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QHEPTUA N KOJIMYECTBO KJIACTEPOB B
CTOXACTNYECKUX CUCTEMAX
HEVIIPYTUX ITPUTATNBAIOMINXCA YACTUL]

Mgl paccMaTpuBaeM OTHOMEPHYIO MOMENb MPABUTAIMOHHOTO Ta3a,
JACTHUIBI KOTOPOTO B HAYAJILHBI MOMEHT UMEIOT CITyJailHble CKOPOCTH
U KOOpAWMHATHL. [IpM CTOJKHOBEHMSIX YACTHIBI CIUNAIOTCHA, 00pasys
«KJIACTEPB». B CiIydae HyJIeBBIX HAYAIBHBIX CKOPOCTEN («XOJIOMHBI
ras») B TEPMUHAX CXOOUMOCTH IO BEPOSTHOCTH M3yYCHO ACHMITOTH-
YecKoe TOBeNeHNe KOIMYIecTBa KiacTepoB K, (t) mpum n — oo, tme n
O3HAYAET YMCIIO MCXOMHBIX YaCTHUI. KpoMe TOro, MCCIemyeTcst acuM-
NTOTUKA CyMMapHOU sHepruu rasa F,(t). 3mech npu HeHyseBbIX Ha-
YAJIBHBIX CKOPOCTSX (K TEIUIBII Ta3%) OCHOBHBIM DE3yIbTATOM SBILACTCS
ONUCAHNE MTHOBEHHOTO «OXJIAXKIEHUS» raza, T.e. B, (+0) — 0.

Karouesvie cao6a u @pas3vi: TPABUTALNOHHBIA ra3, CIANAHUE Ya-
CTHUI, HEYIPYTHUe COyOapeHUs, CUCTEMa UACTHI], KOJIMIECTBO KilacTe-
pPOB, DHEPTHUS.

1. BBenenmue. B sToll cTaThe MBI I3y9YaeM OOHOMEDPHYIO MOIEIb IPABH-
TAIIMOHHOTO ra3a. ['a3 B HaYaJIbHBI MOMEHT COCTOUT U3 1 PACIOJIOKEHHBIX
Ha IPSAMOU YaCTHIL, KaXKIasd U3 KOTOPBIX XapaKTepu3yeTcs MacCol, Hadallb-
HOM KOOPAMHATON M HAYAIHLHON CKOPOCTBIO. YacTUIlbl HAUNHAIOT IBUKEHLE
IO MEWCTBUEM CHJI B3AaUMHOTO TAroTeHus. lIpu cTOIKHOBEHMSAX YaCTULBL
caunaromed, 06pas3ysi HOBYIO YacTUIy («K.Aacmeps), XapaKTePUCTUKY KOTO-
POHl OIIpEenmessIIOTCs 3aKOHAMU COXPAHEHWs MacChl U UMIyabca. llBmkeHnue
YacTHI MEXKIY CTOJIKHOBEHUSMHU IIONYMHEHO 3aKOHAM KJIACCHYECKOM MeXa-
HUKH.

Crnumnanme OTHENBHBIX YACTHUI B ONUH GOJIBINON KIACTEp HAIIOMUHAET
nporecc 06pa30BaHUs 3Be3Ibl U3 KOCMHUYIECKON HbIIn. bosee mompo6HO 06
HCIOJIB30BAaHUN pacCMaTpUBAeMOI MOIen B acTPOoPU3NKe MOXKHO y3HATDb U3
craTbu [1].

Harmreln menpio siBisteTcss m3ydeHme CBOWCTB ra3a IPU YCIOBHAU, YTO
Ha4daJIbHbIE IIOJIOXKEHUSA U HadaJIbHBbIE CKOPOCTU YaCTHIL ABJISIOTCI CAYYQU-
HHIMU BEJIMYMHAME, & YUCJIO HCXONHBIX YaCTHUII CTPEMHUTCS K OeCKOHEUHO-
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e-mail: vysotsky@vv9034.spb.edu
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cru. Pasnuunble mpenesbHBIE CBONCTBA TAKUX CHCTEM PACCMOTPEHBI B pabo-
Tax [2]-[6]. MbI nccremyem moBeneHne panee He n3ydeHHON Beauannsl K, (1),
KOTOpast 0003HAYAET KOAUUECTNBO KAACMEPOS B cucTeMe. Takike HAC UHTe-
pecyer E, (t) — onepeus cuctemsl, T.e. CyMMa KHHETHUECKUX SHEPTUIl BCEX
KJIaCTEPOB.

Oxa3seIBAETCsl, YTO PE3y/IbTATEL A0COIIOTHO PA3IHMYHbL IIPH PACCMOTpE-
HUN MOJEJIEN C HyJIeBBIMU (KZ0.400Mbll 2a3») U HEHYJIEBBIMU (< Men.abiti Tass)
HAYAJIBHBIMU CKOPOCTSAMU. MBI HOKaXXeM, YTO B XOJIOLHOM Tase IPU JIo-
oomt >0

— f(t), n — 00,

roe f(t) — merepmunupoBannas dyukuus; f(t) = 0 mpu ¢t > 1. Orciona B
06001 pukcupoBaHHBI MOoMeHT Bpemenu ¢ € [0, 1) cpennee uuciio gacTuil B
OITHOM KJIacTepe IJIS XOJIOMHOIO I'a3a eCTh KOHCTAHTA.

B caoyuae Temmoro rasza, Hao60pOT, MIHOBEHHO OOPA3yIOTCS CKOJIb
YTOMHO GOJIBIINE KIACTEPHI. 3a CYET 3TOrO MPOUCXOMUT «OXJIAXKICHUES, T.€.
SHEPruUs ras3a MICHOBEHHO TANAET M0 HyJIs. B cTaTbhe HAHO TeopeTUIecKoe
060CcHOBaHME 5TOr0 GeHOMEHA, KOTOPLII OB SMIMPUIECKN OOHAPYKEH B [5].
Kpome Toro, moxasamo, 4TO u B XOJOOHOM, U B TEIJIOM Tra3e Mpu JIO60M

te(0,1)

2. OnucaHue mMomesu.

2.1. ITerepMUHUPOBAHHAS MOAE/b. B HAYAILHBIN MOMEHT BPEMEHNI
t = 0 ra3 coCTOUT W3 N YACTHUII, PACIOIOKEHHBIX Ha MPSIMOIl B TOYKAX C KO-
oponunaramu z1(0),...,2,(0). HacTums B paccMaTpUBAEMON MOIEIN SIBIIsI-
IOTCSI MATEPUATBHBIMU TOUYKAMU U XAaPAKTEPU3YIOTCS MACCAMU MM; U KOOD-
nuHaraMmu ;(t) Ha ocu. O6mamas B HadaabHBIN MOMeHT ckopocTsamu v;(0),
YACTUIBI HAUMHAKOT IBUKEHUE 1101 AEfCTBIEeM IrpaBuTannoHubix cmt. Cuma
OPUTSKEHUST 30€Ch MPONOPIMOHAIBHA MPOM3BENEHUI0 MAcC, T.e. YACTUIA
MacChl My, HAXOMMIIAACS B TOUKE Tj, NEHCTBYET HA YACTUIY MAaCChl Mg,
HAXOSAIILYIOCS. B TOUKE Ty, C CHIION

F = ’)’7’71;17%2 Sign(fl — .%2),

roe v > 0 — mocrosaHas Tarorerus. Ocobo momqUepKHEM, YTO CUITa, IPUTSI-
JKEHUS He 3aBUCUT OT PACCTOSHUS, UTO CBOMCTBEHHO OMHOMEDPHBIM MOMEIISM.
Cuil, OTJINYHBIX OT T'PABUTAIMOHHON, B HAIIIEH MONEIN HET.

WNrak, cucrema mMOTHOCTHIO OMPENENISIeTCs KOIUIECTBOM YACTUIL 7, UX
MaccaMu, KOOPAUHATAME U CKOPOCTSIMU B HAYAIBLHBIT MOMEHT, & TaKXKe I0-
CTOSIHHOI <. 1'a3 Ha3bLIBAETCS TOA00MbIM, €CIIU BCEe HAUYAJILHBIE CKOPOCTHU
HYJIEBBIE, U MeENAblM B TIPOTUBHOM ciaydae. [l TpOCTOTHI OMUCAHUS MBI

npennonaraeM, 9To x;(0) yIopsIoueHsl 10 BO3pACTAHUIO.
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IIpu onmucanuy crcTeMBI YACTHUIT MBI IPUAEPKUBAEMCS TPABUI KJIACCH-
YeCKOU HbIOTOHOBCKON MexaHuku. OTCIoma yCKOpeHue JIF0OON YaCTHUIILI IIPO-
MOPIIMOHAIIEHO PA3HOCTU CYMMAapPHBIX MacC YaCTHIl, HAXOMSIITUXCS CIIpaBa 1
c7leBa OT Hee.

OHHOfI 3 KJIIOUEBBIX XapPaKTEPUCTUK ra3a ABJIA€TCA IIOBEOCHUE YaCTUIL
MIPU CTOJKHOBEHUAX: UACTUIIBI CAUNGIOMCI, TIOMUNHSISICH 3aKOHAM COXPaHe-
HUSL MaCChI 1 UMITYJIbCA. OTMeTI/IM, Y9TO IIPpU 3TOM 3HEPrusd CUCTEMBI I1IagaeT.
Taxue CTOIKHOBEHUS HA3BIBAIOTCS GOCOAIOTMHO HEYNPY2UMU.

