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1. INTRODUCTION

The Ising model plays a central role in equilibrium statistical mechanics, being
a standard example of an order-disorder phase transition in dimensions two and
above. Besides purely mathematical interest, it has found successful applications
to several fields in theoretical physics and computer sciences.

The phase transition in the Ising model in two dimensions has been a subject of
extensive study, both in mathematics and physics literature. The critical temper-
ature value on the square lattice was derived by Kramers and Wannier [KrWa41].
Onsager [Ons44] computed the free energy and the critical exponents of the model.
Later on, many exact computations were performed by McCoy and Wu [McWu73|.

Further, a gradual understanding of the Ising model at criticality led to the
conjecture by Belavin, Polyakov and Zamolodchikov that its scaling limit (as well as
scaling limits of other critical models) should be conformally invariant and described
by Conformal Field Theory [BPZ84a, BPZ84b]. Loosely speaking, this conjecture
can be formulated as follows: for any conformal map ¢ : Q — Q,

(scaling limit of the model on Q')=¢(scaling limit of the model on ).
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In particular, if 5 are discrete approximations to a continuous planar domain 2,
then various quantities (expectations, probabilities etc.) in the model, under a
proper normalization, have conformally invariant or covariant limits as the mesh
size § tends to zero. Moreover, Conformal Field Theory predicts exact formulae for
these limits.

In the full-plane case, many results were obtained after the seminal work of
Onsager and Kaufman in late 1940’s. The Onsager’s formula for the spontaneous
magnetization was proven by Yang [Yan52]. The diagonal and horizontal spin-spin
correlations were explicitly computed by Wu [McWu73]. A number of remarkable
results were obtained for the massive limits, see [WMTB76, SMJ80, PaTr83| and
references therein. Palmer [Pal07] justified the CFT predictions at criticality by
taking the zero-mass limit. At criticality, the full-plane energy correlation functions
(that is, the correlations of n pairs of neighboring spins) were computed on periodic
isoradial graphs by Boutillier and de Tiliére [BoDT10, BoDT11], and the 2n-point
full-plane spin correlation functions were treated by Dubédat, combining exact
bosonization techniques [Dub11b| and results on monomer correlations in the dimer
model [Dublla].

However, the group of conformal self-maps of the full plane is only finite di-
mensional. Hence, in order for the conformal invariance conjecture to acquire its
full strength, it is important to consider general planar domains with boundary.
In this setting, mathematical proofs of conformal invariance and CFT predictions
at criticality have remained out of reach until recently. Smirnov [Smi06] has rig-
orously established conformal covariance of the fermionic observables in the Ising
model on the square grid. Later, this result has been proven to be universal in
the family of isoradial graphs [ChSm12|, and led to the proof of convergence of
the interfaces in the Ising model to Schramm’s SLE; curves [CDHKS12|. At the
same time, the scaling limit of energy correlations for bounded domains has been
rigorously treated in [HoSm10, Honl0|, confirming the CFT predictions for the
energy field. Nevertheless, the corresponding question about the spin correlations
remained open.

In this paper, we rigorously prove existence and conformal covariance of scaling
limits of all multi-point spin correlation functions in any simply connected planar
domain with + boundary conditions. Our main result (see Theorem 1.3) reads as
follows. Let Egé [0ay - -.0a,] denote the correlation of spins at the sites a1,...,a,
with + boundary conditions in a discrete domain €2s5. Then

_%Egé[aal 00, 2 C" {0y Oy )g

as ()5 approximates 2 and the mesh size § tends to zero. Here C is an explicit
lattice-dependent constant, and (o, ...0q, )q is an explicit conformally covariant
tensor of degree % with respect to each of the variables, see (1.3). For example, in
the case of magnetization (expectation of just one spin), one gets
07 SEY, [0a] — C - rad ™% (a, ),

where rad(a, Q) denotes the conformal radius of §2 as seen from a, in other words,
rad(a, ) = |¢’(0)|, where ¢ is a conformal map from the disc {z € C: |z| < 1} to
Q) mapping the origin to a. A sketch of the proof of this result can also be found
in the ICMP2012 proceedings [Hon12].

We establish a similar convergence for two-point function in the case of free
boundary conditions (see Theorem 1.1). The convergence of the corresponding
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n-point correlations (which by symmetry are only non-zero for even n) can be
obtained by our methods as well, but for simplicity we do not include this in the
present paper. Moreover, our previous results [Chlz11] immediately allow one to
treat alternating +/— boundary conditions (see Corollary 1.4). The technique we
use also applies to mixed correlations, involving spin, energy, disorder and boundary
change operators, and extends to multiply connected domains, which will be worked
out in a subsequent paper.

The explicit formulae for the the scaling limits of E?g& [Gay - -0a,] were derived
by Conformal Field Theory methods in a number of papers originating in the sem-
inal work [BPZ84a]. In [Car84], it was explained how to handle the half-plane case
by CFT means, in particular, the two-point correlations were treated. This result
was later extended to n = 3 [BuGu87], and extrapolated to larger n [BuGu93|. In
our approach the answers come in an explicit, but different form, being defined via
solutions to a special interpolation problem, so one should additionally check that
they coincide with the known CFT predictions. In this paper, we do this check in
two situations: for small values n = 1,2, 3 and in the special case when all a4, ..., a,
are on the same vertical line in the half-plane (see further discussion in Section 2.7
and the Appendix), which gives all the properties of the continuous correlations we
need in the proof.

Our method is based on the extracting information from some discrete holomor-
phic observables in bounded domains by means of discrete complex analysis — the
approach that was firstly implemented in [Smi06, Smil0] for basic fermionic observ-
ables. More precisely, we use the spinor version of those which was introduced in
[ChIz11]. Fermionic observables per se essentially go back to the Kaufman-Onsager
considerations and can be written as a product (¢,) = (o, u.) of spin and disor-
der operators in the notation of [KaCe71]. Their spinor versions (¢,04, flay - - - fa,, )
can be found in the works of Kyoto’s school [SMJ77, SMJ79a, SMJ79b, SMJ80].
However, rigorous proofs of convergence results require a delicate analysis of some
Riemann-type boundary value problems for discrete holomorphic functions devel-
oped more recently [Smi06, Smil0, ChSm12].

Simultaneously and independently of our work, Dubédat announced analogous
results for 2n-point spin correlations in bounded domains §2 via the exact bosoniza-
tion approach [Dubllb], and Camia, Garban and Newman obtained some results
[CGN12] about the properly renormalized spin field seen as a random distribution
(generalized function) on €.

1.1. Main results. The Ising model on a graph G is a random assignment of +1
spins to the vertices of G. In our paper we prefer a dual setup and consider the
model on the faces V = Vg of lattice approximations 25, § — 0, to a bounded
simply connected planar domain 2 C C. The probability of a spin configuration
o € {+1}Y is proportional to

o—FH(0)

)

where 3 > 0 is the inverse temperature and H (o) := —>_ _ 0.0y is the energy
of the configuration. More precisely, we will work with discrete planar domains (s
which are subsets of the square grids rotated by 45° of diagonal mesh sizes 2§ (thus,
the distance between adjacent spins is v/28, see Figure 1).

From now on we only consider the model at its critical point, which for the square
grid corresponds to the parameter value 5. = %ln (\/5 + 1). We also introduce a
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(lattice-dependent) constant that will appear in the statements of our theorems:
C=28e 37D, (1.1)

where ¢’ denotes the derivative of Riemann’s zeta function. We first state the
convergence theorem for the two-points functions, both with + (the spins on the
boundary of ;s are set to +) and free (no restrictions are set for boundary spins)
boundary conditions:

Theorem 1.1. Let Q be a bounded simply connected domain and s be discretiza-
tions of Q by the square grids of diagonal mesh size 26. Then, for any e > 0, we
have

6TAEL, (0] = CP (o) and §TRERE [0a0s] = €7+ {0ao)g™,
as & — 0, uniformly over all a,b € Q at distance at least € from 02 and from each
other, where (0,03)¢, and (0,03)% are explicit functions given by (1.4), and the
constant C is given by (1.1).

Remark 1.2. (i) Here and below we follow the traditional notation developed by
physicists and denote the limits of spin correlations by the symbols (oq, .. .04, )5
which should be understood as functions of the points ay,...,a, € Q which may
also depend on 2 and boundary conditions b as parameters.

(if) The functions (0,03)¢; and (o405)6°° are conformal covariants of degree 1 with
respect to a and b: for any conformal map ¢ : Q — ', one has

1 1
(0a0b)g = (Tp(@) T - 1€ (a) [F]l€" (D) [ (1.2)
Moreover, we have a similar result for the multi-point correlations:

Theorem 1.3. Let Q be a bounded simply connected domain and s be discretiza-
tions of by the square grids of diagonal mesh size 26. Then, for any ¢ > 0 and
anyn=1,2,..., we have

6% -E;gé [6ay - 0a,] — C"{0a ...aan>;g
as § — 0, uniformly over all ay,...,a, € Q at distance at least € from 0Q and from
each other, and the functions (04, ...04, )4 have the following covariance under
conformal mappings ¢ : Q — Q' :

n 1
(Cay - Oay)y = (Op(ar) - - .%(an)>§/ Aleeq e (ar) |5 (1.3)

Due to the conformal covariance property, it is sufficient to compute the contin-
uous correlation functions in the upper half-plane H: indeed, applying (1.2), (1.3)
with ¢ : @ — H, one obtains those functions in 2. For the magnetization and
two-point functions, we have

21 1 _1
+ + 1
Oq = — Oq = 2irad(a,Q) ®,
O (o) (0.9
(ugp +u, )2 (0a)d (o))
<0'a0'b>]1§ = ~ b T Cli 15 <0a0b>;g = Q2 hpr )
(28ma)s (23mb)s (1 —exp(—2d3"(a,b)))s
_1 1
free (U’a — Ugp)? free h,
<Ua0b>H = b . ) <Ua0b>£2 = <Ua0b>;g : exp(_%dszyp(a, b))?

(28ma)s (23mb)s
(1.4)
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where uqy := |(b— a)/(b—1a)|2, rad(a, Q) denotes the conformal radius of © seen
from @ and dgy P(a,b) is the hyperbolic distance between a and b in Q. For the
discussion of the explicit form of (o, .. .04, )i for n > 3, we refer the reader to the
Appendix.

Using the results of [Chlz11], one immediately arrives at the following generaliza-
tion. Let bs = {b‘ls, cee bgm} be a collection of points on 0f)s appearing in counter-
clockwise order and approximating a continuous collection b = {by, ..., bay} C Q.
Denote by IE?Z‘; an expectation for the Ising model with + boundary conditions on
the counterclockwise arcs [bgj_l,bgj] and — boundary condition on the comple-
mentary arcs [bgj, bgﬂ_l}, j=1,...,m, where we set bgmH =1,

Corollary 1.4. Suppose that the approximation 5 of 2 is reqular near the points
of b in the sense of [Chlzl1, Definition 3.14|. As § — 0, one has

_%E?f& [Cay--.0a,] = C"{0q,.. .Uan>g,

where {04, . ..04,)% satisfies the conformal covariance property (1.3).

Proof. Write E?{s [Cay---Oa,] = (E?fs [Ca;-- .O'an]/E;Sé [Cay---0a,]) - Egé [Cay---0a,]
By [Chlzl1, Corollary 5.10], the first term converges to an explicit conformally
invariant limit. Thus the result follows from Theorem 1.3. (|

1.2. Key steps in the proof. In this section we list the key results that allow
us to prove Theorems 1.1 and 1.3. The first small step deals with the normalizing
factors. It is a celebrated result of Wu [McWu73] that in the unique infinite-volume
limit of the critical planar Ising model (i.e., in the case 2 = C), one has the following
asymptotics:

Ec,[00,01,] ~C?- 6%, 6 —0, (1.5)

where Cs denotes the square grid 6(1+1i)Z?, while 05 and 15 stand for proper
approximations of the points 0,1 € C (keep in mind that our square lattice is
rotated by 45° so this is the diagonal spin-spin correlation). Instead of deriving
the correct normalization of spin correlations in bounded domains directly, we relate
it to the behavior of the normalizing factor

0(9) = Ec, [UOJ 015]'

Namely, we prove that, as 6 — 0,

—_n +

(0(6))™ 2 'E;g(; [0ay -+ 0a,] = (ay - 0an)qs

(e(0)) ™" EES [oaon] = (7a0m)g™
which, combined with (1.5), readily gives Theorems 1.1 and 1.3. We point out that
apart from this reduction, we never use (1.5) in this paper. On the other hand, our
methods also allow one to give a new proof of the explicit formula for the diagonal

spin-spin correlations in the full-plane case as well as to derive an explicit formulae
for the magnetization in the half-plane, see the forthcoming work [ChHol3].

The following theorem, concerning discrete logarithmic derivatives of the spin

correlations with + boundary conditions, is a cornerstone for the whole paper:

Theorem 1.5. Let Q be a bounded simply connected domain and s be discretiza-
tions of Q by the square grids 6(1+i)Z>. Then, for any e >0 and anyn =1,2...,
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we have
1 ]E?i(g [001 +250ay - - - Uan]
_ -1 — Red A1y ..y Qn), 1.6
25( ES, [0, - 00, ala ) (1.6)
1 E?i; [Ca142i60as - - - Oay,)
2 —1] = —Smdg(ar,... an 1.7
20 < E& [Cay - 0a,] SmAg(a ) (1.7)
as § — 0, uniformly over all faces a1, . ..a, € Qs at distance at least € from 0 and
from each other. The function Aq(ai,...,a,) is defined explicitly via solution to

some special interpolation problem (see further details in Section 2.5) and has the
following covariance property under conformal mappings ¢ : Q — Q':
1" (@)
Aqlay,...,an) = Aq (o(ar),...,0(an)) - @' (ar1) + = )
(a1 n) = Aar(p(ar), ..., p(an)) - ¢'(ar) + ¢ o an)
Proof. The proof is based on the convergence results for the discrete spinor observ-
ables. A rather delicate analysis is needed since we are interested in the values of
observables near their singular points. See further details in Sections 2 and 3. [

(1.8)

Now one can reconstruct the quantities log(og, ... Uan>$ by integrating their
derivatives Agq(az, ..., a,) inside . In particular, the constants in the integration
can be chosen so that the explicit formulae (1.4) given above for n = 1,2 hold
true. In Section 2.8 we also discuss how to choose those multiplicative constants
coherently for all 2 and n in order to construct the continuous correlation functions.
Note that the conformal covariance degree % in (1.3) is a direct consequence of the
covariance rule (1.8) for Aq(a1,...,a,) (see Remark 2.21).

Theorem 1.5 allows us to prove the following weaker form of the convergence

result for the spin correlations:

Corollary 1.6. Under conditions of Theorem 1.5, for any n > 1 there exist some
normalizing factors 0,(8,Qs) that might depend on Qs but not on the positions of
the points aq,...,a, such that

+
IE?;J [0a) - 0a,] ~ 00(0,95) - (0ay - 0ay )
as & — 0, uniformly over all faces aq,...a, € Qs at distance at least ¢ from OS2
and from each other.
Proof. See Section 2.8. O

We now focus on the special case n = 2. The next theorem is a crucial tool which
allows us to compare the normalizing factors g2(d, Q5) with the full-plane case. We
denote by IEg‘ge the expectation for the critical Ising model defined on the vertices

of Qs (with free boundary conditions).

