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ABSTRACT ARTICLE HISTORY
In this paper, we develop a new approach to the design of direct Received 9 December 2014
numerical methods for multidimensional problems of the calcu- Revised 20 August 2017
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that is studied in the article. This transformation allows one to Calculus of variations; direct
analytically compute the direction of steepest descent of the numerical method; direction
main functional of the calculus of variations with respect to a of steepest descent; method
certain inner product, and, in turn, to construct new direct numer- of steepest descent; method
ical methods for multidimensional problems of the calculus of ~ ©of gradient descent
variations. I!'\ the end. of the paper, we point out how the approach MATHEMATICS SUBJECT
developed in the article can be extended to the case of problems CLASSIFICATION
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als depending on higher order derivatives, and problems with

isoperimetric and/or pointwise constraints.

1. Introduction

The main problem of the calculus of variations has the form

min Z(u) = /f(x,u(x),Vu(x)) dx subjectto ulso =, (1.1)
Q

where Q@ C R" isan open set, 02 is the boundary of 2,and f: Q xRxR" — R
and ¥: Q2 — R are given functions. Various aspects of this problem, such as
the existence and regularity of solutions [1-5], qualitative properties of critical
points (so-called “the calculus of variations in the large”) [6, 7], and necessary
and sufficient conditions for a local minimum [8], have been extensively studied
by many researches. However, relatively little attention has been paid to the
development of direct numerical methods (especially in the multidimensional
case) for problems of the calculus of variations.

By direct numerical methods, we mean methods that are not based on direct
numerical solution of the Euler-Lagrange equation, and, instead, rely on the
variational formulation of the problem. Besides being one of the approaches
to numerical solution of some partial differential equations, direct numerical
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methods are especially useful and important for those problems of the calculus
of variations that arise directly as optimization problems. This type of problems
naturally appear, in particular, in image processing [9, 10].

The vast majority of direct numerical methods of the calculus of variations
is based on an approximate reduction of problem (1.1) to a finite-dimensional
optimization problem. Various types of reduction techniques and correspond-
ing numerical methods in the one-dimensional case (i.e., in the case when Q =
(a,b) C R) were proposed in [11-20]. In the multidimensional case, the range
of choice of direct methods is much more narrow, and it includes (although is
not exhausted by) the finite elements methods, the Galerkin method, and the
Ritz method [21-26]. However, there exist some direct numerical methods of
the calculus of variations in the one-dimensional case that do not consist of
an approximate reduction to a finite-dimensional problem. Among them are
the first- and second-variation methods [27], that are based on straightforward
usage of the necessary optimality conditions for problem (1.1), He’s variational
iteration method [28], the continuous method of steepest descent [29], the dis-
crete steepest descent method [30, 31], Newton’s method [32], and the method
of hypodifferential descent based on the use of exact penalty functions [33-35].
Let us also mention that some multidimensional problems of the calculus of
variations can be solved by standard gradient-based methods for functionals
defined on Hilbert or Banach spaces [29, 31, 36-41] with the use of the so-called
Sobolev gradients [42].

The main goal of this paper is to develop a new approach to the design
of direct numerical methods for multidimensional problems of the calculus
of variations. This approach is based on a transformation of problem (1.1)
that allows one to analytically compute the direction of steepest descent of the
functional Z with respect to a certain norm. Utilizing this direction of steepest
descent, one can apply an obvious modification of almost any first-order method
of finite-dimensional optimization to problem (1.1). The basic ideas (in a very
crude form) that lead to the the development of the approach studied in this
article were presented in the two-dimensional case in [43]. It should be noted
that the main results of the paper [43] were inspired by the ideas of the late
professor Demyanov [44, 45], as well as the method of hypodifferential descent
and the method of steepest descent mentioned above.

The paper is organized as follows. In Section 2, we informally discuss the
underlying ideas of the approach developed in this article. In Section 3, we
introduce and study a new class of Sobolev-like spaces that plays a central role in
the formalization of the new direct numerical methods. In particular, we obtain
a convenient characterization of a certain function space from this class that is
very important for the transformation of problem (1.1). The direction of steepest
descent of the functional Z with respect to a certain norm is derived in Section 4.
In conclusion, we discuss possible generalizations of the ideas developed in this
paper and briefly outline some directions of future research.
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2. How to compute the direction of steepest descent?

In this section, we informally discuss a general technique for constructing new

minimization methods for the main problem of the calculus of variations. A

possible formalization of this technique is presented in the subsequent sections.

We suppose that all functions that appear in this section are sufficiently smooth.
Consider the main problem of the calculus of variations

min Z(u) = /f(x,u(x),Vu(x)) dx subjectto ulpo =, (2.1)
Q

where Q@ C R” is an open set and f = f(x,u,z). We want to apply infinite-
dimensional analogues of standard gradient-based methods of finite-dimensional
optimization to the problem above. To do that we need to compute the gradient
or, more generally, the direction of steepest descent of the functional Z.

It is well known and easy to check that the functional 7 is Gateaux differen-
tiable, and its Géateaux derivative has the form

Z'ul(h) = fg (%(x, u(x), Vu(x))h(x) + ; g—i(x, u(x), Vu(x))?—i(x)) dx.

(2.2)
Therefore to compute the direction of steepest descent of the functional Z, we
need to solve the following problem of the calculus of variations

min Z'[u](h) subjectto hlso =0, |kl <1,

where || - || is some norm. However, this problem is, usually, too complicated to
be solved analytically, and even in simple cases, it is equivalent to the problem
of solving a linear partial differential equation (see, e.g., [42, Chapter 9]).