HOBbIe YJaCTUIIBI, 06pa30BaBHmecz B pe3yabTaTe CJINIIaHNA, Ha3bIBa-
IOTCS Kaacmepamy. B manbHeRIeM caM TEPMUH 4%aCcmuta MbI OyoeM UCIOITb-
30BaTh TOJILKO OJig 0003HAYEHN UCXOMHLIX YaCTUIl. A KaacTepoM OymeM Ha-
3BIBATDH HE TONBKO PE3YIbTAT CIUIAHUS, HO U JTIO0YI0 UCXOOHYIO YaCTUILy, HE
VCIIEBIITYIO UCIIBITATHL CTONKHOBeHME. TakuMm oOpas3oM, ra3 B JTI000H MOMEHT
t > 0 aBiseTcs HAOOPOM KIIACTEPOB, KAXKIIBIN U3 KOTOPBIX COCTOUT W3 OTHON
WU HECKOIBKUX JIACTHUII.

OquI/II[HO’ Y9TO BCE YaCTHUIBI PaHO UJIXA IMO3OHO CIUIIHYTCA B OOUH KJIa-
crep. TOT MOMEHT, KOr/ia IPOM3OIIET YKa3aHHOE COOBITHE, HA30BEM 6peMe-
HEM KOAAANCA CUCTEMBL 1 0603Ha"NM (<,

B sToil paboTe MBI m3y4aeM TOIBLKO T€ CICTEMEI, B KOTOPBLIX BCE MAaCCHI
HCXOMHBIX YaCTHUI[ PABHBI MKy cO6Oil, a UX cyMMa ecThb 1, T.e. m; = n~ !,
roe 1 < ¢ < n. He ymamas obimaOCcTH, mostoxuM v = 1. Insg xkpaTkocTu
o6o3raunm x; = z,;(0) u v; = v;(0).

2.2. BeposTHOocTHas Mmozenb. Temeps OymeM cuuTaThb, 9TO T; U v;
SIBIITIOTCS CITyIAHBIMI BeJIMYMHAMY, & 3aKOHBI, KOTOPBIM IOTYUHSIETCS II0-
BEEHUE CHCTEMbI, OCTAJINCh MPEXHUMI, NeTePMUHUCTUYECKUMU. Kaxmas
MOMEeNb Tra3a, TaKuM o0pa3oM, IOJTHOCTBIO XapaKTepu3yeTcs BBIOOPOM YKa-
3aHHBIX CIIYYANHBIX BEJIMYUH. 3amada, KOTOPas BO3HUKAET IIPU TAKOM IIOMI-
Xome, — ONNCAaHNEe B TEPMUHAX TEOPUM BEPOSITHOCTEN Pa3IMIHBIX CBOWCTB
CHCTEMBI B IIpefiesie IpU N — 00. TakmM 06pa3oM, MBI UCCIEIyeM XapaKTe-
PUCTUKN «TUNWYHOW® CUCTEMBI, COCTOSIIEN U3 OOJIBIIOTO YUCIA JACTHIL.

HavganbHbIe TOIO2KEHU ST YaCTUII BADBUPYIOTCS B PAMKAX CJIEIYIOIINX
Tpex Mofesell, KOTOpbIe Ha, caMOM meje 001amaioT MHOTUME ONWHAKOBBIMI
TIpeneIbHBIMI CBOHCTBAMI.

Iyacconosckad modesb IPEONOIATACT, ITO L; €CTH MOMEHT $-TO CKAUKa
IyaCCOHOBCKOTO MPOIIECCa MHTEHCUBHOCTH 1. DTa MOMENh YIOOHA TeM, UTO
nis goboro ¢ > 0 pa3HOCTH ;1 — T; HE3aBUCHMBL U PACIpENesIeHbl DKC-
HOHEHIMAIIBEHO, €O cpemHuM N~ L. 3meck MBI (POPMaIBHO mosjaraeM Ty = 0.
s xpaTKOoCTU HAYaJIbHBIE TOJIOXKEHUS JACTUIl B 3TOM Momenaun Oymem 060-
3HAYATL X;.

Bo BTOpoit Momenu, uMeHyeMOt HaMU He3G8UCUMOY PABHOMEPHO PAcCnpe-
deaennot (H.p.p.) Modeavlo, T; €CThb i-s MOPSIKOBAas CTATUCTUKA BBIGOPKU
U3 N HEe3aBUCUMBIX PABHOMEDHO pacupeneieHHbix Ha [0, 1] ciyuailHbix Besu-
g, HavagbHbIe TOMOXKEHUsT YacTUIl B H.p.P. Momenu 6ynem o603HauaTs X, l’ .
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B pamkax pewemuamoti modequ HaIaIbHBIE HMOJIOXKECHUS JacTHI] GUK-
CUDOBAHBL: T; = i/N.

XoTs H.p.p. Mozmenb Gojlee MHTEPECHA, HO IIyaCCOHOBCKAs IIPOLLE M3-3a
y¥Ke YIOMSHYTOl HE3aBUCHMOCTH DACCTOSHUI Mexny dacruuamu. CBs3b
MEXIYy MONEJISIMU M3JIaraeT CIIMYyIOIas NU3BeCTHAS JIEMMA.

Jlemma 1. ITycmv X; — momenmbl CKAYKO6 NYACCOHOBCKO20 NPOUECCA
(npouzsoavnot unmencusnocmu). Toeda cosmecmmoe pacnpedesenue cay-
watinoir seauuun X, = X,/ X, 11, ede 1 < i < n, cosnadaem ¢ cosmecmmubim
pacnpedesenuem nopaA0K0EblL CMAMUCUK 6bI00PKU U3 T HE3ABUCUMIL PA6-
nomepro pacnpedeaenuviz wa [0,1] cayuaiinpiz sesuuun.

HauasbHbIEe CKOPOCTHU v; IOJATAIOTCS HE3aA6UCUMbIMU (8 COBOKYN-
nocmu) ¢ x;. Kpome Toro, v; HOIKHBI OBITH HE3ABUCUMBL MEHCAY CO60T U
0dunaro6o pacnpedesenvl. B XOIOMHOM rase, Kak yxe roBOpmwioch, v; = 0.
B ciyuaae Temmoro rasza 1acTo paccMaTPUBAETCSI HOPMAIILHOE PACIIPENETIEHIE
HAYAIBbHBIX cKopocTed. Omaako Mbr moTpebyem mumms Dov? = o2 < oo.

Bynem cumrath, yro Ev; = 0. O6mmit caydail momydaeTcs w3 pac-
CMATPUBAEMOTO MOGABIIEHUEM K NBUXKEHUAM YACTUIl CABUTA C TOCTOSHHON
ckopocThio Ev;. Ilpu 5TOM 6ce OCHOBHBIE XapaKTEPUCTUKU CUCTEMBI, 38, UC-
KJTIOYEHNEM SHEPTUU, OCTAIOTCS MPEXKHUMM.

3. ImHaMuka U KWHEMaTuUKa cucTeM. [Ipu mccnenoBanuu crcrem
JaCTUIL KITI0UEBYIO POJIb UT'PAET CBOMCTBO, CDOPMYINPOBAHHOE HIXKE B IIPE-
noxennn 1. OHO MHOTOKPATHO UCIOJIB30BAJIOCH B CTAThsX [2]—[7] 1 mosTomy
XOpOIIIO w3BeCcTHO. [y 6ombireit OOIIIHOCTY BCe (POPMYTUPOBKY OATOTCS s
CHCTEM C IPOM3BOJIBHBIMHI MaCCAMU HAYUAIBLHBEIX UaCTHUII.

B sToMm pasmerne umcio 4acTuUIl . CINTAETCS (PUKCUPOBAHHBIM.

3.1. Bsoku yacTun u HeHTPbI MacC. B.i0KoM JaCTUL HA30BEM IPO-
U3BOJILHBIA HAOOP YACTUIl C UAYIIIMMEA TOAPSI HOMEPAMU. Y CIIOBUMCS OIIOK
yacTur ¢ Homepamu ¢ + 1, ..., + k ob6osuauars J = (3,1 + k|, comocrasisis
eMy IOIMHOXECTBO OTpe3Ka HaTypasbHbIX umncen [1,n]. Pasmepom 6ioka
€CTECTBEHHO HA3bIBATH YUCIIO €0 3JIEMEHTOB. 3aMEeTHM, YTO HEKOTODBIE Ua-
cTunbl 6710Ka B KAKOM-TO MOMEHT MOI'YT HAXOAUTHCS B OIHOM KjlacTepe C
YACTUIIAME, HE BXOMISIIMME B G/I0K. Bymem roBoputb, uTo 60K c60600€H
K MOMEHTY t, €CJI €ro JaCTHIbI ellle He CTAIKUBAINCH C JaCTULAMI BHE
6/I0Ka. DTO OIpeNeeHne MOXHO HEMHOIO OCIIa0UTh: OJIOK c8060den cnpasa
(cae6a) K MOMEHTY t, €CJIM €10 JaCTUIIbL ellle He CTAIKUBAIINCH C YaCTUIAMI,
HAXOIAIIMMIUCS cripaBa (ciieBa) oT 670ka. Beemem erie omHO 0603HAUEHME:
KJIacTep, COCTOSIIMIA U3 YaCTUI, BXomsmux B 610k J = (4,7 + k] (1 Tombko
u3 Hux), Gymem sanuceBars K (4,1 + k] = KJ.

