIJIO-
YKeHUsl 2.3 0 COBEPIIEHHOCTH TTPOMEXKYTOUHBIX orpyti. Pazesnsr 2.7-2.9 nocssi-
leHbl BKJIIOYeHUIO B onucanue Haarpynn F(E7z, R) cumiiekTuaeckoit rpyibl: B
pazzaene 2.7 Mbl 3aHUMAaEMCs ITOCTPOCHUEM TOAXOAIIIECH CUMIIIEKTHICCKON TPYII-
bl, B pasjesie 2.8 JOKa3bIBAeM BCIOMOTATEIbHBIN pe3ysibrar (mpejioxenue 2.4)
O HW>KHEM YPOBHE B 9TOM cJydae, a B pazjene 2.9 moka3biBaeM mpeioxkenne 2.5.

[naBa 3 nocsiieHa ONKUCAHUIO HAJIPYII djieMeHTapHoi rpyiibl [leBaJsiuie
tunia Fy B rpynne IlesaJjuie Tuna Eg Haji 1pOM3BOJIBHBIM KOMMYTaTUBHBIM KOJIb-
IOM. DTa 33J1a4a 110 JyXy OJIM3Ka BOIIPOCaM, pAaCCMOTPEHHBIM BO BTOPOIi IJ1aBe, HO
BMECTO ONMHMCAHUs HaJIIPYIIT UCKJIIOUUTEIbHON TPYIIbI B KJACCHIECKUX T'PYIIIax
GL(n, R) u Sp(n, R), Mbl paccMaTpuBaeM TOJIPYIIIIbL, JEKAIIUE MEXKLY JIBYMsl
UCKJIIOUUTEIbHBIMU T'PYIITIAMHU.

B paborax [7], [10] 6b110 3amedeno, uro s nsydenusi rpynmb lesas-
ne tuna Fy gacro ymobHee paccMarpuBaTh He MUHHMAJIbLHOE €€ IIpeJiCTaBJIeHHe,
nMerolee pasMepHocTh 20, a npusodumoe TpeJcTaBIenne pa3MepHocT 27, BO3-

HUKAIOIIee B Pe3ysibTaTe CKPyUMBaHUs MUHUMAJBLHOIO MOJLyJisi IPyHIIbl THIa .



— 09—

Taxkum obpasom, Mbl nostyuaem siaoxkenne Gg.(Fy, R) < Gy.(Eg, R), n ecrecrsen-
HO CTABUTH BOIIPOC 00 OIMCAHUM MPOMEXKYTOUYHBIX HOArPYNIL. JIjIa ciryuas moss
9TOT BOIPOC OBLT pemien B [85).

[Tpu nepenoce JIOKaJIM3AIMOHHBIX JIOKA3aTebCTB U3 [11] Ha ucK/IHOUUTE H-
HBIE I'PYIIIbl BO3HUKAIOT 3aMETHbIE TEXHOJIOMMIecKre yeaokuenus (M. [17]), Ho
o0ITasl KaHBa PaCCYXKJEHUI OCTaeTcss HeM3MEHHOM, KaK W UTOIOBLINA pe3yJbTar:
«BEEPHOE» PACIOJIOXKEHUE NOATPYII B ayxe BopeBmya. A mMmenno, Jjs BCAKOIL
noprpynnbl H, nexameit mexiy F(Fyq, R) uw G(Eg, R) (paccmaTpruBaeMbix Kak
noprpymibl B GL(27, R)), cymecrByer euHcTBeHHbIH nieas A Kosbia R Takoii,
aro H nexur mexay EE(Fy, R, A) = E(Fy, R)E(Eg, R, A) u ee nopmasinzaro-
poum B G(Eg, R).

Teopema C. Ilycmv R — xommymamusnoe korvuo. Tozda dra moboti nodzpyn-
nw 6 G = G(Eg, R), codeporcaweti epynny E(Fy, R), cywecmsyem eduncmeen-

norli udean A < R maxoti, wmo
EE(Fy, R, A) < H < Ng(EE(Fy, R, A)).

Pacemorpum pacmmpennyio rpymimy lllesasie

6(]?4, R) = G(F4, R) Cent(G(E6, R))
(uepes Cent(G) mbl obo3navaem tenTp rpymmst G). Mbl jjokasbiBaem (cM. mpeji-

soxkenue 3.7) aHasor TeopeMbl A Jisi BlioXKeHust TpyTiiibl Tuna Fy B rpyminy tuna

E¢: G(Fy, R) sisasiercst nopmasiuzaropom E(Fy, R) 8 G(Eg, R)

Kpome Toro, Mbl sIBHO BBIYUCJISIEM HOPMAJIU3ATOD, (DUTYPUPYIOINIK B Teope-
me C. A UMeHHO, OKA3bIBAETCsI, UYTO YCJIOBHE MPUHAIIEKHOCTA MATPHUILI TPYIIITE
Ng(EE(F4, R, A)) onucbiBaercst cpaprenusivu (1o Mojtysio ujeana A) va ee Ko-
s durpentor (cm. npeiokenne 3.15). Mbl siBHO NPUBOJMM 9T CPABHEHUSI B
npeioxkennn 3.17.

C TexHUYIECKON TOUKH 3PEHUs JOKa3aTeJIbCTBa ITUX PE3YJIbTATOB COEJMHSI-

FOT METOJ| A0KAAUSAYUU-TONOANEHUA, TPeJTIOKeHHbI Bakom B [32] u mossnee



yuporenubiii Xazparom u Basusiosbim B [45], [46], [11], ¢ siBHBIME BbiuuC/ICHU-
AMHU C 3JIEMEHTAMU MCKJIIOUUTETHHBIX TPy B MUHUMAJIBHBIX MPEJICTABICHUSX,
ocsoenubiMn Bapmiioseim 1 ero yuennkamu (em. (6], [7], [8], [9], [10], [16]).

Tperbsi r1aBa oprann3oBaHa, cieayoimM obpasoMm. B pasjesne 3.1 Mbl BBO-
JIIM OCHOBHBIE 00O3HaueHusi, orHocsimuecs: K rpyiune [Hlesasie tuna Fy B 27-
MepHOM TIpejicTaBieHnn. B pazjene 3.2 BBogATCA djieMeHTapHbie rpynnbl [lesast-
ne tunoB Fy n B¢ u mpenBapuTenbuble CBEJIEHNs O JTOKAJTU3AIIH.

B pazjiesie 3.3 cobpaHbl TeXHUYECKHUE YTBEPKJICHWST, OTHOCSIINECS K ypPaB-
nenusim, 3aaroimum rpyiny G(Eg, R), koropbie B jjajibHeieM noHao0sTcs HaMm
JIUIsE IPOBEJIeHUsI KOHKPETHDIX Bbluucsienuit. B pazjesie 3.4 oOcyx)iaercst Bu/i Hy K-
HpIx HaM mapabosmueckux noarpynn B G(Eg, R) u G(F4, R) u ux yHunorent-
HBbIX pajinkajioB. [Ipesjioxkenue 3.7, anajorudHoe teopeme A, JOKa3bIBACTCS B
pasjiesie 3.5 BMECTe ¢ OlKicaHueM ypaBHeHusiMU paciinpentoil rpynmbl [Hepasiie
G(Fy4, R). B pazjene 3.6 BBOAUTCs HOHATHE HUZKHEIO YPOBHs s KJ1aCCUDUIUPY-
eMbIX TorpyI. B pazjene 3.7 mpuBeIeHO ONMUCAHUEM YPaBHEHUSIMU HOPMAJIA3a-
Topa, ¢purypupyioriero B reopeme C. TexHudIeckuM cepireM J0Ka3aTeIbCTBa Teo-
pembl C siBjisiercst pasjiest 3.8, B KOTOPOM ¢ TOMOTIBIO JIOKAJIU3AIUN TTPOUCXOJTUT
3HAUYUTEJILHOE YIIPOIEHUE 3a/[adi U3BJIeUeHnsi KOpHEBOro 3jiemenTa. Creyoniue
TPU pasjiesia MOCBAIIEHbl ITOMY WU3BJIEUEHUIO: Mbl [I0Ka3bIBAEM CYIIECTBOBAHUE
KOPHEBOTO 3JIEMEHTa TIpH Bce OoJiee cyiabbix ycaoBusax. [locie Toro, kak 3To cie-

JIAHO, JIOKa3aTebcTBO TeopeMbl C JIerkKo 3aBepiiaercs B pasjeie 3.12.



I'maBa 1

Hopmanuzarop rpynns llleBassie tuna LEg

1.1. IIpeaBapurenbubie cBegeHus o rpynnax IllesaJiie

B sroM pasjene Mbl HAIIOMHMM OCHOBHBbIE cBejeHust 0 rpynuax Lllesasuie
Ha,T KOJIBIIAME 1 3aduKcnpyeM 0003HATEHHsI, B OCHOBHOM cJie Tyt TekcTaM [1], [82]
(em. Takxke |39], |41], |52]). Teopun anrebpanteckux rpyni Haj MOJISIMHU, TPYII
u areOp Jlu 1oCBsIIEeHO OrPOMHOE KOJIMYECTBO paboT; oTMeTum cpejin Hux [23],
(74], 22], 241, (3], [14], [13], [38], [21], [25], [20], [19].

[Tycts @ — npuBejieHHasT HEIPUBOAMMAsA CUCTEMa KopHeil panra [, a P —
pererka, Jexalas Mexk/1y perierkoii kopueit Q(P) u pemerkoii eco P(P). Mbl
dbukcnpyem na @ wexkoropsiit mopsiiok u oboznauaem uepes I = {ay, ..., q}, &
u ® — MHOXKECTBa IPOCTDHIX, TOJOKUTEJBLHBIX ¥ OTPULATEILHBIX KOPHEi, OT-
BeUAIOIe STOMY MopsiyiKy. Hara mymepariust pocThix Kopheit caejyer [2]. s

3allCH KOpHEil ucnosb3yercsa nomauua Junkuna: Tak, nisgs © = Eg 970 o3nadaer,

de f
b

0DO3HavYaeTCsl MAaKCUMAJIbHbBIN KOPeHb cucTeMbl @ OTHOCUTE/ILHO 3TOrO TOPSJIKA,

4T0 KOpeHb aa + b + cas + douy + eas + fog samucsiaercs kak YY) Uepes 6
naupumep, st ¢ = Eg umeem 6 = 12%21. O6o3nadum yepes P(P), muoxe-
CTBO JIOMHUHAHTHBIX BECOB JIJISI 9TOI'O IOPSJIKa, TO €CTh HEOTPUIATEJbHBIX IEJI0-
YUCJEHHBIX JIMHEHHBIX KOMOMHAIMH (DyHIaMEHTAIbHBIX BECOB T, . . . , T, depes
W = W(®) obosnauaercs rpyrna Beitist cucrembl kopheit .

[Tycrsb, panee, R — xkommyTaruBHOEe KOJibIO ¢ 1. Kak Xopoio u3BecTHO,
10 KOJIBILY, cucTeMe KopHeirh @ u pererke P MOXXHO mocTpouTh 2pynny Illesan-
ae G = Gp(P, R), apasgiontyiocs rpynnoit Touek HaJ R Hekoropoit addumnoit
rpyunosoit cxembl G = Gp(P, —), nazbiBaemoit cxemoti Hlesanne—lemaszropa. Cy-
1necTBOBaHUe 3Tol cxeMbl ObLI0 Jlokazano [lesasuie B [39], a ejuHcTBEHHOCTH —

Hemastopom B [40]. Onuiem BKparie ee nocTpoeHue.



[Tycrs g — KOMILIEKCHAsT TTOJIyTIpocTas ajreopa JIu Tuna @, h — nojganredbpa
Kaprana B g. Torna g nomyckaer pazioxkenue g = 0 @ go, @ € @, e g0 —
ojiHOMepHbIe h-mHBapHaHTHBIE HojIpocTpaHcTBa. Kopun a € & wurpaior posb
smHelHbIx dyHKIMoHaM0B Ha B, 10 ecth [h,e,] = a(h)e, aus Bcex h € h u
€a € go. MoxkHO BbIOpaTh Ha3UC, COCTOSIIUNA U3 BEKTOPOB €4 € o it & € © 1
he € b ana a € 11 tak, 910 [eq, €_o] = ho 1 Bce CTPYKTYpHBIE KOHCTAHTHI Ny 3,
e [eq, €3] = Nag€ats, ABIIOTCA TENBIME dncTaMu. Takoil Da3uc Ha3bIBAETCH
basucom Ilesannre. fBHBI BHIOOP 3HAKOB CTPYKTYPHBIX KOHCTAHT JIJIs CJIydast
¢ = Eg uposejien namu B pabore 9], cm. rakxe [4], [79], [65], [66], [38], [37], [73],
[61], [62]. TIycrb gz — abesieBa rpyuna, nopoxjentas B g 6asucom [lesaJuie.
Torna gz saBnsercsa Z-dopmoii g, To ecth g = gz ®z C. BozbMem KoMMyTaTHBHOE
KOJIbII0 R u nojoxkum gr = gz Qz R; Torna gr sBisdercda ajredbpoit JIu Ha
R wn naspiBaercst pacuwenumoti nosynpocmot anrzebpot Jlu muna ® nad R wan
anzebpoti Illesanrnre muna ® nad R.

Paccmorpum Terneph KoneunoMepHoe mpejcrapienue m ;g — gl(V) kowm-
IIJIEKCHOM II0JIynpocToil asreopnl Jlu g ¢ BbiOpanHbiM Oazucom I[lepaste. s
A € b* onpenenum secosoe nodnpocmparcmeo TPOCTPAHCTBA, V' CIIeYIONIAM 00-

pazom:

VY= (v eV |r(h)v=Ah)v,h€Eh).

Ecm V* # 0, rosopar, uto A — eec mpejcrapienns . Pazmeprocts mult()\)
npocrpatcrsa V' Ha3bIBACTCSH KpPamHocmobio 3Toro seca. Mbl 6yaeM 0603HAYATD
uepes A(¢) mnoocecmso Becos npejicrapienus T, a qepes A(¢) — nabop Becos, ¢
yuerom Kparnoctu. JIpyruMu ciosamu, Kaxjomy secy A € A(m) crasurcs B co-
OTBETCTBUE 1M PA3JUIHBIX «BECOB> A1, ..., Ay € A(m), rme m = mult(A). Coor-
BETCTBYIOIIE MHOMKECTBA HENYACGHIT BECOB MBI Oy1eM 0603HauaTh qepes A () u
A*(m). Ilycrs P = P(m) — pewemka 6ecos pejiCTaBIeHust T, TO €CTh MOJAIPYIIIA
P(®), nopoxjennast A(m). B wacrHocTn jiisi NPUCOEIMHEHHOTO T1DE/ICTABJICHHSI
m=ad umeem V =g, A*(1) = @, A(mr) = ®U{0y,...,0;}, P = Q(P), V' = b,
Ve =g, nas Bcex a € P.



Bec w € A(7) nasbiBaercs cmapuwum 6ecom, a sekrop v € VY — gexmopom
cmapwezo ceca, ecia (e, ) v = 0 g Beex o € OF. Tlpencrapnenue m Henpu-
BOJIIMO TOTJIa M TOJBKO TOTJa, Korya V' HMOpoXKIaercs Kak g-MOJYJIb BEKTOPOM
crapuiero Beca. KparHocTh cTapiiero Beca HelPHUBOAUMOTO MPEICTABICHUST PaB-
Ha 1, u jlomuHanTHBIE Beca (1o ecth Beca w € P(®) rakue, uro (w,a) > 0 jisi
Beex a € II) GHEKTUBHO COOTBETCTBYIOT KjlaccaM H30MOp(hU3Ma KOHETHOMEPHbBIX
HEIIPUBOUMBIX TpejcTaBiennit g. Ilo meopeme Illesanre—Pu B KOHETHOMEPHOM
g-mojiysie V' MOXKHO BbIOpaTh Z-pemnierky Vz, WHBaAPUAHTHYIO 110 OTHOIIEHUIO K
nipeobpasoBanusim (e, )" /m! a € &, m € N; rakasi perierka siB/asiercs npsiMoi
cymMoii coux Becopbix Komnonent Vz NV (em. [39], [67], [75], [1], [25]). Taxas
peleTKa HasbiBaeTcs donycmumoti Z-gopmoti moxyna V, a 6azuc v*, A € A(n)
pemterkn Vz, 111 KOTOpOro moboit Bektop m(e™ /m!)v? apisercs nenouncientoi
JIMHEHHON KoMOMHAIMEeH 0a3MCHBIX, HA3BIBACTCS JONYCMUMDBIM.

Ternepb cHOBa BOBbMEM KOMMYTaTUBHOE KOJIbIIO [2 1 nojioxkum Vi = Vz Q7 R.
[TocTpoennbiit TakuMm 0OpaszoM ¢BOOOAHBIH R-Monynb Vi aBjsgeTcs gr-MOJyJIeM 1
HasbIBaeTcss modyaem Betiag anredbpol LlleBasiie gr, COOTBETCTBYIONM CTaPIIEMY
BECY W.

[Tycrs G = G¢ — cBsizHas nosynpoctas ajaredpandeckasi rpynma vaj C c
asirebpoit Jlu g u pemerkoit secos P, a C[G] — adpdunnas anrebpa G, 10 ecrb aJi-
rebpa perynsapubix yukiuit #a G. CTpykrypa rpynsl Ha G HHAYIEPYET CTPYK-
Typy anzebpor Xonga na C|G]. Ilycrs w1 G — V' — npejcrasienne rpynibl G,
muddepentan koroporo paser m: g — gl(V') (Mbl GyjieM UCIOJIB30BATEH OJIHY 1
Ty Ke OyKBY st 0003HAYEHUsI IpejIcTaBietus 1 ero Juddepeniualia, m0CKO b
Ky M3 KOHTEKCTa BCErjia siCHO, O KAKOM MMEHHO OTOOpaXkeHuu ujetT peds). [locre
BLIGOpa JomycTuMoro 6asuca v, A € A(7) MBI MOXKeM CUHTATh, YTO 3adHKCH-
poan m3omopdusm V. ~ C" n = dimV. Tenepnr orpanndennst cranIapTHBIX
KoopHaTHBIX (PyHKIWi Ha 7(G) nopoxpaor 10kob10 Z[G| 8 C[G]. D10 noj-
KOJIbIO OKa3biBaercs asrebpoit Xornda nag Z (cm. [39], [40], [41]). Dro nozsossier

HAM ONPENeUTh addunnyto 2pynnosyto cremy HaJg Z, TO €CTb MPEJICTABUMBbI
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bYHKTOD M3 KATEropun KOMMYTATUBHBIX KOJIEL, ¢ 1 B KaTE€ropuio rpyll
Gp(®,—): R+ Gp(P, R) = Homy(Z|G], R).

O6pas Gp(P, R) koabua R nox jeiicrsuem 31oro pyHKTOpa Ha3bIBACTCs 2Py
not Ilesaare muna ® nag R. C TOUYHOCTHIO JO M30MOPGHU3Ma 3TOT (PYHKTOP
onpejesnserca 3aganneM ® u P, u He 3aBUCUT OT M. 3aMETUM, UTO II0 CAMOMY
nocrpoennto Gp(P, —) sieastercst nogadynkropom B GL(Vz® —) ~ GL(n, —). Msl
OyzieM paboraTh ¢ OJHOCBAZHBIMU I'PyINaMu, it Koropeix P = P(®) u nosromy
0OBIYHO OmycKaTh yKazauue Ha P B 3amucu G(P®, R). Ecan ke Hy»KHO 1O 9epK-
HYTb, UYTO peub ujieT 00 OJIHOCBA3HOI I'pyIliie, Mbl Oy/IeM UCI0JIb30BaTh 0003HaUE-
rue Gy (P, R). [lpucoeunennas rpynna, jist koropoit P = Q(®P), obosznauaercs
Gaa(P, R).

Badukcupyem pacuienumbiii Makcumadbhbiii rop Tp(®, —) B cxeme G(P, —),

JeHCTBYIONMI AMArOHAIBHO Ha JlomycTHMoM basuce v, A € A(w). Torma
Tp(®, R) = Hom(Z[T], R) ~ Hom(P, R"),
rie aarebpa Xomnda Z[T] Topa T asisercsa anrebpoii Muorousenos Jlopamna:
Z[T) = ZM, A A Y

JUIsl HEeKOTOporo Oaszuca pemerku P. Jljist mpou3BOJILHOIO XapakTepa 3TOH pe-
merku X € Hom(P, R*) mbl Gyjem obosnadarh 4depes h(y) COOTBETCTBYIOIIMI
ssement Tp(P, R).

st kaxkjoro kopust o € © u £ € C nmneiinbiit oneparop £m(e,) HUIIBIO-

TCEHTEH, IIO3TOMY MO2KHO OIIPEAEJIUTL €TI0 3KCIIOHEHTY

exp(ém(es)) = e + Em(ey) + E2m(e2/2!) + ...

O6pa3 6a3nucHoro BekTopa v

0] JIeiCTBAEM 3TOrO OIlepaTOpa BCerja SIBJIsIeT-
csl JIMHEHHON KoMOMHAaIMeil 0a3MCHBIX BEKTOPOB ¢ KO3 (PUIMEHTAMU U3 KOJIbIA

MHOIrOUJIEHOB Z[£]; 9T0 jaeT HaM BO3MOXKHOCTD OIIPEJIeJIUTh IIpeodpasoBaHue

zo(§) = exp(&m(es)) € GL(VR)



JUIsi JIIODOTO0 KOMMYTATUBHOIO KoJiblia R u ajiementa & € R. s KaxXj0ro a €
® 5TH mpeobpazoBanus OmpenenaioT Mopdu3M rpynmosbix cxem X, @ G, —
G(®, —), KoTOpbIil IpH 110/ICTAHOBKE KOJiblla R npespainaercs B roMoMopdusm
rpyn R — G(®, R) (31ech G, obosnauaer ajyurusayio cxemy, 10 ectbh Gu(R)
SBJISACTCH aJIMTUBHOM Ipynoit Kosbiia R). Obpas s1oro romomopdusma Hasbl-
BaeTcst (ssleMeHTapHoil) kopuesot nodepynnot X, = (x4(€) | € € R), a rpyn-
na F(®,R) = (X,,a € ®), nopokjennas BCeMU 3JEMEHTAPHBIME KOPHEBDI-
MU TIofirpynaMu — (abcosoTHON ) asemenmaprot nodzpynnot rpynnst [esasiie
G(P, R).

B rpynne E(®, R) cupasejynsa kommymanyuonnas gopmyaa llesarre. A

UMEHHO, IIpU 3 % —Q BBLIIOJHEHO

2a(©), 23] = [ Tiario(Napis&'¢)

ta+jBed

(Beszie 1oJi KOMMYTATOPOM [T, %] UMeeTcst B BUJLY JIEBOHOPMUPOBAHHbIA KOMMY-

. _ -1,,—1 Droii s 6 6
Tarop: [x,y] = xyxr~ 'y "). Droit dbopmyJIoii Mbl OyJieM YacTO MOJIL30BATHCs Oe3
CIIENMAJIBHOIO YIIOMUHAHMS.

Hamomuum orpejiesieHre OTHOCUTENILHO# 3jieMeHTapHoii rpynnsl. [Iycts R —
KoMMmyTaTuBHoe Kojbino, A < R — ugean B nem, ¢ — mpoussosibHas CUCTEMA
kopueii. Paccmorpum nogrpyny F (P, A), HOPOXKJIEHHYIO BCeMU JIeMEHTAPHBIMU

KOPHEBBIMK YHUIIOTEHTAMU YPo6HA A:

E(®,A) = (za(8).§ € A).

Ommocumenvhuas aremenmapnan epynna E(®, R, A) onpeensiercss Kak HOpMaJib-

HOE 3aMbIKaHUE 3TOI IPYIIIbI B aOCOTIOTHON SJIeMEHTapHO# rpyIIIIe:
E(®,R,A) = E(®, A)P®H),

Crepnytoriee yrBepxacHue gokazano Turcom [80].



Jlemma 1.1. IIycmo ® — npusedennasn nenpusodumas cucmema Kopret parea

> 2. Ilodepynna E(®, R, A) nopostcdaemes ecemu aremenmamu 6uda
za(&,Q) = x_a(C)xa(g)’ Ee€eA (R, acd.

Kax 06b1uno, onpeaenum wy(€) = ()1 _o(—e Van(e) pna a € @, ¢ €
R*. Pacmenuwmbiit MmakcuMasbibiit Top T(®, R) sapisercs: abesieBoil morpynmoii

" IIOPOXKJACTCA NOAYNPOCTNOIMUYU KOPHECBIMU INEMEHTILAMU
ha(e) = wa(E)wa(1) ' =e+ > (e = Derrapsa + (6 = Dean)

nist Beex o € [I(Eg), € € R,

Ham Tak»ke nonajgoburcs pacwupennas rpynna lesanne G(®, R), urpaio-
1n@as Takyro ke posib 1o orHomenuio K G(®, R), Kak moJHast JuHeiiHas rpyiiia
GL(n, R) 1o orHomenuio K crenuajibHoii guneiinoi rpymne SL(n, R). IIpucoedu-
HeHHbIE PACIIUPEHHbIE IPYIibL ObLIM 110CTPOEHDI B 11epBoii pabdore Illesasuie [26].
[TocTponTh 0010C6A31HbIE PACITNPEHHBIC IPYIIIBI HECKOJIBKO CJIOKHEE, TAK KAK MIPH
5TOM HY>KHO yBEJNYUTH PasMEPHOCTh MAKCHMAJLHOro Topa. Obmmas KOHCTPYK-
nust ObLta npejyioxkena Bepmanom u Mygu [35]. duist coyuast & = Eg na rpymniy

Gse(E7, K) ecrecTtBeHHO CMOTPETH HPOCTO KAK Ha IOJIPYIIly OOBIYHON IDPYIIIIbI

Mlesamne Gy (E7, K),

GSC(E67 K) = GSC(E67 K) : TSC(E77 K)

B ciyuae ke ® = Fy mb1 jrajmm sryio koncrpykimio rpymist G(Fy, R) B passe-
Jje 3.1.

A priori snemenrapnas rpynna E(®, R) 3aBucuT or BHIOOpa MAKCHMAJIBLHO-
ro Topa T(®, R). B jieiicTBUTENILHOCTH, OCHOBHOI pe3yJibTar paboThl JIxkoBanmm
Tayieu [78], urpatonuii pemaoInyo poJib B J0Ka3aTeIbCTBE TEOPEMbI A | cOCTOUT
B ToM, 4ro Jyist TK(®) > 2 rakoit 3aBucumocru ner. Jliisi Kjaccuueckux rpyiii
AHAJIOTUYIHBIH pe3yabrar Obl1 panee gokazan Angpeem CycamnbiM u Bsiuecna-
BoM Koreiixo, cm. [33], [34], [46], [77], [82] mo moBosy ncropun sToro pesymnbrara,

JIDYTUX J0Ka3aTe/IbCTB 1 0000IIEeHMIA.



17—

Jlemma 1.2. B cayuae tk(®) > 2 anemenmapnras nodzpynna E(®, R) nopmann-
na 6 pacwupennoti epynne Hlecarre G(®,R) daa 1106020 KoMMYMamMue1o2o

koavua R.

Koneuno, dopmasbro, B 78| cdhopMynupoBana Juiib HOPMAJILHOCTD 3Jie-
MEHTAPHOU nojrpyibl B 00bianoit rpymnie lesamie G(®, R), HoO HOpMaIbLHOCTh
B G(®, R) sterko nojiyuaercs tem e MeroioM. Kpome roro, B paborax Jleonnia
Bacepmireitna [81], Py36u Xaspara n Huxonas Basumosa [46] mokazanbt coey-
[OIIME YCUJICHKsI 3TOr0 pe3yJbTaTa, KayKJoe U3 KOTOPbLIX, B YaCTHOCTH, BJedeT

aemmy 1.2 B cpopMmyiupoBaHHOl Bhillie gopMme.

JIlemma 1.3. B cayuae tk(P) > 2 anemenmapras nodepynna E(P, R) asasemesn
zapaxmepucmueckoti 6 zpynne lesarre G(P®, R) daa 2100020 KommymamueHo-

20 Koavua R.

Jlemma 1.4. ITycmo tk(®) > 2, npuvem 6 cayuae ® = Bo, Go npednonoorcum
donoanumenvro, wmo R ne umeem noas evivemos By uz deyx snemenmos. Tozda
epynna E(P®, R) mooicem Goims oxapaxmepusocana xax nauboibuwas cocepuLet-

nas nodepynna 6 G(®, R).

1.2. MukpoBecoBble NPEACTABICHUS MCKJIIOYUTEIbHbIX
TPyl

B nacrosineit pabore mbl pacemarpusaem rpyiny G(Eg, R) B MuHEMAIbHOM
npeJicraBieHun co crapiuM BecoMm wi, a rpyniny G(Eg7, R) — B MunuMajibHOM
PEJICTABJIEHUN CO CTaPIIMM BECOM 7. DTHU NPEJICTABICHUS MUKPOBECOBbHIE, TaK
YTO KPATHOCTH BCEX BECOB paBHBI 1. 3auKcupyeM HEKOTOPBIN JOMyCTUMBbIi 6a31c
v*, A € A, momyna V. Mel Mplcium BekTop a € V., a = > v’ay, Kak cmoabey,
koopjuHar a = (ay), A € A.

Baxkneitinum nHcTpyMeHTOM Jijist paborhl ¢ rpynnoit IlleBasie B KOHKpeT-
HOM HPEJICTABJICHUN SIBJISIETCS 6€C08asA Jua2pamma SToro mpejacrasienus. OHa

CTPOUTCsA CJIEAYIOIIUM 06pa30M: KazKJIOMYy BeCy IIpEACTaBJICHUA COIIOCTABJIAECTCA



Puc. 1: (Eg, w1): kopuu

BEPIUHA, JUATPAMMBI U, €CJIU A = (L + «; JiIst HeKOTOphix A\, i € A, o € 11, To
BEPIIUHBI A U [L COSJIMHSIOTCS peOPOM, CHADXKEHHBIM METKO# (v Tl TTPOCTO 2. Mbl
OyJjieM pacroJiaraTh JuarpaMMy TaK, 9TO CTAPIIN BeC OKA3bIBAETCS CJIeBa, U €CJIN
Pa3HOCTH A\ — [ ABJIIETCS KOPHEM, TO BEPIIUHA A PACIIOJIOYXKEHa, JIeBee BEPIITHHBI L.
[Tpu 3TOM OIMHAKOBBIE METKH, PACIIOJIOXKEHHbBIE Ha, MAPAJIIeThHO WYX pedpax,
9aCTO OIMYCKAIOTCS.