Theorem 1.7. Let Q be a bounded simply connected domain and S5 be discretiza-
tions of Q0 by the square grids §(141i)Z*. Then, for any e > 0, we have
El¢e (04150
M — Bg(a,b),
Egy [0ace] 00
uniformly over all faces a,b at distance at least € from 02 and from each other,
where Bq(a,b) is a conformal invariant of (Q,a,b) which can be explicitly written

via two-point functions (1.4) as Bo(a,b) = (0a03)e/(0a0p) g,
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Proof. The proof is based on the convergence results for the discrete spinor observ-
ables and the Kramers-Wannier duality, see further details in Sections 2.4, 2.6. [

Sketch of the proof of Theorem 1.1. Having the results of Corollary 1.6 and Theo-
rem 1.7, we only need to prove that g2(d,Qs) ~ 0(d) as § — 0. The classical FKG
inequality gives

EGs° [0ats0b+5] < Ec, [0a08] < ES [40]

and it is easy to see that Bq(a,b) — 1 as b approaches to a. Since the normalizing
factors 02(d,€s) do not depend on the positions of a,b € Q, we conclude that
E;gé [6a0b] ~ Ec; [0404] in the double limit when § — 0 and (later on) b — a, thus
relating 02(0, 2s) with the full-plane normalization, see details in Section 2.9. O

Sketch of the proof of Theorem 1.3. Once the asymptotics p2(6, Qs) ~ 0(d), 6 — 0,
is established, we derive asymptotics of all other o, (8, Qs), n # 2, using the following
observation: as the point a; approaches 0f2, the continuous correlation functions,
when coherently normalized, satisfy

(0ay - 'Uan>;g ~ <Ua1>$<0a2 o Uanxg (1-9)

and the same decorrelation result B [0, ... 04,] ~ ES [04,]ES [0, - .. 0a,] holds
true in the double limit § — 0 and a3 — 9 (see details in Section 2.10). This
implies the recurrent formula g,,+1(68, Qs5) ~ 01(0, Qs5)0n(5,2s) for n =1,2,... and,
further, 0,,(d,Q5) ~ (0(6))"/? for all n. O

1.3. Organization of the paper. Section 2 contains all the main ideas. Details,
especially those involving hard discrete complex analysis techniques, are mostly
postponed to Section 3. The readers not interested in these details may restrict
themselves to Section 2 only.

We fix the notation in Section 2.1. The main tool of this paper, the discrete holo-
morphic spinor observables, is introduced and discussed in Sections 2.2 and 2.3. In
Section 2.4, we prove that the ratios of spin correlations that appear in Theorems 1.5
and 1.7 can be expressed in terms of these observables. In Sections 2.5 and 2.6, we
discuss the continuous counterparts of the discrete observables and state the con-
vergence Theorems 2.15, 2.17 and 2.19, that easily imply Theorems 1.5 and 1.7. We
derive the formulae (1.4) in Section 2.7, and prove Corollary 1.6 in Section 2.8. We
complete the proofs of Theorems 1.1 and 1.3 in Sections 2.9 and 2.10, respectively.

Section 3 is devoted to the proof of Theorems 2.15, 2.17 and 2.19. We discuss the
discrete properties of our observables and their full-plane analogue in Sections 3.1—
3.3, and finish the proof of the main convergence theorems in Sections 3.4 and 3.5.
In the Appendix, we explain how to compute explicitly the continuous spinor ob-
servables in the half-plane. We also check that the correlation functions coincide
with the CFT predictions at least when all points are on the same vertical line in
the upper half-plane, and prove decorrelation identity (1.9).
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FIGURE 1. An example of a discrete domain 5 and notation for
the sets of vertices (Vg ), faces (Vg,), edge midpoints (Vg ) and
(four types) of corners (V§, = Vi UV, UV3, UVY ). The mesh
size J is a half-diagonal of a square face, thus the distance between
adjacent spins is v/26. The inner vertices, faces, edges and corners
are colored black, while the boundary ones are colored gray.
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2. HOLOMORPHIC SPINORS AND CORRELATION FUNCTIONS

2.1. Notation. We start by fixing the notation which is used throughout the paper.

2.1.1. Graph notation. Recall that we work on the square grid rotated by 45°
Cs:={0(1+1i)(m+in): m,necZ}.

The mesh size § is hence the size of a half-diagonal of a square face. We often will
identify the vertices of Cs with the corresponding complex numbers, the faces of
Cs with their centers, the edges of Cs with their midpoints, etc.

We call discrete domain of mesh size 6 a union of grid faces (see also Figure 1
for notation given below). We say that Qs is simply connected if the corresponding
polygonal domain is simply connected.

e We denote by IntVg,  the set of all faces belonging to s (which are identified
with their centers), by IntVy), the set of all vertices incident to these faces,
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and by Int)Vg! the set of all edges incident to Vg, which are identified with
their midpoints (or the vertices of a medial lattice).

In order to simplify the presentation, we also assume that 5 has no fiords of a
single face width, i.e., all the edges joining vertices from IntV§,  belong to IntVg) .
This technical assumption can be easily relaxed, if necessary.

e We denote by 9V, 0Vy, and 9Vg, the sets of boundary faces, vertices
and edges, i.e. those faces, vertices and edges which are incident but do not
belong to IntVg , IntV§  and IntVg | respectively (see Figure 1).
e We set V5, = IntVg, U Vg, etc.
Below we also need to work with four corners of a given square face separately
(see the crucial Definition 2.1 below). For a given vertex v € Cs, we identify the
nearby corners with the points v & %5 and v + %62’ on the complex plane.

e We denote by Vg the set of all corners incident to the vertices from IntVg, .
We also set VG == Vg, U Vg,

e We use the notation x ~ y if each of z,y is either a vertex, a face, an edge
or a corner, and they are adjacent or incident to each other.

2.1.2. Double covers. In this paper we often deal with holomorphic functions (both
discrete and continuous) which are defined on a double cover of a planar domain
 and changes the sign between sheets (i.e., have the multiplicative monodromy
—1 around branching points). We call such functions holomorphic spinors. The
following notation will be used below:

e For a planar domain Q and a € 2, we denote by [, a] the double cover of
0\ {a} branching around a. All such double covers are naturally viewed as
subdomains of [C, a]. We often identify points on a double cover with their
base points (so each base point is identified with the two points above it).

e For several marked points az,...,a, € 2, we denote by [Q,a1,...,a,] the
double cover of 2\ {a1,...,a,} which branches around each of a1, ..., ay,.

e We will often compare spinors defined on [, a4, ..., a,] with those defined
on [C,a4] (e.g., with 1/4/z —aj or v/z — a1) near the common branching
point a1. We write such equations meaning that they are valid in a small
neighborhood of a;, with the natural correspondence of sheets.

We will also consider double covers of discrete domains. In this case the following
slightly modified notation will be convenient:

e For a discrete domain 5 and a face a € IntVg,, we set [Qs5,a7] =
[Q5,a]\ {a+ g}, excluding both points over the corner a + % from the nat-
ural double cover branching at a. Similarly, we set [Qs, a7, az,...a,] :=
[Qs,a1,...,an]\ {a1 + %}, if several faces a1, ...,a, € IntVg  are marked.

2.1.3. Contours. Recall that we consider the critical Ising model on the faces of €2s.
In order to define the main tool of the paper — discrete holomorphic spinors, we
need some additional notation related to the contour representation of the model
known as the low-temperature expansion, see [Pal07, Chapter 1].
e We denote by Cq, the family of all collections of closed contours on s,
Le. the family of subsets of edges w C Vg such that every vertex v € V3,
belongs to an even number of edges in w.
The set Cq, is in a natural 1-to-1 correspondence with the spin configurations on 25
with + boundary conditions: trace an edge between any two adjacent faces with
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different spins. Under this mapping, the probability of a collection of interfaces

w C €5 becomes proportional to af&CdgCS(w), where o, = exp (—283.) = v2 — 1.

Below we also introduce families of contour collections which, besides a number
of closed loops, contain a single path running from one fixed corner x to another
corner or an edge midpoint y:

e For z,y € Vg, let myy = & ~ vy ~ ... ~ v, ~ y be some simple lattice
path with vy,...,v, € V5 . We set Co; (7,y) = {w ® muy,w € Coy},
where @ denotes the XOR, or symmetric difference. It is easy to see that
Ca, (z,y) does not depend on the particular choice of 7, ,. Note that, for
any v € Cq, (z,y), there exists a (non-unique) decomposition of ~ into a
collection of disjoint, simple loops and a path p(y) C ~ running from z
to y. By a decomposition we mean that each edge in v € Cq, (z,y) belongs
to exactly one loop (or to p(7)) and is visited only once, and that there are
no transversal intersections or self-intersections (see Figure 2).

2.2. Construction of discrete spinor observables. Now we are ready to intro-
duce discrete spinor observables. The following definition generalizes the construc-
tion given in [Chlz11] to the case when a “source point” is inside 2.

Definition 2.1. Let Qs be a discrete domain and aq,...,a, € IntVéé be inner

faces. For a corner z € V[CQ 0t (below we also extend this definition to edge
5,71 ey n

midpoints, see Remark 2.2(iii)), we define

1 )
Figsaran (2) = o > a0 g0 o, (7.2),
23 [0ar ... 0a,] s
s " y€Cas(a1+5,2)
(2.1)
where

e #edges (7) is the number of full edges contained in v and a, = V2 -1;
e the complex phase @q, .....a, (7, 2) is defined by (see also Figure 2)

¢a1,...,an (77 Z) = eféwind(p(’y)) ' (_1)#100psa1 ””” an (\P) Sheetal,...,an (p (7) ; Z) )

where, for a decomposition of v mentioned in Section 2.1.3,

— wind (p (7)) is the total winding (increment of the argument) of the
path p () when going from a; + % to z,

— #tloops,, ., (v \ p (7)) is the number of loops in v\ p (7) that contain
an odd number of marked points as, ..., a, (equivalently, that do not
lift to the double cover [Qs, a1, ..., a,] as closed loops),

— the last factor sheetq, ... q, (P (), 2) is equal to +1 if z is on the same
sheet of [Qs,a1,...,a,] as the end of the lift of p (v), and to —1 oth-
erwise (more precisely, we fix one of the two points lying over the
“source” aj + % once forever and identify all other z € [Qs,aq,. .., a,]
with paths running from this a1 + % to z modulo homotopy and an
appropriate index 2 subgroup of the fundamental group);

e the normalizing factor Z3 [0q, ... 04,] is defined by

Z;Z_g [Ual o Uan] — Z afﬁcdgcs(w) (_1)#loopsa1 ,,,,, an (W) ] (2'2)
WGCQJ
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FIGURE 2. A contour collection v € Cq,(a + g,z) decomposed
into non-intersecting loops (dashed) and a path p(y). Running
from a + g to the projection of z, this path makes a 37 turn

counterclockwise, thus e~ 3wind(P(M) = j. There is a single loop
in 4 surrounding a, hence (—1)°°P%("\P(")) — _1. Being lifted to
the double cover [Qs,a], this path ends on the other sheet, thus

sheet, (p(7),2) = —1, and ¢a(7, 2) = i.

Remark 2.2. (i) For any w € Cq,, the sign (—1)#1°°P%1..en () coincides with the
product of spins g, ...0,, in the corresponding Ising model configuration with +

boundary values. Since af& edges(w) i just the Ising weight of w, one concludes that

Z;Z'S [Cay -+ 0a,] = Egé [Cay «--0a,] - Z;Z'S >0,

where Z;{(s => afed8°s is the partition function of the model.

wECg(s

(ii) It is easy to check that the complex phase ¢q, ... a, (7, 2) is independent of the
choice of a decomposition of v into a path p(y) and a collection of loops, e.g., see
discussion in [Chlz11]. Note that there are four types of corners: lying to the right
of a nearby vertex v, below v, to the left of v, and upper v. For each of these groups,
the total turning of the path p(y) is defined uniquely modulo 27. Therefore, the
discrete spinors introduced above always have purely real values at the first group
corners, are collinear to A := e’ for the second group, etc. This motivates the
following notation:

e we partition the set V¢, of all corners into four subsets Vi 5 Vés, Vgizé and

Vgé depending on the position of a nearby vertex v € V¢, (to the left,
upper, to the right, below) with respect to the corner.

(iii) We extend Definition 2.1 to edge midpoints z € V2 ] by adding the

[Qsﬂlfw-,a

factor (cos Z)~! to the formula (2.1), with #edges () being the number of full

edges contained in v and the complex phase ¢q, ..., (7, 2) being defined as above.
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Note that each edge midpoint z can be reached by a path p(v) from two opposite
sides. Thus, in this case the argument of the spinor value Fio; 4, ... a,] (2) is unfixed.

(iv) The definition of Fj, q,.... a,] i8 invariant under permutations of as, ..., an,.
The reader should always keep in mind, however, that the point a; plays a special
role. The same applies to Agq(as,...,a,) and other related notation below.

2.3. S-holomorphicity and boundary conditions. A version of discrete holo-
morphicity, the notion of s-holomorphicity was introduced in [Smi06] together with
the nonbranching version of discrete holomorphic observables, as a tool to study
the critical Ising model on the square lattice. The properties of such functions were
further investigated in [ChSm12] for a more general class of graphs. On the square
grid, s-holomorphic functions may be thought of as (more classical) discrete holo-
morphic functions whose real part is defined on Vglzé and imaginary part on ngé,

extended in a particular way to V} s Vg ,» and further to Vg (see more details in
Section 3.1). Our definitions resemble those in [Smi06].

Definition 2.3. With each corner z € V¢, (with 7 € {1, 1, )\,X}), we associate the
line ¢ (x) := 7R in the complex plane, and denote by Py, the projection onto that
line, defined by

Poa) [w] == % (w + 7'2@) , wecC.
We say that a function F': VG" — C is s-holomorphic in (s if for every x € V5,
and z € Vg, that are adjacent, one has

F(z) = Py [F (2)] -

For functions defined on double covers, we introduce the notion of s-holomorphicity
exactly in the same manner.

The following proposition contains the crucial properties of Flq; 4, ,....q,,) that will
allow us to analyze their scaling limits. For z € 81}&, let vout(z) denote the “outer
normal to the boundary at z”: the edge whose midpoint is z, oriented towards the
exterior of the domain and viewed as a complex number.