Oqub yIIO6HO cauTaTh, 4YTO HMCXOOHBIC YaCTUIIbl HE MCYE3al0T IIpu
CTOJIKHOBEHUSX, & IPONOIIKAIOT CYIeCTBOBATH B COCTaBe 0OGPA30BABIINXCS

kiactepoB. IIpu sTom mx koopmuHaThl x;(t) U cKopocTH v;(t) IOHIMAIOTCSE
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KaK COOTBETCTBYIOIINE XapPaKTePUCTUKN CONEPKAIIIEr0 UX KIacTepa. 1akmM
obpasoM, z;(t) u v;(t) onpenesnens npu Beex t > 0.

YuurbiBas Bce ckazanuoe, mpu t > 0 ompemenmumMm Yewmp maricecmu
OJT0Ka, KOTOpBIN OymeM 0003HAYATH

z;(t) :Mjlzmja:j(t)7 rze MJ:ij.
jed jeJ
Amnasoruyno onpenenseTcs
vs(t) = M5y myu;(t).
jeJ

IIpennoxenune 1. IIycmy 6aox J = (i,i + k| ceoboden x momenmy t.
Tozda e2o yenmp maxcecmu JeuAHCEMCT Kak eQUHAT UACNUYA CYMMAPHOT
MACCHL U CYMMAPHO20 UMNYALCG, M. C.

(g M)
2

z;(s) =x5(0) +v;(0) s+ , 0<s<t,

(R) _ (L _
ede My™ = > i, pmy u My~ =37, m; — Maccel wacmuy, usHauatbHo

HCLiEO(?}IUJ,u.’L'CH COOmeemMcCmeeHHO cnpasa u caAeea om J.

CanenctBue. B 10400nom 2a3€ npu 4100b1T HAUAALHHIL NOAOHCEHUAT UG-
cmuy, tff“ < \/5

HoxkasartenscTso. OueBunHo, cylecTByeT Takoe k € [1,n],
qro 6noku [1, k] u (k,n] cBoGomuer k Momenty t<°!. Tlocre HECTIOKHBIX TIpe-
obpazoBaHuil (ra3 XoJOmHbIA, T.e. v; = 0) momydaeM (g, (s) — zpk(s) =
Z(,n) (0) — 2 2 (0) — s2/2 st moGoro s < t°M. TIoCcKONBKY B MOMEHT CTOJIK-
HOBeHUs cupaBemmuBo iy (t5°1) = @ o (t"), 1o (8°M)2/2 = z(4,n)(0) —
z1,4(0) < 1.

B 6omee obmiem ciydae, KOrma YacTHUIBI OJIOKA MOTJIM WCHBITHIBATH
CTOJIKHOBEHUS C YACTULAMIE, HAXOMAIIUMUCS ClieBa (CrpaBa) OT GJIOKa, CIIpa-
BEIJINBO CJIEMYIOIIEE TIPEIJIOKEHNE.

IIpennoxenune 2. [Tycmo 6aox J = (i,i+k| ceob6oden cnpasa (caesa)
x momenmy t. Toeda

(g )

z;(s) = (<) 2s(0) + vs(0) s + 5 ;

Haxkomerr, BBenem ¢yHukImio

(5" — M") 5
2

x7(0) +v5(0) s+ , s> 0,

KOTOpAasl OIICHIBAET BOOOPAKAEMYIO TPAEKTOPUIO NBIKEHUS IIEHTPA TskKe-
ctu 650ka J 6e3 yueTa CTOJIKHOBEHUN CO BHEITHUMU YACTUIIAMU.
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3.2. Bpems knactepusanuu. Bpemenenm xaacmepusayuuy t§ 6moka J
HA30BEeM TOT MOMEHT, KOTZa BCE €r0 YaCTUIIbI BIEPBHIE OKAXKYTCSI B OTHOM
kiacTepe (KOTOPBI MOXKET comep:kaTh JacTuusl He u3 J). Bpewms xmacre-
pusamuyu 1§ YACTUIEI C HOMEPOM j — 5TO TOT MOMEHT, KOI/Ia OHA CIIMILIACH
¢ (j + 1)-it wacrumeir. Ilo onpenenenmio, t§ = t
aroboro 6moka J = (4,1 + k| Beimonusercs

cl

(i1 OueBunHO, YTO HiId

t = max t5. (1)
i<j<itk
OTcrona MOHATHO HAIIle CTPEMJIEHIE HANTHU CIIOCO0 BBIYNCIICHUSI tjl. Ero maer
CIIEMYTOITIee TIPENJIOKEHIE.
Ilpennoxenune 3. g 4060t wacmuybt 1 < j < n epemd ee xaacme-
PU3AUYUY €CNb
cl _ - . . * * _
t; = inf {s >0: min (2(;,(s) —z{,;(s)) = 0}. (2)

0<i<y
j<k<n

HecnoxHoe [OKa3aTeIbCTBO, BBITEKAOIIEE U3 NIPENTIOKEHNsS 2, MOXKHO
HaiiTu B [4].

Bameuanne Bce ypasrennsa (OTHOCHTENTBHO S) BUmA T(; 4 (S) —
z{; ;1(s) = 0 UMEIOT POBHO ONWH HEOTPUIATEIBHBIN KODEHb.

IelicTBUTENBHO, U3 ONPENeIeHns BeIuIrnH & (S), momydaem

A4khk]82
4442244*.

CBOGOMHBIN jIeH HEOTPUIATEICH, a KOd(PMUIUEHT IpH 2 MEeHbIIe HyJId.
Tenepb MBI TOTOBBI IPUCTYIUTDL K M3YUEHNIO CTOXACTUIECKNX CHCTEM

(.9 (8) =205 (8) = 2.1 (0) = 21,57 (0) + (V5,41 (0) — 01,51 (0)) s — (3)

JaCTHUII.

4. Tlpemen BpeMeHU KJiacTepus3anuy dyacTunbl. s Havama HaM
noTpebyeTcst MCCIENOBATh ACUMITOTUKY BPEMEHN KJIACTEPU3AIMN JACTHI.
Io cux mop, KOrma MBI UMEIN €710 ¢ MONOOHBIMU BEIMYMHAMUI, YUCIIO Ya-
ctuil n 66110 GUKCUPOBAHHBIM U yKa3aHUe Ha Hero He TpeboBanock. Temepnb
ke, IIPU [IEPEMEHHOM 71, CTapasi 3alliCh CTAHOBUTCS. HEKOPPEKTHOM. 3aMeHuM
ee Ha t;ln (BpeMs KiacTepu3anuy j-it U3 1 JaCTIUIL).

[Ipu MeHsIoIEeMCsI 7 €CTeCTBEHHO MEHTh 1 HoMepa yacTuil. Hampumep,
«CpenHss» YacTHULa NOJKHA mMeTh Homep n/2. HasoBem mocremosaTernsb-
HOCTH (HOMepOB vacTun) r(n) munuunot, ecnu limr(n) = lim (n — r(n)) =
+oo mpu n — oo u r(n) € [1, n| musa moboro n.

JIemma 2. B zoa0dnom 2a3e 041 NYyacconosckol U He3asucumot pas-
HOMEPHO pacnpedeaennoli modeaeti 6epno caedywee. ag 41060t munuy-
noti nocaedosamenvrnocmu r(n) eeauuunvt t° cxodames no pacnpedede-

r(n),n
Huto K e 3asucswemy om r(n) npedeay. Ob6oznavum

f(t) = lim P{t5()n >t} t>0.
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Hag f(t) cywecmeyem senoe svipaxcenue (8). Oma Pywkyug nenpepviena,
MOHOMONHO YObI6aem U PasHa Hywo npu t > 1.
Boaee moeo, ecau r(n) < n/2 dag awobozo n, mo nput >0

max P{td >t} — f(t)|—0, n —5 00, 4
jé[r(n),n—r(n)]| {Jvn } f( )| ( )

Bameuanune. Boraucnurs f(t) aBropy moka e ynanock. Omaaxo
KOMITBEOTEPHOE MOJeINPOBaHue NoKasbBaeT, uto f(t) = 1 —t* mpu t € [0, 1].
CTonb MPOCTOI OTBET IMPOCTO OO3BIBAECT MPONOIIKATD YCHUIIUA.

Dynkuio f(t) 6ynem HasbBaTH GynKyuel Kaacmepu3ayuy (XOIOLHOTO
rasza). DTO OmpeeseHIe HaBEessHO TEOPEMO 1 U3 CIIEMYIOLIEro pas3mera.