To overcome this difficulty, let us transform problem (2.1). For the sake of
simplicity, suppose that n = 2, ¥ = 0, and let Q be an open box, i.e.,
Q = (a1, b1) x (az, by). Let also u be a function such that u|3o = 0. Observe that

X1 g
u(x1, x2) =/ 8—;(51,962) d& VxeQ. (2.3)

1
Since u(x1,a;) = 0, then du/dx;(x1,az) = 0. Therefore

ou X2 92y
—(x1,%2) = / (x1,62)d& Vxe Q.
8X1 az 8x28x1

Hence with the use of (2.3) one gets that

X1 X2 azu
u(xy, x2) = f / (£1, &) d&rdE1  Vx € Q.

8XZ 0x 1
Furthermore, from the latter equality, it follows that

by 82 by 82
/ . (SI; ) dsl = 0) / - (', Sz) dsz =0

0x,0x] ) 0x20x1

due to the fact that u(x;, by) = 0 and u(by,x;) = 0.
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Let now v be a function such that
bl b2
/ WEn ) dE) = 0, f V(o £2) dEy = 0.
a az

Then it is easy to see that for the function u = Tv, where

X1 X
(Tv)(x1,x2) = f f v(61,62) d6rdé Vx € Q,
ay a;
one has u|3q = 0. Thus, we have that the following result holds true.

Proposition 1. Let u: [ay, b1] X [a2, b2] — R be a sufficiently smooth function.
Then u|yq = 0 if and only if there exists a sufficiently smooth function v such that
L u(x1, x2) = (Tv)(x1, x2) = [ [2 v(&1, &) dérdEy for all x €

2. [P v, ) der = 0 and [ v(-, &) d&y = 0.

Moreover, v = 82u/8x18x2.

From the proposition above, it follows that problem (2.1) with ¥ = 0 is
equivalent to the following optimization problem: minimize

F(v) = fg P @, [ v gde [ v ) dude @0

ai

subject to the constraints

bl b2
f v, ) d =0, / V(s £2) dEs = 0. (2.5)

ai az

As we shall see, one can easily compute the direction of steepest descent for this
problem.

Indeed, denote by Ly, the linear space consisting of all functions v satistying
(2.5). Clearly, the functional F is Gateaux differentiable. Integrating by parts in
(2.2) one gets that the Gateaux derivative of F has the form

Flvl(h) = /Q QWM ()h(x) dx,

where

121 b, 8f
Q) (x) =/ / @(S,u(é),vu(g))d&d& —

bz af
_/x a_Zl(xl,gz,u(xl,é-‘z),Vu(xla?z)) dé; —

2

by af
_/ 5o U ), Vu, ) dy (26)

X1
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and u = Tv. Hence the direction of steepest descent for problem (2.4), (2.5) is a
solution of the following optimization problem:

min f QW) (x)h(x)dx subjectto he Ly, |h| <1, (2.7)
Q

1
where || - || is some norm. We choose the Ly-norm, i.e., ||| = (fQ h?(x) dx) 2
Let us solve problem (2.7).

Proposition 2. Suppose that the function u = Tv does not satisfy the Euler-
Lagrange equation for the functional Z. Then the direction of steepest descent h*
for problem (2.4), (2.5) has the form h*(x) = G(v)(x)/||G(v) ||, where

by
Gv)(x) = —QW)(x) + 5 Q) (&1, x2)dE1 +
1— a1 Jg, by — ay
by 1
b) d -
A Q) (x1,62)d&> o1 —an(br — )
2] by
/ Q) (&1,&2)dérdE;. (2.8)

Proof. Applying the Lagrange multipliers rule to problem (2.7), one gets that
there exists A € R such that

/ (Q(v)(x) + Ah™(x)h(x)dx =0 Vh € Ly.
Q

Note that for any infinitely differentiable function ¢ with compact support one
has 9%¢/dx10x; € Lo (see Proposition 1). Therefore

ooy 0% 9° )
/Q(Q(V)(x) + Ah*(x)) (x) dx:/g (Q) (%) + Ah™ (%) (x) dx

8x1 8XZ 8x1 8XZ
=0

for any infinitely differentiable function ¢ with compact support. Hence apply-
ing the fundamental lemma of the calculus of variations, one gets that
2

QW) (x) + Ah*(x)) =0 Vx e Q.
axl 8x2

It is easy to verify that A = 0 if and only if the function u = Tv satisfies the
Euler-Lagrange equation for the functional Z (see Equation (2.6)). Thus, we can
suppose that 1 # 0. Hence

1
h*(x) = —XQ(V)(X) + ri(x1) + r2(x2),
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where 1 and r; are some functions. Taking into account the fact that h* € Ly
one obtains that

1 b] bl
- Q) (61, )dé +/ ri(§1)dé1 + (by — a)r () =0,

)\' ai 1
1 b2 b2
—3 QW) (-, &) dEr + (by — az)r1(x1) +/ r2(§2)dé, = 0.

Solving this system with respect to r and r,, one obtains that

b2
) = s Qe s,
1 b 1
r(x) = o —an ; Q) (&1, x2)dE1 — b1 — a0 (br — ) fQQ(V)(S)dg
Hence (2.8) holds true. ]

Since we know the direction of steepest descent for problem (2.4), (2.5),
we can apply an obvious modification of almost any gradient-based algorithm
of finite-dimensional optimization to this problem and, in turn, to the initial
problem (2.1).

If we look at the way the direction of steepest descent was derived, we can
easily see that this direction is the direction of the steepest descent of the
functional Z with respect to the norm

92u 2
lull = ( fQ (M 8x2(x)> dx)

(the fact that this seminorm is, indeed, a norm follows from Proposition 1).
However, any space of smooth functions equipped with this norm is incomplete.
Therefore, it is natural to consider the original problem in the setting of Sobolev-
like spaces and to transfer the main ideas discussed above to this more general
setting.