Ecim A comepkuT Hy/neBble Beca, MOCTPOEHNE HEMHOTO YCIOXKHSIETCS: pas-
MEpPHOCTB BECOBOTO TOIMOJLyis VY| 0TBedaloniero HyneBoMy BeCy TIpeICTaBICHNs
7, paBHA YHUCJIY MPOCTBIX KopHel n3 P, KoTopble OJHOBPEMEHHO SABJISIOTCS Be-
camn 7. Obo3naunm uepes 9 Gasucublit BekTop w3 VY, coorBercrByommMii mpo-
cromy KopHio «; € II. CooTBercTBYIOIYIO €My BEPIIMHY BECOBOM JMarpamMMbl
6yJeM OMEUATH CUMBOJIOM (;; WK i. DTy BEPIIHHY MBI GYIEM COCAUHSITH TOIBKO
C BepIIMHAMM, COOTBETCTBYIONTUMHI BecaM (; U —q;. TakuM oOpa3oM, JJisd KarK-
JIOTO TIPOCTOTO KOPHST (v;, KOTOPBI STBIISIETCS BECOM 71, Ha, JUarpamMMme WMeeTCst

cJIeyIonias nenovuKa, JJIMHbL 3:

BekTop v € V' renepb MOXKeT paccMaTpUBATBCS KAK BECOBas JUArpaMMa, B
BE i AeR
pIIMHAX KOTOPO#l paccraienbl Koadduipentor v € R.
Ha pucynkax 1-4 BOCIPOU3BEJIEHbI BECOBbIE JIMArPAMMbI MUKPOBECOBBIX 11PE/I-
crapiennit (Eg, 1) n (E7,wr), BMecTe ¢ ucnosb3yemoii B MEpBBIX JIBYX TJIaBax

JIUCCEePTAIMU ecmecmeennoti HyMepalueil BeCOB, KOT/Ia Beca YIOPSJI0YUBAIOTC B



Puc. 4: (E7, w7): ecrecrBennas HyMepaliysi BECOB



COOTBETCTBUU C IOPSIJIKOM, OIIPEJIEJEHHBIM CucTeMoii npocTbix Kopaeit [1. Takum
obpazom, MBI OyJIeM 0003Ha4YaTh Beca n3 A depe3 Aq, ..., o7 B ciiyuae © = Eg n
aepes Ai, ..., Aag, A_ag, ..., A1 B ciaydae © = E;. Nnormga (ocobeHHO B MH/ICK-
cax) Mbl OyjieM OMyCKaTh A B 0OO3HAYCHUSAX BECOB: Tak, BMECTO gy, A, MbI Oyjem
nucarh giq win Jlazke ¢gip. OTmMernMm, 4TO B TpETheil IiaBe, IPU U3YYEHUU BJIO-
xkernust G(Fy, R) < G(Eg, R), Ham yjobHee HCMOMB30BATH JIPYIYIO HYMEPAIUio
(cm. pasmen 3.1) B pabore [9] moxHO HajiTi crnucku BecoB B ¢opme [IpiHKHHA
u rurepbosmaeckoit popmMe, a TakyKe APYyrue YacTo MCMOJIb3yeMble HyMeparnn
BECOB.

BecoBasi jimarpaMma, 1oMOraeT BU3yaJnu30BaTh JIEHCTBUE I'PYIIIbI HA MO/LYy-
e mpejicrapienus. Tax, ciaeayonmii 3amedaTesbabii pesyabrar Marymoro [60]

OIKMCBLIBACT JICHCTBUE 3JIEMEHTAPHBIX KOPHEBLIX YHUIIOTEHTOB.
Jdemma 1.5. 1. Ecau XA € A, A+ a & A, mo x,(&)v = v
2. Ecau M+ a € A*, mo 2,(6)v* = v* + ¢y o0
3. Ecruv® e VY ad A, mo x,(6)vY =0,
4. Beau v’ € VO a € A, mo 2,(€)v° = v & £, (v°)v®,

5. FEcaua € N, mo 2o(E)v™ = v £ &0%(a) & E20”.
Bdecv a, € (VO)* = Homg(VY R), v%(a) € VO u ¢y = £1.

B paccmarpuBaeMbix HaAMU CJIydasiX MAHAMAJBHBIX TTPEICTABICHUN TPYIII
tunoB Eg u E7 9ra semma npunumaer ocobenno npocroit Buj, nockosibky 0 ¢
A(m). [TosTomy MbI He OyIeM YTOUHATH 3HAKK B TTOCTIEHAX JBYX MYHKTAX JIEMMBI;
HaM JIOCTATOYHO 3HAHUS KOHCTAHT C) . VX BbIUMCIEHHE TPOBEJEHO, K IIPUMEpY,
B pabore [9], u Mbl OyjieM CBODOJIHO MOJIB30BATHCsT TAOJUIIAMEI OTTY/IA.

Jlemma Maitymoro 1o3BoJisier cieiyomnmmM 06pazoM HedOpMaJibHO ONKUCATH
neiicteue snementa z,(§) € E(P, R) na V: HYKHO MpeJCTABATH (v B BUJIE JIU-

HeifHO¥ KOMOMHAIIMK IIPOCTHIX KOpHEH U HalTU BCe IIyTU Ha BECOBO JuarpamMe,



COIJIACOBAHHBIE ¢ YaCTUIHDBIM TTOPSIJIKOM, KOTOPbIE COCTOSIT U3 MOJIYYEHHOT'O Ha-
O0pa MPOCTHIX KOPHEl, UAYIIHNX 6 KakoMm-Hubdyds nopadke. Takux myreit Bcerma 6
nnis npencrapienus (FEg, i) u 12 nisa npepcrasnenns (Er7, wr). [ycrs o € &
TOT/Ia :ca(é’ ) npubaBjsieT K KpaiiHeil cjeBa BepIrHe TaKOro MyTH KPailHIO clipa-
Ba, ymHoxkenuyio Ha . Ecim o € @7, npubapjienne npoucxoauT B 00paTHOM
HaIIPABJICHUH.

[TpuBesieM Tak:ke HECJOXKHYIO epedOpMyJIHPOBKY JeMMbI 1.5, cipaBe/iin-

BYIO JIJIsi MUKPOBECOBBIX TIpejicTaBiieruit (cu. [6]).

Jlemma 1.6. Ecau m — murposecosoe npedcmasaenue epynno, G(®, R) 6 npo-

cmpancmee V =V (1) pazmeprocmu n, g € GL(n, R), a € ® u & € R, mo

(xa<€)g)pa = Gpo t ggp—a,oa (gxa(g))pa = gpo £ ggp,a—i—a

oaa ecer p,o € A.

C BecoBoil uarpaMMoil TECHO CBA3AHO MOHSATHE 6EC06020 2padia, BeplInHa-
MU KOTOPOrO Cjiy>kar 3jieMeHTbl A(7), ¥ BepIIMHbI COEJMHSIOTCH PEOPOM, eciin
Pa3HOCTL COOTBETCTBYIOIIUX MM BECOB SIBJISACTCS KOPHEM.
Omnpenenenne. Ilycrs A, p € A. Paccmoanuem d(X\, p) MexXjy BecaMu A u
i naspiBaercs mammenbinee d € N U {0}, miusa koroporo maiijercs d xopheii
By ...y Bg € ® makux, aro A = o+ B + -+ - + By

B uacraocru, d(A,A\) = 0 st siroboro A € A; d(A, 1) = 1 st jByx pas-
JIMUYHBIX BECOB A\, it € A Torja u TOJBLKO TOr/a, KO PA3HOCTh A — (i SIBJISAETCsI
kopueM. s npencrasienus (Eg, 1) MakcuMaibHoe pacCTOsSHIE MEXK/Iy BECAMU
paBHo 2, nosromy d(A, ) = 2 st A # [t PABHOCUIBHO TOMY, 4TO A — i & O,
st npejcrasienuns (E7, tr;) MakcnmaibHOe pacCcTOsiHUe MEXJLy BECAMHU PaBHO
3, mpuueM Js BCAKOro A € A cymecrByer poBHO OJIMH BEC Ha PACCTOSHUM 3 OT

A, a mmenno, Bec —A\.

1.3. lnmBapnanTHasg Kybndeckas dpopma

Baxkueitnmamu uncrpymentamu st usydenus rpynibl G(Eg, R) B 27-MepHoM



PEJICTABJICHUN SIBJISIIOTCS MHBapUaHTHAs KyOumdeckast popMma, ee MOJHas MOJIs-
pusaius 1 ee 27 YaCTHBIX TPOU3BOIHBIX.

91y dopmy Brepsbie noctpous Jleonapy Hdukcon B 1905 romy. ITozxke Ko
[Ilesasie u lanc @poitjieHTasnb NpejJIoXKUIN JIPyrue KOHCTPYKIUU, U €€ U3y YeHN-
eM (Kak [PaBUIIo, IPU YCJIOBUH, YTO XaPAKTEPUCTUKA OCHOBHOIO MOJIst OTJINYHA OT
2 u 3) zanumanucs 2Kak Turc, Tonu Crpunrep, @epnunan Qebakami, Apbe
Kosn, Bproc Kynepcreitn u gpyrue. Maiika Ambaxep mokasaj, 9TO Ha CAMOM
Jleqie W cIydail MaJIeHbKO#H XapakTepucTtuku He cospaer npobsem. CyimecTByer
HECKOJIBKO CIIOCODOB MOCTPOUTH 3Ty (POPMY; MbI CJiejlyeM KOMOUHATOPHOMY OITH-
CaHuio, upuseeHHoMy B [9].

Ha nporszkenun sToro paszesna Mbl cautaeM, aro ¢ = Eg, V = V(wy) —
MuHEMaJbHOE npejcrasienne rpyunbl G(Eg, R), A = A(w;) — MHO)KECTBO BecoB
9TOTO TPEJICTABICHUSI.

Onpepesienne. Tpoiika pasjuiaabix BeCoB (A, 1, V) Ha3bIBaETCs MPuadot, eciu
MOMApPHBIE PA3HOCTH A — (i, 4 — V, V — ( HE SIBJISAIOTCSI KOPHSIMHA.

NubiMu ciioBaMu, BCe MOMAPHBIE PACCTOSTHUS (B BECOBOM Tpade) Mexky Be-
caMu Tpra bl paBabl 2. Tprajia MmoJHOCTHIO ONMPEIESIeTCs IBYMST CBOUMHT SJIEMEH-
TaMu: Jtst J0ObIX A, i € A rakux, aro d(A, p) = 2, Hajijiercst eJMHCTBEHHbIH Bec
A o Takoit, uro (A, g, A o i) — Tpuaja.

[Tycrs © MuoxkecTso Tpuaj, |O| = 27 - 10. Oupenenum ua V' rpusnnmeiinyio
dopmy F: VXV xV — R, upujas eii ciejayoinye 3HaueHusi Ha Oa3UCHBIX BEK-
Topax: (v}, v*,v") = £1 ecim (A, u,v) € © n F(v*,v#,v") = 0 B nporuBHOM
ciydae. SHAKHU YK€ ONPeesITIOTCs U3 yeJioBusi, 910 (popma F' mHBapuaHTHA OTHO-

CUTEBHO JielicTBUS pacmmpeHHoit rpynnsl Beitng W. Monenbaasa Tpuaja mmeer

But (Ao, flo, o), T

(>‘07 Ho, VO) - (23%3217 01%2217 008001> - <>‘17 )\137 >\27)

v MBI otaraeM (g, 1o, vp) = 1 151 9T0# TprabI.
Bosbmewm miobyto tpuay (A, p,v) € O. g w, € W(Eg) nmeerca cremyio-

ITas1 aJibTepHaTHuBa:



o 6o wo (A, p,v) = (A, p, v),

e OO B TOYHOCTHU JBA M3 BECOB A, (i, V TIEPEMEIAIOTCs O] AeicTBHEM W, B

IMPOTUBOIIOJIOZKHBIX HallPaBJICHUAX, CKa2KEM,

Wa(A) = A+ a, we(p) = p— a, we(v) = .

[TocMOTpEB Ha 9TO ¢ TOUKHM 3PEHHs O3HAYEHHOTO Oasnca v, Ha KOTOPOM Jeii-
crByeT pacwupernas rpyima IleBasiae, Mmbl BuguMm, 410 b0 101, JieficTBUEM

A oM, vY He MemHsieTcs1, 60 OHA TIEPEXOUT

wq (1) Tpoiika Ga3UCHBIX BEKTOPOB U
B dpyeyto TPOUKY U TIPH ITOM IIPOUCXOIUT 001G CMEHA 3HAKA.

DTO MOKA3LIBACT, KAK BBIUCIATE 3HaK F (v, vk, v”). A EMEHHO, HOJIOKIM
A v
F(v*, v, v") = sgn(w),
rae w — caMblit KopoTkuii smement rpymnsl Beiing W (Eg) Takoit, aro

w(Aos fo; Vo) = (A, g, V).

Herpynno jokasars (em. [8]), uro onpejenennas takum obpasom Gopma
MHBAPUAHTHA OTHOCUTEJIbHO JleiicTBust rpyiibl E(Eg, R).

Hpyruvu ciaosamu, s3uadenne sgn(w) pasuo (—1)" M) pre h(\, pu,v) —
PACCTOSTHIE OT MOJIEJILHOM TpraJibl 110 (A, 4, ), TO eCTh YUCII0 OTPAKEHUI OTHOCH-
TEJILHO MPOCTHIX KOPHEH, HEOOXOMMbBIX JIjist TOTO, 4T00bI U3 (Ag, o, V) TOJSYIUThH
(A, i, v).

Kybuueckas dopma ) : V — R oupenensiercs aHaJOrdIHO, HO UTOOLI
n30exKaTh MosiBJIeHUsT KodddunnenTa 6, KOTOPBIH MOPOXKIaeT MpodJeMbl B Xa-
PAKTEPUCTUKAX 2 ¥ 3, TeIepb HY>KHO IPOBOJAUTL CyMMHPOBAHUE 110 MHOMXKECTBY
©¢ neynopadovennvir tpuay {A, u,v}. dcno, uro |Oy| = |6|/6 = 45. Teneps

suadenue hopMbl Q Ha BekTOpe T = Y T\v” onpejensiercs GopMyIioil

Qx) = Z sgn(w)xA\T Ty,

rjie cyMMa Gepercst 1o Bcem {\, i, v} € ©p, a w UMeeT TOT XKe CMbIC/I, YTO BbIIIe.



Bocupoussejiem us [9] ABHDBIA BUJI OJIYYAIOIEHCS 1IPU [TOMOIIU 9TOM KOH-
CTPYKITMH KyOmaeckoir popMbl () OTHOCUTEIBLHO ecmecmeennoti HyMepaIul Be-
COB, IIPUBEJIEHHON Ha PUCYHKE 2:

Q(x) = T1213T27 — T1X16T26 + T1X18T25 — T1T20T24 + T1T22T23

— T2T11T27 + TaX14T26 — T2T17T25 + T2X19T24 — T2T21T23
1 T3T9Tor — T3T12T26 + T3T15T25 — T3T19T22 + T3T20T21
— T4T7To7 + T4T10T26 — T4T15T24 + T4T17T22 — T4T18T21
+ T5TTo7r — T5T8T26 + T5T15T23 — T5T17T20 + T5L18T19

— TeT10T25 + TeT12T24 — T6L14T22 + TeL16T21 + T7TT 25
— T7T12T23 + T7T14T20 — T7T16T19 — TYLY9T24 1 TT11T22
— T8T13T21 + T9T10T23 — T9T14T18 + T9T16T17 — T10T11L20

+ T10213%19 + T11T12718 — T11T15L16 — L12L13T17 + L13X14%15

Ham Takzke mona1oouTcst siBHBIA BUJT 27 YACTHBIX IPOU3BOIHBIX (DOPMBI ().

fi(z

T13T97 — T16T26 T T18T25 — T20T24 + T22T23

= X1T27 — TgT21 + T10T19 — T12L17 + T14X15

) =

fo(x) = —x1127 + 142 — T17T25 + T19To4 — T21T23
f3(x) = 297 — T19%26 + T15T25 — T19T22 + T2T2
f1(x) = —x7297 + T10%26 — T15T24 + T17T22 — T18Ta1
f5(x) = wex27 — T3T26 + T15T23 — T17T20 + T18T19
f6($) = T5T27 — T10T25 + T12T24 — T14T22 + 16721
Jr(x) = —waxa7 + X325 — T12%23 + T14T20 — T16T19
fS(SU) = —I5T26 + T7Ta5 — T9T24 + T11X22 — 13721
fo(x) = 23327 — TT2s + T10T23 — T14T18 + T16T17
J10() = Tao5 — TeT25 + T9Taz — T11T20 + T13T19
fll(flf) = —XT9T27 + TgTa2 — T10T20 + T12T18 — T15%16
Ji2(2) = —x396 + TeT24 — T7T23 + T11T18 — T13T17

()



f1a(x) = 22%96 — TeT22 + T7T20 — ToT18 + T13T15
Ji5(x) = 23%95 — TaT24 + T5T23 — T11T16 + T13%14
fi6(x) = =196 + TeX21 — T7T19 + T9T17 — T11T15
J17(2) = —xawa5 + TaT22 — T5T20 + T9T16 — T12%13
f1s(x) = z1295 — T4T91 + T5T19 — TeT14 + T11712
f19(x) = ToToy — T3T22 + 5718 — T7T16 + T10T13
foo(x) = =124 + T3%21 — T5T17 + T7T14 — T10T11
fo1(x) = —wowo3 + T3T20 — T418 + TeT16 — T3T13
J22() = 21023 — T3T19 + T4T17 — TeX14 + TgT11
f23(x) = 21292 — TaTo1 + T5T15 — TrT12 + TeT10
Jou(x) = =190 + T2T19 — TaT15 + TeT12 — Ty
fos(x) = 21218 — ToT17 + 3T 15 — T6T10 + T7R
fo6(T) = —x116 + ToT14 — T3T12 + TaT10 — THTs
for(x) = 1213 — TaT11 + T3T9 — T4T7 + T5Tg

Curetytonuit pe3ysibTar Mo3BOJIAI0T CMOTPeTh Ha rpymmny [lleBaste u na pac-
mupennyto rpynny [lleBajie Kak Ha IPyHITbI U30METPUil U 11000U TOCTPOCHHOM

TpunHeitno#t popmbl F.

Jlemma 1.7.
G(®, R) = {g € GL(27, R) |F(gu, gv, gw) = F(u,v,w) das écex u,v,w € V};
G(®,R) = {g € GL(27, R) |F(gu, gv, gw) = X(g)F(u,v,w)
daa nexomopozo N(g) € R* u scex u,v,w € V}.
Bropoe u3 srux pasencrs ObuIo Jl0Kazano B pabore (8], a mepsoe no cymecrsy

nokasano B [31]; cm. Takxke [82], e mpuBesen HAGPOCOK Goiee MPOCTOro JT0Ka3a-

TeJILCTBA.

1.4. Berunciaenue HopMaJansaTopa rpynnbl IleBaJsiie tu-

I1a E6



[lepes Tem, Kak JloKasbiBaTh Teopemy A, cdopmynpyeMm KOMOMHATOPHYIO

JIEMMY.

Jlemma 1.8. Ecau d(\, ) = 2, mo ne cywecmseyem marozo o € ®, ymo \ +

a, b+ a €A

HokazarenbcTBo. B cuiy rpansurusnocru jeiicrsus rpynibt Beiiss W(Eg) na
mapax BeCOB, HAXOIAIINXCs Ha OJIMHAKOBOM PACCTOSTHUN B BECOBOM rpade, MOXKHO
6e3 morepu OOIMIHOCTU CUUTATDh, UTO A = \g — CTaplunii Bec Moy V, a = vy —
maa i Bec. Ho Torma u3 Toro, ato A+« € A Boitekaer, uro o € &, a u3 Toro,
qro 4+ € A —uaro o € PF, uTo HEeBO3MOKHO B cuity Toro, uro T NPT = ().
3amedaHue. B jjasbHeiiiem Mbl 11pu aHaJju3e KoHpuUrypaiuii secos Oyjem 6e3
SIBHOT'O YIIOMUHAHKSA UCIOJIL30BATL TPAH3UTUBHOCTDL AeicTBUil rpynnnl Beitnga na
napax Becos. dacro Jijist Toro, 4Tobbl IPOBECTH HEKOTOPOE PAacCyzKIeHIe, MOXKHO
IepeBecTH MMEIOIIMICA HabOp BECOB B HEKOTOPBIA ydoOHbll 3JIEMEHTOM I'PYIIIILI
W (Eg); nocsie 91oro JlocrarouHo siBHO yKa3arTh HEODXO0MMOE OCTPOEHUE 1 3aTeM
IIEPEBECTH €0 B UCXOIHYIO CUTYAIHIO.
HoxkaszarenncTBo Teopembl A. Ouesuno, uro G(Eg, R) < N(G(Eg, R)). Ilo
nemme 1.2 nveem G(Eg, R) < N(E(Eg, R)). C apyroii croponst, kak N(E(Eg, R)),
rak u N (G(Eg, R)) ouesuiabiv obpazom cojepxkarcs B Tran(E(Eg, R), G(Eg, R)).
Takum 00pa30oM, Jisl 3aBEPIICHUs JOKAZATEIbCTBA TEOPEMbl JOCTATOYHO JIOKA-
sath, uro Tran(E(Eg, R), G(Eg, R)) conepxutcs B G(Eg, R).

[Tycrs g € GL(27, R) nexur B Tran(FE(Eg, R), G(Eg, R)). Boibepem o € &
n & € R Torna h = gzo(1)g~! nexur B G(Eg, R), snauur, F(hu, hv, hw) =
F(u,v,w) s Beex u,v,w € V. Hojcrasuss (gu, gu, gw) sBmecro (u, v, w), 1o-

JlydaeM, 4To

F(g$a(1)uvgxa(l)vagxa(l)w) - F(gu,gv,gw).

YuurbiBas, 4To To(1) = e+e, u noab3ysIch JUHEHAHOCTHIO F' 110 BeeM apryMenTaM,
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IIOJIy 9aeM, UTO
0= F(gu, gv, geaw) + F(gu, geav, gw) + F(gequ, gv, gw)+
F(gu, geqv, geqw) + F(gequ, gv, geqw) + F(gequ, geav, gw)+ (1)
F(gequ, geqav, geqw)
JUIs Beex u, v, w € V.

i) Teneps mycrb e,u = 0. [Ipumenss ccopmynupoBanHOe BbIIIe yCIOBHE K

BeKTOpaM (U, €qV, €qW) U UCHOJL3Ys TOT (akT, uTo €2 = 0, HoaydaeM, 9To
F(gu, geav, geqw) = 0, ecan equ = 0.

ii) [Tpogosmkast caurarh, 90 €,u = 0, TpuMeHnM CHOPMYITUPOBAHHOE BBIIIIE

ycJjioBre K Tpoiike (u, v, w). OHO 1probperer Cyeyromuil Bl
F(gu, gv, geqw) + F(gu, geav, gw) + F(gu, geav, geqw) = 0.

Ho, KaK Mbl TOJILKO 4TO 110KA3aJ1, TPETHE CJAraeMOe B 3TOH CyMMe TOXKE PaBHO
0. Takum obpaszom, F(gu, gv, geqw) + F(gu, ge,v, gw) = 0 ayst Becex v,w € V u

u € V rakux, uro e,u = 0. IlogcTaBuM B 5TO paBEHCTBO €41 BMECTO U:
F(gequ, guv, geqw) + F(gequ, geqv, gw) = 0 JUIsT Beex u, v, w € 'V,

iii) Teneps dukcupyem A,y € A rakue, uro d(A, u) = 1 n HekoTopbIil Bec
v € A. Boibepem a € @ Tax, arobsl A—a € A, p—a € A, v+a ¢ A. Takoii BeIGOD
BO3MOXKEH: JIJIsl JIOKA3aTeJIHCTBA 9TONO0 MOXKHO CIMTATh, YTO A = Ay — CTapIIuii
Bec, a 4t = A — 0, e 0 € ¢ — MakcuMaNbHBIA KOperb. Torma o = aq TOAXOIUT
Juist Beex v € A, kpome rex, jisi Kotopbix UV + a1 € A. Ho jist Hux takoii BbIOOD
JIErKO YKa3aTh: TTOJOXKNAM

o = 11800 AIa V= )\2, )\207 )\21;

o= 11600 Ui V= Aig,

o= 11610 Ui V= g,

a = 11(1)11 A V= Ai3.



A=y =¥, w = P, Bularogapst HameMmy Bbibopy o, e,v” = 0 n

Bosbmem © = v
pesyJsbTaT IyHKTa ii) IpeBpainaercs B paBeHcTBo F(gey, gey, ge,) = 0. Ilockosn-

Ky 9TO BEPHO JJisd Bcex V € A, To
F(gv*, gv, gv") =0, ecan d(\, p) = 1.

B 4acTHOCTH, MOYKHO TOJCTaBUTH B 9TO PABEHCTBO v = ¢ 0¥ jya v € A n
IIOJIyYUTh BCE yPABHEHUs HA 11apy CTOJIOIOB s\ U Giy-

iv) Taxmm obpazom, F'(gvt, gv#, gv¥) = 0 mns BecoB \, i1, v € A Takux, 4To
XOTsI ObI OJTHO M3 MOTIAPHBIX PACCTOSHUN MexK 1y HuME paBho 1. Eciu ke xors Obr
OJIHO M3 paccTodnmii paBuo 0, HAIpUMep, A = [, TO HaHJIETCS KOPeHb (v TAKOii,
aro A+ o ¢ A, v —a € A. U3 nyukra ii) mbl 3naem, 1ro F(gu, gv, geqw) +
F(gu, geqv, gw) = 0 guist Becex v,w € V u u € V rakux, uro e,u = 0. Bzsus

A

u=-e",v==¢e" w=e"°

, mostyaaeM, uto F(gv*, gv*, gv”) pasuo 0 u B 3TOM
cJIydae.

v) Ocraercs ocmorperh Ha snauenus F(gvt, gut, gv”) ana (A, u,v) € ©.
O6oznaunm k = F(guv', gu, gu™). Ilycrs o € 11 maxoii, 4To w, He ocTaBJiser Ha
mecte Tpuaay (A, i, v): Oyiem cauTarh, 9To W () = X, wa () = g+ a, we(v) =

v — . Torma mo gemme 1.8 mmeem A + a ¢ A. Tlojerasum (v, vH 0¥ ~%)

B yCJIO-
pue (1) 1 ucmoan3yeM pesyabrar mynkTa iii). [omyuamM, uro F(gv?, gut, gv¥) =
—F(gv*, guhte, guv=9). TlocaeaoBaresbHO IPUMEHS TaKHe OTPAKCHUS W, N3
Tpuabl (A, [o, Vo) MOXKHO HOJIYUUTh JIOOYIO JPYryIO TpUajly; OTCIOJa CJIEJyer,
aro F(gv*, gu*, gv”) = (—=1)ME C npyroii croponsl, n3 siBHOA HOPMYIIBI
ns F, npusesiennoi B passene 1.3, caeyer, aro F (v, v#, v¥) = (=1)MA#Y) Ty
kuM obpaszom, F(gvt, gut, gv*) = kF (v}, v*, v"). ons Tpoek Becos (A, p,v) ¢ ©
Mbl nokazaiu, uro F(gvt, gut, gv¥) = kF (v, v*,v”) = 0. Orciopa B cuity Tpu-
muneiinocrn Qopmbl F' nonygaem, aro F(gu, gv, gw) = kF(u,v,w) nasa Beex

1

u,v,w € V. IlojcraBuB ¢~ BMecTO ¢, MOJy4IuM, uTo k € R*. 3HaUUT, g JEXKUT B

rpyrie rnogoouit popmbr £

1.5. DkcimKanug ypaBHeHit



B nacrosiiem pazjiesie Mbl HPUJIAIAM €elle OJHY, OoJjiee siBHYIO, (hOpMY ypaB-
HEHUSIM, OIPEJIesIONNM IIPUHAIeXKHoCTh MaTpuipl ¢ € GL(27, R) nopMasmsa-
Topy rpymusl Llesanne G(Eg, R). Jlemma 1.7 xapaxrepusyer G(Eg, R) Kak Hau-
oosbiyto nodepynny B GL(27, R), cocrosiiyto U3 MaTpuil, HepBbie CTOJIOIbI KO-
TOPBIX YJOBJICTBOPSAIOT cucreme KpaJapuk. OJHaKo, OHa He OTBEYaeT Ha BOIPOC,
Korma undusudyarvnas Marpuna ¢ € GL(27, R) npunannexxnr G(Eg, R)? dcno,
4TO B yPABHEHUAX HA MATPUIY ¢ JOJKHBI (DUTYPUPOBATH JIEMEHTBI HECKOJIbKUX
CTOJIOIIOB.

Hanomuum oboznadeHue jijist noAApu3auuy, 9acTHOR TPOU3BOLHON KyOunUe-

ckoit popmbl F':

Pe.y) = Flexe.y) = 3 sen(w)a g

CyMmma 3/1ech GepeTcst 1o BeceM BecaM ¥ TakuM, 910 d(A, pu) = 2, a w € W (Eg) BbI-
Oupaercs Tak, 9To0bl W(Ag, o, Vo) = (A, i, Ao ). fBubie dopmyibt st fi(z,y)
B BBHIODAHHOW HAMU HyMEPallUu JIE'KO TOJLYYUTh HoJsipusalieil us GopmyJ jiist
qacTHBIX TPou3BOAHbIX [ (%) Kybuueckoit (opmbl (), NIPUBEJCHHBIX B pa3jiese
1.3. Yro6b! He BBOJUTH B JIOKA3ATEIHCTBE JIEMEHTBI IPYIILI Beiiis st pasind-
HBIX TPOEK, B JIAJbHEHIIEM Mbl MCIOJIb3yeM IPUBbIUHOE 0bo3HadYeHre sgn(w) =
(_1)11()\,#,)\0“)-

Cuiepytoluii pesyJibrar siBJsieTcsi aHAJI0rOM 1pe;ioxkenuns 4 paborst [11] u
npejioxkenust 1 paborst [12] (em. rakxke semmy 3.9 nHuke) Obparure BHUMaHUE
HA TO, YTO Telepb BMECTO 3JIEMEHTOB MATPUILI § B YPABHEHUSAX (DUIYPUDPYIOT
KBaJIpaTudHble GOPMbI OT 3TUX 3JI€MEHTOB. TakuM 0Opa3oM, MO OTHOIIEHUIO K
S7IeMEeHTaM MATPUIL § M ¢ © 9TU ypaBHEHWs ABJISIOTCS He KBaJPATHIHBIME, KakK

JUIS KJIACCUYECKUX I'PYIII, & KYOUUeCKUMU.

IIpeamoxenue 1.9. Mampuuya g € GL(27, R) aescum 6 N(G(Eg, R)) mozda
U MOALKO 0200, K020a LNOAHEND CACOYIOULUE YCAOBUA:

e YpaBHeHUs Ha mapy OJu3KUX CTOJOMOB. /[ia 6cex \, u,v € A ma-



kuxz, wmo d(p,v) <1, umeem

f)\(g*,“ g*z/) = 0.

e YpaBHeHUsd Ha ABe Mapbl JAJIEKUX CTOJIOMOB. /[i4 6cex wecmepor

6ecos \, [, v, p, o, T € N maxuzx, wmo d(u,v) = d(o,7) = 2, umeem

(_1)h(uoy’ﬂ,y)gl/iou,)\fp(g*oa Gur) = (_1)h(UOT’J’T)g:;or,pf/\ (Gspas Govr)

HoxazaTenbcTBo. Chauasa jokasxkeM, uro jobas marpuna n3 G(Eg, R) yio-
BaeTBoOpser aruM ypasnenusiM. 1o onpejenennio g € G(Eg, R) paBHOCHIBLHO TO-
My, uro Haiijgerca k(g) € R* makoe, uro F(gu,gv,gw) = k(g)F(u,v,w). Dro
YCJIOBHE, B CBOIO OUEPE/Ib, PABHOCUILHO TAKOMY Ke YCJIOBHIO, Ijie U, U, w — Oa-
3WCHBIE BEKTOPHI U, U, 1Y COOTBETCTBEHHO, JIST BCEX TPOEK BECOB A, i,V € A.
Eciu d(p,v) < 1, o name yciosue npespamaercs B8 F(gv?, gut, gu”) = 0 jis
Becex A € A, uro sksusajsenTHo tomy, uro F(u, gv*, gv”) = 0 pia Beex u € V,
aT0 sKBEBageHTHO F (v}, gvF, gv¥) = 0, a 9T0 U ecTh ypaBHEHHUs Ha Tapy OJII3-
Kux cronbnos. Eciu xe d(p,v) = 2, Hame ycjoBue SKBUBAJEHTHO TOMY, YTO
F(gu, gv*, gv") = k(g)F (u,v",v") aust Bcex u € V| a 970 9KBUBAJIEHTHO TO-
My, uro F(u, gv*, gv”) = k(g)F (g~ u,v*,v") ans seex u € V. Hdocrarouno
TPeGOBATEH BBITOJHEHIA 3TOTO TOJBKO g u = v”, To ecth F (v}, gu#, gv¥) =
k(g)F (g~ ', v#, v”). Ilpeobpasyem IpaByio YacTh:
K(g)F (g~ 0, 0") = k(g) F(gly, v, 0") = k(9) D g F(0", 0%, 0")

KEA
= () 9pionn F (0" 0", 07) = k(9) Gy (= 1) 1),

B 1o ke Bpems seBas 4actb — 3T0 fr(Giy, Guw). ITOOBI M30ABUTHLCS OT KO-
dbunpenta nojodbust k(g), BO3bMEM Telepb JIPYyryio TPOiKy BecoB p,o, T € A ¢
d(o,7) = 2. Uckmouasi k(g) U3 noJgydIuBIIUXCS COOTHOIIEHUI, Mbl KakK pa3 u
IPUJEM K YPABHEHMSIM Ha I1apbl JAJCKUX CTOJIOIO0B.