HoxaszaTenbcTBo. Hacmb nepsad: NOKA3aTEIHLCTBO MJIS IIyac-
coHoBckoit Momenu. Ilycts n dukcuposano u j € [r(n),n — r(n)]. s
BBIYHCIICHN £ MBI BOCIOTB3yeMcs hopMyioit (2) u3 mpemoxkenns 3. Tak
Kak m; = n~ ', a ras xononusii (v; = 0), To dopmyna (3) npumer Bun

1 k 1 J k._l 5
T (8) =i (9) = g7 2 Xem oy DL X e

i=j+1 i=1+1

ITockonbKy 9TO BBIpayKeHUE MOHOTOHHO yObIBaeT npu s > 0, u3 dopmysst (2)
s moboro t > 0 momygaem

1 ¢ 1 k—1

j<k<n =j+1 J - ! i=l4+1
Hpeo6pa3yeM BBIpaXKeHne, COOTBETCTBYIOIIEE PACCTOSIHUIO MEXIY LeH-
TpaMU TSI2KECTU:

j
Loy ox
j—1 i=l+1

1 J
X -y X
J—1 i=l+1
1 J

] > (X, - X)) (6)

T V=l

BBunmy He3aBHCHMOCTH IpUPAIIEHWH U CTAIMOHAPHOCTU IIyaCCOHOBCKOI'O
Ipolecca, 3Ta CIydaiHas BeJINUUHA UMeeT TaKoe XKe pacIpelelleHne, KaK I
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roe Z; m W; — MOMEHTBHI CKAQYKOB HE3aBUCHMBIX IIYaCCOHOBCKUX IIPOIECCOB
uaTercusHOCTH N. OTCona ¢ yueroM dhopmyssl (5) Ml BpeMeHU KIIaCcTepu-
3aIIAK [OJIyYaeM

1 P+
cl _ : - 2
P{t;, >t} =P min Z Zi+— > W; “on t*] >0
1<p<n—j =1
3aBepiuM mpeobpaszoBaHms MEPEXONOM K MOMEHTaM CKadykoB P; u (Q; cran-

OaPTHBIX HE3aBUCUMBIX IIYaCCOHOBCKUX IIPOIIECCOB:

Pt > =P! min (LY P4 1 ZQ p+qt >0

fu>th=Po min (3R ;
1<p<n—j

[TosTomy mipm mr060M ¢ Tpemesn Mo 1 BBIPAXKEHUS P{tr(n , > t} cyme-

CTBYeT M He 3aBUCHT OT r'(n) (CM. ONpeleseHre TUIMYIHON IIOCIIEOBATEIb

Hoctnu). Hanee, eciu j € [r(n),n —r(n)], To

cl . p + q 2
ft) <P{t5,, >t} <P{ min ZP +- ZQZ 2] >0¢. (7)
1<p<r(n)

Orcrona momyyaeM paBHOMEPHYIO OLEHKY (4), Tak Kak Ipasas 4acTb CTPe-
mutcs K f(t) mpu n — 00.

Ocramoch mokazaTh, urto 1 — f(t) aBaseTcs QyHKIMEN paCIpeneseHus.
OTto HesaMennMTeano crenyer u3 Teopembl IIpoxopoBa. eficTBuTensHo,
Tak Kak 0 < T(n) L <t 1o, Mo crencTBIIO IpenyIokenus 1, pactpeneenHus

CITyqAfHBIX BeIIuH by, . cocpenoTodens ma [0, V2.

Takum 06pa3oM, GYHKIWS KIIACTEPU3ANUN HEIIPEPBIBHA cIpaBa. dTo0BI
HOJIYyYUTh HEIPEPBIBHOCTH ClieBa, nonoxkuM 7(n) = n/3. Torma npu n — oo
IpaBasi YacTh BhIpaxeHus (7) moToueuno cxomurcs K f(t), MOHOTOHHO yOBI-
Bag 10 n. IocKonbKy cxomsimecs GyHKINE HEIPEPBIBHBI, OTCIOAA CIIELYeT
UCKOMasl HEIPEPLIBHOCTD cieBa st f(t).

Pasencrso f(t) = 0 mpu ¢t > 1 ciemyer U3 CJIELYIOIIETO XOPOIIO M3-
BeCcTHOTrO (axTa (Hampumep, cM. [3]): B XomomaoM rase (mpu 060l u3 Tpex
MOZIeSIell HAYAIbHBIX [IOJIOKEHI )

teoll LN 1, n — 0o.

Haxowen, st momydenus Gosee yno6uoro seipaxkenus mis f(t), B (7)
nepefiieM K Ipeferty 10 7 U BOCIONIb3yeMCs CBOICTBOM HEIPEPLIBHOCTH Be-
POSITHOCTHOI MEPBHI:

4 1 1 —1
Y P-Te)hmin (- Y@L ) > 0p ®)
i= q i=1

2 geN
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HamomuuMm, uro P; u (); — MOMEHTBI CKAYKOB CTAHOAPTHLIX HE3aBUCAMBIX
MIyaCCOHOBCKUX TpoiieccoB. MOXHO TakkKe MOKa3aTh, UTO

k: 2
t2 . 2.
f(t)=e"P{ min ) (P, —t%) >0
kEN
i=1
Qacmv emopag. Ilokaxem, 9TO H.p.p. MOIENb HA€T TAKOU XKe Pe3yilb-
TaT, KaK U myacCoHOBCKas. OrpaHmamMcs TpoBepKon ycaosus (4).
IIpeoGpasys Beipaxkenue (H) Myt TOrO, YTOOLI SIBHO BBIAEIUTEH t, MOJIO-
KM

on 1 & 1 <
Gj[yly...,yn]:}gl?jm m Zyi—.il Zyi

j<k<n i=j+1 J— o
C ucnonp3oBanueM 5Toro 06o3HaueHus (5) IpUMeT BUI
1 2
{t5, >t} = {G;[Xy,..., X,,] >t}

(t;ln 30IeCh, €CTECTBEHHO, IJIs IIyACCOHOBCKOI MONen). B H.p.p. MOmesIun Bbi-
paxeHnne OJjsd BPpEeMEHUN KJlaCTepu3alnll YaCTUIbI 6yneT abCOJIIOTHO TaKUM
ke, X; nuirs 3amensercs Ha X.. Bocmomb3yemcs memmoit 1 u ocyiiecTBuIM
Tepexoll OT ONHOU MOMENIN K IPYTOI:

X X,
P{G,[X!,...,X] > £} = P{Gj[X ;,...,X +1] S t?}.

N3 onpenenerns G erko BUOETb, ITO

X, X, } L GlXy,. X

J Xn+1 _Xn+1 Xn+1

BuaunT, nokaseiBas (4), MBI HOJDKHBI YCTAHOBUTH CIIPABEIJIMBOCTD DABEH-
CTBa

lim  max P{Gj[Xl,...,Xn]>Xn+1t2}—f(t)‘:0. (9)

n—00 je[r(n),n—r(n)]
g Hagasa 3aMeTHUM, 9TO

X o 1. (10)

HeficTBUTENHHO, TEPEXONS K CTAHIAPTHOMY IIyaCCOHOBCKOMY IIPOIIECCY, IO-
ayaaeM X1 < w+1/n. Ho P,y sBusercs cymmoint n + 1 He3aBuCHMOIL
SKCTIOHEHIINAIBHO PACIIPENeSIEHHON CIIyYallHON BEJIWYWHBI CO CpemHuM 1, m,
CIIENOBATENBHO, MPUMEHUM 3aKOH OOJIBIIIAX UUCEJT.
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st npoussonssbx € € (0,1/2) u j € [1,n] MOXHO BBIBeCTH

P{X, t?’<G}<P{1-e)t* <G} +1-P{|1 - X, 1| <e}

P{X, . t? <G} >P{(1+e)t? <G} —1+P{1-X,.,| <e}.

C IIOMOIIIBIO 3TUX OLEHOK IIOJIy4YacM HEPpaBEHCTBa

P{X,1 2 < G} = f(B)] < [P{(1+ )2 < G;} — f(1)|
+[P{A )2 < G} = F(B) + 1= P{L — Xpia| < €}
<|P{I+e) 8 < Gi} = F(1+2)"20)
+[P{1 - ) # < Gj} = F((1-)/p)|
+H{H(a =) - f(A+0) )} + {1 - P{1 - Xona| < £}},

BO BTOPOM IIEPEXOIIE UCIOIB30BAIACHE MOHOTOHHOCTE f(t). B mocrmenuem me-
pPaBEHCTBE BO3bMEM MakKCUMyM 10 j € [r(n),n — r(n)] u ocyiiecTBuM nBa
NIpeNeNbHBIX MIEPEXOa, CIepBa Mo n — 00, a 3aTeM 1o € — 0. IIpu sToMm MBI
nomyuuM (9). eficTBUTENBHO, MAKCUMYM CyMMBbI HE MPEBOCXOOUT CyMMBbI
MaKCUMYyMOB. HB& IIEPBBIX CJIaraeMbIX 6yIIyT PaBHEI HYJIIO Ha OCHOBaHUM OO-
Ka3aHHOI MEePBOIl YaCTH, TPeTbe — M0 HenpepbiBHOCTHU f(t), 8 yeTBEpTOE —
B cuity (10). Jlemma 2 nokasana.

O6paTtumMcs Tenepb K TemioMmy rasy. (OKasbiBaeTcsl, TUIMUYIHLIM sSBJIe-
HueM OyIeT MTHOBEHHOE CIIUIIAHUE TPOU3BOJIBLHON YACTUIIRI ¢ cocenuer. bo-
Jiee TOro, Mbl yBUANM, 9TO TUIINYHO MI'HOBCHHOE O6pa3OBaHI/Ie CKOJIb YTOOIHO
0OBIITIX KJIACTEPOB.