N—

Remark 1. As it is well known, the direction of steepest descent as well as the
performance of the method of steepest descent depend on the choice of an
underlying Hilbert (Banach) space and an inner product (norm) in this space
(see, e.g., [42, 46, 47]). From this point of view, the main goal of this article is to
introduce a Hilbert space such that the direction of the steepest descent of the
functional Z(u) in this space can be easily computed analytically.

3. Special function spaces

In this section, we introduce a class of function spaces that plays a central role in
the formalization of the minimization methods for multidimensional problems
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of the calculus of variations discussed above. This class of functions is closely
related to the Sobolev spaces and possesses many properties of these spaces. We
suppose that the reader is familiar with basic results on the Sobolev spaces that
can be found in [48-50].

3.1. Main definitions and basic properties

Introduce the notation first. A point in R” is denoted by x = (x1,...,x,) €

R", and its norm is denoted by |x| = (}_I_; xlz)% As usual, any n-tuple o« =
(a1, . ..,ay) € Z of nonnegative integers o; is called a multi-index; its absolute
value || = a1 + ... + a,. For any multi-index o denote by D* = D" ... Dy",
a differential operator of order |«|, where D; = d/dx; fori € {1,...,n}.lfa =
(0,...,0), then D*u = u for any function u. Define

Ik:{ani | |a|:k,ai=00ro¢i=l‘v’ie{l,...,n}}.

for any k € {0,...,n}. It is clear that [y = {(0,...,0)} and I,, = {(1,...,1)}.
If ¢ € Iy for some 0 < k < n, then a unique multi-index 8 € I,,_i such that
a + B € I, is denoted by . Here the sum of multi-indices is component-wise.
The kernel of a linear operator L: X — Y is referred to as ker L (here X, Y are
linear spaces).

Remark 2. We consider only real-valued functions and normed spaces over the
field of real numbers. If f is a bounded linear functional defined on a normed
space X, then we denote its norm by ||f|| or by ||f||x when we want to specify the
domain of f.

Hereafter, let @ C R" be a bounded open box, i.e., 2 = [[;_, (ai, b;). Denote
by Ck(Q) the set of all those u € CK(Q) for which all functions D*u with 0 <
|| < k are bounded and uniformly continuous on €2 (then there exist unique
continuous extensions of functions D*u with 0 < |o| < k to the closure 2 of the
set 2). The set of all infinitely continuously differentiable functions u: @ — R
with compact support is denoted by C3°(£2).

Let us introduce a new function space. Forany m € {1,...,n}and1 < p <
oo denote by M™P(K2), the set of all u € L,(€2) such that forany k € {1,...,m}
and o € I, there exists the weak derivative D*u belonging to L,(€2). Thus,
M™P(Q) consists of all functions u € L, (£2) for which there exist all weak mixed
derivatives of the order k = 1: m that belong to L,(£2). The set M™P(Q) is a
linear space that can be equipped with the norm

> UD ulp)? | for1 <p < oo,

MM™P| =
||u)M || - k=0 aeIk

max{||D%|lc | @ € Iy, 1 < k < m} for p = oo,
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where |- ||, is the standard norm on L, (£2). The closure of C3°(£2) in the normed
space M"™P(L2) is denoted by M?’p(Q).

Let, as usual, WP (Q2) with m € Nand 1 < p < oo be the Sobolev space,
and Wgn’p(Q) be the closure of C{°(R2) in W™P(Q). It is clear that W™P () C
M™P(Q2) and, analogously, Wgn P () C M(')11 P (£2). Moreover, these embeddings
are continuous. On the other hand, M™?(Q) is dense in W (Q) for any m €
(1,...,n},and M"P(Q) = WHP(Q).

Let us describe some properties of the spaces M™P(£2). Arguing in a similar
way to the case of the Sobolev spaces (see, e.g., Theorems 3.2 and 3.5 in [48])
one can easily derive the following results.

Theorem 1. For any 1 < m < n, the space M"™P(Q2) is complete in the case
1 < p < oo, is separable in the case 1 < p < oo, and is reflexive and uniformly
convex in the case 1 < p < oo. Moreover, M™?(Q2) is a separable Hilbert space
with the inner product

(u,v m—ZZ D%u, D*v)

k=0 ael}
where (@, V) = fQ @ (x)V (x) dx is the inner product in L,(2).

Remark 3.

(i) Ananalogous result holds true for Mgn P ().

(i) Note that for any ¢ € C>®(Q2) N M™*>°(Q) and u € M™F(2), one has
ou € M™P(Q). Furthermore, for any @ € I, 1 < k < m, one has

D% (pu) = Z DP oD u.
Bty=«a

It is well known that the space W, ?(Q) can be equipped with the norm

1
oy = (D (D ullp?)’,  ue wgr (@) (3.1)

lo|=m
which is equivalent to the standard norm || - ||, (see, e.g., [48, Sections 6.25

and 6.26]). Analogously, the space Mgn ?(Q) can be equipped with a different
norm, which is equivalent to the norm ||-; M™P||, and is more suitable for our
purposes. Set

1
s Mgl = (2 D ullp)’s we Mg (@),
a€ly

It is clear that ||; Mm’p || is a seminorm on Mm’p (2). Arguing in a similar way
to the case of W, p (2) (cf. [48, Section 6.26]) one can easily verify that the
following theorem holds true.
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Theorem 2. The seminorm ||~;M6n’p|| is a norm on ng’p(Q) which is equivalent
to the norm ||-; M"™P||.

