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BukTopy A6pamoBuuy 3asrasniepy
¢ Jit06OBBIO U TIyOOKHUM MOYTEHUEM
K BOCBMHJIECATUIIATU/IETHIO

O THIIOTE3E C. JI. TABAYHHUKOBA

© A. H. HA3APOB, @. B. IIETPOB

Jlokazana runortesa C. JI. TabauyHWkoBa O TOM, UTO CpefHssi aGCOJIOTHAs
kpuBusna T'(I") samMkHyTO# KpruBO# I, siexkaliieli BHYTPU BHIIYKJIOH 3aMKHYTOH
kpuBo# I'1 Ha miockocetH, 6oabiue T'(T'1), ecin T # k.

§1. lNMocTtaHoBka 3agayn. [MnaH gencTemmn

PaccMOTpHM Ha TJIOCKOCTH HAaTypasbHO MapaMeTPU30BAHHYIO 3aMKHYTYIO
kpuByio I'(s),s € [0, L(T")]. Bynem roBoputh, uto I'(s) NmpUHANEKUT Kjaaccy
BV, ecan ckopocts I'(s) cywectByer, nHenpepbiBHa Beiogy Ha [0, L(T)], 3a
UCKJIFOYEeHHEeM CYETHOrO UhcJa TOYeK, B KOTOPHIX HMEEeT ONHOCTOPOHHHE Mpe-
JleIbl, ¥ MMeeT KOHeuHylo Bapuauuio.' ITosHyio Bapuanuio IV HasoBeM noaHbim
nosopomom kpuBoil I' u Gynem o6o3Hauats V(I).

OTMmeTHM cJ/lefyoline CBOHCTBA MOJHOTO MOBOPOTA:

1°. ins C?-riafkux KpHMBBIX TOJHBIH MOBOPOT PaBeH MHTErpasy OT MOALYJs
KPUBH3HBI 10 [JIHHE AYTH.

2°. IlonHBEIN TIOBOPOT 3aMKHYTOH JIOMaHOH paBeH CyMMe BHELIHMX YIJIOB BO
BCeX BepIUIHMHAX JOMaHOH.

Pabora mnopnepkaHa TrpaHTaMd AJs MOANEPKKH BeoylMX HayuHbeix wikoa P@ HIII-
8336.2006.1 (mepeuiii aBTop) u HIII-2251.2003.1 (BTOpOi aBTOp), a Takxke rpaHtom POPOU
05-01-00899 (BTOpO¥ aBTOp).

lBapHaum GbyHKUMY f, LeHCTBYOLIEH B eIMHUUYHYIO OKPY?KHOCTb, ONpefessieTcss KaK TOYHas
BepxHss rpaHb cymM y o, p(f(t:), f(ti—1)) + p(f(tn), f(to)) B3sITOM MO BeeM pasGueHHsIM to <
t1 < --- < tp oTpesKa 3agaHus QYHKUHH f, ]S KOTOpHIX f onpenesneHa B y3/ax pasOueHUs i;;
p — BHYTPEHHSIl MeTPUKa OKDPY2KHOCTH.
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178 A. V1. HA3BAPOB, &. B. [IETPOB

3°. TlonHbI# TOBOPOT 3aMKHYTOH BBINYKJOH KPUBOH CYILEeCTBYeT U paBeH 27.

OnpegenuM cpeduroro abcoromnyro Kpususuy kpusoi I' € BV'! xak ee
MOJIHBI TIOBOPOT, JA€JE€HHBIH Ha [JIMHY.

C. JI. Tabaynukos [1] copmynpoBas CaenyOLLYIO THIIOTe3Y, HA3BAHHYIO UM
nepasercmeom JTHK.

Teopema P. 1. Cpednssn abcorromnas kpususnwa T(T') samkuymoii Kkpusoil
I' € BVY (JHK"), aexaweii enympu evinyxkiot samknymoii xpueoii T'y
(,xnemku”), ne menvuwe T(T'7).

2. Ecau T(T') =T(T'y), mo kpusaa I' ecmo kpamroiti 06x00 kpusoil I'y.

O630p pe3ysnbTaToB, CB3aHHBIX C 3TOU THNOTE30H U ee 00O0OLIEHUSIMH, MPH-
BegeH B [1]. [epBast yacth Teopembl P mokaszana B [2].

Mbui nokaxkem HepaBeHcTBO JIHK mosnocthio. JlokasarenbCTBO MepBOM 4ac-
TH TeopeMbl P UYacTHUHO cjenyeT U3 [2], HO sBjseTcss Gosiee MPO3PAyHBIM M
KPaTKUM M HCIOJb3yeTcCsl NpPH [A0Ka3aTesJbCTBe BTOPOH udacTH TeopeMbl. [lis
MIOJTHOTBI M3JI0’KEHHUS] MBI TIPUBOIUM (BO MHOTOM YIPOILIEHHbIE) NOKAa3aTesbCTBA
BCEX HCIOJIb3YEMBIX JIeMM U3 [2].

He ymanss o6uHOCTH, MOXXHO cudTaTh, uto ['; coBmajaer ¢ rpaHuued Bbl-
nykJo# o6osouku I

ByzneM roBoputh, uto Kpueas I ayuwe kpusoi I, ecan T(T) > T(D), u
cmpoeo ayuwe, ecan T(T) > T(T'). 3ameHy KpuBO# Ha Jydinyio (COOTBETCT-
BEHHO Ha CTPOTO JyUllyl) KPUBYIO C He OOJbIleld BBITYKJOH 000J0UKON Gy-
JIeM Has3blBaTb yJydlleHHeM (COOTBETCTBEHHO CTPOTMM YJydleHHeM) KPHBOH.
3aMeTHM, 4TO eCJiM B pe3ysbTare MOCJeN0BATENbHOCTH Y/IydlleHHH KpuBOH I’
MoJTyueH KpaTHBIA 00xop KpuBou 'y, yTBepxkiaeHue 1 Teopembl P mJs1 KPUBOU
I' noxasaHo, a ecqau XOTSl Obl ONHO M3 YJAyULIEHUH OBIIO CTPOTHM, OOKa3aHO
crtporoe HepaBeHcTBo 1'(I) > T'(T'y).

[lepBbiM nesom yTBep:kIeHHe | CBOAMTCS K CJydal JIOMAaHBIX. 3aTeM Bep-
IIMHBI JIOMAHOH ,,3arOHSIIOTCSA HA TPaHULY (31eCh U Hajee: TPAHHUIY BHITYKJION
o60s10uKkH). [Tocsie 3TOrO KAXKHass CMeHa HaTpaBJ/IeHHs IOBOPOTA JIOMAaHOH MO3BO-
JSeT ee ynyulIUuTb. KOHEUHOe 4MC/0 TaKUX Y/aydlleHWH NPUBOAMUT K JIOMaHOH,
NOBOpAuMBaIOlIed TOJBKO B OJHOM HalpaBJieHWH, O/ KOTOPOH yTBepxiaeHHe 1
NpakTHUYeCKH oueBUAHO. Jasee, Mbl HOKaxkeM, YTO KaXKAYI0 KPUBYIO, OTJIUYHYIO
OT HeCKOJIbKO pa3 00OHAEHHOH I'pPaHHLBl, MOXKHO CTPOro yaydwuTb. K3 atoro
OyneT clefoBaTh yTBEpKAeHHE 2.

