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BBenenue

B snamenuroit pabore fpuuka [1] 6610 (B YnCIe IPOYEro) JOKA3aHO, YTO MaK-
CHUMaJIbHOE KOJIMYECTBO IIEJIbIX TOYEK, KOTOPbIEe MOT'YT Jie2KaTh Ha CTPOI'O BBIIIYKJION
KpHBOit jytiHel N Ha ITOCKOCTH, pacTeT Kak cN2/3 (Tounas KOHCTaHTa ¢ TAKKe Bbl-
anciiena Sprankom u pasma 3(27)~1/3). VHbIME CI0BaME, KOJHYECTBO TOYEK CETKI

Ly = (%Z)Q, JIEYKAITIX Ha CTPOTO BBIMYKJIONH KPUBOH 7y JIJWHBLI 1, HE TPEBOCXOIUT

e¢N?/3 1 st mo6oro N cymiecTByeT Takasi cTporo Beimykias kpusast YY) mrmser 1,
9TO

k(YN N) := #(y™) 0 Ly) = eN?/3 4 o(N?/3). (%)
B cBsa3u ¢ 9TUM BO3HUKAET €CTECTBEHHBIN BOIIPOC: & CYIIECTBYET JIU YHUBEPCAAb-
HasA KpUBasl 7y, JJls KOTOPON HepaBeHCTBO (*) (BO3MOXKHO, C JIDYIMM 3HAYEHUEM C)
BBITIOJTHSIETCST JIJIsT OECKOHEYHOTO KOJIMIECTBA HATYPaIbHBIX N 7 DTOT Bompoc cdop-
mysiupoBan A. M. Bepiukom, HO BIepBble IOSIBJISIETCS B JIMTEPAType, BHJIUMO, B
pabore ILianst [2], B KOTOPOii aBTOP yKa3bIBaeT, 9TO OBLI BBEJIEH B IPOOJIEMATHKY
ZK.-M. Hesyiie (J.-M. Deshouillers) u /I:x. I'pekocom (G. Grekos).

Ceunrepron-/aitep [3] moxazam, aro ecim v € C2, 1o k(v, N) < cN3/5+¢ a Bom-
6bepu u [ua yeranosunu [4], 9ro st 6eCKOHEIHO IIAJIKOM KPUBOIi Y MMEET MeCTO
nepasenctso k(y, N) < eN'/2+¢ npu mo6om € > 0. Mpr 31ech me Gyaem mepednc-
JIATHh MHOI'OYUCJICHHBIC ,ZLaJIbHeI.;IH_H/IG PE3yJbTAaThl B 9TOM HallpaBJIEHUU, CBA3aHHbIC
C TJIAJIKOCTHIO, YCJOBUSIMU Ha KPUBU3HY U JPYTUMU OUPAHUYEHUSIMU HA KPUBYIO.

B pa6orax Bepmuka u Bapanu [5,6] 06cyzk1at0rcsi BOIPOCHI O TIPeIeIbHBIX Gop-
MaX MHOT'OYIOJIbHUKOB C Be€pIIMHaMK Ha MeJIKO# ceTKe. OTBGTLI Ha 3THU BOIIPOCHI
BBISIBJISIFOT CBsi3b ¢ adduHHON reomerpueil. A uMeHHO, ycTh [, () obosHavaer ad-
bunHyO NIMHY KpUBOii 7y (MHTErpaJ Mo HaTypaJbHOMY IapaMeTpy OT KyOudecKoro
KOpHA U3 KpI/IBI/I3HbI). OKa?»bIBaeTC}?{7 YTO KOJIMIECTBO MHOI'OYT'OJIbLHUKOB C BepIINHA-
MM B y3J1aX CeTKU L, , JeKalnux B MaJioil OKPeCTHOCTH JIAHHOM KPUBOH Y, pacTeT Kak
ecla(y)n?/? , & KOJTIIECTBO BEPIIHH TUX MHOTOYIOILHUKOB — Kak c-l,(7)n?/3 (3ame-
qaTejbHO, YTO 3TO BEPHO KaK JIIsI MAKCUMAJIHHO BO3MOYKHOT'O KOJMYECTBA BEPIIUH,
TaK U JJIs KOJMYECTBA BEPIIUH TUIIMIHOTO MHOTOYTOJIbHUKA, PA3JIMIAIOTCI TOJHKO
KOHCTaHTbI). MHOTOYTOJIbHUKY C BEPIIMHAMU B y3JIaX CETKU L, , colepKaliuecs B
JaHHOM BBIIIYKJIOM MHOT'OYT'OJIbHUKE, KOHIHECHTPUPYIOTCA OKOJIO 3aMKHyTOI>‘I BbBIIIYK-
JIOIl KpUBOIi, KOTOpasi HMeeT MaKCUMAIbHO BO3MOXKHYIO adbdunnyo nymHy [6]. Dra
KpHUBasl COCTaBJIEHA U3 KYCKOB 1mapaboJi, BIUCAHHBIX B YIJIbI MHOrOyTro/bHUKA. [To-
9TOMY KOJIMYIECTBO y3JI0B CeTKH Ly Ha Takoit Kpupoii He npeBocxoaut C' N 1/2 Takum

*Pabora BblnoaHeHa npu noguepxkke rpanros HITI.2251.2003.1, RUM1-2622-ST-04 (CRDF)
u rpanta PODU Ne05-01-00899.
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0o0pa3oM, TUITNYIHAST KPUBAs He sIBJISIETCS YHUBEPCAIHHON. 3/MeCh MBI IIOKAYKEM, UTO B
IEHCTBUTEIFHOCTY YHUBEPCAJIbHON KPUBOW HE CYIIECTBYeT. A NMEHHO, IMEET MEeCTO

TEOPEMA 1. ITycmo v — ozpanudernas cmpozo eunykiai kpusas. Tozda k(y,n)
= o(n?/3).

4 rimy6oko npusznaresen A. M. Bepmuky 3a MOCTAHOBKY 3a/1a9l, MHOTOYUCTIEH-
HbIE TTOJIE3HbIE OOCY?KIEHHS 1 BHUMaHEe K paboTe, BKJIIOYAIONIee U TPY/I 110 PeIaKTH-
poBamuio pykorucu. ¢ Takxke 6marogaper A. [opoaHuky 3a IEHHYIO KOHCYJIBTAIIIO
0 PABHOMEDHOM pPaCIIPeIeIEHHOCTH.

§1. Onpenesenusa u 0b0o03HAYEHUS

SadurcupyeM Ha TJIOCKOCTH JEKApTOBY CUCTEMY KOOP/IMHAT.