JIemma 3. B menaom 2aze (npu 410601 u3 paccmampusaemuir modeset
HAUAALHBIL NOA0KHCENUT) 0ad 0601 munuunol nocaedosamesvrocmu 1(n)
BBINOAHICNCA

tel P, 0, n — 0.

r(n),n

Boaee mozo, ecau r(n) < n/2 dag aobozo n, mo npu 7 > 0 cnpasedausa
PAGHOMEPHAT OUYECHKA

min  P{t¢ <71} —1, n — 0.
j€lr(n)m—r(n)] "~
HoxaszaTenascTso. [lycTs 3adukcupoBano mpousBosabHoe 7 > 0,
aj € [r(n),n —r(n)]. CroBa BOCIOIB3YeMCs YCIIOBIEM KJIaCTEPU3ALNY U3
upemiioxenus 3. Gopmyna (3) npumer Bun

k-1,

z(;5(8) = 2(;1(8) = 231 (0) — 201,57(0) + (V5,1 (0) — v0,57(0)) s — ek
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KosddunmerTs 5TOro KBampaTHOTO TpeXdwiIeHa 0003HAUIMM a;k, b x W ¢k,
HaunHas co crapuieit crenenn. Cam TpexuiieH o6o3HaunM hy (s). IIpu sTom
YCIIOBHE KilacTepusanuy (2) 3aluieTcs Kax
1 . .
tS =inf{s>0: min h;;(s) =0;.
7,n = 0<i<j l,k( )
j<k<n
Nsyunm nonpobree ypaBHEHUS Ay, 1 (S) = GpmmS® + binmS + Cnm = 0.
. _ 2
Hitst HuX Ry (0) = Conm = 01 By i (—Conom /Oimm) = @ (Conn /b ) > < 0.
ITosromy ecmu by, ,,, < 0 I KakKOro-To m, TO HEOTPUIATEILHBIN KODEHb
OyIeT MeHbIe, 9eM —Cpy /by m. SHAUAT,

C
cl m,m
{bmm <0} = {tm < _b}' (11)
m,m
BblIsicHIM, HaCKOJIBKO BEPOSITHO HAWTHU TaKOe M, 4UTO by, ,, < 0. Ilo-
JIOXKUM U1 = VU; — Vs U BBEIEM HOBYIO IIOCJIEIOBATEILHOCTD IIEHTPUPOBAH-
HBIX HE3aBUCUMBIX OMHAKOBO PACIIPENEIEHHBIX CIIY YalHbIX BeJIMInH {U; }52 .

Torma
Jjt+m J

mbm,m = Z Vi — Z V; g i’ljz (12)
i=1

i=j+1 i=j—m+1

Badukcupyem npoussonbuoe € > 0. Cymectsyer Takoe N = N(g), uro
~ €
;< —1r>1-— oh (13)

CrpaBemmuBOCTb 9TOTO YTBEPXKAEHNUS BHITEKAET U3 COOTHOIIEHMSI
1 “ 2 © s
P{ —— max E u; > o —>—/ e 2dx, n — 00,
vnDuy tsmsn = V2or Ja

1

roe a > 0, a u; — HE3aBUCUMBIE OMMHAKOBO PACIIPENETICHHBIE CITyJaiiHbIe
Benn4IuHLL Takue, 970 Duy < oo u Euy = 0 (em. [8, ri. 2, §10]). Hanomunm
yuTaTeo, uTo y Hac DU = 202 < oo.

YemoBumMcest, 9TO N 1OCTATOYHO Besmko (Takoe, uro N < r(n) u r(n) +
N < n). Hockombky

1<m<N 1<m<N N

{ min_ mb,, ., < 71} = { min_ by, ., < 1}7

u3 (12) u (13) momywaem

1
P{ min bm,m<—} ~1-°. (14)

2

Teneps w3yanM KOIOPUIUEHTDL Cpy . Y IATHIBAS, ITO Z(;j ) (0) < Tf 1
T111 < 2,5(0), mveem

1<m<N N

max c =c < TignN — Tie . 15
1<mSN m,m N,N X Lj+N j—N+1 ( )
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OTHOCHTENLHO MPABON YACTH MOXKHO CKa3aTh, UTO IJISA JIIOOOH U3 TPEX MO-
nerell Ha9aJIbHBIX TOJIOXKEHUN CIPABEIITIBO

P
max  (zTiyn — Ti—ny1) — 0, n — oo. (16)
i€[r(n),n—r(n)]
JI7st H.p.p. MOZIETIN 5TO BBITEKAET M3 TE€OPEMBI | JIMBEHKO, KOTOPas TapaHTH-
pyeT, 4To

max | X — —| — 0, n — 0o. (17)
1<ig<n n

1 ‘ P
A mist myaccOHOBCKOI MOMEIN CHPaBEIJIMBOCTE cOOTHOIeHus (16) cremyer
73 €ro CIPaBENINBOCTHU IJIs H.p.p. Momenu. IlocTaTOYHO OCYIIIECTBUTD yKe
U3BECTHBIN MIEPEXOI OT OMHOI MOMEIN K APYToil u BCIOMHUTS (10).

W3 (15) u (16) momydaem, 9TO Ipu BCEX NOCTATOYHO GONIBIINX 7

1<m<N N 2

P{ Max_ Cpym < T} >1- %, (18)
dopmyner (14) u (18) maror
P{Hme 1, N]:0<—Zm’m<r} >1-—e¢.

C yuerom mmmukamuu (11) orciona ciaemyer, 94To npu GONBIIMX 1 BBIIOJ-
merno P{t, < 7} > 1—&. PaBHOMepHOCTH 5TOIT OneHKH 110 § € [r(n), n—r(n)]
BBITEKAECT U3 PaBHOMEpHOCTH oueHku (16) m mesaBumcummocTu oreHku (14)
oT j.

CanencrBue. /lig 06020 namypasbrozo M

min P{tS  ann <T}—1, n — oo.
j€lr(n),n—r(n)] {65400, }

Hoxasarensctso. Jlerko momyuaercs us dopmyist (1).

5. IIpenesibHOE KOJIMYECTBO KJIACTEPOB. 3IECh U3JIaraeTCs OIIH
W3 OCHOBHBIX TIOJIyUE€HHBIX Pe3yIbTaToB — (OpMyiia IS KOJIUIeCTBa Kila-
CTEPOB B XOJIOTHOM Ta3e.

Teopema 1. B zoaodnom 2a3e 0ad nyacconosckot u w.p.p. modeset
npu aoom t > 0

— f(1), n — oo. (19)

HokxaszaTeascTBso. W3-3a orpaHnuyeHHOCTH 00BEMA CTATHU MBI
IPOBENIEM [IOKA3aTeILCTBO JIUIIL MJIs IIYyacCOHOBCKON Momenu. llokaszaTernb-
CTBO IJId H.p.P. MOOeNn abCOTIOTHO AHAJIOTUYHO BTOPOUA YACTHU NOKA3ATEITh-
CTBAa JIEMMHI 2.

SamMeTuM, YTO HOKa3aTEeILCTBO MOXKHO MPOBOOUTE juiilb miist 0 < ¢ < 1,
TIOCKOJIBKY IJIST OCTAJIBHBIX t OHO TOJyYaeTcs aBToMaTwdecku. JleficTBu-
TEITbHO, €CITN yTBEPXKIEHNE TEOPEMBI VK€ MOKa3aHO Il BceX t < 1, To mpn




QHCZ)Z’UJI U KOAUYECTMBO KAACMEPOB 68 CUCMEMAL YACTNUY 253

t = 1 ero cupaBemIUBOCTD Cpa3y ClleyeT u3 HempepbiBHOCTH f(t), paBeH-
crBa f(1) = 0 u MoHOTOHHOTO yOBIBaHUs 10 t BenumanH K, (t). Husa ¢ > 1 ono
O4eBUIHO TeM OoJee.

Wrak, sadpukcupyem mpomssosmbHoe ¢ < 1. Kaxpmas coummascs co
CBOUM IIPABBIM COCENOM YACTHUIA YMEHBIIAeT MCXOMHOEe KOIINIECTBO KIIacTe-
poB (T.e. n) Ha omumH. CrenoBarensHo, K, () ecTb pasHUIA MeXIy M U
YIICIIOM CIIUIIIAXCS CO CBOMM cocenioM dacTull (K MomeHTy t). Mmaue, 510
€CTh JIHUCIIO0 YACTUL, He CIUIIINXCSI CO CBOMM COCENOM CIIPaBa, T.e.

K. (t) = #{j € [Ln—1]: ¢, > t}.

s mo6oro 6 € (0,1/6) mocrenoBarensHOCTH 7(N) = 0N ABISETCSA TH-
nranoit. [losToMy Hpu mokasaTenbCTBE MBI Oy[EM IOIB30BATHCS TEM, UTO
U3BECTHO INPENeNIbHOE BPEMs KIIACTEPU3AIMN KAaXKIOi YaCTHUIBl ¢ HOMEPOM
Jj € [on,n — on| (cm. memmy 2).

WmeeT MecTO Takas OIeHKA:

#{j € [on,n — on]: £, > t} <K, (t) < #{j € [6n,n — on]: ¢, > t} + 24n.
[ockombky § BEIOpanHO Tak, uto (1 —24§)~! < 1+ 34, To oTcrona

K,(t) #{j€lon,n—on]: tI, >t}
‘ n (1 —-29)n

< 50. (20)

lim sup
n—oo

Teneps mis KaXOOW TACTUILI C HOMEPOM j € [5n,n - 5n] OonpeneInM
CITyIailHY 10 BEJIMIUHY 5](-") = 1,400 (t5},). Torma
P{eW =0} =P{t, <t} u P{M =1}=P{td, >t}. (21)

B TEpMMNHaX 5TUX BEJINYUH

n—én

#{j € [on,n — dn]: t;ln > t} _ Z gj(n)'

j=én

Harra 3amaga — mokasars, 910

‘ 1 n—oén (n) n—én u

n— 00 j=on
(22)
ITo emme 2, P{t5', >t} — f(t) mpu n — oo paBHOMEpHO 10 j € [dn, n —dn).
[MosTomy u3 (22)

n—oo

: 1 ' (n) 1/3 1/3

[MomyuenHoe cooTHolIeHUe, a Takxke Gopmyna (20) cupaBelIuBbL IPU BCEX

6 € (0,3). W3 mux npemensubM nepexonom 6 — 0 momydaem (19), uro u
TpebOoBaIOCH.
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Hawm ocranoch «uiie» goKas3ars (22), B 4eM U COCTOUT BCS CIIOXKHOCTb.
PaccmoTpnM koBapuannu

cov(e, &) = PAE™ = 1,7 = 1} - P{E" = 1} P =1

Orcrona cov (& (n) &G (n) )) < 1. OueHNM OUCIEPCHIO CYMMBI BeJIIINH 5](")

n—oén n—on n—2n
D(Z@@)— > cov(g”. ") = DS cov(&™, ")

j=dn i,j=0n l[i—jl=k
J J i,jE€[6n,n—bn]

20mn n—20n

Z Z cov (™ f(n) )+ Z Z COV(fi(n)»fJ('n))

k=0 li—jl=k k=26n+1 li—il=k
i,jE[6n,n—5n] i,j€[6n,n—dn]

20n n—20n

2271—1— > 2n max cov({fn),fj("))

25n<|i—j|
k=26n+1 i,jE€[6n,n—8n]

&".&").
1,jE[6n,n—8n]

Ecau mbr mokaxkem, ato

limsup max cov({f"),fj(n)) <0

26n<|i—j|
n—00 i,jE[6n,n—6n]

TO U3 HEPABEHCTBA Yebrimesa

limsupP{ T2 (ning ninP{t§1>t}> >51/3}

, 1 ") 4613
< e gy D\ 2. 87 ) < Toa

OTKy[Ia cliefyer uckomoe (22).