§2. CeeneHue k nomaHom

3amMeTnM, 4TO ecsi B TOUKe pa3pbiBa (ckauka) ¢yHKiuu IV moomnpenesutsb
I Kak TMPOM3BOJIbHBIA BEKTOP HA €IHHHUYHOH OKDPYXKHOCTH, JiexKallni Memy2

2To €CTb Ha MeHbIled W3 IBYX AYT €IMHHYHOH OKDPYKHOCTH.
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JIEBBIM M TPaBbIM OJHOCTOPOHHMMHU npenesaMu 17, Bapuauus IV He H3MEHHTCH.
Hanee, roBopsi 0 MHOXKeCTBE 3HAUEHHWH CKOPOCTH Ha HEKOTOPOM MOABIHTEPBAJE
3anaHusi [V, Mbl OyneM MUMeTb B BHIY, YTO K MHOXKECTBY 3HaYeHUU T’ B Tou-
Kax HelpepbiBHOCTH A06aBJeHBl HMEHHO 3TH MHOXKECTBA NOMYCTUMbIX 3HAUeHHUH
BO BCEX TOUKaxX paspbiBa. JIerko BHUOETH, UTO MPU TAKOM MOAXOJE MHOMKECTBO
3HAYeHUU CKOPOCTU Ha JIDOOM MHTepBaje eCTh Ayra OKPY»KHOCTH.

Ham notpebyercs caenytoias

Jlemma 1. Paccmompum dse mouxku A u B na kpusod I'. Ecau cywecmsyrom
I'(A) u T'(B), mo noanviui nosopom kpugoti I' mendy A u B (maxoil yuac-
mok 6ydem o6osnauame I'ap) e menvwe p(I'(A),e) + p(I'(B),e), ede e —
eOUHUUHbLLL BeKMOp, HanpasienHoll 80046 ompesdka ADB.

JlokasatenbcTBO. EC/iH BEKTOP € JIEXKUT B MHOXKeCTBe 3HaueHui [’ Ha ydact-
Ke or A no B, yTBep:KJIeHHe OYEBHAHO ([OCTATOUHO PacCMOTPeTh pasbueHHe
T'ap, B KoTOpoM yanamu OynyT A, B u touka C, mas kotopoir IV(C) = e).
B npoTHBHOM c/lyuae MHOXKeCTBO 3HaueHu# IV oT A 10 B — jayra, He MeHbliast
MOJTYOKPYKHOCTH (MHaue MOXKHO OBbLJIO OBl MOCTPOUTH TOJYTJIOCKOCTh, COIEp-
Kallylo 3TO MHOXKECTBO 3HauyeHMil U He comepxallyio BekTop AB). PaccMoTpes
JOCTaTOuHO MeJsikoe pasbuenue I 4p, mosyuum, uto mosopot IV ot A mo B He
MeHblie Gosblied 1yru Mexay IV(A) u IV(B), 4To 10Ka3bBaeT JeMMy H B 3TOM
cay4yae. e

Jlemma 2. [Iycmov Oas nexkomopoii kpusoi I' ymeepacdenue 1 meopemor P
He svinoaneno. Toeda cyujecmsyem aomanas, 04 KOMOPOL OHO MAK#E He
BbINOAHEHO.

JokasareabctBo. [lo yenosuio T'(I') < T'(T'1). Bnuwewm B I' omanyio A, niu-

Ha KOTOpOH JoCTaTO4YHO Osu3ka K aguHe I' (umenHo L(A) > L(T) - 1?((1;1)))'
OueBunHo, BoimykJaass obosouka A (o6o3HauuM ee rpanuny Ajp) jexur B ['g.
MoxHO Takxke cuuTath, 4To I ompenesieHa BO Bcex BepiiMHax A.

Hokaxewm, yto V(A) < V(I'). lnsg 3TOro HOCTaTOUHO CJIOXKHUTb HEpPaBEHCTBA
JIeMMbl 1 10 BceM 3BeHbsIM A U 3aTeM NPUMEHHTb HEPaBEHCTBO TPEYrOJbHUKA.

Orcrona

T(8) = T < T = T < T,

H JieMMa JO0Ka3aHa. o

Jlnsa 3aMKHYTOU JjoMaHOU Aq As ... A, Ay 0603HauuM L ee nauny, P — nepu-
MeTp BBINYKJ0i o6osouku u V =Y " (m—ZLA;_1A;A; 1) — NOMHBIH OBOPOT
(Hymepal{si HHIEKCOB LHMKJIMYECKasi 10 MOAYJI0 n). Dynem mpeamnosaratb, 4To
HU OfIHA M3 BepLIMH A; JIOMaHOH He JieXXUT Ha oTpe3ke [A;_1A;+1]. Ecan y
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OJIHOH W3 TOJy4aeMblX B TPOLECCe YJydlleHHs JIOMaHBIX MOSIBATCS TaKhe Bep-
LIMHBI, Cpa3y OyieM UX yHajsiThb.

C yueToM BBeJleHHBIX 0003HaueHUH yTBep:KaeHHe 1 Teopembl P mepedopmy-
JIUpYeTCs 115 JIOMaHBIX TaK:

Jlemma 3. £ < £
V " 2n

3ameTumM, 4TO U3 JeMM 2 U 3 cJelyeT yTBepxkaeHUe | B o0iieM ciyuae.

§3. YeTblpex3BeHHble NOMaHble

JlokaxkeM [1Be JIeMMbl, KOTOPbIE COCTABJISIIOT yTBEPXKAEHHE JIEMMbl 3 [JIs Ue-
TBIPEX3BEHHBIX JIOMAHBIX H, KPOMe TOrO, B JaJbHeHIIeM OyAYyT HUCIOJIb30BATHCS
JJIS1 yJIy4lleHHs MPOU3BOJIBHOH JIOMaHOH.

Jlemma 4. B mpeyeorvruke ABC' 8oinoaneHo HepaseHncmeso

AB+ BC AB+ BC + AC
< )
2T — 27

ede 8= /ABC.

HokasareabcTBo. [lo Teopeme cHHYCOB HMeeM

AB + BC B sin /A +sin ZC

AC sin 3

B 9 sin( AAeréC) COS( AAEAC) B COS( AAEAC) 1

= = < .
2sin g Cos g sin g sin g

M3 BemykJocTH cuHyca Ha |0, /2] nMeem

siné > é
2 T

[ToaTomy

AB + BC < z< 2T —
AC I} g
4TO paBHOCHJBHO (1). @

Jlemma 5. [lycmo ABCD — soinykaviti uemolpexyeorvhuKk, OUA2OHAAU KO-
mopoeo nepecexaromcs 8 mouke O. [loroxmum ¢ = LAOB. Toeda

AB+BD+DC+CA AB+BC+CD+ DA

2(m+ o) < 27 2)
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HokasareabctBo. Ilo nemme 4 numeem AB > £(AO + OB), CD > £(CO +
OD). CxnanpiBas, nonydaem AB + CD > £(AC + BD).