3.2. Characterization of Mg'z ()

Our aim now is to give a simple characterization of the space Mg’z(Q) that is

crucial for the computation of the direction of steepest descent. To do that, we

need to introduce several integral operators that will be useful in the sequel.
Letv € L,(R2). For 1 < i < n define the operator

Xi
(Tiv)(x) = / V(X1 .. Xie 15 Ei Xig 15 - - . Xp) dE; forae. x € Q.
a;

By virtue of the Fubini theorem, one gets that T; is correctly defined and is a
continuous linear operator mapping L(£2) to Ly(2). Let € Iy, 1 < k < n,
and suppose that aj = 1,1 <j <k wherel <i < ... < iy < n,and
o = 0iff ] # jjforany 1 < j < k, ie, a;; are the only nonzero components
of the multi-index . Then define the operator Ty = Tq;, o ... o To, mapping
continuously L, (£2) to L,(£2). With the use of the Fubini theorem, one gets that
for any permutation ¢ of the set {1, .. ., k}, the following holds

Ta =T

. o0...0
gy T

gy *

For the sake of convenience, denote T = T, ;). Applying the Lebesgue
differentiation theorem (cf., for instance, [51, Corollary 2.9.9]) and integrating
by parts, one can verify that for any v € L,(2),1 < k < nand o € I there
exists the weak derivative D¥(Tv) € L,(2) and

D*(Tv) = Tx(v). (3.2)

Recall that @ € I, is a unique multi-index such that @ + o« € I,,. Thus, as it is
easy to see, T is a continuous linear operator mapping L, (2) to M"™2().
Foranya € Iy, 1 < k < nand for all v € L,(2) define

by, by,
SaV:/ .../ Vdsaik"'dsail’
aail aaik

where 1 <i; < ... <ix <nanda, = 0iffr # ijforall 1 < j < k. For the
sake of convenience denote S; = S, for any o € I;, where i is the only non-zero
component of «.

It is easy to verify that for any @ € I, 1 < k < n the linear operator S,
continuously maps L, (£2) to L,(£2). Therefore, in particular, the linear subspace

by
/ vdék:Oke{l,...,n}}.

k

L= () kerSi:{veLz(Q)

1<i<n
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of the Hilbert space L,(£2) is closed. Consequently, there exists the orthogonal
projector Prr, of Ly(2) onto Ly. We will need an explicit formula for the
projector Pry,, (cf. Proposition 2).

Proposition 3. For any v € L,(S2), one has

n
Prigv=v+ Z Z(—l)lo‘lcasav, (3.3)

k=1 C(GIk
where cq = [ i, (bi — a;)~*.

Proof. Fix an arbitrary v € L,(2), and denote the function on the right-hand
side of (3.3) by w. A direct computation shows that | aik wdé, = 0forall k €

{1,...,n}. Consequently, w € Lo. Let us show that v — w € L3, where Ly is
the orthogonal complement of Ly, then Prr,v = w, since the decomposition
v=wvi+vyforv; € Lpand v, € LOL is unique. For an arbitrary h € Ly, one has

w—uww=§:iy—nmw/k&wumuym
Q

k=1 OlEIk
Forany « € I, 1 < k < n there exists 1 < i < n such that o; = 1. Hence Sy v
does not depend on x;. Denote 2; = ]_[k#i(a,-, b;). One has

f (SaV) () h(x) dx = / (Sov) (%) (Sih) (x) dxy . .. dxj—1dxit1 . .. dxy
Q Q;

=0,
by the Fubini theorem and the fact that S;i = 0 since h € Ly. Therefore (v —
w, h) = 0 for any h € Lo, which means that v — w € Lg.. [
Remark 4.
(i) Note that for any function ¢ € C"(2) with compact support, one has
DDy e L.

(ii) It is obvious that if v € CK(2) N Ly(), then Priyv € Ck(Q), ie., the
projection operator Pry,, preserves smoothness.

The following theorem gives a convenient characterization of Mg’z(Q)
(ct. Proposition 1).

Theorem 3. A function u: Q — R belongs to Mg’Z(Q) if and only if there exists
a function v € Ly(2) such that

1. velyie,foranyl <i<mnonehasSyv= fabii vdé =0,
2. ulx) = (Iv)(x) = f;” ... f;ll v(§)d§ ... d&, fora.e. x € Q.

Proof. Letus show that forany u € Mg’z(Q) one has thatv = DDy € Lyand
u = Tv. Indeed, it is clear that for any ¢ € C;°(2), one has that DDy e Ly
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and ¢ = TDUDy. Let u € Mg’z(Q) be arbitrary, and {¢x} C C°(S2) be
a sequence such that g — u in M™?(Q). Then, denoting v = DWDy and
v = DDy one gets that for some C > 0, depending only on # and £, the
following inequalities holds true

lu — Tv; M™2(Q) || < llu — @ M ()| + | Tv — Tvis M™*(Q)]|
< lu— @i M™*(Q)|| + Cllv — w2 < (C+ 1)
lu — @ M™*(Q)]| — 0

as k — o0o. Consequently, u = T(D"~Dy). Moreover, since for any k € N, one
has S;vx = 0, then, as it easy to verify, S;v = 0 forall 1 < i < n. Consequently,
v=DW-Dy ¢ Ly.