ITycts Tenmepr H — addunnas cxema Haj Z, onpejejeHHass ypaBHEHU-
Mu 13 opMymHpoBKE Tpeioxkenusd. Brmouenne H(R) € G(Eg, R) nocrarou-

HO JIOKA3bIBaTh JIJIs CJydas JIOKaJbHOro Kojibia K. Ilycts M — makcumaJsbHbI



uieas R. 3amerum, 9T0 U3 ypaBHEHUI Ha napy OJM3KUX CTOJOIOB CJCIAYET, U9TO
F(gv*, gv*, gv¥) = 0 mna seex A\, p,v € A Takux, uro d(pu,v) < 1. Ocramocs
nafitn k € R* takoe, 910 f\(Gips Grv) = k(_l)h(uoww)g;w’)\ IUIsE BeeX A\, i, v € A
Takux, aro d(u,v) = 2.

JTokaxkem BHaUaJie, 4o HaljayTes A, i, v € A rakue, uro d(p,v) =2 u

g:toy,/\f)\(g*uag*u) € R".

[Ipeanonoxum obpaTHOe: MyCTh s BeeX A, i, v € A makux, aro d(p,v) = 2,
umeeM G, \ (G g) € M. Bamernwm, uro maitnyres A, p,v € A Taxue, uTO
d(p,v) = 2 m g, € R*, nua sroro jocrarouno dukcuposarh f, v, u Ba-
pbupoBarh A. Kpome roro, naitjyress p,o,7 € A rakue, uro d(o,7) = 2 u
fo(Gios gsr) € R*. B camom Jiesie, B IPOTUBHOM CJlydae 1pu J00bIX (DUKCHPOBaH-
HBIX p, 0 C yI€TOM ypaBHeHN{i Ha napy O6n3Kux crosaomoB umeeM f)(guy, gsr) € M
st ecex T € A Ho Torma mo jimHefiHOCTH OTCIO/a CJeayeT, 9To fp(g*a, u) € M
autst Bcex u € V. Ho 9ro suaunt, 910 f,(gie, V) = E£gpone € M st Beex p,k € A
TakuX, 4to d(p, £) = 2, uro neposmoxno. Taknm 06pasoM, g, \ f(gso, Gur) € R
1 Goor p N (Gspis Gov) € M, w0 TIPOTHBOPETMT TOMY, uTO g € H(R). 3nauuT, maii-

ayres A, i, v € A ¢ d(p, v) = 2 Takue, 910 g/’lOW\fA(g*u,g*y) € R*. Tlonoxum

k= (- 1)h<uoy7u’y) (QLOV,A>_1fA (Gops Gor) -

C yderom 3TOr0o 0ob603HavYeHNsT ypaBHEHUsT HA § MOYKHO TI€perucaTh B BUJIE

fp(g*(ﬂ g*T) — k(_l)h(UOT’O,T)g;oT,p7

KaK 1 yTBEP2K/1aJIOCh.



I'maBa 2

Haﬂrpynmﬂ NCKJIIOYNTEJIbHBIX T'PDYIIII B
MMNHNMAJIBHBIX IIPEACTABJICHMNAX

2.1. Ilnan moka3aTeJabCTBa

B stoit rmaBe ® = Eg nnmn ® = E;7. B curyanusax, Korja nMmeer 3HaUYEHHE,
KaKOli MMEHHO M3 JIBYX CJIy4aeB UMEET MECTO, MbI Oy/ieM OT/Ie/ISITh BbICKA3blBaHUA
it @ = Egu ® = Ey 3nakom «rispy». Harmomuum, 9410 Mbl paccMaTpuBaeM I'py bl
G (P, R) kak nojrpyiibl noauoi juueitnoit rpynust GL(n, R), upuuem n = 27
risp 56.

Harmreit 6miKaiiineii mesibio saBJisgeTcs JOKa3aTeJbCTBO CASYIONUX JIBYX IIPe/I-

JIO?KEHUA:
IIpennoxenune 2.1. Ilycmv A < R. Tozda

E(n, A)F®R = E(n, R, A),
ede, Kaw obwuno, E(n, R, A) = E(n, A)F1),

IIpengioxkenue 2.2. [Tycmv H — nodzpynna ¢ GL(n, R), codepocawasn sne-
menmapnyro epynny [lesarre E(P, R), npuuem 2,3 € R*. Jaa A, € A, X # p
nosootcum Ay, = {€ € R | tau(§) € H}. Tozda daa mobwx p,o € N, p # o
umeem Ay, = Ape = A, npuvem A < R.

3 stux JAByX TeopeMm HeMejieHHO cieayer Teopema B. Taxkum obpaszowm,
MBI OTIPEJIETNIN HusMCHUl yposens noarpynnsl H — wanbonbmmit ugean A < R
takoit, uyro nojrpyuna E(®, R)E(n, R, A) conepxkurcs B H. Cuejyioniee tpeji-

JIOZKCHUE YTBEP2KJACT, YTO 3Ta LMOJAIPYIIIA ABJAACTCA COBEPIIEHHON.



IIpennoxenune 2.3. Ilycmv R — xommymamuenoe woavuo, A < R. Tozda

epynnai

EE(27, R, A) = E(Eg, R)E(27, R, A)
U

EE;(56, R, A) = E(E7, R)E(56, R, A)
CoBEPUWEHHDL.

Cuteiy oyt pe3y/abraT siBJISeTCsS aHAJIOIOM IIPeII0xKeHust 2.1 11l CUMILIEK-

TUYECKOI TPYIIIbI, KOTOpas BO3HUKaeT B ciaydae ¢ = K.

IIpeamoxenune 2.4. Ilyemv A I R, 2 € R*. Tozda
Ep(56, A)"F%) = Ep(56, R, A),

2de, wax obviuno, Ep(56, R, A) = Ep(56, A)FPO6.R).

Hanomuum, 4To 1nocrpoenne CUMILIEKTHUYECKOR I'PYIbl, 0603HaA4YCHHON Bbl-
me Ep(56, R), nposejieno B paznee 2.7.

Bor Kak BBITJIAIUT aHAJIOT MPEJI0KEHNT 2.3 B 9TOM CJIydae.

IIpennoxenue 2.5. Ilycmv R — xommymamuenoe xoavuo, A < R, B < R,
A C B, 2 € R*. I'pynna EEL(56, R, A, B) = E(E7, R)E(56, R, A) Ep(56, R, B)
COBEPULEHHA.

2.2. ITocTpoenne HUYKHETro ypPOBHS

Jloka3aresabcTBO npeasoxkenus 2.1. OdeBuHO, 9TO JIeBas 9aCTh COJIEPIKHUT-
ca B ipaBoii. s JokazaTenbcTBa 00paTHOTO BKIIOYEHUS BOCIIOIH3YEMCS JIEMMOit

1.1: rpynna E(n, R, A) nopoxaercst BCeM#u TPAHCBEKIMsAMU BU/IA

Z/\u(ga C) = tu/\(ot/\u(g’)

anst £ € A, C € R, A\ € A, X # . Takum obpasom, 1ocraTodno yoeauThes, 9To

2u(€, Q) conepxurest 8 H = E(n, A)E(®73). JlokazaTeanLeTBO 3TOr0 COJEPAKUTCS
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B Jjiemmax 2.6, 2.8 u 2.9; B Hux pazobdpatbl, COOTBETCTBEHHO, ciydan d(A, (1) = 1,
1 =1, 2, 3. OueBuiHO, YTO B HAIIIEM IIPEJICTABICHUN 2 TISP 3 — 9TO MaKCHUMAJILHOE
PACCTOSTHIE MEXKJIy BecaMu, M IPEJJIOKEHNE JIOKA3aHO, KaK TOJbKO IPOBEpeHa
CIPABEIJIMBOCTD CAEAYIONUX JIEMM.

B nasnbneitiem Besge ¢ € R, £ € A. Mbl OyjieM 10JIb30BATHCS CIIELYIOIIM

IMPAMDBIM BbIYMCJICHHUEM:

ZAu(fa C) - tﬂ/\(C)t/\u(f)tuA(_O
= (e + Ceu/\)(e + SGA;J(@ - CQM)
=€+ Sex\u + SC(euu - 6/\)\) - Sczeu/\-

Jemma 2.6. [Tycmo d(A, p) = 1. Tozda 'O, (&) € H daa mobuz p, 0 € A,
B wacmmnocmu, 2y,(€,¢) € H.

Joka3zareabcTBo. (CHavaja pacCMOTPUM ciaydaid p = A, 0 = . Ob6o3HAUUM

i—A=a € P u paccmorpum

"2 O83,(€) = 2a(Q)tru(€)ma(—() € H.

13 semmbl 1.6 jierko Bujierb, 4To

9= 2a(Q)tru(6) = e+ Eeny £ ey £ Cepn + D> (=1 Cevvan,

=1
rjie vy, Vo, ...,Vs — BCe OTJIMYHDBIE OT A Beca vV U3 A, J1j1s0 KOTOPBIX V + (v TaKxKe

ABJIAETC BecoM. 3Haku (—1)%

. C KOTOPBIMM OHHU BXOJIAT B 3Ty 3allUCh, HAC HE
MHTEPECYIOT; Mbl 0OpallaeM BHUMAaHKE TOJIbKO Ha 3HAK HPU JACHCTBUN <MEXKLy»
BeCaMU A U [, KOTOPBI Oy/ieM BbIpaskaTh 3HaKaMi + U F.

[Tocite 3TOro ocTasoch JOMHOKUTH TIOJYUUBLIEECH HA To(—C) U IPOCIEUTD
3a MaTpUIHbIMU djeMeHTaMu. OdesuHO (M. cHOBa jieMMy (), TTOJBEPrHYTCS W3-
MEHEHUIO TOJIKO 3JieMeHThbl B nosutusix (7,7'), st koropeix 7,7, 7 + a € A.
Ho MBI y2ke 30aeM Bce Takue 7', JJIsd KOTOPLIX U 7', U T' + (v ABJISIIOTCA BECAMMU:

5TO B TOYHOCTH A, Vi,...,Vs. lIpoanamusuposaB, npu Kakux 7 m00aBKa Grr/iq

HEe paBHAETCd HYJIIO, Mbl BHJUM, 9TO 3HAKH JIJIs JICACTBUS ‘MEXKJIy  BecaMu V; U



v; +« IIPOTUBOIIOJIOZKHDBI, 9TO HPUBOJUT K YHUYITOXKEHHNIO CJlIal'a€MbIX, B KOTOPbLIE
BXOJAT V; — MMEHHO IIO3TOMY HaC HE€ MHTEPECYECT, KaKNE€ NMEHHO 3HaK1 TaM OBLIIN.

OcraeTcs ciiejiyioniee BblparKeHue:

x"(OtAu(f) = gra(—() = e F &lean + Loy — EC e £ ECepp

MbI BUJMM, 9TO 3TO BbIParKeHUE COBIAJAET C MOJYUYEHHBIM BBINIE BbIPAXKeHUEM
st 2y,(€,¢) ¢ TOYHOCTBIO JI0 3HAKOB B HO3UIUSAX €)\) U €y, KOTOPbIH JIE'KO
TIOMEHSTh, 3aMEHUB ¢ caMoro Havdaja ¢ Ha —(.

Ocrapinecst ciydad, Korjaa Jubo p # A\, b0 o # (i, Ha CaMOM JieJie eIre
npome. Jeiicrurensuo, y = mOt, (&) = [t,n(C), 0 (€)] - tpo(€). Bemu p =
A, HO 0 # p1, To Yy = t,5(E0)t0(§) € E(n,A). Anajorndno paccMarpuBaeTcs
ciydaii, Korjia ¢ = p, Ho p # A\. Ecim ke 0 # o u p # A\, TO 9TH TPAHCBEKINAN

KOMMYTHPYIOT, & Y = t,,(§) € E(n, A). Jlemma nokazarma.
Canencreue 2.7. ITycmo d(\, 1) = 1. Toeda E(n, A)m©) < H.

Jlemma 2.8. ITyemo d(X\, p) = 2. Toeda z),(&,¢) € H

HokazareancTtBo. Haijinem a,( € & rmakme, uto A — u = « + (3, npudem
A—a=p+pe€Au—pF=pu+a € A Dro nerko crenars: mapa (A, @)

IEPEBOJIUTCS dJieMeHTOM Tpylnbl Beiiig B napy (A1, Ag7) risp (A1, A_os. Torya

MO2KHO B3s1Tb, HaIllpuMep, &x = 12%11 risp a = ay u ﬁ = 11%21 risp 5 = 01%221.

O6ozHaanM A —a =+ 3=k A= =p+a=rv. Torya
€, 0) = "O1,(6)
= O, (€), tu(1)]
= [t ()t (€Q), tuu(Dta(=0)]
= tap ()t (£C) - MMt (—£0)En (—8).

Takum 00pa3oM, JOCTATOYHO JIOKA3aTh, YTO

M=t (—€C)th, (=€) € H.



B jajibHefiemM Mbl OrpaHMYMM BCE HAIU BbIYMC/ICHUsI Ha YeTbIpe Beca: A, U, U,
K, TO ecThb OyJeM paccMaTrpuBaTh CBOOOMHBIN moamMonyiab W panra 4 B Mmojyiie

A Y, oM, 0%, DTOro JI0CTATOUHO

npejcrasienust V = (v”|p € A), mopoxieHublii v
JIJI1 HAIMMX BBLIYMCICHUI, TOTOMY UTO OHM OY/IyT BKJIIOYATH JIUIIbL 3JICMEHTAPHbIC
rpancseknun t,,(C), e ¢ € R, {p,0} C {\, v, {1, K} u conpsikenust 1pu mMOMOILH
IEMEHTOB T4 ((), 3((). DTH COMpsKEeHNsT TaKKe He BBIBEIYT HAC 32 MPEJIEJIbI
9TOrO MPOCTPAHCTBA: JIeHCTBUTENBbHO, eci syeMenT g € GL(n, R) takos, uro
«HETPUBUAJLHOCTD JICHCTBUST» ¢ 3aKJI0YeHa BHYTpU W, TO TaKOB XK€ M 3JIeMEHT
a(Ng — 970 HEMEIJIEHHO CJIEAyeT W3 TOTO, YTO IPEJCTABICHHE MHKDPOBECOBOE,
LIO3TOMY HU OJIMH U3 3JIEMEHTOB A+, V4@, fl—Q, K—Q He SIBJIAeTCs BecoM. Takum
00pa3oM, «JIelicTBrsI> MEXKy BecaMu p u o (rje p — 0 = «) OyayT yHHUTOKATH
JIPYr JIpyra Tak ke, Kak ObLIo B JloKazaresberse jemMMbl 2.6. Koneuno, To ke
camoe Kacaercst u 3.

Mbi Gyjiem uzobpazkarsh Marpuilbl jeiicrsust sjementos GL(n, R) upu orpa-
maenun na W B 6asuce (v, 0¥, v, vF). O6osnauum h = 0t (—EQ)t, (=€),
g = t(h — spement, npuHauIeKHOCTL KOTOPOro H HaM HEOGXOANMO YCTAHO-
BUThL. 3A4METHM, UTO MO CJICJCTBUIO U3 JeMMbl 2.6 snement h jgexnt 8 H. Bynem

obosnauarh g, h marpuns uz GL(4, R), coorsercrByiomue g u h, orpaHudeHHbIM

Ha W, B ykazannom Oasuce. Jlerko Bujierb, 410

(1-6 € 00
| & 1+ec00
—£¢¢ —=¢6¢ 1 0
\ 0 0 01
[1-¢ —¢ ¢ 0
| o 1 0 o0
7| - =1+ o
\ 0 0 0 1
(100(
w©O= o001 o
\0 0 0 1



Tora suemenry “«h € H coorsercrsyer ciepyiomas Marpuia;

1-¢¢ =€ & &
0 1 0 0

—£¢* —6C 14+EC &¢°
0 0 0 1

oce ymuokenust ciesa Ha ty,(—EQ)tuw(—EC%) € E(n, R) bl n0jiydaem Takxke
9j1eMenT u3 H, KOTOpDIil 3aliChLIBACTCS MaTPUIeii ¢.

Boobriie roBopsi, mmociiejiHee paccy K ieHue ClpaBejInBo TOJIHKO TOIIa, KOI/ia
3HAKM JIeHCTBUSA Y 9jieMenTa T, (C) B orpanndenun na W ogunakoBbl; Tora 4 (()
JIEHCTBUTEILHO UMeeT TaKOi BU/I, KaK MOKa3aHo Bhime. Ho eciu 3HaKu MpoOTHBO-
MOJIOYKHBI, TO PACCYKICHNE HE CHIHHO MEHSIETCS; IPU COTPSIKEHUU A ¢ TIOMOIIHIO
To(£1) momygaercst nournu Ta XKe caMasi MATPHUIA, YTO U B PACCMOTPEHHOM CJIy-
gae. A MMEHHO, HeJIMAarOHAJbHBIE SJIEMEHTBI MOCJEHEr0 CTOJIONa Oy/yT MMETh
TPOTUBOTIOJOXKHBII 3HAaK. [[oHATHO, 9TO MOC/IEe 9TOTO HY»KHO JIOMHOXKATH Ha 3JIe-
MEHTAPHbBIE TPAHCBEKIIMN C IPOTUBOIOJIOKHBIMY 3HAKAMU B apPI'yMEHTaX, U BHOBb
MOJYIUTCA B TOUYHOCTH MaTpHUIa ¢. SHAUYWUT, B J0OOM ciaydae ¢ € H n nemma

JIOKa3aHa.

Jemma 2.9. ITyemo d(\, p) = 3. Tozda 2,(£,¢) € H

Hoxka3zareabcTBo. 3jech ¢ = Er. Ceituac, Kak Bcerja, Mbl MOCTPOUM HEKYIO
KOH(UI'YPAIIMIO BECOB JIJI KOHKPETHOI'O Caydas A = Ai, (4 = —A_1, U «IIepeHe-
ceM» ee 3JIeMEeHTOM I'PYTIThl Beiisst Ha, MPOu3BOIHHYIO APy BECOB Ha PACCTOSTHUN
3 apyr ot apyra. Bozemem a = a7, f = 12%221, v = 12?321. Herpyjino Bujiers,
410 —w+a+ G +vy=wu a,,v € P. Obo3nauuMm TakxKe Bec v = U+ .

Taxoe e BbIUHMCIEHUE, KaK W B HadaJe JOKA3aTeJbCTBA JIeMMbI 2.8, MOKa-

3bIBA€T, 9YTO JOCTATOYHO IIPOBEPUTDL BKJIIOYECHHNE

g= tw(l)m(—é)t)\y(—f)tW(—gC) € H.

[Tpeobpazyem nagee:

g = tuu(1> : ty)\(_C)t)\V(_g)tuA(C) : tVA(_C)tuu(_€C)tuA(C> ) tuﬂ(_l)'



N3 siemmbt 2.8 caepyer, aro t,n(—C)ta (—€)ta(() € H, rak kak d(A\,v) = 2.

[Ipeobpazyem muoxuTess tyx(—C)t,, (—£C)ta(C):

ta (=t (=€C) A (C)
— t/u/(_é:g) ’ [t,uy(€C); tV)\(_C)]
— twj(—fC)tﬂ)\(_fCQ) € E(”? A)

Mot nosyumn, aro g = t#Wh, tie h € H. Teneps Bce ananornano GpuHAILHOMY
mary B JJOKa3aTeJbCTBE JeMMBbI 2.8: TOCMOTPUM Ha KOHKPETHBIE MATPHUIIbI, YTOOLI
veDp € H. D
CPaBHUTH g U € H. DiemenTs, KOTOPHIE Y HAC TOJYUUJINCH, 3aTParnBaloT
TOJIBKO Beca A, ft U V. Mbl XOTUM KOMMYTHPOBATH ¢ o (1), m0o3r0My HEOOXOIMMO
erle BKJIIUNTh B pacCMOTpeHne Bec k = A — «. [losyunBiimecst 4eTbipe Beca yxKe
JIATOT HaM CBOOOJIHBIN TTOAMOTYJIb, KOTOPBIM MOXKHO OTPAHUYIUTHCA: MPUOABICHUS
W BLIYUTAHWUS KOPHS (v He MPUBOJAT K HOBBIM BecaM. MTak, MOXKHO OIpaHUuNTH

BCE paccMoTpeHue cBoOOIHbIM 1ojMojtyiem W panra 4, HATSHYTHIM Ha, BEKTOPbI

v, v, 0¥, v, Mbi Gyjiem 3amucbiBath 311 orpanndenus Marpunamu us GL(4, R)
B Gazmce (v, 0%, v¥, M),
1+6C 0 —=¢ 0 1100
~ 0 1 0 0 = 0100
h=1 ¢ 01+ec ol =W=1g01 1]
—£C2 0 —€& 1 0001
O s 1—§C 0 —5 3
el 0 1 0 0 ~ 0
ro(1) ) —
h o o 1 o | 7 0
—£C% §¢% —6¢ 1+ ¢ —€C2 0 —fC 1+ £¢
Terepb BUHO, YTO MOCJIe YMHOXKEHUS ceBa “*\V h Ha

t)\m(_fC)t/m(_fCQ) € E(”? A)

—_—~——

nostydaercs g. K coxasenuto, x,(1) He Bcerja umeer Takoil BuJl, Kak yKa3aHO
BBIIIE. SHAKHU JIEHCTBUST MOTYT OBITH PA3JUIHBIME JJist TTap BecoB (A, k) u (v, ).
OueBUIHO, UTO €CTh TOJNBKO JIBA MPUHIUIUAILHO PA3HBIX CJIydast: KOTJa 3HAKHU

OJINHAKOBBIC (BBIIIE MbI PACCMOTPEM UMEHHO €r0), U KOTJ[a OHH DAa3Hble — BCE



CBOJUTCS K HUM 3aMenoit T4 (1) na x4(—1). Takum 00pazom, KOria 3HaK1 pasHble,

MOXKHO CUUTATh, YTO
—1

8

Q

—~

—_

~—

I
oo O
o= O O
_ = O O

TOTJIa,
1-¢¢ —¢6¢ —¢ ¢
T 0 1 0 0
0 0 1 0 ’

—£¢* =6 ¢ 1+

U PE3YJILTAT JOCTUraeTca yMHOKenueM ciesa Ha €y, (£Q)t,.:(EC?) € E(n, A).

2.3. CoBnajJieHne 1m1eaJjioB

Hanomuum, uro jganee sesge H — nogarpynna B GL(n, R), copepxaiasi

E(®, R). Caexyiomnias jeMMa POBEPSIETCs PSIMbIM BbIUUCJIEHUEM.

Jlemma 2.10. Iycmo N\, p € A, X # pu, a € . A — u # +a.
a) Ecau p—a @ A, X+ a e A, mo [t (E), 2a(Q)] = trrau(E£EC).
6) Ecau A —a ¢ A, p+a €, mo[tr(§),ra(C)] = trpra(FEC).

Jlemma 2.11. ITycmo A, p € A, d(A\, u) = 1. Tozda ecau o € ® makos, wmo
Atac€Aur+a#pu mop—ad¢A,

JokazaresabcTBo. [locmorpum Ha juarpammy BecoB. MOXKHO canuTaTh, 9TO A =
AL, [t = Agp TiSp = Agg. Toryia eciu A+ € A, To « € ¢~ u B paznoxkenue o 1o
IPOCTBIM KOPHSM JIOJI?KEH BXOJAUTL —q Tisp —ayz. Ho jyist Toro, atobsr t—a € A,
HY2KHO, 9TOOBI MEXKTY (4 — U (4 OBLIT KOPeHb — (] TiSp —a7, YTO BO3MOXKHO TOJTHKO
pu v = fL — A.

Teriepb MOXKHO JIOKa3aTh 4aCTh HPEJJIOKEHUsT 2.2:

Jlemma 2.12. Ilycmo A\, p,0 € A, npuuem d(A,pu) = d(p,o) = 1. Toeda
Ay = Ape = Aq, npuvem Ay < R.

JokazarenbcTBo. OueBuino, 4T0 Ay, ABIACTCA HOAIPYNNON [T IO CIOKEHUIO.

[IyukT a) iemmbr 2.10 dbakTHIeCKE yTBEPXKIACT, 9TO €cain A, it € A, X # p, o € @,
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A—p # fa, p—a ¢ A 1o RAy, C Axiay. Torma no gemme 2.11 nosyyaem
RA,, C A, (MOXKHO «IIpOIIATaTb» MO pebpaM ANATPAMMDI U 3aMEHUTH 00a Beca
B MHJIEKCAX Ha HyXKHbIE HaM) 1, KpoMe Toro, Ay, sBisercs ujeanom B R. Snadur,
BCEe TAKWe WJIeasbl COBIAIAIOT.

Eie 0jiHO npojBMKEHUE K IIPEJJIOKEHUIO 2.2:

JIlemma 2.13. Ilycmo A\, pu,p,0 € A, npuvem d(\, 1) = d(p,o) = 2. Tozda
Ay = Ape = Ao, npunem Ay < R.

JlokazaresabcTBO. CHOBa OyjeM cMOTperhb Ha jguarpaMmy BecoB. MOXKHO cuu-
22%10 012222

TATh, YTO ft = A\ U A = A3 Tisp A = A_og ( risp 1 HE SIBJISETCSI KOPHEM,
nostomy d(A, p) = 2). Torma mius goboro a € ¢~ Beinonueno p — o ¢ A. SHa-
9UT, MOXKHO MPUMEHSATH IYHKT a) JieMMbl 4 111 o € 7 rakux, 9410 A + a € A.
Tak MOXHO HOOUTHCsI, I9TOOBI p = A 4 « OBLIO JIFOOBIM JIPYTUM BECOM TaKHUM,
aro d(p, ) = 2, kpome p = A_g7 B ciydae Eg, To ecrs nonyunts RAy, C A,
Ecin ke ® = Eg u p = A97, Hy?>KHO JieiicTBOBaThH B JIBa IIara: CHavaJsa JTOOUTbCs
RA), C Ay, tne p = g6, a 3aTeM IepeiiTu K p — 00801 = A7, TO €CTH COIIPsIZKe-
HUEM ¢ Zo4(£1) monyants RAy, C Ay, C Ay, . JokasaresbeTBo 3aBepIiaeTcs
TaK XKe, KaK B [PeblIyIIeil JeMMe.

Tenepb Mbl ycranoBuM papencTBo ujeanos A; u Ao, st aroro B ciiejiyio-
MUX JIBYX JIeMMaX JOKA3bIBAIOTCS BKJIOUEHUsT B 00e cTOpoHbl. VHTEpecHo, 9TO
BrJIOUeHHe A1 C Ag JIErKO MOJydaeTcss TeMU Ke METOJAaMU, 9TO ¥ IPeJIbIIy e
JIEMMbBI B JIOKasaTehcTBe Tpemioxkenns 2.2. ObparHoe ke BKJIIOUYeHne moTpedy-

er roro, uro H codeporcum E(P, R) (paHee Mbl UCIIOIB30BAJN TOJLKO TO, 410 H

nopmasusyemes (P, R)), u BosuukHer orpanndenue 2,3 € R*.

Jlemma 2.14. A; C A,.

HokazarenbcTBo. Bosbmem & € Aj. Ilo nemme 2.12 umeem ty,(§) € H s
= A1 A= Ap risp A = A\jg. B rakom ciayuae o gemme 2.10 [t),(€), -0, (1)] =

tr—ayu(€) 1isp [Eau(§), -0, (1)] = tra,u(§). Ho max xax d(A — aq,p) = 2 risp
AN — a7, 1) =2, 10 £ € As.
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Jlemma 2.15. Ecau 2,3 € R*, mo Ay C Aj.

HokazarenbcTBo. Ceifyac HaAM HPUAETCS MOCMOTPETh, YTO IIPOUCXOJNUT IIPH
KOMMYTHPOBAHIN TPAHCBEKINN ), (§) ¢ KOPHEBBIM JIEMEHTOM Z,((), ecan Bce
erme A\—p # o, Ho Ao, p—a € A, rie a € ®. Urak, Bosbmem € € Ay, ( € R (Ha
caMoM JieJie jajiee Mbl BosbMeM ¢ = 1). Bynem takxke cuurars, aro d(\, p) = 2.
CHoBa BOCIIOJIL30BABIIUCH TEXHUKON M3 JTOKA3ATEJIhCTBA TIPEII0yKeHnst 2.1, Jerko

BUJICTH, 4TO
[EAu(§): 2a(C)]
= (e+ ey + (—1)°¢Cer—a + (—=1)"Certar + (—1)°Cepp—a):
(e = Eenu + (—1)°€Cer o — (=1)"Certan — (=1)°Cepp-a)
= e+ (=1)%¢Cerp—a — (=1)"€Certan + (1) eriap—a € H.

Bamerum, 9to d(A + o, — @) > 2 (3T0 JIErKO MPOBEPUTH HEMOCPE/ICTBEH-

(2)

HO: MOXKHO CUATATh, YTO A = A3 TiSp A = A og  9T0 @ = @ Trisp a =
(7, TIOCJIE Yero B3MJISHYTh Ha JMarpaMMy BecOB). 3Ha4uT, 110 Jemme 2.13 ume-
eM trrapu—a(EEC?) € H, u yMHOXKEHHEM Ha TaKoOil SJIEMEHT MOXKHO JOOUTHCS
e+ (—1)%¢Cexy—a — (—1)"€Certa,u € H. Urak, MBI TOTYIHIN, UTO IPOU3BE/IE-
nue gByx TpancBekinii ty ,u—a((—1)°€)trta,((—1)7EC) nexxur B H. Ho nam
HEOOXOMMO HaWTH KaKylo-HUOYIh 00HYy TPAHCBEKINIO, JexKallyio B H.

Tenepn nac OyyT nnrepecoBarhb ciydau, Korja A—(u—a) = (A+a)—pu = f,
rie 3 € ® — purcupoBaHHbIil KOpeHb. Maes cocTouT B TOM, YTOOBI paCCMOTPETH
BCE TPAHCBEKIHH {0 (. .. ), I KOTOPBIX p — 0 = 3. O4eBH/HO, 9TO KOJIUIECTBO
k rakux nap (p, o) pasro 6 risp 12. O6osnauum nx (p;, 0;), 1 <i < k.

[TocsieiHsist 9acTh HAIIMX PACCYKJIEHUH HECKOJIBKO 3aMbICJIOBATA, TOITOMY
MBI cHadaJia pazdepeM ciaydait @ = Eg, a 3aTeM BHeCeM U3MEHEHUs, HEOOXOIUMbIe

Juid caydas © = Er.

