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O HAITPYNIIAX E(Es,R) U E(E;,R) B
MUHWMAJIBbHBIX IIPEICTABJEHUAX

§1. BBEAEHUE

B nmameit pabotre mceienyeTca Boopoc KilacCUPUKAIUNA HAIT PYIII
pieMeHTapHoil moarpynnsl E(®, R) rpynner [Mepamme tuma & =
E¢, E7 B MUHMMAIbLHBIX HEMPUBOAVWMBIX TIpeACTaBIeHUAX, rae R —
KOMMYTaTUBHOE KOJbIlo. [lomobHBIM 3amavyaM oMWMCAHWAA HAATPYIIIT
TTOCBAIIEHO GOIbITOE KOIMYeCTBO paboT, HO 0 MaBIAIOIEee 60 TbIIIMH-
CTBO M3 HUX KacaeTCA KIACCUYeCKAX TPYII, W MOYUTH BCeTAa pac-
CMATpUBAIOTCA IPYINbL Haka rnojeM. Takosbl paborer [9-11, 13-17].
JIuies B wHenaBuux paborax H. A. Basunosa u B. A. Ilerposa [4—
6] mosydeHo cTaHAApPTHOE ONUCAHUE HAIAPYII CUMILIEKTUYECKON U
OPTOTOHAJILHON 3JIeMeHTAPHBIX TPy AJA CIIy4Yasd KOMMYTaTUBHOTO
KoJiblla, a B pabore B. A. Tlerposa [19] — onucanue waarpyin 0606-
MMeHHBIX YHUTAPHBIX TPYII A TPOU3BOIBLHOTO KOJbIlAa ¢ HEKOTOPBIM
oTpaHUYeHNeM Ha JIOKAJIbHBIN cTabUIbLHLIA paHT.

oka3aTedbCcTBO TOLOOGHBIX TEOPEM O CTAHAAPTHOM OTMCAHUM TITA
UCKIIOUATENLHBIX TPYI MpeAcTaBiAao 6B Hoibioil maTepec. [lo-
ACHUM, UTO ®TO O3HAUaeT. ['0BOPAT, UTO BBHIMOJIHEHO CMaH)apmuoe
onucanue noarpynn B G = GL(n, R), conepskanux E(®, R), eciu amis
a1060ii Takoi moArpynnel H cyiecTByeT eamHcTBeHHbIN naeaa A < R
TaKOM, 4TO

E(®, R)E(n, R, A) < H < N (E(®, R)E(n, R, A)),

rae E(n, R, A) = E(n, A)P ) — ornocurensras sieMenTapHas rpyi-
ma, a Ng 03HavaeT B3ATHE HOpMaan3aTopa B rpynne G. Jlisa uckiio-
YUTeJbHBIX Tpynn Tuna Eg u E; B UX MUHMMAIBHBIX HETPUBOINMBIX
npefcTaBieHuAx (pasmepHocreid 27 1 56 cCOOTBETCTBEHHO) He W3-
BECTHO, MMeeT JM MeCTO CTaHZapTHOEe OMUCaHWe, Jayke B Clydae,
rorsa R — mosie. B nameir paboTe mokasbiBaeTCA CYNIECTBOBAHUE
HaubOJBINErO TAKOTO MAeasa A, MJIA KOTOPOTO

E(®, R)E(n, R, A) < H.

216
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Kpome ToT0, MBI MOKa3LIBAEM, UTO T PYIIIIHI

EE(27, R, A) = E(Eq, R)E(27, R, A)

EE-(56, R, A) = E(E7, R)E(56, R, A)

ABAAIOTCA coBepiieHHbIMU. [Ipu 9ToM R — mpou3BOIbHOE KOMMYTa~
TUBHOE KOJBIO ¢ 00PaATUMBIMU BIileMeHTaM1 2 1 3.

Hag rpynnel tuna K7, BuamMo, craHzapTHOe oNMUCAHWE I0JKHO
BBITJIAAETDH CIOMKHEE: HEOOX0AUMO paccMaTpPUBATh T'PYIIILY

EE,(56, R, A, B) = E(E+, R)E(56, R, A) Ep(56, R, B),

rne A C B — mBa mpeana B R. DTo CBA3aHO C TeM, YTO TPYIIIa
Tumna F7 BKIaABIBAETCA B HEKOTOPYIO CUMILIEKTAYECKYIO TPYIIILY Ma-
Tpuil. KpomMe TOro, MOCKOJBKY Takoe BJOKEHHUE He €IMHCTBEHHO, HA
caMoM JleJie HYKHO paccMaTpuBarh conpsxkenne Ep(56, R, B) mpu mo-
MOIIM HEKOTOPOTO AMATrOHAJLHOTO BJEMEHTa CITeMalibHOrO Buaa. B
HaCTOAIEel paboTe crelaHbBl HEKOTOPHIE IMArW K MOA0OHOMY OIMCAa-
o Haarpymnn E(Ez, R).

Crpykrypa paboThl TakoBa: B §2 MBI IPUBOIMM BarKHEHUIIME WC-
1oJib3yeMble olpejiesienns U obo3HaveHnus, B §3 — GpopMynupyem mo-
JIy4eHHBIe Pe3yJIbTaThl B IleCTU TeopeMax. JlanbHelimas 4acTb cTa-
ThbU TIOCBSAIIEHA WX J0Ka3aTelbcTBY. YeTBepThiii naparpad comnep-
KUT JoKa3aTelbCcTBO TeopeMul 1. B maparpadax 5, 6, 7 u 8 moka-
3BIBAETCA TeOopeMa 2, YTO yCTaHABIMBAET CIPABEMIIMBOCTE U TEOPE-
MBI 3, KaK 3aMeveHo 1Ipy uX GopMmyanpoBke. §9 MOCBAIIEH AOKa3a-
TenbcTBY Teopembl 4. Ilaparpadsr 10-12 mocBAmeHE YacTUYHOMY
BRJIIOYeHHUIO B onucanue Haarpynn E(E7, R) cuMnnekTudeckoii rpyn-
mbl. B §10 MBI 3aHMMaeMcs TOCTPOEHUEM 10 X0 AANIEN CUMIIIEKTHUYE-
ckoif rpymmel, a B maparpadax 11 u 12 noxasemBaem TeopeMbl H u 6
COOTBETCTBEHHO.

§2. ONPEJAEJEHUA U OBO3HAUEHUA

Hamee Bezge ® = Eg nau & = E;. B curyammax, korga mMeer
3HaUYeHWEe, KAKOW WMMEHHO W3 ABYX CIyYaeB WMEET MeCTO, MBI Oy-
JeM OTHeJATh BhRICKasbiBauuA 1ia ¢ = Eg m ® = E; smarom ‘risp’.
Mlycts P — pemerka, fexamas MexLy pelieTkoil kopHeit Q(P) u
penietkoii Becos P(P). Jasa HEKOTOPOTO (GUKCHPOBAHHOTO TIOPSAAKA
Ha ® MBI oboszHauaeMm depes ®t, ®T mHOEecTBa TOMOKUTETHHBIX
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Y OTPUIATENHHBIX KODHER 110 OTHOINEHWIO K 9TOMY MOPAAKY, U de-
pes I = {ay,@y,...,qq1} — COOTBETCTBYIOMIECE MHOMKECTBO IPOCTHIX
kopHeid (I = 6 risp 7). B HyMmepammu mpocTHIX KOPHE MEI BCerja
caenyem Byp6aku [1]. Tlo cucteme kopueit ®, pemerke P u KomMMmy-
TATUBHOMY KOJBITY C eTUHUIeR R MOKHO MOCTPOUTL epynny [llesanrne
G = Gp(®, R), apasmomiyoca Tpynnoil Touek Haa R aphuHHONE rpym-
noBoit cxemur llesanne-/lemaszopa. Me1 Bcerna 6yneM cUMTaTh, YTO
Harra rpymna lesanne odnoceasna, 1o ectb P = P(®) u omyckaTh
yKa3zaHue Ha P B 3alMCU TPYIIIIHL.

Mub1 cumTaeM, 4TO B KOMIIJIEKCHOM mpocToii anrebpe Jlm L Tumna
® BRIGpan moJgokuTenbHbl 6azuc [lleBaniie m moctpoena aiarebpa
epanne Lr. Takum o6pasoM, 3aaH pacIleNMMbIii MaKCUMaJIbHbBIR
Top T(®, R) B G u BeIGpaHa mapaMeTpr3alia KOPHEBEIX YHUIOTEHT-
HBIX moarpynn X, a € ® orHOCUTENBbHO 9TOro Topa. MBI 0603HA-
JaeM uepes 24(€), Tne a € ¥, £ € R, COOTBETCTBYIOMM IileMeH-
TapHBI KOPHEBOW YHUIIOTEHT. B naskHeeM Mbl HEO THOKPATHO Oy-
IEeM TOJb30BaThCA cooTHomeHuAMu CTelinbepra MexIy »eMeHTa-
MU 24 (), B ocobeHHOCTN KOMMY TanmoHHoi popmynoii Hlesamnme [8].
Ipymna X, = {24(£),& € R} HasbBaeTcA asemenmapuotll xopheaod
nodepynno@, a rpymna E(®, R) = (X,,a € ®), noposkaeHHas BceMn
pileMeHTapHBIMKM KOPHEBBIMU MOATPYNIAMU, HasbiBaeTcA (abcomor-
HOW) saemenmapnotl nodepynnod rpynnsl Hlepanne G(P, R).

Mu 6ynem paccMmarpuBaTh rpymny E(®, R) kak moarpymmy B
GL(n, R), rne n = 27 risp 56, B 06BIYHBIX (MUHUMAJBHBIX) IpeacTa-
BIIEHUAX. DTO 03HAUaeT, urto rpynna G melictByeT Ha Modyse Beidlas
V = V(w), e w — HEKOTOPEIA JOMUHAHTHBIA Bec. MBI mpeanonara-
eM, YTO CTapHMii Bec w Moayssa V ¢GyHIaMeHTAJbHBIA M paBeH wi
risp wy. Torama coorBercrByIOmME MOy U V Mukposecossie, cM. [2
3, 23] ans Gosee noapobHOK MHGOPMAIMU U AAJbHERNIUX CCHIIOK.
Yepes A = A(w) obo3HaUaeTCA MHOKECTBO BecoB Moayia V = V(w)
c yderoMm kpaTHocTu. Ha camMom meie, i MUKPOBECOBOTO Mpe-
CTaBJIEHUA BCe Beca MMEIOT KPaTHOCTh 1, W mosTomMy A coBmamaer ¢
opbuToii cTapiiero Beca w Mo AekicTBueM rpymnnbl Befina W.

M1 dukcupyem donycmumund 6asuc v, A € A moayaa V. Dro
o3HauaeT, uTo T,(£)v BHIpasKaeTCA Kak IeJOUMCIeHHAA JTUHEeHHAA
KoMOuHATMA BekTOpoB vH | 1 € A. /17 MUKPOBECOBBIX TIPEACTABIIE-
HUIt MOKHO TaK HOPMUPOBAThH JOMYCTUMBIA 6asmc, uTobbI x4 (€)vt =
v + x0T e Bce cTpYKTYpHBIE KOHCTAHTE €CTBUA ¢y, PaB-
HBl £1 (“memma Maitymoro’, [18, 20]). B meiicTBUTETBHOCTH, MBI BCe-
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raa BeIOMpaeM kpucmasstseckut 6a3mc, B KOTOPOM BCE CTPYKTY PHbIE
KOHCTAHTHI ¢y PaBHBEI +1 miA o € 11 (smeMeHTapHOE MOKA3ATENb-
CTBO CYIeCTBOBaHWA Takoro 6asmca mpubedeHo B [22]).