Let us prove the converse statement. Fix an arbitrary v € Ly, and set u = Tv.
We need to prove that there exists a sequence {¢,,} C C3°(£2) such that ¢, — u
in M™2(2). We will prove that there exist functions u,, € M™?(2) such that
Uy — uin M™(Q) and u,, = 0 outside some compact set K, C 2. Then one
can mollify u,, to generate a sequence {¢,,} C C{°(2) such that ¢,, — uin
M™2(Q) (see, for instance, [49, Theorem 5.3.1 and Appendix C.4]).

Choose an arbitrary function ¢ € Cj°(R) such that {(x) = 1 when x € [0, 1],
¢(x) = 0,whenx > 2and 0 < ¢(x) < 1forall x € R. For any m € N define
the function

n
um(0) = () [T[1 = ¢ma — ap)][1 = ¢(m(bx — x))] Vxe Q.
k=1

It is clear that u,, € M™*(Q) and u,, = 0 outside [Tizilak + 1/m, by — 1/m]
for m € N large enough. Let us show that u,, — u in M™?(Q), then we get the
desired result.

Indeed, it is easy to verify that u,, — u in L,(2). Fix an arbitrary ¢ € I,
1 < r < n. Observe that

n

[T = cma — ) (1 = ¢(mbr — x0)))

k=1

n n
=1+ L0mlx — a)oy (0 + Y t(mb — x0))w” (%),
k=1 k=1
where the functions a)l(f) are infinitely continuously differentiable and bounded
on 2. Therefore by Remark 3, one has

Dty (x) = (D*w)(x) + Y (D*w) (0 (m(xg — ap)eoy” (x)
k=1

+ > O W@ mbe — xRl W+ Y (DPwy, (),

k=1 B+y=a,f#a
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where ¢, € C*°(2) and
n

&) =D (TT[1 = comsk — a0 )[1 = s omb = x0]). (3:4)

k=1
Hence there exists C > 0 depending only on #, 2 and ¢ such that

n ar+2/m
/ |D%uy, — Dul?dx < ch / |D*u|? d&*dx;,
Q k=1 ak Qk

b

n
+CZ
k=1

/|Dau|2d§kdxk
br—2/m J Qy

+C > /|Dﬂu|2<x)|¢y|2<x>dx
pry=a,pra” s

= Ai(m) + Ay(m) + Az(m)

by virtue of the fact that {(m(xx — ax)) = 0 for any xx > ax + 2/m and
{(m(by — xx)) = 0 forany x < by — 2/m. Here Q = ]_[i#k(af, b;) and
gk = 1y E—1> Xk Eka15 - - - En). Ttis clear that A;(m) — Oand Ay(m) — 0
asm — 00. Letus show that A3(m) — 0asm — oo, then | D%u,,,—D“u|l; — 0
asm — oo forany « € I, 1 < r < nand, consequently, u,, — uin M”’Z(Q).

Fix an arbitrary0 < k <r—1,f € Iyandy € I,_ysuchthat 8 +y = «.
Without loss of generality, we can suppose thata; = ... =a, =1,y =... =
Vr—k = land By_k4+1 = ... = B, = 1. Our aim is to show that

f |Dﬁu|2(x)|g‘),(x)|2 dx — 0asm — o0,
Q

then A3(m) — 0as m — oo. Taking into account (3.4), one gets that

n n
&) =m0 [ ¢/ mGa —ap)™ [ ] &' (m(bs — x:)™,
n+0=y =1 s=1
where w, 9 € C*(2) and |, g| < 1. Therefore, it is sufficient to show that for
any multi-indices 1 and 6 such that n + 6 = y one has
n n
m?7| f IDPuleo) [T 12" (mGa — ap) P ] 18 (m(bs — x) 1% dx — 0
2 =1 s=1
as m — 00. Fix an arbitrary 0 < j < r —k,n € [jand 6 € I,k such that
n + 6 = y. Without loss of generality, we can suppose that n; = ... = n; = 1
and 6j11 = ... = 6,k = 1. As it was mentioned above, DPy =DPTy = TEV
(see Equality (3.2)). Then, taking into account the fact that since v € Lo, then
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f;i vdE; = —f?i vdg;forall 1 <i < nonehasthatforae x € Q

D [ // /rk/xf“...ﬁ
x]+1 ar+1 an

vdg, .. .d&41dE

Consequently, with the use of the Holder inequality one gets that there exists
C > 0, depending only on n and €2, such that for a.e. x € Q

r—k
IDPul(x) < CH(xl—al) [T 16s — xl(T51v1*) (x).
I=1 s=j+1

Therefore, applying the fact that ¢’ (m(xx — ax)) = 0 for any xx > ax +2/m and
¢'(m(bx — x)) = 0 for any x; < by — 2/m one gets that for some C;,C; > 0
that do not depend on m the following holds

r—k

m?l7! / IDPul® <x)]'[|; (m(x —ap)| ] 18/ (m(bs — x))| dx

s=j+1
J

ai+2/m aj+2/m  rbjt r—k
< C1m2”’|/ f / f n(xz —ay)
bj+1— 2/m by—k—2/m |_;

x H 1bs = 21 (Sy Tl () )y ... dy

s=j+1
ar+2/m aj+2/m b]+1 r—k br—k+1 by
<c2/ f / / f f lv|? dx
b j+1— Z/m by_k—=2/m Jay_41 an
— 0
as m — 00. Thus, the proof is complete. [

Corollary 1. The operator T is an isometric isomorphism between
b;
Ly = {VELz(Q) ‘/ vdé; = 0,1 §i§n}
ai

and Mg’z (S2). Furthermore, the inverse operator of the restriction of T to Ly is the
restriction of the differential operator D>V to Mg’z(Q).