2.4. Jloka3aTeJIbCTBO JeMMbI 2.15

Urak, nycts cnagasia ® = Eg. Mbl yTBep:K1aeM, 4TO JJIs KaxKI0# napos Ta-

KuX nap (p;, 0;) u (pj, 0;) Pa3HOCTD p; — p; = 0; — 0 ABJIATCA KopHeM. [leiicTsu-



TEJILHO, OJIHA TaKasl 11apa, CKaxeM, (p;, 0;) HEePEBOIUTC: JJIEMEHTOM Ipy1ibl Beii-
ast B mapy (A1, Ag). Torma sierko B3MIAHYTH Ha OCTaBINKeCs NATh nap (pj, 0;) Ha
JiiarpaMMe BecoB U yOeluThesl, 4To Beerja p;— p; = w— p; OyjieT KopueM. 3Ha4uT,
MOYKHO TIPUMEHUTH HAllle BbIUUCIEHUE, MOJACTaBuTh ¢ = 1 1 HOJIyudTh, 9TO MPO-
uzBeleHue TpancBekiui t,, o (£E)t, o (££) nexur B H jis mobbix 1 <4, j <6,
i # j. B 10 e BpeMst, mpo 3HaKK TpH & MBI TIOKa HUYEro He roBopusir. OUeBu/THO,
eCTh JiBa CJlydast: KOTJIa B TAKOM IPOU3BEJICHUN 3HAKH COBIIAJAIOT, U KOTJA OHU
paszimunbl. To ecTh MOKHO CUMTATH, YTO NpousBejeHue ty, 5. (§)t, o (££) nexur
B H.

DuHasibHast UJlesl JIOKA3ATEIbCTBA, BbIIJISIUT TaK: 1I0CKOJIbKY KOPHEBOH 3Jie-

MEHT X €CTb IIPOU3BEJICHUE IIIECTU TpaHCBeKIH/Iﬁ

23(6) = [t (260,

MOYKHO TIOCTaPATHCsT U3 HAIMINX MOMAPHBIX MPOU3BEJCHUI U 9TOTO MPOU3BEICHNsT
COCTABUTH 00WY TPAHCBEKIMIO T), 5. (£NE) ¢ HeKOTOPBIM N € R* 1 OJLyYnuTh TaKUM
obpazom, uto £ € Ay, uro n TpeboBasOCh. Temeph MOXKHO B34ITh (3 = 0, 4TOOBI
BCE 3HAKU B BbIpasKeHUH T 3(€) OBLIN TOJTOKUTEIbHBL.

Ceituac HaM TOHAI00STCS HEKOTOPHIE (PaKThl OTHOCUTEIHHO 3HAKOB JIeii-
CTBUSI KOPHEBOI'O 3JjieMeHTa To(1), moromy 4o 6e3 BCSKOrO HPEIIOJIOKEHUsT O
3HAKAX peaju3alns Halneil (puHAJLHONR Waer HeBO3MOXKHa. HaMm monamo0mTes
TeopeMa 1 u3 [83], B KOTOPO#l yTBEpXKAETCsI, ITO €CJIU («  — MPOCTON KOPEHb
WM —( — NPOCTOH KOPeHb, TO BCE 3HAKKU B PA3JIOKeHUN Ty (1) Ha TpaHcBeKIun
paBHbI ejuHuIe. B HaieMm ciydae 910 o3Hadaet, uTo B dopmyse 2 1 = € = 0.
Takum obpaszoMm, ecjim v Wi —Q — IIPOCTOH KOPEHb, TO MOy YeHHOE C TTOMOIIHIO

2o (1) mpousBesieHye TpAHCBEKIUi UMeeT pashvie 3HakU Tpu . Mol B3sin § = 0,



n MO2KHO B34Tb

Ui:pi—é, 1§Z§6

Tenepb 3aMeTHM, YTO KOIJIa, Mbl COCTABJ/IsiEM [IPOU3BEJIEHUE TPAHCBEKIM

tpi,Ui (f)tpi+170'i+1 (if) ?

Mbl MCHOJIb3YeM KOMMYTHUPOBAHUE NPU NHOMOIIU Lo, TJE O = p; — Piy] BCerja

ABJIFAETCA IMTPOCTHIM KOPHEM. SHan/IT, MBI IIOJIYYMM CJeAyIoInue IIponu3BeacHuAd:

v = tpl,al (€>tp2,02(_€) S H, Y2 = tpzﬂz(f)tps,a:s(_f) S H=
Y3 = tpg,()’g(g)tp4,04(_€) S H7 Ys = tp470’4(€)tp5,05(_5) S H7
Ys = Lps,05(§)Eps,06(—€) € H.

22,3, 4.5
[Tocmorpum wa mpomssenenue h = y1y5y5y,ysx3(—€) € H. Hecnoxmno monsars,
910 h = 1, 0, (—6&), oTKyma 6§ € Ay u, ciegosarensuo, £ € Aj, uTo 3aBepiiaer
JIOKA3aTeIHCTBO B PACCMATPUBACMOM CJIyUae.

[Tycrs Teniepp @ = E7; B 9rOM cilydae Mbl HE MOYXKEM YTBEPXKJIaTh, YTO JIJIsi
Kaotcdot napo, map (p;, 0;) 1 (pj, 0;) PABHOCTD p; — pj = 0; — 0 ABJIAETCS KOPHEM.
Ecin nocmorpers na napy (p;, 0;) = (w,w — @7), TO 9Ta Pa3HOCTH SBJSIETCST KO-
HEM TOJIBKO JIJIst JIECATH U3 OCTABIIUXCS OAMHHA AT nap (p;, 0;). Ho nerpymmno
3aMETHUTh, UYTO B JioKazareabcTse jijisi Y = Eg Mbl ncro/ib3oBaim He BCe BO3MOXK-
HbIe KOMOMHALMU TaKKX 11ap, & TOJbKO LSATh IITYK, U3 KOTOPHIX COCTABJISLIKCD
SJIEMEHTHL Y1, Y2, Y3, Ya, Ys. Ceiluac MBI mOKaxkeM, 4TO B ciaydae E; mam nona-
JIOOUTCsT POBHO OJIMHHA/IIIATH IOJM0OHBIX KoMOMHAIUiA. MTak, TOUYHO TakK »Ke, KaK
M BBIIIE, MOXKHO MOKa3aTh, YTO NPOU3BEJICHUC TPAHCBEKIWMi Ty, o (££)t) o, (£E)
gexur B H jist tex ¢, j, JUIst KOTOPBIX PA3HOCTL p; — pj = 0 — 0 SIBJISIETCS
KOPHEM.

Dunanbnas ujies JJ0Ka3aTelbLCTBa, ONUCAHHAS B IIPEJILLAYIIEM pasiele, Ipu-

MEHSIeTCs K HallleMy CIydaio cieayonmMm obpasoM. Mbr caooBa Oepem (8 = 0,



4T0Obl BCE 3HAKU B HEJIMATOHAJIBHBIX MATPUUYHBIX djieMeHTax 3(€) Oblin 110J10-
XKUTEJIBHDI, U, MOJIB3YsCh TeopeMoit 1 u3 [83], momydaem, aTo ecan o min —o —
IIPOCTOI KOPEHb, TO 3HAKK Jist Lo (1) TakKe paBHBI eJMHUIE, OIarojaps 4emMy B
dopmyity 2 juist arux ciaydaeB 17 = € = 0. Teneps 6epem

pL=A1, p2=2N, p3=2As,

pr= A1, ps= A5, ps = Ar,

pr =X, Ps=As, P9 = A,

P10 = A12, P11 = Aa, P12 = Aoss,
ai:pi—& 1§Z§6

Korjia Mbl cocraBJisieM 1poOU3BejIeHIe TPAHCBEKIMH JIJIsi 110CJIe0BATE/bHBIX [1ap

(pi7 O-Z')a (pi—i-la Oi+1)a MOJIy1aeM

tpi,Ui (g)tmﬂ y044+1 (j:g) ’

1 MbI MCIIOJIb3YEM KOMMYTHUDOBaHUE IIDU IIOMOIIN X, I'/I€C & = 0O; — P;+1 ABJIAETCA

POCTHhIM KOopHeM Jijist Beex ¢, 1 < ¢ < 11, kpome 2 = 6. Kpome 31010,

t95705 (5)%7&7 (:l:f)

OJIY9a€TCs KOMMYTHPOBAHUEM MTPU TOMOIIK L, . VITaK, TOCKOIBLKY UCIOIB3YIOT-
Csl IPOCTBIE KOPHU, TO Mbl uMeeM npoussesenust ¥i = tp, 5.(&)tp. 1 0., (=€) € H,
rie 1 <@ <11, ¢ # 6. Honoxknm takxke Yo = ), 0. (§)tpr.0,(—E). Teneps ocraercs

HOCMOTpeTb Ha HpOI/ISBe,Z[eHI/Ie
4 — 7
h = Y1Y3Y3Y1Ys  YoyTysYoyioyt1 Ta(—E) € H.

Hecuoxkmo mousits, aro h = t,,, »,,(—12€) (31€ch TouHO Tak ke, Kak B ciaydae =
Eg, ucnosbsyercs pasioxkenue £g(—E) B IPOU3BEJICHNE JBEHAJIIATH TPAHCBEKIHIA

oo, (&), oTKyma 126 € A u, crenosarensio, £ € Ap. Jlemma jokazana.

2.5. OkoH9aHne J0Ka3aTeJbCTBA IIPEIJIOXKeHusd 2.2
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3aMeTuM, 9TO JIOKA3aTeJbCTBO Hpejiokenns 2.2 jis ciydas © = Fg yxe
3aKOHYEHO, IIOTOMY 4YTO 2 — MAaKCHUMAaJbHOE DPACCTOSHHUE MEXKJy BecaMu MUK-
poBecoBoro mpejcrapienus FEg. B cinyuae & = E; npujercs erie HEMHOIO I10-

TPYAUTHCS, 9TOOBI BKJIIOUUTH CIAydail paccTosiiusi, paBHoro tpem. O0o3HATNM

A=A = A,

Jlemma 2.16. Ecau A, pp € X ud(A\, ) =3, mo RAC A,

Jloka3aTeJbCTBO. JTa JieMMa JOKa3bIBACTCSA IIOUTH TaK »Ke, Kak jemMma 2.14.
JIro6ast apa BecoB (A, 1) HA PACCTOSIHUM 3 TIEPEBOJIUTCST SJIEMEHTOM I'PYTIThl Beii-
asi B napy (w, —w). Iosromy Mbi OyjieM caurarh, 410 A = —w, [ = w. Bo3b-
meMm € € A. Tlo jokazannomy taia, ,(§) € H. Bocnonbsosasucs jemmoii 2.10,

BUAUM, 9TO [Erta,u(§), Toar (£C)] = i .(£C) mpu Hajmexkamem BbIOOpE 3HAKA,

orkyna £C € Ay,
Jlemma 2.17. Ecau A, pt,p,0 € X ud(\, 1) =d(p,0) =3, mo Ay, C Ay

Jloka3aTeJbCTBO. J3J1€Ch, KaK W B Hadajle JIOKA3aTeIbCTBa, JIEMMbI 2.15, MbI
KoMMyTHpyeM dsteMenT iy, (&) ¢ x4(¢) (cMm. dopmyny 2), tne € € Ay, ( € R,
a € ®. CHoBa OyjeM 3allMChIBATHL OI'PDAHMYCHHUS HAIIUX MATPHUIL HA CBODOJIHBINM
noaMmonysib Wopanra 4, mopOXKIeHHBI 0Oa3MCHBIMU BEKTOPAMHU, OTBETAOIUMI
BecaM [, b — &, A + a, A (B ykazanHOM mopsijike). Takxke OyjeM caurarh, 4T0 (1
WM —Q — IPOCTOM KOPEHb, 103TOMY HeJIMaroHaJbHble MATPUUYHbIE 3JIEMEHTHI B
24 (C) nmetor onmHakoBbie 3HakK. Torma Gopmyna 2 ¢ yIeToM JAHHBIX O 3HAKAX

YTBEPAKIAET, 9TO MaTPUIa orpanndenns saeMenta hy = [ty, (), 24 ()] umeer Buz

1 0 00

~ 0 1 00

" e e 1o )
0 & 01

Teneps 1ojicTaBUM B IIOJIyUeHHOE BbipaxkeHue ( = 1, nmomensieM 3HaK y & U Ipo-
KOMMYTHUPYEM PE3YJIbTar ¢ T_q(¢). 3amernm, 4ro npu Haiiem BoiGOpe (v Hejua-

I'OHaJIbHBIE MAaTPpWUYHbIE 3JJICMEHTLI B CU_Q(C) CHOBa MMEIOT OJHMHaAKOBBLIC 3HAKH.
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O6osnaunm pesysbrar he = [[tau(—=E), za(1)], 2-4(C)]. Boruncienus nokasbisa-
FOT, YTO
1 0 00
- 0 1 00
2 &¢ 0 10
26¢+&¢% —€C 01

Tak kax 110 ocrpoenuio hy, hy € H, 1o u upoussejenue h = hyhaty, (—2£¢ —EC?)

JexxuT B H n umeer BuJI

1 0 00
Z_10 1 00
1o 10
0 0 01

B gacraom ciyqae ¢ = 1 nmomydaem, 910 tyia—a(§) nexur B H. Jlerko Bujers,
YTO PACCTOSHHE MEXKJY A+ v U [t — & paBHO TpeM. [leiicrBuTesibHO, 1Ba Beca Ha
PACCTOSTHUU 3 COOTBETCTBYIOT TOYKAM B JIMArPaAMMe, CUMMETPUIHBIM OTHOCUTE b
HO IEHTPA, U eCJIM A ¥ [ ObLIIM CUMMETPUIHBI, TO A\ + ¢ U [ — Q¢ OCTAHYTCSI CUM-
MeTpudaHbIMI. UTax, Mbl nomyuanian, 910 £ € Axia y—a, OTKyIR Ay, C Axiay—a-
Tenepb y2Ke HETPY/IHO 3aBEPIIUTDH JIOKA3aTeIbCTBO JeMMbI. JleiicTBUTEILHO,
€CJIM Mbl MOXKEM OpaTh B KauecTBe (v JII00OI MPOCTOM UM ITPOTUBOIIOJIOXKHbI 1TPO-
CTOMY KODPEHb, 3HAYHUT, MOXKHO <IIPOIIAraTby 10 pedpaM JuarpamMMmbl U HepeiTn
OT 11000 TIaphbl BECOB Ha PACCTOSHUU 3 K JIFOOOI APYyToil Taxoil mape.
O6oznaunm wepe3 Az muoxkectBo Ay, mia d(A, p) = 3. 3amernm, 9o, B
ommure or JeMMm 2.12 u 2.13, Mbl emle He IoKasajau, 9YTo Az ABJsieTcs ujieaaoM
B R. Mbl u He OyjieM JIOKa3bIBaTh 3TOT0 HAIPSMYIO, & JIMIIb MOKaXKeM COBIIAJIe-
Hue ajjuTuBHON noarpynnsl Az u wieana A. Bruouenne A C Az nokasano B

aeMMme 2.16, u ceifuac MbI JIOKaxkeM oOpaTHOe.

Jlemma 2.18. A; C A.

HokazarensctBo. Bosbvem & € Az, s wmariasignoctn 3aduKcipyeM Beca
A= A1, 4= A, @ = a7. Bocionibdyemcsi 0003HAYCHUSIME U3 JIOKA3ATEIHCTBA
npeabiayeit seMmor: by = [ty ,(€), 24(C)]. Bosbmenm ¢ = 1, Torna n3 Gopmyss 3

JIETKO BHUJIETH, UTO IIOCJe YMHOXKeHHUs hi Ha, tA+a,u—a(—§) MOJIYUATCA DJIEMEHT
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h =e—Eextautier —a- K caacrbio, B namem ciayuae d(A+a, p) = d(\, p—a) =
2, MOSTOMY HaM He HPHUJIETCS CHOBA IPOBOJUTL MOJOBOKPYKUTEILHBIC TPIOKU B
JIlyxe JoKasareabcTBa jJeMMbl 2.15. JloctaTouno B3aTh f = Qg U MOCMOTPETH Ha
snement [h, xg(1)] € H (sBublit Buj sinementa x3(1l) HaM W3BECTEH, TOTOMY YTO
B — mupocroii kopenb). Hecsioxkuoe Bbrumncsienne nokaswisaer, uro [h,xz(1)] =
e+E&exy—a—p, a Tak Kak d(\, p—a—3) = 2, To monydaem £ € A, 4TO JJOKA3BIBAET

JIeMMY, a BMecTe ¢ Hell 1 npejiioxkenue 2.2.

2.6. /loka3zaTejibCTBO NpeajioxkKeHus 2.3

37eCh MBI JIOKakKeM, 9TO TPYIIA, eCTECTBEHHBIM 00Pa30M TOABUBIIAACA B
Teopeme B, siBiisiercst copeprennoit. [Tycrs n = 27 rispn = 56, F = EEg(27, R, A)
risp £ = EE7(56, R, A). Tak xak rpynna E(®, R) cosepuienna (jemma 1.4, cM.
rakxke [83], [13]), To mocrarouno jgokazarsk, uro obpasyorye rpymibl E(n, R, A)

nexar B B, E]. Bosbmem x = 2y,(€, (), rjie, kak 00bI1HO,

2ul(&, Q) = t“A(OtAu(f), e A eR.

13 npemoxenns 2.2 caeayer, aro x € E(n, A)P®H) 1o ecrs x moxkuo mpecra-

BUTDL B BUJI€ IIPOU3BEACHN

T = H:Uiyixi_l, rie z; € E(®,R),y; € E(n,A) C E(n, R, A).

Torma = [[;[z, vilyi, m nast moboro ¢ kommyTarop [z;,y;] nexur B [E, El.
Ocraercst jjokaszarh, uro K(n, A) C [F, E], a 310 Jierko ciejyer u3 jgemmbl 2.10.
HeiicrBurensio, BosbMeM t,,(§) € E(n, A) u nombitaeMcst HailTn Takue A, [ €
A, a € ®, 4robbl BBHIIOJIHAIOCH yCJIOBUE MyHKTA &) JeMMbl 2.10 u 1npu sroMm
A+ o = p, p = o, Ecam ato ynacrest, To Mbl mosyunMm t,, (&) = [tau(§), za(£1)] €
[E(n,A), E(®,R)] C [E, E].

JJ1st 9TOro MOXKHO CUHTATDh, UTO [ = 0 = A\ — crapiuuil Bec. Eciu p #£ Ao,
TO MOYKHO B3sITh IIPOCTO# KopeHb 3 Takoit, ato p+ € A n nonoxurh A = p+ [3,

a=—0.Torna A\ +a =p, p—a ¢ A, noromy uro o« € ¢~ a y — crapunii
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Bec. Jlerko nousith, 4r0 A # p, A — i # £a (HOCKOJIbKY MOXKeT ObITh TOJBKO
A — =, HO Torjia A — @, A, A+ a € A, 9T0 HEBO3MOXKHO).

OcraJjioch paccMoTpeTh ciydait o = A, p = Ag. Ho Torjga MoxkHO B34Th
a=aqQ3TiSpa=agn A= p—qau yoeanThCs, ITO BCE YCJIOBUS JJIsi TPUMEHEHMUsT

JeMMbI 2.10 BBIIOJHEHBI. DTO 3aBEPIIAET JOKA3ATEIHCTBO.

2.7. Baoxenne F(FE;, R) B CHMILIEKTUYIECKYIO TPYIIILY

Dror pasjen nocssiieH onucannio Biaokenus E(Ez, R) B HekoTopyto cum-
IJIEKTHIECKYIO IPYIIy MaTpPul Mopsjaka H6. 3aMeTuM, 4TO Mbl yXKe BJIOXKUJIK
E(E7, R) B nomnyto juneitnyio rpymnny GL(56, R), mostomy Mbl GyjeM cTpo-
UTh CUMILJIEKTUUIECKYIO OMInHeiiHyo ¢GpopMmy ¢ B uMmeloriemcsa Oaszuce. BecoBasi
JMarpaMMa Hallero IpejcraBienus 7 cuMMmerpudna: KaxkKJOMy Becy A COOT-
BETCTBYET CHUMMETPUUHBIH BeC — . TTOJIOKMM CHMILIEKTUYECKOE NMPOM3BEICHUE
oM ") = 0, ecim i # —A. B caydae g = —\ upejcraBum A\; — A B BuJe
CYMMBI IIPOCTBIX KOpHEi. Ynesio ciaraeMbix B HOJYYEHHON CyMMe — 3TO «PacCTo-
SIHHE» OT Beca A JI0 CTapllero Beca w Ha BECOBOM JarpaMMe, TO eCThb KOJHUYeCTBO
pebep B MUHUMAJLHOM yTH MEXJy HUMU (B OTJMYHE OT BBEJEHHOIO PaHee Pac-
crositust d — paccrosiiusi B éecosom zpaghe). Ha Bpemsi 0603HATMM 9Ty BeJUIMHY
d'(w, \). Ham moramo6uTest TOTBKO ee 9eTHOCTR: obozmaumM €y = (—1)4@N;
WHOTIA MBI OyJleM Ha3bIBATh €) 3HaKOM Beca A (€Cjou He BO3HUKAET JBYCMBIC-
aeunocreit). HerpynHo moHATH, 9TO €_) = —€), TaK 9TO 9TO HA3BAHUE HMEET
HEKOTOPbII cMbics. VItak, m1ojioxuM o(vy, v_)) = €.

OueBuHO, 4TO, 33/1aB IIPOU3BEICHUE Ha DAZUCHBIX BEKTOPAX, Mbl 1OJIYYUM
HEKOTOPYIO CUMILIEKTUYECKYIO OUIUHEHHYI0 (DOPMY Ha BCEM IIPOCTPAHCTBE Mpe/i-
CTaBJICHHUsI, U, CJIEJIOBATEJILHO, COOTBETCTBYIONLY IO CUMILIEKTUIECKY IO rpyiny. Ha-

IMOMHHUM, KaK BBITJVIAJAT CUMIINIEKTUYCCKNE TPAaHCBEKIINN:

tAM(g)t—%_/\(_g/\g,ug)v ecan 7é _)\7

T i T Gy -
/\u(g) K A( Qg“@ t,\,_,\(f), ecITh L = —\.

Mot 6yem rosoputs, 1o Tpancsexius T, (§) coomsemcmeyem kopomromy
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koprio («short root transvection»), eciu  # —\, u coomeemcmeyem dAUNHOMY
kopnio («long root transvections), ecau p = —\.

Mpbr gacTo 0e3 crenmajJbHBIX OTOBOPOK OyjieM MOJIb30BATHCA KOMMYTATIH-
onnoit opmysoit [lesasite s cuMmiiekTudecknx TpancBekiuit. [Ipusegem ee

BayKHEHIne Cayvan:

=T, (&C), ecim N\ # tu, p # +o, A # +o,
[T0u(§)s Ty A (Q)] = T -A(26C), ecim A # £,
(D0 (&), Ty (Q)] = Tr—u(EQ)Tr ~a(Ergn€7C),  ecm X # £y,
[Du(8), Too(Q)] =1, ecnmm A # p, p# 0, 7 p,
AF O, pF =0, AF —p.
Ocrasnpuple caydan dopMyanl [lepaie Jerko moaydaroTcs U3 MpUBEICHHDIX.
CoOTBETCTBYIOILYIO 3TOI CUMILIEKTHYCCKONH (DOpPME 3JIeMEHTAPHYIO CHUMILICKTH-
deckylo rpymiy Mol Oyjgem obosunadars Ep(56, R) = (Th,(£), A # 1,§ € R), a
Ep(56, R, A) = Ep(56, A)**GR) rre Ep(56, A) = (Thu(€), A # 1,& € A) nas
uneana A < R.

Teneps nposepum, uro rpynina F(Ez, R) jeficTBUTEIbHO JIEKUT B OCTPO-
eHHoi cuminiekTudeckoit rpynie Ep(56, R). Tocrarouno jokasars, 4ro x4 (€) €
Ep(56, R) npu £ € R, a € FE7. Ha camom Jiesie j1axke JIOCTaTOUYHO TIPOBEPUTE 3TO
TOJILKO JIJisl TIPOCTBIX U OTPHUIATEJBHBIX MPOCTHIX KOopHel o € Er (B cuity Kom-
myTtaronHoit dhopmyiibl lesasiie). Mbl mokaxkeMm, 9To Jijist TIPOCTOrO KOPHS (v
KOPHEBOI 3IEMEHT T, () eCTh NPOM3BEICHUE MECTH CUMIIJIEKTUIECKUX TPAHCBEK-
nuit. JleficrBuTesbHO, TS/l Ha BECOBYIO JMarpaMMy, JIEIKO IIOHAThL, 4T0 pebpo,
IOMedYeHHOe (v, BCTpeuaeTcs 12 pa3 CUMMeTPUYHBIM 00pa30M, TO eCcTh uMeeTcs 6
map Takux pebep, U B KaxKJI0il nape pebpa CUMMETpUYHBI. BO3bMeM OJiHy TaKyro
napy: nycrb 310 pebpa (A, p) u (—u, —A), e g — A = a. Pacemorpum cumiiiex-
Trieckyio Tpancseknuio 1), (1) =t (1)t-y -, (1) (910 Tak, mockoibKy Beca A u
[t cOoCesiHMe, B3HAYUT, £, = —&). Ho 910 poBHO Te JBe (37€MeHTapHbIE) TPAHCBEK-
MU, COOTBETCTBYIOIIUE B3ATONH mape pedbep, KOTOPbIE BXOAAT B PA3JIOXKEHUE L,

MOCKOJTBKY Y 9TOT'0 KOPHEBOT'O 3JIEMEHTa BCe 3HAKU JieiicTBus paBHbI +1. Takum



0Opa30M MOXKHO [OCTYHUTh ¢ KazKJI0i napoil pedep u Hamucarb 6 CUMILIeKTHYe-
CKUX TPAHCBEKIIMil, COOTBETCTBYIONMX KOPOTKIUM KOPHSIM.

Mbl nosyuamniu, aro ,(£) € Ep(56, R), orkyna E(E7, R) < Ep(56, R). Te-
eph MBI MOKAXKEM, UTO JJIA NPou3coabhozo Kopus o € E; Kopresoit snement
To(§) ABASIETCA TIPOMBBEJECHUEM DOBHO IHECTH CUMIJIEKTUUECKUX TPAHCBEKIUIA.
MbI MOXKEM, KaK U BbIIIIE, pa3OUTh Bee Mapbl BECOB (A, (), I KOTOPBIX [— A = «,
Ha 6 map, B KaxK/IyI0 U3 KOTOPBIX BXOJAT Beca (A, i) u (—u, —A). Ho MbI y2ke 3Ha-
eM, UTO Ty (&) NEKUT B CUMIIEKTUYECKO# TPYTITIE, TIO3TOMY 3TOT 3JIEMEHT JIOJIPKEH
VJI0BJIETBOPATH HEKOTOPLIM POCTHIM ypaBHeHuaM. HecoKKHbIMU BhIYNCIeHUAMU
JIEIKO HOJIyYUTh, YTO 3HAKU JACHCTBUSL B 9TUX Hapax COlJIACOBAHbI Hy>KHbLIM 00pa-

30M, TO €CTh TAKOBBI XK€, KaK B CHMILIEKTHIeCKOil Tpamcekimu 1), (+1).

2.8. /loka3aTeJIbCTBO NpeajioxkeHus 2.4

Urak, Mbl HaUHEM JIOKA3aTEJILCTBO, CTAPasiCh BECTU €r'0 lapaJijieibHO JIOKa-
3aTeJIbCTBY Tpejiiokenus 2.1.
Joka3zareabcTBO. (UeBUJIHO, UTO JieBas 4YacCTh COJEPXKUTCA B HpaBoil. s
JIOKA3aTeJIbCTBa 00PATHOINO BKJIIOUEHWS BCIIOMHUM, YTO TPU 1 > 3 djeMeHTap-
Hasl cuMIIeKTHIeckas rpynna Ep(n, R, A) nopoxjaercs BceMu TPaHCBEKIMsIMU
Busia Zy,(€,¢) = Ty, (&) nna € € AC € R, \p € A, X # p (nem-
Ma 1.1). Takum obpasom, jocTatodno yoeauTbest, 910 Zy, (€, () comepKuTcsa B
H = Ep(n,A)E(q”R). JloKazaTenbecTBO 9TOro cojiep:KuTcsd B Jemmax 2.19, 2.21
u 2.22; Tam Mbl pasbupaem ciaydau d(A, p) = 1, 2, 3 coorsercreenno. Ouesu/iHo,
4YTO B HAIEM IPEJCTABJICHUN 3 — ITO MAKCUMaJIbHOE PACCTOsiHUE MEXKJIy Beca-
MU, U IIPeJI0XKeHNe JJOKa3aHo, KaK TOJILKO IIPOBEPEeHa CIIPaBeIJIMBOCTD 3TUX TPEX

JIEMM.

Jdemma 2.19. ITyemo d(\, i) = 1. Toeda TxOT,,(€) € H daa aobvir p, o € A,
B wacmmnocmu, Zy,(€,¢) € H.

Joka3aresabcTBo. CHadajia paccMOTPUM Caydail p = A\, 0 = [ u 0003HAYNM



a=[— A\
Z)\u(év C) = TM(C)T)\M(g)

Temepb BemOMHUM, 9TO B MpejIoyKeHUN 2.1 MBI JIOCTUTAJIN yCIexa, pacCMaTph-
Bas BbIDAXKECHUE “O‘(Ot,\u(f). HaBaiiTe TocCMOTPUM, Ha 9TO MOXKHO PaCCUUTHIBATH
renepb. 3 00cyxkjenust B pazjese 2.7 Mbl 3HaeM, 4TO KOPHEBO# ssieMentT X (()
PaCKIaJIbIBACTCA B TIPOU3BEJICHUE TIECTU CUMIIJICKTUYCCKUX TPAHCBEKITUIA:

6

IQ(C) - H Tpiai(iC)'

1=1

Ho npu conpszkenuu ¢ NoMOHIbIO X, UIPaET POJIb POBHO OJIHA TPAHCBEKIINS:
xa(C)T)\u(@ — T’“(iOT,\M({).

DTO MPOUCXONT TIO TOM YKe TTPUIWHE, ITO U B JI0KA3aTEIbCTBE MpeioKeHunst 2.1:
npeJicTaBIeHre MUKPOBECOBOE, U U3 BeeX 1), ., BXOJSIIUX B pasjoxenue Ty ((),
UMEIOT 3HaYeHue JIMIIb Te, KOTOPhIe «B3aMMOJICHCTBYIOT» C BecaMu A u =+ L,
TO €CTh POBHO Te, KOTOpbIe 00PA3yIoT CUMIUIEKTHIECKYIO TpaHcBekImio 1)) (£():
ocraibibie KommyTupyior ¢ Ty, (£) B cuty kommyraruonnoit gpopwmystst Hlesasre.
HeobxouMblit pesysibraT nojiyden: npu Heobxoumoctu Metsist 3Hak y ¢ B T4 (£(),
J00uBaeMest, 4TOOBI ITO BBIPAXKEHUE B TOYHOCTH COBIajal0 ¢ £y, (€, ().

Tenepn mepeiiiem K o0IEMy CJAyda: p # A\ Wi 0 # 4. 37€Ch TPHUIETCS
paccMaTpuBaTh OOJIBITIE CIyIaeB, HEXKETU TP JIOKA3aTeIbCTBE TTpejIoKenns 2.1.

[Iycrs mist Havama p = A, Ho 0 # . Herpynno npoBeputh, 9T0

LTy (&) = T a(6Q) - Ty uleigj€%) - Th A(€) € H;
TIM\(C)T)\U(g) =T,,(&C) - T,s(&) € H, ecim o # —A.