Mu1 MbIcauM BekTop a € V, a = Zam;)‘ KaK cToJbell Koopau-
HaT a = (ay), A € A. Ilpm »T0M »ileMeHT b KOHTparpaaneHTHOTO
MoayiA V™ ecTecTBEHHO MpelcTaBIATh cebe kak cTpoky b = (b)),
A € A. Me1 unnekcupyeM Kak CTOJOIBI, TaK U CTPOKKU BECAMU MOIY-
asg V, to ecth naementamu A. Taknm o6pazom, CTPOKM U CTOJIGIBI
matpuit 13 GL(V, R) = GL(n, R) HyMepyIOoTCA BecaMu MpeicTaBie-
HUSA, TO €CTh DJIEMEHTAMU A, i, v, p,0,T,... € A. Besae B pabore mon
KOMMYTATOPOM [&, Y] uMeeTcsa B BUAY JE€BOHODPMUPOBAHHLIA KOMMY-
ratop: [r,y] = zyx "ty !t

OcHOBHOe CPENCTBO JJfA NAJbHEWINX BBIUMCIEHUN 3aKIIOUEHO B
CIleIYIONIEM YTBEPKACHUM, CKOTIUPOBAHHOM U3 [3]:

Jlemma 0. Jag awbnz g € GL(n,R), « € ® u £ € R umeom mecmo
dopmyant
($a(€)g)pa = Y9po = ggp—a,aa (g$a(€))pa = Y9po = ggp,a+a~

§3 POPMYJIVMPOBKA OCHOBHBIX PE3YJIBTATOB

Hameit 1mmenbio ABiAeTCA HOKA3aTENLCTBO CHENYIONINX ABYX TeO-
pem:

Teopema 1. Ilyems A 4 R. Tozda
E(n, A)¥®R = E(n, R, A),
ede, kax obvuno, E(n, R, A) = E(n, A)FH),
Teopema 2. Iycmy H - nodepynna ¢ GL(n, R), codepacauas E(P, R),
npuvem 2,3 € R*. Lag A € A, M # p noaoocum Ay, = {6 € R |

tau(é) € H}. Tozda das awbwz p,o € A, p#£ 0 umeem Ay, = A,p = A,
npuvem A < R.

N3 stux ABYX TeopeM HEMEIJEHHO CJIeAyeT

Teopema 3. Iycmy H - nodepynna ¢ GL(n, R), codepacauas E(P, R),
npunem 2,3 € R*. Tozda cywecmeyem edurncmeennvli Hauboabwudl uie-
aa A < R maxod, wmo E(n, R, A) < H. IIpu smom, ecau t5,(§) € H
dag wexomopwix A, p € A, A# p, mo € € A.

Teopema 3 yTBepikmaer, 4To AJA 060K TTPOMEKYTOUHON TI0 -
rpymmel Meskay E(®, R) u GL(n, R) naiinerca maean A < R Takoii,
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uro H comepsut rpynny E(®, R)E(n, R, A). B teopeme 4 MBI g0Ka-
3BIBAEM, UTO MOCJEAHAA PPYIIA ABIACTCA COBEPIICHHOI.

Teopema 4. lyecms R - xommymamuenoe woavuyo, A < R. To-
2da epynnwn EE(27, R, A) = E(Es, R)E(27,R, A) u EE7(56, R, A) =
E(E7, R)E(56, R, A) cosepuwennst.

Crenyromasa TeopeMa ABIAAETCA aHAJOTOM TeOPeMbI 1 A cuM-
MAeKTUYIeCKOM TpYIIBI, KOTopasA Bo3HUKaeT B ciaydae ® = E;.

Teopema 5. Ilyems A AR, 2 € R*. Toz0a
Ep(56, A)PF7 R = Ep(56, R, 4),
ede, xax obwuno, Ep(56, R, A) = Ep(56, A)Ep(56yR),

ITocTpoeHMe CUMIIEKTUYECKOM TPYNIE], 0o603HAUYEHHON BEIIe
Ep(56, R), npoBeneHo B §10.
ITocnenHaAs TeopeMa — aHAIOT TeopeMbI 4.

Teopema 6. Ilycms R — xommymamuenoe xoavyo, AI R, B R, AC
B, 2 € R*. I'pynna EE%(56, R, A, B) = E(E7, R)E(56, R, A) Ep(56, R, B

COBEPUWEHKA.

~—

K coxkanenuro, aBTopy moka He yAAJI0Ch MOJIYYATH aHAJIOra TEOPe-
MBI 2 B 9TOM Clly4ae; KPOMe TOro, MOKa He YUUTHIBAETCA TOT (PaKT,
YTO CYIIECTBYIOT Pa3jIMYHbIE CUMILIEKTUYECKUE TPYIIILI, COHepKa-
mre E(E7, R) B ZaHHOM HpeACTaBieHUM (CM. KpaTKoe OOCYKIcHUE

B §1).

§4. JJOKABATEJBCTBO TEOPEMBI 1

JokazarenbcrBo. OUeBUIHO, YTO JieBad YaCTh COMEPHKUATCA B Tpa-
Boii. /lna mokazaTenbcTBa O6PATHOTO BRKJIIOYEHUA BCIIOMHHUM, UTO
npu n > 3 rpymma E(n, R, A) noposmaercs BCeMU TPaHCBEKIUAMN
Buaa zxu(€,¢) = fw(Om(f) ma &€ A,/ ER, Ap €A, A# p (9101
¢parr morasan Turcom B [21]). Takmm obpazom, HocTATOUHO yOGe-
MATHCA, 9TO Zx, (&, () comepxurca B H = E(n, AP Mokazaress-
CTBO ®TOTO CONEPKATCA B JeMMax 1, 2 1 3; B leMMe ¢ MBI pa3bupaeM
caygait d(A, p) =i, ¢ =1, 2, 3. OueBUaAHO, YTO B HAIIEM MPEACTA-
BIIeHUW 2 TiSp 3 — »TO MaKCHMAJbHOE PACCTOSAHUE MEKIY BECAMU, U
TeopeMa J0Ka3aHa, KaK TOJbKO MpPOBEpPeHA CIPAaBEIIUBOCTE CIIENY-
IOIMAX JIEMM.
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B nanwuefitem Besne ( € R, ¢ € A. M1 6yneMm moab30BaThbCA
CIEAYIOMIUM TTPAMBIM BBIUUCICHUEM:

qu(f, ()= tuk(c)tku(g)tuk(_c)
(e +Ceun)e+&exn)(e —Cepn)
e+ f(i’)\u + gC(euu - 6)\>\) - €C26u>v

Jdemma 1. ITyems d(A, p) = 1. Tozda (Ot ,,(¢) € H dag awbuz p,
o €A p#o. Buacmuocmu, zx,(6,¢) € H.

JoxkazarenscrBo. CHavyasla pacCMOTPUM ciiydaii p = A, ¢ = p.
Oboznaurm g — A = a € & u paccmoTpum

“(Otm(@ = 2o (Otau(@)ra(—C) € H.

N3 nemmbr 0 jierko BUIETH, YTO

9= $a(C)tAu(€) =e+ f(ﬁ)\u =+ Cgeuu =+ CeuA + Z(_l)alcey,+a,u,a

i=1

rje vy, Vs, ..., Vs — BCé OTIUYHBIE OT A Beca v U3 A, i KOTOPBIX v+«
TakKe ABIAETCA BecoM. 3HakU (—1)%*, ¢ KOTOPBIMI OHM BXOJAT B BTY
3alMCh, HAC HEe MHTEPECYIOT; MBI 06 palllaeM BHUMaHUe TOJTbKO Ha 3HAK
npu melicTBuM “MexIy’ BecaMd A W f, KOTODBIA Oy/aeM BBIpakaTh
3HakaMu £+ 1 F.

TTocie »T0T0 OCTANOCH JOMHOXUTE TOJNYUMBINEeCA HA Xq(—() U
MpOCHEANTh 34 MaTpUYHBIMU »ieMeHTamMu. OueBngHo (cM. cHOBa
gemmy 0), TOABEPTHYTCA M3MEHEHWIO TOJBKO SIEMEHTHI B TIO3WIM-
ax (r,7"), ana kotopwx 7,7, 7'+ o € A. Ho MBI yske 3HaeM BCe Takue
7/, A8 KOTOpPHIX M T/, M T/ 4+ o ABAAIOTCA BeCcaMu: 5TO B TOYHOCTHU
A vi, ..., v llpoananusupoBas, Py KakUX T JO0BGABKA 7 7/ 4o HE PAB-
HAETCA HYIIO, MBI BUAAM, YTO 3HAKU A ACHCTBUA “MekIay’ BecaMu
V; U V; + &« TPOTUBOTIOIIOKHBI, UTO MPUBOAUT K YHUUTOKEHUIO cilara-
eMBIX, B KOTOpBIE BXOJAT ¥; — UMEHHO MTODTOMY HAC HE MHTEpPeCyer,
KaKMe UMeHHO 3Haku TaMm Oblin. QcraeTcs ciieayroliee BhIpaskeHne:

xa(otku(g) = gxa(_C) =eF&Cexr + ge}\u - szeuA =+ gceuw

Mu1 BUAMM, YTO 3TO BHIpaKeHWe COBIMAAeT C TOJYUYEeHHBIM BBITE
BLIpaKeHNEM IJIA %3, (€, () ¢ TOYHOCTBIO JO 3HAKOB B MO3UIMAX €3y U
€uu, KOTOPHIN JIETKO TIOMEHATh, 3aMeHWB C caMoro HadaJjga ( Ha —(.
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OcraBmecs ciaydau, korga aubo p # A, aubo ¢ # u, HA CaMOM
nAeile elre npoire. /leiicTtBuTenbHO, Y = fw(OtM(f) = [t (C), tp0(8)] -
t,0(§). BEcm p = A, Ho 0 # u, T0 y = t,,(£Q)t,0(§) € E(n, A).
Amnamornuno paccMaTpuBaeTcs ciydali, Korga o — g, HO p # A.
Ecou ske 0 # g w p # A, To ®TU TPaHCBEKIMN KOMMYTHUDPYIOT, W
y=1,,(§) € E(n,4). Jlemma morazana.

Caenmcreue. Tycms d(A, p) = 1. Toeda E(n, A)»(©) < I
Jlemma 2. Iyems d(A, p) = 2. Tozda 2x,(€,¢) € H.

JoxkazareanscrBo. Haiinem a, § € ® takue, yro A—p = a4+, npudem
A—a=pu+f€eAur—F=p+ac A Do gerko caemaTh: mapa
(A, pt) mepeBoMTCA IeMeHTOM T'pynnbl Befina B mapy (w, —w) risp

(w,w—012222). Torma MoKHO B3ATH, HATIPUMED, ¢ = 12%11 risp o = ay
u B = 11221 risp 3 = 012221
= = .

Ob6osraumm A —a=pu+ 8=k, A—F=pu+a=v. Toraa

aanl(€,0) = 91,6
= 2, (€), tyu(1)]
[0 (E)ur (6, Ly (DA ()]
= ta ()t (€Q) - AL, (€0 (=€),

TakuMm 06pa3oM, JOCTATOYHO NOKA3aTh, YTO

tuu(l)tV*(_C)tuy(_€C)t>‘y(_€) = H.