Remark 5.
(i) The proof of the converse statement of the theorem above is based on the

proof of the theorem on the characterization of Wé’p (2) in terms of the
trace operator (see [49, Theorem 5.5.2]).
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(ii) Denote by Tr the trace operator defined on W'2(Q). Clearly, if u €
Mg’z(Q) - Wé’z(Q), then Tr(u) = 0 (see [49, Theorem 5.5.2] and [50,
Theorem 15.29]). However, there is an open question whether the converse
statement is true, i.e., whether u € M™?(Q) and Tr(u) = 0 implies that
ue Mg’Z(Q). This question becomes more reasonable after one notes that
ifu e C*(Q) and Tr(u) = 0, i.e., ulygg = 0, then u € M(’)”Z(Q). Indeed,
since Tr(u) = 0, then

*1 9u
u(x) = / — (&L, x0,...,xp)dE1 Vx € Q. (3.5)
ai axl
Observe that u(xi, az, x3,...,x,) = 0. Therefore du/dx;(x1, az,
X35, .. ,x,,) = 0 for all x € Q. Hence

X2 82u
_( ) - / (xl)SZ’x:‘})'-"Xn) dsz VX S Q.
0x1 4 0%20%

Taking into account (3. 5) one gets that

u(x) = / / 3 (E1,E2,%3, ..., Xp) dExdE1 Vx € Q.
X7 0%

Applying mathematical induction one can easily obtain that u =
TD®-Dy and DYy e Ly, which by the theorem above yields that
u € M ().

In the following sections, we will use the function space M"™P (2, RY) (or
M(’)n’p(Q R%)) that consists of all functions u = (ug,...,ug): & — RZ such
that u; € M"™P(Q) (or u; € Mmp(SZ)) foralli € {1,...,d}. Itis clear that the
spaces M™P (2, R?) and M,” P (Q, RY) possess the same propertles as their “one
dimensional” counterparts. In particular, one can easily obtain a characteriza-
tion of the space Mg’z(Q, R%) similar to the characterization of M, 2(Q).

4. Direction of steepest descent

In this section, we compute the direction of steepest descent of the main
functional of the calculus of variations. This direction can be utilized to design
new direct numerical methods for solving multidimensional problems of the
calculus of variations.

Consider the following problem of the calculus of variations

minZ(u) = ff(x, u(x), Vu(x)) dx subjectto u e E—I—MS’Z(Q,Rd), (4.1)
Q

where # € WH2(Q,R?) is a given function that defines boundary conditions,

u=(uy,...,ug) and
Ju 1<j<d
Vu= {—]} e R,

Xi ) 1<i<n
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We suppose that the function f: Q x R? x R¥*" — R, f = f(x, u, z) satisfies

the Carathéodory condition, is differentiable with respect to u and z, and the

derivatives df /du;, df /0z;; satisfy the Carathéodory condition as well. Let also

the following growth conditions be valid:

1. there exist C > 0 and g € L;(2) such that for a.e. x € Q and for all u € R”,
z € R¥" one has If (%, u,2)| < C(ul)* + |1z1%) +g(x).

2. there exist Dy, Dy > 0, and g1, € L2(2) such that for a.e. x € Q2 and for all
u € R", z € R¥" one has

< Di(lul + |z]) + g1(x),

g—i (%, u,2)

a
’a;i(xx u, Z) =< D2(|u| + |Z|) +g2(x)

Remark 6. In the general case, problem (4.1) is not equivalent to the standard
problem of the calculus of variations

min Z(u) = / fx,u(x), Vu(x)) dx  subjectto u € 1+ Wy(2,RY).
Q

(4.2)
Problems (4.1) and (4.2) are equivalent if and only if there exists an optimal
solution u™* of problem (4.2) such that u* € u + Mg’z(Q, R%). In other words,
problems (4.1) and (4.2) are equivalent if and only if there exists a “sufficiently
smooth” optimal solution u* of problem (4.2).

It is easy to see that the functional 7 is Géateaux differentiable at every point
u € Wh2(Q, R9) and its Gateaux derivative has the form
9f

I/[u](h)=/ (<a—(x,u(x),Vu(X)),h(x)>
Q u

+<g—];(x,u(x),Vu(x)),Vh(x)>> dx (4.3)

for all h € WH2(Q, RY). Here (-, -) is the inner product in R®, and

a_f:<i i) a_fz{i}lfjsd

ou duy’ T duy 9z 9zji

1<i<n
As it was mentioned above, the problem of finding the direction of steepest
descent of the functional 7 is very complicated. We utilize the characterization
of Mg’z(Q,]Rd) (Theorem 3) to solve this problem and to design new direct
numerical methods for minimizing this functional.

Recall that the operator T,

(Tv) (x) =/xn.../x1 WE, .. E)dE ... dE, foraexe Q,
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is an isometric isomorphism between Ly C L,(2,RY) and MS’Z(Q,Rd).
Therefore problem (4.1) is equivalent to the problem

min F(v)=Z(u+ Tv) = ff(x, u(x) + (Tv)(x), Vu(x) + V(Tv)(x)) dx
Q

subjectto v € Ly,

We suppose that the functional F is defined on Ly, and will minimize F over the
space L.

The functional F is Gateaux differentiable, and integrating by parts in (4.3),
one gets that the Gateaux derivative of the functional F has the form

F'lvl(h) = (Q(w), h) = /Q<Q(u)(X),h(x)) dx Vh € Lo,

where u = u + Tv,

b, 121 af
Q) (x) = (—1)n/ / a(éyu(é))vu@))délmdfn

n b, bit1 bi1 by
CTLaD B I I
i=1 Xn Xi+1 Xi—1 X1

d . . .

