
Math-Net.Ru
Общероссийский математический портал

М. В. Платонова, Симметричные α-устойчивые распределения с нецелым α > 2

и связанные с ними стохастические процессы, Зап. научн. сем. ПОМИ, 2015,
том 442, 101–117

Использование Общероссийского математического портала Math-Net.Ru подразумевает, что вы прочитали и

согласны с пользовательским соглашением

http://www.mathnet.ru/rus/agreement

Параметры загрузки:

IP: 89.223.47.198

9 июня 2019 г., 10:40:02



úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 442, 2015 Ç.í. ÷. ðÌÁÔÏÎÏ×Áóéííå�òéþîùå �-õó�ïêþé÷ùåòáóðòåäåìåîéñ ó îåãåìùí � > 2 éó÷ñúáîîùå ó îéíé ó�ïèáó�éþåóëéåðòïãåóóù ÷×ÅÄÅÎÉÅèÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ f(p) ÓÉÍÍÅ-ÔÒÉÞÎÏÇÏ ÕÓÔÏÊÞÉ×ÏÇÏ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ Ó �ÏËÁÚÁÔÅÌÅÍ � ∈ (0; 2℄ ÉÍÅÅÔ×ÉÄ f(p) = e−C|p|� ; (1)ÇÄÅ C { �ÏÌÏÖÉÔÅÌØÎÁÑ ËÏÎÓÔÁÎÔÁ. ðÒÉ � > 2 ÆÕÎË�ÉÑ f(p) ÕÖÅ ÎÅÑ×ÌÑÅÔÓÑ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÊ ÆÕÎË�ÉÅÊ ÎÉËÁËÏÇÏ ×ÅÒÏÑÔÎÏÓÔÎÏÇÏ ÒÁÓ-�ÒÅÄÅÌÅÎÉÑ, ÔÁË ËÁË × ÜÔÏÍ ÓÌÕÞÁÅ f ′′(0) = 0 É, ÚÎÁÞÉÔ, ÏÂÒÁÔÎÏÅ �ÒÅ-ÏÂÒÁÚÏ×ÁÎÉÅæÕÒØÅ ÆÕÎË�ÉÉ f(p) Ñ×ÌÑÅÔÓÑ ÆÕÎË�ÉÅÊ �ÅÒÅÍÅÎÎÏÇÏ ÚÎÁ-ËÁ.÷ ÌÉÔÅÒÁÔÕÒÅ ÒÁÓÓÍÁÔÒÉ×ÁÌÉÓØ ×Ï�ÒÏÓÙ ÏÂÏÂÝÅÎÉÑ �ÏÎÑÔÉÑ �-ÕÓ-ÔÏÊÞÉ×ÏÇÏ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ ÎÁ ÓÌÕÞÁÊ � > 2. ÷ ÞÁÓÔÎÏÓÔÉ, × ÔÅÏÒÉÉ�ÓÅ×ÄÏ�ÒÏ�ÅÓÓÏ× (ÓÍ. [5, 6℄) ÒÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ ÔÁË ÎÁÚÙ×ÁÅÍÙÅ \ÏÂÏÂ-ÝÅÎÎÙÅ" �-ÕÓÔÏÊÞÉ×ÙÅ ÓÌÕÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙ, ÎÏ �ÏÄ ÜÔÉÍ �ÏÎÉÍÁÀÔÓÑ�ÒÏÓÔÏ ÏÂÒÁÔÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕÒØÅ ÆÕÎË�ÉÊ ×ÉÄÁ (1), É ÎÅ ÄÅÌÁ-ÅÔÓÑ ÎÉËÁËÏÊ �Ï�ÙÔËÉ �ÒÉÄÁÔØ ÜÔÉÍ ÏÂßÅËÔÁÍ ×ÅÒÏÑÔÎÏÓÔÎÙÊ ÓÍÙÓÌ.äÁÌÅÅ, × [1, 8, 9℄ ÂÙÌ �ÒÅÄÌÏÖÅÎ ÕÖÅ ×ÅÒÏÑÔÎÏÓÔÎÙÊ �ÏÄÈÏÄ Ë Ï�ÒÅ-ÄÅÌÅÎÉÀ ÏÂÏÂÝÅÎÉÑ ÓÌÕÞÁÊÎÏÊ ÓÉÍÍÅÔÒÉÞÎÏÊ ÕÓÔÏÊÞÉ×ÏÊ ×ÅÌÉÞÉÎÙ�ÒÉ � > 2, ÏÓÎÏ×ÁÎÎÙÊ ÎÁ ÉÓ�ÏÌØÚÏ×ÁÎÉÉ ÔÅÏÒÉÉ ÏÂÏÂÝÅÎÎÙÈ ÆÕÎË-�ÉÊ. éÍÅÎÎÏ, ÓÉÍÍÅÔÒÉÞÎÏÅ ÕÓÔÏÊÞÉ×ÏÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÅ Ï�ÒÅÄÅÌÑÌÏÓØËÁË ÏÂÏÂÝÅÎÎÁÑ ÆÕÎË�ÉÑ, ÄÅÊÓÔ×ÕÀÝÁÑ ÎÁ ÏÓÎÏ×ÎÕÀ ÆÕÎË�ÉÀ ËÁË(l; ') = lim"→0E' ∗ !" (�") ; (2)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: Ü×ÏÌÀ�ÉÏÎÎÏÅ ÕÒÁ×ÎÅÎÉÅ, �ÒÅÄÅÌØÎÁÑ ÔÅÏÒÅÍÁ, ÕÓÔÏÊÞÉ×ÏÅÒÁÓ�ÒÅÄÅÌÅÎÉÅ.òÁÂÏÔÁ Á×ÔÏÒÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ ìÁÂÏÒÁÔÏÒÉÉ ÉÍ. ð.ì.þÅÂÙÛÅ×Á óðÂ-çõ, ÇÒÁÎÔ ðÒÁ×ÉÔÅÌØÓÔ×Á òæ ÄÏÇ. 11.G34.31.0026, Á ÔÁËÖÅ �ÒÉ �ÏÄÄÅÒÖËÅ ïáï\çÁÚ�ÒÏÍ ÎÅÆÔØ". 101