B nannHeilinieM MBI OTpaHUYUM BCE HAIM BHIYUCICHUA HA YeThIpe Be-
ca: A, v, {t, K, TO eCTh OyJIeM pacCMaTPUBATL YeThIpeXMepHOe TI0 -
npocTpaHcTBO W B mpocTpaHcTBe mpeacTaBiieHnsa V = (vf|p € A),
noposkaeHaoe v, v” | v# | v® . DTOro JoCTATOUHO I HAIINX BBIYUCIC-
HUM, TTOTOMY YTO OHU OYAYT BRIIOUATH JUIIL SieMEHTaAPHBIE TPAHC-
BekImn t,,(¢), rne ( € R, {p,0} C {A\, v, 1, K} ¥ conpsreHus mpu mo-
MOIIU 3IeMeHTOB £4((), 25({). DTU conpsKreHNa Takke He BLIBEIYT
HaC 3a NpeAesbl 9TOTO TPOCTPAHCTBA: AeUCTBUTENBHO, €CIIN 9IIEMEHT
¢ € GL(n, R) TakoB, uTo “HeTPUBUAIBHOCTD AelcTBUA” ¢ 3aKIIOYEHaA
BHYTpU W, To TakoB e u saement “=(")g — 910 HeMemIeHHO Cile-
AyeT U3 TOTO, UTO MpeJCTaBIeHe MUKPOBECOBOE, TTIO9TOMY HU OAWUH
U3 BIEMEHTOB A + o, V + &, jt — &, K — « He ABAsgeTca Becom. Ta-
KM obpazoM, “meficTBuA’ Mekmy Becamu p u 0 (TAe p— ¢ = «)
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6yIyT YHUUTOXKATEH APYT APyra Tak ke, Kak ObIIO B JTOKa3aTelbCTBE
semMbl 1. KoneuHo, To ke camoe KacaeTca u [3.

Mu1 6ynem m3oGpamkarbh MaTpuilkl AeficTBusa siementoB GL(n, R)
B orpaHmvenum Ha W B Gasuce (vk,v”,v“,v“). O6osznaunm h =
t”*(_otw(—€§)t>\y(—€), g = (Wl — sileMenT, NpUHANIERKHOCTD KOTO-
poro H HaMm HEOBXOAMMO YyCTAHOBUTH. 3aMETHUM, YTO IO CII€ACTBUIO
aemMMbl 1 saement h aesxkur B H. Bymem oGosHauath ¢, h MaTpu-
el m3 GL(4, R), coorBercTBytomme ¢ u h, orpanndeHHbM Ha W, B
yKazaHHoM Gasuce. Jlerko BumeTh, UTO

1—¢¢ =€ 0 0 1—¢¢ —€ ¢ 0
T € 14&C 0 0 ~_ [ 0 1 0 0
T et = o1 o) T e —e¢ 1+e¢ o)

0 0 0 1 0 0 0 1

1 0 0 ¢
—~— [0 1 ¢ 0
wWO=10 o 1 ¢

0 0 0 1

Torma saementy “~(Dh € H cooTBeTCTBYET clleAyIomans MaTPUIIA:

1-&¢ ¢ £ £¢

0 1 0 0
—£¢° =& 1+&C &«
0 0 0 1

Hocae ymuoskenna caesa Ha ty(—EC)Eu (—6¢?) € E(n, R) MBI oy~
JaeM Takke dJeMeHT U3 H, KOTOpBIil 3alMcEIBaeTCA MaTpUIleii §.

Boobue ropops, mocielHee paccyskIcHUE MPOXOIUT TOILKO TO-
rJa, KOrjaa 3HaKW AefCTBUAA ¥ »iieMeHTa Z4(() B orpaHudenun Ha W
OIMHAKOBBI; TOTJa To(() AEACTBUTENBHO MMeeT TAKOW BH, Kak I0-
KazaHo BhIme. Ho eciy 3HAKK IIpOTUBOIIOJOMKHEL, TO PacCcyskKIcHUE He
CUITFHO MEHAETCH; TIPU CONPMKEHNN A ¢ MTOMOIIBIO %4 (+1) monyuaer-
CA nouwmu Ta e caMafd MaTpHIa, YTO U B PaCCMOTPEHHOM Ciyuae.
A uMeHHO, HeaMaroHaJbLHLIE BJEMEHTHl IOCIeIHEro CToJbna 6yayT
VMeTh IIPOTHUBOIOJOKHLIA 3HaK. I[OHATHO, UTO MOCJe 3TOTO HYKHO
JOMHOM¥AThH Ha ®JeMEHTaPHBIE TPAHCBEKIMUA C IPOTUBOIIOIOKHLIMIE
3HaKaMM B apTyMeHTaX, M BHOBb IOJYUYMUTCA B TOYHOCTH MaTpHIQ §.
SuaunT, B a0boM caydae g € H, 1 nemma jgokaszaHa.
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Jemma 3. Iyems d(A, p) = 3. Toeda 2x,(€,¢) € H.

JoxkazarensctBo. 3aeck ¢ = E7. Ceiiyac, kKak Bceraa, Mbl ITOCTPO-
MM HEKYIO KOH(UI'Ypalldio BeCOB JAJA KOHKPETHOIO cilydasd A = w,

[ = —w, u “mepeHeceM’ ee pJIEMEHTOM I'pymnbl Beiiisa Ha Tpon3BoIh-
HYIO TTapy BECOB Ha PAcCTOAHWU 3 APYyr oT Apyra. Bosbmem a = a7,
8= 123221, v = 12:1%321. Herpyaro Buserh, uto —w4+a+ f+7 =w

u «, 3,7 €P. ObosHaunm Takke Bec ¥ = y + «.
Takoe ke BBIUKMCIIeHME, KAK U B HaYaje J0Ka3aTellbCTBA JIEMMBI 2,
MOKA3bIBAET, YTO AOCTATOUYHO TMPOBEPUTH BRIIOUEHUE

g = A0 (L), (—€0) € H.

IIpeo6pazyem najee:

9= tl/u(l) . tuA(_C)tky(_g)tuk(C) . tl/)\(_C)tuV(_€C)tl/>\(C) . tuu(_1)~

Nz gemmer 2 cienyer, 4to ty,a(—C)x (=)t,a(¢) € H, Tar kak
d(A,v) = 2. IIpeobpasyeM MHOKUTEND tyx(—()tu (—EC) A (C):

tuA(_C)tuu(_€C)tu>\(C)
= tuy( C) : [tuu(€C)atuk(_C)]

=
= L (=€) (=EC7) € E(n, A).

Mer noayumin, uro ¢ = »»(Wh, rne h € H. Tenepb Bce aHAIOIMU-
HO (MHAJBHOMY INAry B J0OKa3aTelbCTBE JIEMMBI 2: MOCMOTPUM Ha
KOHKpPEeTHBIe MaTpPHUIhl, 4T06b1 cpaunth ¢ n “~(Vh € H. Diaements,
KOTOPBIE ¥ HAC MOJYUYMINACH, “3aTparmBalOT’ TOJBKO BeCa A, [ U V.
MBI XOTHM KOMMYTHPOBATH C &4 (1), mopTOMY HEOGXOAMMO €llle BRIIO-
YUTh B paccMoTpeHme Bec kK = A — «. [lomyuuBmmecs yeTbipe Beca
yKe 06pa3yroT MOoANPOCTPAHCTBO, KOTOPBIM MOYKHO OTPAaHWUYUTHCA:
npubaBiieHUA W BHIYUTAHUA KOPHA « HE TPUBOAAT K HOBBIM BECAM.
Wrak, MOKHO OrpaHWUYUThL BCE PACCMOTPEHUE UETHIPEXMEDPHBIM I10 -
IpOCTPaHCTBOM W, TOPOMIEHHBIM BeKTopamu v, v, v’ vk, Mnl
OyleM 3alichiBaTh 9T orpaHndeHus marpuiiamu u3 GL(4, R) B 6a-

suce (v}, v® VY, vH):

1+& 0 =€ 0 1 10 0

- o 1 0 0 —— [0 1 0 0

h=1 ez 0 14ec ol re)=1¢9 ¢ 1 1]
0 —&¢ 1 00 0 1
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1-¢¢ & =€ £

N O
=& ¢ =€ 1+4&
1-¢¢ 0 ¢ i3

_ 0 1 0 0
9= 0 1 0

0
—£¢7 0 =6 1+&C
Temepb BAAHO, UTo Mocie yMHoxerns ciaesa *=(Dh ma

t)m(_€<:)t;m (_gCZ) € E(n’ A)

——

nonydaerca g. K coxkanenmo, z,(1) He Bcersa mMeeT Tako# BUA, Kak
YKa3aHO BEBINE. 3HAKK AefiCTBAA MOTYT OBITH Pa3JUYHLIMMU JJIS Map
BecoB (A, k) u (v, ). O4eBUAHO, YTO €CTh TOJNBKO JBa PUHUIAIAAIh-
HO PA3HBIX CJYYasd: KOTJa 3HAKM OAMHAKOBBIE (BBINIE MBI PACCMOTpe-
JIM MIMEHHO €T0), U KOTJla OHU pas3Hble — BCe CBOMUTCA K HUM 3aMeHOM
zo(1) Ha 2,(—1). TaknMm oGpasoM, KOTAa 3HAKKM pa3Hble, MOXKHO CUH-
TaTh, YTO

1 -1 0 0
—— 0O 1 0 0
=1y o 1 1|

0 0 0 1
TOT A
1-¢¢ —¢¢ ¢ i3
i = 0 1 0 0
0 0 1 0 )

IS TG TG 2 14
U pesyJbTaT J0CTUTAETCA yMHOxeHMeM ciieBa Ha g (EC),.(EC?) €

E(n, A).
§5. HAYAJIO NOKA3ATEJIBCTBA TEOPEMBI 2

Hamomumm, uro mpajee Besge H — moarpynma B GL(n, R), comep-
wammag BE(®, R). Ciexnytonias teMMa IPOBEPAETCA IPAMBIM BEIUMCITE-
HUEM.

Jlemma 4. llyems A, p €A, A £ p, a €D, A — p # +a.
a) Beaupp—a g A, A+ a €A, mo [tau(§), 7a(¢)] =
6) Ecau A—a ¢ A, p+a €A, mo [tr,(§), 24(¢)] =



226 A. 0. JIY3T'APEB

Jlemma 5. ITyemv A, p € A, d(A, ) = 1. Tozda ecau o € ® maxos, wmo
Adta€Audrta#tp mop—adA.

JokazarensctBo. llocmorpum Ha auarpammy BecoB. MoskHO cum-
TaThb, 4T0 A = w, g = w — 6. Torma eciu A+ a € A, To « € P~ u B
pa3jiosKeHre o IO MPOCTHIM KOPHAM JOJKEH BXOAUTh —ap TSP —ary.
Ho mns Ttoro, 4robbel it — a € A, Hy>KHO, YTOOBI ME&KIY (t — @ U i OBIIT
KODEeHb —q1 TISp —da7, YTO BO3MOYKHO TOJBKO TIPU & = fi — A.

Tenepb MO¥HO AJ0OKa3aTh YaCThb TE€OPEMBI 2:

Jlemma 6. [Hyems A, p,p,0 € A, npuvem d(A, pu) = d(p,0) = 1. Tozda
Axy = Apo = A1, npuvem A1 < R.

HoxaszareascrBo. OueBunno, uro Ay, ABifAeTcA HOArpyIIoi R 1o
croxennio. ITyHKT a) meMMBl 4 QaKTUYECKH yTBEDHIAET, UTO €CIN
ApeM A#p, a€ed®, A—p# to, p—a ¢ A, to RAN, C Artapu-
Torma mo nemMe 5 monydaem KAy, C A,, (Mosmo “mpomararts” 1o
pebpaM amarpaMMbl ¥ 3aMeHUTH 00a Beca B MHAEKCAX Ha HY:KHBIE
HaM) M, KpoMe Toro, Ay, fABIAeTcd uAeasoM B R. 3HAUUT, BCe TaKue
UIeadbl COBITAIaIOT.

EH_[e OJHO MMpOABUAKECHUE K T€eOpeME:

Jlemma 7. Hyems A p,p,0 € A, npuvem d(A, p) = d(p,0) = 2. Tozda

Axy = Ayo = Az, npuvem As < R.