Byuem obosnauars gepes S(F) y/ABOEHHYIO ILIOMAIb MHOIOYTOJbHUKA F'; depe3
X X y OyneM 0603HAYATH ICEBIOCKAISPHOE MPOU3BEJIECHNE BEKTOPOB X U y (T.e.
OPHEHTUPOBAHHYIO ILIOIMIA (b HaPAJIeIOrPAMMA, IOCTPOEHHOTO HA 9TUX BEKTOPaxX).

SadurcupyeM Ha IJIOCKOCTH TpeyroabHuK ABC, opmeHTHMpOBaHHBIA Tak, 9TO
S = S(ABC) = +AC x CB. Beesem ciefyionue MOHTHS:

1. An = An(ABC) — yros ¢ BepHIMHON B HadaJje KOODJAUHAT, 0OpA30BAHHBIIL
syuamu, conanpasiennbivu ¢ AC u C'B (Bemmuaunna storo yria ectb m — LACB).
Vrosx 6yaeM paccMaTpHBaTh KaK MHOYXKECTBO BEKTOPOB X € R?2, Koropsle, Oymryun
OTJIOKEHHBIMU M3 HavaJja KOOPJIWHAT, JeXkaT B An.

2. Onpegenum o6zxsam [X] BekTopa X (oTHOCHTENBLHO Tpeyroibuuka ABC') dhop-
MYJI0i1

[x] = (x x OB + AC x x)/8S.
O6xBar — smmeitnas dynkmus Bektopa X € R2. Bamerum, uro [AC] = [CB] = 1,
[AB] = 2. Byaem masbiath obxsaToM orpeska PQ semmanny [PQ] = |[PQ)|.

3. Ompenenum A BC'-paduyc Tpou3BOJIBHOTO TPEYTOIbHIKA KaK PON3BeieHne 00-
XBATOB €0 CTOPOH, JIeJeHHOe Ha ydueTBepeHHyio miomaab. (Ecan BMecto 06xBaToB
6paTh JIMHBI CTOPOH, MTOJIYUUTCS PAJINYC OIMUCAHHON OKpYyKHOCTH. B meiicTBuTE H-
vHoctu ABC-paanyc MOXKHO WHTEPIPETHPOBATH KaK <«PAJUyC» OIMUCAHHON OKOJIO
TPeyTroTbHIKa Mapabosbl ¢ ochblo, mapastenbHoit Bektopy AC + BC.) 3amermw,
qro ABC-pamuyc Tpeyrompanka ABC pasen S~1!.

4. Crporo Beinykiayio gomanyio suga AC1Cs . . . Ci.B 6ynem nassisars (AB, C')-.10-
M@HOU, €CJI BCE ee BEPINUHBI JjiexKaT B Tpeyrosbauke ABC. Eciu npu 3ToM mpo-
mexyrounble Bepmunabl C; (i = 1,...,k) jexar Ha cerke L, = (%2)2, Oyznem
Ha3bIBaTh Takyio Jomanyo (AB,C;n)-10MaHOI.

5. lyers (AB, C)-nomanast v = AC1Cy...CiB snucana B (AB, C)-momanyio
v1 = AD1Dy...Dpy1B (1.e. Toukn C; Jjiexkar HA COOTBETCTBYIOMIUX OTPE3KAX
D;D;11 (i=1,...,k)). Bynem HazeiBarh 0600wernoli addunnot drunotl TOMaHOM
7Y OTHOCUTEJIBHO Y] BEJIMYUHY

k
la(y:m) = ZS<CiDi+ICi+1)1/3 (Co =4, Cyt1 = B),
i=0
a 00001IeHHOI adbGUHHON AIUMHON JTOMAHON v BETHINHY

la(y) =supla(y:m),
Y1

rJie BepxHsst TpaHb 6epercs mo BceM (AB, C')-JIOMaHbIM 77, OIIUCAHHBIM OKOJIO 7.
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§2. Ilnaum moka3aTeybCTBa TeopeMbl 1
¥ IIpeIBapUTEJIbHbIE yTBEPXKICHUS

TIpexxyie Bcero Ham IOHAJOOUTCS OIEHKA KOJUYIECTBA k ITPOMEXKYTOUYHBIX BEp-
mun (AB,C;n)-nmomanoii npu 6osbiux n. JIjis 9T0ro BOCIOIb3yeMCsl TeM H3BeCT-
HBIM (PAKTOM, UTO IUIOMAb BBITYKJIOTO k-yrOJILHIKA C BEPIIMHAME Ha CeTKe Z2 He
menbie em (872)71k3 > (k/5)% (k > 3). Orcroma nosmydaem, 9to

k < max(3,5(5n?)1/3). (1)

Takum 06pazoM, MAKCUMAJIBHOE KOJIMYECTBO Y3JI0B ceTKu L, , JiexKalmx B Tpe-
YTOJIHUKE IO S U 00pa3yIONNX BBIMTYKIbIHI MHOTOYTOJbHUK, PACTET He OBICT-
pee wem c(Sn?)'/3. B neiicteurensroct ono pacrer B TounocTH Kak c(Sn?)l/3.
puvep (AB, C;n)-nomanoii ¢ KommaecTBoM 3BeHbes mopsaka c(Sn?)Y/3 moxer
OBITH IIOCTPOEH CJIEYIONIUM 00PA30M: YIIOPSAAOYUM BEKTOPHI MHOXKecTBa AnNL,, B
nopsiKe Bo3pacTanus ooxsara. Bosbmem ¢(Sn?)/3 BekTOpOB ¢ HaEMEHBIIM 00XBa-
TOM U IMMOCTPOUM BBITYKJIYIO JIOMAHYIO, JJIs KOTOPOl 9TH BEKTOPHI OYAyT BEKTOPpAMEI
sBenbeB. [Ipn ne cimmkoMm GosbimoM ¢ (ckazkeM, ¢ = 1/100) 9Ty JIOMaHyI0 MOXKHO
apaJljiesibHO TepeHecTu B TpeyrosbHuk ABC Tak, 9TOObBI ee BEepIIHUHBI JIeXKAIH B
y3aax cerku L, u BMmecre ¢ Bepmmaamu A u B obpasosbiBasu (AB, C)-nomamnyio.
[TpuBeieHHas KOHCTPYKIMS aHAJIOTHYHA KOHCTPYKImK SpHuka [1] momanoit nasHOi
JUINHBI, COZepKaIeil HanbOoJIbIlee KOJNIECTBO MEJIbIX TOYEK, U MOXKET CIIy?KUTDL €€
«ahduHHEBIMY 00001IeHTEM. DTOT TPUMED TOHATOOUTCS JIUTIH B §4.