102 í. ÷. ðìá�ïîï÷áÇÄÅ !" { Ó�Å�ÉÁÌØÎÙÍ ÏÂÒÁÚÏÍ ×ÙÂÒÁÎÎÏÅ ÓÅÍÅÊÓÔ×Ï ÂÙÓÔÒÏ ÏÓ�ÉÌÌÉ-ÒÕÀÝÉÈ ÆÕÎË�ÉÊ, �" = ∫

|x|>" x �(dx);Á � { �ÕÁÓÓÏÎÏ×ÓËÁÑ ÓÌÕÞÁÊÎÁÑ ÍÅÒÁ ÎÁ R Ó ÉÎÔÅÎÓÉ×ÎÏÓÔØÀ E �(dx) =C�dx
|x|1+� . åÓÌÉ � ∈ (4; 6), �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÕÓÔÏÊÞÉ×ÏÇÏ ÒÁÓ�ÒÅÄÅ-ÌÅÎÉÑ, Ï�ÒÅÄÅÌÅÎÎÏÇÏ × (2), ÉÍÅÅÔ ×ÉÄ (1), ÔÏ ÅÓÔØ ÔÁËÏÊ ÖÅ ×ÉÄ, ËÁË ÉÄÌÑ ËÌÁÓÓÉÞÅÓËÉÈ ÓÌÕÞÁÊÎÙÈ ÓÉÍÍÅÔÒÉÞÎÙÈ ÕÓÔÏÊÞÉ×ÙÈ ×ÅÌÉÞÉÎ. ðÒÉ� ∈ (2; 4) ÍÅÔÏÄ, �ÒÅÄÌÏÖÅÎÎÙÊ × [9℄, ÄÁ×ÁÌ ÕÖÅ ÄÒÕÇÏÊ, ÓÕÝÅÓÔ×ÅÎÎÏÍÅÎÅÅ ÅÓÔÅÓÔ×ÅÎÎÙÊ, ×ÉÄ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕÒØÅ, ÉÍÅÎÎÏ,exp (
0 |p|� − 
1p4) ; (3)ÇÄÅ 
0; 
1 { �ÏÌÏÖÉÔÅÌØÎÙÅ ËÏÎÓÔÁÎÔÙ. äÁÌØÎÅÊÛÅÅ Õ×ÅÌÉÞÅÎÉÅ ÞÉÓÌÁ� ÎÅ ÄÁ×ÁÌÏ ÎÉÞÅÇÏ ËÁÞÅÓÔ×ÅÎÎÏ ÎÏ×ÏÇÏ, ÉÍÅÎÎÏ, �ÒÉ� ∈

∞
∪m=1 (4m; 4m+ 2)�ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ Ï�ÒÅÄÅÌÅÎÎÏÇÏ ÔÁËÉÍ ÏÂÒÁÚÏÍ ÓÉÍÍÅÔÒÉÞÎÏÇÏÕÓÔÏÊÞÉ×ÏÇÏ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ ÉÍÅÅÔ ×ÉÄ (1), Á �ÒÉ � ∈

∞
∪m=1 (4m− 2; 4m)ÉÍÅÅÔ ×ÉÄ exp (
0 |p|� − 
1p4m).÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÎÅ ÏÄÎÏÍÅÒÎÙÅ ÓÉÍÍÅ-ÔÒÉÞÎÙÅ ÕÓÔÏÊÞÉ×ÙÅ ÓÌÕÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙ, Á ÁÎÁÌÏÇÉ ÓÉÍÍÅÔÒÉÞÎÙÈÕÓÔÏÊÞÉ×ÙÈ �ÒÏ�ÅÓÓÏ× �ÒÉ ÎÅ�ÅÌÙÈ � ∈ (2; 4)∪(4; 6). éÎÔÅÒÅÓ Ë �ÒÏ�ÅÓ-ÓÁÍ Ó×ÑÚÁÎ × ÎÁÛÅÍ ÓÌÕÞÁÅ Ó ÔÅÍ, ÞÔÏ ÞÅÒÅÚ ÍÁÔÅÍÁÔÉÞÅÓËÉÅ ÏÖÉÄÁÎÉÑÆÕÎË�ÉÏÎÁÌÏ× ÏÔ ÔÁËÉÈ �ÒÏ�ÅÓÓÏ× ×ÙÒÁÖÁÀÔÓÑ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ ëÏ-ÛÉ ÄÌÑ ÎÅËÏÔÏÒÙÈ Ü×ÏÌÀ�ÉÏÎÎÙÈ ÕÒÁ×ÎÅÎÉÊ ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÆÉÚÉËÉ.ëÁË ÂÕÄÅÔ ×ÉÄÎÏ ÉÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á, ÓÌÕÞÁÊ � ∈ (2; 4) ÌÅÇËÏ ÏÂÏÂÝÁ-ÅÔÓÑ ÎÁ ÓÌÕÞÁÊ � ∈

∞
∪m=1 (4m− 2; 4m), Á ÓÌÕÞÁÊ � ∈ (4; 6) ÔÁËÖÅ ÌÅÇËÏÏÂÏÂÝÁÅÔÓÑ ÎÁ ÓÌÕÞÁÊ � ∈

∞
∪m=1 (4m; 4m+ 2) (�ÒÉ ÜÔÏÍ ÍÙ ÒÁÓÓÍÁÔÒÉ-×ÁÅÍ ÔÏÌØËÏ ÎÅ�ÅÌÙÅ �).÷ ÓÌÕÞÁÅ � ∈ (4; 6) × ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÂÕÄÅÔ × ÏÓÎÏ×ÎÏÍ ÉÓ�ÏÌØ-ÚÏ×ÁÔØÓÑ ÍÅÔÏÄ ÒÁÂÏÔÙ [9℄. äÌÑ ÓÌÕÞÁÑ � ∈ (2; 4) ÎÁÍÉ ÂÕÄÅÔ �ÒÅÄ-ÌÏÖÅÎ ÄÒÕÇÏÊ ÍÅÔÏÄ, ÏÓÎÏ×ÁÎÎÙÊ ÎÁ ÉÓ�ÏÌØÚÏ×ÁÎÉÉ ÔÅÏÒÉÉ ÆÕÎË�ÉÊËÏÍ�ÌÅËÓÎÏÊ �ÅÒÅÍÅÎÎÏÊ. óÌÅÄÕÅÔ ÏÔÍÅÔÉÔØ, ÞÔÏ ÄÁÎÎÙÊ ÍÅÔÏÄ ÏÂÅÓ-�ÅÞÉ×ÁÅÔ ÎÁÍ "�ÒÁ×ÉÌØÎÙÊ" ×ÉÄ (1) �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕÒØÅ ÕÖÅ �ÒÉ×ÓÅÈ �.