JoxkazateabcrBo. CHoBa byneM CMOTpeTh Ha AMarpamMMy BecCOB.
"~ 99910 " 012222

MokHO CcUMTaTh, 9TO {f = W U A = w 1 Tisp A = w 1

22210 ... 012222
( [ misp U

aaa aroboro o € 7 BhonHEHO p — « ¢ A. 3HAUUT, MOMKHO TIPU-
MEHATH MyHKT a) jeMMbl 4 18 o € &7 rakmx, uyto A + o € A. Tak

He ABJAeTCA KopHeM, TosToMy d(A, u) = 2). Torma

MOMKHO TOOUTHCA, YTOBRI p = A + « 6BII0 JAIOOBLIM APYTUM BECOM Ta-
kM, 4to d(p, ) = 2, KpoMe p = —w B caydae Eg, T0 €CTh HOIy4InThH
RAN, C Apy. Ecim e ® = Eg 1 p = —w, Hy®HO zAeficTBOBaTH B IBa

01221
1

mara: cHadajga gobutbea RAy, C Ay, Toe p = A —

00001 _

nepedTn K p — = —w, TO €CTh CONPKEHNEM C Zo,(E1) mony-

, & 3aTeM

unth AN, C Ay C A_, 4. llokasaTenbcTBO 3aBepImaeTca Tak e,
Kak B MpeabIayIneii JeMme.

Termepb MBI yCTaHOBHUM paBeHCTBO miaeaioB Ay m A,. aa sroro
B ClleAYIONUX ABYX JeMMaX JOKa3bIBAIOTCA BKIIOUEHUA B 00e CTO-
ponbl. MaTepecHo, uTo BRIOuyenne A; C Ay JIerKo MONIyvaeTca TEMU
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¥Ke MeTOoIaMU, YTO W MPeABIAYINNe JEMMBI B 0Ka3aTEIhCTBE TEOPe-
Mel 2. Ob6paTHoe ke BRIOUeHMe moTpebyer Toro, uro H codepacum
E(®, R) (paHee MBI UCITONB30BAIM TOJIBKO TO, 4To H Hopmasusyemes
E(®, R)), n Bo3HMKHeT orpaHndenne 2,3 € R*.

Jlemma 8. A; C A,

JokazarenbcrBo. BosbmeMm & € A;. o memme 6 umeem t3,(8) € H
ﬂﬂﬂﬂ:uﬂA:W—lQ%lo
gae 1o sgemMe 4 [13,(8), 2_ 0 (1)] = taza, w(§) tisp [Eau(é), 2_a.(1)] =
tacarp(€). Ho mar kar d(A—aq, p) = 2 risp d(A—ar7, 1) =2, T0 £ € As.

JIemma 9. Fceau 2,3 € R*, mo As C A;.

Tisp A = w — 01%221. B Takom cay-

JoxazateabcrBo. Celfidac HaM NpPUAETCA TMOCMOTPETH, YTO MPOMC-
XOIUT TIPU KOMMYTHPOBAHUM TPAHCBEKINM ) ,() ¢ KOPHEBEIM 2ile-
MEeHTOM #4((), ecim Bce eme A — yu # +a, HO A + o, p — o € A,
rae « € ®. Urak, BosbMeMm & € Ay, ( € R (Ha camMoM jene jajiee
MBI Bo3bMeM ( = 1). Byzaem takxe cumrarth, uto d(A, u) = 2. CHoBa
BOCIIOJTL30BABIINCHL TEXHUKON M3 M0Ka3aTelbCTBa TEOPeMbI 1, Jlerko
BUIETH, UTO

[txu(€), za(O)] =

(e +&enn + (—1)7¢Cen u—a + (=1)"Certan + (=1)°Cepu—a)- (1)
(e = &eap + (=1)7°¢Cenu—a — (=1)7Certan — (=1)°Cepu-a)

= e+ (=1 €erpu—a = (—1)"€Certan + (=1)7FECP erta,u—a € .

Samerum, 4o d(A 4+ o, ft — @) > 2 (9T0 JETKO MPOBEPUTH HETOCDE -
012222
1

W UTO « = @ TSP @ = 7, TOCJEe Yero B3TJIAHYTH Ha AAATPAMMY
BECcoB). 3HAYUT, 10 JeMMe T MMeeM txtq u—o(E£EC?) € H, u ymHO-
’KeHMeM Ha TaKoM »JIeMeHT MO¥HO Ho6UTbea e + (—1)°6Cex y_a —
(—1)"éCerta,y € H. Urak, MBI IOJNYyYMIN, Y9TO HPOU3BeAeHUE ABYX
rpancBerimit 1y u—o((—1)°6 ) tata, u((—1)"1EC) neskmr B H. Ho mam
HeoBX0MMMO HAWTU KaKyIO-HUOYIL 00HY TPAHCBEKIWIO, JEKAIYIO B
H.

Temneph Hac GyayT MHTEepecoBaTh Ciydad, Korma A — (p — o) =
(A+a)—p=p, rne § € P — purcrpoBaHHbIl KopeHb. W mesa cocront
B TOM, YTOGLI pacCMOTPETh BCe TPAHCBEKINN &py (. .. ), MIA KOTOPHIX
p— o = . OdeBuaHO, YTO KOJWYECTBO k Takux map (p,o) pasBHO 6
risp 12. O6osnaunm ux (p;,05), 1 <i < k.

CTBEHHO: MOKHO CUHATATh, UYTO A = W — 1 Tisp A = w
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[Mocnennsas yacTh HAIMMUX PACCYKIEHUA HECKOJIBKO 3aMBICIOBATA,
mosToMy MBI cHaudaja paszbepem ciayuaii ¢ = Eg, a 3arem BHecem
n3MeHeHUA, HeoOXoaMMble aiisa cayuas ¢ = k.

§6. JIOKABATEJBCTBO JEMMbI 9: Ciivyuail & = Eg

Mbl yTBepKAaeM, UTO A KaKIOW napw Takux nap (p;,0;) u
(pj,0j) pasHOCTB p; — p; = 0; —0; ABIAeTCA KOopHeM. JleficTBUTENBHO,
OMHA TaKad Mmapa, ckameM, (p;,0;) TT€PEBOAUTCA DIEMEHTOM T'DYIIIILI
Befins B napy (w,w — «y). Torma merko B3raAHYTH Ha OCTaBIIME-
cA nArh map (p;,0;) Ha AMarpaMMe BecoB U yOeAUTHCA, YTO BCerza
pi— p; = w—p; Byder KopHeM. 3HAUUT, MOKHO IPUMEHUTE HAIlle BEI-
YMCclIeHne, Mo ACTaBUTh ( = 1 M MOJIy4NTh, YTO MpOoM3BEIeHIE TPaHC -
BeKIWMit t,, o, (X&), o, (£E) nesrur B H nna mobeix 1 <14,5 <6, i # j.
B To ke BpemsA, IIpo 3HaKM IpU & MBI IOKa HHUYEro He T'OBOPUIIMA.
OdeBnaHo, ecTh ABa CJaydas: KOrja B TAaKOM MTPOW3BENEHUN 3HAKA
COBIAAAIOT, M KOTJa OHM Pa3iudHbl. To ecTh MOMKHO CUMTATh, UTO
npousBenenue tp, o, (&), o, (£E) nexur B H.

®duHaILHAA MAEA J0KA3aTelhCTBA BLITJIAIUT TaK: IIOCKOILKY KOp-
HEBOIL BJIEMEHT Zg €CTb IIPOU3BEeHIe [IEeCTH TPaHCBEKINA

6

w5(§) = Htm,az(if),

i=1

MOKHO TOCTAPATHCA W3 HAIMX TMOMaPHBIX TPOU3BEIEHUA U DTOTO
OPOU3BENEHNUA COCTABUTL 00MY TPAHCBEKNIUIO i, ,,(£né) ¢ HekoTo-
pbeiM n € R* u monyunth Takum obpasom, uto £ € Ay, uro m Tpebo-
BaJioch. Temepb MOKHO B3ATH (3 = §, UTOOBI BCe 3HAKU B BBIPASKEHUU
25(€) OLLIM TOIOKUTENLHEL

Ceityac HaAM MOHANOGATCA HEKOTOPBIE (PAKThl OTHOCUTENHHO 3Ha-
KOB JIefCTBUA KOPHEBOTO pileMeHTa Z4(l), moToMy uro 6e3 BCAKOTO
NPEIIOJIOKEHNA 0 3HAKAX peasin3alvsa Hallell GpUHAJLHOW uiaen He-
BoaMoskHa. Ham moHamoburca teopema 1 u3z [22], B KoTopoii yTBED-
KIAETCH, YTO €CIIM @ — MPOCTO KOpEHb MW —& — TPOCTOUM KOPEHD,
TO BCe 3HAKU B PAa3JOMKEHNN T (1) Ha TPaHCBEKIMK PABHBI €UHUILE.
B HammeMm ciiydae 10 o3HavaeT, uro B popmyie (1) n =& = 0. Tarnm
obpasoM, ecii o WU —& — MIPOCTON KOPEHB, TO MOJYUYeHHOE C TIO-
MOIIBIO #4(l) Mpon3BelcHNe TPAHCBEKIMIA UMeET pasuble 3HAKM NTPU
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¢. Meut B3sau 3 = 6, 1 MOMKHO B3ATH

P11 =W, p2:w_10800a
py =~ 1100011100

p5 = w — 11(1)10’ p6 = w — 11611’

O'Z'Ipl'—(s, 1§Z§6

Temepb 3aMeTUM, UTO KOT/Aa MBI COCTABJIAEM TpOU3BeNeHUE TPAHC-
BeKIIUIA

tﬂuaz (g)tmﬂ yOi41 (:I:f),

MBI UCIIOJB3YEM KOMMYTHUpOBaHWE IIPDU IIOMOINU Ty, A€ & = pP; — Pi41
Bcerga sIBJAsAETCsI IIPOCTBIM KOPHEM. 3Ha‘~II/IT, MBI IMOJYYUM CJEdYIO-
e Ipouru3BEICHNA!:

Y1 = tpl,al(g) ( f) o, y = tﬂz,Uz(g) pa,Ua(
Ys = tpg,aa(g) ( f) o, y= tﬂ4,04(€) ps,Us(
Ys tﬂs,Us(g)tPG,UG(_g) € H.

£ e
£ e
[Mocmorpum Ha nipousBenenue h = y1y; y3y4y5x@( &) € H. HecnosxHo

HOHATE, UT0 h = t,, »,(—6£), oTkyna 66 € A; u, ciemoBaTenbHo, & €
Ay, 4To 3aBepIaeT A0Ka3aTEIHLCTBO B pACCMATPUBAEMOM CJIyUae.

§7. JIOKABATEJBCTBO JEMMbI 9: Ciuyuailt & = E;

Temepb Mbl HE MOMKeM yTBep:KAaTh, YTO A KaKclofl napw map
(pi,0i) u (pj,0j) PasHOCTL p; — p; = 03 — 0; ABIAeTCA KopHeM. Ecin
mocMoTpeTh Ha mapy (p;,0;) = (w,w — a7), TO Ta Pa3HOCTb ABJA-
eTcs KOpHEM TONbKO JJIA AECATV M3 OCTaBIIMXCSA OAVHHAMAIATHA Tap
(pj,0;). Ho Herpynmo 3aMernth, uTo B HokasaTeabcrBe 1 & = Eg
MBI MCIIONIb30BaJM He BCE BO3MOKHBIE KOMOWHAIMM TakKWX Iap, a
TOJILKO IATH IITYK, W3 KOTOPBIX “COCTABIAINCL  SIEMEHTHI Y1, Y2,
Y3, Y4, ys. Ceiiuac MBI TIOKaskeM, UTo B caydae K7 HaMm moHamobuT-
cA POBHO OJMHHAAIATL TMOAOOHLIX KoMmOwHarmii. MTak, TouHo Tak
#e, Kak M BBINIE, MOKHO MTOKa3aTh, YTO MPOM3BEIEHUE TPaHCBEKINA
tpio (), 0, (£E) nesxur B H niia Tex 4, j, AJA KOTOPHIX Pa3HOCTb
pi — pj = 0; — 0 ABIAETCA KOPHEM.