Proposition 2.4. The function Fio; a,.....a,] i s-holomorphic and has (multiplica-

tive) monodromy —1 around each of the marked points ai,...,a,, thus being a
discrete s-holomorphic spinor on V[Cg’ . I Also,
5,07 5eu0sGn
Sm | Floaq,....0n] (2) \/l/out(z)} =0 forall z€ av[‘gwrm%]. (2.3)
Proof. We give a proof (based on the standard XOR bijection, cf. [ChSm12]) in
Section 3.1. O

Remark 2.5. The boundary conditions (2.3) are a priori not robust enough to pass
to the scaling limit: even if the limiting domain 2 has a smooth boundary, the
discrete normal vy (2) can possibly admit only the values et and ei%, and
so does not (pointwise) converge to its continuous counterpart. These conditions
become much nicer, if one finds a way “to integrate” the square of Flo; 4, .. a0
the real part of this integral satisfies Dirichlet boundary conditions on 02 due to
(2.3). This approach is not that straightforward, since the square of a discrete
holomorphic function is, in general, not discrete holomorphic, and so does not have
a well-defined discrete primitive. However, it was noted in [Smi06] that one can
naturally define the real part of the integral, using the s-holomorphicity of discrete
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observables, which is a stronger property than the usual discrete holomorphicity.
Moreover, a technique developed in [ChSm12] allows one to treat this real part
essentially as if it were a harmonic function, see further details in Section 3.3.

2.4. From discrete spinors to ratios of correlations. The following lemma
expresses ratios of spin correlations in terms of the spinor observables introduced
in Section 2.2, providing a crucial ingredient for the proof of Theorems 1.5 and 1.7.

Lemma 2.6. For anyn =1,2,..., we have

E;gé [Cay+25Cay - - - Oa,,]

E;gé [Cay ---0a,]

F[Slg,al,...,an] (al + 375) bl (24)

where we take the corner ai + 375 on the same sheet as the “source point” a1 + %.
Moreover, in the case of just two marked points, we also have

]Eg‘fe [0a+60b+6]
; [
IJE?E [U O'b] :l:ZF[Q&a’b] (b " 5) 7 (25)
5 a

where IES?C denotes the expectation for the critical Ising model defined on the vertices
of Qs (with free boundary conditions outside the set Vo, ) and the sign & depends
on the sheet where the corner b + % is taken.

Proof. Recall that

#edges(v) 38
Z’YGCQ(; (a1+%,a1+375) Qc ¢a1,...,an (’Y’ a; + 7)

Zgé [Cay -+ 0a,]

Fl0s,a1,...0n] (@1 + 376) =

)

while, taking into account Remark 2.2(i),

Z #edges(w) (_1)#loopsa1+25 an (@)

+ o 4 x~ fedges(w) (_ 1\#loops, 4o
E515 [0ay+260ay - - Ta,] weCa, ¢

E?g(; [Ual "'Uan] Z;lrg [O’al ---Uan]

There is a simple bijection between the sets Cq, (al + %, ay + %) and Cq,: removing
the two corner-edges (a1 + %, a1 +6) and (a1 + 6, a1 + %) from a given v, we obtain
a collection of closed loops w(y) € Cq, and vice versa. So, it suffices to show that

Let us pick any loop in 7 and remove it. The left-hand side (respectively, the right-
hand side) has changed the sign if and only if there was an odd number of points
ai,...,a, (respectively, a; + 26,as,...,a,) inside the loop. However, no loop in
v separates a; from a; + 2§ (such a loop would intersect p(7)), so the two sides
can only change sign simultaneously. Thus it is sufficient to consider the case when
7 is just a single non-self-intersecting path p(v) running from a; + g to a; + 375,
which is treated by the following observations: sheetq, . q,(p(y),a1 + %) = —1 if
and only if there is an odd number of points a1, .. ., a, inside the loop w(p(y)), and
wind(p(v)) = 27 mod 47 if an only if w(p(7y)) separates a; from ay + 24.
For (2.5), the Kramers-Wannier duality (e.g., see [Pal07, Chapter 1]) implies

#edges(w)

free
EQE [0a+50b45] ZwGCgé(aJr%,bJr%) Qc

E;gé [6a0b] Z;lr& [caob]
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hence it is sufficient to prove that the (purely imaginary) number ¢q (v,b+ g)
does not depend on . We have #loops, ,(v \ p(7)) = 0, since any loop in + either
surrounds both a,b or none of them (otherwise it would intersect the path p(7)
joining a + g and b+ %) Further, let 79, = b ~ v ~ -+ ~ vy, ~ a be some simple
lattice path with v; € Vg . Then, p(y) U (b+ %, byuns, U(a,a+ g) is a loop, which
we denote by [(v). Let n(y) be the number of self-intersections of I(vy) (in order
words, the number of intersections of p(y) with ). Since exp[—4wind(l(7))] =
(=1)™M*1 (this is true for any closed loop), we see that

exp—gwind(p(y))] = (=1)"*" - exp[§wind((b + §,b) Unf, U (a,a + §))],

where the second factor does not depend on . But we may also view 7, as a cut
defining a sheet of the double cover [, a, b], meaning that sheetq »(p(7y),b + %) =
(=1)™"), which proves the desired result. (]

Remark 2.7. (i) Similarly to (2.4), one can check that

+
EQJ [Ua1+(lii)6ga2 .- -Uan} 4omi

E;gé [Cay ---0a,]

an) (a1 + (1£3)6).  (2.6)

The proof boils down to the identity

.....

for the natural bijection v — w(7) removing the two corner-edges (a1 + g, ay + 9)
and (a1 + 6, a1 + (1 £)0) from a given v € Cq, (a1 + g,al + (14 £)5), which we
leave to the reader.

(ii) The identity (2.5) can be extended to the case of 2n marked points, see [Chlz11,
Proposition 5.6], thus allowing one to treat 2n-point correlation functions with free
boundary conditions.

2.5. Continuous spinors. In this Section, we introduce the continuous counter-
parts of the discrete spinor observables defined in Section 2.2: the continuous holo-
morphic spinors fioq, ..., .- We define them as solutions to the conformally covari-
ant Riemann boundary value problem (2.7)—(2.9), which is a continuous analogue
of the corresponding discrete boundary value problem (see Remark 2.10 below).

Definition 2.8. Let 2 be a bounded simply connected domain with smooth bound-
ary, and ay,...,a, € . We define fjo,,,. 4, to be the (unique) holomorphic
spinor on [Q,aq,...,a,], branching around each of aq,...,a, and satisfying the
following conditions:

3 [figar, ) (Vo (@) | = 0. z€09; (2.7)
TV m o, () = L (2.8)
lim Vz—ak- fioa,. a(2) € R, k=2,...,n, (2.9)
z ag

where Vout(2) denotes the outer normal to the boundary of ) at z.

Remark 2.9. (i) Note that a solution to the boundary value problem (2.7)-(2.9)
is unique, if it exists. Indeed, if fi, fo denote two different solutions, then the

spinor fi — fy satisfies (2.7) and (2.9), while lim,_,,, vz — a1 - (f1(2) — f2(2)) = 0.
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Applying the Cauchy residue theorem to the single-valued function (f1(z)— f2(2))?,
one arrives at

0<i! /m(fl(z) — f2(2))2%dz = 27rkZ:2Z1i>r2k(z —ar)(f1(2) = f2(2))* <0, (2.10)

where the first inequality easily follows from (2.7) and the second from (2.9).
(i) If p : @ — Q' is a conformal mapping, then one has

1/2

Ji9a1..an](2) = i w(ar)....otam (@(2)) - (¢ (2)) (2.11)

Indeed, it is straightforward to check that the right-hand side solves the boundary-
value problem (2.7) — (2.9). We use this covariance property as a definition of the
continuous spinor in an arbitrary simply connected domain 2, using a conformal
map to some smooth bounded .

(iil) In Section 2.7 and the Appendix we give explicit solutions to (2.7)—(2.9) in the
upper half-plane, thus proving the existence of fio 4, ... 4,](2)-

Remark 2.10. The first condition (2.7) in Definition 2.8 is a natural counterpart of
(2.3). The third condition (2.9) comes from the following observation: a discrete
primitive Hiqg 4,, . a,) of the “discrete differential form” Re[F, an]dz] (which
may be defined due to the s-holomorphicity property of the discrete observable, see
Remark 2.5) remains bounded from below near the branching points as, ..., a, as
0 — 0. Thus, we impose the same condition for the scaling limits, which means that
Re[[ f[%l,al,,,,,an]dz] should behave like ¢, log |z — ay| for some negative ¢y, as z — ay,
k=2,...,n, implying (2.9). The second condition (2.8) which fixes the behavior of
fi9.a1,...,a,) D€ar the “source point” a; is the most delicate one and will be clarified
later on (see Section 3.2, particularly Lemma 3.5). Note that it is sufficient to
assume that fig q, ... a,) does not blow up faster than 1/y/z —a; at a;. Indeed, in

this case the argument similar to (2.10) shows that lim (z—a1)(fio,a,,....a,1(2))? >0
zZ—aq

.

and the rest is just a proper choice of the normalization.

Let us now introduce the quantities that play a central role in our computations
of scaling limits of spin correlations, appearing as the limits of discrete logarithmic
derivatives in Theorem 1.5.

Definition 2.11. We define the complex number Aq (a1, ..., an) = Ajq.a,,....a,] @8
the coefficient in the expansion

an]V2 — a1 +O(|z—a1|3/2) (2.12)

of fio,a1,....a,] D€ar the point a;. In the special case n = 2, we also define the
quantity Bo(a,b) = Bjg 4,5 > 0 as the coefficient in the expansion of fq 4 near b:

iB[0,a.,b)
Vz—2>b

where the sign + depends on the sheet of [, a, b].

f[Q,a,b] == + O(|Z - b|1/2)5 (213)

Remark 2.12. Note that the covariance rule (1.8) for AQ,a1,...,a,) directly follows
from the conformal covariance (2.11) of spinor observables: if p : Q@ — Q' is a
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conformal mapping, then one has

f[Q,a1,~..,an] (Z) = ( ( )) 1/2 f[Q’,ga(al); 780(an)]( ( ))

_ @' ( s P
- le(r) - } [1+2A4, - (¢(2) —¢(ar) +...]
1"'@”(&1))(2—@1)4-... 3
- . L4245 - ¢/ (a1)(z —a1) + ...
[<Z—a1>< e <z—a1>+...>} [1+24, - ¢'(a)(z ) + .. ]
— /a lspll(a/l) .
- z—al{ ( (1)+830( ))( 1)—1—...]7

where Ay, = Ao/ o(a1).....p(an)]- Similar arguments show that the coefficient Bq 4,
is conformally invariant, i.e.,

Ba(a,b) = Bar(p(a), ¢(b)). (2.14)

Thus, it is sufficient to find those quantities for some canonical domain, e.g., for the
upper half-plane H. This is done in Section 2.7 for n = 1,2 and in the Appendix
for n > 3.

2.6. Convergence of spinors. The main purpose of this section is to derive The-
orem 1.5 and Theorem 1.7 from convergence results for discrete spinor observables
Fio;.a4,....a,) Which are formulated in Theorems 2.15, 2.17 and 2.19 below. The
proofs of those are given in Section 3, which is the most technical part of our paper.
We use the following conventions concerning convergence of discrete s-holomorphic
functions:

e we say that a family of discrete domains (€s), approximates a continuous
domain 2 C Casd — 0, if 92s converges to I in the Hausdorff sense (note
that our proofs can be easily generalized for the Carathéodory convergence
of planar domains which is weaker than the Hausdorff one used in this paper
for simplicity);

e we say that an s-holomorphic function (or a spinor) Fs defined in Q§™
(or its double cover) tends to a holomorphic function (or a spinor) f as
0 — 0, if the “mid-edge values” Fjy approximate the values of f, while

o
the “corner values” F|Qg’ 7 € {1, \,i,\}, tend to the projections of f onto
the corresponding lines 7R (see Definition 2.3);

e we say that a convergence of discrete functions Fj3(z) = F5(z;a1,az,...) to
f(z) = f(z;a1,a2,...) is uniform on some compact set, iff the differences
|Fs5(z;a1,a9,...) — f(2;a1,a2,...)| are uniformly small as 6 — 0, when
we interpret lattice vertices (or mid-edges, corners, etc) z,a1,as, ... as the
corresponding complex points when we plug them into f.

The crucial ingredient of our proofs is the interplay between (a) the values of
discrete spinor observables near their branching points, which are related to the
ratios of spin correlations by Lemma 2.6, and (b) the mid-range behavior of these
observables, which can be further related to the asymptotics expansions of their
scaling limits (2.12), (2.13).

As a main tool to relate (a) and (b), we use a full-plane version Fic, q of the
spinor observable (since we are interested in local considerations, it is sufficient to
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stick to the case of one marked point). Though it could be constructed as an infinite-
volume limit of the finite-domain observables, we prefer a more explicit strategy,
which is outlined after the following lemma claiming the existence of Fic, q-

Lemma 2.13. Fora € V¢, there exists a (unique) s-holomorphic spinor Fic, 4 :
Vigs.as) — € such that Fic;q)(a + 375) = 1 and Fic;,q(2) = o(1) as z — oo.
Moreover,
%F[Ca,a] (Z) m \/ZlTa
uniformly on compact subsets of C\ {a}, where #(0) is defined as
D(6) == Ficya (a+ 22+ 25| 5]). (2.16)

Proof. The detailed proof is given in Section 3.2. First, we define the (real) values
of Fic,,q) o0 V(éé as the discrete harmonic measure of the tip point a + % in the slit
discrete plane V¢, \ {z +a : © < 0}. This definition is motivated by the following
observation: in the continuous setup, the function Re[1/y/2 — a| can be viewed as
the properly normalized harmonic measure of the (small neighborhood of) tip a in
the slit plane C\ {z + a : < 0}. Second, we extend Fic, 4 to V¢, by harmonic
conjugation, then by symmetry to another sheet of [Cy,a], and eventually as an

= f[(C,a](Z)v (215)

s-holomorphic function to V(és,Véé and Vg.. The convergence (2.15) follows from
known results on convergence of the harmonic measures (e.g., see [ChSm11]). O

Remark 2.14. The normalizing factor 9(¢) is essentially the value of Fic, 4 at a+1.
In Section 3.2 we show that

C V3 <9(5) <CVe, (2.17)
where C1 > 0 are some absolute constants. Note that one can compute the limit

limg_,09(5)/V/§ using the recent work of Dubédat [Dublla], but we do not need
this sharp result.

We further use the normalizing factors J(d) introduced above in order to formu-
late the following convergence theorem for discrete spinor observables away from
0Q and aq,...,an:

Theorem 2.15. Let discrete simply connected domains s approrimate a bounded
simply connected domain Q as § — 0. Then, for any ¢ > 0 and any n = 1,2,...
we have

7

1

WF[QS,M,...,%](Z) T fioan e (2);
uniformly over all ay,...,a, €V, and z € Vg, which are at the distance at least
€ from 02 and from each other.
Proof. See Section 3.4. O

Since we are interested in the coefficient Ajq 4, .. 4, in front of the term \/z — a;
in (2.12), along with the discrete analogue Fi¢; 4 of the function 1/y/z — a given by
Lemma 2.13, we also need a discrete counterpart G|, o) of the function v/z —a. We
construct Gc, o) by “discrete integration” of Fic; ,), just mimicking the continuous
setup. It is sufficient to define G|c; 4 on Vés only, as Lemma 2.6 deals with the
(real) values of discrete observables at the point a; + % € Ve,
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Lemma 2.16. For a € V¢, there exists a (unique) discrete harmonic spinor
Gics,a) V[%Cs o R such that Gic;.q) vanishes on the half-line {x +a : x < 0},
Giesa)(a+ %) =6, and Gc;0(2) = O(|z — a|'/?) as z — co. Moreover,
1
W&)G[C“’a](z) (H—>O Revz—a =:gcaq(2), (2.18)

uniformly on compact subsets of C\ {a}.