óéííå�òéþîùå �-õó�ïêþé÷ùå... 103éÔÁË, ÒÁÓÓÍÏÔÒÉÍ Ü×ÏÌÀ�ÉÏÎÎÏÅ ÕÒÁ×ÎÅÎÉÅ�u�t = 
�D�u; (4)ÇÄÅ D� = D�+ +D�
− { Ï�ÅÒÁÔÏÒ ÄÒÏÂÎÏÇÏ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ (ÓÍ. [7℄,Ó. 85), Á ËÏÎÓÔÁÎÔÁ 
� = �(−�); ÅÓÌÉ � ∈ (4; 6), É 
� = −�(−�); ÅÓÌÉ� ∈ (2; 4). äÌÑ ÕÒÁ×ÎÅÎÉÑ (4) ÒÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕ ëÏÛÉu (0; x) = ' (x) : (5)åÓÌÉ 0 < � < 1 ÉÌÉ 1 < � < 2, ÔÏ ÒÅÛÅÎÉÅ (4) ; (5) �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ ××ÉÄÅ u (t; x) = E' (x− �� (t)) ; (6)ÇÄÅ �� (t) { �ÒÏ�ÅÓÓ ìÅ×É ÓÏ Ó�ÅËÔÒÁÌØÎÏÊ ÍÅÒÏÊ ìÅ×É � (dx) = C�dx

|x|1+� .ðÒÉ � > 2 ÔÁËÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÎÅ×ÏÚÍÏÖÎÏ, ÔÁË ËÁË ÆÕÎÄÁÍÅÎ-ÔÁÌØÎÏÅ ÒÅÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÑ (4) ÎÅ Ñ×ÌÑÅÔÓÑ ×ÅÒÏÑÔÎÏÓÔÎÏÊ ÍÅÒÏÊ.ðÏÓÔÒÏÉÍ ÓÎÁÞÁÌÁ ×ÅÒÏÑÔÎÏÓÔÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÄÌÑ ÒÅÛÅÎÉÑ ÚÁÄÁ-ÞÉ ëÏÛÉ (4), (5), ÅÓÌÉ � ∈ (4; 6).ðÕÓÔØ � (dt; dx) { �ÕÁÓÓÏÎÏ×ÓËÁÑ ÓÌÕÞÁÊÎÁÑ ÍÅÒÁ ÎÁ [ 0; T ℄×R 
 ÉÎ-ÔÅÎÓÉ×ÎÏÓÔØÀ E �(dt; dx) = dt · � (dx) = dt · dx
|x|1+� : (7)ïÂÏÚÎÁÞÉÍ R" = R \ (−"; ").äÌÑ " > 0 ÞÅÒÅÚ �" (t) ÏÂÏÚÎÁÞÉÍ ÓÌÕÞÁÊÎÙÊ �ÒÏ�ÅÓÓ, ÚÁÄÁÎÎÙÊ ÓÔÏ-ÈÁÓÔÉÞÅÓËÉÍ ÉÎÔÅÇÒÁÌÏÍ �Ï �ÕÁÓÓÏÎÏ×ÓËÏÊ ÍÅÒÅ ��" (t) = ∫[0;t℄× ∫R" x�(ds; dx): (8)äÁÌÅÅ, Ï�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈu" (t; x) = E [(' ∗ !t") (x− �" (t))] ;ÇÄÅ !̂t" (p) = exp(t ∫R" (p2x22! −

p4x44! ) dx
|x|1+�): (9)÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ �ÏËÁÚÁÎÏ, ÞÔÏ ÅÓÌÉ ÎÁÞÁÌØÎÁÑ ÆÕÎË�ÉÑ ' �ÒÉÎÁÄ-ÌÅÖÉÔ ËÌÁÓÓÕ W l+62 (R) �ÒÉ ÎÅËÏÔÏÒÏÍ l > 0, ÔÏ ÆÕÎË�ÉÑ u" (t; x) �ÏÎÏÒÍÅ �ÒÏÓÔÒÁÎÓÔ×ÁW l2 (R) �ÒÉÂÌÉÖÁÅÔ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ ëÏÛÉ (4), (5).



104 í. ÷. ðìá�ïîï÷á�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏÌÕÞÁÅÍ ×ÅÒÏÑÔÎÏÓÔÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÒÅÛÅÎÉÑÚÁÄÁÞÉ ëÏÛÉ (4), (5)u (t; x) = lim"→0 E [(' ∗ !t") (x− �" (t))] :òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÓÌÕÞÁÊ � ∈ (2; 4). ïÂÏÚÎÁÞÉÍ R+" = R+ \ (0; "),R−" = R− \ (−"; 0). äÌÑ " > 0 ÞÅÒÅÚ �±" (t) ÏÂÏÚÎÁÞÉÍ ÓÌÕÞÁÊÎÙÅ �ÒÏ-�ÅÓÓÙ (ÉÎÔÅÇÒÁÌÙ �Ï �ÕÁÓÓÏÎÏ×ÓËÏÊ ÍÅÒÅ �)�±" (t) = ∫∫[0;t℄×R±" x �(ds; dx): (10)þÅÒÅÚ P± ÏÂÏÚÎÁÞÉÍ �ÒÏÅËÔÏÒÙ òÉÓÓÁ, ÄÅÊÓÔ×ÕÀÝÉÅ ÉÚ L2 (R) ÎÁ�ÒÏÓÔÒÁÎÓÔ×Á èÁÒÄÉ H2+ ({Im z > 0}) É H2
− ({Im z < 0}) ÓÏÏÔ×ÅÔÓÔ×ÅÎ-ÎÏ. èÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÎÏÓÉÔÅÌØ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕÒØÅ ÇÒÁÎÉÞÎÏÇÏÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ ÉÚ H2+ ({Im z > 0}) ÌÅÖÉÔ ÎÁ ÏÔÒÉ�ÁÔÅÌØÎÏÊ �ÏÌÕ-ÏÓÉ, Á ÎÏÓÉÔÅÌØ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕÒØÅ ÇÒÁÎÉÞÎÏÇÏ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉÉÚ H2

− ({Im z < 0}) { ÎÁ �ÏÌÏÖÉÔÅÌØÎÏÊ ÏÓÉ. äÌÑM > 0 Ï�ÒÅÄÅÌÉÍ �ÒÏ-ÅËÔÏÒ PM × L2 (R) ÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË�ÉÊ, ÎÏÓÉÔÅÌØ �ÒÅÏÂÒÁ-ÚÏ×ÁÎÉÑ æÕÒØÅ ËÏÔÏÒÙÈ ÓÏÄÅÒÖÉÔÓÑ × ÏÔÒÅÚËÅ [−M;M ℄. ïÂÏÚÎÁÞÉÍÄÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ PM ÎÁ ÆÕÎË�ÉÀ ' ÞÅÒÅÚ 'M .ðÏÌÏÖÉÍ �+ = exp ( i�� ) É �− = exp (
− i�� ). úÁÍÅÔÉÍ, ÞÔÏ �+ ÌÅ-ÖÉÔ × ×ÅÒÈÎÅÊ �ÏÌÕ�ÌÏÓËÏÓÔÉ, Á �− { × ÎÉÖÎÅÊ. íÙ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ-×ÁÔØ ÞÅÔÙÒÅ ËÏÍ�ÌÅËÓÎÏÚÎÁÞÎÙÈ �ÒÏ�ÅÓÓÁ �+�±" (t) É �−�±" (t). äÁÌÅÅÞÉÓÌÏ M ÂÕÄÅÍ ×ÙÂÉÒÁÔØ × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ", ÉÍÅÎÎÏ M (") = "Æ−1,0 < Æ 6 �1+[�℄ .äÌÑ " > 0 Ï�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈu"(t; x) = E [('+M ∗ !t") (x− �−�+" (t)− �+�−" (t))+ ('−M ∗ !t") (x− �+�+" (t)− �−�−" (t))] ;ÇÄÅ̂!t"(p)=




exp(
− t+∞∫" ( [�℄∑k=1 (i�+px)kk! ) dxx1+�)exp(

− t−"∫
−∞

( [�℄∑k=1 (i�−px)kk! ) dx
|x|1+�);ÅÓÌÉ p > 0;exp(

− t+∞∫" ( [�℄∑k=1 (i�−px)kk! ) dxx1+� )exp(
− t−"∫

−∞

( [�℄∑k=1 (i�+px)kk! ) dx
|x|1+�);ÅÓÌÉ p < 0; (11)