PunabHaA MAEA JOKA3aTENbCTBA, ONMMCAHHAA B TpeAbLIYIIeM TTa-
parpade, IpUMeHAETCA K HALIEMY CIy4aro Cleayiomum obpaszom. Mol
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cHoBa Gepem [§ = §, YTOOBI BCce 3HAKM B HEAMATrOHAIbHBIX MaTpPUYHBIX
paeMeHTax 2g(¢) OLLIN MOMOKUTENLHE], U, IOIb3YACH TeopeMoii 1 u3
[22], moaydaem, YTO eciU o UM — — MPOCTOA KOPEHb, TO 3HAKU
A 24(1) Takke paBHBI eqmHuIlE, Gnarogapsa demy B popmyse (1)
niisa 21X cayvaeB 7 = € = (. Temnepn Gepem

pr=w, py=w— 000001, 000011
prmw—00OLLL 00U, OLILIL
prmw— ML OLLIL o, 012111
pro=w =221 o OI2BL 012222

O'Z'Ipl'—(s, 1§Z§6

Korza MBI cocTaBigeM Ipou3BeldeHMe TPAHCBEKIMIA JJIA TI0Caea0Ba-
TeNbHEIX Tap (pi, 05), (Pit1, Tit1), MOTYUAEM

tﬂuaz (g)tmﬂ yOi41 (:I:f),

M MBI MCIIOJIb3YEeM KOMMY TUPOBaHUE TIPY TOMOIIM Lo, TAE & = Pi— Pit1l
ABJAETCA TPOCTHIM KopHeM aiiA Bcex ¢, 1 < ¢ < 11, kpome ¢ = 6.
Kpome a1or0,

tﬂsyas (g)tm,lﬁ(ig)

MoJIy4YaeTcsas KOMMYTUPOBAHUEM IMPU TIOMOIIHU To,. VITaK, MOCKOJLKY
WCIIONL3YIOTCA MPOCThle KOPHM, TO MbI MMEEM IpPOM3BEHNCHUA Y =
Lpioi(E)piyy oo (=€) € H, rne 1 <i < 11,4 # 6. Honoxum Takxe yg =
tpso5(E)tpr 00(—E€). Temepnb ocTaerca MOCMOTPETE Ha IPOU3BEIEHIE

1.2 3 4 —1 6 7 8 9 10 11
h = Y1 Ysy5Y3Ys  YeYr¥sYoYro¥ii La(—E) € H.
HecnosHo MoHATE, UT0 h = t,,, 5,,(—12¢) (3m€Ch TOUHO TaK sKe, KAK B
cayuae & = Eg, ucnonbssyerca pasnoxenue rg(—¢) B IpousBeleHne

IBeHAINATH TPAHCBEKIUHA t,, »,(£)), oTkyma 126 € Ay u, ciemoBa-
TenbHo, £ € Ay, Jlemma mokaszama.

§8. OKOHYAHUE JMOKA3ZATEJABLCTBA TEOPEMBI 2

3aMeTuM, YTO MAOKa3aTelbCTBO TeopeMbl 2 ajsa ciaydad ® = Fg
GbLT0 3aKoH4YEHO (ele B maparpade §), MOTOMy YTO 2 — MaKCHMaJb-
HOe PAcCCTOSHUE MEXKAY BECAMM MUKPOBECOBOTO MpeAcTaBieHusa Fg.
B cayuae & = E; npuunercs ele HEMHOT0 TOTPYAMTHLCHA, YTOOBI BKJIIO-
4uThH ciiydail paccrosnus, paBHoro Tpem. Ob6oznauum A = A = As.
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Jlemma 10. Eeau A, p € X u d(A p) =3, mo A C Ax,.

JokaszareabcTBO. DTa JleMMa [OKa3bIBAETCA IOUTH TaK Ke, Kak
aemma 8. JlioBaa mapa BecoB (A, pt) Ha paccToAHUN 3 MEPEBOANTCA
pIileMeHTOM Ipymnel Befina B mapy (w, —w). IlosToMy MBI GyeM cum-
TaTb, YT0 A = —w, g = w. Ilo gorazaHHOMY {ita. (1) € H. Bocmons-
30BaBIINCE TeMMO# 4, BUANM, UTO [trta, u(1), 2o, (£()] = ta x(¢) mpu
HaJdexkallleM BEIGope 3HaKa, oTEyHa ¢ € Ax,.

Jlemma 11. Ecau A, p,p,0 € A wd(A, p) =d(p,0) =3, mo Ax, C Apo.

JlokazaTesqbcTBO. 3/16Ch, Kak M B Hadalle A0Ka3aTelbCTBa JIEMMbI
9, MBI KOMMYTHUPYeM 2J1eMeHT ¢y ,(§) ¢ 24(¢) (cm. popmyny (1)), rae
£ € Ay, ¢ € R, o € ¢. CHoBa 6GyZem 3alMCHIBATL Ol paHWYEHUA
HalllMX MaTPpWIl Ha YeThIpexXMepHoe moanpocTpancTso W, mopoksen-
Hoe Ba3MCHBLIMM BEKTOPaMM, OTBEYAIONIMMU BecaM f, ft — @, A + o, A
(B yraszaHHOM mopsaike). Takke GyneM cUWTaTh, YTO & WA —& —
MPOCTOM KOpEeHbL, TO03TOMY HeAMaroHaJbHBEIE MaTpPUYHBIE 2JEeMEHTHI
B 24(() mMeroT oamHakobble 3Haku. Torma gopmyna (1) ¢ yderom
JaHHBIX O 3HAKaX yTBEP:KAAET, YTO MATPUIA OT paHUIEHNS JeMEHTa,
hi = [tau(é), 2o({)] umeer BUR

1 0 0 0
—~ 0 10 0
hy = 2
0 & 01
Temeps moacTaBUM B IOJy4YeHHOe BbIpaskenme ( = 1, mMoMeHsgeM

3HaK y £ W NPOKOMMYTHUPYEM Dpe3yJIbTaT ¢ #_o((). 3amMeTum, 4To
pyU HAIeEM BBIGOpe « HeAWMATOHAJIbHbBIE MAaTpPUYHBIE 3JIeMEHTHI B
z_o(¢) cHoBa wmMeloT oamHakoBble 3HakKU. OBGO03HAUMM pe3yIbTAT

hy = [[tap(—=£€), 2a(1)], -4 (¢)]. Boluncienns NOKa3bIBAIOT, UTO
1 0 0 0
o 0 1 0 0
°T 138 0 1 0

2§6¢+6¢ —=¢¢ 0 1
Tak rak mo mocrtpoenmio hi,hes € H, To m mpousBeaenue h =
hyhotrn,(—26¢ — €¢?) neskmr B H v mMeeT Bua

1 0 00
0 1 0 0
0 &2 1 0
0 0 0 1

h =



232 A. 0. JIY3T'APEB

B wactHoM cayvae ( = 1 moxyvaeMm, UTO txrja pu—olf) aexur B H.
Jlerko BUmeTh, 9TO PACCTOAHUE MEXKAY A + & U jt — @ PABHO TPEM.
eficTBUTETbHO, ABA Beca Ha PACCTOAHUMA 3 COOTBETCTBYIOT TOUYKAM
B AuarpamMMe, CUMMETPUYHBIM OTHOCHUTEJNBHO IEHTPA, U €CJU A U fi
OBIT CUMMETPUAYHBI, TO A + @ U jt — & OCTAHYTCA CUMMETPUUYHBIMU.
WNrak, Me1 momyuman, uto £ € Axjo y—a, OTEYZAA Ary C Axja u—a-

Tenepnb yke HETPYAHO 3aBepITUATH NOKA3aTeNbCTBO JeMMbI. [leii-
CTBUTEJNILHO, €CIW MBI MOKeM 6paTh B KadecTBe « 1060 mpocToii
WIWA TIPOTHUBOTIONOMKHBIA TTPOCTOMY KODEHBb, 3HAUMUT, MOKHO “IIpoIiia-
raTs” 1o pebpaM AMArpaMMBI U TTepedTu oT 060l maphl BECOB HA
paccTogHMU 3 K 1060 Apyroii Tako# mape.

OGoznaunmM uepes Az MuokecTBO Ay, miaa d(A, ) = 3. Samerum,
4TO, B OTIMYKE OT jieMM 6 u 7, MBI €llle He MOKa3ayu, 4To As ABIA-
ercsa uneaisom B K. Mpl 1 He 6yaeM mMOKa3bIBATH 9TOTO HAMPAMYIO,
a JINIMIb MTOKaykeM COBHIaJeHNe aAAUTUBHON MOArpymmel As U uaeana
A. Braouenne A C A3z mokazano B semme 10, U ceiuac MBI TOKaKEM
obpaTHOe.

Jemma 12. A3z C A.

HoxrazareabctBo. Bo3bmewm £ € Az. Jus narasaHocTu 3aQuUKCUpy-
eM Beca A = —w, g = w, o = a7. Bocmoabsyemcsa 0603HaYEHUAMYT U3
MOKa3aTeNbCTBa Npeblayiei teMMbl: Ay = [tx,(€), £4(()]. Bosbmem
¢ =1, roraa w3 popmynasl (2) JAerko BUAETH, YTO MOCITE YMHOKEHUA
hi Ha thta p—o—§) momyuntcsa sieMeHT h = e —Eexya,pu+E€x pma. K
c4acThio, B HamleM ciyvae d(A+ o, p) = d(A, p— o) = 2, mosTOMy Ham
He TIpUIETCA CHOBA IPOBOJIUTH FOJIOBOKPY:KUTEJNLHBIE TPIOKM B AyXe
JoKazaTenbcTBa gdemmbl 9. locTaTouno B3ATh J = ag M MOCMOTpPETH
Ha vieMeHT [k, 25(1)] € H (aBHBLA B sieMenTa £5(1) HaM n3BecTeH,
MOTOMY YTO [ — MpOCToii KopeHb). HecnoskHOE BEIUMCTEHUE TTOKA3bI-
BaeT, 410 [h,23(1l)] = e+ E€ex y—a—p, @ Tak Kak d(A, g —a— ) =2, 10
moayuaem £ € A, 94TO AOKa3BIBAET JIEMMY, & BMECTe C Hei U Teope-
My 2.

§9. J/IOKA3BATEJBCTBO TEOPEMBI 4

31ech Mbl J0KaskeM, 4TO TPyIIa, eCTeCTBEHHBIM 06pa30M MOABUB-
masgcsa B TeopeMe 3, sABiderca coBepimeHHo#. Ilycts n = 27 risp
n = b6, B = EEe(27, R, A) risp £ = EE7(56, R, A). Tak kak rpymn-
na E(®,R) cosepmenna (cm. [22, 7, 12]), To mocTaTodHO mTOKa-
3aTh, 4T0 o6pasylomue rpynnbl E(n, R, A) nexkar B [F, F]. BosbMem
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= z3u(€,¢), nae, Kak 0GBIUHO,

Z)\u(ga C) = tuk(c)tku(g)a g € AaC c R.

E(®,R)

Nz reopemer 1 caenyer, uro # € E(n, A) TO €CTh ¥ MOMKHO

IIpeacTaBUTL B BUJAEC IIPOU3BEACHUA

r= Hmiyixfl, rae x; € E(®, R),y; € E(n, A) C E(n, R, A).