AnajiorndHo paccMarpuBaeTcs ciaydait o = u u p # A. Heobxommmo rak»ke pac-
CMOTPETh Ciiydan p = —p u 0 = —\. [lycTb, Hanpumep, BBIOJHACTCT 0 = — A\,
TOTJIA €CJIA P = A, IPUXOJIUM K PACCMOTPEHHOMY BhbIIIe ciaydaio. Ecim ke p #£ — A,
10 T)»(£) — TPAHCBEKIU:A, COOTBETCTBYIONA KODOTKOMY KOPHIO, CJI€/OBATEIIBHO,

ee MOxHO neperucats B Bujie 1o _,(—€,,E) = Th _,(—€s€,€), 1 Takoit ciyuaii



Mbl y2Ke paccmorpestn. [Tongarno, 4o B ciiydae p = (4 Bce abCONOTHO aHAJIOIMYHO.
Bo Bcex ke ocranbHbIX caydasx cumiiektndeckue TpancBekiun 1, (C) n Ty, (§)

KOMMYTHPYIOT.
Caencreue 2.20. ITycmo d(\, 1) = 1. Toeda Ep(56, A)Tm»(©) < H.

Jlemma 2.21. ITycmo d(A, p) = 2. Tozda Zy,(€,() € H.

Joka3areabcTBo. llocMoTpuM moBHMMAaTENbHEE HA TO, 9TO MPOU3OIIIO B XO-
Jle JI0OKa3aTe/IbCTBa aHaJOIruIHO ieMMbl 2.8, Mbl Oy1emM cBOOOJIHO I10JIb30BaThCs
BCeMU ODO3HAUEHUSIMU, BBEJIEHHBIMU JIJIsi 9TOTO JIOKA3aTeJbcTBa. HecjoXHbIMu
BBIKJIA/IKAMU Mbl CBOJIUM 33124y K JIOKa3aTeJIbCTBY TOI'O, YTO HEKOTOPBIH 3j1eMEeHT
g nexxut B H. IIpu 3TOM MBI BBOJIMM BCIIOMOTaTe/IbHbIN 3jieMeHT h € H Takoii,
qro g = (Wh u bakruaeckn nokasbaeM, 40 ty(—EQ)t . (—EC2) - *Wh = g,
st Toro, 4Tobbl 3TO JI0Ka3aTh, Mbl 3aMETHUJIM, YTO BCE CAMOE UHTEPECHOE IPO-
HCXOJIAT B HOJAMOJIYIIE, TOPOXKICHHOM BeKTopamu v, vV, vk, v*, nocie qero pa-
ooraau ¢ marpunamu nopsjka 4. Ha camom jene 3Tu npsiMble BBIUUCJIEHUS C
MaTpUIIAMUA MOXKHO (pOpMaJIbHO 3aIlUcaTh KaK HEKOTOpbIEe IIPeodpa30BaHus IPO-
U3BeJleHus TpaHcBeKnuii. JleificTBUTE/IbHO, HEMHOI'O [TOBO3UBILKUCH, Mbl CMOXKEM
HOJIYUUTh TPeOyeMoe PaBEHCTBO, MOJIb3YSCh JIMIIh 3JIEMEHTAPHBIMU COOTHOIIICHW-
MU MEXKJIy TPAHCBEKIUsAMU U KOMMYyTalmonHoi ¢gpopmyJioit Ilesasie, To ecrb

akTrIecKku npoBojdA Bblunciaenus B rpymie CreitnOepra. B pacnucannom Buje

9TO PaBEHCTBO BBLIIVIAJWUT TaK:
Ean(—EQ)tun(—€C2) - iUy = U,

riie h = tua(—Q) (=)t (=€) tua(¢) (MBI MPOCTO PACKPBLIN BLIPAYKEHHE JJIs1
g M HAIUCAJIM BMECTO 3JIeMeHTa T (1) ero orpanuveHue Ha Hallle YeThbiPEXMEPHOe
TOJIITPOCTPAHCTBO) .

Ceiiuac MbI 3aiiMeMcsI TeM, 9TO BBEJIEM B JIeCTBUE CUMILIEKTUUECKHE TPAHC-
BEKIIMKM BMECTO dJIeMeHTapHbIX. KiltoueBoe HaOJII0/IeHIe COCTOUT B TOM, YTO (haK-

TNUYECKN B HallleM J0Ka3aTEeJIbCTBE HUYETI'O HE MEHACTCA — BE€Ab KOMMYTAaIlMOHHAA



dopwmyiia IleBajuie ocraercst clipaBe//InBO, 110KA B HAIIUX BbIUMC/JICHUX YIaCT-
BYIOT TOJIbKO TPAHCBEKIINK, COOTBETCTBYIOIINE KOPOTKUM KOpHsIM. VTak, MoJHO-
CTBIO IIEPEINCAB JIOKA3aTeJIbCTBO BBILICIPUBEICHHOTO PABEHCTBA C 3aMEHO 3J1e-

MEHTaPHBIX TPAHCBEKIIMA Ha CUMIICKTUYECKHUE, TT0JIy4aeM Pe3yJIbTarT:
T (—€C) Ty —6¢2) - B0y = T,

rje
h =T\ (=)L (=€) T (=€) TuA(C)-

Teneps BcmomnuM, uro npoussesenue ty,(1)t,,(1) HosaBIIAIOCH U3 PA3IOKEHUA
KOPHEBOI'O 3JIeMeHTa T (1) B mpousse/ieHue sjeMenTaphbix Tpancekimii. Cosep-

menno anasorndno npoussegenue 1h,(1)7,,(1) — 910 orpanudenne jeicTsus
A

K
J

2o (1) Ha HOJMO/YJIb paHra 8, HOpOXK/IeHHOe BekTopamu v°, v¥, vH vt v™F v

v, v, IOTOMY UTO STOT KOPHEBOH 3JIEMEHT SIBJISETCS IPOU3BEICHIEM IIIECTH
CAMILICKTUICCKNAX TPAHCBEKIMii, POBHO JBE U3 KOTOPBIX JIEICTBYIOT B BHIOPAHHOM
TOJIMOJLYJIE.

Bce 911 JieiicTBUsl 3aKOHHDBI, OCKOJILKY 1ONAapHbIe PACCTOAHUA MKy Be-
caM’ K, A, (i ¥ V He TIPEBOCXOJAT 2; MOITOMY BCE ITIOJNYYAIONMEca B IIPOIECCe
BLIUMCJICHNAS CUMILICKTUICCKHAE TPAHCBEKIAN JICHCTBATEIBHO OYIyT COOTBETCTBO-
BATb KOPOTKAM KODHSM.

Tak ke, Kak ¥ B JIOKa3aTeJbCTBe JeMMbl 2.8, Mbl 10 CUX [I0P paccMaTpUBaJIn
TOJIBKO OJIMH CJlydail pacupejiesiennst 3HakoB jeficTeust To(1). 3aech cHoBa BO3-
MOYKHBI POBHO Y€TBIpe TAKUX CJIydas, TO €CThb Orpanndenne T, (1) ma ykazanmoe
MOJIIPOCTPAHCTBO B jeiicTBuTensroctu umeer Bug 1, (£1)7,,(£1). Kak u npe-
XKJIe, UX YUCJI0 COKPAIIAeTCs JIO JIBYX TyTeM paccMoTpenust Tq(—1) Bmecto x4 (1),
¥ OCTaBIIMICH CJIyuail COBEpPIIEHHO aHaJOrnYeH PACCMOTPEHHOMY € TOYHOCTBIO JI0

3aMeHbI 3HAKA B apryMenTax fonucannbix Tpancsekimit T, (—&C) T (—&¢?%). Hdo-

Ka3aTeJILCTBO JIEMMDbI 3aBEPIIIEHO.

Jlemma 2.22. ITycmo d(A, p) = 3. Tozda Zy,(&,¢) € H.
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Jloka3zaTeabCcTBO. Mbl cHOBa MCIOJIb3YyeM Bce 0D03HAUEHUsS U3 aHAJIOI'MYHOM
aemmbl 2.9. Kak u npu mokazarenbCTBe HPeblIyIneil JJeMMbI, 3aMeHsieM 3Jie-
MEHTapHbIe TPAHCBEKIIUU Ha CUMILIEKTHUICCKHE. BBIUUCICHNsT YCIOKHAIOTC, 110~
CKOJIBKY Teleph B UI'PY BCTYMAIOT CHMIIEKTHIECKHE TPAHCBEKIINN, COOTBETCTBY-
folue JIMHHbIM KopHsiM. TTockosibky d(A, 1) = 3, Mbl OyjieM, B COOTBETCTBUM C
MPUHATHIMA COTJIAMIEHUSAMM, BMECTO L ucaTh —A. HaM, Kak u B JloKa3aTeIbCTBE
JeMMbI 2.9, ToHaoouTCs BCIIOMOraTe/IbHbIe Beca V = — A+ U —V = A — @, TJie
Q¢ — HEKOTOPBIN KOPEHb.

Wrax, mbi Gyjem jiokaspisars, 4ro Zy 5(€,¢) = T2OTy \(€) € H, rue
( € R, £ € A. Jlnst navasia 3aMeruM, 4T0 00PaTUMOCTh JIBORKHU 1103BOJIAET HAM
sameHnTh & Ha 2§ u Hanucath nocse 31oro 1, (€), T, -x(1)] Bmecro Ty ) (2£).

Taxum obpazom,
Zr (6 Q) =TI (€), T oa(1)]
= [T (C), D ()] T (&), [T-xA (), Ty A (D] T, -1 (1)]
— [T—/\,V(SC)T—I/,V(_8i5j§2C)T/\V(£)7 TZ/,/\(_C)TV,—Z/(ging)Tl/,—/\(1)]'

JlocTaToaHo mpoBEepUTH, UTO

g = T 0T O T (€T, (8:8,62C) T, (=€) € H.

Obosmastint | = Tyr(—C)Ty o (125C), Tora

9= JT0 AT 5 (6T (5,6 ) Trn(=E) Ty A (—1)

= [Ty AT r o (=€) T (€ig;6°C) T, A(— 1)TA,—A(2§)TAV(—§)f_1

= [T, A (1)T2 (=) Tr (E2) Th - (€7 C+2§)
(—
(

T, A(=1)T Vy(glgjf )T (— f)f_
le/ -\ 1)T )\V( SC)T)\ﬁ)\(_QS C)Ty’,)\(—l)
TAV(€ Q)T A(f ¢+28)T ,,,,(Ezsjf )T (— f)f_l
= fZ (8¢ 1) T (E0)Th A (—€7C + 26)
Ty (eiei )T (=€)~ =7h,



rje
h=2 3, (¢ D)Ta ()T (2 + 26T, (£i6;62O) Tay (=€)

Bamerum, uto h € H (paccrostiue Mexkjty —A 1 v paBHo 1, mostomy Z_»,(€%¢, 1) €
H). Kpome roro, f = T,x(=Q)[Tya(cig;C), Th -, (1)]. Hasee, MoxkHO pacnucarh
Tyoa(...): mockosbky d(v, A) = 2, MOXKHO HaiiTu Bec T Takoii, yro d(v,7) =
d(t,A) = 1. Torma T,\(z) = [T,,(x),T;A(1)]. Tax mbr gobUIMCH TOTO, UTO B
pasioxkenne f BXOAAT TOJBKO TAKHe CUMIUICKTHUECKHE TPAHCBEKINH 1,5(. .. ),
JJIsl KOTOPBIX p — O siBJisiercst KopHeM. Tenepb Mbl CHOBa MIPUMEHUM TPIOK C OIpa-
HUYEHUEM BbIUUCJEHUH Ha YeThbIPEXMEPHOe MpocTpaHcTBO. Mbl yTBEpXK1aeM, 4To
CONPSIYKEHUs! [IPU OMOIIN TAKUX CUMILIEKTUUECKUX TPAHCBEKIMI, KOTOPBIE BXO-
JAT B f, 9T0 TO 3Ke caMoe, YTO COMPSIKEHUST [IPU OMOIIU KOPHEGHLT INCMENMOE, B
PasJIoXKeHUsl KOTOPBIX BXOJAT COOTBETCTBY oI TpancBekiuu. To ecth econ B f
MBI 3aMEHUM KaXK1ylo TpancBeKinio 1,,(2) na KOpHeBoit ssement ,_,(£x), To
pesysibTar ConpsiKenusi h npu momory f He U3MEHUTCsI. 3HAK B TAKOM KOPHEBOM
9JIEMEHTE CJIeJ[yeT BLIOUPATH TaK, YTOObI B PA3JIOKEHUE €0 Ha CUMILIEKTHIECKUE
TPAHCBEKIIUN BXOMI MHOXKHUTETD 1)y (), a 1e Ty (—2). Jnsa nauama nocmorpum,
aro npousoiiyier ¢ T,y (z). Mbl 3amenusu sty Tpancseknuio Ha [T, (x), Trx(1)], a
norom Ha [T,—,(E£x), z,—\(£1)]. Tenepb MbicseHHO pacruiieM Kax bl U3 9THX
KOPHEBbBIX 9JIEMEHTOB B 1POM3BEJCHUE IIECTU CUMILJIEKTUIECKUX TPAHCBEKIUI 1
MIOCMOTPUM, UTO TPOUCXOJUT B TIOJMOJLYJIe, HATSIHYTOM Ha BECOBbIE BeKTopa v, 7,

A

v, vt v

v, 0 v (3mech k = A+ (v —7)). CoBepiienHo noHATHO, 9T0 6y-
JIyT BJIMATH APYT HA, JIPYTra TOJBLKO T€ CUMILUICKTUICCKAE TPAHCBEKIMH, JICHCTBIEC
KOTOPBIX 3aKJIOYEHO B 3TOM HOJAMOJLYJIE, & OCTaJbHbIE OyJyT KOMMYTHPOBATH C
HAMY U MKy co0o0it. PaccykaeHus 3/1eCh TOUHO TaKhe JKe, KaK U B JTOKA3aTC/Ib-
cTBe mpeIozKenns 2.1, e Mbl HOCTOAHHO IIPUMEHSIIN TIOJ00HBII TPIOK. 3HAYMNT,
T,\(x) ecTb KOMMYTATOD JIBYX KOPHEBBIX 3JIEMEHTOB, TO ecTh jexur B E(E7, R).

K coxasennio, B f ocrasach tpancseknmns Ty _, (1), Kotopast He JIeKHUT B
E(E7, R). Ho uror nammx BbIMHCAEHUI BKJIIOUAET CONPSAXKEHUE 1IpU 1noMoim f,

I[IO3TOMY 3J1€Chb CHOBa MO2>KHO IIPDMMEHHUTDL Halll TPIOK. Tenepb HY2KHO OI'PaHUIUNTb-



st paceMorpenueM noamoyiss W, narsayroro Ha v, v¥, v u v™Y. Paccyx-

JIEHUST, AHAJIOTUIHBIE TIPOBEJICHHBIM, MTOKA3BIBAIOT, YTO COMPSIYKEHHUE TP TTOMOIIHA
Ty,—y(...) — 310 TO Ke camoe, 4TO U CONPSKEHHE IPU HOMOIIH Tx—(—)(. .. ), ecin
TO, 9TO MbI CONPSATAEM, JEHCTBYET HCKIIOUUTEIbHO BHYTPH TogMostysst W (a tak
OHO U €CTh, IOCKOJIbKY 1IPO BCE OCTAJIbHBIE MHOXKUTEJIN, BXOJSIIUE B BHIDAKEHUE
JUIST ¢, MBI TO TTOKA3AJIN ).

Vrak, Mbl MOJTy9UIIA, 9TO CONPsiKEHKE h IPU MOMOIHU f MOXKHO IIPEJICTABUTh
KaK M0CJIe/I0BaTe/IbHOE CoTIpsikenue npu nomoriy sjiementos F(Er, R). ousitHo,
4TO TAKOe CONpsiyKeHue He BbIBOJAUT 3a npejesnl H, 1o ecrb g = fh € H, uro u

TPebOBAJIOCH JIOKA3ATD.

2.9. /loka3aTeJibCTBO NPEJIO2KEHUd 2.9

O6o3naunm
E =EE.(56, R, A, B) = E(E;, R)E(56, R, A) Ep(56, R, B).
U3 mpeioxkenust 2.3 BUHO, UYTO OCTAJOCH JIOKA3ATH JIUITH BKJIIOUCHIE
Ep(56, R, B) C [E, E],

TO ecTh, 4T0 obpasytoiue rpyiibl Ep(56, R, B) nexar B [E, E]. Bosbmem © =
Zyu(€,¢) = Tl )T,\M(f), rie £ € B, ( € R. U3 upeggoxenns 2.1 caegyer, 4ro

x € Ep(56, A) (Br. R , TO €CTh & MOXKHO IPEJICTaBUTh B BU/JIE TPOU3BEICHUS

v = [Jawir',  rtae x € E(Eqr, R),y; € E(56,B) C E(56,R, B).

Torpa © = [[,[zi, vilyi, n st soboro @ kommyrarop [x;,y;| nexur B [E, E].
Ocraercst nokasars, uro F (56, B) C [E, E.

Bosbmewm tpancsekimio 1),,(£) € E(56, B), cOOTBETCTBYIONIYIO KOPOTKOMY
KOPHIO (To ecth p # ia) M TIONBITAEMCS HaWTU TaKoil KopeHb v € Ky, 4T0o0b!

MOXKHO ObLIIO TPUMEHUTH KOMMyTalronuyio gpopmyiy [lesasie

TPU(S) - [Tpap—a(l)a Tp—a,o(gﬂy
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a 110TOM TnonblTarbes 3amenntb 1), oo (1) Ha 4(£1), arobbl HOMYINTH

T (&) = [za(£1), T)—a0s(&)] € [E(E7, R), E(56, B)] C [E, E].

st TOro, 4ToOLI HPUMEHUTH KOMMYyTAIMOHHY0 (hopmyay LlleBasie B TakoM Bu-
e, HeoOXOIuMO —p # p — v (9TO ABTOMATHYIECCKH TaK, MOCKOJIBKY MEXKTY MPOTH-
BOTIOJIOKHBIMI BECAMU BCErjla PACCTOsIHUE 3, a (v — KOPeHb), p 7# £0 (91oro mbl
norpeboBaJsiM ¢ caMoro HadaJga), p — o # £o.

Jlist Toro, 9TOOBI CTAJT BO3MOXKHBIM BTOPO# mmar, 3amena 1), ,_,(1) na z4(1),
HEOOXOIMMO JIUIIIb, YTOObI OCTaJbHbIE TPAHCBEKIMH, HOJIYYAIOIIUECs B Pas3JIoxKe-
nnn T, (£1), ne mosnusutn ma kommMmyruposanne ¢ T, ,(£), To ects 4T00B 0 — v
HE SABJISLIIOCH BECOM.

Mo2KHO cumTaTh, YTO 0 = A] — CTApIIUil BEC, a IIOTOM HEPEHECTH MOCTPOe-
HEE Ha JIIOOYIO JPYIyIo CUTyanuio geiicrsuem rpynnbl Beitss. [Ipeamnonoxum, aro
p # 0 — Qi7; TOTJA BO3bMEM B KAUECTBE (v TAKOW OTPHUIATEIbHBII IPOCTO# KOPEHbD,
qT06bl P — Qv SBJIAIOCH BeCOM (MOHSTHO, YTO TaKO# CyIIECTBYET, MOCKOJIbKY p —
we crapimii Bec). Torja oveBuiHO, 4TO p — v # £0 U 0 — (@ BECOM HE sIBJISIET-
csl, TO €CTh BCE YCJIOBUsI BBINOJIHEHBI. Ecim ke p = 0 — oy, BO3bMEM @ = (g, U
HEOOXOIMMbIE YCJIOBUS CHOBA TPUBHAJIBLHO IMPOBEPSIIOTCS.

Tenepn pacemorpum Tpancseknnio 1), —,(£), COOTBETCTBYIONIYIO JIHHHOMY
koptio (£ € B). BosbMeMm 1pousBoJIbHbINA Bec 0 Takoif, uto 0 — (—p) = « sB-
nserca kopuem. Torna T, (&) = [T)e(€), Ty—p(27H)] = [The(§),za(£271)] €
[E(56, B), E(E7, R)] C [E, E], 94T0 HEeTpPY/IHO NPOBEPHUTH AHAJOIMIHBIMU PACCY K-

JCHUAMH. ILOK&S&TGJH)CTBO OKOH4€HO.



I'maBa 3

Hanarpynner Fy B Eg

3.1. I'pynmna IMleBaJsse tuna F,

B sTom paspene, ecau He yKazano obparnoe, ¢ = Fy, ®; — MHOXKecTBO
JUIAHHBIX, Py — MHOXKeCTBO KOpOoTKuX KopHeil ®. MbI paccMarpuBaeM CHCTEMY
kopueii Fy kak npoekimio cucrembl KOpHeil Eg Ha, deTbipexMepHoe MOAITPOCTPAH-
00(1)00’ 00(1)007 018107 10801. TTpu 5TOM JUTHHHEbIC

KopHU F'4 — 910 B TOuHOCTU KOpHU Eg, Jeskariue B 3TOM MoAIpocTpaHcTBe. TaKoi

CTBO, HOPOXKJICHHOE BEKTOPAMU
KOpeHb 00g3aTeIbHO UMeeT B/ abfiba € Eg, 1 ¢ Touknu 3penns cucremsl Fy aBisa-
ercst KopaeM dag + cag + 2bas + 2aay € O (o, 1 < i < 4 — dynjgamenraibHas
cucrema Kopheit Fy). Takum obpasom, moxkuo caurars, yro ®; C Eg (3amernm,
aro MHOKecTBO D siByisiercst cucremoit kopheit tunia Dy). Koporkuit ke kopetb
F, aBnserca npoekimeii aByx KopHeil Eg Ha mame yeTsIpexMepHoe IpocTpaHCcTBO:

abeb'a’ a'b' cba

kopuu = g TPOGKTUDYIOTCA B KOPEHb

dag + cas + (b+b)az + (a + a')ay € Dy,

Yepes 3;, 1 <1 < 6 mbr Oyziem 0003HAYATH TPOCTHIE KOPHU CUCTEMbBI KOPHEHt
E¢; HanoMuum, 4o Hallla HyMepalius 1pocThix KopHeil caejyer [2]. Pacemorpum
BHEINTHNI aBTOMOPGU3M (¢ +— & Topsijika 2 cucreMmbl Eg, nmepecrapistioniuii 31 ¢
Bs, B3 ¢ b5 m ocrasisiionuii (o u 34 na mecre. OgHOdIEMEHTHBIE OPOUTHI 3TOrO
aBTOMOP(U3MA COCTOSIT B TOYHOCTH M3 JJIMHHBIX KopHeil Fy, a aByXajeMenTHbIe
cojiepKaT mapbl KOPHeii, MPOEKTUPYIOIIMXCsT B KOpoTKue Kophu Fy. amerum, aro
Koptn 3 # B ABYX3/1€MEHTHOH OPOUTHI OPTOIOHAJIBHBL JIPYT JAPYy U 0OpasyioT
yIuIbl /4 ¢ coorBercTBYIOMMM KOpoTKuM Kopaem (3 + 3)/2 € ®,. Mul 6yuem

OTOKJIECTBJIATH MHOXKECTBO OPOUT C MHOXKECTBOM KopHeit Fy.
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Puc. 5: (Eg, w1) | Fy: xophu

Mbr obosnadaem depes x3(£) a/meMeHTapHbIe KOPHEBbBIE 9JIEMEHTHI TDYIIThI
G(Es, R), a uepes X 3(&) — snemenraptbie KopHesbie ssiemenTs! rpyiibl G(Fy, R).
[Tpu stom anementsl X 5(€) moryT umers Bug x4(E) anga 3 = (3 (AaunEbBIe KOpHe-
BbIe dyieMenThl) uimn Bujt 25(8)r5(+E) nna B # 3 (KOpOTKHIe KOpHEBBIe 3JIeMeH-
Th1). Ham nonaoburcst siBHOE 3HAHNE 3HAKOB B KOPOTKMX KOPHEBBIX 3JIEMEHTAX,

I[IO3TOMY IIpUBEJIEM MX:

Xooo1(§) = z10000(§) w0000 (£). Xoo10(§) = Zo1000(§) 00010 (&),
Xoo11(§) = z11000(&) 00011 (=), Xono(€) = zor100(§)zo0110(—E),
Xi110(§) = zor00(§)zoo110(—8), Xoun(§) = z1100(§)zoo111 (&),
Xun(§) = xnp@(é’)xooyl(f), Xo121(§) = 3311(1)10(5)3301(1)11(—5),
Xu2(§) = 5611%10(5)3901%11(—5), Xi921(§) = $11%10(5)$01§11(—€),
X1231(§) = T12210(§) 01221 (—8), X1232(&) = 12201 (§) 211221 (8).

Maxkcumasibubiit pacienumbiit rop T'(Fy, R) rpynnst G(Fy, R) nopox jaercs

JAnarodHaJIbHbIMHA 3JIEMECHTaMn

Hioo(e) = hoo?oo(s), Ho10(e) = hoo(l)oo(g),
Hooo(e) = h01800(8)h00810(6), Hooo1(€) = h10800(8)h00801(8).

[Tpu orpanuvenun npejcrasienus ™ ¢ G(Eg, R) na G(F4, R) nonyuaem 27-
MEepHOE MpeJICTaBIeHre, JuarpaMMa KOTOPOTO MpUBeJeHa Ha PUCYHKE 5. 3J1eCh

METKH Ha, pebpax COOTBETCTBYIOT HYMEpAIUU IPOCTHIX KOpHeit Fyj.
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Puc. 6: (Eg, w1): HeecrecTBenHasi HyMepalysi BECOB

Hywmepanust BecoB, mpuBeJieHHas Ha pucyHke 6, Oy/1eT HCIOIb30BATHCA JIJIs1
BCEX BbIUMCJIEHUI 9TOM ryiaBbl. st paznoobpasust oHa (I/I JlaXke ee MOJIOXKUTEJIb-
Hasl 9aCTh) HE COMIACOBAHA HU C OJ[HON M3 TpeX HyMepaluii, puBejieHHbIX B [9].
Mp1 Oyjiem 0003HAYATH BEC, 3aHYMEPOBAHHBIN HA 3TON IUarpaMMe MeJIbIM 9UCJIOM
i, aepe3 \; Win (€CM 9TO HE BBI3BIBAET JIBYCMBICJIEHHOCTEHH) TTPOCTO i. 3aMeTnM,
4yro B orpanudenun Ha Fy Beca 13, 14, 15 cTaHOBATCs HYJIEBBIMU.

[Tostyuennoe npejcrasienue (g, wq) | Fy npusogumo u siBjisiercst npsiMoit
cyMMO#t 26-MepHOIro 1pejicTaBjeHusl Ha KOPOTKUX KOPHAX W TpUBUAJILHOIO 1-
MepHOTo Tpejictapienus. Kpome Toro, Ham nonaoburcst orpanndenue (Eg, wy) |
Dy. Jlyist ero Busyamsanuy JJ0OCTaTOUHO BbIYepKHYTh B juarpamme (Eg, ) pebpa,
nomedennbie 1 u 6. [Ipu copmerenun orpanuvennii Ha Fy n na Dy Mbl nosydaem
orpanuvenue Ha Bg, koropoe nosyuaercs uz juarpammbl (Eg, 1) | Fy Boipe-
3aHMEM Bcex pebep, nmomedeHHBIX 4. Kak BHUJIHO, Pe3ybTaTOM SBJISETCA MpIMast
CyMMa TPeX OJIHOMEPHBIX MPEJICTABICHI, OTBEUAIOIIIX BecaM A} = W, A_] = —,
A13, ¥ TPEX BOCBMUMEDHBIX MPEJCTABICHHN (OJJHO U3 HUX MPUBOJUMO U SABJISACT-

cst TIPSIMOM CyMMO# ceMuMepHOro u ojHomepHoro). Obosnadum uepes B, I') A

MHOXKECTBa BECOB 3THUX HPEJICTABICHUIA:
B=1{234,578,9,10),
I = {6,11,12,14,15, —12, —11, —6},
A ={-10,-9,-8,—7,—5,—4,—3,—2}.
Kak ormeueno soime (cm. 1.7), G(Eg, R) coBnajaer ¢ rpymmoii mpeobpaso-

BaHUil CBOOOJHOIO HPAaBOro MOy R?T, COXPaHSIONUX HEKOTOPYIO TPHJINHEH-



nyto ¢popmy T'. Yiobuo pacemarpusars G(Fy, R) < G(Eg, R) kax rpyuiy npeoo-
pa3oBaHuil n3 G(Eﬁ’ R), CTAOUINBUPYIONMINX HEKOTOPBIN BbIJIEJICHHBIN BEKTOD U,
auist Koroporo Q(u) # 0. Pasnocuibno, G(F4, R) — 310 rpynna npeobpasoBanuii
u3 G(Eg, R), coxpausiomux ousuneitnyio dopmy B(x,y), onpejeeHHyo paBeH-
creom B(x,y) = T'(u,x,y). B kauecrse BbljiesieHHOrO BeKTOpa Mbl OyjieM Oparh
u = o3 — oM+ 0 rorma Q(u) = —1, a 6ummmeinas dbopma TpHOGPETET BHT

12

B(z,y) = Z(—l)iﬂ(ﬂ?iy—z’ + T_Y;)

+T213Y14 + T14Y13 + T14Y15 T T15Y14 — T13Y15 — T15Y13-

[Tycts F' — marpuia ['pama Ouinneitnoin ¢popmbl . Mbl moJydmim, 4To
marpunia ¢ = (gi;) € G(Eg, R) B TOM # TOJBKO B TOM Cjlydae MPUHAJJICKAT
G(Fy, R), xorma gFgl = F (3nech m panee wepes g7 Mbl obosHavaeM MaTpu-
iy, TpaHcronupoBantyio K ¢g). Takum obpasom, G(F4, —) sBistercs mnojcxemoit
B G(Eg, —); marpunia g € G(Eg, R) nexur B G(Fy, R) Torga u Tojbko TO-
ria, xorga (Fg'); = (g7'F);; ana seex i,j = 1,...,—1. B uacrnocru, s
1,9 =1,...,12, =12, ..., —1 3Tu ypaBuenus mpeBpaIiaioTcs B gZ'-j = €i€j0—j —i-

Hawm monaioburest takke rpyima nodobut dumuaeiHoit ¢popmbl B, TO ecTh
MHOXKeCTBO ipeobpazoanuit g € G(Eg, R), must koropeix B(gx, gy) = A(g)B(x,y)
nuist Hekotoporo A(g) € R*. B repmunax marpuipl ['pama 910 yeioBre o3xada-
er, uro gFg’ = A(g)F. Mpl 6yjem obozmauars sty rpymny G(Fy, R). Ilycrs
g € G(Fy, R). Izt mobwix o,y € R*" umeem

T(u,z,y) = Ba,y) = Mg) ™ Blgz, gy)
= Mg) ' T(u, g2, 9y) = Mg) ' T(9'u,2,y), (4)
orkyna T'(A(g)u — g tu, x,y) = 0. Buauur, g~ lu = A(g)u, To ecTb g HEPEBOTUT B

cebsi 0JIHOMEpHOE HMOIPOCTPAaHCTBO (u). O6paTHOE TOXKE BEPHO; TAKKUM 00Pa30M,

na G(Fy4, R) MoxHO cMorperh Kak Ha rpymny marpui u3 G(Eg, R), crabuimmsu-

pytomux (u).

Jlemma 3.1. Ecau gu = ku dasa nexomopuz g € G(Eg, R), k € R, mo k3 = 1.



Jloka3aTejabCTBO.

~1=Q(u) = Qgu) = Q(ku) = K’ Q(u) = —k°.