óéííå�òéþîùå �-õó�ïêþé÷ùå... 105÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ �ÏËÁÚÁÎÏ, ÞÔÏ ÅÓÌÉ ÎÁÞÁÌØÎÁÑ ÆÕÎË�ÉÑ �ÒÉÎÁÄ-ÌÅÖÉÔ ËÌÁÓÓÕ W l+[�℄+12 (R) �ÒÉ ÎÅËÏÔÏÒÏÍ l > 0, ÔÏ ÆÕÎË�ÉÑ u" (t; x)�Ï ÎÏÒÍÅ �ÒÏÓÔÒÁÎÓÔ×ÁW l2 (R) �ÒÉÂÌÉÖÁÅÔ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ ëÏÛÉ (4),(5). �ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏÌÕÞÁÅÍ ×ÅÒÏÑÔÎÏÓÔÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÒÅÛÅ-ÎÉÑ ÚÁÄÁÞÉ ëÏÛÉ (4), (5)u(t; x) = lim"→0E [('+M ∗ !t") (x− �−�+" (t)− �+�−" (t))+ ('−M ∗ !t") (x− �+�+" (t)− �−�−" (t))] :ïÂÏÚÎÁÞÅÎÉÑðÒÑÍÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ Ï�ÒÅÄÅÌÑÅÔÓÑ ËÁË'̂ (p) = +∞∫

−∞

'(x) eipxdx; (12)ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÏÂÒÁÔÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ Ï�ÒÅÄÅÌÑÅÔÓÑ ËÁË' (p) = 12� +∞∫

−∞

'̂(x) e−ipx dx:äÌÑ ÌÀÂÏÇÏ M > 0 ÞÅÒÅÚ PM ÏÂÏÚÎÁÞÉÍ �ÒÏÅËÔÏÒ × L2(R) ÎÁ �ÏÄ-�ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË�ÉÊ, ÔÁËÉÈ ÞÔÏ ÎÏÓÉÔÅÌØ ÆÕÎË�ÉÉ  ̂ ÓÏÄÅÒÖÉÔÓÑ ×ÏÔÒÅÚËÅ [−M;M ℄. éÍÅÎÎÏ, ÄÌÑ  ∈ L2 (R) ÉÍÅÅÍPM (x) =  ∗DM (x) = 12� M∫
−M  ̂(p) e−ipxdp; (13)ÇÄÅ  ̂ { �ÒÑÍÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÆÕÎË�ÉÉ  , Á DM { ÑÄÒÏ äÉ-ÒÉÈÌÅ DM (x) = 1� sinMxx :þÅÒÅÚ W k2 (R) ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÓÏÂÏÌÅ×ÓËÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË-�ÉÊ, Ï�ÒÅÄÅÌÅÎÎÙÈ ÎÁ R É ÉÍÅÀÝÉÈ Ë×ÁÄÒÁÔÉÞÎÏ ÓÕÍÍÉÒÕÅÍÙÅ ÏÂÏÂ-ÝÅÎÎÙÅ �ÒÏÉÚ×ÏÄÎÙÅ ÄÏ �ÏÒÑÄËÁ k ×ËÌÀÞÉÔÅÌØÎÏ. ÷ �ÒÏÓÔÒÁÎÓÔ×ÅW k2 (R) ×ÙÂÅÒÅÍ ÎÏÒÍÕ (ÜË×É×ÁÌÅÎÔÎÕÀ ÓÔÁÎÄÁÒÔÎÏÊ)

‖ ‖2Wk2 (R) = ∫R (1 + |p|2k) ∣∣ ̂ (p)∣∣2 dp:



106 í. ÷. ðìá�ïîï÷áäÌÑ � > 0 ÞÅÒÅÚ [�℄ É {�} ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ �ÅÌÕÀÉ ÄÒÏÂÎÕÀ ÞÁÓÔØ ÞÉÓÌÁ �.ï�ÅÒÁÔÏÒÙ ÄÒÏÂÎÏÇÏ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ D+; D− Ï�ÒÅÄÅÌÑÀÔÓÑÆÏÒÍÕÌÏÊ(D�
±f)(x) = 1�(−�) ∞∫0 f(x∓ t)− [�℄∑k=0 f (k)(x)k! (∓t)kt1+� dt; (14)ÇÄÅ � 6= 0; 1; 2; : : : :ï�ÅÒÁÔÏÒ ÄÒÏÂÎÏÇÏ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ Ñ×ÌÑÅÔÓÑ �ÓÅ×ÄÏÄÉÆÆÅÒÅÎ-�ÉÁÌØÎÙÍ Ï�ÅÒÁÔÏÒÏÍ. ìÅÇËÏ �ÏËÁÚÁÔØ, ÞÔÏ ÄÌÑ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕ-ÒØÅ F ÄÒÏÂÎÏÊ �ÒÏÉÚ×ÏÄÎÏÊ Ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ

F(D�
±') = (∓ip)�'̂(p); (15)ÇÄÅ (∓ip)� = |p|� exp(∓��i2 sign (p)), ÔÏ ÅÓÔØ Ï�ÅÒÁÔÏÒ D̂�

± ÅÓÔØ Ï�ÅÒÁÔÏÒÕÍÎÏÖÅÎÉÑ ÎÁ (∓ip)�.ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒ
D� = D�+ +D�

−;ÉÍÅÎÎÏ, �ÒÉ � ∈ (2; 4)(D�f)(x) = 1�(−�) ∞∫

−∞

f(x− t)− f(x)− f (2)(x)2 t2
|t|1+� dt;Á �ÒÉ � ∈ (4; 6)(D�f)(x) = 1�(−�) ∞∫

−∞

f(x− t)− f(x)− f (2)(x)2 t2 − f (4)(x)24 t4
|t|1+� dt:úÁÍÅÔÉÍ, ÞÔÏ Ï�ÅÒÁÔÏÒ D� ÔÁËÖÅ Ñ×ÌÑÅÔÓÑ �ÓÅ×ÄÏÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÍÏ�ÅÒÁÔÏÒÏÍ, Á D̂� ÅÓÔØ Ï�ÅÒÁÔÏÒ ÕÍÎÏÖÅÎÉÑ ÎÁ ÆÕÎË�ÉÀ 2 
os(��2 )|p|�.þÅÒÅÚ C∞b (R) ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÍÎÏÖÅÓÔ×Ï ÂÅÓËÏÎÅÞÎÏ ÄÉÆÆÅÒÅÎ-�ÉÒÕÅÍÙÈ ÆÕÎË�ÉÊ Ó ÏÇÒÁÎÉÞÅÎÎÙÍÉ �ÒÏÉÚ×ÏÄÎÙÍÉ ÌÀÂÏÇÏ �ÏÒÑÄËÁ.äÁÌÅÅ, ÎÁ�ÏÍÎÉÍ Ï�ÒÅÄÅÌÅÎÉÅ ËÌÁÓÓÏ× èÁÒÄÉ Hp+({Imz > 0}) ÉHp

−({Imz < 0}). æÕÎË�ÉÑ F , ÁÎÁÌÉÔÉÞÅÓËÁÑ × {Imz > 0}(ÁÎÁÌÏÇÉÞÎÏ× {Imz < 0}), �ÒÉÎÁÄÌÅÖÉÔ ËÌÁÓÓÕ Hp+({Imz > 0}) (Hp
−({Imz < 0})),



óéííå�òéþîùå �-õó�ïêþé÷ùå... 107ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ ËÏÎÓÔÁÎÔÁ C, ÔÁËÁÑ ÞÔÏ+∞∫

−∞

|F (x+ iy)|pdx 6 C;�ÒÉ ×ÓÅÈ y > 0 (y < 0). èÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÅÓÌÉ 1 6 p 6 2 ÉF (t) ∈ Lp(R) { ÆÕÎË�ÉÑ, Ñ×ÌÑÀÝÁÑÓÑ ÇÒÁÎÉÞÎÙÍ ÚÎÁÞÅÎÉÅÍ ÆÕÎË�ÉÉÉÚ Hp+({Imz > 0}) (ÉÌÉ Hp
−({Imz < 0})), ÔÏ F̂ (�) = 0 �ÒÉ �.×. � > 0(� 6 0 ). äÌÑ p = 2 ×ÅÒÎÏ É ÏÂÒÁÔÎÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ. éÍÅÎÎÏ, ÅÓÌÉ� ∈ L2(R) É �(�) = 0 �.×. �ÒÉ � > 0 (� 6 0), ÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÆÕÎË�ÉÑF ÉÚ H2+({Imz > 0})(ÉÌÉ H2
−({Imz < 0})), ÄÌÑ ËÏÔÏÒÏÊ F̂ (�) = �(�).óÌÕÞÁÊ � ∈ (4; 6)ðÕÓÔØ �(dt; dx) { �ÕÁÓÓÏÎÏ×ÓËÁÑ ÓÌÕÞÁÊÎÁÑ ÍÅÒÁ ÎÁ [0; T ℄×R 
 ÉÎ-ÔÅÎÓÉ×ÎÏÓÔØÀ (7). ïÂÏÚÎÁÞÉÍ R" = R \ (−"; ") É Ï�ÒÅÄÅÌÉÍ �ÒÏ�ÅÓÓ�"(t) ÆÏÒÍÕÌÏÊ (8).ðÏ ÔÅÏÒÅÍÅ ëÜÍ�ÂÅÌÌÁ (ÓÍ. [3℄) ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ ÓÌÕ-ÞÁÊÎÏÊ ×ÅÌÉÞÉÎÙ �"(t) ÄÌÑ ÌÀÂÏÇÏ �ÏÌÏÖÉÔÅÌØÎÏÇÏ t ÒÁ×ÎÁf�"(t)(p) = exp(t ∫R" (eipx − 1) d�(x)):òÁÓÓÍÏÔÒÉÍ ÕÒÁ×ÎÅÎÉÅ �u�t = �(−�)D�u: (16)äÌÑ ÕÒÁ×ÎÅÎÉÑ (16) ÒÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕ ëÏÛÉu(0; x) = '(x): (17)òÅÛÅÎÉÅ ÜÔÏÊ ÚÁÄÁÞÉ × ÓÌÕÞÁÅ � ∈ (4; 6) ÅÓÔØu(t; x) = 12�∫R dp '̂(p)e−ipx e−
2|p|�t; (18)ÇÄÅ 
2 = −2∞∫0 ( 
os y − 1 + y22! − y44! ) dyy1+� = ��(1 + �) sin ��2 > 0;ÞÔÏ �ÒÏ×ÅÒÑÅÔÓÑ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ.



108 í. ÷. ðìá�ïîï÷áäÌÑ " > 0 Ï�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈu"(t; x) = E[(' ∗ !t")(x − �"(t))℄;ÇÄÅ !̂t"(p) = exp(t ∫R" (p2x22! −
p4x44! ) dx

|x|1+� ): (19)ïÔÍÅÔÉÍ, ÞÔÏ �ÒÉ ÔÁËÉÈ � ÆÕÎË�ÉÑ !̂t" Ñ×ÌÑÅÔÓÑ ÂÙÓÔÒÏ ÕÂÙ×ÁÀÝÅÊ.�ÅÏÒÅÍÁ 1. ðÕÓÔØ ' ∈W l+62 (R), l > 0, u(t; x) { ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ ëÏÛÉ(16), (17). �ÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ �ÏÌÏÖÉÔÅÌØÎÁÑ ËÏÎÓÔÁÎÔÁ C = C(�),ÔÁËÁÑ ÞÔÏsupt∈[0;T ℄ ‖u" (t; · )− u (t; · )‖W l2(R) 6 C T ‖'‖W l+62 (R) "6−�:äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÕÔ×ÅÒÖÄÅÎÉÑ ×ÏÓ�ÏÌØÚÕÅÍÓÑÉÚ×ÅÓÔÎÏÊ ÆÏÒÍÕÌÏÊ ÔÅÏÒÉÉ ×ÏÚÍÕÝÅÎÉÊ. éÍÅÎÎÏ, �ÕÓÔØ A { ÏÇÒÁÎÉ-ÞÅÎÎÙÊ Ï�ÅÒÁÔÏÒ × ÎÅËÏÔÏÒÏÍ ÇÉÌØÂÅÒÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å. �ÏÇÄÁ ÄÌÑÎÅÏÔÒÉ�ÁÔÅÌØÎÏÇÏ t ÓÕÝÅÓÔ×ÕÅÔ ÏÇÒÁÎÉÞÅÎÎÁÑ �ÏÌÕÇÒÕ��Á Ï�ÅÒÁÔÏÒÏ×UA(t) = etA:ðÕÓÔØ B { ×ÏÚÍÕÝÅÎÉÅ Ï�ÅÒÁÔÏÒÁ A, ÔÁËÏÅ ÞÔÏ �ÏÌÕÇÒÕ��ÁUA+B(t) = et(A+B)ÔÁËÖÅ ÏÇÒÁÎÉÞÅÎÁ. �ÏÇÄÁ Ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï (ÓÍ. [2,ÇÌÁ×Á IX, § 2, �. 1, Ó. 614℄)et(A+B) − etA = t∫0 e�(A+B)B e(t−�)A d�: (20)ðÏÌÏÖÉÍ A = A", B = �(−�)D� − A", ÇÄÅ Ï�ÅÒÁÔÏÒ A" ÄÅÊÓÔ×ÕÅÔÎÁ  ∈ C∞b (R) ËÁËA" (x) = ∫R" ( (x− y)−  (x)−  (2)(x)2 y2 −  (4)(x)4! y4) dy
|y|1+� :÷ ÜÔÉÈ ÏÂÏÚÎÁÞÅÎÉÑÈ A+B = � (−�) D�. äÌÑ ÌÀÂÏÇÏ �ÏÌÏÖÉÔÅÌØÎÏÇÏk É t > 0 Ó�ÒÁ×ÅÄÌÉ×Ù ÎÅÒÁ×ÅÎÓÔ×Á