Torma = = [[;[#i, ¥:lyi, u Ana no6oro 1 KOMMYTATOpP [, ¥;| JEEUAT
B [F, E]. Ocraerca morasath, uro E(n,4) C [E,F], a 10 nerko
clleayeT M3 NeMMHI 4 B JoKazaTenbcTBe TeopeMbl 2. JlelicTBuTesb-
HO, BO3bMeM t,,(&) € E(n, A) u montrraeMcs Haiitu Takme A,y € A,
a € ¥, 94106BI BHINOIHANOCH YCIOBUE IYyHKTa a) JeMMbl 4 U mpu
aToM A + o = p, p = o, Ecam »T0 ymacrTcsa, TO MBI TOJy4YnM
tﬂa(g) = [tku(g)’ l‘a(ﬂ:l)] € [E(naA)a E((I), R)] - [Ea E]

a5 TOro MOMKHO CUMTATh, UTO ji = 0 = W — CTapIUii Bec. Ecan
p# w—aq risp p # w — @7, TO MOMKHO B3AThH POCTON KOpeHb § TaKoid,
uro p+ f € A u nonokutre A = p+ 3, a = —F3. Torma A+ a = p,
uw—«a ¢ A noromy uro o € &7, a p — MakcuMadbHbli Bec. Jlerko
MOHATH, YTO0 A # fi, A — g # Fa (HOCKOIBKY MOMKeT OBITH TOJNBKO
A—p=a, Ho TOTAAa A — oy A, A+« € A, yero He MOKeT GBITH).

Ocranoch paccMOTpeTh caydaii ¢ = w, p = w — ap TiSp p = w —
a7. Ho Torma MOHO B3ATH o = a3 TiSp @ = g M A = p—a U
y6ennTLCA, 9TO BCe yCIOBUA IS MPUMEHEHUA JJeMMbl 4 BBITIOJTHEHEI.
DTo 3aBepmaeT J0Ka3aTeshCTBO.

§10. BaoxeHUE E(E7, R) B CUMILIEKTUYECKY 0 IPYIIIY

OTor maparpad mocbsAmieH ommcannio Biokenna E(E7, R) B He-
KOTOPYIO CHUMILIEKTUYECKYIO TPYyIy Marpuil mopsara H6. 3ame-
M, 4To MBI yike Biokuin E(E7, R) B MoiHYyIO JIMHERHYIO TDYyMITY
GL(56, R), mosToMy MBI 6YJIeM CTPOUTH CUMILITEKTUUECKYIO OUIMHEH-
HYIO QopMy ¢ B uMelomnieMcs 6asuce. Becopasg amarpamma Hallero
npencTaBienus E; cuMMeTpuuHa: KasKIOMY BECY A COOTBETCTBYET
cUMMeTpUYHBIA Bec —A. [loIOKUM CUMITITEKTUYECKOE IPOU3BENEHNE
o(v*,v*) = 0, ecim t # —X. B caygae g = —)\ mpeactaBuM w — A
B BHUJEe CYMMEBI IIPOCTBIX KOpHel. Ywucio craraeMpiX B TOJIydeHHOMN
cyMMe — 9To “paccTodnHme” OT Beca A OO CTapIlero Beca w Ha Be-
COBOIi mMarpaMme, TO €CTb KOJIMYECTBO pebep B MUHUMAJIBLHOM ITy-
TH MeXIy HUMHU (B OTJIMYME OT BBEIEHHOTO paHee pacCToAHuA d —
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paccTOAHUA B gecosom epafe). Ha Bpems o6o3HAUMM 9Ty BENTWUHMHY
d'(w,A). Ham moHamoBUTCA TONMBKO YETHOCTH BTON BEJWUYMHBI: 060~
3HAUUM £) = (—1)dl(“”>‘); MHOIa MBI OyeM Ha3LIBaTh £) 3HaAKoM Beca
A (ecam He BoO3HMKaeT AByCMBICAeHHOCTEH). HeTpynHo MoHATEL, UTO
£_x = —€), TaK 4YTO »TO Ha3BaHWe MMeeT HEKOTODPHIM cMmblca. MTak,
MOJTOKUAM p(Ux, U_y) = €.

OueBugHo, uTO, 3a4aB NpoM3BelcHHME Ha 0a3MCHBIX BEKTOpax,
MBI TIOJIyUM HEKOTOPYIO CUMILTeKTUYECKYTo GuiuHelinyo ¢opMmy Ha
BCeM IPOCTpaHCTBE IIpeACTaBIeHUA, U, CJIeA0BaTEeILHO, COOTBET-
CTBYIONIYIO CUMILIEGKTUUeCKyIo rpymmny. HanoMHUM, Kak BBIDIAIAT
CUMILIEKTUYEeCKUe TPaHCBeKIUN:

tku(g)t—u,—k(_gkgug)a ecam p # —A;

Tru(§) = Ty -a(—exeul) = taa(€), ecmmp=—A.

Mz 6ymem roBoputh, 4ro TpaHcBeruua 1h,(£) coomeemcmeyem
Kopomxomy xopwio ( “short root transvection”), eciv p £ —A, u coom-
gememeyem daunromy xopuio ( “long root transvection”), ecam p = —A.

Mubr yacto 6e3 crenralbHbIX OTOBOPOK 6y AeM T0Ib30BATHLCA KOM-
MyTarnmorHo#t Gopmynoii llleBasme 1A CUMITITEKTUUECKAX TPAHCBEK-
nuii. [IpuBenem ee BaskHeUIe cayvamn:

[Txu(€), Tuo (O] = Tho(6C),  ecom A # dp, p # +o, A # +o,
[3u(€), T =x (O] = Th,—A(26¢),  ecam A # +p,
[Thu(€ ), (O] = Do ()T —a(exen€?C),  ecam A # %p,
7. u(f) po(Q] =1, ecmX#pu, pFo, p#p,

Ao, p#t—0o, A# —p.

Ocranbuble ciaydanm ¢opmynsl IlleBasse Jerko mosyvaioTcs wu3
npuBeneHHbIX. COOTBETCTBYIONIYIO 5TOW CHUMILIEKTUYECKON (opMe
BIEMEHTADHYIO CHUMIIJIEKTUYECKYIO TPYIIY MBI 6yaeM 0603HA4YaTH
Ep(56, R) = (Thu(€),A # 11, € R), a Ep(56, R, A) = Ep(56, A)Fp(36.8),
rae Ep(56, A) = (Th,(€), A # p,§ € A) nna uneana A < R.

Teneps npoepuM, uro rpymna E(E7, R) AelicTBUTENBHO TEKUT B
MoCTpoeHHO# cummnekTndeckoii rpynme Ep(56, R). Tocrarouno mo-
KasaTh, uTo £4(£) € Ep(56,R) mpu £ € R, o € E7. Ha camom je-
jle Jaxe NOCTATOYHO TPOBEPUTH 3TO TOJBKO JUIA NPOCMblE KOPHEHR
a € E7 (B cuny kommyranmonuoil ¢opmynsr Hlesasie). MbI moka-
MEM, YTO JJIA TPOCTOTO KOPHA & KOPHEBOM 9IIeMEHT 4 (£) ecTh Tpo-
U3BeJlEHNE TIECTU CUMINIEKTUYECKAX TpaHCcBeknmid. /lelicTBUTENBHO,
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TIAAA Ha BECOBYIO AMar paMMy, JIETKO MOHATEL, YTo pebpo, moMedeH-
Hoe «, BCTpedaeTcsa 12 pa3 CMMMETPUYHBEIM 06pa3oM, TO eCTh MMe-
ercs 6 map Takux pebep, M B KaxkIoW mape pebpa CUMMETPUYHEL
BosbMeM oHY Takylo mapy: mycTh »To pebpa (A, p) n (—p, —A), rae
#— A = «. PaccMoTpuM cuMIIeRTHUecKyIo TpaHcBerumio 1y, (1) =
tua(1)t_a —u(1) (210 Tak, MOCKONBKY Beca A M [ COCEeIHNe, 3HAUNT,
g, = —¢x). Ho 210 poBHO Te aBe (21eMeHTapHBEIE) TPAHCBEKINN, CO-
OTBETCTBYIOIME B3ATON Mape pebep, KOTophble BXOAAT B Pa3ilosKeHne
Ty, TIOCKOJLKY y ®TOr0 KOPHEBOTO ®Je€MeHTa BCe 3HaKW JeficTBUA
paBubl +1. TakuM 06pa3zoM MOMKHO MOCTYNIUTHL C KaskAOi Mmapoil pe-
6ep M HamMcaTh 6 CUMILIEKTUYECKUX TPaHCBEKIMIA, COOTBETCTBYIO-
IIUX KOPOTKUM KOPHSAM.

Mubr mosmyumiu, 410 24(f) € Ep(56,R), ortkyma E(E7, R) C
Ep(56, R). Terephb MbI MOKaKEM, 9T0 JJIA NPOU3E0AbHO20 KODHA o € Er
KODHEBOI wileMeHT #,(£) ABNAETCA MPOW3BEJEHWEM DPOBHO IIECTH
CUMILTEKTUYECKNX TpaHcBeKImi. MBI MoMkeM, Kak M BbIIe, pa3buTh
Bce mapbl BecoB (A, ), MIA KOTODPHIX g — A = «, Ha 6 map, B Ka-
VIO M3 KOTOPBIX BXOAAT Beca (A, u)  (—p, —A). Ho MBI yike 3HaEM,
UTO X4 (&) MERNT B CUMITIIEKTUUYECKOM TPYIITE, TOSTOMY STOT BIEMEHT
JOIAKEH yI0BIETBOPATHL HEKOTOPBIM ITPOCTEIM ypaBHernaM. Hecaoxk-
HLIMY BBIYUCIEHUAMY JIETKO TIOJYYUTh, UYTO 3HAKU JEACTBUA B STUX
mapax CoTJacoBaHBl HYXKHBEIM 006pa3oM, TO e€CTh TaKOBBHI ;Ke, KaK B
CUMILIEKTUYEeCKOM TparcBernnu Ty, (£1).

§ 11. JIOKABATEJbCTBO TEOPEMBI 5

I/IT&K, MBI HAUHEM JOKa3aTeJbCTBO, CTapasiCh BECTU €ro IapaJl-
JICJIbHO JOKa3aTeJLCTBY T€OPEMEI 1.

JoxkazareabctBo. OQUeBUAHO, YTO JieBafA YACTh COAEPKUTCA B TIpa-
Bo#i. [lnsg mokasarTenbcTBa 06pPATHOTO BRIIOUEHUA BCIIOMHUM, YTO
npu n > 3 rpynma Ep(n, R, A) mopoxaaeTca BCeMU TPaHCBEKINA-
Mu Buga Zxu(&,¢) = Tw(C)TM(f) anaé € A,/CER A p€eEN A#£p
(em. [21]). Takum obGpasoM, mocTaTodHo yGemuThCsa, 4T0 Zi,(€, Q)
conepsmrcs B H = Ep(n, A)® ) JlokazarenncTo sToro comep-
EuTcA B neMMax 13, 14 u 15; B memme 124 ¢ MBI pazbupaeM ciaydaii
d(A, p) =14, i =1, 2, 3. OdeBuaHo, UTO B HAIEM IPeJACTABIEHIN 3 —
5TO MaKCUMAaJbHOE PACCTOAHNE MEKILY BeCaMU, U TeopeMa JoKa3aHa,
KaK TOJILKO MPOBepeHa CIpaBelIuBOCTL CIAEAYIONUX JTEMM.
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Jdemma 13. Myemos d(\, p) = 1. Toeda Tex(OT,, (&) € H das awbnz p,
o € A. B wacmuocmu, Zx,(€,¢) € H.

HMoxrazareabcrBo. CHavajla pacCMOTPUM ciydail p = A, ¢ = p u
0603HAYUNM @ = [ — A:

qu(f, C) = TM(C)TAM(£)~

Temepb BcmoMHUM, YTO B TeopeMe | MBI JOCTUTANA yCIEXa, PacCMa-
TpUBasA BhIpajKeHUE xa(()tm(g). apaiiTe mocMOTpUM, Ha UTO MOYKHO
paccunTEIBaTh Temnephb. M3 obcyxnenmusa B maparpagde 10 MBI 3HaeM,
YTO KOPHEBOM ®IeMeHT #4(() pacKia plBacTCA B IPOU3BEIEHHUE TITe-
CTV CHUMIIIEKTAYECKAX TPAHCBEKINN:

6

2alQ) = T] Tpuo ().

i=1

Ho IIpU COMpsTAKEHUN C ITOMOINBIO T UT'PAET POJIbL POBHO OJHA TpaHC-
BEKIMI:

zalOTy , (€) = T EODT L (6).