Proof. For z € V[}C&a}, we set Gey,q)(2) =0 2552 Ficy,a) (2 — 259). Certainly, one
should check the convergence of this series and the harmonicity on the half-line
{z + a:x > 0}, see further details in Section 3.2. O

In the continuum limit, the leading term in the expansion of fo q4,.....a,] = f[C,ay]

near ay is given by 240 4,.....a,]v/# — a1. It is hence plausible to believe that the
same holds true for the discrete spinors, and one has

(Fiasar,...an] — Fics.an) (a1 +2) ~ 2Re Ajg; 0, an] * Gesian) (a1 +22)

up to higher-order terms (the real part appears due to discrete complex analysis
subtleties, as real and imaginary parts of s-holomorphic functions are defined on
different lattices, and a1 + 375 € Vglzs). We justify this heuristics in

Theorem 2.17. Under conditions of Theorem 2.15, we have
Fiasar,an (@1 +2) =1 -2Re Aig.0,, an-6 = 0(0) (2.19)

as 0 — 0, uniformly over all ai,...,a, € Vo, which are at the distance at least €
from 02 and from each other.

Proof. See Section 3.5. O

Remark 2.18. In the proof of Theorem 2.17 we show that Fio; 4, ... .a,,] and Ficg,a,]
are d-close to each other at all points around aq, in particular at a; + (1 £ %)5
Together with (2.6), this implies

+
EQg [0a1+(1ii)60a2 - 'Uan}

E;gé [Cay «--0a,]

=14+ 0(0)
as 6 — 0, uniformly over all ay,...,a, € Vg, which are at the distance at least €
from 0 and from each other.

The similar analysis for the quantity Bjg 4,5 Which is defined by the expansion
(2.13), is even simpler since we need to match the first-order coefficients instead of
the second-order ones. The result is given by

Theorem 2.19. For n = 2, under conditions of Theorem 2.15, we have
Fosan (0+5) £iBaay = o(1) (220)

as & — 0, uniformly over all a,b € V3 which are at the distance at least € from OS2
and from each other, where the sign + depends on the sheet of [, a,b].

Proof. See Section 3.5. O
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Proof of Theorems 1.5 and 1.7. Due to Lemma 2.6, asymptotics (1.6) is a re-
formulation of (2.19), while Theorem 1.7 is equivalent to Theorem 2.19 (the sign
+ is fixed due to the positivity of spin-spin correlations). To check (1.7), we ro-
tate our domain Q around a by 90° clockwise. According to conformal covari-
ance rule (1.8), the coefficient A multiplies by ¢, so the desired result follows from

Re [iA] = —Sm A. O

2.7. Computations for one and two points. Now we illustrate the results
obtained in the previous section constructing the continuous spinors solving the
boundary value problem (2.7)—(2.9) for two simplest cases n = 1 and n = 2. We use
the upper half-plane H as a canonical domain. Since it is unbounded, one should im-
pose the additional regularity condition at oo ensuring that fim a,,. . 4, = O(lz|™h)
as z — 00, so that after a conformal mapping to a bounded domain with smooth
boundary the spinor remains bounded.

2.7.1. The case n = 1. For a single marked point a € H we have
(2iSma)z
(z—a)(z—7a)

since this spinor clearly satisfies both conditions (2.7) and (2.8). Writing down the
asymptotic expansion (2.12) at a, one sees that

1
8iSma’

fi,a(2) = (2.21)

Ag(a) =

Further, we define the quantity log<aa>ﬁ as a primitive of the differential form
Re[Ag(a)da] = —dy/8y, where a = = + iy:

(04)f; = const - (Sm a)_é, a € H.
The proper choice of the multiplicative constant which is discussed below leads us
to the definition (o) := 2% (23ma)”F.

2.7.2. The case n = 2. Similarly, for two marked points a,b € H, one can check
that the spinor

(2iSma)?  [b-@)(b-a)]?(z=b) +[(b-a)(b—a)]*(= ~ )

Smap(2) = b—al+b—a ’ [(z —a)(z —a)(z — b)(z — b)]/2 )
(2.22)
satisfies (2.7)—(2.9). Looking at the expansion (2.13) at b, one obtains
(4Sm aSmb)z (oaop)iee
Bu(a,b) = = .
w0 = o ool (oan)s

Further, expansions near a give

1 b—al —|b—al 1 1
b) =— — = .
Au(a,b) 8iSma 4Jb—al+b—al) \b—a b—a

Direct computations show that one can define a primitive [“Re[Awm(2;b)d?]
for a € H (here we treat b as a parameter) that coincides with the function
log(oq0b)f; given by (1.4). Note that (0,05)5 is uniquely defined (up to a multi-
plicative constant) by its logarithmic derivative with respect to a and the symmetry
(040b)5 = (0b04)5;. The multiplicative constants in the formulae (1.4) for n = 1,2
are chosen so that (0,05)5; ~ (04)5 (0b)5 if, say, @ — OH, resembling decorrelation




CONFORMAL INVARIANCE OF SPIN CORRELATIONS IN THE ISING MODEL 21

properties of the critical Ising model which are given in Section 2.10. Below we show
that, for all n, the similar integration procedure allows one to define real-valued
symmetric functions (o, .. 'O'lln>];ﬁ so that

(Cay -+ Oar )ty ~ (00 )5 (Oay - 00, ) as a1 — ON. (2.23)

2.8. Proof of Corollary 1.6 and definition of the functions (o, ...04,)d.

The main purpose of this section is to define the functions (oq, ..., )4 starting
with their logarithmic derivatives with respect to each of a; and (eventual) decor-
relation properties (2.23). To do so we firstly need to know that the corresponding
differential form (2.24) is exact, and we derive this fact from the convergence of the
ratios of spin correlations given in Proposition 2.20. Note that (2.25) is essentially
equivalent to the claim of Corollary 1.6.

Let us denote a;, = x4y, and consider a differential form Lq ,, on the manifold
Q= {(@1,...an) € Q" 1 a; # ax,j < k} of all n-tuples of pairwise distinct points
in , defined as follows:

Lon =Y Re[Ao(ak,a1,... 0. .. an)day] (2.24)

>
Il
—

-

[Re Aq(ak, a1, ...k ..., an)dey — SmAq(ak, a1, .. .0k ..., an)dy)

~
Il
—

(we use the standard notation ay, for the omitted argument). The following propo-
sition is a straightforward corollary of Theorem 1.5 obtained via integration with
respect to positions of points. In particular, this provides a proof of Corollary 1.6.

Proposition 2.20. The form Lq is exact. If (o4, . ..aan>$ = exp[f Loy de-
notes the exponential of its primitive, then, as Qs approrimates 2, one has

E;Sé[ffbl---ffbn] . <Ub1-'-0bn>;g

= (2.25)
Q

ES,[0a) - --0a,] 620 (0a, ...0a,)

for all n-tuples (a)?, (by)? € Q"

Remark. The proof given below ensures that this convergence is uniform, if all ag
are at distance at least € from 02 and each other, and the same holds true for by.

Proof. Color the faces of €5 black and white, in a chessboard fashion. By Remark
2.18, the ratio of spin-spin correlations at two adjacent spins tends to 1, uniformly
away from the boundary, so we can assume that all ag, by are colored white. Let
ay € Q be such that [a1,a}] is a horizontal segment contained in € and disjoint
with ag,...,a,. Denote by a3 = vy ~ -+ ~ v, = a} a straight horizontal lattice
path approximating [a;,a)]. Then, by Theorem 1.5, one has

Egé [oijUQQ . ..Uan] _ <E$6 [oijUQQ e oan]

log
Egé [Uvj Cay - - - oan]

— 1) (1+0(1))

=20 - [Re Aq(vj;as,...,an) + o(1)]

Egé [ovj Oay - - .oan}
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as 6 — 0, where the o(1) terms are unform in j. Consequently,

Egé [Ua/l Cay - - - oan]

Egé [0a)0a5 - --0a,)

ms
=26 - Z%eAQ(Uj,ag, ceyan) +o(1)

Jj=1

log

— Re Aq(x1 + iy1, a2, ..., an)dx;.

5—0 [a1,a]
A similar formula with —Sm Aq(z1 + iy1,az,...,a,)dy; in the right-hand side
applies to the case when [a1,a]] is a vertical segment. Moreover, one can move
other points as, ..., a, along horizontal and vertical segments as well. Therefore,

Ed [ob, -
lo % / L n,
& E;gé [Cay - 0Oa, 6—>0 o
where ~ is any path in Q" that connects n-tuples (azx)? and (bg)? and consists of

segments (in ﬁ") with all but one coordinates fixed. Since the left-hand side does
not depend on the choice of the path, the form Lq ,, is exact. O

Remark 2.21. Note that (o, ...0,, )5 is a symmetric function of a1, ..., a, (as so
is E?g& [Cay ---0a,]). Integrating the covariance rule (1.8) for Aq, one immediately
obtains

+ by
<Ub10a2 ..-Uan>§J2r — e [AQ(z,a%,..,an)dZ]
< O’a2 "'Utln>Q ay
1o [e(2)
.A/ wlaz),...,plan gp/de—F—/ §R8|: d2:|
/ o (p(2); p(az) (an))¢'(2)dz] 8 Jay ¢'(2)
_ log <0'4p(b1)0-§9(a2) e 'U@(an)>$, + llO |@/(bl)| .
(Cp(a)Tp(as) -+ Tp(an))ey 8 I¢'(a1)

Iterating, one arrives at the following covariance rule for the ratios of correlations
which is a weaker form of (1.3):
n 1
<Ub1 ...Ubn>$ B <U¢(b1)...0¢(bn)>$/ . |g0/(bk)|8 (2 26)
= . .
(Oar - Oan)dy  (Tp(a) - Tolan)dy oy |9 (ar)]5

Proposition 2.20 defines the continuous correlation functions (o, .. .04, )¢ up
to multiplicative constants, which may depend on ) and n, since the primitive of
Lq p is defined up to an additive constant. A natural way to choose these constants
coherently for all domains and any number of points is suggested by the following
lemma. Denote by

la —b|
dist({a, b}, 0Q)
the quantity that measures how deeply in the bulk of €2 the points a, b are, and let

Do (a,b) := (2.:27)

(0a0b)d =la =073

Lemma 2.22. There exists a unique way to choose the multiplicative normalization
of (0a, - ..Jan>$ so that for all domains Q0 and for all n = 1,2, ... the following
holds:

+ +
<Uj:1 ++Tan)g - — 1 as ap =900 and % — 1 as Dgqla,b) — 0.
<O'a1>Q <Ua2 cee Uan>Q <O'ao'b>(c

(2.28)
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Being normalized in this way, the correlation functions (o4, ...04,)4 satisfy the
conformal covariance rule (1.3).

Proof. See Section A.3. (|

The properties (2.28) are motivated by the corresponding properties of the dis-
crete correlations, see Lemmas 2.24 and 2.26 below. If one had an independent
proof of those lemmas staying in the discrete setup, one would get (2.28) for free.
However, our proof goes in the other direction: we use (2.28) to prove Lemmas 2.24
and 2.26. Thus, we have to derive Lemma 2.22 directly from the explicit description
of continuous correlations, which we do in the Appendix.

Summarizing, we define the continuous correlation functions (oq, ..., )& to be
the exponentials of the primitives of Lq ,, normalized as in Lemma 2.22. As it was
discussed in Section 2.7, in the particular cases n = 1 and n = 2, this definition
reproduces explicit formulae (1.4). The case n > 3 is discussed in the Appendix.

2.9. From ratios of correlations to Theorem 1.1. This section is devoted to
the proof of Theorem 1.1. Our goal is to relate the normalizing factors ps(d, Qs)
from Corollary 1.6 (which, in principle, might depend on ), with the full-plane
normalization p(d). The proof is based on Theorem 1.7, which claims the con-
vergence of the ratios of free and + spin-spin correlations to an explicit limit
Ba(a,b) = (04000 /(540b) ;. We also use classical FKG (e.g., see [Gri06, Chap-
ter 2]) and GHS (see [GHS70]) inequalities for the Ising model. The small additional
ingredient is given by

Remark 2.23. The following is fulfilled:
BQ(CL, b) — 1 as DQ(CL, b) — 0, and BQ(CL, b) —0 as a— 89, (229)

where the quantity Dq(a,b) is given by (2.27). This follows readily from the con-
formal invariance of Bq(a, b) and the explicit formulae (1.4) in the half-plane. Also,
one has
<Uaab>;;
<‘7a‘7b><—c’_
Indeed, let ¢ be a conformal map from  to H such that ¢(a) = i. Due to standard
estimates, one has ¢(b) — ¢ and |¢’(b)] = |¢'(a)| as Dq(a,b) — 0. Therefore,

— 1 as DQ(CL, b) — 0. (230)

1

(0a0)ts _ (oot@oe)ikle @IEE ) o) —o®)|-H' (@)}

<0aab>g <0a0b>g la — b|7%

(1+0(1)) — 1.

Lemma 2.24. For any n > 0 there exists an € > 0 such that the following holds:
if Da(a,b) < € and Qs approximates 2, then

provided that & is small enough.

Proof. By FKG inequality, Ef{?c [0a0b] < Eg; [0408] < Egé [ca0p] for any domain
A containing a, b, hence the right-hand side readily follows. For the left-hand side,
choose A5 = Qf — 0. We have, by Theorem 1.7,

E%;e [000b) - Egge [Cat50b+6]

= — Bq a,b).
E;gé [0aob] E?g& [caob] 50 (a,5)
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Due to (2.29), one can choose € so that Bo(a,b) > 1— 3, which gives the result. [

Proof of Theorem 1.1. Fixn > 0. For shortness, below we will write a+ € for its
lattice approximations a+24| 55 |, and a+1 for its lattice approximation a+24 L2—16J .
Denote

R, = (0(0) "B, [0a0u]. (2.31)

Recall that o(d) = Eg, [0404+1] by definition, so one can write

E;i; [Uao'b] ) E?i; [Uao'aJre] ] E(Ca [0a0a+e]
E;gé [0a0are] Ec, [0a0are] Ecy [0a0ay1]

Q
R.b=
By Lemma 2.24, we can find a small € > 0 and a large domain As containing a, b,
a+ € and a + 1, such that

ES, [0a0ate]
E(Cg [Uaaa—i-e]

EC5 [Uao'aJre] . Ej\_(; [Ua0a+1]

1-n < <1 and 1—-7n <

< < 1+n,

EC& [0a0a+1] EX(; [0a0a+6]
provided that § is small enough. Consequently,

Egé [caob] EXS [CaTate] Egé [caob] EXS [CaTate

(1—n)?