∥∥et(A+B)∥∥Wk2 →Wk2 6 1; (21)
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∥∥etA"∥∥Wk2 →Wk2 6 1: (22)ï
ÔÁÌÏÓØ Ï�ÅÎÉÔØ ‖B‖W l+62 →W l2 . éÍÅÅÍB̂' (p) = 2 '̂ (p) "∫0 ( 
os (py)− 1 + p2y22 −

p4y44! ) dyy1+�= 2 '̂ (p) |p|� "|p|∫0 ( 
os y − 1 + y22 −
y44! ) dyy1+� :åÓÌÉ |p| < 1" , ÔÏ

|p|�∣∣∣∣

"|p|∫0 ( 
os y − 1 + y22 −
y44! ) dyy1+� ∣∣∣∣ 6 C |p|6 "6−�:åÓÌÉ |p| > 1" , ÔÏ

|B̂'(p)| 6 C|'̂(p)||p|�:�ÏÇÄÁ
‖B̂'‖2W l2 = ∫R dp (1 + |p|2l) |B̂'(p)|2

6 C"2(6−�) ∫

|p|< 1" dp (1 + |p|2l) |'̂(p)|2|p|12+ C ∫

|p|> 1" dp (1 + |p|2l) |'̂(p)|2|p|2�:äÌÑ ‖B̂'‖2W l2 Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ
‖B̂'‖2W l2 6 C"2(6−�) ∫R dp (1 + |p|2(l+6)) |'̂(p)|2+ C"2(6−�) ∫

|p|> 1" dp (1 + |p|2l) |'̂(p)|2|p|12
6 C"2(6−�)‖'‖2W l+62 : (23)



110 í. ÷. ðìá�ïîï÷áúÁÍÅÔÉÍ, ÞÔÏ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ ÓÌÅÄÕÅÔ ÉÚ (21), (22) É (23). �óÌÕÞÁÊ � ∈ (2; 4)ðÕÓÔØ � (dt; dx) { �ÕÁÓÓÏÎÏ×ÓËÁÑ ÓÌÕÞÁÊÎÁÑ ÍÅÒÁ ÎÁ [0; T ℄×R 
 ÉÎ-ÔÅÎÓÉ×ÎÏÓÔØÀ (7):ïÂÏÚÎÁÞÉÍ R+" = R+ \ (0; "), R−" = R− \ (−"; 0) É Ï�ÒÅÄÅÌÉÍ �ÒÏ-�ÅÓÓÙ �±" (t) ÆÏÒÍÕÌÏÊ (10):íÙ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ �ÒÏ�ÅÓÓÙ ��±" (t), ÇÄÅ � { ËÏÍ�ÌÅËÓÎÁÑ ËÏÎ-ÓÔÁÎÔÁ. ðÏ ÔÅÏÒÅÍÅ ëÜÍ�ÂÅÌÌÁ (ÓÍ. [3℄)E exp(i p � �+" ) = exp(t +∞∫" (ei�px − 1) d�(x)); (24)E exp(i p � �−" ) = exp(t −"∫

−∞

(ei�px − 1) d�(x)): (25)úÁÍÅÔÉÍ, ÞÔÏ ÉÎÔÅÇÒÁÌ × (24) ÓÈÏÄÉÔÓÑ, ÅÓÌÉ p > 0 É Im� > 0 ÉÌÉp 6 0 É Im� 6 0, Á ÉÎÔÅÇÒÁÌ × (25) ÓÈÏÄÉÔÓÑ, ÅÓÌÉ p > 0 É Im� 6 0 ÉÌÉp 6 0 É Im� > 0.òÁÓÓÍÏÔÒÉÍ ÕÒÁ×ÎÅÎÉÅ�u�t = −�(−�)D�u: (26)äÌÑ ÕÒÁ×ÎÅÎÉÑ (26) ÒÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕ ëÏÛÉu(0; x) = '(x): (27)òÅÛÅÎÉÅ ÜÔÏÊ ÚÁÄÁÞÉ × ÓÌÕÞÁÅ � ∈ (2; 4) ÅÓÔØu(t; x) = 12� +∞∫

−∞

dp '̂(p) e−ipxe−t|p|�
0 ; (28)ÇÄÅ 
0 = 2�(−�) 
os(��2 ) = −
�sin(��2 ) �(1 + �) > 0;ÞÔÏ �ÒÏ×ÅÒÑÅÔÓÑ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ.òÁÓÓÍÏÔÒÉÍ �ÒÏÅËÔÏÒ òÉÓÓÁ P+, ÄÅÊÓÔ×ÕÀÝÉÊ ÉÚ L2(R) ÎÁ �ÒÏ-ÓÔÒÁÎÓÔ×Ï èÁÒÄÉ H2+({Im z > 0}). áÎÁÌÏÇÉÞÎÏ Ï�ÒÅÄÅÌÉÍ �ÒÏÅËÔÏÒP−, ÄÅÊÓÔ×ÕÀÝÉÊ ÉÚ L2(R) ÎÁ H2

−({Im z < 0}).