W nest mokazaTebcTBa TeOpeMbl 1 TaKOBa: IPOBO/IsI KacaTeIbHble K KPUBOI B TOY-
Kax ee [EePecedeHus C CEeTKOW L, , mpu OOJbIIUX 71 IMOJyIaeM MHOTO MAJIEHBKUX
TPEYTOJIbHUKOB, B O0bEIMHEHNN KOTOPBIX COAEPKUTCS Halma KpuBasi. OKa3bIBaeTCs,
YTO €CJIU TOUYEK HA ITUX CETKAX JOCTATOYHO MHOTO, TO CyMMa KyOMYECKNX KOPHE
U3 MJIOMAJEH ITUX TPEyTOJbHUKOB (BeinduHa, Ha3BaHHAs 0006mmennoit adbduaHOlM
JUTMHO}) OyJieT npu J00aBIEHUN TOUEK OYepeIHOl CeTKH yMEHbIIAThCS B HEKOTOPOE
HOCTOSIHHOE YHCJI0 pa3 (lemMa 4), 9T0 HeBO3MOXKHO. JLjisi 0Ka3aTeIbCTBa JeMMbI 4
UCIIOJIB3YIOTCA HEKOTOPbIEe TEXHUYECKUE YTBEPXKJICHNA, KOTOPbIM U ITOCBAIIEH 3TOT
maparpad.

PaccMoTpuM Bee BEKTOPHI I3 MHOYKeCTBa Z2 M An ¥ yHOpSAI09NM X TI0 BO3PACcTa-
uuio obxsarta. PaccMoTpum &k TakKuX BEKTOPOB Z1, .. .,Z; C HAUMEHBINM OOXBATOM.

Habop BekTOpOB 21, ..., 2z} YCTPOEH CJAEIYIONIAM 00OPAa30M: 3TO BCE BEKTOPbI, KOH-
b KOTOPBIX JieskaT B Tpeyroabauke OPQ = AnN{z : [z] < r = [z;]}, 1 HeckoIbKO
BEKTOPOB ¢ 00XBaTOM, paBHBIM 1. IMeeMm

k= %S(OPQ) +o(r?) = %«2 +o(r2).

Kpome Toro,

= X|dx 07’3 :7"_1 -1 X 0r3
Z[zz}—/m[ Jdx + o(r%) = 15 / (S(OPX) + S(0QX)) dx + ofr")

OPQ
S
=3 3 4 o(r3).
Orcroza ciemyer, 910
N lzi) > STV 1 o(k¥2),  e=2v2/3. 2)

STa OlLIeHKa IOHAI00UTCSI HAM B JaJIbHEMIIEeM.
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Crenyroras seMeHTapHas JIEMMa SBJISIETCST TEXHUIECKON OCHOBOI BCErO JaJIb-
HEHIero.

JIEMMA 1. ITyecmv mouxu P, R evibpanv. wa cmoponaxr AC u BC' mpeyzorvruka
ABC coomsemcmeerho, a mouwka () — Ha ompedxke PR. Tozoa

1) S(AQP)Y/3 + S(BQR)'/? < S1/3.

Kpome mozo, cywecmeyem gynkyua £1(€), ybwearowas x nymo npu € — 0,
makas, wmo ecau Err := 1 — (S(APQ)/S)'/3 — (S(BQR)/S)'/? < £[AQ)], mo

2) [AP]/[PQ] € (1 —e1,1+&1);

3) ABC -paduyc r(AQP) mpeyzorvruxa AQP aescum 6 S~1- (1 —e1,1+¢1);

4) [x|agr/[x] € (AP/AC)(1 — 1,1+ £1) daa arwbozo sexmopa x € An(AQP)
(uepes [x]agp obosnauwaemes AQP-obxeam eexmopa X).

B

A P

JOKA3ATEJILCTBO. UMeem
1/3 1/3
o1 (SAPQNY® ([ S(BOR)
S S
1<AP PQ RC)1/3<PC QR BR>1/3

AC RP CB AC RP BC
L(AP  PQ , RC AP PQ RC\'Y?
3\AC "RP T CB AC RP CB

1/PC QR BR PC QR BR\'®
=+ +==2)- (= = = (3)
3\AC " RP " BC AC RP BC

BoipaskeHust B JBYX MOCTEIHUX CKOOKax mMerorT Bui (v + y + 2)/3 — (wyz)'/3
(1 oTCIO/A IO HEPABEHCTBY O CPEJHUX CJeiyeT I 1) jemwmbr). meem

2z +y+ 2) — 6(zyz)'/?
= (@3 4+ g3 4 ) (@13 — g B2 4 (ylB = 22 4 (215 g3y,

Bmaunt, ecimm max(z,y,z) > (1 + §)min(z,y,2), To (x +y + 2)/3 — (xyz)/3 >
c(6)(z+y+2), tae ¢(§) — nmonoxkuTebHAS yOBIBAOIIAA K HY/TIO Tipu § — 0 PyHKIHU.
[Tpumensist 9T0 HAGIIO/IEHNE K MEPBOMY CJaraeMoMy B mpaBoil gactu dopmys (3)
(x = AP/AC, y = PQ/RP, z = RC/CB), nonyuaem, uro ecau Err < €[AQ)], 1o,
tak Kak [AQ] = [AP]+[PQ] = AP/AC+(PQ/PR)-[PR] < (AP/AC)+2(PQ/PR),
crpaseyuBa onenka Err < 2e(z+y+2). Hosromy max(z,y, z)/ min(z, y, z) < 14+e1,
[JIe €1 Y/IOBJIETBOPSIET yCJIOBHIO ¢(£1) > 2¢. DT0 £1(€) MOKHO BBHIOPATH TAK, YTO OHO

2 @OyHKIMOHAJLHBIA aHAJU3 U ero npujaoxkenwus, T. 40, Bbi. 1
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Oyzer crpemuThes K Hystio pu € — 0. [lasee,
[PA] =z,

PQ = T2

Nmeem
y/x € (1—e1, 14¢€1), l—z4+z=14z(1—2x/z2) € (1—ze1,142e1) C (1—&1, 1+&1);
[O9TOMY

[PA)/[PQ] € (1 —e1)%, (1 +e1)}) C (1 —eo,1+e), €9 1= 2e1 + €2,

YTO JIOKa3bIBaeT II. 2) (¢ €2 BMECTO £1).
st nokasaresbersa M. 3) 3aMETHM, 9TO

7 [PRI = y(IPC] + [CR]) = y(1 — & + 2) = [PA] % (1-2+2).

5 r(aqP) = [4P|pQ AT TPV -
_ [AP)[PQI([AP] + [PQ))

2592 S (1-63,1—’—83),
rae e3(e) — 0 npu € — 0, Tak Kak momapuble otHomenus aucen [AP] = x, [PQ)],
Y, z sexkar B orpe3ke (1 —eg, 1+ £2).