< R} < (147)

EES [0aTarte] EX(; [0a0at1] EES [0a0arte] EXS [UaUaJrl]7

and, by convergence of the ratios of spin correlations proven in Proposition 2.20,

+ + + +
(1 (0o 00wl gy (g gy (0T (0T
<Ua0a+6>ﬂ <Ua0a+l>/\ ’ <Ua0a+6>Q <Ua0a+l>/\

for 6 small enough. Since 7 can be chosen arbitrary small, and the bounds do not
depend on d, it only remains to show that we can make the factor

<Uaaa+e>j{
<Ua Ua+e>+ <O'ao'a+1 > T
Q A

as close to 1 as we wish by choosing € small enough and A large enough. How-
ever, this follows readily from (2.30) if we multiply this factor by (0,04+1)c = 1.
Thus, B, [0400] ~ 0(6)(0a0s){; as & — 0. To derive the asymptotics of two-point
correlations for free boundary conditions as § — 0, note that Theorem 1.7 implies

EGs s [0aos] ~ Ba(a,b) - Eg, [0a0b] ~ 2(8) - Ba(a, b){oaon)§; = 0(8){0a0)5*.

The fact that we have Q2§ — ¢ instead of {25 plays no role, since they both approxi-
mate the same continuous domain 2 and the convergence of (g(d))’lEgs [040b] is
independent of the particular choice of lattice approximations.

Remark 2.25. As a simple byproduct of our analysis, we obtain the rotational
invariance of the full-plane correlations recently proven by Pinson [Pinl2]|: by FKG
inequality, for any (large) domain s, one has Eggc [0a0b] < Eg; [040] < Egs [6a0b]
and, due to Theorem 1.1 and (2.29), both sides have the same asymptotics when
s exhausts Cs. Then, (2.30) gives the desired result:

(p(6)) " 'Ec, [0a0s] = (0ao)c = |a —b|~% as & — 0.
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2.10. Decorrelation near the boundary and the proof of Theorem 1.3.
This section is devoted to the proof of Theorem 1.3. Note that it was already
proven above in the special case n = 2, as a part of Theorem 1.1. Our goal is to
relate the normalizing factors in the Corollary 1.6 with o(d). Below we rely upon
decorrelation identities (2.28).

Lemma 2.26. Given a domain 0 with marked points ag,...,an, n > 2, and a
number n > 0, there exists € > 0 such that the following holds: if a; € Q) is e-close
to the boundary, Qs approximates 0 and § is small enough, then

E (00, ]ES, [0as - - - a, ]

1-n<
E;gé [Cay ---0a,]

<1.

Proof. The upper bound follows readily from FKG inequality. For the lower one,

consider first the case n = 2. A celebrated application (e.g., see [DeMo10]) of

the GHS inequality [GHS70] reads E [0a03] — Ef, [0a]ES, [00] < E&[0q0], or

equivalently,

Eggc [6a0b] < Egs [UG]E;';& [ob]

Egé [caop] — Egé [6a0b]

As § — 0, the left-hand side converges to 1 — Bq(a;b), so (2.29) implies the claim.
To prove the result for n > 3, assume that we have already proved Theorem 1.3

for all n” < n (the precise description of our induction scheme is given in the proof

of Theorem 1.3 below, see (2.32)). Let v be a crosscut (simple path) in € separating

ay from asg, ..., an, and let Q" and " be the corresponding connected components.

Note that FKG inequality implies

ES, (00, B, [0ay - - - 0a,] E;g; [%JE& [0as - 0a,]

Egé [Cay ---0a,] Egé [aal]Ega [Cay---0a,] —

in s condi-

n

as E;gg (00, ES) [0ay - - - 0a,] is equal to the correlation of oq,, ..., 04
tioned on the event that all spins neighboring « are +. By the induction assumption,
the second factor converges to

<U¢11>$’ . <U¢l2 ‘e 'O.an>£‘g”

<Ua1>$ (0ay - - Uan>$
as § — 0, hence it is sufficient to show that we can make this quantity arbitrary
close to 1 by choosing a1 and « appropriately. We first choose a crosscut - in such
a way that " would be Carathéodory close to  as seen from as, ..., a, and then
put a; deeply inside €', so that ' would be Carathéodory close to 2 as seen from
ai. If two domains are Carathéodory close, then the conformal maps from these
domains to H mapping the marked point to i (say, with positive derivative there)
are uniformly close on compacts together with their derivatives. Thus, the lemma
follows from continuity of the half-plane functions (o, ...0,,); With respect to
positions of a1, ..., ay. O

Proof of Theorem 1.3. Recall that the special case n = 2 is already done as a
part of Theorem 1.1. We proceed by induction which (together with the proof of
Lemma 2.26 given above) starts as follows:

TQ&L2:>T1:>L3:>T3:>L4:>T4:>... (232)

(where T; and L; mean the particular cases of Theorem 1.3 and Lemma 2.26).
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Let n =1 and > 0 be fixed. Similarly to (2.31), denote
R = (0(0)) *Eg, [oa].
For any b € 2, one can write
Qs\2 E?g(; (0] E;g(; [0a00] E?g(; (0] E;g(; o]
(Ras) - o+ : : +

Eo, (o] 0(0) Eo, [0400]
By Lemma 2.26, if we choose b close enough to the boundary, then
E, [0 Eg, [00]

Egé [6a0b)

<1

f— )

1-n<

provided that § is small enough. Due to Proposition 2.20 and Theorem 1.1, one
has

ES, (0] (0a)d S [0a00]
m ‘:6 <0b>§; and QQT (:6 <Ua0'b>$-
Consequently,
(1= ) (low))? 222 < (RO < (14 )2 ((0)f)? - el
L CARIENRS

provided that § is small enough. Since 7 can be chosen arbitrary small, and we can
make the term (04,04)¢,/(0a) ¢ (0b) ¢ arbitrary close to 1 choosing b sufficiently close
to 09 (recall that this particular case of (2.28) follows from explicit computations
in the half-plane given in Section 2.7), we complete the proof for n = 1 by remark
that positivity of magnetization fixes the sign of R$.

.....

by induction and write it as

_ Ef[0a,0a, - - 04,] . Ed (o000, - - - 0a,]

. R R
ES[000as -+ 0a,]  ES[obEd[0ay - - 0a,] b Tras
The proof is finished similarly to the case n = 1: take b close to the boundary, esti-
mate the second ratio in the right-hand side by Lemma 2.26, then use convergence
of the first ratio and R?“ szlf,...,an as 0 — 0 (this follows from Proposition 2.20 and
the induction hypothesis, respectively) and asymptotics (2.28) for the continuous
correlation functions: (03)&(0a, - .. 04, )5/ (Ob0ays - - 0a, )& — 1 as b — OQ. O

3. PROOFS OF THE MAIN CONVERGENCE THEOREMS 2.15, 2.17 AND 2.19
FOR DISCRETE SPINORS

3.1. S-holomorphicity of discrete observables. The notion of s-holomorphicity
was essentially introduced by Smirnov in [Smi06] and used for the study of the pla-
nar critical Ising model in [Smi06, Smil0, ChSm12, Hon10, HoSm10, Chlz11]. Our
definitions follow [HoSm10] and are equivalent to those of [Smil0, ChSm12, Chlz11]
after the multiplication by /7, see also Section 3.3 below.

Recall that, for 7 € {1, 1, )\,X}, we associate the line £ (z) = 7R in the complex
plane with each corner z € V{,, and denote by Py(,) the projection onto that line:

Py [w] = % (w + 7'2@) , weC.
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Definition 2.3 says that a function F': V3 — C is s-holomorphic in Qs (we use
the same definitions working on double covers) if for every z € V5 and 2 € Vg,
that are adjacent, one has

F () = Py [F'(2)] -

Remark 3.1. The set Vé:: = Vés U Vés may be viewed as a square lattice, divided
into Véé and Véé in a chessboard fashion. By definition, the restriction of an
s-holomorphic function F' to V(é’; is real on Vég and purely imaginary on Vf:&. It is
not difficult to check ([Smil0]) that this restriction is in fact discrete holomorphic
in the most usual sense, that is, for any = € Vé;i one has

Fz+i8) — F(z +68) = i - [F(z + (14+1)8) — F(z)] . (3.1)

The converse is also true: given discrete holomorphic function F : Véf — RUR,
one can first extend it to V¢, by the formula F(z) := F(z+i%)+F(z—i3) and then

to Vé;)‘ by F () := Py [F (z £ $)] (due to (3.1), these projections coincide).

We now check the s-holomorphicity of discrete spinor observables, essentially
mimicking [ChSm12, HoSm10, Chlz11]. For shortness, below we use the notation

ay’ :=a1—|—% € Vf;&.

Proof of Proposition 2.4. Let z € V[Igé a1yeensan] be a medial vertex and x be one

of four nearby corners so that |z — z| = g. We should check that

Poa) [Flasar.an (2)] = Fiasar...an (), (3.2)

where the values of Fig; 4, .....q,] are defined as sums over the sets Cqo, (a;”, z) and
Caq, (a7, x), respectively. There is a simple bijection w,, : v, — v, between these
two sets provided by taking XOR (symmetric difference) of a configuration with
two half edges (zv) and (vx), where v denotes the vertex which is adjacent to both
x and z. Hence, it is sufficient to check that for any 7, € Cq, (a7’, z) one has

(cos %)71 : Pf(fﬂ) [o‘f&CdgCS(%) “Bay,..an (V25 2) | = O‘j&CdgCS(’YI) “Gay,...an (Y2, ) (3.3)

(the additional factor (cos §)~! comes from our defintion of the discrete observable
on medial vertices, see Remark 2.2). There are two cases: either (zv) is contained

in «, which leads us to

i
45

#edges(v,) = #edges(7.), exp[—fwind(p(y2))] = €= exp[—Fwind(p(72))],

or not, which leads to

#edges(v,) = #edges(v,) + 1, exp[—%wind(p(vz))] =e
Let us also note that in both cases
an (Vz) o (%c, I) _ (_1)#10013%1 ,,,,, an (V2) sheetq, . a. (,Yz, Z)

since if w,,, destroys a loop in v, that changed the sheet of [Qs, a1, . .., a,] (leading to
the change of the first factor), then this loop becomes a part of p(7,), so the second
factor changes simultaneously. Thus, one can factor out qffedees(rs), Gar.....an (V2 2)
from both sides of (3.3). In the first case (3.3) readily follows, while in the second

it becomes equivalent to

3im
+ 8

exp|—gwind(p(72))]-

(—1)#10Pa; sheetq,

.....

(cos%)_lcos%’r:ﬁ—lzac.
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Thus, Flo,q,,...,a,] 18 s-holomorphic. It has multiplicative monodromy —1 around
each of the marked points ay,...,a, due to the factor sheetq, . q,(7,2) in (2.1).
In order to prove that Fiq q, ... 4,] Obeys boundary conditions (2.3), it is sufficient
to note that wind(p()) = Vout(z) mod 2, if z is on the boundary. O

The spinor Fig q,.....a,) is not defined at the corner a;” and is not s-holomorphic
there. The next lemma shows, in particular, that its values at the nearby medial
vertices a1 + 1Tﬂ5 have different projections onto the imaginary line iR = £(a7’),
so one cannot extend Fig 4, . q,] t0 a;” in an s-holomorphic way.

.....

Lemma 3.2. For medial vertices a1 + %ﬂ& taken on the same sheet of the double
cover [Qs,a1,...,a,] as the “source” ai”, one has

PiR [F[Qa,ll1,~~~7an] (al + IT:‘:Z(S)} = :FZ

Proof. We consider the medial vertex z := a3 + %5, the opposite case is similar.
Given a configuration v € Cs(ai”, z) and applying, as above, the XOR bijection with
two half-edges (a7”, a1+0) and (a1 49, z), we obtain a configuration w(vy) € Cs. Since
the normalizing factor Z;{(s [a1,...,ay] is a sum over Cs (see (2.2)), it is sufficient to
show that, for any ~,

8 2 cyQn

(cos T)~1. Pyg [aftedeesg, (%2)} = i aitedees@()(_1)#100Pse, . ap (@(1),
Consider two cases, as in the proof of Proposition 2.4 above. If (a; 4+ 0,2) € 7

(respectively, (a1 + 0,2) € ), then

#edges(w(vy)) = #edges(y) (respectively, #edges(w(7y)) = #edges(v) +1).

We may disregard all loops in w(7) that do not contain the edge (a1 + 4, a1 + i9),
as they contribute the same sign to both sides. Further, if (a; + J,2) € 7, then

wind(p(7)) = 2& mod 4, otherwise wind(p(y)) = Z* mod 27. Hence the lemma
boils down to the following elementary identities:
(cosZ)~"-Pirle” 3,8,] =—i and (cosZ)'-Pple” 7éri] = —ia,. O

3.2. The full-plane discrete spinor Fic, , and its discrete primitive G|c; 4-
This subsection is mainly devoted to the construction of the full-plane analogue of
discrete spinor observables, as announced in Lemma 2.13. After this, we also prove
Lemma 2.16 and the double-sided estimate (2.17) of the normalizing factor ¥(J).

3.2.1. Discrete harmonic measure in the slit plane. We start with an important
technical ingredient — the discrete Beurling estimate with optimal exponent % On
the square lattice, it was obtained by Kesten [Kes87|, and then generalized by
Lawler and Limic [LaLi04]. Given a face a, let X5 C V¢, denote the slit discrete
plane:

Int Xs := V&, \ La, Ly={z+a74+0:2<0}
(recall that a@+ 86 =a+ 3 € V&, )-

Lemma 3.3. For all z € X5, A C X5, and some absolute constant C' > 0, the
following estimates are fulfilled:

X
hm{gﬂw}

hm™ (o~ + 6) < €87 (dist(a; A)) "2, (3.5)

(2) < C63|2—a|” 7, (3.4)
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where hmi“ (z) denotes the discrete harmonic measure of a set A in X5 viewed from
z, i.e., the probability for the simple random walk on Vé5 (considered as a shifted
square grid (26Z)%) started at z to reach A before it hits the boundary of Xs.

Proof. This easily follows from [LaLi04] and simple reversibility arguments for ran-

dom walks. [l
Below we also need some additional estimates for the discrete harmonic measure
hmi‘;% 46} and its discrete derivatives.
Lemma 3.4. (i) For z € X5 such that |arg(z—a) — w| < 7, one has
1 _3
hmF{ggﬁH} (2) <Co2|Sm (2 —a)| |z —al"2. (3.6)
(i1) For all neighboring z,z' € X5, one has
_ 1 _3
ot [hmif gy (1) —hmi, ) (2)| < 0622 —al 2. (3.7)

(iii) Being normalized by the value ¥(0) at the proper lattice approzimation of the
point a + 1, the functions (19(6))_1hm?{§;a+6} converge to Re[l//z—a] as § — 0,
uniformly on compact subsets of C\ L,. Moreover, this convergence holds true in
C'-sense meaning that the discrete derivatives (3.7) converge to the corresponding
partial derivatives as well.