Takum 06pa3oM, Bce CBEJIOCH K IoKa3aTelnbeTBy cooTHomterus (23). ITo-
KazkeM, 4To 1yt jroboro € € (0,1) cymecrByer Takoe N(g), 4To mpu Beex
n > N (&) BBIIONHAECTCS

i,j € [on,n — dn], 20n < |i — j| = cov(fi("),ﬁj(»n)) < e. (24)

s xpaTkocTu BBemeM 0603HAUEHUE

k

Cm[lvkvyla'-'vyn — Z —l Z Tt2

1=l+1

Pamnee 6110 oy veso (dopmyia (5)), YTO B XOJIOLHOM Ia3e IJIsl IIyacCOHOB-
CKOM MO

oIi<m
m<k<n

P{ =1} =P{t) , >t} =P mmC[lle,...,Xn]>0}.
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Coepsa Mbl mokaxkeM, uyTo misa moboro € € (0,1) cymecrsyer Ta-
koe N (g), uro npu Bcex n > N (&) BepHa IMIIMKAIINSL

dn<k—l
0<I<m<k<n

me[én,n—dn]:>P{ min Cm[l,k,Xl,...,Xn]>0}>1—§(25)

U AaBTOMATHYIECKH
m € [on,n — in|

— p{ min - Cpllk, Xy, .0, X)) > o} <P{M =1} + % (26)
0<l<m\<:<n

B camom mene, mo Teopeme I'musenko mmeer mecTo coorHorerue (17),
u3 koToporo, ¢ yueroM (10), BeITekaeT

| P
max | X; — —| — 0, n — 00.
1<i<n n

Orcrona cremyer, uro mis jo6oro € > 0 cymecrByer Takoe N (g), 9To

. 1_2
n>N(5):>P{maX X,— 1< 75}>1—E. (27)

1<i<n n 4 3
Haiinernrnoe N (g) — uckomoe. JleficTBUTEIBHO, CIPABEIIINBO

i 1— ¢t
max | X, — —| <6
1<i<n n 4

1 k
= Vi, k,m e [l, n ‘k Z X

—m

1

- ZXZ'_

m —

U IO3TOMY

') 1—¢2
max | X; — —| < ¢
1<i<n n 4

= Vikmel[l,n] Cullk Xi,...,X.] > (

Jlerko BumeThb, 4TO OTCIONA, C yueToM ycioBus (27), ciaenyer (25).

Teneps, korna nomyueno (25), 3aBepiiuM HaIu ycuins, Hokasas (23),
a TouHee, SKBUBasleHTHOE eMy (24). B xadectBe mckomoro N (g) BO3bMeM
Haiinenuoe B (25). Ilycte n > N(e) u i,j € [én,n — dn| TakoBBl, YTO
20m < |i — j|. Cunras 6e3 orpaHu9eHus OOLIHOCTH, YTO i < j, MOIydYaeM

P& =1, =1}

0I<i osp<y
i<k<n j<g<sn

=P< min Ci[l,k, X1,...,X,] >0, min Cilp,q, X1,...,X,] >0}
n
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<P{ min [, k, Xy,...,X,] >0, min Cj[p,q,Xl,...,Xn]>0}

k—1<n q—p<dn
o<i<i<k<n 0<p<j<g<n

=P min Ci[l,k,Xl,...,Xn] >0}
k—1<dn
0<I<i<k<n

x P min Cj[p,q,Xl,...,Xn]>0}.

q—p<dn
0<p<j<gsn

O6BsacanM mocmemanit mepexon.  llepBbIll MUHUMYM €CTh (QYHKIHUS OT
X1,..., Xitsn_1. Cormacuo npeobpaszosanusam (6),

Cj[p7Q7X17"'7Xn]
:Cj[p,q,XJ —Xl,...,Xj —Xj_l,O,Xj_,_l —X],,Xn—XJ]

[TosTomy BTOpON MUHMMYM ecThb GyHKIHT OoT X; — X spy1, ..., X; —
X;21,0, X441 — Xj,..., X, — X,. Ocraercs nuiib BCIOMHHUTB, 9TO 20N <
|i — j|, 1 BOCHONB30BATHCS HE3aBUCUMOCTBIO MPUPAIIEHUIT IIyacCOHOBCKOTO
mporiecca.

Teneps, ucnonb3yst (26), HEMEIJIEHHO TIOTyIaeM

P =167 = 1) < (P =11+ 2) (Pl = 13+ 5).

Buaunt, cov(E™, M) < 26/3 +€2/9 < ¢, a10 m ectb (24). Teopema 1
OKa3aHa.

Temeps mombrTaeMcst cHOPMYIUPOBATH AHAIIOTUIHOE YTBEPKICHUE ITs
Temtoro raza. Crenyroras JeMMa He TaeT TOYHOR ONEHKN KOIMIECTBA KITa-
ctepoB. OmHaxo oHa OyIeT UPE3BBIUAIHO MOJIE3HA B CIEAYIOIIEM Da3erte.

Sadukcupyem mpons3BoibHOE HaTypanabuoe M, a Takxe 7 > 0. O6o3na-
quM

T n cl
%,,LM’ - {k c |:1, M:| t((ktfl) M,kM],n < T} (28)
GTa. BeJIMYMHA OIHUCBIBACT KOJINYECTBO KJIaCTEPU30BABIINXCIA K MOMEHTY T
6mokoB Buma ((k — 1) M, kM].

JIemma 4. B menaom 2aze (npu 410601 u3 mpex modeaets HauaibHbis
noaoxcenut) dag npoussoavrvir M € N u T > 0 cnpasedauso

M,T
A, T P
—r 1, n — oo.
n/M
HoxaszaTenbcTso. OHOUIEHTUIHO MOKA3ATEILCTBY TEOPEMEI 1
U CaMOCTOATEILHOTO HHTEPECA He MPENCTaBIIIeT. 1'aM MBI BOCIOIL30BAINCE
JIEMMOH 2, a 30eCh, COOTBETCTBEHHO, TOTPEOYETCS CIIENCTBUE JIEMMBL 3.
Urax, paccmorpum mpomssosibuoe d € (0,1/6). Amamormuso ompe-
b )
nenemmo (21), mns xaxmoro k € [on/M, (1 — 8)n/M] momoxum £ =
cl
Lio,) (t{(k—1) akar),n)- Kak 1 panmee, mocraTouno nokasaTh amasor (24), T.e.
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npoBepuTh, 4To st moboro € € (0,1) cymecrsyer Takoe N(g), uro mpu

Bcex 1 > N (€) BBIIOIHSIETCS

on } 26n
)

5 (1-9) < i — j| = cov(&i(n),fj(.n)) <e.

B oTimune 0T IpeablIyIero JoKa3aTellbCTBa, IPOBEPKa He COCTABUT TPYIA.
ITo cnencrBuro memmer 3, cymecrsyeT N (&) Takoe, uro eciu n > N(g), To

i,je[

. . £
j€lon,(1—6)n] = P{t[Jl',j-‘rM],n <TP>1- 9

CrenoBarensHo, ipu n > N (¢)
on n n) _ €
ke{M (15)M]:>P{§k —1}>1- 5

[Tosromy, ecmu n > N(e) u 4,j € [on/M, (1 — 0)n/M], To

2
cov(€”,6") < 1- Pl =P =1 <1 (1-5) <=

ITomoxxus M = 1, mony4aeMm Takoe CJIEICTBUE.

CaencrBue. B menaom 2aze dag amoboeo t > 0 cnpasediuso

K, (t
&LO, n — 00.
n

6. IIpenenbHas sHeprus. OcHOBHAsS TeopeMa 3TOTO PA3METIa OIIUCHI-
BaeT MI'HOBEHHOE OXJIaXK[IEHUEe TeIJIOro rasa. Kpome TOro, 3mech maeTcs
sBHasg GhopMysIa i SHEPTUMU.