Ilepeiiiem k moxaszarenvctsy 1. 4). Ilycrs x = aAP + bPQ, x € An(AQP)
(a,b > 0). Torga [x]agp = a +b, [x] = a[AP] 4+ b[PQ] = (a + b)[AP] + b([PQ] —
[AP]) = (AP/AC)(a+b)(1+4 (b/(a+1))([PQ]/[AP] — 1)). Orciona u ciaemyer 1. 4).

Ipumensist . 1) jemMbl 1 HECKOJIBKO pa3, MBI IPUXOIAM K TAKOMY PE3yJIbTaTy:

CNEACTBUE. Adpunnasn dauna mobot (AB,C)-aomanoti v ydosaemeopsem, He-
paserncmsy la(y) < S1/3 . Kpome moeo, addunnas dauna He yeeauwusaemes npu
dobasaerul K NOMAHOT HOGHIL GEPULUH.

SAMEYAHUE. Kak ykazan apropy C. B. Hyxwun, m. 1) memmbr 1 MOXKHO HaiTH,
Hanpumep, B Kaure |7, c. 391].

Ceitaac MbI ¢cOPMYIUPYEM YTBEPXKICHUE 00 aCUMITOTHIECKOM PACIPEICICHUN
IeJIBIX TOYEK Ha 1moBepxHocTH {ab — c¢d = const }.

JIEMMA 2. Paccmompum napve 6exmopos (X1,Xz2), X1,X2 € AnNZ2, das xomo-
PO X1 XXg =m, 20e 0 # m € 7 — nexomopas korncmarnma®) . Kaowcdoti maxot nape
conocmasum criermmaanbryio mouky ([x1], [x2]) € [0,00)2. Tozda cneyuanrvhvie mouku
PACTPEOENEHbL PABHOMEDHO 6 NEPEOM KEAOPAHME 8 CACOYIOUEM CMBICAE: ONf N1000T
ozparunennoti obaacmu Q C (0,00)? ¢ kycouno-2aadkoti epanuueti Koiunecmeo cne-
yuaavhox mouer 6 obaacmu NQ (¢ yuemom xpamuocmu) ecms (npu N — 00)

c(m)SN2S(Q) + o(N?),
2de c(m) — woncmanma, sasucawas om m (a umenno, c(m) = (2¢(2)) " La(m)/m,
o(m) — cymma namyparvhoixr deaumenred wucaa m).

JlokazaTebCTBO JIeMMBI 2 BBIHECEHO B IpmiioXKeHne. Kak ykazas aropy A. To-
POIHUK, 3TO YTBEPXKJIeHNE MOZXKHO BBLIBECTHU U N3 U3BECTHLIX O6H_H/IX pPe3yJabTaTOB
(cMm., Hanpumep, [8]).

1 Moxno TOBOPUTH U O 2 X 2-MaTPHUIAX C [EeJIbIMU JIEMEHTaMU U OIpedeInTesIEM 1M, OTHAKO
B Hallell curyanun OyayT dUrypupoBaTh HMMEHHO TPEYTOJIbHUKN 3aJaHHON IIJIOIIAIH.
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CJIEJCTBUE. Paccmompum mpeyzorvruky (onpedesernvie ¢ mounocmovio 0o na-
paaneavhozo nepernoca) PQR, maxue, wmo

1) PQ,QR € AnnZ?;

2) [PR] < M(n/S)'/*

3) T‘(PQR) c 2”3_1(t1,t2) (0 <t < tg);

4) S(PQR) <m (m €N).

s wucaa N(m, M t1,ta) makur mpeyzosvHukos GonOAHACTNCA COOMHOUEHUE
(npu n — o)

N(m, M, t1,t) < e(m) (£} — £)(n5?)/3 + o(n?/?).

JIOKABATEJIbCTBO cpa3y cJejyeT u3 jeMMbl 2 st obsacreit Q(m/, M, ty,ts) =
{(pg) : 0 < pg < M,pglp+q) € 4m'(t1,t2)} u mena N = (n/S)'/? (m' =
1,...,m) u uz Toro daxra, 9ro obsactb Q(m’, 00,0,1) uMeeT KOHEUHYIO ILIOMIAT.

JIEMMA 3. Paccmompum evinykavili wemvipexyzosvrux PWTR, maxot, wmo
PW,WT,TR € An. ITycm» Q — mouka na ezo cmopone WT . Tozda wucao r(PQR)
aearcum mearcdy wucaamu ([PQJ/[PW])r(PQW) u ([QR]/[TR]) r(QTR).

R

P w

JOKA3ATEJILCTBO. UMeem

S(PQR) = ([QR]/[WQ])S(PQW) + ([PQ]/[QT])S(RQT).
DTO paBEHCTBO MOXKET MMOKA3ATHCS HEOXKUIAHHBIM: TIPaBasi YaCTh alPUOPH 3aBUCUT
or JymHeiHOi dyHKINN [X].

JokazaTh €ro MOXKHO, HAIIPUMEp, Tak: MpH JBuKeHun Touek W u T mo jyuam
QW u QT uu neBast, HU TPaBasi YACTU PABEHCTBA HE MEHSIOTCs. [[03TOMYy MOKHO
cunrtarhb, uro [WQ] = [QR] u [QT] = [PQ)]. lepBoe paBeHCTBO 03HAYAET, UTO MPsI-
Mast, coenuHsomast () ¢ cepeanHoii orpeska RW , mapasuiensha sekropy AC + BC'.
AnajiornyHo, BTOpoe PaBEHCTBO O3HAYAET, YTO ITOMY BEKTOPY HapaJlIejbHa IIpsi-
Masl, coequHsTIoNast () ¢ cepemmuoit orpeska PT. Takum obpaszom, Touka () JIEKAT
Ha npsamoit [aycca gersipexyronpanka PRTW | a moToMy yJIoBJIETBOPSIET 3aa0IIe-
My 9Ty npsimyio paseHcTtsy S(PXR)+S(TXW) = S(WXP)+S(RXT) (pasymeer-
Csl, TIPSMYIO 38/1a6T PABEHCTBO C OPUEHTUPOBAHHBIMHE, & He OOBIYHBIMU TLIOIIAISAMHE),
9TO0 U TpeboBaIOCh JoKa3aTh. OTCIO/a MOoIyIaeM

[PQI[QR]([PQ] + [QR])
([QR]/WQNS(PQW) + ([PQI/[QT))S(RQT)
[PQ] + [QR]
[PW]/(2r(PQW)) + [T'R]/(2r(QTR))

Kax n3secrno, gacraoe (x + y)/(z' +y') nexur mexay x/x’ u y/y'. Honaras x =
[PQ], y = [QR] u 2’ = [PW]/r(PQW), vy = [TR]/r(QTR), nony4iaem Tpebyemoe.