Amnanoruyso
BC’+AD>(1—§)(AC+BD).
[ToaTomy
¢ AB+CD ¢\ BC+ DA
p AC+BD+<1+E> AC + BD
@ @ e\
sz () (-0 =
Orcrona
AB +CD o\ (AB+CD BC +DA
AC+BD+1<<1+E><AC+BD+AC+BD>’

4TO PaBHOCUJIBHO (2). e

K nemmam 4 u 5 cBomsiTCS YacTHBIE CJy4aH JIeMMbl 3 [JIs1 Cydasi BOTHYTOTO
U caMoOIlepeceKalollerocst YeTblpexyroJbHHKa COOTBETCTBEHHO.

3ameuanue 1. Hepasenctra (1) v (2) (co 3HaKOM <) BBINOJHEHb U JJIST BHIPOXK-
IeHHbIX TpeyroibHuKa ABC u yetbipexyronpHika ABCD COOTBETCTBEHHO.

§4. lNepemelleHne BEPLUNH Ha rpaHnLy

B stom maparpade MBI cBemeM JemMMy 3 K CJydal, KOTAA BCe BEpPILIHHBI
JIOMaHOH JieXKaT Ha TPaHULE ee BBIMYKJOH 00ONOUYKH.

[lycte BepminHa A; J€XKHUT CTPOrO BHYTPH BBIMYKJOH 06osouku. Paszbepem
TPH cJaydas.

Cnyugaii a). Eciu toukn A;—; U A;yo Jiexar mo ogHy CTOPOHY OT MPSIMON
A;A;y1, JOMaHYI0 MOXKHO CTPOTO YJyUIIWThb, YBEJHYHB IJIMHY U HE HU3MEHHUB
MOBOPOTA, MOABHUHYB BepiMHy A; 3a oTpe3ok A; 1A;, MOKa OHA He HAaTKHETCS
aub0 Ha rpaHuly, JUO0 Ha mpopo/keHHe oTpe3ka A;t1A;yre. TeM cambM Mbl
MOJTYUUM JIYYIIYIO JIOMAHYI0 C MEHBIIUM KOJMYECTBOM BEPIIMH BHYTPH BBINYK-
Jioli 060J104KH (BO3MOXKHO, YMEHBLIUTCS U oOllee KOJMYECTBO BeplinH). AHa-
JIOTHUHBIM 00pPa3oM TMOCTYNHUM, eclu A;t1 U A;_o JieXar 1o OIHY CTOPOHY OT
AiAi—1.

Cayuaii b). [Ipennosokum Tenepp, uTo TOUKU A;—1 U A;qo JeXaT MO pasHble
CTOpOHBI OT TpsiMOU A; A;11; a ToUkH A;11 ¥ A;_o — TO pa3Hble CTOPOHHI OT
npsimolt A; A; 1.

[lycte ToukH A;_o U A;1o J€xXaT B yIJax, IONOJHHUTENbHBIX (MO CTOPOHE,
comepxaieit Touky A;) K LA 1A 1A4; v LA; 1A;,1A; cooTBeTcTBeHHO. Pac-
CMOTPHUM JIOMaHylo, mosyuatomytocs us A A, ... A, 3ameHOH 3BeHbeB A; 1 A;
U A;A;11 Ha onHO 3BeHO A; 1 A;11. [Ipenmnosioxum, 4To UCXOAHAs JIOMaHasi He
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YIOBJIETBOPSiET HEPABEHCTBY JIEMMBI 3, a HOBasi — YIOBJIETBOPSIET, T.€. HMeeT
MECTO ABOHHOe HepaBeHCTBO

L P _L—(A1Ai+AAn— A 1Ai)
2ol
Vo~ V —2(m — ) ’ (3)

raoe ﬁ = ZAz',lAiAiJrl. Toma

P-V—=2r—p0) - P+2mn(Ai1A; + AiAit1 — Ai1Ai1) 2210 > P -V,
OTKyJa

2m(Aj_1 A + AjAi — A1 Aig)
>2(m = B)P = 2(m — B)(Ai—1 4 + AiAin + Aic1Ai),

4To npoTuBopeuuT jJeMMme 4. [ToaToMy HOBas JoMaHasi TakxkKe SIBJSIETCS KOHTP-
NPUMEPOM K JleMMe 3 ¥ UMeeT MeHblllee KOJHYECTBO BHYTPEHHUX BEPILHH.

Octanoch paccMoTpeTh cjaydad c), Korma, ckaxem, A;jo u A; Jexar 1o
pasHble CTOpoHBI OT mpsimoil A;_1A4;+1 (B 3TOM c/aydae BepminHa A;yj Tak-
JKe JIEXKHT CTPOTO BHYTPU BBIMYKJOH o6osouku). He ymansis obuiHocTH, yron
A;_1A;11A; — HauMeHbIIUH JJIS BCEX HOMEPOB 4, 06JIalalouX TaKUM CBOHCT-
BOM. 3aMeHHUM i Ha i+ 1 1 pazbepeM aHaJOruuHble caydad. Touka A;_j JEKUAT
B yTJe, NOTMOJHUTEIbHOM K A; A;19A;11 1o ctopoHe A;A; 1. Eciu Touka A;3
He JIEXKUT B yIJle, BePTHKaJbHOM K yriy A;11A;12A4;, JoMaHas ysydiiaercs
TaK, KaK y»e T0Kas3aHo (¢ 3aMeHOH ¢ Ha i + 1). Ecan ke Touka A;y3 JeXHUT B
3TOM yTJle, TOJy4aeM MpOTHBOpPeUure ¢ BeIGOpPOM i: yron LA;A;ioA; 11 MeHblle,
yeM AAZ'AZ'JrlAZ'*l (Tak Kak éAiAiJrlAil + ZAZ'AZ'JAAZ'JFQ > ZAZ'AiJrQAZ'Jrl +
LAiAip1Aite).

Hrak, 3a KOHEUHOe YHCJO LIaroB Je/0 CBOAMTCH K CJydalo, KOTja Bce Bep-
mUHbl A; JoMaHoi A;As... A, JeXar Ha TpaHUIle BBIMYKJOH 000JOUKH.