Ilosicaum mosyvuennble pe3ynbTaThbl. VI3MeHeHUE SHEPTUU XOJIOIHOTO
rasa MpOMCXONUT IO cienyornM npuanHaM. C OmHOW CTOPOHBI, aGCOIOT-
HBIe CKOPOCTH NONABJISAIONIETO OOIBITNHCTBA JACTHUI] BO3PACTAIOT U3-3a I'pa-
BUTAINN, U B CHJIy 9TOTO SHEPTUsl CUCTEMBI yBenuunBaeTcs. C Opyroi cTo-
POHBI, IPU CTOJIKHOBEHUSX YACTUI] SHEPrus namaeT. B Teopeme 3, B dact-
HOCTH, IOKa3aHO, YTO B XOJOOHOM Ta3e IIPOLECCOM YMEHBIICHUS SHEPrun
IIPU CTOJIKHOBEHUSX MOXKHO IpeHeOpeub. B ciydae Temnoro rasa IpomCXoO-
OUT MIHOBEHHOE 00pa3oBaHue OOJIbIINX KJIACTEPOB, 38 CUET 4ero HadajbHble
CKOPOCTU YCPEOHSIOTCS U NMpakKTUdecKu ncuesaroT. Ilocie sToro oHm MeHs-
IOTCd TakK 2Ke, KaK U B XOJIOOHOM Trase, T.e. OIITh MOXHO He y4UTHIBATH
YMEHBIIIEHE YHEPIUN U3-3a CTOJIKHOBEHUN.

Teopema 2. Tenavii 2a3 (npu 410600 u3 mpexr modesell HAUAALHBLT
NOAOHCENUT) M2HOBEHHO OTAAHCOAEMCI: 6 HAUAALHBLT MOMEHT BDEMENU

0.2

E,.(0) — B n — 0o,

no dag awoboeo p > 0 npu t € (0,min{\/2p/3,p/(30)}) evinoangemecs
lim P{E,(t) < p} = 1.
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HoxaszaTensncTso. IlepBag wacTh TeopeMbl HEMEIJIEHHO CJle-
IyeT U3 3aKOHA GOJIBIINX UUCEIT.

I OIEHKW SHEPruyM CHCTEMBI B IPOU3BOJBLHBEIN MOMEHT BDPEMEHU
t € (0,min{+/2p/3,p/(30)}) npencraBum muOxkecTBO [1,n] B Bume [1,n] =
U;n:l Jj, rme J; — OI0KH, COOTBETCTBYIOIINE CYIIECTBYIOIINM B MOMEHT
KJIacTepaM.

Paccmorpum npomssonbabIi KnacTep K = KJ;, cocrosanmii u3 k = #.J;
UCXOMHBIX YaCTUIl. Tak Kak Bce abCOIIOTHBIE YCKOPeHUs |a;| Menbiie 1, TO
lv ()] < k™4 Xie, vil +t. OTcioma mns sweprum kmactepa K

k o 2t kt?
Ere(t) < o (k71 S| +1 g(Zvi) I .
zn ier an ’iEJj n iEJJ‘ Zn
3uauuT, IS YHEPTUU BCEl CUCTEMBI
1 & 2t & t2
E,(t) < — Z#Jjﬂ(z:vi) =) vl + 5 (29)
2n “— : n “— 2
Jj=1 i€J; i=1
Pa366peMC$[ C KaKIOBbIM 13 TPEX CJlara€MbIX IIO OTOEJIBHOCTU. HJIS[ Tpe-
THETO CIIAraeMoro, KOTOPOe He SIBJISeTCS CITyIailHbIM,

. t* p
lim Py — < =% =1. (30)
Hamomumaem, uTo ¢ 6bLI0 BEIOpAHO OOCTATOYHO MajeHbkuM. lamee, mis
BTOPOTO CJIATaeMOr0, MCIOIb3YsI 32aKOH 60IIbIINX dncesr u To, 4to Elv;| < o,
IOJIy YaeM

n—oo

. t © p . IS P
i P{ 03 ful < § 0= lim PYD 3l < (31)

Takum o6pa3oM, MBI ONEHWIM BO3MOXHOE YBEIUUEHUE SHEPTUU W3-
3a rpauTaruu. QcTaBireecsl ciraraeMoe sBISIeTCsT QYHKIUEH OT HAYAIIb-
HBIX CKOpocTeill. [lyisi ero omeHKM BOCIOIB3yeMCs HepaBeHCTBOM Korrm—
Byuskosckoro.

ITyctes M € N. CroBa paccMOTPHUM IPOU3BONBHENA KnacTep K = KJ;.
MakcumaspHOe [0 BKIIOUeHnIo MHOXecTBO Buna (kM, (k + i) M], conepxa-
meecs B J;, obozmaunmm [ M. BO3MOXKHO, 5TO MHOXKECTBO IycTo. Temepn
J;j = IM U I, rne I — ponomuenue I no J;. Ilanee, paso6eem I na
HETIEPECEeKAIOIINEeCsT TOAMHOXeCTBa, 1, . .., [, Kaxmoe 3 KOTOPBIX €CTh OT-
pesok Buna ((k — 1) M, kM]. EcrecTtBeHHo, uTO miis Takux k CIpaBeIIUBO
k € o = M, manomunaem, uTo ompenenenue MHOXecTBa M GbITO
naso B (28). Takum o6pasom, J; = (Uy_y 1) U L.

B sTux obo3nauenusax u3 HepaerncTBa Komu—ByHIKOBCKOTO oIy daeM

#(Su) <X o (Sv) + et

= =1 i€l il
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OTcrona [u1st IEPBOTO CIIAraeMoro CyMMsl (29)

(5 >2<;Z;4( )

i€J; ket i:(k—l) M+1

Z Z V2. (32)

T gt i=(k—1) M+1

ITo nemme 4, mas mobeix 0, > 0 cymecrsyer takoe Nj(g), uTo mpu

Bcex n > Ny ()
H#H €
P{ nJM >1—6}>1—2.

3HauUT, ¢ BEPOSTHOCTHIO, MPEBOCXONAIE 1 — /2, BO BTOPOM ClIaraeMoM
cymmbl (32) cymmmpyeTcs MeHee deMm dn BesmauH v2. [losTomy

{%Z Z ”3<% i (v2)i:n}>1—; (33)

kg A i=(k—1) M+1 i=(1-6)n

(rme (v?);.n, — TOPSMKOBBIE CTATUCTUKNA IJIs cepuii BemmmumH {v2}7 ).
O6osnaunm H; Takoil CHMMETPUUHBIA OTHOCHTEIHHO () OTPE30K, 9ITO

P,(Hs) =1— 4, rne P, — Mepa, SIBISIOIIASACS PACIPENESICHIEeM CKOPOCTE]L.

Ucnomns3yst TeopeMy I'7IMBEHKO 1 3aKOH GOIIBIINX UHCEI, IOILYIaeM

1
/ z? dP,(x).
2 Jr\H;s

[To aBCOMIOTHON HENPEPLIBHOCTU MHTErPajia (BTOPOIl MOMEHT CKOPOCTEN Cy-
L[IeCTByeT) BhIpaxkeHue B mpaBoil yactu crpemuTcs K 0 mpu 6 — 0. TlosTomy
MIpU BCEX MOCTATOYHO MAIBIX § > 0 miId mMpoms3BOILHOTO € > 0 CyIlecTByeT
Takoe N3 (g), aro mpu Bcex n > N(e)

1 " €
P{ S (), }>1_.
2n i=(1-8)n 2

Orcioma u u3 (33) cremyer, uro npu Beex Masbix d > 0 mis mo6oro € > 0 u
Bcex n > max{N;(g), Na(e)}

{Zn 3 Z v2<’6’}>1_5.

kg A i=(k—1) M+1

3uaunr,

el s

kg A i=(k—1) M+1
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Ocranocs pas’obpaTbCs JIUIIL € IIEPBLIM CJIaraeMbIM B IIPABON Ya-
ctu (32). OHO, 0OYEBUIHO, MAKOPUPYETCS TIOTTHON CYMMOIL:

2 n/M kM 2
1 1 ( ual > 1 1 ( )
SED S BN SRR I Si S SR
2n i M\ S n o M S
M WM( Loy )
= — -— V; .

n = \M i=(k—1) M+1

OmnpenenuM HOBbIE CEPUM CIIYYARHBIX BEJIMYLH:

" 1 kM 2 n

= (M Z vi> , ke {1, M}
i=(k—1) M+1

B Kax[oll cepun 5TH BEINYMHBI HE3ABUCUMBI, ONUHAKOBO PACIIPEIEIIeHEL N,

KaK JIeTKO yOemuThes, MMEIOT MaTeMaTHuecKne OXuaaHus, papaee o2 M L.

BenoMEnM Teneps npo To, uTo M GBIIO IPOM3BOIBHEIM, U BHIGEPEM €ro TaK,

qr0o6bl 0°M ! < p/6. Torma mo 3aKOHY GONBIINX TUCEIT

n/M n/M 9
) M p . M o 0
lim P{ — =+ > lim PJ{|— - — — =1 35

Yanresas (30), (31), (34) u (35), nomyuaem uckomoe. Teopema 2 mo-
Ka3aHa.

Tenepb MBI MOXKeM IPHUCTYIUTH K JOKA3aTEIbCTBY (HOPMYJl IJIsl Hpe-
nenbHOl sHeprun. Ho crepsa o6o3nauuM L, (t) pazmep makcumaibro2o Kaa-
cmepa kK MOMeHTY t. B X070mHOM rase [y IyacCOHOBCKOI M H.P.p. MOIETei
npu t < 1 umeem L, (t) ~ Inn no BepostHocTH (cM. [3] u [4]). Otcioma Bo
BCEX TPEX MOMEIIIX

n(t)

20, n — oo (36)
n
(mist pereruaroit Monenu L, (t) = 1 opu ¢t < 1).

Teopema 3. B roaodnom 2a3e (npu 41060t u3 mper modesets Hauaib-
HOLT noaodcenutl) dag aobozo t € [0,1) cnpasedauso

t2
E,.(t) LN 5’ n — 0o.