Proof. (i) In order to prove (3.6), note that the probability for the random walk
started at z to leave the ball of radius 3|z — a| around z before hitting 0X; is
O(|Sm (z —a)|- |z —a|™1), and once this has happened the probability to hit a™ +§
is uniformly bounded by O(6% |z — a|~2) due to the Beurling estimate (3.4).

(ii) The estimate (3.7) for the discrete derivatives follows from (3.4), (3.6) and the
(discrete) Harnack estimate (e.g., see [ChSm11, Proposition 2.7]), applied to the
ball of radius 1|z — a| (or |Sm (z — a)|, if z is close to L,) around z.

(iil) This is essentially a special case of [ChSm11, Theorem 3.13] which claims the
C'-convergence of discrete Poisson kernels normalized at some inner point to their
continuous counterparts. The fact that our domain is unbounded plays no role here
as, for any r > 0, the positive discrete harmonic functions fg = (19(5))’1hm§{§(‘iH +5)
are uniformly bounded in the annulus {z : |z — a| > r}. Indeed, if f? is big at
some point v in this annulus, then, by the maximum principle, f° is also big along
some nearest-neighbor path running from v to a™+ . Since the discrete harmonic
measure of such a path as seen from a + 1 is bounded from below (by a constant
depending on 7 but not on §), this leads to a contradiction with fo(a+1) =1. O

3.2.2. Construction of the full-plane spinor Fics o). Now we are ready to construct
Ficy,q), as announced in Lemma 2.13.

Proof of Lemma 2.13. Let X(;i denote two copies of the slit plane X5 C V(éé. We

first define the real component F[@lcg a) ON X(;i as
1 XF I
F[(Cg,a] (Z) = ihm{a%Jﬂs} (Z)v S X(; . (38)

Since F; [}CS al vanishes identically on L,, by identifying the upper side of this cut in

X;r with the lower side in Xy and vice versa, we obtain a function F[(lcé al which is



CONFORMAL INVARIANCE OF SPIN CORRELATIONS IN THE ISING MODEL 30

defined and harmonic everywhere on V[%cé o) €Xcept at the (two) points over a™~+ 4.
Recall that Lemma 3.4(iii) ensures the convergence

(W) Fie, (2) 2 Rell/Vz—a] (3.9)

as well as the convergence of discrete derivatives of F[@lcg al (z) to partial derivatives
of Re[1/+/z — a], uniformly on compact subsets of C \ L.

We then define the imaginary component F[%Cg,a] : V[ic&aﬂ = V[ic&a]\{a_’} — iR
as discrete harmonic conjugate of F[<1cé o) that is, by integrating the identity (3.1)
along paths on V[i(cé a1 starting from, say, one of the two fibers of the point a7+ 20.

Since F; [(1[:5 is harmonic, its discrete harmonic conjugate is well-defined at least on

al
the universal cover of [Cs,a™]. Further, let w denote some simple loop in Véé,
starting and ending at ¢ + 26, symmetric with respect to the horizontal line
{z : Sm(z — a) = 0}, and surrounding the singularity (so, it lifts to [Cs,a] as a
path connecting two different fibers of a™+ 29). It follows from the antisymmetry
of F[%cé,a] with respect to L, (also, note that_w changes the sheet once pas.sing
across the cut), that the total increment of F[%ca al along w is zero. Thus, F[fcs al
vanishes at both fibers of the point a™+ 20, and hence inherits the spinor property
of its discrete harmonic conjugate F[%C5 al’ Moreover, for b :=a~ + 256, j > 1, the
discrete holomorphicity equation (3.3) and the symmetry of F[(ng,a] with respect to

the half-line R, := {x +a~ : x > 0} imply
F[%Cg,a] (b+25)_F[ZC57a] (b) == jF’L[F[:!CJ’a] (bilé)_2F[:!C5,a] (b+5)+F[%C§,a] (b+(2i2)5)] = 0

Therefore, F[%I:(;
tees that F[%ca al is uniformly bounded: just take a path of discrete integration in

o) Vanishes everywhere on R,. Further, the estimate (3.7) guaran-

the definition of F[%cé al running from R, to z along the circular arc centered at 0.

It is worth to note that F[fcs
sentation similar to (3.8). Namely, let Yf;t denote the two sheets of V[i(cé a1 \ Ba;

al also admits a discrete harmonic measure repre-
where signs in the notation are chosen so that Fj [%Ca a > 0 in the upper half-plane

on Y(J{ and in the lower half-plane on Y. Then,

. , yE
Fle,a(2)=Fi- hm{gﬁ}(z), z € Y;. (3.10)
Indeed, on each of the sheets Y(;i one can further extend F[%Ca,a} (as a harmonic
conjugate of F[}cé,a]) to the point a™: the only obstruction to do so on [Cs, a] was
that the increment of Fi ., along the smallest loop surrounding a” + § would
be non-zero as F[}C(;,a] is not harmonic at ¢+ §, but now this loop intersects the

cut R,. Since the bounded function F; [fcs al is harmonic on Y(j;[ and vanishes on Ry,
+
it is proportional to hmi{gﬁ}. Finally, it follows from symmetry arguments that

+
YS

(@ (140)0) — (£1) = thm

5 gy (a4 i8) = (£1)
= F[%(:g,a] (CLH—I—’L(s)—F[%CJ)a] (CLH‘F 5)
= i [Fg,q (@7 + (144)0) — Fg, 4 (@7)]

which fixes the multiplicative constant F¢ in (3.10).

+hm
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Similarly to (3.9), we have
90) " Fey g (2) = Sm{1/VZa) (311)

together with the convergence of discrete derivatives, uniformly on compact subsets
of C\ R,. Now, following Remark 3.1, we extend Fic; 4 to V[‘E)a] and V[?Ei\z] as

an s-holomorphic function. The convergence (2.15) readily follows from (3.9) and
(3.11) (for points lying near L,, one can approximate F[}% o) by summing discrete

derivatives of F[%Cg al and vice versa near R,). (]

The following lemma explains the future role of Fic, q: it has the same “discrete
singularity” (whatever it means) at a™ as Fig; q,,....a,] has at a7”. This allows one
to handle this singularity by taking the difference Fio; 4, .. .a,] — Fcs,a1]

Lemma 3.5. The spinor F[Bé aran] T Fias.ar,...an] — Flcs,ai]> extended to be
zero at ay’, is s-holomorphic in any simply connected neighborhood of a1 which do
not contain other branching points aq, ..., ay,.

Proof. By Lemma 3.2, it suffices to check that P;r [F[Ca,al] (al + %”5)} = Fi on
the sheet X;. The considerations given in the previous proof show that, being
considered on Y(;i instead of X(J{, the spinor Fic, 4, can be extended at aj” in an
s-holomorphic way and

Pir [F[C&al] (a1 + %ﬂé)} = F[Ztlig,al](al_)) = F¢ on Y(:;t.

However, by definition, X(‘;" coincides with Y(‘;" in the upper half-plane, and with Y
in the lower half-plane. O

3.2.3. Construction of the harmonic spinor Gicsq- Now we “integrate” the real
component of Fic, 4 in order to construct a discrete counterpart of the harmonic
spinor Re /z — a, as announced in Lemma 2.16. Along the way, we also prove the
double-sided estimate (2.17) of the normalizing factor ¥(d). Note that the upper

bound ¥(5) < C,+/4 directly follows from the discrete Beurling estimate (3.4), so
we need to prove the lower bound only.

Proof of Lemma 2.16 and the estimate (2.16). We use the notation for the
sheets and the cuts of [Cs, a] introduced above. For z € X} C V[%cé o) define

Gics.a)(2) =6 - ZF[}CM] (z — 2j6). (3.12)
7=0

Due to the estimate (3.6) for F[(lcé (1) = hm?{i‘;H +6}( -), this sum always converges.
Note that F[(lcé o = 0 on the cut Lg, so G|c, 4 vanishes on L, too.

We are going to prove that G|, ) is harmonic everywhere inside X(}", including
the point a™ + 6 right near the cut L,. For z outside R,, this harmonicity readily
follows from the harmonicity of F[@lcg o]’ SO let z € R,. Denote by Sy(z),

Int Sy (2) 1= V¢, N{z 1 [Re (w — 2)], |Sm (w — z)| < 2N 5}
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a sufficiently large square centered at z and write the discrete Green formula:

N
Z AF[@lc57a](Z_2]5) = Z AF[éé)a](U})
)

j=lz/26] wESN (=

= > (Flg@) = F, @)

(ww’)EDSN (2)

Let N be large enough so that |w — a] > N§ for all boundary edges of the square
Sn(z). Then, it immediately follows from the estimate (3.7) that the last sum is
O(N -62(N§)~2) = O(N~z). Passing to a limit as N — oo, we conclude that

AG(c;a(2) =6 Z AFg, .(z —2j6) = 0.
j=12/25)

Thus, Gc;,q) is indeed discrete harmonic in X(}". Moreover, since it vanishes on L,
one can harmonically extend G|c; q) to the double cover V[%C(; al by symmetry.
Let v(d) denote the value of G[c, 4] in a lattice approximation of the point a + 1.

Arguing as in the proof of Lemma 3.4(iii), we see that, uniformly on compact
subsets of C \ L,

v(0)) "' Gicy,a(2) S Revz—a (3.13)

(since G|cy,q) Vanishes everywhere on L, and remains bounded near 0 by the max-
imum principle, in this case the limiting positive harmonic function should be pro-
portional to Re+/z — a, and the multiplicative normalization is fixed at a + 1).
Moreover, the similar convergence holds true for discrete derivatives, yielding

(v(8) - %F[}C&a] (2) S OuRevVz—a=3Re [1/Vz—a].

In particular, v(§) ~ 9(5) as 6 — 0 which allows us to give a simple proof of the
lower bound in (2.17): as discrete harmonic functions (v (§)) ™' Gc, 4] are uniformly
bounded near the unit circle around a and vanish identically on L,, discrete Beurling
estimate(3.5) implies

(v (0)™h 8= (v (9) " Clesa (a7 +6) < OV,

Finally, the convergence (3.13) near L, follows from the convergence of F[t1£:5,a} (2),
since the tails in (3.12) are uniformly small due to the estimate (3.6). O

3.3. The boundary value problem for spinors. In this section we reformulate
the Riemann-type boundary value problem for holomorphic spinors (both discrete
and continuous) using primitives of their squares. Note that this approach is not
completely straightforward, since the square of a discrete holomorphic function, in
general, does not have discrete primitive. However, it was noted in [Smi06] that
one can naturally define the real part of this primitive, using the s-holomorphicity
of observables. Moreover, a technique developed in [ChSm12]| (see, in particular,
sections 3.4 and 3.5 therein) allows one to treat this real part essentially if it were a
harmonic function. Below, we summarize the tools we will use. We warn the reader
that all our definitions are equivalent to those of [ChSm12| after the multiplication
of the spinor by v/i, which means that imaginary part, sub-/super-harmonicity and
positivity of functions and their (inner) normal derivatives used in [ChSm12] should
be replaced by real part, super-/sub-harmonicity and negativity, respectively.
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3.3.1. Discrete integration of the squared spinor observables. Let A be the stan-
dard (unnormalized) discrete Laplacian acting on functions Hg : V5 — R (which
are defined on faces of Qj):

AZHS (2) == Y (Hg (w) - Hy (2)), =€ IntVg,,
where the sum is over the four neighbors w € Vg of 2. Similarly, for functions
Hg V¢, — R defined on vertices of s, let A} denote the slightly modified discrete
Laplacian:

A3HS (2) == > caw- (H3 (w) — Hy (2)), 2 €ItV

wn~z

where the conductance c.,, is equal to 1 for inner edges (i.e., for w € IntV§ ) and

C2w = 2(v/2 — 1) for the boundary edges (see Section 3.6 in [ChSm12] or [DHNT11]
for the reason of this “boundary modification” of A$).

Proposition 3.6. For an s-holomorphic spinor observable Fs = Flo; q,,....a,] :
[Qs,a77,...,a,] = C satisfying boundary conditions (2.8), one can define a real-
valued function Hs = H(q; a;,...a,] * V&, — R which is a discrete analogue of the
primitive Re [(F5(2))?dz, so that the following properties are fulfilled:

e for any adjacent w € V3, and v € V), one has

Hg (w) — Hy (v) = 25 |F5 (3w + )|, (3.14)

%(w +wv) € Vg, is the corner between v and w (in accordance with

Lemma 3.2, we set |Fs (a7”)| :=1 in the case w = a1 and v = a1 +9);

e H; satisfies Dirichlet boundary conditions: Hg (v) = 0 for any w € Vg,
and H (v) =0 for any v € OV ;

e HY has a “negative inner normal derivative”, i.e. Hs (v) <0 for any vertex
v € VY, adjacent to a boundary vertex;

o Hg is A§-subharmonic on Vg \{a1,. .., an}, while H§ is AY-superharmonic

on V& \{a1 +4d}.

Proof. All the claims follow directly from the results of Section 3.3 in [ChSm12].
Since all listed properties are local, the spinor nature of Fy plays no role here (note
that the right-hand side of (3.14) does not depend on the sheet). O

where

Remark 3.7. By construction, Hg(w) > Hy(v) for adjacent w and v. Combined
with sub-/super-harmonicity, this implies a maximum principle for Hy: if Qf C Qs
does not contain a; 4+ ¢ (respectively, any of aq,...,a,), then

min Hs = min Hy (respectively, max Hs = max Hy).
Q %Y, Q %Y

Moreover, if hm 4 (z) denotes the discrete harmonic measure of a set A in Qf viewed
from z, then

H(2) = (1 = hmfy(2)) min H + hy (2) min H;
5

Hs(z) < (1 —hm(2)) max H§ 4+ hm$(2) max H;y.
S
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Remark 3.8. The subharmonicity of Hy fails at ai,...,a, because Flo; q,...a,]
branches at those points, while the superharmonicity of Hj fails at a1 + ¢ be-
cause of the discrete singularity of Fiq; 4,...,) Which is not defined at a;”. Due to
Lemma 3.5, one can remove this singularity subtracting the full-plane observable
Fics,a,]- Then, the function

Hl =H} |i=Re [(F(2))%dz,  Fl = Fo,.a,...a,] = Fics.a)

[Qéxa1~~~7an

(defined in the same way as Hs accordingly to Proposition 3.6) is subharmonic
on V5, \ {a1} and superharmonic on V¢ everywhere in a neighborhood of a;.

Moreover, since F’ g (a7”) = 0 on both sheets, the values of F g at the nearby corners
a; £ g, a1 = % and midedges a1 £ %id satisfy the s-holomorphicity conditions as
if it were nonbranching at a;. Thus, H} is subharmonic at the point a1 € Vg, too.

3.3.2. Integration of squared spinors in the continuous setup. We now give a char-
acterization of the continuous spinors solving boundary value problem (2.7)—(2.9)
in terms of the primitives of their squares. In the next section, this characterization
will be used in the proofs of main convergence results.