§5. YMeHblUeHMe Konnyectsa nepemMeH HanpaeneHust

BBemeM Ha mnJjockocTH oOpueHTauuio. Dynmem ToBoOpHTb, dYTO JlOMaHas
Aj1As... A, B BeplirHe A; MOBOpauyMBaeT BIPaBO, ecau 0asuc A; 1A;, A;A;11
OTpHUIIATeNBbHO OPHUEHTHPOBAaH. B MpoTHBHOM ciyuae (B YaCTHOCTH, €CJIU BEKTO-
pet A;A;—1 n A;A; 1 coHampaBJ/ieHBl) Oy/ileM TOBOPUTD, UTO JIOMaHasi B BepLIMHE
A; TIOBOpauMBaeT BJIEBO.

Ecsu omaHast nBaXKzbl MOAPSI OBOPAYHMBAET B OAHOM HarpaBJjeHUH, TO 3Be-
HO MeXKIy 3THMH ITOBOPOTAMH MOXKHO 3aMEHHUTb Ha Yy4acTOK I'DAHHILbl B TOM 2Ke
HanpaBJ/eHUH — JIOMaHas ynydmntcsi. HasoBeMm 3Ty omepauuio BBITSTMBaHHEM
JIOMaHOH.
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Jlemma 6. [Ipednonoscum, umo HecKkOAbKO nOCAe008amMeAbHbLY 38eHbe8 HA-
uieil romaroll 06pasyrom noAHbil 06xX00 eparuubl, nputem nepeoe U nocieo-
Hee pebpa yuacmka cosnadarom (m.e. epaHULa — MHO2OYEONbHUK
C1Cs ... Cp, a 8 nomarnoii ecmo ywacmox XC1Cs . ..Cp,C1CY). Toeda uc-
MUHHOCMb AeMMbl 3 048 MAKOL AOMAHOLU PABHOCUNLbHA ee UCMUHHOCMU 0AS
Aomarol, 8 komopoi 06x00 uckitouer (m.e. 048 LOMAHOU, 8 KOMOPOU YKa-
3annbitl yuacmok 3amerer Ha X C1C2Y).

Hoka3arenabcTBo. Jlerko BHIETb, UTO MepPUMETP JOMaHOH, MOJYYEHHOH MocC-
Jie ynaseHusi o6xona, paseH L — P, a mosHbH noBopor — V — 27, YTBepx-
JIeHWe JeMMbl 3 [/ HOBOH JIOMAaHOW 3alHCbiBae€TCsl B BHJE HepaBEHCTBA

L—P P 5 -
Voan < 95—, PaBHOCHJIbHOTO YTBEPXKIEHUK JIEMMb 3 IJs WUCXOOHOU JioMa
HOH °

Bynem nmoBTOpsATH onepanyio JeMMbl 6 10 TeX Mop, MOKa 3TO BO3MOXKHO. DTOT
npolecc Korna-HuOyab MPeKpaTUTCs: U3 JIOMAaHOH Ha KaXK/OM liare yOHparoTcs
HEKOTOpbIe 3BeHbsl U He N00aBJsSETCS HOBBIX. 3aMETHM, YTO KOJHUECTBO Iepe-
MeH HampaBJieHHsl He OyneT U3MeHSIThCS.

Tenepy snomanasi pas6uBaeTcss HAa yYacTKH C MOBOPOTAMH B OAHY CTOPOHY,
npuyeM Ha KaXJIOM ydacTKe Bce pebpa, KpOMe — BO3MOXKHO — MepPBOTO U
NocJIeIHero, UAYT MO rpaHune (Ho, 6/aroxapsi jeMMe 6, He MOBTOPSIIOTCS).

Bynem npoBomuTh TaKyo ornepauuio: Bo3bMeM y4acTok A;A;4q ... Ak, cocTo-
SILIKE, AJIs1 ONIpeIeJIeHHOCTH, U3 MOBOPOTOB BJIEBO; HMEHHO, MOBOPOTHI B BepLIHU-
HaxX A;y1, Aiia,..., Ax_1 HampaBJieHH BJeBO, a B A; U Ay BIpaBo. 3aMeHUM
A;Aiy1 ... A Ha ydacTok TpaHuubl A;... Ay, 0O6XonsAlIUH TPaHULY B MPOTH-
BOIOJIOKHOM (B TAHHOM CJlyyae OTPHLIATENbHOM) HampaBjeHHH. KosudecTBo
repeMeH HarpaBJ/ieHHs MOBOPOTA MPH 3TOH ONepaldH YMeHbILAEeTCs.

[IpenmosioxKum, 4To UCXOOHAS JIOMaHAsi He yIOBJIETBOPSIET HEPABEHCTBY JIEM-
mbl 3. [TokakeM, uTo TOrma W HOBasi JIOMaHasi He YIOBJETBOPSET 3TOMY Hepa-
BeHcTBY. Heo6xonumMo npoBepuTh 6 pasHBIX C/aIydaeB, OMpeessieMbIX MOPSAKOM
caenoBanusi BepuinH A;, A;11, Ax_1, A npu 06X0fe TPaHHIIBI B MOJOXKHUTENb-
HOM HarpaBJ/IeHUH:

19 A A1 Ap—1 Ay,
2°0 AjARA 11 A1
3% AjAi 1 ArAg_1;
4° A Ak 1 AAigr,
5°. AjAr_1Ai 1 Ay,
6°. AiAp 1 ApAsr.

Canyyau 3 u 4 nepeBonsiTCS APYT B APyra nepeo003HAUEHUSMH U CUMMETPHUEH.
O603HauuM s miauHy JoMaHod A;A;4q ... Ay, a 8 — IJIMHY HOBOrO y4acTKa.
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At

Puc. 1.

1° (cm. puc. 1). O6osnauum L A; 1A A = o, LA 1A A; = 3. Tlpu 3a-
MeHe JIOMaHOH ee MOJIHBIE TMOBOPOT yMeHbliujcs Ha 2(« + (), a AJduHA —
Ha s — 5.

Ecnu HoBasi loMaHasi yIOBJIETBOPSIET HEPABEHCTBY JIEMMBI 3, TO CIIPaBeNJHBO
NBOWHOE HEPaBEHCTBO

/_
>£> L+s —s

2r TV =2(a+p)’ @

<|t

HITH
P.-V-2Pa+p)+2r(s—s)=2rL>P-V,

otkyna 2m(s —s') > 2(a+ B)P =2 2(a+ B)(s+ ) u 2(r —a — B)s >
2(r+a+0)s.

[TocsienHee HEPAaBEHCTBO MOXKET BBIMOJHATHCS, TOJIBKO €Cau « + 3 < 7.
B atom cayuae ayuu A;A; 11 v ApAp_1 nepecekaioTcs B Touke C, Mpuyem
CA; + CAy > s, A; A < 8. Tloatomy

(m—a—0)(CA; + CAg) > (m+ a+ B)A; A,

YTO TIPOTHBOPEUHUT JeMMe 4.
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A

A1

Puc. 2.

2° (cm. puc. 2). O6o3HauuM O TOUKY IepecedeHHss OTpPe3koB A;A;11 H
ApAg_1, ZA;OA, = ¢. I1pu 3aMeHe JloMaHO# ee MOJHBIA MOBOPOT YMEHbBILUJICS
Ha 2, a AJMHa — Ha s — 5.