D To MPOUCXOAUT TIO TOU Ke MPUYUMHE, YTO U B JMOKA3ATEIbLCTBE TEO-
peMbl 1: npeacTaBileHUe MUKpoBecoBoe, U U3 Beex T, ., BXOJAIIMX B
pasioxenne z4((), IMEIOT 3HAYEHME JIUIIH Te, KOTOPble “B3anMo neii-
cTBy10T” € BecaMu A u £, TO eCTh POBHO Te, KOTOPhIE 06Pa3yIoT
CUMIIIEKTUYECKYIO TpaHcBeknuio 1, (£(): oCTalbHEIE KOMMYTHDY-
10T ¢ Th,(€) B cury kommMmyTammontoii popmyiast Hlesanne. Heobxo-
IUMBIA Pe3yibTaT MONYYeH: TIPU HeoOXOIMMOCTU MEHAA 3HaK y ( B
2o(£(), mobuBaemMcs, YTOOBI 9T0 BHIpasKeHE B TOYHOCTH COBIIAIAIO
c Zku(ga C)

Temeps mepetineM K 06IIEMY CIyYAIO: p # A WU 0 # p. 31eCh TpU-
JeTCA paccMaTpWBaTh OOJbIlle CIydYaeB, HeKeIW TPU AOKA3ATeIb-
ctBe Teopembl 1. Ilycrey mma mawana p = A, #Ho ¢ # u. Herpymmo
MTPOBEPUTH, UTO

Tux@Py 3 (6) =Ty a(€Q) - Ty u(eigi€%C) - Th_A(€) € H; m
TurlOy ,(6) = Tus(EC) - Tpo(€) € H, ecmm o # —A.

AHasoruyHo paccMaTpuBaeTcA caydaii ¢ = g u p # A. Heobxommmo
Takke PACCMOTpeTh ciaydaum p = —u u 0 = —A. Ilycrs, Hampumep,
BBIMIOJIHAETCA 0 = —A, TOT/Aa €CIIU p = A, IPUXOJUM K PACCMOTPEH-
HoMy Bbimle ciaydaio. Ecim ke p # —A, 10 T,,(£) — TpancBekIm,
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COOTBETCTBYIOMAA KOPOTKOMY KOPHIO, CJIe0BATENbHO, €€ MOKHO IIe-
pemucath B Bule I_, _,(—c,6,8) = Th _,(—€,6,€), U Takoil cayuait
MBI y#e paccMoTpedn. IloHATHO, UTo B cilydyae p = i Bce abCcooT-
HO aHAJOIMYHO. BO BCeX sKe OCTAJLHBIX CIydadX CUMILICKTUUECKHE
rpamucBekiuu 1,3 (¢) u T,,(£) KOMMYTHPYIOT.

Caencreue. ITycms d(A, p) = 1. Tozda Ep(56, A)Tx ) < H.
Jlemma 14. [Tyems d(X, p) = 2. Tozda Zx,(E,¢) € H.

JokazarensctBo. [locMoTpum ToBHUMATETBHEE HA TO, YTO TIPOU30-
IIIJIO B XOJI€ AOKa3aTeNhCTBA aHAJIOTUYHOUM seMMbl 2. Mb1 6ymem cBo-
60/IHO MMOJTB30BATHCA BCEMU 0003HAUEHUAMY, BBEIEHHBIMUA AJIA DTOT0
IOKa3aTelbCcTBA. HecmoKHBIMU BBIKJIAIKAMKA MBI CBOAWM 3a7a4y K
IOKa3aTeNBCTBY TOTO, YTO HEKOTODBIA sieMmeHT ¢ jexuT B H. [lpu
5TOM MBI BBOIMM “BCIIOMOTaTeNbHBI 9iaeMeHT h € H Takoi, uTto ¢ =
(D] g1 parTIdecKy JOKa3LIBAEM, UTO Ean (=€) s (—ECP) FaDp = g.
llnsg Toro, 4To6BI BTO AOKA3aTh, MBI 3aMETHJIM, UYTO BCE CaMoOe WH-
TepeCHOE MPOUCXOUT B IMOAIPOCTPAHCTBE, IO POKAEHHOM BEKTOPaAMU
v*, vY, v#, v*, mocie gero paBoTranu ¢ MaTpuaMu mopanka 4. Ha ca-
MOM JIeJle 9TU NPSAMble BBIYUCIEHUSA C MATPUITAMU MOKHO (POPMAIbHO
3amrcaTh Kak HEKOTOPBIE MPeobpa3oBaHUA MPOU3BEIEHUA TPAHCBEK-
1wmii. /leficTBUTENBHO, HEMHOTO TTOBO3UBIINCEH, MBI CMOMKEM MMOJYUYUTH
TpebyeMoe paBEHCTBO, MONB3YACH JIUIL BIEMEHTAPHBIMU COOTHOIITE-
HUAMM MEXAY TPAHCBEKIMAMU U KOMMYTalmoHHOU (opmyioii [Ile-
BaJljie, TO eCTh GaKTUYECKN POBOJA BblUKMCIeHUsA B Ipynie Creiin-
6epra. B pacnrcanHOM BHUe 9TO PABEHCTBO BBHITJIAIUT TaK:

Ean( =€ s (—E¢7) - DDy = tenl U,

rae h = t, (=)t u (€t (—€)t,a(¢) (MBI IpOCTO PaCKPHIIM BHIpa-
MKeHWe A ¢ W HAIMCAJNW BMECTO BIEMEHTa 4(1) ero orpanmuenue
Ha, Hallle YeThIpeXMepHOoe TIOANPOCTPAHCTRO ).

Celivac MBI 3aliMEMCS T€M, UTO BBEJEM B JEHCTBUE CUMILIEKTAUE-
CKMe TPaHCBEKIMM BMECTO ®JeMEHTapHLIX. KiroueBoe Ha b0 meHuMe
COCTOUT B TOM, UTO (AKTUYECKU B HaIlleM J0Ka3aTesbCTBE HUYEro
He MeHseTcsl — Bejab KoMMyTalmoHHas ¢popmyna [llesamme ocTaer-
CA CHpaBelJIMBOIi, IMOKa B HAIIMX BBIUMCJICHUAX YUYACTBYIOT TOJBLKO
TPAHCBEKIMM, COOTBETCTBYIOIIME KOPOTKAM KOpHAM. M Tak, IoJHO-
CTBIO IEPENUCcaB J0Ka3aTedbCTBO BEIMICIIPUBEICHHOIO PaBEHCTBA C
3aMEHOM 2JIeMEHTapHLIX TPAHCBEKIMI Ha CHUMILIEKTHYEeCKUe, MOJYy-
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JaeM pe3yJbTaT:
De(—€0) Tur (=€¢%) - T Ter U = Tenl U,

riae

h= TV)\(_C)TNV(_€C)T>\V(_€)TV (C)

Teneps BemoMHNM, uTo npomsBenenue ty,(1)t,,(1) mossasmoch us
pasIokeHnA KOPHEBOTO aieMeHTa T, (1) B mpousBeneHue sieMeHTa -
HLIX  TpaHcBekimii. CoBepIieHHo  aHaJOTMYHO  IpOM3Be/eHne
Ty (1)1, ,(1) — »T0 orpannyenue neiicTBUA &,(l) Ha BocbMUMepHOe

O AMPOCTPAHCTBO, IIOPOMkKIEHHOE BeKTopaMu v, v” | v*, v, v™% v ™H,

v~ v, HOTOMY UTO 5TOT KOPHEBOIA pileMeHT ABJIAETCH HPOU3Bele-
HUEM IIEeCTH CUMILIEKTHYEeCKUX TPaHCBeKINil, POBHO ABE M3 KOTOPLIX
IefiCTBYIOT B BLIGPAHHOM IOIIIPOCTPAHCTBE.

Bce aTr meficTBUA 3aK0HHBI, T10CKOJIbKY MONapHBIE PacCTOAHUA Me-
MY BeCaMH K, A, i U V He IIPEBOCXOMAT 2; IMOBTOMY BCe MOJYdaro-
MMecA B IpoIecce BEIYMCIEHUA CUMILIEKTUUECKIE TPaHCBeKIIA J1eii-
CTBUTEJLHO OYyAyT COOTBETCTBOBATHL KOPOTKUM KODPHAM.

Tak ke, Kak U B A0Ka3aTeJbCTBE JIeMMBl 2, MBI 0 CHX IIOp pac-
CMaTPUBAJN TOJLKO OAWH Ciydaii pacHpeneieHUA 3HAKOB IeiACTBUA
24(1). 3mech cHOBa BO3MOMKHEI pOBHO YeThIPe TAKUX CIydasd, TO €CTh
orpanmuenue z,(l) Ha yKazaHHOE MOANPOCTPAHCTBO B A€HCTBUTEIb-
Hoctu uMeeT BUL Thx(£1)T,,(+1). Kak n npexme, ux UMciIo cokpa-
MAeTCA A0 JBYX IYTEM PacCMOTpeHNA Zo(—1) BMecTo 24(1), 1 ocTan-
muiica clydail cOBEpIIeHHO AHAJOIMUYEH pPacCMOTPEHHOMY C TOY-
HOCTBLIO /10 3aMeHBbI 3HaKa B apryMeHTaX JONMCAHHEIX TpPaHCBEeKIIMA
Tai (=€) T (—EC?). NoKazaTebCTBO JIEMMBI 3aBepIIeHo.

Jlemma 15. [Dyems d(A, p) = 3. Tozda Zx,(E,¢) € H.

JMokazaTeabcTBO. MBI cHOBa UCIIOIb3yeM Bee 0603HAUEHNUA U3 aHa-
goruunoii semmel 3. Kak u mpu nokaszaTeibCcTBe TpeabLAyINei TeM-
MBI, 3aMeHAEM »JeMeHTapHBIE TPAHCBEKIMU Ha CUMIIIEKTAYECKUAE.
Boraucienua ycioRHAIOTCA, MOCKOJIbKY Telepb B UIPY BCTYIAIOT
CUMILJIEKTUYECKEe TPAHCBEKIUEU, COOTBETCTBYIONAE JJIUHHBIM KOP-
HAM. [Tockonbky d(A, ) = 3, MBI OyZeM, B COOTBETCTBUM C TIPWHSA-
TBIMU COTJIAIIEHUAME, BMecTo i mmcath —A. Ham, kak u B mokasa-
TeJbCcTBE JIEMMBI 3, TTOHAM00ATCA BCIIoMoraTelibHbIe Beca V = —A 4«
U —V =A— @, [jle @« — HEKOTOPBIA KOpEHb.

Wrak, MBI 6yIeM DOKa3BIBATL, 9T0 2y _x(&,() = T—*’*(C)T&_)\(f) €
H, rne ( € R, ¢ € A /lna mavasa 3aMeTVM, YTO OOPATUMOCTH



O HAJTPYNIAX E(E¢, R) U E(E7,R) 239

ABOYKM IT03BOJIAET HaM 3aMEeHMTb & Ha 2§ W HaImMcaThb I0CHe DTOTO
[T5.(€), Ty, —A(1)] BMecTo Th _2(2¢). Tarkum obpasom,

Zy-al&,¢) = T2 O[Ty, (6), T, A (1)]

= [[T-x A(Q), Taw ()] Tou (&), [T-x A (C), Ty A ()] T3, — 1 (1)]

= [T—)\,V(€C)T—V,V(_€i€j€2C)T)\V(€)aTV,)\(_C)TV,—V(EiEjC)TV,—)\(l)]~

IlocTaTouHO IPOBEPUTE, UTO
g = Toa O Tomsle i 0TI (ECVTL, (616,60 Thn (—€) € H.
O6Goszuaunm f = T, »(—()Ty,—»(gi¢;¢), Torma

9= FTy AT o (=€ T (85562 T (=) Ty —a (1) f 71
= 1, aA(D)Ton o (6T 0 (256562 (= 1) -2 (26) T, (=€) F 1
= [Ty, A (LT 5 o (=€) Ton (E2O)Ta,— A (£7¢ + 26)-
Ty —a(=1)T=y, (258562 Ton () f 1
= STy A(D)Tx (=€) T —A(—2670) T, A (—1)-
Ton (€2C)Tn —A(E7¢ 4 26) T, (2i6;62C) Tay (=€) f 7
= FZ 0 (E7¢ D) Ta (2O Th A (—€7¢ + 26)-
Ty (eie; ) Tan (=€) f~ =7 h,

riae

h=Z_5 (€3¢, DT (€2 T 2 (—E7¢ + 26) T, (i€ ) Thru (—6).