8_5(51’ u€"), Vuh) d&y ... d&i1déiyy ... d&y,  (44)
af/azi = (Bf/azh-, e af/azd,-), and r‘::i = (51, Ce ,Si_l,xi,éiH, Ce ,é:n). Since
the derivatives of f satisfy the growth condition, then Q(u) € L,(2) for any
uc Mg’z(SZ, R%). Hence one has that

F'vl(h) = (G(u), h) = / (G(w)(x), h(x)) dx  Vh € Lo,
Q

where u = u + Tv, and G(u) = Prr,Q(u) is the projection of Q(u) onto Ly
in L, (2, RY) (see Proposition 3 above). Note that G(u) € Ly is the Gateaux
gradient of the functional F at the point v. Consequently, —G(u)/||G(u)]2
is the direction of steepest descent of F at the point v, which implies that
—TG(u)/||G(u) |2 is the direction of steepest descent of the functional Z at the
point u = u + Tv.

Thus, the following result holds true.

Proposition 4. Let v € Ly and u = u + Tv (or, equivalently, u = u + w for
some w € Mg’z(Q,Rd) and v = DNDw) be such that F'[v] # 0. Let also
Jw) = Z(u+ w) forany w € Mg’z(Q,Rd). Then —TG(w)/||G(w)|, is the
direction of steepest descent of J at the point w = Tv, and —G(u) /|| G(w)||2 is the
direction of steepest descent of F at the point v.
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Remark 7. Note that for any v € Lo, one has u = Tv € MS’Z(Q,Rd) -
Wé’z(Q,]Rd). Therefore, as it was mentioned above, the trace Tr(u) of the
function u = Tv is correctly defined and equals zero. Thus, the direction of

steepest descent —TG(u)/||G(u)]|2 does not change the values of a function on
the boundary of @, i.e., Tr(u + «TG(u)) = Tr(u) forall ¢ € R.

Let us mention several simple properties of the mappings G(-) and Q(-).

Proposition 5. Let v € Ly and u = u + Tv (or, equivalently, u = u + w for
somew € MS’Z(Q,Rd) and v = DU-Dw). Let also J(w) = Z(u + w) for any
we MS’Z(Q, R%). Then the following statements hold true:
LT WP = IF V2 = T'ul(TGw) = F[vI(Gw)) = (IGw)l2)*
2. T'[u] = 0 iff F[v] = 0 iff DL-DQ(u) = 0 in the weak sense;
3. suppose that u € C2(Q,RY) andf € C}(Q x R? x R?*"). Then F'[v] = 0 if

and only if for all x € Q one has

"9 of

of
E(x, u(x), Vu(x)) — ; a—xia—zi(x, u(x), Vu(x)) = 0,

i.e, F'[v] = 0 iff u = u + Tv satisfies the Euler-Lagrange equation.

Proof. The validity of the first statement follows directly from definitions. Let us
prove the second statement. It is clear that Z'[u](Th) = F'[v](h) for any h € Ly.
Therefore Z'[u] = 0 if and only if

F'[vI(h) = (Q(u), h) = /Q(Q(u)(x),h(x)) dx=0 Vh € L. (4.5)

Since for any ¢ € C{°(£2, R%), one has DW--Dy e Lo, then (4.5) is equivalent
to the fact that D%~V Q(u) = 0 in the weak sense.

Suppose in addition that u € C2(Q,RY) andf € C2(Q x RY x R9*") Then
integrating in (4.5) by parts, one gets that

fQ @0 dx =0 Vg € CF(QRD,

where

¢ = D)) = L (3, u(x), V) - Z D o), Vuto)

ou ’ — 0x; 9z ’ ’ )
Applying the fundamental lemma of the calculus of variations (see, e.g.,
[5, Theorem 3.40]), one obtains the desired result. O

Observe that the mapping u — G(u) € Lo is well defined for any u €
Wh2(Q, RY).
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Proposition 6. Let u* € u + Wé’Z(Q,Rd). Then T'[u*](-) = 0 on Wé’z(Q,Rd)
if and only if G(u*) = 0.

Proof. Necessity. Suppose that Z'[u*](-) = 0 on Wé’Z(Q,Rd). Since G(u*) €
Lo, then TG(u*) € My*(R2,RY) ¢ Wy?(Q,R?). Hence Z'[u*1(TG(u*)) = 0.
Consequently, integrating by parts, one gets

0=T'[w(-TGu") = - /Q(Q(u*)(x), G(u®)(x)) dx

__ fQ (G (), G(u* () dx = — (|G [12)%,

since G(u*) € Ly and Prr,Q(u*) = G(u*). Thus, G(u*) = 0.

Sufficiency. Let G(u*) = 0. Then it is easy to verify that Z'[u*](h) = 0 for
allh € MS’Z(Q,Rd). The space Mg’z(Q,Rd) is dense in Wé’z(Q,Rd), and the
linear functional Z'[1*] is bounded on W1H2(Q, R?). Therefore Z'[u*](h) = 0
forany h € Wé’z(Q,Rd). O

Since we now know the gradient G(-) of the functional F, we can modify most
of the gradient-based methods of finite-dimensional optimization to the case of
this functional and use these methods to find critical points (or points of global
minimum in the convex case) of the functionals F and Z. Convergence analysis
of these methods can be performed in the standard way (see, e.g., [29, 31, 36, 38—
41] for convergence analysis of minimization methods in Banach and Hilbert
spaces.).

5. Conclusion

In this article, we developed a new approach to the design of minimization
algorithms for the main problem of the calculus of variations. Let us discuss
some possible generalizations of this approach and some directions of future
research.