Ecnu HoBasi moMaHasi yIOBJETBOPSIET HEPABEHCTBY JIEMMBI 3, TO CIIPaBEeAJHBO
NIBOMHOE HEPaBEHCTBO

L P>L+s’—s
V- 2r V=20

Orcrona aHAJOTHYHO MYHKTY 1° moJjydaem HepaBeHCTBO 27(s — s') > 2pP, u3
KOTOPOTO CJIeflyeT, YTo

AiAp + AgAipn + A Ajr + AiApy

AiAi + ApAg—1 — (AjAp—1 + AAia) S ¥

ITO MPOTUBOPEUYUT JieMMe S (/151 ueTbipexyroabHuka A; Ax 1 A;11AL).

OcranbHble caydad pa3OUpaloTCs aHAJOTMYHO C NpPUMeHeHHWeM JeMMbl 4
(B ciyuasix 3 1 6) uau JeMMbl S (B caydae 9).

Takum o6pa3oM, 3a KOHEYHOe YHCJO IIAroB Mbl MPUAEM K JOMaHOH, MOBO-
pauyuBalolel Bce BpeMs B OOHOM HampasJjeHHH. Ho u3 Takoiél somaHoOH ¢ mo-
MOLIBIO BBITATHBAHUS TIOJNy4aeTCs KPaTHBIE 00XON I'PaHHLbl, TOITOMY yTBEPXK-
JieHHe JIeMMBI 3 1715 Hee BbinosHeHo. CJienoBaTe/bHO, HCXOIHOE MPEeATOIOKEeH e
HeBepHO, U JeMMa 3 fokasaHa. JlokasaHo W yTBep:kIeHHe | TeopeMbl P.
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§6. [okasaTenbCcTBO yTBEpPXOEHUS 2

[Tycte kpuBasi I' He ecTb (kpaTHblH) 06xon rpanuusl, Ho T'(I') = T'(I'y).
Boipenum Ha I' KOHeUHOe YMC/IO TOYEK TaK, YTOOBI CyMMa CKauKOB CKOPOCTH B
OCTaBILUXCS TOYKAX Oblla NOCTATOYHO Maja (K MpUMepy, MeHble OfHOTO Tpa-
nyca). O6bennHeHHe 3TOr0 MHOXKeCTBa ¢ MHOXKecTBoM I'NI'; 3amkHyTO. [1p0o06-
pas ero AOMOJIHEHUSI — 0ObeMHEHHe CUeTHOTO YHcsa UHTepBaJsoB. PaccmoTpum
OIMH U3 TaKUX HHTEPBaJIOB, NYCTb OH COOTBETCTBYeT ydacTKy I' Mexay Touka-
Mu A u B.

Bynem roBoputh, uTo y4acTok KpuBoH I'cp masenbkuli, ecou MHOXKeCTBO
3HaYeHUH CKOPOCTH Ha 3TOM ydyacTKe siBJIseTCsl Iyroil He GoJsiee /4, U OKpPyXK-
HocTh ¢ nuamerpoM CD jexut crporo BHyTpu [';. Jlerko BumeThb, 4TO AJsi
KaK0M BHYTpPeHHeHd TOYKHM yyacTka ['4p ecTb comepKallWi ee MaJleHbKHH
MOAy4acTOK.

Paccmotpum manenbkuii yuactok I'cp. Omnpenenum, ecan 3T0 HEOOXOAUMO,
ckopoctu IV(C') u I"(D) kak ux mpasble npenessl. [loctporm mapasienorpamMmm
CPDQ, B xotopoMm CP 1 CQ HanpapJ/ieHbl 0 KpalHUM HalpaBJ/JeHUsM CKOpOC-
1 KpuBoil I' Ha yuyactke ['cp. OH mosHOCTBIO JIesKUT BHYTpU [’ (OCKOMBKY
KpaliHhe HampaBJeHHs] CKOPOCTH AOCTATOYHO OJIM3KH K HaIpaBJ/EHUIO BEKTOpa
CD).

Bynem cuuTath [/s1 onpeneseHHOCTH, 4To Ha nyTth oT C' mo D Ha KpUBOH
I" cHauana BcTpeuaercs Touka X, B KOTOPOH KacaTesbHas napasnenbHa C'P, a
MOTOM — TOYKa Y, B KOTOPOH KacareJjbHasi napasienbHa C'(). 3aMeHUM y4acToK
I'cp Ha nBy3BeHHYIO JoMaHyio C'PD.

3ameTuM, 4TO MOJHBIH MOBOPOT KpuBOH ['cp He MeHbIle

v i= p(I'(C),T'(X)) + p(I'(X), T'(Y)) + p(T'(Y), T'(D)),

B TO BPeMsI KakK IOJIHBIH TOBOPOT yyacTKa HOBOH KPUBOH paBeH v. PaBeHCTBO
JIOCTUTAETCS JIUIIb B caydae, Korna [ Beinykaa ot C go X, ot X 1o Y u ot Y
no D.

Hanee, navna yudactka I'cp He mpeBocxomutr C'P + PD. Uro6el 3T0 n0Ka-
3aTb, PACCMOTPHUM IIPOM3BOJbHYIO BNUCaHHYIO B I'cp somanyio. HanpasieHus
ee MOTYyT MeHsITbCsl MeXXy HampabJjeHusimu Bektopos CP u CQ. ITosTomy noc-
Jie UX TNepecTaHOBKH B MOHOTOHHOM IOpPSIKE OT CaMOro OJH3KOro (B CMBbIC/E
HanpasJsenus) K CP 1o camoro 6;1u3koro K CQ) MOMydYUTCs BBIMyKJas JOMaHas
C...D, nexamasi BHyTpu TpeyronbHuka C'PD, njvHa KOTOPOH, OUEBUAHO, HE
npesocxogutr CP + PD.

Urak, npu 3amene yuactka ['cp Ha somanyio C'PD He yMeHbILaeTcsl IMO-
BOPOT M He yBeJWuMBaeTcs [JHUHA, T.e. KpuBas I' yaydwaercs. Ho mo yxe
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NOoKa3aHHOMY yTBepxneHHto 1 I' Hesb3si crporo ynydmuts. [lostomy mpu Ta-
KO 3aMeHe OCTaloTCs HEM3MEeHHbIMH M II0BOPOT, W AJuHa. [lepBoe BO3MOXK-
HO, ToJbKO ecau 'cp pa3buBaercsi Ha He GoJsiee yeM TPH BBIMYKJIBIX ydacTKa
(C—-X,X -Y,Y — D). Bropoe e BO3MOXHO, JIUIIb €CJAU Ka>KAbIH U3 ITUX
y4acTKOB ecTb JiOMaHasi ¢ He GoJsiee 4yeM OByMs 3BeHbsIMH. lakWM 00Opasom,
I'cp — nomaHasi ¢ He GoJsiee UeM MIECTbIO 3BEHbSMHU (KOJHYECTBO 3BEHBEB MOXK-
HO ellle YMEeHbLINTb, HO HaM 3TO ceiiuac He TpeGyeTcs).