2r(PQR) =

2%
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§3. OcHoBHag 4acTh

JIEMMA 4. [laa awbozo ¢ > 0 cywecmeyem maxoe wucao a(c) > 0, wmo das
A106020 mpeyzoavhura ABC npu 6cexr docmamouno 60AWUT HAMYPAALHLLT T >
N(c, NABC) cnpasedauso caedyrowee ymeepocdenue: dan mobot (AB,C;n)-a0-
manoti v ¢ xoausecmeom 3eenves > c¢(n?S(ABC))Y3 swmosnaemes nepasencmeo
1a(y) < (1 —alc))S(ABC)/3.

VHBIME CJIOBaMH, €CJIM B JIOMAHOH JOCTATOYHO MHOTO 3BEHLEB, TO y Hee He CJIMII-
KoM OoJibItiast 0600ennast adpduHHAS JTUHA.

TTokazkem, kKak u3 jyieMMbl 4 ciieyer Teopema 1.

IIpeonoxkuM, 4TO TeOpeMa HEBEPHA U JJ1s1 HEKOTOPOI OrPaHUYEeHHO! CTPOr'O BbI-

2/3

IIyKJIOA KPUBOW 7y BBINOJIHAIOTCA HEPABEHCTBA k;(fy, Gn) = cgrn'” 1 HEKOTOPOH BO3-
pacTaroleil mocjae0BaTeIbHOCTA HATYPAJIbHBIX duces] ¢ < q2 < q3 < ---. He yma-

Jisigg OOUTHOCTH, MOYKHO CUMTATh, UTO KPUBAas Y COeIUHSET TOUK A n B, Haxoisch
BHYTPHU HEKOTOPOro Tpeyronbiuka ABC (1106ast OrpaHudeHHAsT BBIYKJIasi KPUBast
pasbuBaercsi Ha KOHEYHOE IHCII0 TaKuX KpuBbIX). [Iycrs Takxke S(ABC) = 1. O60-
3HAYUM 4Yepes Y, Brucanuyio B v (AB,C)-momanyio, co;;epmamylo B Ka4IeCTBE IIPO-
Me2KyTOUHBIX BepumH Bee Toukn nepecedenust v (U, Ly, ). 3abukcupyem B KaxK-
JI0# TOYKE KPUBOI 7y OMOPHYIO MPsAMYIO K . [IpoBess atn npﬁMme B BEPININHAX KPH-
BOit 7, nosyunm (AB, C)-nomanyto 7,,, ONUCAHHYIO OKOJIO 7,. IIpu nepecedenun
OIOPHBIX TIPSIMBIX B COCEJIHUX BEPIIMHAX JIOMAHON -y, 00pa3yHTCs TPeyroJbHUKN

k
A, ..., . Kpusas v nexur B oobegunennu |J;_; A;. Homoxmm S; = S(4;).
ITycte ¢ = ¢» — TaKoe OOJIBIIOE HATYPAJBHOE YUCJIO, YTO JJIsl KAXKJIOTO TPEYroJIb-
muka A\; (1 =1,..., k) BelIOJIHsAETCA albTepHATHBA U3 JTeMMBI 4: 1160

(1) #(yN AN L) < (¢/2)S2 /3, mubo

(2) la(ymNA;) < (11— a)Sil/?’, rae a = a(c/2) — 4aucsio, 3aBUCHIIEE TOIBKO OT C.

O6o3naunm aepe3 M MHOMKECTBO HOMEPOB %, JIst KOTOPBIX HMEET MECTO CJIydait
(1), a wepe3 My — MHOXKECTBO OCTATLHBIX HOMEPOB 4 (JjIs1 HUX MMeeT MeCTO Caydail
(2)). Honb3ysck ciegcTBreM u3 jeMMbl 1 1 HepaseHcTBOM (1), oIy daeM

k k
c(ZSil/g>q2/3< cS(ABC)Y3q*3 = cg®3 < #(yN Ly) Z# YN Ly NA;)
! i=1

= ) #ONLNA)+ Y #(YNLENA)

1€ My 1€Mo

¢ 1/3Y 2/3 1/3\ 2/3
() o 5 )

i€ My 1€ Mo

(G Z

1€ Mo

N

/N

OTKYy/1a BBITEKAaEeT, 9TO

3 s %isj/?’.

i€ Mo =1
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Hauree,
k
1/3 1/3
LaCim ) D lalm N D) = 3+ D0 < D 8§+ (1-a) 3 8
i=1 i€EMy €M, €M i€ M
k
ac 1/3
<(1—-—= S 1—— )i
< 10) ; i < 10) Al 2 7).
Orcrona caenyer, uaro lim, oo la(yn @ 7,) = 0, a 9T0 IPOTUBOPEYNT CIEJAHHBIM

[IPE/IIOJIOZKEHUSIM (I3 KOTOPBIX BBITEKAET, 910 1A (Y 1 7)) = ¢/5)).

Takum 06pazoM, JTOCTATOYHO JIOKA3ATH JeMMY 4.

IMycts v = CoC1Cy ... CrClriq (upu 3tom Cy = A, Cxy1 = B, C; € Ly, i =
1,...,k) ects (AB,C;n)-nomamas u k > ¢SY/3n?/3 (3necy u nanee S = S(ABO)
yKe He 06s3aTesibHO paBHo 1). 3adukrcupyem onopsble npsivble I; B Toukax C; (i =
1,...,k),mnycrs lg = AC u 11 = BC. lonoxum [; NAC = B; (i=1,...,k+1),
liNli=D; (i=0,1,....k).

Nnmeem

k
la(7y) = sup Z S(C;D;Ci1)Y?,

=0

rJjie BEPXHsisl TPaHb OepeTcs: Mo BCEM CIIOCOOaM BBIOOPA OIMOPHBIX HMPAMBIX K JIOMa-
ot y. aiee,

S(ABC)Y3 — = suprz,

€T, = S(Aci+1Bi+1)1/3 — S(CZCH_lDZ)l/ — S(ACZBZ)l/B

Hucna ; HEOTPUIATEIbHBI cOrIacHO 1. 1) jemmbl 1. Hama nens — naiitu N >
c1n?/3S(ABC)'Y/? nomepos i, nis Koropbix x; = ¢o[C;Cit1]S(ABC)'Y/? (c mexoro-
PBIMH KOHCTAHTAMH €1 ¥ Cg, 3aBHCSIUMU OT ¢). Ecau Ham 310 ymacres, jeMMma 4

OyzeT JoKa3aHa B CUIy OleHKH (2) st cyMMbl N MUHUMAJIBLHO BO3MOYKHBIX 00XBa-
TOB.
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OTMeTnM, 9To ecJIu MBI Hafimem Ni > 03n2/SS(ABC)1/3 HOMEPOB %, JIJIsI KOTOPBIX
x; = ¢4[CiCi1]S(AC; 1By 1)"/3, 1o nemns Takxe Gyger gocturnyra. Jeiicrsures-
Ho, B cuity Hepasenctsa (1) cupaseyusa onenka 100n%S(AC; +1B;41) = i3, Tak uro
npn i > Ny /2 mveem S(AC; 1B 1)'? > ¢6S(ABC)'/3; snauur, myst xots 661 Ny /2
HOMEPOB i Gyer BbIIoIHeHa TpeGyemast onenka x; > ¢7[C;Ciy1]S(ABC)'/3.