5.1. More general boundary conditions

The results developed in this article can be modified to the case when the
boundary condition has the form u|r = i, where I' C 9. In other words,
one can extend the theory presented in this article to the case when the values of
a function u are specified only on a part of the boundary of 2. However, it should
be mentioned that any modification of the methods discussed above to the case
of more general boundary conditions requires a different formalization, then the
one based on the use of space Mg’z(SZ). Therefore, the following discussion has
an informal character.
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Let, for example, n = 2 and the boundary condition has the from
ulr =4y, T'=0Q\[a,b1] x {b2},

i.e., the values of u are not specified on the upper side on the rectangle Q@ =
(a1,b1) x (az, by). Then one can show that the gradient of the functional F has
the form
by

Q) (1, x2) dé1 V(x1,x2) € Q.

1

Qu) (x1,%2) —

bl_al a

Here we use the same notation as in Section 4.
In the case when the boundary condition has the form

ulr =v, T = ({a1} x [a2,b2]) U ([a1, b1] % {a2}),

the gradient of the functional F coincides with the function Q(u).
If the boundary condition has the from

ulr =¥, T = ({a1} x [a2,b2]) U ([a1, b1] x {b2}),

then one should use a different representation of a function u:

8X13

This representation can be used to compute the direction of steepest descent.

X1 by 82
u(xi, x2) =/ f uxz (&1, &2)dErdE,.

5.2, Isoperimetric problems

One can easily modify the proposed approach to the case of problems of the
calculus of variations with linear isoperimetric constraints. Namely, let n = 2,
and suppose that there is the additional constraint

T (u) = /Q (g0 u(x) + g1(x)D1u(x) + £ (x)Dru(x)) dx = c. (5.1)

Denote by Qz (1) the function Q(u) for the functional 7 (see Equalities (2.6) and
(4.4)).

Applying the same argument as in Section 2, one can easily demonstrate that
the direction of steepest descent for the problem with additional isoperimetric
constraint (5.1) has the same form as for the problem without this constrain
with the function Qz(u)(x) replaced by the function Qz(u) + 1Q(u). Here
A is a constant that is chosen so that the direction of steepest descent satisfies
constraint (5.1) with ¢ = 0.

5.3. Functionals depending on higher order derivatives

Let us also note that the approach developed in this article can be generalized
to the case when the functional Z(u) depends on derivatives of the function
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u of order greater than 1. Indeed, consider, for instance, the following two-
dimensional problem of the calculus of variations:

min I(u):ff(x,u(x),Vu(x),Vzu(x)) dx (5.2)
Q
biectto wloa =11, | = (5.3)
subjectto ulpo =V, —| =V, .
J 9% ! av 1aQ 2
where @ = (aj,b1) x (az,b3), and v is the outward unit normal at the

boundary of Q2. Let us demonstrate how one can easily transform this problem
utilizing the same technique as above to easily compute the direction of steepest
descent of the functional Z(u) with respect to a certain norm. Here we provide
only an informal description of such transformation. A formalization of this
transformation can be done in the same way as in the case of the functional
that depends only on the first-order derivatives.

Let sufficiently smooth functions u and u satisfy boundary conditions (5.3).
Then the function w = u — u satisfies the same boundary conditions with

¥1(-) = ¥2(-) = 0. Hence
X1 a
w(xy, x2) = f a—w(él,xz) d&,
a X1

1

due to the fact that w(ay, -) = 0. Then applying the fact that w ,(a1,-) = 0, one
obtains that

X1 Sl azw
w(x1,x2) = / / — (01, x2) db dé;.
ap Ja axl

Note that since w(:,a2) = 0, then wy .

31
w(x1,x2) —/ / / 2(91)52) d&; doy d&;.

Finally, from the fact that ) (-, a2) = 0, it follows that w,” . . (-,a2) = 0, which
yields

(+,az) = 0, which implies that

3w
= T , = —
w(x) ( v) x), v 8x§8x%

where

x1 r& a2 s
(TV) (x) = / / / f v(61,6,) dO, d&, doy d&;. (5.4)

Furthermore, it is easy to check that

ow
wae =0, —| =0
oV 1R
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if and only if

b1 b2
/ v(é1,-) d& =0, / v(-,§)ds = 0. (5.5)

1 2

Thus, the following result holds true (cf. Proposition 1).

Proposition 7. Let u: [a1, b1] X [a2, ba] — R be a sufficiently smooth function.
Then u satisfies boundary conditions (5.3) if and only if there exists a sufficiently
smooth function v such that

1. u = u + Tv, where the operator T is defined in (5.4);

2 [yl v dgr = 0and [ v(8) dir = 0.

Moreover, v = d*u/3x39x3.

Applying the proposition above, one obtains that problem (5.2), (5.3) is
equivalent to the problem of minimizing the functional F(v) = Z(u + Tv)
subject to linear equality constraints (5.5). The direction of steepest descent for
this problem with respect to the Ly-norm can be easily computed in the same
way as in the proof of Proposition 2.

5.4. Directions of future research

Let us briefly outline some other directions of future research:

+ One can modify Newton’s method [32] to the multidimensional case, and use
the methods developed in this article to perform each iteration of Newton’s
method. The use of Newton’s method might be reasonable in the case of highly
nonlinear problems of the calculus of variations.

« In the case of problems of the calculus of variations with nonlinear isoperi-
metric constraints, one can modify sequential quadratic programming meth-
ods [52] to solve these problems. On each iteration of this method, one needs
to solve a problem with a quadratic functional and linear constraints that can
be solved with the use of the methods discussed above.

o One can use the same augmented Lagrangian method as in [53] (or some
other augmented Lagrangian methods) to apply the approach developed in
this article to variational problems with pointwise constraints.
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