3adukcupyem Terepb Toukd A’ u B’ Ha oTkpuiTo# ayre I'4p M MOKpoem
I" 4’ p/ KOHEUHBIM UHCJIOM MaJsleHbKHX y4acTKoB. Ha kaxknom us Hux I' siBsisietcs
JIOMaHOH, Tak uTo u I' 4/ g/ — JloMaHas.

[Tokakem, 9To ecqu B HeH XOTs Obl 4 3BeHA, TO KPUBYI I' MOXKHO CTPOTO
yaydmutb. PaccMotpum ciydau, purypupytomue B §4. B cayyae a) ucnosnbsy-
eTCsl JIMILb JIOKaJbHAs CTPYKTypa JIOMaHOH, W OH 0e3 U3MeHEHHH NepeHOCHUTCS
B Hallly CUTYyaLHUIO.

B cnyuae b), ucnons3ysi yrBepxkaeHue 1 misi npeo6pa3oBaHHONW KPUBOH, Mbl
noJiyyaeM HepaBeHCTBO, aHaJOrHuHoe (3),

L(T)  L(I') S L(T) — (A1 Ai + AiAi — A1 Aiq)

O V() —2(m — B) ’

OTKyZa
21 (A1 Ai + AAipn — A1 Aipr) 2 2(m — B) (A1 A + AiAi + A1 Ai),

YTO TIPOTHBOPEUHUT JeMMe 4.

B cayuyae ¢), eciu A; 1o u A; Jexar 1o pasHble CTOPOHBI OT MpAMOH A; 1 A;11
(B aTOM Ciaydae BepiinHa A; 1 TAaKxKe JIEXKUT CTPOTO BHYTPH BHIMTYKJIOH 060J10U-
K1), JIOMaHYI0 MOXHO CTPOTO YJYYIIHTb, 3aMeHUB 3BeHO A;A; 1 Ha mapaJeb-
Hoe Gosee muHHOe AJA] | || AjAiy1, tne A; € [Ai1A]], A}, €]lAit1Aita).

Urak, I'a'p/ siBnseTcst momMaHoH He GoJsiee 4eM C TpeMsi 3BeHbSIMH. 3HAUHT,
B CHJIy MPOU3BOJIbHOCTH BbiGopa Touek A’ u B', u ['4p siBJsieTcst JOMaHOH He
6oJiee ueM C TpeMs 3BEHbSIMH.

[IprcoennHuM Tenepb K pacCMOTPEHHBIM HHTEpPBajaM TOUKH ,00JBIIOTO MO-
BOpoTa“, KOTOpble Mbl PaHee UCKJ/IOYMJAK. Toraa Bcsi BHYTPEHHSS] 4acTb KPUBOH
I' pasbuBaercsi Ha He Gojiee YyeM CUETHOE UHCJO YYACTKOB, KaxKIblH K3 KOTO-
PBIX — JIOMaHasi ¢ KOHEYHBIM UHCJIOM 3BEHbEB.

Ecsu Ha 0IHOM M3 TaKHX y4YacTKOB YHCJO 3BEHbEB JIOMAHOH GoOJbIle OTHO-
ro, TO OHA COMNEPXKUT BHYTPEHHHE BepILIMHBEL, U I' OMSATH CTpPOro ymyumiaema c
noMoIIbio pueMoB §4.

Hrak, Bce Touku I' jiexkat Ha rpaHuie Ju60 HA OIHOM H3 OTPE3KOB, COEIH-
HSIIOLIMX TOUKH TPaHULIBL.
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Homyctum, uTto oTpe3koB OeCKOHEUHO MHOro. Toraa cyllecTByeT MOCJEel0Ba-
TEJIbHOCTb OTPE3KOB, AJHHA KOTOPBIX CTPEMHTCS K HYJIO, @ KOHIBI CXOAATCH K
HekoTOpo# Touke C' € I';. 3aduKcrupyeM 0CTATOUHO Masy OKPECTHOCTb TOUKH
C, B KoTopoii moopoT I'; paBeH ¢g < m. PaccMoTpuM oauH M3 oTpesko AB
(A, B € T'y), nexawmu# B 9to#i okpectHocTd. Ecan Bektopnl IV(A—) u IV(B+)
HarpaBJ/ieHbl B Pa3Hble TOJYIIJIOCKOCTH OTHOCHTENbHO mpsimoii AB, To KpuBas
I’ crporo ynyumaema (BeITSiITMBaHHeM oTpe3ka AB Ha rpaHully), uTO HEBO3-
moxHo. [lostomy Bapuauust IV Ha oTpeske AB He MeHblle T — ¢ H, TAKHM
00pa3oM, 6eCKOHEUHOI'0 YHCJAa OTPE3KOB ObITb HE MOXKET.

Takum o6pasom, I' COCTOUT M3 KOHEYHOTO UHCJA KYCKOB, HAYIIMX IO TPaHHU-
e, 1 KOHEUHOT0 YhCJa BHYTPEHHUX OTPe3KOB MexAy HUMH. Ecsu Ha rpaHuie
MMeIOTCsl TOYKM BO3BpaTa, TO BBUAY I € BV Takux Touek JMIIb KOHEYHOe
9UCJI0, U Mbl Oy/leM WHTEPIPeTHPOBATh MX KaK ,BHYTPEHHHE OTPE3KH HYJEBOH
IJIMHBL.

Ecsu nBa mocsenoBaTeNbHBIX KYCKa IPaHMLBl HMEIOT OIMHAKOBOE HaIpaBJie-
HHe 06xona, To I' onsiTh CTPOrO Y/MyUIINUTCSs, €CJW MBI BBITSIHEM COEIUHSIOLINN
UX OTPe30K Ha rpaHuuy. llasnee, MOKHO HCKJ/IOUHThH BCe MOJHBIE 00XOIbI Tpa-
HHLBl aHAJIOTHYHO JieMMe 6.

PaccmoTpum Teneps nyry I'ap, cocTosiniyto us otpe3ka AAjp, yyacTka rpa-
HULBl "4, p,, TPOXOAHUMOrO, 15 ONpeleseHHOCTH, B MOJOXKHUTENbHOM HaNpas-
JIeHUH, U oTpe3ka BjB. Ananornyno §5, sameHum ['4p Ha ydacTOK rpaHMLEI
Mexny A ¥ B, NIpoXOAHUMBbIH B OTPULIATEJbHOM HAIpaBJeHHH. 3/1eCb BHOBb HEO0-
XOIUMO PacCMOTPeTb 6 ciydaeB, pa3oOpaHHbIX B §5, B 3aBUCHMOCTH OT MOPSIAKA
caenoBaHusi Touek A, Ay, B, B; npu o6xole TpaHULBl B MOJOXKHTENbHOM Ha-
npaBJseHuu. Hanpuwmep, B ciayudae 1° (nopsinok AA; By B), UCronb3ysi yTBep:KIe-
Hue | nss npeo6pa3oBaHHOHN KPUBOH, MBI M0Jy4aeM HEPABEHCTBO, aHAJOTMYHOE
(4),

V() 27 ~ V(I)—2(£LA1AB + /B BA)’

W3 storo HepaBeHCTBa, Kak U B §5, BeiBonuM, uto ayun AA; u BB nepe-

cekarTcs B Touke C, mpuuyeMm

YTO TIPOTHBOPEUHUT JeMMe 4.