[Torywaem, uro ecin R He cojiep»KuUT HETPUBHUAJBHBIX KYOUUECKUX KOPHEit
m3 1,10 G(Fy, R) = G(Fy, R). Ecam ske A € Ru \* = 1, 10 Mmarpuna Aoy jeskur
B nenrpe G(Eg, R) u siBinsierca snementom G(Fy, R); kpome toro, Cent(G(Eg, R))
COCTOUT B TOYHOCTH U3 TAKUX CKAJAPHBIX MaTpuIl. Takum o6pasoM, Mbl JIOKa3aJIH,

qTo

G(F4, R) = G(Fy, R) Cent(G(Eg, R)). (5)

Cosepaxaityiocst 8 G(Fy, R) juaronajibyio HOAIPYILy Mbl OyjieM 0603Ha-
qare gepes T'(Fy, R). D1a noarpymnma nopmammsyer E(Fy, R), H03TOMY MBI MOXKeM

PacCMOTPETH ITPOU3BEJICHUE
E(F4, R) = E(F4, R)T(F4, R) = E(F4, R) CGHt(G(EG, R))

3.2. DjleMeHTapHbIe MOATPYIIIbI N JIOKAJIN3AIN

B srom pasnene & = Eg mim Fy.
[Tycrs A < R — ugiean B R. Haniomuum, uro mbl obosnauaem uepes E(P, A)

IPYIIILY, HOPOXKIEHHYI0 KOPHEBBIME dJIeMeHTaMu ypoBHs A:
E(®,A) = (z,(&),a € . € A).

B cnyqae A = R 370 (abcosorHas) smementaphas rpymma. Omuocumenviivie

anemenmapnvie zpynno. E(®, R, A) onpejensiorcst Tax:
E(®, R, A) = E(®, A)P®H),

Pacemorpum romomopdusm pepykimn p @ G(®, R) — G(®, R/A), asnsa-
foIuiicss orpanndeHueM odesugHOro romomopdusma GL(27, R) — GL(27, R/A)
na rpynny G(®, R) < GL(27, R). O6oznaunm uepes G(P, R, A) s1ipo 310ro ro-
moMopdusma, a depes C(P, R, A) — upoobpas nenrpa rpynusl G(®, R/A).



PaBencrsa u3s cjleayrmero yTrBep2KJcHuA HOCAT Ha3BaHWE cma%&apm%ma:

KOMMYMAUUOHHBLT POPMYA.

Jlemma 3.2. IIycmov ® = Eg uau Fy. s mobozo udeara A < R svinoanaomes

pasercmea
(G(®, R), E(®, R, A)] = [E(®, R),C(®, R, A)] = E(®, R, A)

B wacmmnocmu, nodepynna E(®, R, A) nopmarvna ¢ G(P, R).

st mHTepecyommux HaC UCKIIOUUTEILHBIX CIyIaeB 3Ta JeMMa Oblia JTOKa-
sana Tamen 78] u Bacepmreitom [81]. B paborax [82], [33], |46]. MmoxHO HaiiTH
JIpyTHe J0Ka3aTeIhCTBA U JJAJIbLHERIINE CChLIKN.

[Tycts S — MyAbTHILIMKATUBHAST CUCTEMa B KoJiblle R, TO €CTh MHOXKECTBO
aJieMeHTOB R, cojepxKailiee 1 1 3aMKHYTOE OTHOCUTE/IbHO yMHOXKeHust. Mbl Oyjiem

HAYATDL 'R a0kaAu360uu10 KOTh THOCUTEJILHO CUCTEMBI S U
obo3Hava epez STIR oJiblla, R OTHOCHTEJILHO CHCTE S
uepe3 Fg : R — S™'R — kanonuueckuii romomopduszM. Hanbosee BaxKHbIME J1JTs1

HaC ABJIAIOTCA CJICAYIONMINE YaCTHbLIE CIIyYdan:

o Jlokayuzanust B MakcuMmasabioMm uiease: S = R\ M, rge M € Max(R) —
MaKCUMaJIbHBIH njeas Koablia R. B atom ciyuae mbr mamem (R\ M) ™R =
Ryr, u Fyr Bmecro Fg. Kosibio Ry siBiisiercst JOKaJIbHBIM ¢ MAKCUMaJIbHbBIM

uieasnom Ry Fyr(M).

o [napmas nokammsamusa: S = (s) = {1,s,s% ...} — HauMenblIas MyIbTH-
IJIMKATUBHAs CUCTEMa, cojieprKaliias sjieMeHT s € R. Mbi Oyjiem obo3navars

()71 R uepes Ry, Fg uepes Fy.

[Tycre X — addunnas rpynnosast cxema uaj Z. Tomomopdusm X (Fy)
X(R) — X(S7I'R), unyyuuposatnblii roMoOMOPGU3MOM JIOKAJIU3AIUT, Mbl TaK-
x)e Oynem oboznauaTh depes Fg. 3amernm, uro ecim X = G(Eg, R), G(Fy, R),

G(Fy4, R), To 351eMeHTapHbIE KOPHEBDIE 3JIEMEHThI [IEPEXOJIAT B 3JIEMEHTaPHbIE KOp-
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nesbie aiementbl: Fg(2,(€)) = x4 (Fs(€)). D10 o3nauaer, 4o

Fs(E(Eg, R)) < E(Eg, S™'R),
Fs(E(Fy4, R)) < E(F4,57'R).

Tak kak npu romomopdusme Fg topbi nepexojsit B Topbl, 10 Fs(FE(Fy, R)) <
E(Fy, S7'R). Takum obpaszom, E(Eg, —), E(Fy, —), E(F4, —) Takxe apIgiorcs
(byHKTOpaMU U3 KATErOpUUM KOMMYTATHBHBIX KOJIEI[ B KATEIOPUIO TPYIII, OJHAKO
3T (PYHKTOPHI HE MPEJCTABAMBI.

X0poIio u3BeCTHO, YTO BCE ITU (DYHKTOPHI KOMMYTHUPYIOT C MHJYKTUBHBIMA

upejesiamu. Tounee, eciin R;, © € [ — uHjyKTUBHAsE cUCTEMa KoJiell, a X — OJI1H

us (bYHKTOpOB G(Efia _)7 G(F47 _)7 G(F47 _)7 E(EG) _)7 E(F47 _)7 E(F47 _)7 TO
X(lim R;) = lim X (R;).
— mm—

B uacrnocru, ecnim R; — WHJIYKTHBHAS CHCTEMa BCEX KOHEUHO MOPOZKJICH-
HbIX 1OjIKOJIell B R 110 oTHOIIeHu0 K Bjoxenuto, 1o X (R) = lim X (R;), uro
MO3BOJISIET HAM OIPAHUYUTLCS PACCMOTPEHNEM HETEPOBBLIX KOJIEIl.

Kpome Toro, eciu S — MyJbTUIIMKATUBHAS CUCTEMa, MbI MOYKEM PaCCMOT-
perh cucremy Kouser, Ry, s € S, Kak MHJIyKTHBHYIO CHCTEMY KOJICI, 110 OTHO-
IIEHNUIO K KAHOHMYECKMM roMmoMopdusmam Jiokaiuzamuun Fy @ Ry — Rg. To-
ra X(STIR) = li_m)X(Rs). D10 1103BOJIUT HAM CBOJUTH PACCMOTPEHUE [PO-
M3BOJILHBIX JIOKAJU3AIHH (B YACTHOCTH, JIOKAJIU3AIMA B MAKCHMAJHHOM HJea-
Jie) K TJIaBHBIM JIOKAJM3AusM. JIoKain3aum B MAaKCUMAJIbHBIX UJIeAIax MPUBO-
JSAT HAC K JIOKAJbHBIM KoJibllaM. Kak xoporo usBectHo (cM., nanpumep, [27]),

JUIst JIOKAJbHBIX (1 jtaxke st nostysokadbhbix) kosen, G(Eg, R) = E(Eg, R),

G(F4, R) = E(Fy, R), a nostomy u G(Fy, R) = E(Fy4, R).

3.3. zyuenune ypasuenuii B G(Eg, R)

B nacrosiiiiem pasjielie coOpatbl TEXHUUECKUE PE3YJIbTaThl, KACAIOIIUEC MaT-
pur u3 G(Eg, R). UIx nokasareabeTBa HCIOIB3YIOT SBHBIH B TpUIHHEHHON hop-

Mbl 17, Kybudaeckoit popMbl () 1 ee 9acTHBIX TPOM3BOAHBIX fy, A € A. B nameit



HyMepaluu BecoB Kybuueckast (popma, () BbILJISIIUT TAK:

Q(x) =T12130_1 — T1T_10T—2 + T1T_9T_3 — T1T_8T—4 + T1T_50_7
— TaT10T—1 + T2T14T 2 — T2T 12T -3 + T2T-11T—4 — T3X_6T—7
+ T3T9T -1 — T3T12T—2 + T3T15T -3 — T3T_11T—5 + T3T_8T—¢
— T4TT -1 + T4X11T 2 — T4T15T 4 + T4T 12T 5 — T4L_9T ¢
+ T7T5T 1 — 7T + T7T15T—7 — T7L_12T—8 + T7L_9T_11
— T5T11T-3 + T5X12T—4 — T5014T—5 + T5T—-10T—6 T T8TT—3
— TT12XT 7 + TL14T -8 — TYL—-10T—11 — TELYT—4 + TeL10T -5
— T6L13T—6 + T9T11T—7 — T9T14T—9 + T9T-10T—12 — T11L10L—8
+ 21121311 + £10212T—9 — L1015 —-10 — L12213T—-12 + T13T14T15.

Cummerpuueckas Tpusinaeiinast popma T’ mosrydaercst OTCroj1a, MOJISPU3alii-

eit. Bocmpouspesiem s JaJdbHEHIINX CCBIIOK U SBHBIN BUJ] YaCTHBIX ITPOU3BOJI-

HBIX 9TOI (POPMbI B TOI K€ HyMepallin:

filw) =232 — 21002+ T_9T_3 — T_gT_4 +T_77_5
fo(x) = —z100_1 + Tur_9 — X190 3+ T_11T_g — T_6T_7
f3(x) = wox_1 — T19T_9 + T15T_3 — X_11T_5 + T_gT_¢
fi(x) = =201 + X109 — T15T_y + T_12T_5 — T_9T_g
f5(x) = 701 — T11T_3 4+ T12T—4 — T1uT—5 + T_10T—6
fo(2) = =700 4+ 237 _3 — L9 _4 + T10T_5 — T13T ¢
fr(x) = w52 — Tex_9 + T150_7 — T_120_8 + T_gT_13
f3(x) = =241 + 2623 — T12T_7 + T1uT_g — T_10T—11
fo(x) = 2301 — Ty + T11T_7 — T1aT_g + T_10T—12
Jio(x) = —zom_1 + Te2_5 — T11T_g + T12T_9g — T15T—10
fi1(x) = xax_9 — X523 + T9T_7 — T1pT_g + T13T_11
fi2(x) = =379 + T50_4 — TT_7 + T10T—9 — T13T_12
fi3(x) = 2121 — XeT_6 + T11T_11 — T12T—12 + T14T15



f14(w) = 2w 9 — w575 + 287 _g — T9T_g + T13715
fi5(x) = 2303 — 2474 + 27w _7 — T10T 10 + T13714
fr12(w) = =m0 3 + 2475 — T7T_g + T9T_19 — T12713
fo1(x) = wow_y — 2375 + T7T_9 — TRT_10 + T11713
(

for0(r) = =109 + 5w _6 — TgT_11 + ToT_19 — T10T15

foo(x) = T12_3 — 24T _6 + T7T_11 — T9T14 + T10T12
f-8(x) = =210y + T3¢ — T7T_12 + TgT14 — T10T11
for(2) = 2125 — Xoxw_¢ + T7x15 — T2 + ToT1y
f-6(x) = —Tox_7 + T30_g — T4T_g + T5T_10 — T6T13
fos(x) = T12_7 — 23T _11 + T4T_12 — T5T14 + T6T10
Joa(x) = —212_8 + Tow_11 — TuT15 + T5T12 — T6Lg
fos(2) = 109 — Xow_12 + 3715 — TsT11 + Tes
f-2() = —x17_10 + T2T14 — T3T12 + TaT11 — TeX7
f-1(x) = 1213 — X2T10 + T3T9 — TaTg + T5T7

Mpgr gacTo OyeM IMOJIb30BAThHCS TEM, UTO KarKJIblii CTOJIOeN v MaTpPHIbl U3
G (Eg, R) aBasieTcs: cunzyaapHoLm U, CJIEJIOBATEILHO, YI0BJIETBOPSAET KBA[PaTH-

ubiM ypasrenusim f)(v) = 0 juist Becex A € A.

Jlemma 3.3. ITycmo v aeasemea cmoabyom mampuyw, G(Eg, R), npuuem cmpo-
ka (Va,...,v_1) ywumodysapna. Ecau v; =0 daa j = 6,11,12,13, -12,..., -1

U Vg + V15 = O, mo vi4 = v15 = 0.

JHoxka3zareabcTBo. Obo3naunm £ = v15 = —vy4. [lockoabky V' — crosber mat-



putbl u3 G(Eg, R), o f\(v) = 0 st Bcex A € A. B uacrnocru,

= fo2(v) = vovyy = —uy,
0= f_3(v) = v3v15 = Eus,
0= f_4(v) = —vgv15 = —Evy,
0= fo5(v) = —vsv1a = &us,
0= f_7(v) = vrv1s = Eoy,
0= f_s(v) = vsv1a = —Eus,
0= fo9(v) = —vgvia = &y,
0= foi0(v) = —viovi5 = —Ewio,

0= f13(U) = v14v15 = {U14.
Ho 1o ycnosuto crpoka (ve, v3, U4, Vs, U7, Us, Vg, V10, V14) YHUMOJIYJISIDHA, 3HAUMUT,

¢ =0, uro u TPebOBAJIOCH JJOKA3ATD.

3.4. Ilapaboangeckue MOArpynnbl

Pasobbem Bee Beca uz A na tpu muoxecrsa: {A1}, BUI u {3, A1} UA
(970 pasbueHme COOTBETCTBYET BHIPE3AHUIO U3 BECOBOI quarpaMmbl Eg Becex pebep,
nomedenubix 1). Eciu gy = 0 juig Bcex A € BUI' u smement g1 obparum, 1o u3
ypaBHEHWI Ha, MEPBbBIi CTOJIOEI ClIeyeT, YTO OH COBIMAJAET C MEPBBIM CTOJOIIOM
eJIMHUIHON MaTpuilbl. VIHBIME CJIOBaMU, TOT/Ia § JIEXKUAT B MapabOTUIECKOH 1101
rpymne G(Eg, R) n 110 OTHOIIEHIIO K MPUBEJIEHHOMY Pa3OHEHUI0 BECOB MATPHIIA

g UMeeT CJeYIONYIo OJIOUHYIO CTPYKTYPY:

g:

S O *
S % X
* % X

HunaronaJibubie 6Jioku 3jiech umeroT pa3mepbl 1, 16, 10 coorBercTBenHo. Mbr Oy-
JeM 00o3HauaTh 9Ty napaborueckyio nogrpyuny depes Pi(R). Ee ynunorentbiit

pajukas Uy (R) BuIDISIAT Tak:

1 A
0 116 *
0 0 Iy



Tpynna Up(R) abesiesa u nsomopdna (kak aberpakrhag rpynma) R mbr
MOXKEM HPOM3BOJILHLIM 00pa30M BLIOpaTh CTpoKy A jjmHbl 16, cOCTOAINYIO 13
9JIEMEHTOB KOJIbIa R 1M eJMHCTBEeHHLIM 0Opa30M IOCTPOUTDL [0 Hell MaTpuily u3
yaunorentHoro pajukasia Up(R). [okaxem, kak 310 ¢esnars sisro. O603HaAUMM
gepe3 Y1 MHOXKECTBO Takux KopHeil o € Eg, uro Ay — a € A. Bamernm, uro npu
BBIUNTAHUN BCEX TAKUX ( U3 \] MBI IOJIYYMM B TOYHOCTH IIECTHAIIATH BECOB U3

BUI', To ecTb
Si={\—A|X€BUl} = {1 ¢ B}

BribepeMm npousBoJIbHBIE IIIECTHAIIATE 3JeMeHTOB &, € R, a € X1 u paccMoTpuM
MATPUILY

] za(%) € G(Es, R).

aEd

[Topsij1oK, B KOTOPOM 3/I€Ch MEPEMHOXKAIOTCS KOPHEBBIE 3JIEMEHTHI, HE BayKEH: BCE
OHFM KOMMYTHPYIOT JIpyT ¢ ApyroM. HeTpynno Buaernh, 9To 3Ta MaTpUIla JIEIKUT
B U;(R) u na mepecedenuy ee MepBoOil CTPOKH €O CTOJIOIOM, HOMEYEHHBIM v,
A € BUT, naxomurest ssement £y, ) (3HaK 3j1eCh HA CAMOM JieJie DaBEH 3HAKY
CTPYKTYPHOH KOHCTAHTBI Cy ),—). Kpome Toro, jmobast marpuna u3 Ui (R) enun-
CTBEHHDLIM 00PA30M MPEICTABISIETCS B BHUJIE TAKOTO IIPOU3BEICHUSI.
AnajioruanbiM 00pa3oM ornpejesisieTcst napabosudeckas noarpyinna Pgs(R)
v ee yuunorenTHbld pajukasn Us(R). s sroro pacemorpum pasbuenue A Ha
pu MHOkecTBa {A1, A13} UB, TUA u {A_1}, coorBercrByIoniee BhpesaHuio u3

BeCcoBOi JuarpamMmmMbl Eg Becex pebep, nomedennnix 6. Marpunpt uz Ps(R) n Ug(R)

UMEIOT CJISAYIONIYIO OJIOUHYIO CTPYKTYPY OTHOCHTETBLHO 3TOr0 Pa3OMeHus:

ok K Iy *
0 % x| € PG(R), 0 Lig x| € U6(R)
0 0 = 0O 0 1

['pyuna Ug(R) abesieBa u Takke siBJISETCs IPOU3BEJICHUEM [IECTHA/IIATH OIAPHO

KOMMYTHUPYIOIIUX KOPHEBbLIX HOAIpyIil. JeficTBuresibHo, 11ycrb

EGZ{QEEG|)\_1+QEA}:{**1*1€E6}



Torna A_14+a € TUA st a € Yg. Mbl MOxKeM BblOpaTh HpousBoJbhbie &, € R,

Qa € Yg 1 pacCMOTPETh IIPOU3BEJICHUE
] za(%) € G(Es, R).
aEdg

Ono gexur B Ug(R) u sobast marpuna uz Us(R) npejcrapisiercs B TakOM BU/I€.
Teneps mocmorpum Ha nepecedenne Py (R) N Ps(R). s sToro Heobxoumo

pa3ouTh A Ha 1MecTh MHOXKECTB BECOB:
A={M}UBUIU{ 3} UAU{A 4}

Buiounas crpykrypa marpui u3 nepecedenus Pp(R)N Ps(R) 1 ero yHuIOTEHTHOrO

palrKaJia TaKOBa:

(******\ (10*0**\

0 x % % % % 0 Is 0 0 x =

00 «x 0 % x 0O 0 I 0 0
000***€P1(R)HP6(R), 0 0 gloerl(R)mUG(R),
0000 x % 00 0O0TIg0

\0 0000 % \0 0 000 1)

O6oznaunm uepe3 Wig mepecedenre MHOXKECTB Y M g, a depe3 Ui n Wy — J10-
nosinenust Wig J10 21 U g coorBercrBenHo. Herpy/iHo BujieTh, 4T0

Uy ={\ - A AeB} = {90 e g},

Ue={A— A | Ae A= {0l e Ry,

Tig={M—A|AeT}={A-A, | el}={I**lcgg
Marpuna uz Uy (R) NUg(R) ejuucTBeHHEBIM 00PA30M IPEJICTABIISIETCS B BUJIE TPO-

3BeJIeHNU

I #a(&) € G(Es, R),

acWig

e &, € R g a € Wyg.

Jlemma 3.4. Ilycmv g € G(Eg, R) maxosa, wmo g11 = 1 u gy = 0 daa A €
(BUT) \ {A\15}. Tozda gx1 = 0 das ecex A ¢ {1, A5}



HoxkazareabcTBo. O003HAUUM @151 Hepe3 § U PACCMOTPUM MaTPUILY

h = $_11%21(§)g.

3ameruM, 4to his1 = gi51 — 911 = 0. Kpome toro, hy1 = gy g Bcex A €
BUT'\ {15}, noromy 4ro jyist Bcex Taknx A cymma A+ 11%21 HE SBJIACTCS BECOM.
Ho u3 sroro caenyer, uro hyy = 0 s Becex A # Aq, 10 ectb b € Pi(R). Orciona,

MOCKOJIBKY ¢ = & _11221(—&)h, BUHO, UTO
1
ga1 =hx1 =0 s Becex A € A\ {\} A+ 11%21 ¢ A.

Ecmm xxe A\, A + 11%21 € Nu \# A5, TO

g1 =ha1 £ &R, 11921 = hy 1 = 0.
1

Jlemma 3.5. ITycmo g = [] z4(&) € G(Eg, R), 2de &, € R daa scex vy €

€Y 16

Ui6. Mampuuya g aeorcum 6 G(Fy, R) mozda u moavko moeda, koeda 12911 =
1

£11221.
1

JTokazaTeabcTBO. Ecan £19211 = E11201 = &, TO
1 1

a:12%11(512%11)3311%21(511%21) = Xi232(§),

a MOCKOJIbKY BCe ocrasibibie Kophuu u3 Wig siexar B Oy, nosyuaem g € E(Fy, R).

Ob6paTHO, TOCKOJIbKY

g113=0, gruu= —512%11, 9115 = —511%21,

nMmeemM

(9“)1 = 01,13 — 91,14 T g1,15 = 512%11 — 511%21.

I[To ycsioBuio gu = Au jist Hekoroporo A € R*, 3Haqur,

512%11 - 511%21 = (gu); = Ay = 0.



71—
JIlemma 3.6. Fcau g € PL(R)NG(Fy, R), mo g € Ps(R).

HokazarenbctBo. Ilo yciosuio, g1 € R* u gy = 0 jyist A # ;. Beibepem

AEAU {)\13}. Torna
0 = B(v*, U)\> = B(gv', gUA) = g119-1,)

nosromy g—1. = 0 jyist Becex Takux . C jipyroii cropons, st A € BUA U {\}
Takxke nmeeM g_1) = 0, mockoabky g € Pi(R). Suaunt, mocsieussi cTpoka ¢

IPONOPIMOHAJIBHA, [IOCJIE/[HEl CTPOKE eJIMHUIHON MaTpuIbl, TO ecth, g € Ps(R).

3.5. Berunciaenne nopmaauzaropa E(F,, R) B G(Eg, R)

B stom paszzene Mbl JOKaxKeM CJIeayIoIee IpeJJIoyKeHne, sIBJIoNeecs aHa-

JIOTOM TeopeMbl A.

IIpenmoxxenne 3.7. B ycaosuax meopemo, C umeem
Ng(E(F4, R)) = Ng(G(Fy4, R)) = Trang(E(F4, R), G(F4, R)) = G(F4, R).

Hanomuuwm, aro snecs G = G(Eg, R), u gyist nojprpynn E u F B rpynne G
Mbl oboznadaem depes Trang(F, F') mpancnopmep E 8 F (cm. Beenenue).

[Ipentoxenue 3.7, roopst HeopMaIbHO, MOKA3BIBAET, UTO (G SBIISETCS HOP-
majmszaTopoM Fy B Eg He TOJIBKO B CXeMHOM CMBIC/IE, HO ¥ [IOTOYEUHO: 3HAUCHUE
9TOro (pyHKTOpa Ha JII0OOM KOJIbIE SBJISLETCsS abCTPaKTHO-TPYIIIOBLIM HOPMAJIU-
3aTOPOM COOTBETCTBYIONIEH IPpyNibl. 3amerum, uro name onpejenenne G(Fy, R)
COBIIQJIAET C OLpeesieHueM pacuupennot epynnot llecannre, JaHHbIM BIEPBLIE B
|26] st mpucoe IMHEHHBIX TPYIIN, a o3 Hee B [35]| u /11 MHTEpecyoIero Hac cJry-
das OJJHOCBS3HBIX Ty (cM. Takxke [5]). OdeBuno, uro G(Fy4, R) — HopMasbHasi
noarpymmna B G(Fy, R).

ITo camomy onpegenenuio G(Fy, R) siasiercs adbdunnoii cxemoit nay Z. Kak
XOPOIIO M3BECTHO, (PYHKTOP TOUEK alpPUHHONE CXEeMBbI MOJHOCTHIO OIPEIeIsIeTCsI
CBOMMMY 3HAYCHUSIMY Ha JIOKAJLHBIX KOJIbIaX. JacTHBIM CJIydaeM 3TOr0 MPUHIIAIA,

ABJIACTCA CJIeAYIoIlasd JeMMa.
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Jlemma 3.8. ITycmov g € G(Eg, R), npuvem Fy(g) € G(Fy, R) das scex M €
Max(R). Tozda g € G(F4, R).

JlemMma 3.9. Mampuua g € G(Eg, R) npunadaescum G(Fy, R) mozda u moavrko

moezda, Koz2da ona YAoBAEMBOPAEM YPABHEHUAM
(Fg")ir(g™ ' F)js = (97 F)ir(Fg") s

ora ecex i, 5,1, s =1,...,—1.

HokazarenbctBo. Ilycts X — addunnas nojcxema B G(Eg, —) wan Z, onpe-
neTeHHas STuMn ypasaennamu. dcuo, uro G(Fy, R) € X (R). Ilo nemme 3.8 06-
paTHOEe BKJIFOUEHWE JIOCTATOYHO JOKa3bIBATH JJIs JIOKAJILHOrO Kosbia R. Ilycrh
M = R\ R* — makcumasbbiii wieas R. Jlius navsasia Jlokaxkem, 4ro ecJiu
g € X(R), ro naiinyrcs i, takue, uro (Fgl)i.(¢71F); € R*. Ilpeanonoxum
npotusuoe: nycts (Fgl);, (g7 F); € M nns Beex 4, r. Tax xak marpuna Figl o6-
paTHMa, To jid J106oro i Haiiercsa Takoe r, uro (FgT); ¢ M. Tak kak MaTpuna
g 'F obparuma, To jyis Joboro j waiijercs takoe s, uro (g7'F);s ¢ M. Torua
(Fg")ir(¢97'F)js € R*, 1o no namemy npeanosoxenuto (g~ F);.(Fgl);s € M,
qITO MPOTUBOPEYUT TOMY, uTo g € X (R).

Teneps 3aduxcupyeM i, taxkue, ato (Fgl); (g7 F); € R*. Tlomoxum
A= (FQT)iT((g_lF)ir)_l € R

Toryia ypasuenust na g npespamatorcs B (Fg”);s = Mg~ F);s. Ho 310 oznauaer,
aro Fgl' = A\g~'F, 10 ectb gFg" = \F, orxyna g € G(Fy, R).

Cuieytolasi jieMMa, siBJisleTCst HeDOJIbIIUM yeusienueM Teopembl Tajyien [78].
Ctporo rosops, B |78] nokazana nopmaibaocts F (P, R) numis B rpymme [lesaste
G(®, R), no nosmuee (cMm., nanpumep, [11], [12|) 6buio 3ameueno, uro G(P, R)
MoxkHO 3amennth na G(®, R). Brpouem, B nnrepecyiomenm Hac ciyuae ® = Fy
5ToT (DAKT OUEBUJIHO CJIejlyeT U3 TeopeMbl Tajyien, 0CKOIbLKY BbinosHsercst (1).

CwMm. TakXKe oOCy:KieHne jeMMbl 1.2.



Jlemma 3.10. Saemenmapras nodepynna E(Fy, R) nopmanrvna ¢ G(Fy, R) das

2100020 KOMMYMamuerozo kosvua R.

JlokazareabcTBO mpejjioxKeuuda 3.7. Hamomnum, uro depes G Mbl 00603HA-
qaem rpynny G(Eg, R). Ouesuno, uto G(Fy, R) < Ng(G(Fy, R)) — s10 cpasy
peitekaer u3 (1). Uz nemmnt 3.10 caepyer, uro G(Fy, R) < Ng(E(F4, R)). Kpome

TOrO, OUEBUJIHO, UTO
Ng(E(F4, R)), No(G(Fy, R)) < Trang(E(Fy4, R), G(F4, R)).
J1jist OKOHYaHUS JIOKA3aTEeJLCTBA HaM JIOCTATOYHO IIPOBEPUTH BKJIIOUEHUE
Trang(E(Fy4, R),G(Fy, R)) < G(F4, R).

Bosbmem kakyro-uubyub marpuiy g € Trang(FE(Fy, R), G(Fy, R)). s nekoro-
peix a € Fy, £ € R pacemorpum marpuiy h = g1 X(€)g. Tockomnky h €
G(Fy, R), nmeem hu = u, 10 ectb g X (E)gu = u. Obosnaunm gu = v =
Sy, rorna X, (€)v = v. Tockonbky X, (€) = e+Ee,, nomyuaem, uro e,v = 0
st Becex o € Fy. U3 aroro mememienno ciemyer, 9to ecin o« € & m A € A —
Takoil Bec, uTo A + a € A, To vy = 0. Takum obpasom, y BekTopa v crour 0
BO Beex nosuiusx, kpome 13, 14, 15 (it Bcex OCTAJIbHBIX TMO3UIMIT HETPYIHO
noj1obparh HyxkHbI# Kopenb o € ®;). [lojcraBuB Tenepb B KauecTBe o KOPOTKHIA
kopenb 0001 € Fy, monygaem vi3 + vy = 0, a mojcrasuB o = 0010 € Fy, momy-
yaeM v14 + v15 = 0. 3Hauut, v = ku juisg HekoToporo k € R u gu = ku, oTKy/a
1o jiemme 3.1 umeem k? = 1 u, cieoBaTesbHO, § € @(F4, R).

[TpocToe TeopeTuKo-rpyInoBoe paccy K IeHue MO3BOJISIET YCUIUTh PE3YIbTaT

npejyioxKenus 3.7 cjeyronumMm odpasom.

CraenctBue 3.11. Cuedcmeue B ycaosuax npedaroscenus 3.7 umeem maroice
Trang(E(F4, R), G(F4, R)) = G(Fy, R).

HHokazarenbcTBo. Ilycrs jyist nekoroporo g € G(Eg, R) BbilosiHsieTCsT BKITIO-



/.
senue [g, E(Fy, R)] < G(Fy, R). Tlo siemme 3.10
B]a12(1347}%)712(1347]%)] < ZE(I?471%)'

Ho rpynna E(Fy, R) cosepuienna (nemma 1.4), 1109T70My U3 JIeMMbl O TPeX 110Ji-

rpymmax BeiTekaet, 9t0 ¢ € Ng(E(Fy, R)) = G(Fy, R).

3.6. OTHOCHTEAbHBbIE TPYNNbl 1 HUKHUII YPOBEHD

Hanomuum orpejiesieHe OTHOCUTENILHO 3jiemenTapHoii rpymnbl. [ycrs R —
kommyTarupaoe kKojibiio, A I R — ujean B nem, & — npoussBosibHast cucrema
kopHeii. Torma

E(®,R,A) = E(®, A)P®H),
Jlemma 3.12. Jlaa udeara A < R umeem mecmo pasencmeo
E(Eg¢, A)PFLR — (B¢, R, A).

Jloka3zaTeJabCTBO. SICHO, UTO JieBas 4acTh COJAEPXKUTCs B mpaBoit. O603HAUNM
JeByto dactb depe3 H. Ilo jemme 1.1 jocraTodno jokazaTb, 4To ecan o € EHg,
£ €A (€ R, 10 2,(£C) € H. Ona o € $; 570 04eBU/HO; €Ciin Ke (v He
SIBJIACTCS JIMHHBIM KOpHeM Fy, 3HaumT, & m @ # « IPOEKTUPYIOTCS B KOPEHb
B € ®,. Pacemorpum B H snement X80 g, (€) = #-o(F0ralE0y (£). Tlockombky
@ OpTOrOHAJIEH (v, 3TOT dieMent pasen *—Fz (€) = 2,(€, £(), uT0 3aBepmaer

JOKa3aTCJILCTBO.