Proposition 3.9. Let ) be a simply connected domain, and suppose a holomorphic
spinor f = fio.a,,....an] S0lves the boundary value problem (2.7)~(2.9) (or is defined
according to Remark 2.9(ii), if Q is not smooth). Define two harmonic functions

h:=Re [(f(2))?dz and h':=Re [(f(2) — fic,a(2))?dz,
where fic.a,)(2) := 1//z —ar. Then, the following holds true:

(1) h is a single-valued function in Q\{a1,...,an}, continuous up to O, which
satisfies Dirichlet boundary conditions h = const on 9Q (since h is defined
up to an additive constant, below we assume that h =0 on 0);

(2) there is no point zo on O such that h(z) > 0 in a neighborhood of zo;

(3) h is bounded from below in a neighborhood of each as, ..., an;

(4) k' is single-valued and bounded in a neighborhood of a;.

Moreover, if h and h' satisfy (1)-(4), then f solves the problem (2.7)-(2.9).

Proof. Note that, being integrated, the covariance property (2.11) claims the con-
formal invariance of both h and hf. As the properties (1)-(4) are preserved under
conformal mappings too, we will further assume that 02 is smooth. Note that the
property (2.7) is equivalent to (1) and (2): it states that f2(2)veu(2) is positive on
the boundary, which yields 0,(.)h = 0 (where 7(z) denotes a tangent vector) and
Oy (z)h > 0 everywhere on 0Q. A straightforward integration of the asymptotics

Vout (

of f near aj, given by the conditions (2.8) and (2.9) yields

W) = 0Q), z = ay,

h(z) = —crloglz—ag|+0(1), z—ap, 2<k<n. (3.15)

for some ¢, > 0, giving (3) and (4). Vice versa, (3),(4) imply (2.9), (2.8) by
differentiating and taking the square root. ([

3.4. Convergence of discrete observables away from singularities. In this
section we prove the convergence of (properly normalized) discrete spinor observ-
ables to their continuous counterparts on compact subsets of Q\ {a1,...,a,}.
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Proof of Theorem 2.15. Let the discrete integrals

Hs = 3‘32/ ((9(0) ' F5(2))*dz. Fs = Foy a0
be defined on V& accordingly to Proposition 3.6. Given € > 0, denote
Qs(e) :== Qs N{z : dist(z; {a1,...,an}) > €}.
Assume for a moment that,

for any € > 0, the functions Hs remain uniformly

bounded on Q5(¢) by some constant C(e) as 6 — 0. (3.16)

Then by [ChSm12, Theorem 3.12], the functions (9(8§)) ! Fs are equicontinuous on
Qs(e) for any € > 0. Therefore, by passing to a subsequence and applying the
diagonal process, we can assume that (9 (§)) ! Fs tends to a limit f and Hs — h :=
Re [ f2 uniformly on compact subsets of O\{a1,...,a,}. Our goal is to check that
f satisfies the properties (1) — (4) given in Proposition 3.9. Then, the uniqueness
of a solution to the boundary value problem (2.7)—(2.9) proven in Remark 2.9(i)
implies f = f[Q,a1,...,an]'

Clearly, f is a holomorphic spinor on [, a1,...,a,]. By superhamonicity of H},
for 2 < k < n, we have

|z—ay|<e e<|z—ay|<2e

min  Hs(z) > min  Hg(z),

thus % is bounded from below in the neighborhoods of as, ..., a,, so the property
(3) holds true. By the maximum principle for Hs (see Remark 3.7), taking into
account that Hs = 0 on 905, we have that

H3(z) > —C(e)(1—hmpy®(2)

3.17
H;(2) C(e)(1 — hmgh ™ (2)) 340

>
<
Since hmggzgf) (z) — 1 uniformly in ¢ as z approaches the boundary of Qs, this

implies 7 = 0 on €, giving (1). Moreover, thanks to Remark 6.3 in [ChSm12|, we
also have (2): there is no point on 92 such that h > 0 in its neighborhood.
Consider now the function discussed (up to normalization) in Remark 3.8:

) = e [(06) 7 (Fs(2) ~ Ficyan (2D,

which is well-defined in the disc {z : |z — a1| < r} provided that r is small enough.
Since (9(6)) "' Fs and (9(6)) ' Fic, q,] converge to f and fic,a1]> Tespectively (see
Lemma 2.13), uniformly on compact subsets of A, := {z : 0 < |z — a1] < r},
we conclude that Hg converges to ht := Re [(f(z) — fic.a1)(2))?dz everywhere in
A,. By Remark 3.8 (sub-/super-harmonicity of H} on V°/V*® near the point ay),
the functions Hg are uniformly bounded in A,, so h' is bounded in A, too, which
concludes the proof of the property (4). Therefore, f = fio,an,....an]-
It remains to justify (3.16). On the contrary, suppose that

M;(e) := max |Hs| — oo
Qs () 50

for some € > 0 and along some subsequence of §’s. Then the re-normalized functions
(Mj3(e))~ ' Hs are uniformly bounded in Qs(e), and thus (Ms(e))~1/2 - (9(5)) "' Fs
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and (M;(e))~2H; have subsequential limits f and 2 = Re [ f> which are holo-
morphic and harmonic in Q5(€), respectively. An important observation, proven
in Lemma 3.10 below, is that h cannot be identically zero. In particular, for any
0 < € <€, we have Ms(e') < CM;s(e) with some C = C(€, €) independent of 4.

Applying the diagonal procedure, we may assume that (Mz(e))~2 - (9(5)) "' Fs
tends to a limit f (and (Mj(e))~'H; tends to h = Re [ f2) uniformly on each
of Qs(¢'). Arguing as above, we see that & is harmonic in Q\{ay,...,a,}, satisfies
Dirichlet boundary conditions, has positive outer normal derivative, and is bounded
from below near ai,...,a,. Moreover, repeating the last step of the proof given
above we see that the function

B =l (Ms(0) ' Re [ ((900))7 (o) = Fley(2)) P

§—0

= lim (M(;(e))*lme/((19(5))*1F5(z))2dz =h

—0

is also bounded in a neighborhood of a; (one can neglect Fic, o,)(2) in the last
expression since (J(0)) ™' Fic, q4,)(2) tends to fic 4, and Ms(e) — o). Thus, h is
bounded from below near all aq,...,a, and has positive outer normal derivative
which contradicts to the maximum principle, if it does not vanish identically. [

Lemma 3.10. In the notation of the proof above, none of the subsequential limits
of (Ms(e))~1Hy is identically zero in ().

Proof. Suppose by contradiction that (Ms(e))~*Hs — 0 uniformly on compact
subsets of Q5(e). Let zJ"** be the point of Qs(e) where the maximum of |Hs| is
attained. Since Hy vanishes on 0, the sub-/super-harmonicity of Hs implies that
z3'** belongs to one of the “discrete circles”

wi(e) :={z:e< |z —ag| < e+ 55}

of radius € around aj,. Passing to a subsequence, one can assume that z3'#* — 2™,

Recall that H° > H*® at adjacent points (see (3.14)). Hence, either z"** € Vg and
M;s(e) = Hg(25), or 238 € V& and Ms(e) = —H3 (25").

max

Suppose that zJ"** € wy(e) for some 2 < k < n. Denote
ms(2€) ;= min  Hj(z).

zi|z—ak|<2e
As H} is superharmonic inside @y (2¢) and (M;(e)) "t H$ tends to zero uniformly
on wy(2¢) by our assumption, we have
(Ms(€))™ - mgs(2€) — 0. (3.18)
6—0
Therefore, z§"** € Vg, . By subharmonicity of Hy, we can find a discrete nearest-
neighbor path 7° := {2 = 21 ~ 20 ~ ...} C V5, with Ms(e) <--- < H3(z;) <
H{(zj41) < ..., which may only end up at aj, where the subharmonicity fails. By
[ChSm12, Remark 3.10], the functions Hy —ms(2¢) and H§ —mgs(2¢) are uniformly
comparable at adjacent points inside wy(2¢). Taking into account (3.18), this
implies Hy(z) > cMs(e) for some absolute constant ¢ > 0 and all z € v*, where 7*
is the set of vertices adjacent to 7°. Further, the maximum principle gives

H;(z) > cMs(e)hm? (2) + (1 — hm?(2))ms(2¢) for 2 : |z — ax| < 2,
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where hm? denotes the discrete harmonic measure of 7 in {z : [z — ax| < 2¢}. It
follows from the discrete Beurling estimate that hm?(z) > 3, if z is chosen close
enough (but at fixed distance independent of §) to 2™** where the path ~ starts.
For such z, one has (Ms(€)) "' Hg(z) > 3¢+ o(1) as § — 0, and hence the limit of
(Ms(€))~*Hs(z) cannot be identically zero in Q(e).

It remains to treat the case 2J"** € w;(¢). Consider the function

(Ms(e)) ™ H} = (M5(e)) " Re [((9(0)) ™ (F(2) = Ficy,a1)(2)))dz.
Note that it tends to zero on @y (2¢), since one can neglect the term Fic; 4,1(2) (recall
that (9(6)) " Fics,a,1(2) = fic,a,] and M;s(e) — o0). Therefore, by Remark 3.8 and
the maximum principle, it also tends to zero in a neighborhood of w(€), so we
consequently derive that each of the functions

Fs — Ficsaq] Fs Hs
, and —22_
(M;(€))/20(0) * (Ms(e))'/29(5) Ms(e)
tends to zero uniformly on @ (e). In particular, 1 = (Ms(e)) ™' |Hs(2P*¥)| — 0,
which is a contradiction. (]

3.5. Analysis near the singularities. We now pass to the most delicate part of
our analysis: matching the second-order terms in the values Fjs(a; + %) with the
second coefficient in the expansion of the continuous spinor near a;. For shortness,
below we use the notation a := a1, F5 = Fio; a,a,,...,an] 80d A = A[Q.4,05.,....an]-

Proof of Theorem 2.17. Let R denote the reflection with respect to the horizon-
tal line {x : Sm (z — a) = 0} and A be a small neighborhood of a in Qs NR (5).
Recall the notation L, = {z + a + 37‘5 : 2 < 0}, and denote by A7 C Vi one of
two sheets of [As,a] \ L, such that Fs(a+ 32) > 0 on A}. We define a real-valued
function Sy : A(J{ — R by

S5 = (0(8)) ML (Fs + F{®) = Fieya] — 2Re A - Gic, a),

where F(;(R) = Fir(Qs),a,R(a2),...,R(ay)] and the functions Fic; q), Gicys,q Were con-

structed in Section 3.2. By symmetry, one has F(s(R) (a + 3?‘5) = Fs(a+ %) Thus,
Ss(a+3)=®(8)" (Fs(a+2)—1-2Re A-9) (3.19)

and our goal is to estimate this value. Note that S5 vanishes on the cut L,: both
Fics,q) and Gy ) vanish by construction, and Fé(R) = —F; on L, due to the spinor
property (Fjs changes the sign between opposite sides of L,, since they belong to
different sheets). It is clear that Ss is discrete harmonic everywhere in A except
at the point a + 375 since all terms are discrete harmonic there. Moreover, due to
Lemma 3.5, it is discrete harmonic at a + % also. Therefore, for any (small, but
fixed) r > 0, discrete Beurling estimate (3.4) implies

[Ssta+ )| < €% -1~ max|Ss), (3.20)
where w(r) := {2z : 7 < |z —a| < r+ 56} denotes the “discrete circle” of radius r
around a. Further, it follows from Theorem 2.15 and Lemmas 2.13, 2.16 that
S5 5= Ne B+ P = feal —2Re A gic.a),
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uniformly on w(r), where f = fio.a,,.. an) fR) = JIR(©Q),a,R(az),...,R(an)]> and
fic,a)(2) = Re[l/v/z—a] and gic,q(2) = Rey/z—a. Recall that, by definition
of the coefficient A, one has

= ficaq =2AVz—a+O(|z - a|3/2)7 z = a.

It is easy to check that f(R)(2) = f(R(z)) (since this spinor solves the corresponding
boundary value problem), hence

fR - fica =2AVz —a+O(|z — al*?), z-a.
Thus, we arrive at s(z) = O(|z — a|*/?) as z — a, which means

r~r max|Ss| — 7 - 0@%?) = O(r). (3.21)
w(r) 5—0

Combining (3.19)—(3.21), one concludes that, for any given r > 0,
|Fs(a+28) —1—2Re A- 8| < CO(5)d%,

if § is small enough. Since 9(6) = O(62) by (2.17), and r can be chosen arbitrary
small, this yields (2.19). All estimates are uniform with respect to ai,...,a, at
definite distance from the boundary and each other. (|

To prove Theorem 2.19, we need to analyze the discrete spinor Fig; , ) near the
point b. In contrast to Theorem 2.17, where second-order information near a was
extracted, here we only need to match the first-order coefficients. Note that the
situation is slightly different from the first-order analysis near a, as Fig; 4 does not
have an explicit discrete singularity, remaining s-holomorphic near the branching
point b, while its limit blows up at b. Still, the strategy for the identification
resembles the one used above and appeals to the symmetrization with respect to
the horizontal line passing through b. Let L} := {z + b+ % cx <0}

Proof of Theorem 2.19. Let R denote the reflection with respect to the line
{z : Sm(z — b) =0} and As C Qs N R (5) be a small neighborhood of b. Fix the
sheet A7 C Vj, of [Q5,a,b] \ Lj so that F5(b+ $) = iBs with Bs > 0 (recall that
the values of discrete spinors on Vf:& are purely imaginary), and do the same for the
continuous spinor: fix a sheet so that Im fiq 45 (b+x) > 0as 2 | 0 (see (2.13)).
Let W5 := hm{b+%}( -) denote the harmonic measure of the point b + g in the

slit discrete plane C% \ Lj and
Ts = (9 (8) " (A(Fy + FY) —iBs - W5) : A} — iR,

where F5 = Fq, 4.4 and Fé(R) = Fir(Q),R(a),p]- By symmetry, Fls(R) (b+ %) =iB; (if
one fixes the sheet for F(;(R) by the same condition Sm Fls(R)(b +2) > 0). We have
to prove that Bs — B = Bjq,q,5) as d — 0. Note that, by passing to a subsequence,
one may assume that By — B for some B € [0, +o0].

Suppose that B is finite. Then, for any fixed (small) > 0, Theorem 2.15 and
Lemma 3.4(iii) imply the uniform convergence

T5(z) — t(z) =i - Sm[L(f(2) + fP(2))] —iB-Re[1/Vz — ] (3.22)

6—0
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on compact subsets of {z : 0 < [z —b] < r}, where f = fiq.q, and fR(z) =

JR©),R(a),0(2) = —f(R(2)) due to our conventions about sheets. Note that
t(z) =i(B—B)-Re[1/vVz—=b]+0O(|z —b]'/?), z—0b. (3.23)

Clearly, the function T is harmonic everywhere in A(J{ except at the point b+ %,
and T5 = 0 on L;: indeed, F(;(R) = —F; on L; due to the spinor property of Fj5 and
symmetry reasons. Moreover, T5(b + g) =0as Ws(b+ g) = 1. Therefore, B # B
would contradict the maximum principle for the discrete harmonic function Tj: in
this case (3.22) and (3.23) imply that, for sufficiently small §, the values of T5 near
b are bigger than those near the circle {z : |z — b| = r}.