AHaJIOTHUHO K MPOTHBOPEUHIO TIPUBOISAT M OCTa/bHBIE CJaydad. DTO MOKa-
3bIBaeT, 4TO KpHuBasi I' He MOXKET colep:KaTb BHYTPEHHHX OTPE3KOB W MOTOMY
npencTaBJsieT co00H 00XOA TPaHHMIBI, a C yUETOM HCKJIOUEHHBIX paHee 00X0-
JIOB — KPaTHBIH 00XON TPaHHLBI. YTBepKIeHHe 2 NOKa3aHO. e

L) LT _ LT)+5 —s
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§7. O noBepxXHOCTAX NOCTOAHHOW KPUBU3HbI

B stom maparpade mbl nokaxkem anasor HepaBeHcTBa JIHK Ha mosepxHOCTH
chepsl.

[lycte I' — 3amKkHyTas KpuBas, Jexallass B HEKOTOPOH moJycdepe (3mech u
Jajee: eIMHUYHOTO pajuyca) U uMemwllas KoHeuHyw Bapuauuio V(') mpaBoro
nosoporta (onpenenennsi cm. B [3]). Otmerum, uto ecau I': A1As... AA1 —
samkHyTas jgomanasi, o V(I') = > (7 — LA;_1A4;A;+1) (Hymepanusi HHIEK-
COB, Kak 00bIYHO, LUKAWYecKasi). Ecau ' — 3amMkHyTas C?-rnankas KpHUBasi, TO
V(T') ecTb uHTerpas (mo HaTypaJbHOMY MapaMeTpy) OT AJIMHBI BEKTOpa reojie-

3U4YECKOH KPHBHU3HBI.

Onpenenum cpedrroro abcorromuyro eeodeduteckyro kpusudny T(I') 3aMk-
HYTOH KPUBOM:
() :=V([')/L(T).

Teopema S. [lycmov I' — 3amknymasn xpueas Ha noiycgepe, umerouias Ko-
HeuHyro sapuayuro npasozo nosopoma; I'y — epanuya ee soinyksoti 0b6osou-
ku. Toeda T(I') > T(I'y) = (2m — S)/L(T"1), ede S — naowjadv svinyxaoli
060204KU.

[lnan noxkasarenbcTBa TeopeMbl S TaKOH ke, KaK U B MJI0CKoM caydae. Chop-
MYJHPyeM CHadajia COOTBETCTBYIOLLYIO TEOpeMy [JIsl JIOMaHBIX.

Teopema S'. [Tycmo T' — 3amknymas romanas wa noiycgepe, I'y — epanuiya
ee soinykaoi oborouxku, u I' ne ecmv kpamuoui 06x00 I'y. Toeda T(T') >
T(Ty).

[lepen Tem, Kak TMPUCTYMHUTb K JeMMaM O UYETbIPEX3BEHHBIX JIOMAHBIX, Mbl
JOKaXkeM cjefyloliee yTBepKAeHHe, YTOUHsOlIee (B YaCTHOM CJIydae) TeopeMy
A. 1. AnexcannpoBa o cpaBHEHHH YTJIOB.

Jlemma 1s. [lycmo ABC — HesbipodOerHbllL mpeyeorbHUK Ha cdhepe co cmo-
poramu BC =a, CA=0b, AB = c u yeramu «, 3, v coomsemcmaerro. Ob6o-
snauum uepes o', ',y yeav, mpeeosvruka co cmoponamu a, b, ¢ Ha naoc-
kocmu. Toeda 8binOAHEHO HepaseHcmeo

a—ad <(B-0)+(—-7). (1)

Hoxka3areabctBo. O6o3Hauum a +b+c¢ =4S, S—a/2 =X, S—-b/2=Y,
S—c/2=7,& =a+F+vy—7m — niowans tpeyronbiuka ABC. HepaBeHcTBO
(15) paBHOCHJIBHO HepaBeHCTBY o > o — £/2 WM, Y4TO TO XKe Camoe,

/

tg 5 > ta(a/2 — £/4). (2,)
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[TopcraBasis ciona GpopmyJibl
¢ a  [sin2Ysin2Z7
89 7 Vsm2Xsm2s’
o YZ
2 VXxs
£
tgz = \/th-th-th-th

(mepBasi popmysa — 3to [4, (28)], Bropas — [b, (20)], Tpetbss — [6]), npeos-
pasyem (25) K BULY
sinZsinY cosY cosZ —sin X sin S < YZ \/Sin2Zsin2Y (34)
sin XsinS cosXcosS +sinY sin Z XS sin2X sin28" s
Tak kak S = X + Y + Z, umeem cos(S — X) = cos(Y + Z), u, 3Hauut,

BTOPOH COMHOXKHUTeNb B JieBOH YacTh (3;) paBeH 1. Eciu BBecTH 0603HaueHue
f(x) = zctgzx, To (35) cBOAMTCS K

fIF(2) > [(X)f(X+Y + 2). (45)
[Tockosbky f'(x) = sin(e) -2z mpu 0 < x < §, 10 f cTporo yOGbiBaer

2sin“x
Ha [0, 3]. TlockonbKy Bce aprymeHTsl B (45) Jexar B [0, 5] (HanoMHuM, 4TO
X+Y+Z = (a+b+c)/4 < 7/2), nocratouHo cuutath, uto X = 0, H
JI0Ka3blBaTh HEPABEHCTBO

ff(2) > FO)f(Y + 2). (5)
Hmeem (In(f))"(x) = m(cos@m - %fi)) DJIeMEHTapHBIMH MEeTOaMH

noKasbiBaetcst, uto cost < (32£)2 npy ¢ = 2z €]0, «r[. [osromy dynkuus In(f)
s

cTporo BorHyta Ha [0, 5], otkyna cienyet (55). e
Tenepp MBI rOTOBBEI 10Ka3aTh aHAJMOTH JeMM 4 U 5 15 Cepsl.
Jlemma 2s. [Tycmo ABC — Hesoiposciennolli mpeyeoronuk Ha cgepe. Toeda
8 obo3znauenusx remmol 1s
a+c < a+b+c
2t — 3 2r — &
Jloka3aTeabCcTBO. YTBepKIeHHe CledyeT U3 LEeNOYKH HepaBeHCTB
a+c 2r— (3 2r—pB+E/2 27—
o f e P
a+b+c 27 27 21— &