Kak ciieqryer u3 jemmbl 1, mpuMeHeHHol cHadajia K Tpeyrojbauky ABC u Tou-
kaM P = B;11, Q = C;41, a 3atem K Tpeyronbauky AC;11B;+1 u Toukam P = B;,
Q = C;, nocraTodno s HeKOTOporo £o(c) maiitu Ny > c3n?/3S(ABC)Y3 mo-
MepoB 4, aist kKoropbix max([C;D;], [D;Ci41])/ min([C;D;], [D;Ciy1]) > 1+ €¢ nmm
r(C;D;Ciy1) ¢ S™1(1 — €0,1 + €g). Hazosem HOMED i, Y/IOBJIETBOPSIONINII OTHOMY
U3 9THUX YCJIOBUIA, €g-Bblaessiommmest. 3 gemmvbt 3 (it PWTR = C;D;D;1Ci4 0,
@ = C;11) BBITEKAET TaKOE

TIPEAIOXKEHUE. Ecau Homepa i u i+ 1 He ABAAOMCA £g -BL0CAAOUUMUCH, O
oas nexomopozo €1(gg) evmoanerno coommowenue r(C;Ciy1Ci12) € 287 (1 —e1, 1+
€1), Npudem €1 YobLBaAEm K HYA0 BMECTE C £ .

Takum 06pa3oM, JJOCTATOYHO JOKa3aTh, 94TO Ipu £ > 0 KojgudecTBo [N. HOMEPOB
i, nas kotopeix 7(C;Cip1Ci12) € 28711 — &,1 + ¢€), mONycKaeT OIEHKY CBEpXy
N. < 1(Sn?)Y/3, rae €1 cTpeMuTCs K HyIIIO BMECTE C €.

Bamermm, uto Y. S(C;Ci1Cit9) /3 < 253 (cyMMBI O WeTHBIM U HEUETHBIM
i me npesocxomaT S'/% mo ciepcTBmMIO M3 JeMMBI 1), TAK 9TO KOJMYECTBO HOME-
pos i, mia xkoropbix S(C;C;11Ci12) = mn~2, He npeBocxomut (10 HEPABEHCTBY
YeGpména) 2m~1/3(Sn2)1/3. Kpome toro, Tax kak cymma o6xBatos 3 [C;Ciy1]
MEHBIIIE WM PABHA 2, MbI TAKXKE MOXKEM, HE yMaJisis OOITHOCTH, CIUTATH (ONATDH
npumMensis nepasencTso UeGbimésa), uro [C;Ci o] < M (n2S)~1/3.

OcTanoch BOCTIONB30BATHCA CIIEJICTEIEM U3 JIEMMBI 2.

3AMEYAHUE. YTBEpXKIeHAE TEOPEMbI MOYKHO HECKOJILKO YCHJIUTD, Iojarast L, =
(lZ)2 + X, Ile X, — HEKOTOPBII BEKTOP CMEINeHUsI CeTKU, 1 BhIOUpasi 1 He 00si-

n
3aTeJbHO TETBIM.

§4. O BO3MO2KHOM KOJIMYECTBE TOUYEK HA BBINYKJION KPUBOII

B paGore [2] 6bL1 IpuBeIeH IpUMep CTPOro BBIMYKJIONH OMPAHUYEHHOI KPUBOIA 7,

Jutst KoTopoit k(7v, qn) = cnqi/ ® re g1 < g < -+ — CKOJb YLOAHO GBICTPO PACTY-
Mast MOCJIeI0BATEIbHOCTh HATYPAJIBHBIX YUCel, a KO3(MMUINEHTBI ¢, CTPEMATCH K
HYJIFO 9KCIIOHEHINAIbHO (¢, = K™, K > 1 — HekoTopas siIBHO yKa3blBaeMas KOH-
cTaHTa). 3/IeCh MBI YJIYUIIAM ITOT PE3Y/IbTAT, TIOKA3aB, YTO JIOCTATOYHO CXOAUMOCTH
paga Y ¢, . OJHAKO HAIIl MeTO/I SIBJISIETCS JIOBOJILHO IPYOBIM, 1 KAYKETCsl BEPOSITHBIM,
YTO U ITO YCJIOBUE MOXKeT OBbITh OcJabaeHo (BO3MOXKHO, JI0 HEOOXOAUMOrO YCJIOBUS
lime, =0).

TEOPEMA 2. ITycmov Y ¢, <00 (¢; >0) u M CN — beckoneuroe mrosicecmeo na-
mypasvvix wuces. Toeda cywecmeyem nocaedosamenrvhocmos q1 < ga < -+, q; € M,

2/3
U 02PAHUNEHHAA CTNPO2O GUNYKAGH KPUGAA 7y, makue, ¥mo k(vy,qn) = cnqn/ .