óéííå�òéþîùå �-õó�ïêþé÷ùå... 111ìÀÂÕÀ ÆÕÎË�ÉÀ ' ∈ L2(R) ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ ËÁË'(x) = P+'(x) + P−'(x) = '+(x) + '−(x);ÇÄÅ ÎÏÓÉÔÅÌØ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕÒØÅ ÆÕÎË�ÉÉ '+ ÓÏÓÒÅÄÏÔÏÞÅÎ ÎÁ ÏÔ-ÒÉ�ÁÔÅÌØÎÏÊ �ÏÌÕÏÓÉ, Á ÎÏÓÉÔÅÌØ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕÒØÅ '− { ÎÁ �ÏÌÏ-ÖÉÔÅÌØÎÏÊ �ÏÌÕÏÓÉ. úÁÍÅÔÉÍ, ÞÔÏ P+' { ÁÎÁÌÉÔÉÞÅÓËÁÑ ÏÇÒÁÎÉÞÅÎÎÁÑÆÕÎË�ÉÑ × ×ÅÒÈÎÅÊ �ÏÌÕ�ÌÏÓËÏÓÔÉ, Á P−' { ÁÎÁÌÉÔÉÞÅÓËÁÑ ÏÇÒÁÎÉÞÅÎ-ÎÁÑ ÆÕÎË�ÉÑ × ÎÉÖÎÅÊ.îÁ�ÏÍÎÉÍ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ M > 0 ÞÅÒÅÚ PM ÍÙ ÏÂÏÚÎÁÞÁÅÍ �ÒÏ-ÅËÔÏÒ × L2(R), ÄÅÊÓÔ×ÕÀÝÉÊ �Ï ÆÏÒÍÕÌÅ (13). äÁÌÅÅ ÞÉÓÌÏ M ÂÕÄÅÍ×ÙÂÉÒÁÔØ × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ", ÔÏ ÅÓÔØ M =M("), �ÏÜÔÏÍÕ × ÏÂÏÚÎÁÞÅ-ÎÉÑÈ ÎÅ ÂÕÄÅÍ ÕËÁÚÙ×ÁÔØ ÚÁ×ÉÓÉÍÏÓÔØ ÏÔM . ëÁË É ÒÁÎØÛÅ, ÏÂÏÚÎÁÞÉÍ'M = PM'.ðÏÌÏÖÉÍ �+ = exp( i�� ) É �− = exp(− i�� ). úÁÍÅÔÉÍ, ÞÔÏ �+ ÌÅÖÉÔ ××ÅÒÈÎÅÊ �ÏÌÕ�ÌÏÓËÏÓÔÉ, Á �− { × ÎÉÖÎÅÊ.äÌÑ " > 0 Ï�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈu"(t; x) = E[('+M ∗ !t")(x − �−�+" (t)− �+�−" (t))+ ('−M ∗ !t")(x − �+�+" (t)− �−�−" (t))℄; (29)ÇÄÅ̂!t"(p) = 



exp(
−t+∞∫" ( [�℄∑k=1 (i�+px)kk! ) dxx1+� ) exp(

−t−"∫
−∞

( [�℄∑k=1 (i�−px)kk! ) dx
|x|1+�)ÅÓÌÉ p > 0;exp(

−t+∞∫" ( [�℄∑k=1 (i�−px)kk! ) dxx1+�) exp(
−t −"∫

−∞

( [�℄∑k=1 (i�+px)kk! ) dx
|x|1+�);ÅÓÌÉ p < 0: (30)�ÁË ËÁË P+' { ÁÎÁÌÉÔÉÞÅÓËÁÑ ÏÇÒÁÎÉÞÅÎÎÁÑ ÆÕÎË�ÉÑ × ×ÅÒÈÎÅÊ�ÏÌÕ�ÌÏÓËÏÓÔÉ, Á ÆÕÎË�ÉÑ P−' { ÁÎÁÌÉÔÉÞÎÁ ÏÇÒÁÎÉÞÅÎÁ × ÎÉÖÎÅÊ�ÏÌÕ�ÌÏÓËÏÓÔÉ, ÔÏ ÆÕÎË�ÉÑ u"(t; x) ËÏÒÒÅËÔÎÏ Ï�ÒÅÄÅÌÅÎÁ. úÁÍÅÔÉÍÔÁËÖÅ, ÞÔÏ �ÒÉ ÔÁËÉÈ � É ÔÁËÏÍ ×ÙÂÏÒÅ �± ÆÕÎË�ÉÑ !̂t"(p) Ñ×ÌÑÅÔÓÑÂÙÓÔÒÏ ÕÂÙ×ÁÀÝÅÊ.ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.�ÅÏÒÅÍÁ 2. ðÕÓÔØ � ∈ (2; 4), ' ∈W l+[�℄+12 (R) ÄÌÑ ÎÅËÏÔÏÒÏÇÏ l > 0,M =M(") = "Æ−1, 0 < Æ 6 �1+[�℄ . ðÕÓÔØ u(t; x) { ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ ëÏÛÉ(26), (27). �ÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ �ÏÌÏÖÉÔÅÌØÎÁÑ ËÏÎÓÔÁÎÔÁ C = C(�),



112 í. ÷. ðìá�ïîï÷áÔÁËÁÑ ÞÔÏsupt∈[0;T ℄ ‖u"(t; ·)− u(t; ·)‖W l2(R) 6 C(T + "�−Æ(1+[�℄))‖'‖W l+[�℄+12 (R)"1−{�}:äÏËÁÚÁÔÅÌØÓÔ×Ï. ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒÙA±" , �ÏÌÁÇÁÑ ÄÌÑ  ∈ C∞b (R)A±"  ±(x) = +∞∫" �([�℄)y  ±(x− �∓y) dyy1+� + −"∫

−∞

�([�℄)y  ±(x− �±y) dy
|y|1+� :ðÏÌÏÖÉÍ A± = A±" , B± = −�(−�)D�P± − A±" . �ÏÇÄÁ A± + B± =

−�(−�)D�P±. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÕÔ×ÅÒÖÄÅÎÉÑ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÆÏÒ-ÍÕÌÏÊ (20).äÌÑ ÌÀÂÏÇÏ �ÏÌÏÖÉÔÅÌØÎÏÇÏ k É t > 0 Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï
∥∥et(A±+B±)P±

∥∥Wk2 →Wk2 6 1: (31)äÁÌÅÅ, �ÒÅÄÓÔÁ×ÉÍetA±" PM'±(x) − et(A±+B±)'±(x) = (etA±" − et(A±+B±))PM'±(x)
−et(A±+B±)(I − PM )'±(x) = V ±1 + V ±2 :òÁÓÓÍÏÔÒÉÍ

̂etA±" PM '±(p) = '̂±M (p) I±1 (p) I±2 (p);ÇÄÅ ÆÕÎË�ÉÉ I+1;2 (p) Ï�ÒÅÄÅÌÅÎÙ ÎÁ ÏÔÒÉ�ÁÔÅÌØÎÏÊ �ÏÌÕÏÓÉ ÆÏÒÍÕÌÁÍÉI+1 (p) = exp(
− t|p|� +�−∞∫

|p|"�−

(e−iy − [�℄∑k=0 (−iy)kk! ) dyy1+�);I+2 (p) = exp(
− t |p|� +�+∞∫

|p|"�+ (eiy − [�℄∑k=0 (iy)kk! ) dyy1+�);