(mepBO€e HEpaBEHCTBO — 3TO JieMMa 4, BTopoe — JieMMa 1s, mocJjieiHee CBOIUTCS
K oueBHIHOMY B < 7+ E/2). o
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Jlemma 3s. Paccmompum Ha norycgepe soinykaoili uemoipexyeorviuk ABCD,
duaeonasu komopozo nepecexaromcs 8 mouke O. [lorowcum ¢ = LAOB.
O6osnauum AB = a, BC = b, CD = ¢, DA = d, BD = m, AC = n,
LAOB = ¢. [lrouwjadu mpeyzorvruxos OAB, OBC, OCD, ODA obosnauum
&1, &, &3, E4 coomsememeenno u noroxmum £ = E1 + E + E3 + E4. Toeda

atc+m-+n a+b+c+d
: (65)

<

2 — (E14+&3) + 29 2r - €&
IokasareabctBo. OG03HaukM ¢’ YroJ TPeyroJbHHKa Ha MJIOCKOCTH CO CTOPO-
Ham# a, AO, BO HanpoTuB cTopoHsl a. Torna

a ! —&1/2 — (&1 +&3)/2

At S Ve el G 2V (72)
AO + BO T T T

(mepBO€ HepaBEHCTBO CJENYET M3 N0Ka3aTeqbCTBa JeMMbl 4, BTOpOe — U3 JIeM-
MbI 1s). AHaJOrHYHO

c = (&1+83)/2
. 8s
CO+DO = (&)
U3 (75) u (85) HEMeNJIeHHO CJefyeT, 4To
ate g (61482

m-+n T

Anasoruuso
b+d - T—@—(E2+&4)/2

m+n ™
[TopcraBsisisi B paBeHCTBO

_atctm+n $+1_1 1—y

= =1+
a+c+b+d T4y T4y
MOJIyYeHHble OLIEHKH CHU3Y JJIsi T U Y, B CHAY y < 1 MojiyuyaeM OLEHKY CBepXy
1751 z. DTO faeT HepaBeHCTBO (65). o

M310XKuM BKpaTLie MJaH fajbHeHIIero 10KasareabcTBa TeopeMbl S’

Paccyknenusi ciydaeB a) u c) §4 mnepeHocsaATcs Ha cdepudecKHd cuaydai
noutd 0e3 H3MeHeHHH (ecTeCTBEHHble HW3MeHEHHs, CBSI3aHHBIE C IMOSIBJIE-
HueM cdepudeckoro nedexkrta &, JHUIIb YAy4lIalOT COOTBETCTBYIOLIME Hepa-
BEHCTBA).

B cayuae b) cienyer BbiGHpaTh HOMEp 4 TAaKMM, YTOOBI YTOJ, BEPTHKAIbHBIN K
yry £A;—1Aij+14;, AIMeJ HANMEHbBIIYIO TJIOLIAb NepecedeH st ¢ nmosaychepo.
Yroqa, BeprukambHbll K £A;A;12Ai+1, CONEPXKHUTCS B yIJie, BEPTHKAJBHOM K
LA;—1A;+1A; (B mepeceyeHnH ¢ moJiycepoii) n3-3a OTCYTCTBUS Ha moJychepe
COTIPSKEHHBIX TOYEK, U 3TO ONATb K€ MPUBOAUT K MPOTHBOPEUHIO.

Paccyknenusi §5 nonBeprarorcsi TeM ke U3MEHEHHSIM, UTO U B caydae c) §4.
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BoiBon Teopembl S u3 Teopembl S'. [Ipexje Bcero saMeTwm, 4To Kpusas I
pas3buBaeTcsi Ha KOHeYHOEe YHUCJO KYCKOB 0€3 KpaTHbIX TOdeK. [leficTBHUTEJBHO,
€CJIM KYCOK JIOCTATOUHO MaJjIOH [JIMHBI CONEPXKUT KpaTHble TOUKH, TO €ro Mo-
BOPOT He MeHblle 7/2, MO3TOMY TaKHX KYCKOB He MOXeT ObITb OeCKOHEUHO
MHOTO.

[ycts 0 =t <tg < -++ <ty < tyy1 = L(I') — y3nbl Takoro pazbueHus (Ml
cuuTaeM, 4to I' mapameTpr3oBaHA HATypaJbHO, HAuWHas C OLHOTO M3 Y3JOB).
Honoxum A; := ['(t;), Ty := L, 4,,,]- [lo Teopeme 1 [7], paa i = 1,...,n
CYILeCTBYeT MOC/MEN0BATENBHOCTD JOMAHBIX gb [ty tiv1] — S? (k=1,2,...)
Takasi, 4to gi(t;) = A;, gi(tiy1) = Aiy1, NOCIENOBATENBHOCTD gl CXOAUTCS K
T'; cnpasa, u limsupV(gi) < V(T;). Kpome Toro, Hampas/ieHHs JOMaHBIX g,
B Toukax A; U A;y1 CXOHATCS K HANpaBJ/eHUsIM (COOTBETCTBEHHO MPaBOMY U
JIeBOMY) KpHBOH I B 3THX TOUKax.

0O603HauuM gj 00bearHeHMe (M0 BceM 7 = 1, ..., n) JOMaHbIX g,i, a G — rpa-
HHLY BBINYKJOH 000/0uKH JoMaHOH gg. Torma limsup V(gx) < V(I'). [anee,
L(T) < liminf L(gx). Hakonen, nockosbky gr — I' paBHOMepHO, To Gj — T’y
otkyna L(Gy) — L(T'y) u T(Gg) — T(T1). Caenosaresbto, o teopeme S’

T(T) = limsup T'(gx) > limsup T(Gy) = T(T1),
4TO U TpeboBajIOCh. @

K coxxasieHuto, mepeHeCTH yTBepxKIeHUe 2 TeopeMbl P Ha chepHuecKHi ciy-
Yyall MoKa He yAaJocCh.

OtmeruM, uTo Ha mJjockoctd JlobayeBckoro HepaBeHctBo JIHK He umeer
Mecta. JlelicTBUTEIbLHO, BO3bMEM Ha MocKocTH Jlo6ayeBcKoro (KpuBU3HB —1)
tpeyronibHUK ABC, BeiGepeM Touku By € AB, C € AC u paccMOTpuUM Joma-
Hyto I' = ABCC1B1BCA. TornaI'y = ABCA, u

V) . S(ABCy) S(AB;Cy)

V() VI o 3
Ecsu oTOABUHYTH BepLIMHY B I0CTaTOUHO Aaseko 1o jaydyy ABj, TO OTHOILEHHe
L(T")/L(T'y) MoxkHO cpesatTh CKOJIb yropHo OsuskKuM K 2, uto pact 1(I') <
T(Ty).
Mui 61aronapusl B. A. 3anrannepy, o6paTuBleMy Hallle BHUMaHHe Ha CChLJI-
ku [3, 7]. Mbl takxke npusHatesnbHbl C. B. [lyKuHy 3a BHHUMaHHe K paboTe.
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