Jlemma 3.13. Ilycmos H — nodepynna 6 G(Eg, R), codeporcawan E(Fy, R). JTas
a € Eg\®; noaoorcum I, ={& € R | xo(§) € H}. Toeda das aobozo B € Eg\ O

umeem 1o = Ig = I, npuvem I 1 R.

JokazareabcTBO. OUeBNIHO, UTO KAXKI0€ MHOXKECTBO [, SABJISETCS alINTHBHOM
nojrpynnoit B R. Bosbmewm chauasa o € Eg \®; u & € 1,. Bosbmenm rakxe Jiroboe

¢ € Ru (€ Eg\®; rakoii, uro pasnocrs § — « nexur B Y;. Torma

25(££C) = [2a(§), 5-a(Q)] = [2a(§), Xp-a(¢)] € H.



Takum obpasom, I, C I3. Kpome roro, juist HeKOTOPOro BbIOOpA 3HAKOB 3JIEMEHT
To(E£E)xg(£E) nexur 8 E(Fy4, R), otkyna I, = Iz. Pasobbem Bee monokuTebHbIE

kopuu u3 Fg \®; na Tpu MHOXKeCTBa:

@, - 10000 11110 11110 11210 00001 01111 01111 01211
tl-~o0> 0> 1> 1 0> 0 1 1

O, . 11000 11100 11100 12210 00011 00111 00111 01221
20> 0 1> 1> 0 0 1 1

=) . 01000 01100 01100 12211 00010 00110 00110 11221
3 - 0 ° 0 ° 1 1 0 > 0o ° 1 ) 1

Kak HeTpyIHo BUJIETH, B KaXKJOM M3 3TUX MHOXKECTB Y JIIOOLIX JIBYX KOpHell n3
epBOii YeTBEPKN Pa3HOCTh JIEXKUT B P, a BTOpasi deTBEpKa, siBJISETCsT 00pa3oM
epBoii YeTBepKa 1o JeiicTBueM aBroMopdusma « — . 3HAUWT, JijIsi KOPHEN
QB KayKJIOM U3 MHOXKeCTB ©; MHOXKecTBa [, COBINANAIOT U SIBJISIOTCS HICAJTaAMHU.
O6o3HAYNM HeAJbI, COOTBETCTBYIOIIE KOpHAM n3 O1, Oy, O3, COOTBETCTBEHHO,
I, Iy, I3. Paccmorpum KoMMyTaTop

[$10800(€>7X0010(C)] = [5610800(5),3701800(i§)$00810(i§)] = :Ullgoo(ifo-

[Tonyuaem, auro 1R C Is. IIpoBejisi eiie jiBa aHAJOIMYHBIX BBIUYKUCJICHUSI, JIEI'KO
yoenuThest, uro Iy = Iy = I3. Takum obpaszom, upeannl [, cOBIAJAIOT JJIs BCEX
noJoxkuTenbHbBIX @ € Eg\®;. Touno Takoe ke paccyKJieHue IIOKa3bIBAeT, UTO
ujeasbl I, coBnajaoT jig Beex orpunaresbHbix o € Eg\®;. Ocranoch 3ame-
TUTh, YTO PA3HOCTH KOPHE 10800 u —01(1)11 SIBJIIETCS KOpHEeM u3 P;, mosromy
MOXKHO IIPUMEHUTH TAKOE K€ BLIYUCICHNE, KAK B HAUAJIE JOKA3ATEILCTBA JIEMMBbI,

¥ TIOJIYYUTh COBIAJIECHIE UJICAJOB JIUIs 6cex KopHeil u3 Eg \ ®;.

CymMmmupys jiemMbl 3.12 u 3.13, MblI HIOJIydaeM CJIeJIyIolee yTBepK/IeHue.

IIpengioxxenue 3.14. Ilycmv H — nodzpynna ¢ G(Eg, R), codeporcawan ane-
mernmapnyto epynny E(Fy, R). Toz2da cywecmeyem eduncmeenmoili Haubosvuiul

udean A < R maxot, wmo
EE(Fy, R, A) = E(Fy, R)E(Eg, R, A) < H.

IIpu smom, ecau x,(&) € H daa nexomopozo o € Eg\ Fy, mo € € A,



D10 o3Hauaer, 4To i Kaxk ol nogrpynibl mexiy E(Fyq R) u G(Eg, R)
MbI HAIIIK TaK HA3BIBAGMBIH Hustchutl yposens. st OKOHIaHUS JOKA3ATEIhCTBA

TeopeMbl C OCTaeTcs 10Ka3aTh, UTO OH COBIAJIAET C BEPXHUM YPOBHEM, TO €CTb,

uro EE(Fy, R, A) nopmanvna B H.

3.7. HopMmaJjin3aTop npoMeKyTOYHOI IOATrPYIIIbI

Paccmorpum roMmomMopdusmM peyKimu piﬁ : G(Eg, R) — G(Eg, R/A), un-
JLYLUPOBAHHbBII TOMOMOP(MU3MOM COOTBETCTBYIOMMX HOJHBIX JIMHEHHBIX IPYIIIL, 1
oboznaunm uepes CG(Fy, R, A) nonnsiit npoobpas rpymmst G(Fy, R/A) ornocn-

Ee
TEJbHO P ,°.

IIpennoxkenune 3.15. B ycaosusx meopemvr C das arobozo udeara A < R ume-

eM

Ng(EE(Fy, R, A)) = CG(F4, R, A).

Jlemma 3.16. Ilycmv R — wommymamusnoe xoavuo, A < R — wudean. Tozda

epynna EE(Fy, R, A) cosepuenna.

JokazarenabcTBo. I3 emmbl 3.12 cieayer, uro EE(Fy, R, A) nopoxjaerca kax
IpyIIa BCeMU KOpHEBbIMHU djieMenTaMu o (C), a € Fy, ( € R u KOpHeBbIMU 3Jie-
mertamu T, (€), a € Eg \ Fy, € € A. Tlokaxkem, 4o Bee 911 00pasyoliue Jexar B
kommyranre EE(Fy, R, A). s kopuesbix ssemenTos Fy 910 BhITEKAET M3 COBEP-
MEHHOCTH abCOJTIOTHOI sjieMenTapHoil Tpymnmbl (emma 1.4). Teneps paceMoTpum
zo(§), e a € Eg\ Fy u £ € A, Kak 3ameueno B JloKasaTesbCTBe JeMMbl 3.13,

Haitjiercst kopeb (3 € Fg\ Fy makoii, uro o — 3 € Fy. Ho rorya

za(§) = [25(£), Ta—p(£1)],

1 0ba KOPHEBBIX 3JjieMeHTa u3 npapoii yactu jexar B EE(Fy, R, A).
Pacemorpuy romomopdusm pegykimu i« G(Eg, R) — G(Eg, R/A) n 060-
snaunM depes CG(Fy, R, A) mommsrii mpoobpaz G(Fy, R/A) oTHOCHTENBHO 3TO
PEIYKIIUK:
CG(Fy, R, A) = (o) (G(F, R/A))



Hanomnum, uro uepes G(Eg, R, A) Mbl 0003HaumIM siipO rOMOMOP(U3MA, ,036.
Bamerum, uro G(Fy, R)G(Eg, R, A) < CG(Fy4, R, A), onnako 3/1ech BO3MOXKHO I
CTPOroe HEPABEHCTEO.

U3 jiemmbl 3.9 HeMe IJIEHHO BbITEKAET CJejyIoliee OlncaHne BBEJICHHON HaMu

rpyuibl CG(Fy, R, A).

IIpengoxxenue 3.17. Mampuuya g € G(Eg, R) npunadseocum CG(Fy, R, A)

mozda u moabko mozda, Ko2da ona YJOBAENEOPAETN, CPAGHEHUAM
(Fg")irlg 'F)js = (g ' F)ir(Fg")s  (mod A)

ors ecex i, j,r,s =1,...,—1.

Ternepb Bce TOTOBO JIJjIsl JOKA3aTE/IHLCTBA IPEJJIOXKEeHUsT 3.15.
HokazarenbcTBo npegiiokenust 3.15. Hanomuum, uro G = G(Eg, R). Oue-

BHUJTHO, YTO
NG(EE(Fy, R, A)) < Ng(EE(F4, R, A)G(Eg, R, A)).

Kpome toro, uz npejuioxenus 3.7, IpUMEHEHHON K KoOJibIly R/A, u Teopembl o

FOMOMOphU3ME CIIEIYET, UTo
Ng(EE(F4, R, A)G(Eq, R, A)) = CG(Fy, R, A).
B yacrTHOCTH,
[CG(F4, R, A),EE(Fy, R, A)] < EE(F4, R, A)G(Es, R, A).

Hawm ocraercst mokazarn, uro CG(Fy, R, A) nopmamusyer EE(Fy, R, A). 3amernm,

qTo

[G(Fy, R, A)G(Eg, R, A),EE(F4, R, A)] < EE(F4, R, A).

HeiicTBUTE/ILHO, PACCMOTPUM KOMMYTATOP BUJIA

[zy,hg], =€ G(Fy,R), y € G(Eg, R, A), h € E(Fy,R), g € E(Eg, R, A).



Torya [y, hg] = *[y, h]-[x, h]-"[zy, g]. TTo semme 3.10 BTOPOI KOMMYTATOP JIECKHUT
B E(Fy, R). ITo temme 3.2 kommyTaropsl [xy, g| u [y, h| nexar 8 E(Eg, R, A), cie-
nosarennno, Mzy, g] € EE(Fy, R, A) u, cnosa o aemme 3.2, “[y, h] € E(Eq, R, A).

Ho EE(Fy, R, A)G(Eg, R, A) conepxurca B G(Fy, R, A)G(Eg, R, A), n10s70-

My, Tem bo.ee,
[EE(Fy, R, A)G(Eg, R, A),EE(Fy, R, A)] < EE(F4, R, A).
PestoMupysi cKazaHHOE BBIIIE, Mbl BUJIUM, UTO
[[CG(Fy, R, A),EE(Fy, R, A)], EE(Fy, R, A)] < EE(Fy, R, A).
Tenepb yTOUYHUM 3TOT Pe3yJIbTAT: MOKaXKEM, 9TO Ha CAMOM JIeJie
[[CG(Fy, R, A),EE(Fy, R, A)],[CG(F4, R, A),EE(Fy, R, A)]] < EE(F4, R, A).

BaMeTI/IM, qTO IO y2Ke JOKAa3aHHOMY JIEBasd 9aCTh HOPOXKIAACTCA KOMMYTAaTOPpaMn

Buja [uv, [z, y]], tae u,y € EE(Fy, R, A), v € G(Eg, R, A), z € CG(Fy, R, A). Ho

[UU, [Zay]] = u[v7 [Zay]] ’ [U, [Zv y]]a

npudeM BTopoii kommyTtatop npunajaeskur EE(Fy, R, A), a nepsbiii nmpuna/ie-
xut [G(Eg, R, A), E(Eg, R)] < E(Eg, R, A).

Terepb Mbl MOXKEM 3aBEpIINTH JJOKa3aTebCTBO. HanoMuuM, 4To HaM ocra-
ercs jokasarb, 4o CG(Fy4, R, A) nopmamuzyer EE(Fy, R, A). Tlo semme 3.16
rpyuna EE(Fy, R, A) coBepiiienna. 3HauuT, JI0CTaTOuHO HOKA3aTh, 4T0 (2, [z, Y]] €
EE(Fy, R, A) ans mobwix x,y € EE(Fy, R, A), 2z € CG(Fy, R, A). ToxectBo

Xousna-BurTa jaer

[z [yl = [l 27y "y 2l e,

IpUUeM, 110 yKe JOKa3aHHOMY, BTopoit koMmmyrarop Jjexur 8 EE(Fy, R, A). Ocra-

JIOCH 3aMETUTh, YTO

m[[z_lvx_l]ay] - x[z[z_la x_llv Zy] - x[[x_17 Z]v [Zvy]y]



1 JlocTaTOUYHO JloKaszaTh, uto [[x71 2], [z, y]y] € EE(Fy4, R, A). Ho

Jzylyl = 27 2z ylylz 2y, 2]

= [z 2], [z )] - [zl 2lylz 2 Yy, 2]
=[[lz7", 2], [z, 9] - BY([= 7, 2], ),

1 2],y] B nojyueHnoM BbIpaske-

npuuem oba kommyrtaropa [[z71, 2], [z, y]] n [z~
nuu npunagyexar EE(Fy, R, A), a coupsraomuii saeMent [z,y] npu BTOpoM

kommyTarope Jiexkur B EE(Fy, R, A)G(Eg, R, A) u, ciiejjoBaTejibHO, HOPMaJIU3yeT

EE(Fy, R, A).

3.8. OyHKTOP JIOKAJIU3AINNI

Cﬂeﬂyfoume JIEMMbI IIPEAOCTABJIAIOT TEXHUYIECCKYIO OCHOBY IJIA IIPOBEICHM A

sokasmzanuu. Jlemma 3.18 siBjisieTcst 4acTHBIM CIydaem Teopembl 5.3 paborsi [46].

JlemMa 3.18. JIaa 1106020 KOHEUN020 “UCAL INEMENMOE (1, . . ., Gn € E(Fy, R)

u 06020 k > 0 cyuwecmeyem maxoe m > 0, wmo
9, F(G(Fy, R, s"R))] < E(Fy, Fi(s"R)).

Jlemma 3.19. Ilycmo H — nodepynna ¢ G(Eg, R), codeporcawasn E(Fy, R), a
X < G(Eg,—) — epynnosas nodcrema. Ilpednorostcum, wmo 0as kako2o-mo
sE€R

F,(H)G(Fy, R,) N X(R,) € G(Fy, Ry).

Tozda natidemca maxoe t € R, wmo yorce
F,(H)E(F4, Ry) N X(Ry) € G(Fy, Ry).

HoxazarenbcTBo. Ilycrs Fi(g)z, e g € H, v € G(Fy, Ry), Taxoii sjneMenT.
[To nemme 3.8 maifyiercs takoit Mmakcumasibhbiii ugean M € Max(R), uro s ¢
M u Fy(g) € G(Fy, Ryy). Tak kak kosbiio Ry nokasbhoe, 1o G(Fy, Ry) =
E(Fy, Ryr). C apyroit croponsr, Tak Kak E(Fy, Ryy) = h_m)E(F;L, Ry), rye npejien



6epercst 1o Beem t ¢ M o naiinercst rakoe t = sq ¢ M, uro Fy(x) € E(Fy, Ry).
Torna
F,(Fy(9)r) = F(9)F,(z) € F,(H)G(Fy, R)) N X (Ry)

n B ey marmrero shibopa M mo-npexknemy Fy(g) € G(Fy, Ry).

Jlemma 3.20. Ecau 6 yeaosuas npedwdywets semmor y € Fy(H)E(Fy, R,), mo

natidemesa maxoe n € Ny, wmo
[y, Xa(s"/1)] € Fy(H)

onsa ecex o € Fy.

JlokazaTenbcTBO. 3amuiieMm y B Buje y = g, e g € Fy(H), v € E(Fy, Ry).

Torma jist 1100010 N UMeEeM

[y, Xa(s"/1)] = 7]z, Xa(s"/1)]lg, Xa(s"/1)].

[To siemme 3.18 MOxKHO BBIOpPATh 1 TAK, 4TOOBI
(2, Xo(s"/1)] € Fy(E(Fy, R)) C Fy(H)

s Beex o € Fy. Bee octanmbHble MHOXKHUTETW B NMPAaBOil YacTH TTPWHAIEKAT
Fy(H).

JlokazarenbcTBO JieMMbl 3.20) JIeMOHCTPUPYET BaKHbIN CIIOCOO TTPUMEHEHU s
JeMMbl 3.18: Tpu KOMMYTHPOBaHUU ¢ KOPHEBBIM 3JIEMEHTOM MOXKHO BBLIOMpATH
creneHb § Tak, YToObl 3HAMEHATEJIM YHUITOXKUJINCH 1 pesyabrar nonas B Fy(H).
B nasbHeiiieM npyu U3BJIEUYEHUN KOPHEBOTO 3JIEMEHTa MbI OyJIeM TOJIb30BaThCs
9TOI ujeeil 6e3 crenuajbHOro YIIOMUHAHNUS.

Cutejyronuit BCioMoraTe/IbHbIil pe3ysIbTar MO3BOJIsIeT HaM W3BJIEKATH KOP-
nesoii saement uz rpyunst Fy(H) upu nomomu siaementos G(Fy, Ry), a ne Toiib-
ko ssementoB Fy(F(Fy, R)). Brarogaps sToMy najibHeiiinee q0Ka3aTeIbCTBO YK

MO2KET IIPAaKTUYIECKHU HE YUIUTbIBATDL JIOKAJIU3aIlUIO.



IIpengioxxenue 3.21. Ilycmv H — nodepynna ¢ G(Eg, R), codeporcawsan epyn-
ny E(F4, R). IIpednorosicum, wmo natidemea mavoe s € R, wmo F,(H)G(Fy4, Ry)
COOEPIAHCUTN, HEMPUBUAALHDIT INEMEHMAPHBLT KOPHEBOT INEMERT, COOMBEMCMEY-

rwut xopuio us Eg\P;. Toeda H codepotcum nempusuasvhvil kKopresot ane-

menm xq(€), 2de a € Eg\ Py, € € R.
HoxkazareabcTBO. [lo siemme 3.19 Mbl MOXKEM cunMTaTh, YTO
zo(a/s*) € Fy(H)E(Fy, Ry)

771 HekoTophlx o € Eg\®;, a € R, k > 0, npudem a/s* # 0. BoibepeM Kopenn

B € ®; rakoit, uro o + 3 € Eg u paccMoTpuM KOMMYTATOP

[wala/s"), 25(s" T /1)] = Tars(£s"a/1).

B cuny nemmbr 3.20 Haiigercs n rakoe, 9to Toyg(E£s"a/1) € Fs(H), To ecrb, Haii-
nercst rakoe g € H, aro Fy(g) = xa15(E£s"a/1). Kpome toro, Fy(zq1p(£s"a)) =
Tatp(Es"a/l), u nosromy g = xa45(£s"a)y nias vexkoroporo y € Ker(Fy). Coe-
JoBaresibho, Hajimercs m € Ny takoe, uro y € GL(27, R, Ann(s™)). Pacemorpum
koMmyTarop z = [g,x_3(s™)] € H. Tak kak [y,x_g(s™)] = e, 1o

2 = [Tarp(£s"a), z_5(s™)] = za(s""a).

Ecim s"1"aq = 0, t0 a € Ker(Fy), 4To HEBO3MOXKHO, TaK KAK MBI MPENOIATAJIH,
uto a/s® € R, — memymeBoii smeMent. 3maunut, z = ,(s""a) € H u ectn

MCKOMDBII HETPUBUAJIbHDBIII KOPHEBOU IJIEMEHT.

3.9. lI3BjieuyeHne KOPHEBOI'O 3JIEMEHTA U3 YHUIIOTEHTHBIX

PaJInKaJIOB

B crieaytonux npeioKe X TPOUCXOUT U3BACHEHUE KOPHEBOZO INEMEH-
ma, aHAJIOMMIHOE U3BJICUEHUIO TPAHCBEKI[MN B JIOKA3ATEIHCTBAX OMUCAHWS HaJI-
IPYIIT KJIACCHYECKUX TPYII B MOJHOM smneitnoii rpynne. Hanomunwm, uro Pi(R),
Ps(R) — makcnmasbibie mapabosunaeckue noarpynisl 8 G(Eg, R), coorBeTcTBy-
forue KopHsiM v 1 g coorsercreenno; Uy (R), Us(R) — ux (abesieBbl) yHUIIO-

TEHTHbIE paJuKaJIbI. B srom pas3zaeJjie Mbl IIOKa3bIBa€M CyHI€CTBOBaHUE KOPHEBOI'O



9JIeMEHTa 1IPU HAJMUYUU HETPUBUAJIBLHOIO 3JIeMEHTa B 11€PeceuyeHUn YHUIIOTeH -
ubix pajgukanoB Ui(Rg) u Ug(Rs), 3aTeM — B UX NPOU3BEJICHUM, a 3aT€M — B
npoussejennn Uy (Rs), Us(Rs) u topa T(Eg, Ry). Takum 0b6pa3oM, MpoOuCXOuT

MOCTeNeHHoe OCIa0IeHre YCIOBU.

IIpengioxkenue 3.22. Ilycmv H — nodepynna 6 G(Eg, R), codeporcawsan epyn-

ny E(F4, R). IIpednonroscum, wmo das nexkomopozo s € R umeem
Fy(H)-G(Fy, R,) NUL(R,) NUs(Rs) € G(Fy4, Ry).

Toeda H codeporcum nempusuasvmviti KopHesoti Inemenm, coomeemcmeyou,ut

kophto uz Eg \D;.

Hoxka3zaresbcTBo. JIo6oit snement uz Uy (Ry) N Us(R;) siBaisieTcs: pousse/ie-

HUEM KOPHEBBIX 3JIEMEHTOB xa(fa), rjie @ UMeeT BUJL 1*:*1. Herpynno Bugers,

4YTO BCE TaKWe KOPHU, KPOME (v = 12%11 ua = 11%21, jnexar B ®;. JlomHoxkas Ha

oOpaTHbIe K 3TUM KOPHEBbIM 3dJIEMEHTaM, 10JIy4aeM, YTO

Y = To(§a)ralla) € Fs(H) 'E(F% Ry),

npuyueM y & @(F4, R;). Kopau av 1 & MpOEKTUPYIOTCSA B OJIUH KOPOTKUIT KOPEHb

1232 € Fy: Xi932(&) = 0 (&)xa(€). Pacemorpum siiement
2 = yXiop(—&a) = raléa — &) € Fs(H) - G(Fy, Ry).

Ouesnzno, uro z ¢ G(Fy, R,), nostomy &5 — &, # 0 € Ry, W 10 TIPEJIIOMKCHIIO

3.21 B H Haiijiercs HY>KHbIII HETPUBUAJILHBIN KOPHEBOI 9JIEMEHT.

IMpengioxxenue 3.23. Ilycmv H — nodepynna 6 G(Eg, R), codeporcawsan epyn-

ny E(Fy, R). Ipednoaootcum, wmo das nexomopoeo s € R umeem
F,(H) -G(Fy, R,) NUL(Ry) - Us(Rs) € G(Fy, Ry).

Tozda H codeporcum nempusuasvrviil KoOpHe6ot IAEMERM, COOMBEMCMEYIOULUT

wophro us g\ ;.



Jloka3zaTeabcTBO. JI1000ii sjieMeHT Y 11POU3BE/IEHUST YHUIIOTEHTHBIX PaJIMKaJIOB

Ur(Rs) - Ug(Rs) u Topa T' MOXHO NPEJCTABATD B BUJIE

Y= H (&) H 25(&) H 24(&y)-

V€Y, veY; 7€V 16

3aMeTM, 9TO €CJIM Mbl IIPEJICTABUM, KPOME 3TOr0, i B BHUJIE

Y= H z4(G5) H 74(¢y) H 24(G4),

yew; vEWg veW16
10 & = ¢y st ¥ € W1 U Wy (970 HENOCPEJCTBEHHO CJIE/LyeT U3 TOTO, YTO JIIs Y €
W1, 6 € Wg nmee [2(£), 25(C)] = @y46(££C), ecn 7+8 € Wi, 1 [24(E), z5(C)] =
1 B IPOTHBHOM CJiTydae).
Jlist kaxkoro kopisi 7y € Wg MBI MOYKEM COCTABATD 91eMenT T (—&y ) T5(£E, ),
aexanmnii B E(Fy, Rg) u JJOMHOXUTH CJIeBa Y Ha [IPOU3BBEJICHUE BCEX TAKUX IJ16-

MEHTOB; 3HAYUT, MOXKHO CUUTATh, 4TO §y = (, = 0 s Bcex v € Ws.

Breibepem koporkuit koperb o € F4 Buma a = xxx1. CooTBeTcTByIOIITE
emy kopun 3,3 € Eg Bolmmiar tak: 3 = 1*:*0 e Uy, f = O*I*l € Uy

[TpoxommyTupyem y ¢ kopresbim sjementom X, (&) = x5(&)r5(EE):

[Xa(g)v y] = @sl&) [xﬁ(:tg)a y] ’ [I’g(iﬁ), y]

[Tycrp

Yo = H 24(&), Y1 = H 24(&)s Y6 = H z4(&5).

~yeWg ~yew, Y€V 16

Torna y = ysy1y16. IIpexke Bcero 3amernm, ato x3(£) KOMMYTHPYET CO BCEMH
xy(&) s v € Uy U Wig, 1, c1e/IoBaTesIbho, ¢ Y1 U Yig. SHATUT,

= [25(£), Ysy1910]

= [z5(£8), ye] - *[xs(£8), 1] - ¥ [wa(£E), yue]

= [5(££), ye]-
Amnajornuno, ecan

1= H 21(G), 2= H 14(G),  z16 = H (),

yeW, veYq veWi6
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TO Y = Z1Z6<16 U, CJIELOBATEJILHO,

[25(£€), y] = [v5(FE), 21

Kpome 31010, yg sBJIsieTcst IPOU3BEICHUEM KOMMYTUPYIONUX MEXKIy cob0ii Kop-
_ Oxxx1

HEBbIX 9JIEMEHTOB BUJA Ty (&§y), ¥ = 7", . Pesyubrar koMmyTuposanus z(+E)

OJIHMM TAKMM 3JIEMEHTOM PaBeH Jnbo e, b0 KOPHEBOMY 3JIEMEHTY, COOTBETCTRY-

oreMy Kopuio u3 Wig, u, CJIe0BATEIBHO, KOMMYTHPYET CO BCEMHU KOPHEBBIMH

sneMenTaMu 2~ (&), v € ¥ U We U V6. Takum obpasom,
[5(6).ys) = [5(6), [ ] 24(€)) = ] lwa(x6),2,(&)).
IS\ E veVs
Anasiornunoe paccyzkjeHue 10KasbiBaer, 4To
[w(£8), 21] = [z5(£6), [ #()] = [ ] lza(€), 2,()]
vEY, veY;

u, nockonbky [15(£E),y] = [r5(£E), 21] okasamoch mpoussesienueM KOpHEBbIX

9JIEMEHTOB, COOTBETCTBYOIINX KOPHsIM 13 W16, oo KoMMyTupyer ¢ 23(€). Snaqur,

2= [2a(€),y] = [£5(£8), ys] - [25(£E), 21]
= ][ loa(£6), 2,(&)] 1] l25(2€), 25(¢))]

yeWq yew,

Kaxx p1it 13 Moy InBIINXCSA KOMMYTATOPOB SABJISIETCS KOPHEBBIM 3JIEMEHTOM
Busia Ty (%), v € Wig, T0 ectb Bee npoussejenne jexut B Uy (Rs) N Us(R;). Ecin
MbI 1I0KA2KEM, 4TO MOXKHO 110400pars a tax, uro z ¢ G(Fy, R,), To Mbl 10114~
JIeM B YCJIOBHE IIPeJIoXKeHusl 3.22 U J0Ka3aTeJbCTBO OyJIeT 3aKOHYeHO. Tenepb

BcrioMHuM, 4T0 & = 0 1714 Beex ¥ € W u & = ¢y Juia Beex v € Vi U Wg. naunr,

z= H [mg(iﬁ), T+(&)]

vEWY,

Ho no niemwme 3.5 snement z = [[ oy @+(n,) nexut 8 G(F4, Rs) Torna u Tobko



TOLJIA, KOIJIa 112211 = 711221 1elepb pacCMOTPUM BCE BO3MOXKHbIE (U

1 1
a=0001, fB= 00801, 7712%11 = :|:€£12%10, 7711%21 = 0;
a=0011, 3= 00811, 7712%11 =0, 7711%21 = igfn%lo;
a=0111, (= 00611, M22i = 0, M2z = iﬁfn%lo;
a=1111, §= 00%11, 7712%11 =0, ?711%21 = :|:£§11(1)10;
a=0121, (3= 01(1)11, Mazi = i{’fu%oo, Mz = 0;
a=1121, (= 01%11, 7712%11 = :i:§§11(1)00, T}11%21 = 0;
a=1122, (3= 01%11, Mot = :|:€£11800, M2zt = 0;

a= 1132, B = 01%21, ?712%11 =0, 7711%21 = iﬁflogoo;

ITo HalteMy TpPeANoIoKeHuIo, Bee noaydatonmecs z aexkar B G(Fy, R,). 3uaunr,
& = 0 st Beex v € Uy, aro osnaqaer, uto y € U (Rs) N Us(Rs), n Mbl MOKeM

HPUMEHUTH lIpeJliokenne 3.22.

IIpengioxxenue 3.24. Ilycmv H — nodepynna 6 G(Eg, R), codeporcawsan epyn-

ny E(F4, R). IIpednonosicum, wmo das nexkomopozo s € R umeem
F,(H) - G(Fy, R) N UL(R,) - Us(Ry) - T(Eg, Ry) € G(Fa, Ry).

Tozda H codeporcum nempusuasvrviili KoOpHe6ot IAEMERM, COOMBEMCMBEYOULUT

wophro us g \D;.

HHokazarenbcTBo. Ilocie pomuoxkenus wa nogxongammit snement T'(Fy, Ry)
MOKHO CUHTATH, UTO MBI HAILIH 31eMenT iy = zd € Fy(H)-G(Fy, R,)\G(Fy4, Ry),
e

z € Uy(Ry) - Us(R,), d= h10800(€)h01800(77)
JJIs HEKOTOPBIX €,1 € R}

10800, B _ 00801, a = 0001 € Fy4 u paccmorpum

Bosbmem B =
9= [Xa(§),y]
= Xo(&)zdag(—E)ag(—E)d 27

= Xa(€)zw5(—e"ng)ag(—€)z""



[TocMOTpUM, 9TO HPOUCXOJUT HPU KOMMYTUPOBAHUU Z C KOPHEBBIM 3JIEMEHTOM
xg(*). z ABIAETCS NPOM3BEJIEHIEM KODHEBBIX JIEMEHTOB I, (%), rae v € Wy U
U U Uyg. Ilockombky B € Wy, sseMenT Zg(*) KOMMYTHDYET C Z(%) IpPH BCeX
v rakux, uro [+ v ¢ Fg. Eciu xe §+ v € Eg, 10 v € Uy, S+ v € Uig u
[25(%), 2y (%)] = g4~ (*). Takum obpasom,

1z, 2(x)] € Ui(Rs) N Us(Rs).
AH&.HOFH‘IHI)IMI/I pacCyKa€HUAMU ITOKa3bIBaCTCA, 9YTO
[Za xﬁ(*)] < Ul(Rs) N U6(Rs)

SHaYUT,

9 = Xo(&uwg(—e™né)ag(—E)zz"
= uzs((1 —e'n)¢)
nutst wekoroporo u € Uy(Rs) N Ug(Ry).
Ecin g ¢ G(Fy, Rs), Mbl MmOxkeM 1ipuMenuTh npejyioxkenune 3.23. HerpysiHo

BUJIETh, uTO g1 = (1 — &) u g_2 1 = 0. Ho ecim g € G(Fy, Ry), T0
0=DB, v ") =B(gv’, gv") = g2 — g-a1.

I[loncraBnssa & = 1, nomydaem, uto €21 = 1.