NHNoxasarTensbcTso. 3abpukcupyem mupomssosnbhoe ¢t € [0,1).
[Ipenmosnoxum, uTo K MOMeHTY ¢ obpasosasics kinacrep K = K(I,l + k]. B
HAYAJIGHBI MOMEHT BPEMEHU MPOU3BOIbHAs JacTuia ¢ HoMepoM i € (I, 1+ k]
ucnelTeBaeT yckoperue a;(0) = (n—2i+1)/n (¢ BepostrOocThIO 1). Tak xak
60k (1,1 + k| cBoGomeH Kk MOMEHTY ¢, a BCe €ro JacTUIbl y2Ke BXOINAT B Kila-
crep K, To cnpaBemmuBo (i 41)(t) = 2k (t) = 2;(t) m v k() = vi(t) =
v;(t). Bocmomb3ayemcs npenmoxernem 1 u nomyanm v;(t) = ((n— 20— k) /n)t.
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Buaunr, |v;(t) —a;(0)t| < kt/n; yaurssas |a;(0)] < 1 u k < n, u3 GopMysl
Pa3HOCTH KBAAPATOB BHIBOAUM HEPABEHCTBO

k
‘Ui(t)2 - ai(0)2t2\ <2 ﬁ t2

YunreBas (36), nomydaem

sup [v;(t)” — a;(0)*’|

i€[1,n]
u oTCIona
1 n
2T
C 2n Pl
BrerauciieHne cyMMBL 3aBepIIAET HOKA3ATEILCTBO.

O6parumcs Temepb K TEINIOMY raszy. B [IOKa3aTenbCTBe CIemyomeln
TEOPEMBL MBI CHOBA BOCIIOJIB3YEeMCsl uzeeil 06 OLEHKE CKOPOCTHU IIPOM3BOIIb-
HOU YACTUILBL [IPU TIOMOLIU Pa3Mepa MakKCUMAJIbHOTO KiacTepa. OnHako mist
5TOro MOTpPebyeTcs: HAJIOKATE 6oslee xKecTKue ycnoBus Ha v;. Cormacuo [4],
npu t < 1 [7Is Beex Tpex Mozesieit HaTaIbHLIX ToToKerHnit Ly, (t) ~ n?*Innt/?
II0 BEPOATHOCTHU, HO IJId 3TOI'O HY2KHO CyII€CTBOBAHUE 7-X MOMEHTOB ¥ CKO-
pocreit. Ham xe Tpebyercs muins L, (t) = o(n). ns pemeruaroit Momenn
HAYAJIBHBIX IIOJIOKEHNUIT 9TOT Pe3yIbTaT IPUCyTCTBYeT B [6], mpu Gosee ciia-
GOM yCIIOBUM CYIIIECTBOBAHUS MOMEHTOB HOpsAKA 4 + €.

Teopema 4. B menaom 2a3e (dasg 410601 uz mpex modeaeti HAUAAbHBLT
noAoKHCENUT) CNPaBedauso

2
o
E.(0) 2, EX n — 00.
Ecau dag npouzsoavnoeo t € (0,1) evinoangemces ycaosue (36), mo
p t
E.(t) — e n — 0o. (37)
B wacmuocmu, ecau E|vi|¢ < 0o (¢ =7 dag nyacconosckoti u w.p.p. mode-
aet, ¢ > 4 dag pewemuamot), mo (37) evinoangemca npu ecex t€(0,1).
HoxaszatensctTso. CHoBa3adukcupyeMm npoussonsHoe t € (0,1)
u 7 € (0,t). IIpennomoxum, 9TO K MOMEHTY ¢ 06Pa30BajiCs KiacTep
K = K(l,l + k]. Onars BoCIIOIb3yeMCsl IPEIOKEeHIeM 1:
1 X n—2l—k

Do vl +———(t-7).

=1 n
OTcrona, aHAJIOTUYIHO TIPEILIIYIIEMY I0KA3aTeIbCTBY,

I+k 1 I+k

0~ O -7 < |1 Y w0+ - <|p 3w+ s

j=l+1 j=l+1
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YUUTBIBas, ITO k < n, MOIyJdaeM

lv; (£)* — a;(0)%(t — 7)%| < (i Z v (7) +:t> (lt Z v;(7) +2t>.

j=1+1 j=141
PackpbiB ckobku, IpUXonuM K HEPABEHCTBY

i (8)? — as(0)2(t — 7)?) < (; 3 vj(7)> —|—%t S 0(r) +2%t2.

j=l+1 J=l+1

Buaunt, st sueprun kinacrepa K = K(I,1 + k]

——Z 2t —71)°

’ I+k
1=l+1

OmenuB BTOpOE cllaraeMoe CyYMMOI MOIYJIEH, a IIePBOe IPH IIOMOLIN Hepa-
BercTBa Komm-byHsakoBckoro, nomyuaeMm

I+k l+k I+k

- — Z a; (0 <% > v +—t > Juilr |+—1t2

1=l+1 1=l+1 i=l+1

IMockonbky k% < L, (t) k, a cymmapHOe KOTMYECTBO 9aCTUIL BO BCEX KJla-

cTepax paBHO N,

(38)

IUTS. BTOPOM OIEHKH MBI CHOBA WCIOJB30BAJIN HepaBeHCTBO Korrmm—
Bywusaxosckoro. Temneps 3adukcupyem mpousBosbaoe p > 0. ITo Teopeme 2 u
ycosuio (36), u3 (38) numeem

lim P i t— =1
Jm, { g 0P 7) <P}

i=1
IJId BCEX JOCTaTOYHO MaJIbIX 7. Ha sTom OOKa3aTeJIbCTBO 3aBepIIaeTCA, BEOb
IIpy1 BCEX MaJIbIX T U OONBIINX N CIIpaBEOJINBO

P{ En(t)—t62 <2p}>P{ E,(t) — 1 >, 2 <p}.
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7. KomnbroTepHoe momesupoBaHme. Teopema 1, sABIISIOMIASCS OII-
HIM U3 OCHOBHBIX Pe3yJIbTATOB CTAThU, ObLIa OOHAPYKEHA SMINpUYECKH. B
pe3ysIbTaTe MHOTOYUC/ICHHBIX 3aITyCKOB IIPOrPAMMBI, PEAJIM3YIOIEH paccMa-
TPHUBAEMYIO MONETIb XOJOMHOIO TPABUTAIIMOHHOTO Ta3a, aBTOP OOHAPYKIII,
uyro rpaduk dyukumu K, (t)/n npu GOIbIINX N CHIILHO HAIOMUHAET I1apa-
G6omy 1 —t* rme t € [0,1]. Oro coorBercTByeT coornomenuto (19). Kak
y2Ke TOBOPHMJIOCH, paBeHCTBO f(t) = 1 — t? moka mokas3aTh He yHasoCh, OI-
HAKO MPOBEIEHHOE KOMILIOTEPHOE MONCINMPOBAHNE CIIyJallHON BeIMYUHLL 13

BBIpaKEHU S (8) HEOBYCMBICIICHHO yKAa3bIBaeT HA €r0O CIPaBEOJINBOCTD.

IIpu MomenupoBanuu GblTa peasn30BaHa H.P.P. MONETb HAYAIIBHBIX II0-
JoxeHu. B ciydae Temnnoro raza HavalIbHBIE CKOPOCTU OpaInch HOPMAJlb-
HBIMUE ¢ mapameTrpamu 0 u 1.

Ha puc. 1 npencrasnenst rpadukn dyuxkumin K, (¢) opu n = 100 u
n = 1000 coorBercTBeHHO. KaXmbIii u3 HUX MOIyYEH B PE3YJIbTATE OIHO-
KPaTHOTO 3aImycka Momenupyorei nporpamMbel. [Ipu n = 5000 oTkoneHnue
OT TIPENETFHON (GYHKIINN OKA3aJI0Ch HACTOIBKO MAJIBIM, UTO OBLIO a0COIIOTHO
He3aMeTHO IIpU BLIODAHHOM pa3Mepe PUCYHKA.

Koo(t)
100

Kiooo(t)
1000

Puc. 1. Kioo(t) n Kio00(t) B x0momsOM rase.

[Ipu u3ydeHun sHEPrUU OKa3aJIOCh, YTO B XOJIOMHOM Ta3e MIOCTATOYHO
Xopotiee IpubInKeHre K IPeIeabHol GyHKIun (CM. TeopeMy 3) JOCTUraeTCst
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yxke mpu n = 100. DTo monTBepx)maer puc. 2.

Eroo(t)
0.2

Puc. 2. Ei90(t) B x0omonuoMm rase.

B Temom rase CXOOUMOCTH 3HEPIUU K Tpenery (cM. Teopemy 4) mponc-
xomuT ropasno Memiientee. Ha puc. 3 u3obpakens: rpabuku dyuxmuic F,, (1)
npu n = 500 u n = 5000.

Bsoo(t)
0.2

Puc. 3. E500(t) un E5000 (t) B TEILJIOM ra3se.
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OTknoneHne OT mpeneabHON GyHKIUN mpu t, 6Iu3Kux K 1, HOCTATOYHO
Besmko maxe mpu n = 10000. Oguaxo puc. 3 y6enuTenbHO CBUAETEILCTBYET
00 OIMUCHIBAEMOM TEOPEMON 2 MIHOBEHHOM OXJIAXKJIEHWU TEIIOrO ra3a.

ABTOp BBIpaXkaeT TIyGOKYIO MPU3HATEIHLHOCTE CBOEMY PYKOBOMUTEITIO
M. A. Jludiuiy, ybr 3aMeUaHUs TO3BOJIUIN 3HAUUTENBHO YIIYUIIATE W3J10-

JKEHUe pe3yIbTaTOB U UCIPABUTH DA HETOYHOCTEH.
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