JIOKA3ATEJIbCTBO. PaccMOTpUM HOJIyOKPY?KHOCTD JUIMHBL Y |, ¢;. Pa3enum ee Ha
JIYTU JJIUH C;, U IIyCTb KOHIIbI JYT'U JUIMHBI ¢; ecThb A; u A;+1. IIpoBemeM B KOHIIAX
YT KacaTeJibHbIe K OKpy2KHOCTU. Kaskast myra ¢; momnajieT B OJINH 13 BOZHUKAIOIIIX
[IPU 9TOM TPeyroJabHUKOB A; B; A;+1, Y KaXKI0T0 U3 KOTOPBIX JBE CTOPOHBI JIEZKAT HA
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KAaCATEJILHBIX, & OJHA ABJsgeTcst Xopmoit A;A; 1. Ilmomans Tpeyrombauka A;B; A; 11
ne menbie, uem Cc, rye C' ne 3apucut or i. He ymasisas oGIIHOCTH, MOXKHO CUH-
tarh, uro C' > 100 (B IPOTUBHOM CJIy4ae MbI IPUMEHUM TOMOTETHUIO C MOXOIAIINM
ko3 durenToM, yBeanunBas mioniaau rpeyroabaukos B 100/C pa3). Teneps mo-
crpoum B Tpeyronbauke A;B;A;y1 (A;Ai11, B; ¢;)-10MaHy0 ¢ BEepIIMHAMEI B y3/1aX
Lg,, tne g; € M — Takoe 60OJIBITIOE YUCJIO, ITO KOJMIECTBO IPOMEKY TOUYHBIX BEPIITHH
9TO JToMaHO# GOJIBIE WU PABHO ciqf/ 3 (BOBMOYKHOCTD TIOCTPOEHHUSI TAKOH JIOMAHOM
obcyxkmanach B §1). O6benuHenne BceX TAKUX JIOMAHBIX JaCT TPeOyeMyto KPHUBYIO
v (cTporo roBopsi, ciaeyer 3aMeHUTh IPSIMbIe 3BEHbsl JIOMAHBIX HA OJIM3KHE CTPOTO
BBIIYKJIbIE KPUBBIE, YTOOBI KPUBAsI 7Y CTAJIA CTPOTO BBIMYKJION ).

IIpunoxkenue. O pacnpefeieHNH 1€JIbIX TOYEK HA MOBEPXHOCTHU
{ab — c¢d = const}

PaccMmorpuM orpanmdeHHble Kpajpupyemble obmactu §21,{s C R2Z. IMocrasum
CJIIYIONTHI BOIIPOC: KAKOBA aCUMIITOTHKA KosmmdecTBa M (€21, Qo; n) map BeKTOpOB
X1 € nUNZ2, x9 € n§lyN7Z?, Taknx, 4To X1 X X9 = 1. PaccmorpuM cHavasa ciryJait
TPEYTOJbLHUKOB

Q,Z{(Ji,y)0<y<x<az} (221727 a2>0) (4)
Tor/1a 3a/1a4a CBOIUTCA K TIONCKY YHC/Ia PeIeHnil HepaBeHCTBa
T1Yy2 — Y122 =1 (5)

IIPU yCJIOBUU, YUTO
0<y1 <z < naq, 0 < yo <z < nas. (6)

XopoImo M3BeCTHO, YTO NpU (PUKCHUPOBAHHBIX B3aUMHO MPOCTBIX T1, T2 YypaBHE-
e (5) MMeeT eMHCTBEHHOE peIlleHue Y1, Yo 0pu ycaosuu, uro 0 < y; < 21,
0 < y2 < z9. Ciyuam paBeHCTBa Yy = 1 WIA Yo = Xy UMEIOT MECTO TOJBKO
s 1 = 1w x9 = 1, T.e. juist He Gostee yem C'(aq, az)n BapuanToB. [IoCKOIBKY
KOJINYECTBO TOYEK C B3aUMHO HpOCTbIMI/I KOOpﬂI/IHaTaI\H/I (fﬂl, x2) B HpHMOyI‘OJIbHI/IKe
0 <z <nap, 0 < a9 <nas ecTtb

¢(2) " "n2aras + o(n?),
nosiydaeM B ciydae (4) aCUMITOTHKY
M(Qq,Q;n) = ¢(2) 'n?aras + o(n?).

g naapbHeRmUX meseil Mbl IepemuileM ITOCACIHUA OTBET CJICAYIOMMM O0pPa30M:
ecam yepe3 [(2, ¢) 0603HaUNTH (OHOMEDPHYIO JIeOErOBY ) Mepy IepecedeHns: 00JacTu
Q ¢ mpsaMoit y = tgp - x, WAymei oI YIJIOM (0 K OCH abCITHUCC, TO

M(Q,Q2;n) = ((2)7" /0” [(Q,9) 1(Q2, ) dip - 0 + o(n?) (7)

(B ciyuae (4) uarerpas B (7) MOXKHO 6bLI0 661 6PATH U [0 MEHBIEMY OTPE3KY ).

Hazosem 6a306bimu Tpeyroabaukn momaaun 1/2 suga OAB, rae O — Hadaio
koopauHat, A, B — 1esble TOUKH.

Bamernm, aro dopmyia (7) BbIIOIHEHA TaKKe it 00IaCTel, IOy YATOIIUXCST 13
(4) adpdunnbivMu geticTBusimu sementos rpynmbl SL(2,Z). Uasivmu cioBamu, dhop-
mysa (7) BepHA Jisl TIAp TPEYTOJIBHUKOB, MOJIYYAIOIIUXCsI U3 HEKOTOPOTro 6a30BOTO
TPEYTrOJIbHUKA TOMOTETHSIMHU.
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Ham nanpreiimmit miaH COCTOUT B alllIPOKCAMAIIAN 00JIacTel JOCTATOYHO OOIIEro
BHUJA O0bEeIUHEHUSIMY TaKUX «0a30BLIX» 00JIacTell, MaJIO IEPEeCEKAIONIUXCA PaJUATIb-
HO (T. €. IPU IEHTPAJILHOl IIPOEKINI HA eJIMHUIHYI0 OKPYZKHOCTB).

Sadukrcupyem umciao € > 0. Bymem HasweiBaTh 6a30BbIl TpeyroabHuk OAB
€ -N00T0dAUUM, €CITN

1) |OA/OB —1| < ¢;

2) ZAOB < .

Hawm nona toburcst ciemyrorast

JIEMMA 5. IToumu 410600 (6 cmoicae mepo, Jlebeza na eQunuHot okpyHcHOCTU)
AYY, BTOOAWUT U3 HAYAAG KOOPOUHAM, UIEM, HYMPb OECKOHEUWH020 YUCAG € -TL00-
TOOAWUT OA308VIT MPEY20AbHUKOS.

JOKA3ATEJILCTBO. He ymajss obITHOCTH, MOXKHO CIUTATH, YTO JIyd UMEET BUJL
0<y=azr, 0<a<l.Pazmoxum 9ucio « B NENHYIO APOOb:

1

R
|

1

a + ———
az + -

JlJ1st TIOUTH BCEX (v 3JIEMEHTBI a; He orpaHuyeHbl. (VI3BeCTHO U pACIIpe/iesIeHe JJ1e-
MEHTOB IIeTHOU JpoOu Jursd mo4Th Becex o — dopmyna [aycca—Kyspmuna. Vcnoas-
3yembIit daxT rpybee n 3HaUUTENLHO TpoIe JokasbiBaercs. Cm. [9].) B repmunax
noaxosnmx Apoodeit pr/qr (k = 1,2,...) 9T0 03HAYAET, UTO OTHONIEHUE COCETHUX
3HamMeHaTes el qr41/qr He OrpaHwdeHo (Tak KaK (r+1 = GkQx + Qr—1). Kaxnoii
mape COCeIHUX IOAXOJAIINX Apobeil coorBercTByeT 6a30BBIH Tpeyroabuuk OAB
(A = (qk,Pk), B = (qk+1,Pr+1)), BHYTPb KOTOPOTO HAmpasien jiyd y = ax. Ec-
JIM OTHOIIEHUE ()11 /qr Benuko, To OB > OA.