Samerum, uro h € H (paccrosHue MexKIy —A W V paBHO 1, opTOMY
Z_x,(€2¢, 1) € H). Kpome 1oro, f = Tya(=O)[Tyalcig;€), Th,—»(1)].
Hanee, MoxHo pactucath Tyx(...): mockombky d(v,A) = 2, Mok-
HO HaiiTh Bec T Takoil, uro d(v,7) = d(m,A) = 1. Torma T,x(z) =
[T,+(2), Trx(1)]. Tak MBI HOGMANCH TOTO, UTO B pasiioskeHune [ BXO-
JAT TOJBLKO Takue CUMILIEKTUYecKre TpaHcBekmu T, (... ), 4sd Ko-
TOPEIX p — 0 ABJAETCA KopHeM. Teneph MBI CHOBA IPUMEHUM TPIOK C
orpaHMYeHMEM BEIYMCIEHUI Ha YeThIpeXMepHoe MpoCcTpaHcTBo. MBI
YTBEPHKAAEM, UTO CONPAKEHUA P IOMOIIY TAKAX CUMILICKTHUYECKAX
TpaHCBEKIUii, KOTOpHLIe BXOAAT B f, ®T0 TO K& CaMoe, UTO COIpA-
YKEHWA TIPU IIOMOIIM KOPHEBWT 9ACMENMO8, B PA3JIOMKEHUA KOTOPLIX
BXOJAT COOTBETCTBYIONIMIA TpaHCBEKIMHU. 10 €CTh eCIM B f MBI 3aMe-
HUM KaEIYIO TpaHCBeKIuio 1,, (&) Ha KODHEBOR 2JIeMeHT &,_, (L),
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TO pe3yabTaT CONpMKEHUA h pu moMmoIlu f He W3MEHWTCA. JHAK B
TAKOM KODHEBOM BJIEMEHTE CJlefAyeT BBIOMPAThH TaK, YTOOBI B pas-
JIO¥KEHUE €r0 Ha CUMITIEKTUYECKUE TPAHCBEKIMU BXO AU MHOMKUTEID
Too(2), a He Tp,(—2). [laa Havasla MOCMOTPHUM, UTO NMPOU30HmeT ¢
Tyx(z). Mb1 3amernsm o1y TpancBekimo Ha [Ty -(2), Tra(1)], a moTom
Ha [2,_;(F2), 2;_5(x1)]. Temepp MBICIEHHO pACIWIIEM KaMKIbIA 13
B®TUX KOPHEBBIX BJIEMEHTOB B IIPOU3BEIEHUE MITECTU CUMITIITEKTUUECKAX
TPAHCBEKIMI W MMOCMOTPUM, YTO MPOWUCXOIWT B IMOANPOCTPAHCTBE,
HATAHYTOM Ha BecoBble BekTopa v”, v7, v*, v*, v™%, v~ 7, v™*, v
(3mech kK = A+ (v — 1)). CoBepIleHHO TIOHATHO, YTO OyAyT “BIAMATH”
APYT HA APYTa TONBKO Te€ CUMIIJIEKTUUECKAE TPAHCBEKIINM, NeiCcTBIE
KOTOPBIX 3aKJIIOUEHO B BTOM IOMIPOCTPAHCTBE, & OCTAaJbHBEIE BY YT
KOMMYTHUPOBATh C HUMHU U Mekay coboil. PaccykmeHns 3mech TOUHO
TaKre e, KaKk U B J0Ka3aTelIbCTBE TEOPEMBI |, I'Zle MBI ITOCTOAHHO
MPUMEHANN o A00HBIA TpIoK. 3HaunT, T, (£) €CTh KOMMYTATOD ABYX
KODHEBBIX 2JIEMEHTOB, TO e€CTh JexuT B E(E7, R).

K comxamnenuto, B f ocramack TpancBermmsa Ty _, (1), xoropas ne
nesknt B E(E7, R). Ho wTor HallMX BHIYKCIEHWH BRIIOUAET COMPAKe-
HUE TPU oMoy f, TO®TOMY 37€Ch CHOBa MOKHO ITPUMEHUTH HAII
Tprok. Temeph HYKHO OrPAHUYUTHCA PACCMOTPEHWEM YETHIPEXMEp-
HOTO ToApocTpancTBa W, HaranyToro Ha v, v”, v~* u v~". Paccy-
MKIEHNA, AHAJOTUYHBIE TIPOBEIEHHBIM, TTOKA3BIBAIOT, UTO COMpSIKEHNE
npu momomt Ty —,(...) — 9T0 TO :Ke caMoe, UTO U COIPSDHKEHNE [IPU
TOMOTIHN Tx_(—,)(...), €CIU TO, YTO MBI COMpATaeM, AeficTByeT Wc-
RJIIOUNTENLHO BHYTpU moanpocTpancTBa W (a Tak 0HO W €CTh, 110-
CKOIIBKY PO BCE OCTAJbHBIE MHOMXKUTEJW, BXOIAINME B BBIDaskeHUE
JULA ¢, MBI ®TO MOKA3aJIN).

Wrak, MBI TONYyYNITIN, UTO CONpsKeHWEe h MPU MOMOMM f MOYKHO
MIpeACTAaBUTHL KaK MMOCIEeN0BATEIbHOE COMPAKEHNE TIPU TTOMOIIK BJIIe-
menToB E(E7, R). TIoHATHO, UTO Takoe CONpsyKEHWE He BBHIBOAWT 33
npenenst H, To ects ¢ = 7h € H, uto u Tpe60oBaioch IOKA3aTh.

—K

§12. JIOKA3BATEJIBCTBO TEOPEMBI §
O6osHaunm
E = EEL(56, R, A, B) = E(E7, R)E(56, R, A) Ep(56, R, B).

W3 TeopeMbl 4 BHAHO, YTO OCTaJOCh AOKA3aTh JWIIL BKJIOUECHUE
Ep(56, R, B) C [E, E], To ecTb, 4t0o o6pasyromme rpymms Ep(56, R, B)
nexar B [E, E]. Bospmem x = Z,,(€,¢) = Tnx(OTy,(¢), rne € € B,
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E(E~,

¢ € R. N3 Teopemul 1 caenyert, uro & € Ep(56, A) R) 1o ecth ¥

MOHO MMpeACTaBUThL B BUAEC IIPOU3BEICHUA

v =[[wwie;', rae @ € E(Er, R),yi € E(56, B) C E(56, R, B).

Torma x = [[;[;, iy, u ansa mo6oro { KOMMYTATOD [&;, ¥;] TeXUT B
[E, E]. Ocraerca nokasatsk, yro E(56, B) C [E, F].

BosbMmenm tpatcBermuio 1,,(¢) € E(56, B), cOOTBETCTBYIOMIYIO KO-
POTKOMY KODHIO (TO €CThb p # £0), 1 NonblTaeMcA HAATU Takoil Ko-
pesb a € E7, 9ToBEI MOXKHO OBITO IPUMEHUTH KOMMY TAlMOHHYIO hop-
myay Hlesamie

Lo (5) = [Tp,p—a(l)a Tp—aya(f)],

a TIOTOM IIONEITATHCA 3aMeHnThb 1), ,_ (1) Ha 2,(£1), 4T06LI HoMyYnTD
Tpo(§) = [wa(£1), Th-a,0 ()] € [E(E7, R), E(56, B)] C [£, E].

st Toro, uTo6bl NPUMEHUTH KOMMY TaluoHuyo Gopmyny Hlepasie
B TaKOM BHJe, HEOOX0AMMO —p # p — & (9TO aBTOMATUYECKN TaK,
ITOCKOJIBKY MEFy IPOTUBOIOJOKHLIMU BECAMU BCETJa PacCTOAHME
3, a o — KOpeHB), p # +0 (»TOro MBI MOTPeGOBAIN C CAMOT0 HAYAJA),
p—a#to.

Ist Toro, YTo6BL CTAal BO3MOMKHLIM BTOPOH mrar, 3amena T, ,_o(1)
Ha Z4(1), HeOBXO0MMMO JHIE, YTOGBI OCTAJNBLHEIE TPAHCBEKIWN, Oy -
YAIONIMECA B PA3IONKEHNN #4(£1), He TOBIMANY Ha KOMMY TMPOBaHME
¢ Tp_a0(€), TO ecTb 4TOBLL 0 — @ He SABIAIOCD BECOM.

MoskHO cuUMTaTh, YTO ¢ = w — CTapIIMid BEC, a MTOTOM IMepeHecTn
OCTpOeHre Ha JMI06yIo ApyTyIo CATYAalMIo AeficTBueM Tpynnbl Beii-
as. [peanonoxum, uto p # 0 — a7; TOrAa BO3bMEM B KadecTBe «
TaKoii OTpUIATENbHBIA MPOCTOR KOpPEeHb, YTOOLI p — @ ABJIAIOCH Be-
coM (MOHATHO, YTO TaKOW CYIIECTBYET, TOCKOIBKY p — HE CTapIIvii
Bec). Torma o4eBUAHO, YTO p—« # +0 1 0 —« BECOM He ABIAETCA, TO
eCTh BCe yCJIOBUA BBITOJHEHEL. Ecim e p = 0 — a7, BO3BMEM @ = (g,
¥ Heo6XoAMMBIE YyCI0BUA CHOBA TPUBUAJILHO TTPOBEPSATOTCA.

Teneps paceMmoTpuMm TpaHcBerumio 7, _,(£), COOTBETCTBYIOMIYIO
jimHHOMY KOopHIO (£ € B). BosbMeM NpOW3BOJNBHBIA BeCc ¢ Ta-
KOl, uro ¢ — (—p) = « sBasgerca kopHeM. Torma T,_,(§) =
Tpol€), Torp (2] = [10(E),2al227Y)] € [B(36, B), B(Er B)] C
[E, E], 9T0 HeTpyAHO NPOBEPUTH AHAJOTMUYHBIMU DACCYHKIACHUAMMU.
Teopema mokaszana.
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A xouy mMcKpeHHe MOGIATONAPUTH CBOETO HAYUYHOTO PYKOBOIUTE-

a1 Hukomas AHGKCaHﬂpOBI/ILIa BaBumnosa 3a ITOCTOAHHYIO ITO JACPHKKY

1 IIoMoIb B AaHHOM MCCJI€AO0BaHNN. Nnmemnno 1o €ro pyKoBOACTBOM

aB
HO

TOP BBITOJHUI AUTIIIOMHYIO paboTy, MOJOKEHAYIO B OCHOBY JaH-
it craTbu. Takke A BhIpaskalo CBoIO 6JIaro1apHOCTh YHUBEPCUTETY

ropoaa busedennbaa, B KOTOPOM IIPOXoAuia 4acTh paboThl HA TeK-
CcTOM, M DHTOHM Baky 3a PYKOBOJACTBO CTaKUPOBKOM M IIJI0MOTBOP-
Hble becennl.
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The article is dedicated to description of overgroups of elementary
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