The similar argument works, if B = +o0: in this case one would have

By 'Ts(2) = —i-Re[l/Vz -]

which contradicts to the maximum principle for Ty, just as before. (I

A. APPENDIX. SPINORS IN THE HALF-PLANE AND DECORRELATIONS IDENTITIES

In this Appendix we explicitly construct the continuous spinor which satisfies
Definition 2.8 in the half-plane. Recall that, along with (2.7)—(2.9), one should
also impose the condition fg ;... 4,(2) = O(|z|71) at infinity, so that after a
conformal mapping to a bounded domain with smooth boundary the spinor remains
bounded. We argue that the construction of fig 4, ... 4,) boils down to a system of
n linear equations, which is always non-degenerate. Consequently, we derive the
formulae for Apy q,,....q,,] and, by integration, the continuous correlation functions.
Although for small n it is possible to check by ugly brute force computations that
the functions we get coincide with those predicted by the Conformal Field Theory
arguments (recall that the computations of 1-point and 2-point functions were done
in Section 2.7), we prove this coincidence only for some particular configurations
when all a1,...,a, are on the imaginary axis. This turns out to be sufficient to
prove Lemma 2.22.

A.1. The explicit formulae for spinors. Let us introduce some notation. For
a € H, denote

pa(2) = (z —a)(z —a).

Given ay,...,a, € H, we look for fig 4, . 4, in the following form:
Q(z)

Pay (2) -+ Pa, (2)

fo(z):=eT - ,
where Q(z) = Z:;& @sz° is a polynomial of degree n — 1 with real coefficients.
Clearly, fo is a holomorphic spinor on [H, a1, ..., a,] which satisfies the boundary
condition (2.7), hence we have to determine the coeflicients qo, g1, ..., ¢,—1 from

(2.8) and (2.9). Since e /\/pa, (2) = 1/3/(2Smar)(z — ar) + O(|z — ax|?) as

z — ay, these conditions imply

Z Ml,s(alu"'uan)qs—l = vV 2%“10/17
! (A1)
E qus(ala cee aan)QSfl = 0, 2<k<n,

s=1
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where

My, s = Mk75(a1, .. .,an) = Re |:az_1 . [H#kpal (ak)}
Once this linear system is non-degenerate, the Cramer’s rule gives, for 1 < s < n,

gs—1 = V/28mar-(=1)*"tdet [My )y sy s D70 D = det [Mymly 0y (A2)

Proposition A.1. For any n pairwise distinct points aq,...,a, € H, the linear
system (A.1) has a unique solution which is given by (A.2). The spinor

"Ti . Qal »»»»» an (Z)

Day (2) - Da,, (2)7

solves the boundary value problem (2.7)-(2.9) and satisfies the addztzonal requ-
larity condition fic.a,,....a,](2) = O(|z|7Y) at infinity. Moreover, all the spinors

1
2

}, 1<k,s<n.

f[(C,al,...,an](Z) =€ Q ,,,,, Z gsz (A’?’)

fiC.ar,...,an) (2) are uniformly bounded, if z is e-away from ay,...,an, and
_ BN 1 0:Qa.....a, (2)
Agla,...,an) = —4 (@ —a) 1 1;2 [Gl T al —EJ + SN -,
(A4)

Proof. On the contrary, let us suppose that the system (A.1) is degenerate. Then,
a nontrivial solution to its homogeneous counterpart gives rise to a spinor fg that
satisfies (2.7) and (2.9), as well as Re [lim._,, v/z — a1 fg(2)] = 0, and thus vanishes
identically, since

ogrl/R(fQ(z)) dz—zwz lim (2 — ag)(fo(2))* <0, (A.5)

Z—rap

which is a contradiction. Hence, (A.1) is non—degenerate and has a solution (A.2).
Let fic,a,,....a,) e given by (A.3), thus satisfying the boundary conditions (2.7),
and denote

Br = Pr(a,...,an) :=lm, 4, 2z — ak fic,an,. . an] (), 1<k<n. (A.6)

Note that the linear system (A.1) means e 81 =1 and Re B, =0 for 2 < k < n, in
particular the condition (2.9) is satisfied. The contour integration argument (A.5)
ensures that

— (|82 + -+ Ba?) 2 0
Thus, (1 should be purely real (and so 51 = 1), i.e. the condition (2.8) is satisfied
too. Moreover, one has

h[C,al,...,an](z) = %e /(f[(C,ah...,an]( )) dz = GH Z CLl Z |ﬁk| GH Z ak)

k=2
where G(z; a) denotes the Green’s function in the half-plane. Thus, all spinors

(f[(C,al ..... an]( )) = 2|:(9 GH Z al Z|ﬁk| 8 GH(Z ak):|

are uniformly bounded, since the gradients of the Green s functions are uniformly
bounded if z is e-away from the singularities, and |3x|> < 87 = 1. Finally, the
formula (A.4) readily follows from (A.3) and (2.8). O
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A.2. Conformal Field Theory predictions and the case a4,...,a, € iR;.

It was predicted by the methods of Conformal Field Theory [BuGu93| that in the
continuum limit, the spin correlation functions take the following form:

(0ay - - UanHCF H 2 Z H 21 . (AT

T 1

k=1 2Jmak)8 [ p=%1 s<m

here and below we use a shorthand pu = +1 instead of uy = +1,..., 4, = %1, so
the sum A contains 2" terms. In particular, this sum equals 2, if n = 1.

as_am

_a’m

Remark A.2. Recall that we have considered two simplest casesn =1 and n = 2 in
Section 2.7. Namely, we found the explicit solutions (2.21) and (2.22) to the bound-
ary value problem (2.7)—(2.9), computed their asymptotics near a; and obtained
the corresponding coefficients Ag(a1) and Ag(a1,az2). Then, a direct check shows
that those coefficients coincide with the logarithmic derivatives of the quantities
(A.7), thus establishing this Conformal Field Theory prediction. Unfortunately,
this procedure becomes much harder as n grows. Having in hand explicit formulae
given in the previous Section, one can compute Ag(aq,...,a,) and integrate the
answer, but it is not easy to check whether it coincides with (A.7) or not. Note
that the case n = 3 is still doable by hand. In this case, for a proper real constant
C, it is easy to check that the spinor

€13Pas (2) + C12Day (2) — €23Pa, (2)
\/pal pa2 z pa3 (Z)

f[H,al,a2,a3](Z) = CG% )

)

where c¢gp = |as — amllas — @, satisfies the conditions (2.7)—(2.9), which allows
us to verify the CFT prediction (A.7) for the 3-point function by brute force com-
putations. In the next lemma we prove (A.7) for all n in the special case when all
points are purely imaginary, which is sufficient for our purposes.

Lemma A.3. If ay =iwg € iRy for allk=1,...,n, then

Ow, log(og, .. 'Uan>]IJiE.,CFT =iAg(ai,...,an).

Proof. One can rewrite (A.7) in the following form:

n

_sn _ -1
<0a1"'0an>ﬁ,CFT:2 5 H Smayg)” H las — am|™* | — Q| *
k=1 s<m

1

1+pspm 1— usum 2

| 30 T hoe = a5 a4
p==x1 s<m

Observe that the logarithmic derivative of the first factor exactly matches the first
two terms of (A.4). Hence it suffices to show that

1+sm 1- Smﬁ
8w110g{z H|w5—wm| M w4 wp| T ]

p==£1s<m

=10, IOgQah...,an (Z)lz:al = 0Oy log Qal,...,an (iw)|w:w1 . (A'8)



CONFORMAL INVARIANCE OF SPIN CORRELATIONS IN THE ISING MODEL 42

Let, say, w; < -+ < wy,, the other cases are treated by similar computations. Then,

1tpspm l—pspm
ST Iws = wml = T we + w75 = >0 ][ (wm — pepmws)

p==E1 s<m p==E1 s<m
n n
= > IIw ' T mwm = pswy) = 7 Tt - det [(mrwn)™ T i
p==+1 k=1 s<m p==+1 k=1
Z det [pf A2t = det [(14 (1) TR 2wt . (A.9)
p==+1

On the other hand, pq, (ax) = sign(I—k) - |w; — w||w; + wg|, thus

_1
2

Mo = Re I:(?:'(Uk)mil . Z-kfle} , where Rj = [Hz;&kh"l — wg||wy + wg]

are real and do not depend on . Note that Re [i™TF72] = L (1+4(—1)m+k=2)jmtr=2,
Therefore, (A.2) reads

o1 = V2w D' (—1)5*1det[Mkm]k#m#
= C-(-1)°""det[i R (=) 1]1@7&1 m#s
= C- (=11 (=D =(=1) et [(1+(_1)m+k—2)kan wk;ﬁl,m;és
= (—)"OTVEC T et [(14+ (1)l T L
where C = 2w D127 "R, ... R, and
Qas,....a, (1W) i ¥ det [(1 + (—1)m+k72)w;”_1}k¢17m¢5. (A.10)

Note that det [ (1 + (—1)m+k)xk,m}k7él mets
the sum in (A.10) is actually the same determinant as (A.9) with wy replaced by
w, while the prefactor +C' may depend on ws, ..., w, but not on w, and thus does
not affect the logarithmic derivative with respect to w. Hence, (A.8) follows. [

= 0 for all even s and any zj . Thus,

A.3. Decorrelation identities and proof of Lemma 2.22. We start by proving
that the half-plane spinors fy q,,....a,, behave in a continuous fashion, when one of
the points as, . .., a, approaches the real line and “disappears” there.

Lemma A.4. Forn > 2 and Sma, — 0, one has f[H,al,...,an](z) — f[H7a17..,)an71](z)
and A[gﬁal ,,,,, an] = A[Qm an_1]s uniformly with respect to the positions of points
a1,...,0an-1, 2, provided they are at least e-away from the boundary and each other.

.....

Proof. This can be easily proven by compactness arguments, but we prefer to give
an explicit construction which also allows one to estimate the convergence rate, if

necessarily. Denote f(2) := fima,,....an)(2), f7(2) = fiH,a1,....an_,](?) and let
z— Reay,

(z —an)(z—ap) '

g:=f"(2) re,(2), where 71, (2):=

By definition, g satisfies the spinor property on [C, a1, ..., a,], the boundary condi-
tions (2.7) and g(z) = O(|z|~!) at infinity, but the conditions (2.8), (2.9) fail since
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the values r,, (ax) are nonreal. Let 3, = fi(a1,...,an—1) be defined by (A.6), and

Bl = limz—>a1 V<2 —al g(Z) = ﬁ; *Ta, (al) =Ta, (al)u
Br = lim.a, vz —arg(2) = By ~Ta,(ak), 2<k<n—1,
Brni= lim, ., V2 —ang(z) = f(an)- (%Sman)%,

Note that g can be represented as

n
9= Z Re By, - f[H,ak7al7~~-,&k,~~~,an]'
k=1

Indeed, the difference of two sides solves the homogeneous version of the boundary
value problem (2.7)—(2.9) and hence is identically zero. Therefore,

g — f = (§Re ﬂl_l)f + Z Jee ﬂk : f[H,ak,al,...,dk,...,an]-

k=2

It is easy to see that 51 = rq,(a1) = 1, Refy = —Sm G, Smr,, (ar) — 0 and
Bn — 0 as Sma, — 0, and all the spinors in the right-hand side are uniformly
bounded due to Proposition A.1. Thus, we conclude that

f(2) =17 (2) =1f(z) —g(z)] = [1 = 7a,(2)]f7(2) = O
since both terms vanish as Sma, — 0. The convergence of A[q 4, ,....q,] follows by
the Cauchy integral formula. O

Now we are in the position to prove Lemma 2.22.

Proof of Lemma 2.22. We first define the correlation functions (o, ...0,, )5 in
the half-plane. For n = 1,2 we use (1.4), and we define them to be exp[[ Lo ] in
the general case, where the differential form Lq , is given by (2.24). Note that this
form is symmetric with respect to a1,...,a, and exact on the manifold Q" of all
n-tuples of distinct points in 2 due to Proposition 2.20. Therefore, the function
(Oay - .04, )5 is symmetric with respect to ay, ..., a, and well-defined on Qr up to
a multiplicative constant which we fix so that

(Cay « - Oay )i = (0ay - Uan)ﬁ’cFT for ai,...,a, € iR4. (A.11)

As it was established in Lemma A.3, this normalization (everywhere on the imagi-
nary line) does not contradict our definition of the correlation function as an expo-
nent of the primitive of Lq ,. Moreover, (A.11) holds true for any ay,...,a, lying
on the same vertical line: indeed, the multiplicative normalization cannot depend
on the x-coordinate of this line, since Lemma A.3 guarantees Re Ag(a; ...a,) =0
for such configurations.

Let ay,...,a, € H, Sma; — 0, and by := Reay + ik for k = 2,...,n. Write

<Ua1 ct 0an>ﬁ — <0a1 Oby - - - O'bn>]?ﬁ . <0a1 Oay - - - Uan>]?ﬁ . <Ub2 e O-bn>]?ﬁ
<O'al>]?i<0'a2 .. O'an>ﬁ <0’a1>ﬁ<0'b2 .. anﬁg (CayOby - - .an>]§ (Cag - - - O'an>ﬁ
Since aq, bo, . . ., b, are on the same vertical line, we know from the explicit formulae

(A.7) that the first term tends to 1 as Sma; — 0. Also, we have

(a1,a2,....an) (az;..ran)

Oy - - Op, )i
(o bnhi] - / Lon — / Lon1.

(Cag - Oay )1
(al,bz,...,bn) (b2,...,bn)

(CayOay - Oa,)

(CayOby - - Ob, )

log

=R [=E5
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According to definition (2.24), the differential forms Lq, and Lo ,—1 consist of
the terms Re [Aq(2k, 22, -y Zky -es 20, 01)d2k] and Re [Aq(2k; 22, oy 2k -vy 20 )d28],
respectively, which are uniformly close to each other for all £ = 2,...,n due to
Lemma A4, as (z2,...,2,) runs from (ag,...,a,) to (bs,...,b,) and Sma; — 0.
Note that, since the convergence in Lemma A.4 is uniform, it does not matter
whether a; approaches OH along a fixed vertical line or not.

Thus, we have defined the half-plane functions (oq, ...0q,); so that decor-
relation identities (2.28) are fulfilled. We then define the correlation functions
(Cay - .. 04,)& in a given bounded domain  using a conformal map ¢ : Q — H

and the covariance rule (1.3). The computation given in Remark 2.21 shows

that, being defined in this way, log(oq, ... 04, ) is indeed a primitive of the form

La.n. Since the covariance rule (1.3) implies the conformal invariance of the ratios
(Oar - 0a) /(0 ) {(Tas - - Oa, )b, one obtains decorrelation identities (2.28) as
a; — 0 (which means ¢(a;) — OH). The second part of (2.28) was proven in
Remark 2.23.

It is easy to see that conditions (2.28) fix the unknown multiplicative normal-
ization of the correlation functions uniquely: the full-plane normalization fixes the
two-point function and decorellation identities inductively fix all others. Therefore,
the functions (g, ... 04, )& constructed above do not depend on a particular choice
of the conformal mapping . O
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