IIpumenum nporenaypy <«BBITSITUBAHUSA HOCOB». A MMEHHO, IIOCTPOUM IIOCJIEN0Ba-
TeJbHOCTL Touek By = B, OB; = OB;_1 + OA. Onun u3 orpeskos B;_1B; nepe-
ceuer Hai Jiyd. Tpeyroabuauk OB;_1B; 6yner 6a30BbIM (Tak KaK 10 M3BECTHOMY
CBOMCTBY ToxoAMmx JApobeit 6a30BbiM 6611 Tpeyrosbuuk OAB) u, ecin ap u k
JOCTATOYHO BEJIMKH, £-TOAXOAAIM. JleMMa JoKa3aHa.

Ilycts Temeps obmactu {21, (lo CyTh roMOTETHYHDLIE TPEYTOJbLHUKHU BUIA ()] =
OCD, Qy = XQ; (A > 0), tae npsmas C'D Beprukasibha u Touku C, D jexar B
obmactn 0 <y < z (C mmxke D).

CoryiacHo Teopeme Burtasu u jiemmMe 5, Mbl MOYKEM HANTHU €-TIOIXOJISIIAE TPEYTOJIb-
wukun OA;B; (i = 1,...,n), takue, uro ayuun OC,0A;,0B1,0A2,0Bs,...,0A,,
OB,,,OD uxyr npoTus 4acoBoil CTpeJKU B yKa3aHHOM mopsake u y ., ZA;0B; >
ZCOD —«.

IIycres A; — HaUbOIBINMIF TPEyrobHUK, TOMOTeTHYHBIH OA; B;, comep:Kamniicst
B (i=1,...,n).

Torya, cymmupyst oreHKu Buga (7) 1jist TpeyroabHUKOB A;, NA;, ToJIydaeM OIeH-
Ky CHU3Y

n
M(Qq,Q;n) > ()\ 2S(Ai)>n2 + o(n?).
i=1
ITpu masoMm e mmeer Mecto onenka S(A;) > ¢(e)S(LA;0B,NAOCD), tae c(e) — 1
opu € — 0.
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Takum obpazoM, yCTpeMsis € K HYJI0, JIJIsT YKa3aHHBIX obJracteit 2, (o mosy-
JaeM OLEHKY cHusy Buja (7)

s
M<QlaQQ:n) 2 C(2)_1/ l<Qla<)0) l<92790) dtpn2 +O(n2) (8)
0
Pacemorpum Toukn Cy m Dy, nonydarorniuecs: iepecedenneM npsimoit C'D ¢ ocbio
abcIyce U MpsMoit £ = y coorBeTcTBeHHO. Paccmorpum tpeyronbauku A\ = OC1C),
No =0CD, N3 =0DD;, ANg = OC1 D1 n tpeyrombaukn AA;. Nmeem

3 3
M (Do, ADgin) <)Y M(Dg, A5 n).

i=1j=1

JleBast 9acTh HEPABEHCTBA UMEET ACUMITOTHKY Buja (7), a TpU CaraeMbIX TPaBoii
gacTu (7y1s KOTOPBIX ¢ = j) — omeHky cHusy (8). Orcrofa mosydaeM, 4To OIEHKA
CHHU3Y BO BCEX TPEX CJIydasiX sIBJISIETCS U OIEHKON CBEPXY, & IePEeKPECTHBIE HJIEHBI
naior Bkyas o(n?) (HmocsemHee n TaK ACHO).

Tem cambiM acumnrornka (7) ycTaHoBJICHA /It 00IACTEN YKA3AHHOTO BUJA.

Teneps M100bIE JIBE «IOCTATOYHO XOPOIHe» (HAIPUMED, KBAIPUPyeMble) 00J1acTh
MOZKHO aIllIPOKCHUMUPOBATH CHU3Y M CBEPXY CyMMAaMU U PA3HOCTIME TaAKUX 00JIacTeit
(cymMaMu Tpamnenuii ¢ BepTUKAJIbHBIMU CTOPOHAMH).

Paccmorpum Teriepb HeCKOIBKO GoJiee OOMIyIO 3a/ady. A MMEHHO, 3aMEHUM YCJIO-
BHE X1 X Xo = 1, HajlaraeMoe Ha apy BEKTOPOB, YCJIOBUEM X1 X X = m = const # 0.
CHoBa, paccMaTpHUBas CHAYAJA TPEYTOJIbHUKI

Qi ={(z,y):0<y<z<a;} (1=1,2, a; > 0),

HAXONUM OTBET B STOM YACTHOM CJIydae. B camMoM gese, eciu 3adUKCHPOBATH
HO(z1,22) = d (21, 2 — abCIUCCH BEKTOPOB X1, X2 ), TO HOJIYIUM

d=1¢(2) " 'n2ar1as + o(n?)

HNCKOMBIX IIap. CyMMI/IpyH II0 BCEM OEJIUTEJIAM YHCJIa 11, IOJydJaeM B 3TOM CJy4dae
ACUMIITOTUKY

M(Qu, Qa5min) = o(m)|m|~¢(2) 7" /Owl(Qhw)l(Qz,w) dp-n®+o(n?). (7))

O6ob1enne Ha cydait obmacreit {21, (2o 00IIErO BUIA TPOU3BOJAUTCSA TOTHO TaK Ke,
Kak u Juig m = 1.

ITokazkem Temeph, KAk U3 JOKA3aHHOTO YTBEPKICHUS CJIEIyeT JemMma 2.

JOKABATEJBCTBO JIEMMBI 2. He ymamsiss oOIHOCTHA, MOXKHO CINTATH 00JIACTH
Q upsmoyrosbaukoM Bugia {0 < < A, 0 < y < B}. B sT0oM ciydae KOJMYECTBO
CIIEIUAJBHBIX TOYEK B MPSAMOYTOJIbHAKE N{) ecTh KOJMYecTBO nap BEKTOPOB (X,y),
XXy =m, Takux, 94T0 X € N, y € N, rne Q, u 2, — obnacTn, onpeznejeHHble
dopmysramu

Q, ={x € An: [x] < A}, Q, ={y €An:[x] <B}.

[Tpumensist K 9TOMy YaCTHOMY CJIydaio acUMITOTUKY Buga (7'), mosydaem Tpebye-
Moe.
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