Terepb MOBTOPUM 9TO paccy»kaeHne st 3 = 11800j 8= 00011, a = 0011 €

0

F4. Ha sTor paz
9= [Xa(§),9]

= Xa(§)zdwp(—E)az(€)d 27
= Xo(§)zap(—eng)ap(§)e ™

[Ipn kommyTHpOBaHIH 2 ¢ T (%) U 25(*) BHOBD MOy HatoTCa ementdl 13 Uy (1)
Us(Rs), nosromy
9= Xa(§uwg(—ené)zz(§)zz""

= uzp((1 —en)s)
nuist wekoroporo u € Uy (Rs) N Us(Ry).



Eciu g ¢ G(Fy, Rs), Mbl MmOxkeMm npumennthb npejioxkenune 3.23. Kak u B
MPEJIbIIYINEM PACCyKJICHUH, HETPYJHO BUJETh, 9To ¢13 = (1 —en)é, g_3_1 =

g—2-1 =0. Ho eciu g € G(Fy, Ry), 1O
0=Bv") = B(gv’,gv™") = g3+ g-21.

Hosycrasiss € = 1, nosyyaem, uro en = 1. U3 pasencrs en = £2n = 1 nosyqaem,
aro € = 1 = 1. Ho 3t0 o3navaer, uro d = 1, y € Uy(R;) - Us(Rs) u MbI MOTJIH ¢

caMoro HavaJia IpUMEHUTH IpeJiiokenne 3.23.

3.10. I3B1eueHnne KOPHEBOTO 3JIeMEHTA U3 mapadoJinmde-

CKUX IIOArpYIIIl

OcJjiabiienne ycjoBuil 11poJIOJIZKACTCA: B 9TOM Pas3jlesie Mbl U3BJIEKAEeM KOp-
HEBOM 3JIeMEHT U3 Tapabosinueckux NOArpyIi (cHavdaaa u3 nepecedenns Py(Ry)
u Ps(Rs), a morom uz Pi(Ry)), dbakrudecku cBojist 3a7a1y K y2Ke MPOBEICHHO-
MYy M3BJICUYCHWIO U3 YHUIIOTEHTHBLIX paJjnkajon. HedpopMmaabHO roBopst, 3/1eCh Mb

uzbasJisiemcst 0T pakTopos Jlepu.

IMpennoxkenune 3.25. [lycmv H — nodzpynna ¢ G(Eg, R), codeporcawan 2pyn-

ny E(F4, R). IIpednonroscum, wmo das nexkomopozo s € R umeem
Fy(H)-G(Fy4, R) N P(R) N Ps(Ry) € G(Fy, Ry).

Tozda H codeporcum nempusuasvmvili KopHesoti anemenm, coomeemcmeyousut

kophio uz g \D;.

HoxazarenbcrBo. Ilycrs y € Fy(H) - G(Fy, Ry) N P(R,) N Ps(Ry) ny ¢
G(Fy4, R,) Buibepem o € X1 NPy, 10 ecTh JIMHHBIA KOpeHb Fy TaKoif, uto w — o €
A u pacemorpum z = y 1 X, (1)y. Samerum, uto w — a € B. Herpyano suzers,
uro z € Uy(Ry) N Us(Rs), u, ecin z ¢ G(Fy, Ry), T0O Mbl MOXKEM IPUMEHUTD
npeoxenue 3.22. Termeps MoxkHO cunTarh, uto z € G(Fy, Ry), HO Torna z €

G(Fy, Rs). dyst moboro j € T

/ /
215 = E Cra¥1a+a¥rj = Co—aal11Yw—a,j;
A taeA



IIOCKOJIBKY JiJlsl HATH OCTAJIbHBIX CJIaraeMbIX MHOXKUTENDb ¥y j obpamaercda B (:
JEHCTBUTEIHHO, Y YeThIPEX M3 OCTAJIBHBIX caaraeMblx A € A, HO yar = 0; y
nAToro xe A = —w, "o y_1r = 0. Kpome sroro,

/ /
2113 = E Cra¥1 r+a¥UM13 = Cw—a,a¥11Yw—a13 = 0,
AA+aeA

11ocKoIbKY Ya13 = 0, y—113 = 0 n yg 13 = 0. Ilo namemy npennosoxkennio z €
G(F4, Rs), 10 ecrb zu = u, OTKyja 2113 — 2114 + 21,15 = 0. D10 03HAUaAET, 4TO
Co—0.0Y11 (—Yw—a14 + Yu—a15) = 0. TockobKY Cp_no = £1 1 yj; € R*, mbl
OJIY43eM —Y—q,14+Yw—a,15 = 0. B 10 2Ke Bpems1, Y, —q,13 = 0, HIOCKOIbKY W — ¢ €
B. Bapbupyst o, mMbi nosiyuaem, aro jyisi Beex A € '\ {14, 15} Bbimosusiercs
Y13 — Yaa + Unis = 0.

Teneps BoszbMeM o = 1232 € d,, § = 12%11 € Eg, § = 11%21 € Eg n

PaACCMOTPUM
2=y ' Xa(Dy =y 'ag(1)ag(1)y.

Anasornuno, z € Ui(Rs) N Us(Rs), u Mmoxuo caurarh, uro z € G(Fy, Ry). s

joboro 5 € I’
c1j = Z CA,MJLM/}?JAJ + Z CA,B?JLMB?JM
MAFBEA MAFGEA
= Cop8Y11 Y00 T Co YN Y055 = —Y11 (W14 + V155),
MOCKONIBKY Cy—p,3 = €, 55 = —1. Haunee,

/ /
21,13 = E CA,8Y1 0+5Y113 T+ E CxBY143YN13
AN+BEA AABEA

= Cop.pY11Yw—5.13 T Co 55Y11Y0_Fa3 = 0
[To mamemy npemnonoxennio z € G(Fy, Ry), otkyna 2113 — 2114 + 2115 = 0 u
Y11 (Y1414 + Y1514 — Y1415 — Yi5.15) = 0. O603Ha M —Y15 14 + Y1515 = &, Y1313 = C,
Torjla —Y14,14 + Y14,15 = —§. Kpome Toro, 31413 = y15,13 = 0.
PaccMorpum 6J109HO-IMArOHAJLHY IO MATPUILY ¢, 00Pa30BaHHYIO HOJIMATPK-
aMu Y11, YBB, YIT: Y13,13, YAA, Y—1,—1. llockonbky g — vacTsb JleBu maTpurip! y oT-

HOCHTEJIbHO pasyiokenust JIesu st napabosmiaeckoit moarpymmsl P (Rs)N Ps(Rs),

umeeM g € G(Eg, R;).



Ceituac Mbl IIOKazKeM, 4TO MOXKHO JIOMHOXKUThH § Ha HEKOTOPYIO JMarOHab-
nyto marpuity u3 G(Eg, Rs) Tak, arobnl pesynabrar okazasucsa B G(Fy, Rs). Tlo-

CMOTPHUM Ha BeKTOp gu. Ilo mocTpoennio MaTpuIlbl g uMeeM
(gu)x = gr13 — gaia + gaas = 0 s A € BUA U {1, —1}.
Kpowme Toro,

(gu)r = gr13— 9ga14 T 9r15 = Ya1s —Yr1a+yn1s = 0 = ruy s A € I'\ {14, 15}.

Hakomner,
(gu)13 = g1313 — G13.14 + G13.15 = Y1313 = C
(gu)14a = G143 — G144 + 91415 = Y1413 — Y1414 + Y1415 = —E

(gu)15 = g1513 — 91514 + 91515 = Y1513 — Yi5.14 + Y1515 = €
3amernm, uto ¢ € R;. [locmorpuM BHEMaTesbHEE Ha OOPATHIMYIO MATPHUILY grr =
yrr. Berarem us cronbua yr 15 cronbder yr 14. llomydennas maTpuna Toxe obpa-
THMa, U B ee CcToJI0Ie ¢ HomepoM 15 Bce ajemenThl paBHbI (), KpoMme nByX: —& HA
nozutuu 14 n € na nozunun 15. 3nauur, £ € R

Mrak, Mbl 110Ka3aJ11, 4TO
gu = (o' — &M + &' e €,¢ € R

Ternepb yxke HETPYJIHO «IIOJIIPABUTHY ¢ Ha jiuaronaibuyio marpuily us G(Eg, Ry)

Tak, 9ToObl oHa monajia B G(Fy, Ry). Bamerum crauasa, ato

—1=Q(u) = Q(gu) = —(&,

orkyna ¢ = 2. PaccMOTpUM Teleps MPOU3BECHIE BECOBBIX 3JEMEHTOB

h = hﬁe‘ (52)hﬂ5 (5)

Herpyuo Bujers, uro hgu = u, vo ectb hg € G(Fy, Ry). Paccmorpum npousse-
nemue y(hg) ™! Kpome Toro, npoussesenne y(hg) ' nexur 8 T - Uy (R;) - Us(Ry),
n B 1o ke BpeMs y(hg) ™t € Fy(H) - G(Fy, Ry) u y(hg)™' ¢ G(Fy, R,). 3naunr,

Mbl MOXKEM IPUMEHUTH IIpeJijiozKenune 3.24; JI0Ka3aTebCTBO OKOHYEHO.



IIpengioxxenue 3.26. IIycmv H — nodepynna ¢ G(Eg, R), codeporcawsan epyn-

ny E(F4, R). IIpednonostcum, wmo das nexkomopozo s € R umeem
Fy(H) - G(Fy4, Rs) N Pi(Rs) € G(F4, Ry).

Tozda H codeporcum nempusuasvrviil KopHe6ots INEMERIN, COOMBEMCMEYIOU U

kophto uz g \D;.

HoxazarenbcrBo. Ilycrs y € Fy(H) - G(Fy, R,) N Pi(R,) ny ¢ G(Fy, Ry).
Kak u B JloKa3arejbCTBe HPEbLIYIIEro pejijioxKeHusi, Bbidepem a € Y31 N P, 1o
ecTh JMHHLIT Kopenb Iy Takoil, 9to w — o € A 1 pacemorpum z = y 1 X, (1)y.
Herpysuo Bugers, uto z € Uy. Ecm 2z ¢ G(Fy, R,), TO MBI MOXEM IPHMEHUTD
npeptoxkenne 3.23. Ecin ke z € G(Fy, R,), To na camom seqie z € G(Fy, Ry). B
TakoM cayuae B(zv', zv7) = B(v',v?) nna seex 1,7 € A. B wacrnocrn, nis ¢ € B
M j = —w Mbl nojydaeM, 410 B(24, 2, —1) = 0. D10 03HauYaer, 410 21;2_1 1 +
ziiz—i—1 = 0. Ho 211 = 1w 2_; 1 = 0, nockonbky —¢ € A. Ilosyuaem, aro
z1;, = 0. Ho

/
21 = E Y1 A ralNi
AAf+acA

HerpyaHo BuieThb, uTo j11000i KopeHb a € X1 N ®; copepiaeT oJIHO purbaBeHne
oT Beca w — « € I' K Becy w, deTbIpe IpubaBjieHUs OT KAKUX-TO BECOB U3 IPYIIIIbI
A u onno npubaperne or —w [1ocKoOIbKY Yy JiexkuT B Pp, mocjiegHue msiTh mpu-
OaBjieHMi HUUEro He JAroT: Juid HuX Yx; = 0, U 21; = £Y)1Yw—a.i- Kpome sroro,
SJEMEHT Y1, obparum. OTcioa Yy,—q; = 0.

Tenepn pacemorpuM xopomxkud kopenb o = 1232, Kopuesoii ssement X, (1)
SIBJISIETCSI [TPOU3BEJIEHUEM JIBYX KOPHEBBIX 3jieMeHTOB g, a umenno, X,(1) =
51:11%21(1)3:12%11(1), oba n3 koropbix Jjexar B Up. [losromy K Hemy HpuMeHUMbI
TAKUE 2Ke PACCYKJIeHUA, U Mbl HOJydaeM Yi4; + Y15, = 0 jis Beex ¢ € B.

[Tonygaem, uTo eciu v = y,; — CTOJOEI, MaTPUIILI Y ¢ HOMepoM ¢ € B, To
MbI HAXOJUMCS B YCJOBUSAX JIEMMbI 3.3 U, cleJoBaTesbHo, vy = V15 = 0. Takum

obpasom, y;; = 0 gaya seex ¢ € I', j € B.



Bosbmem ¢ € ', j € A u npuMeHnM ypaBHEHHUsI Ha, MATPUILY 2 K CIMPOKAM Zix
U Z_j. DTH ypaBHEHHs 03HAYAIOT, 9TO B(%, 2_;.) = 0. Taxk Kak B cTpoKe 2_j
Bce Koaddunuents na nosunusx u3 BUI'U{A3}, kpome z_; _; = 1, paBubl HyIo,
910 ypapnenue npespamaerca B z;; = 0. Ho zi; = > Fyi Ung = TV i a¥-wi
MOCKOJIBKY Mbl y7Ke 3HaeM, 410 i\, = 0 qia i € I, A+ € {w} UB. Ho
—w+a €', u crpoka y;, ., (i mpoberaer I') aBusgercs cTpokoit obpaTiMoii
MaTPHIBL Ypp, TOITOMY Y_1; = 0.

Teneps mocmoTpuM Ha crosber 2, 13. Host i € {6,11,12, =12, —11, —6} nme-
eM B(z.13, 2¢—i) = 0, orkyna 2,13 = 0. Hakonen, B(z.13,2:14) = 1, oTKyza
21313 + 21513 = 1, 3nauut, 21513 = 0. Anasornuno, B(z,13, 2415) = —1, orky/a
—213,13 + 21413 = —1, 3HauuT, 21413 = 0. Mbl gokazanu, 4to z;13 = 0 g Beex
¢ € B. Tenepp M0XKHO MOBTOPUTL BBIUHCJIEHHE M3 HMPEILLAYIIEro ad3ara, I0JI0-
XKuB j = 13: nomyumnm, 4T0 y_; 13 = 0. 3HAYUT, TOCTIEHAS CTPOKA MATPUIIBI Y
IPOIIOPIMOHAJbHA, TTOC/IEJIHENH CTPOKE eJIMHUYHON MaTpullbl, oTkya y € Py N Fg,

1 MBI MOXKeM MPUMEHUTDH peiIoKenune 3.25.

3.11. N3BjIeUueHnne KOPpHEBOTO 3JIEMEHTa: OKOHYaHUe

Hawm ocraJjioch nomacts B 11apabo/iMuecKyro MOJIPYyIIy; HO HaJl JIOKAJIbHbIM
kostbiiom opoutst geiicteust G(Fy, R) u G(Eg, R) He coBnaamor (MOCKOJIbKY pac-
cMaTpuBaeMoe mpejicTasiienue Fy IpuBognMO), MOITOMY CHAYAa HAM TPUXOUT-
s TIPOBECTH €Tl OJTHO OcJiabJIeHnue YCJIoBUil 1 moTpeboBaTh HAJIUINEC HETPUBH-
AJIBHOIO 3JIEMEHTa B MPOM3BEJIeHUN apabOJMIeCKON MOAIPYIIIbl Ha HEKOTOPbI

KOpHeBOit sjieMmenT Fg.

IIpengioxkenue 3.27. Ilycmo H — nodepynna ¢ G(Eg, R), codeporcawan epyn-
ny E(F4, R). pednonrooicum, wmo das nexomopozo s € R natidemea anremenm
g € F,(H) - G(Fy, Ry) maxoti, wmo g ¢ G(F4, Rs) u nepsuwiii cmoabey g cos-
nadaem ¢ nepevim cmosdUOM eQuUNUYHOT MAMPUYDLL, B0 GCET NO3UYUUAL, KPOME,
Oovimov mootcem, Ais. Toeda H codepotcum nempusuasvrviti Kopresoti snemenm,

coomsememeyrowuts kKoprio us Eg \P;.



HokazarenbcTBo. O003HAUUM @ = 151 U PACCMOTPUM djieMeHT b = = 11221(a)g.

1
Herpynno Busersb, uto h jexut B napabosuueckoii moarpyiie Pi(Rg). Boibepem
a € Fy, £ € R u paccmoTpum

2= Xo(6)! = g7 Xa()g = h_lfﬂ_H%zl(a)Xa(f)iﬁ_H?l(—a)h-

[Ipejnosnoxkum rakxke, 4ro o = *xx1 € Pg; rorya X, (§) = xo(§)xer(£E), tae

_ 11221

o = 1***0, o = Okl kopuu Eg. ITorpebyem jronosnnnrensno of 17 €Es

*
ua’ — 11%21 ¢ Eg (Ha camoMm jiesie 9TH J1Ba YCJIOBUsT PABHOCHIBHBL). Tora,

;,;_11%21(a)Xa(g)x_H%zl(—a) = x_n%m(@)%’(f)xa"(if)f_ll%?l(_a)
_ xillfﬂ(a)xa/ (5)@11%21(—@)%”&5)
= T (&) [z (=6), x_11%21(a)]$a~(i§)
— xa'(f)xa,_n?l(iaf)xa”(if)-

_ Otk

11221
1 *

[Tockosbky o uMeeT BUJL , BCe Tpoussejienue jiexut B P(Ry).
Buaunt, z € Pi(R,) u, ecmu z ¢ G(Fy, Ry), MOXKHO IPUMEHUTD IIPEJJIOKEHUC
3.20.

Ecmu e 2z € G(Fy, Ry), 10 2 € G(Fy, Ry) u mo memme 3.6 na camMoM jie-
e z € Pi(Rs) N Ps(Rs). Kpome Toro, 211 = z-1 -1 = 1. 3uauut, nocsiejnss
CTPOKa, 2 COBIAJAET C IOCJeJHel CTPOKOW ejmHu4YHOil MaTpuibl. [lycth w =
h . € 2TR — nocaeuss crpoka Marpuiisl b~ Vimeer mecto pasencrso zh™! =
h_lxa/(ﬁ)xa,_n%gl(:l:af)xau(:lzg). B JieBoit wacTu ero CTOUT MATPUIIA, TTOCTE/THSIST
CTPOKa KOTOPOil COBIaIaeT ¢ w. B mpaBoil e gactu cTout MaTpuna h 1 (e+Eeq +
aﬁea,_n%m +Eeqr). 3naunt, nocnepnss crpoka MaTpuisl h (e £ afea,_H%m +
Eeqr) — nygieBasi, T0 ectb w(ey + afea,_n%m + &eqr) = 0. Teneps BOCHOJND-
3yeMcst ABHBIME (pOpMyTaMi: (weq )y = £Wxiy, ecim A + v € A; (wey)y = 0,
ecim A + v ¢ A. Tlogcrapnaa € = 1, a = 0001, 0121, 1121, 1221 u paccmar-
pusas w(€ey + aﬁea,_n%m + e )y st A = A1 u A = A_qg, HOJIyYaeM, 4TO

w1 =w_5 =w_g = w_g = wig = 0. Kpome sroro, nogcranuss & = 1, a = 1221,

A = A_3, nosiydaem, 910 aw_1 = 0



Tenepb Bbibepem o = * * 0 € ®; u poBejeM aHAJIOIMUHOE PACCYK/IEHUE:

. _ _ Oxxx0
ceitnac Xo(§) = za(§), e a = V77

€ Eg. IIpm srom aBromaTmieckm o —
11%21 ¢ Eg. Torna :13711%21(a)Xa(f)a:Jl%zl(—a) = 2,(§) u Marpuna z cHOBa
nexxut B Pi(Ry). Ecin z ¢ G(Fy, R), T0 MOXXHO NPUMEHUTD Hpejyiokenue 3.26.
Ecmm ke z € G(Fy, Ry), o 2 € G(Fy, Rs) u (10 gemme 3.6) z € Pi(R,) N Ps(Ry),
MpUIeM 21] = Z_1_1 = 1, TO €CTh MOCJEJHSAA CTPOKA 2 COBIAJIAET C MOCIeHEl
CTpOKOl equnudHoN Marpuibl. llockonpky zh™! = h7lz,(£), Mbl mmeem w =
wz, (&) u, caepoBaresibio, we, = 0 (MoxkHO Mojgcrauth £ = 1). BHaUUT, W)+ =
0, eciu A\, A + « € A. Tlogcrapnsist a« = +£1000, 0100, +0120, noaydaem, 910
W_g=wW_g4=w_7=1w_19=0.

VTax, Mbl HOJIYUMIIN, YTO BCE SJIEMEHTBI IOCJIC[HeH CTPOKH W MATPUIILL A !
pasmbt 0, kpome h' ;4 u, kpome storo, ah’; | = 0. Ho marpuna h~! obparnma,
O3TOMY h’_1’_1 € R*, orkyna a = 0 u, 3HAUYUT, Mbl C CAMOI0 HavaJja ObLIM B
YCJIOBUSAX TpeJiokenus 3.20.

Ecim R — J0KaJbHOE KOJIBIIO, TO CHHTYJISIPHBIE BEKTOPH! 13 127 obpaszyior
oy opbury noj jgeiicreuem F(Eg, R). Cuenyiomee yrpepxjenne hakTHUECKN
ONMCBLIBAET OPOUTHI, HA KOTOPBIE OHA, PACTIAIAETCsI IIPU CY>KEHUN TPYIIIILI JIeACTBHS

50 E(Fy, R).

IMpengioxxenue 3.28. Ilycmv R — aokaavroe xoavuo u g € G(Eg, R). Tozda
natidemes aremenm v € E(Fy, R) makot, wmo nepewid cmoarbey, mampuiyv, Tg
cosnadaem ¢ nepevim cmosbyom eQUHUNHOT MAMPUUDBL 60 BCET NOSUUUAL, KPOME,

Ovimb MOAHCEM, Ai5.

HokazareabcTBo. Ilycth M — makcumasibubiil ujgean kosbiia K. ITokaxkem
cHauaJsa, uro Haijercst 1 € E(Fy, R) rakoii, uro (r19)11 = 1
[Tockosbky R joka/bHO, Hajigercs A € A takoii, 4o gy, obparum. Pacemor-

PHUM HECKOJIBKO CJIy4a€B:

e )\ € B. Oboznaunm o = w — A € Oy 1 paccMOTPUM DJIEMEHT

h=Xo((1—g11)g1)g.
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[Ipu srom Xo(§) = 2o (§)zar(£E), Tre o = 1*:*0,0/’ = O*I*l. Torya
hi1 = g1 £ (1 — gn)g;llgﬂ. Bamenss 30aK B aprymente X, ecam HeoOXo-

JIIMO, MOXKHO J1oOuThest hip = 1.

A€ T\ { A4, A5} Touno rak xe oboznaunm o = w — A (tenepb « € ;) u
paccmorpuM asiement b = X, ((1—g11)g,})g. Kak n B ipefpyiyiiem ciydae,

pu HEOOXOAMMOCTH MEHsIsT 3HaK apryMenTa X, nojgydaem hyp = 1.

A = A;. Cuauvajna noayunMm 1 B mosunuu 10 mepBoro croJidia: MOoJOXKIM
a=XAo—N=1231 €, u h = X,((1— glo,l)gﬁl)g. [Tpu HEOOXOAMMOCTH
MeHsisl 3HaK apryMeHTa, mojydaeM hip1 = 1, 1 MOXKHO BOCIOJIb30BATHCS

y2Ke paccMOTpeHHbIM cirydaeM (1).

A = A_j. Ceituac HETpPyJHO MOJYUYNUTH 1 B mo3umuu —6: TMOJOKUM v =
Ag—A1=0122€ D, h = X,((1—9.61)9"1,)9, H, C BOSMOKHOI 3aMEHOI
3HaKa, mojydaeM h_g1 = 1, 9TO NPUBOJUT HAC K YK€ PACCMOTPEHHOMY

caydaio (2).

A € A. Anajornano, HerpyaHo mogoopars « € ®; Takoii, uto A + a € B;
HallpuMep, MOXKHO B3ATb o = 0122 st A € {A_10, A9, A\, A7} u a =
2342 st A € {A_5, Ay, A3, A2 }. Pacemorpum mocsie sroro h = X, ((1 —
g,\+a,1)g;’})g. 3aMeHuB 1IpU HEOOXOAMMOCTH 3HAK, TojydaeM hyiqa1 = 1, 1

MOKHO BOCIIOJIB30BATLCs carydaem (1).

Teneps MoxkuO cunrarh, ato grg € M st Beex A € A\ {3, A, Ais -
3aMeTHM, 9TO SJIEMEHTHI §131, §14.1, §i51 HE MOTYT OBITH OJIHOBPEMEHHO
obparumbiMu: uHaue (Q(g.1) cpaBHUMO ¢ E¢131914,1915,1 10 Mogysio M, 1o
eCTh, 00PATUMO; HO, ¢ JIPYTOil CTOPOHBI, CTOJOCIL ¢y CUHTYJIAPEH, HO3TOMY
Q(g«1) = 0. Ilpepnonoxkum, uro gi41 € R*. Ham ussecrno, uro Xors ObI
OZIMH U3 3JICMEHTOB ¢13 1, ¢15.1 Jdexxut B M. Ilycrs, nanpumep, giz1 € M.
Paccmorpum o = 0001 € &, € = (1 — glo’l)gﬂl’l u h = X,(&). [ockosibky
Xo(8) = .%'10800(5)1'00801(:&5), MBI uMeeM Nig1 = gio,1 = §g1a1 £ G131 =



g101 £ (1 — g101) £ £gi31. pu HeobxojumocT MeHstsi 3HAK y &, MOXKHO
Jgobutbcsa Toro, 4to higy = 1 £ £gi31 € R, mockombKy ¢131 € M, m
MBI MOXKEM TOIajin B ycjoBus ciaydas (1). Amamormano, ecim ¢i51 € M,
nocrarouano B3sith o = 0010 € & u & = (1 — 912’1>g1711’1; torja higg € R,
e h = X, (£€)g, u mbl nonanu B ycsiosusi ciaydast (2). CoBepiieHHO Tak

JKe paccMaTpuBaeTcs ciaydail g4 € M, mbo XoTs OBl OJJMH 13 3JIEMEHTOB

913.1, g15.1 0OpATHM.

Urak, Tenepn y nac ecrb x1 € F(Fy, R) u y = x19 Takoii, uro y;; = 1.
[Tokarkem, 4TO MOXKHO OCYIIECTBUTH NMPUOABJIEHUsS OT MEPBOIO IJIEMEHTa, TePBO-
ro ¢croJbia BHU3 Tak, 4ToObl HOCTABUTHL () BO BCE HO3ULUU KPOME, ObITh MOXKET,
A15. Crauana momyunM 0 B mosurnusx uz B: momokum zp = [[, 5 Xa—w(E£yn)
Uz = Toy. 3HAKKW 3/eCh CJeJyer BbIOparh Tak, 4robbl djmementT X, (Eyi1)
OCYTIECTBJIAT 6uMUMarue ¢ KOIDOUIMERTOM ¥y, TEPBOI CTPOYKN W3 CTPOYKH
C HOMEPOM A IIpU JICHCTBUM Ha MaTpuliax cjeBa. JIpyruMu CIoBaMu, HAM HYK-
HO, 4TOObI MATPUIHBIH 37eMeHT (X)) _y(Fyr1))a1 PABHSICT —Y1, a He Y. JIerko
BUJIETh, UTO 2y = 0 51 Becex A € B.

Tenepsb MoxkHO TocTaBuTh () Bo Bee no3unuu u3 ', Kpome Aiq 1 A15: paccMor-
puM 23 = [ [\ op Xo—w(£201) ¥ u = 232 ¢ aHAIOrMYHBIM BHIOOPOM 3HAKOB.

Ecsu reneps w41 # 0, pacemorpum x4 = Xjogo(Fu141) v v = x4u. MoxkHO
BBIOPATH 3HAK TaK, ITO V14,1 = 0.

Takum 00pazoM, Mbl HalLM T Takoi, 4ro (xg)11 = 1 u (xg)y1 = 0 jgia
A€ (BUD)\ {5} To iemme 3.4 u3 31010 Cilejlyer, 4To U Ha OCTAJbHBIX MECTaxX

HEPBOI'0 CTOJIOIA CTOAT HYJIU.

3.12. JlokazaTeabcTBO TeopeMmbl C

Curestytormast ieMMa pesfoMrupyeT TPOBEIEHHOE BhITIE N3BJIeUEeHNE KOPHEBOTO

JJIEMEHTA.

Jlemma 3.29. Ilycmos H — nodepynna ¢ G(Eg, R), codeporcawan E(Fy, R). To-

2da aubo H < G(Fy, R), aubo H codeporcum nempusuasvnvii sremenmapion



kopresot anemenm (), 2de a € Eg\ Py, € € R.

HoxkazaTenbcTBo. Ilycts g € H, no g ¢ G(F4, R). Torma mo memme 3.8 maii-
nercs MaxcnMagbnbiii unean M € Max(R) taxoit, uto Fyr(g) ¢ G(F4, Ray).
[TockonbKy Rj; — JOKaJbHOE KOJIbIIO, IO IIPEJI0OXKEHUI0 3.28 HaliIeTCsa 9JIeMEHT
x € E(Fy4, Ryy) makoit, uro nepsbiit crosiber, marpuibt £Fy/(g) coBnasaer ¢ nep-
BbIM CTOJIOIIOM €JMHUYHON MaTpHIbl BO BCeX HO3ULMAX, KPOMe Ai5. Tak Kak
E(Fy, Ry) = li_m)E(FZL,RS) o BeceM s ¢ M, maiijercss takoe s € M u Takoii
ssement © € FE(Fy, Ry), uro nepsoiii crosnben marpuipl y = xFy(g) coBnajaer
C MEepPBLIM CTOJIOIOM eJIMHUYHON MaTPHUILI BO BCEX MO3MIMAX, KPOME A1 M, KO-
neuno, y € G(Fy, Ry). Ternepb MOKHO BOCHOJIB30BATLCA MpeIosKeHneM 3.27 1
3aBEPLIUTD JOKA3ATEILCTBO.

JokazareabcTtBo TeopeMbl C. Ilycrs, kak u B npemioxennn 3.14, A — nan-
Gonbimii unean, ans koroporo E(Fy, R, A) < H. lyers H = pi¢(H) — o6-
pa3 rpynubl H nop jeiicrBuem romMomopdusMa peyKIiun piﬁ . G(Eg, R) —
G(Eg, R/A). Slcno, uro rpynna H copepxur E(Fy, R/A), u, npumenss K neii
memmy 3.29, BuanM, uro jmbo H < E(F4,R, A), 6o H ConepsKuT HETPUBH-
aJIbHBII 3JIeMeHTapHblil KOpHEeBoii ement To(€ + A), rie a € FEg\ Fy, € € R.
[Tokaxkem, 4T0 BTOPO#i Ciryuail HeBozMmoxkeH. JleficTruresibHo, npejcraBum T, (£) €
H G(F4, R, A) BBugie 24(§) = ab, rne a € H, b € G(Fy, R, A). Haiijiercst Kopetb

B € Eg \ Fy rakoit, uro § — o € Fy. Pacemorpum kommyTaTop

[a(£), 75-a(1)] = 25(£E).

[TojcraBiisisa cioyia BeIpaxkenue xo(£) = ab, nmoaydaem

2(+E) = [ab, x5-a(1)] = *[b, z5-a(D][a, 250 (1)].

[lepBblii ¥3 KOMMyTaTOpoB B mpaBoii uactu npunajexur F(Eg R, A) B cu-
JIy CTaHAAPTHONH KOMMYyTAIMOHHOW (OpMyJibl, a BTOpOi# Jsiexkutr B H. 3Haqur,

(X&) € H, u & ¢ A, aro nporusopednt Makcumaiabaocrn A. Taknm obpaszowm,



seeryia H < G(Fy, R/A), no rorya uz upejyioxkenns 3.15 ciejyer BoueHme
H < (p¢) Y (G(Fy, R/A)) = CG(F4, R, A) = Ng(EE(Fy, R, A)),

KOTOpOE 3aBepHiacT NOKa3aTeJIbLCTBO.
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