óéííå�òéþîùå �-õó�ïêþé÷ùå... 113Á ÆÕÎË�ÉÉ I−1;2(p) ÚÁÄÁÎÙ ÎÁ �ÏÌÏÖÉÔÅÌØÎÏÊ �ÏÌÕÏÓÉ ÆÏÒÍÕÌÁÍÉI−1 (p) = exp(
− t|p|� +�+∞∫p"�+ (eiy − [�℄∑k=0 ikykk! ) dyy1+�);I−2 (p) = exp(
− t |p|� +�−∞∫

|p|"�−

(e−iy − [�℄∑k=0 (−iy)kk! ) dyy1+�):ïÂÏÚÎÁÞÉÍ S(y) = eiy − [�℄∑k=0 ikykk! :òÁÓÓÍÏÔÒÉÍ ÚÁÍËÎÕÔÙÅ ËÏÎÔÕÒÙ�± = {z ∈ C : |z| ∈ [ |p| ";R ℄; arg z = ± �=�}
∪ {z ∈ C : |z| = R; arg z ∈ [± �=�; 0℄}
∪ {z ∈ C : |z| ∈ [R; |p| "℄; arg z = 0}
∪ {z ∈ C : |z| = |p| "; arg z ∈ (0;± �=�)}É ÒÁÓÓÍÏÔÒÉÍ ÉÎÔÅÇÒÁÌÙ �Ï ÚÁÍËÎÕÔÙÍ ËÏÎÔÕÒÁÍJ± = ∫�±

S(±y) dyy1+� :úÁÍÅÔÉÍ, ÞÔÏ ÉÎÔÅÇÒÁÌ �Ï ÂÏÌØÛÏÊ ÄÕÇÅ �ÒÉ R → ∞ ÓÔÒÅÍÉÔÓÑ Ë ÎÕ-ÌÀ, Á ×ÎÕÔÒÉ ËÏÎÔÕÒÁ ÏÓÏÂÙÈ ÔÏÞÅË ÎÅÔ, ÔÁË ÞÔÏ ÉÎÔÅÇÒÁÌ �Ï ËÏÎÔÕÒÕ�± ÒÁ×ÅÎ ÎÕÌÀ. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÉÍÅÅÍ
̂etA−" PM'−(p) = '̂−M (p) exp(

− t|p|� +∞∫p" S(y) dyy1+�)

· exp(t |p|� ∫
+ S(y) dyy1+�) exp(
− t|p|� +∞∫p" S(−y) dyy1+�)

· exp(t|p|� ∫
− S(−y) dyy1+�);
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+ = {z ∈ C : |z| = p "; arg z ∈ (0; �=�)}É 
− = {z ∈ C : |z| = p "; arg z ∈ (0;−�=�)}:C ÕÞÅÔÏÍ p < M(") = "Æ−1 × ÉÎÔÅÇÒÁÌÅ �Ï ÄÕÇÅ 
+ ÓÄÅÌÁÅÍ ÚÁÍÅÎÕ�ÅÒÅÍÅÎÎÙÈ y = p " ei', ÇÄÅ ' ∈ (0; �=�), ÔÏÇÄÁ �ÒÉ p > 0
∣∣∣∣ exp(t|p|� ∫
+ S(y) dyy1+�)∣∣∣∣ 6 supt∈[0;T ℄ exp(C t p[�℄+1"1−{�}): (32)÷ ÉÎÔÅÇÒÁÌÅ �Ï ÄÕÇÅ 
− ÓÄÅÌÁÅÍ ÚÁÍÅÎÕ �ÅÒÅÍÅÎÎÙÈ y = p " ei', ÇÄÅ' ∈ (0;−�=�), ÔÏÇÄÁ �ÒÉ p > 0

∣∣∣∣ exp(t|p|� ∫
− S(−y) dyy1+�)∣∣∣∣ 6 supt∈[0;T ℄ exp(C t p[�℄+1"1−{�}): (33)÷ÙÂÉÒÁÑ " ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÙÍ, ÄÌÑ ÌÀÂÏÇÏ �ÏÌÏÖÉÔÅÌØÎÏÇÏ k É t > 0ÉÍÅÅÍ
∥∥∥ ̂etA−" PM'−(p)∥∥∥Wk2 6

M∫0 |'(p)|2|p|2k exp (2C t p�"Æ(1−{�}))
· exp(

− 2 t p� +∞∫1 S(y) dyy1+�) exp(
− 2 t p� +∞∫1 S(−y) dyy1+�)dp

6 C M∫0 |' (p)|2 |p|2k dp 6 C ∥∥PM'− (x)∥∥Wk2 :áÎÁÌÏÇÉÞÎÁÑ Ï�ÅÎËÁ �ÏÌÕÞÁÅÔÓÑ ÄÌÑ Ï�ÅÒÁÔÏÒÁ etA+" PMP+. �ÁËÉÍÏÂÒÁÚÏÍ, ÉÍÅÅÍ
∥∥etA±" PMP±

∥∥Wk2 →Wk2 6 C: (34)
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∥∥V ±2 ∥∥2W l2 6 supt∈[0;T ℄(Ce−2
0M�t ∫

|p|>M (1 + |p|2l) ∣∣'̂±(p)∣∣2 dp)
6

CM2([�℄+1) ∫

|p|>M (1 + |p|2(l+[�℄+1)) ∣∣'̂±(p)∣∣2 dp
6

CM2([�℄+1) ‖'‖2W l+[�℄+12 6 C"2([�℄+1)(1−Æ) ‖'‖2W l+[�℄+12 : (35)
ï
ÔÁÌÏÓØ Ï�ÅÎÉÔØ ‖B±PMP±‖W l+[�℄+12 →W l2 . éÍÅÅÍ
̂B±'±M (p) = ∫R dx exp (i p x)[ +∞∫" �([�℄)y '±M (x− �∓y) dyy1+�+ −"∫

−∞

�([�℄)y '±M (x− �±y) dy
|y|1+�+ ∞∫

−∞

'±M (x− y)− '±M (x)− ('±M )(2)(x)2 y2
|y|1+� dy ]:òÁÓÓÍÏÔÒÉÍ̂B−'−M (p) = '̂−M (p)[ − |p|� +�+∞∫"p�+ S(y) dyy1+�

− |p|� +�−∞∫"p�−

S(−y) dyy1+� + |p|�
0]:ðÏ×ÔÏÒÑÑ ÒÁÓÓÕÖÄÅÎÉÑ Ï �Ï×ÏÒÏÔÅ ËÏÎÔÕÒÁ, �ÏÌÕÞÉÍ
̂B−'−M (p) = '̂−M (p)|p|�[∫
+ S(y) dyy1+�+ ∫
− S(−y) dyy1+� + 2 |p|"∫0 ( 
os y − 1− y22! ) dyy1+� ]:



116 í. ÷. ðìá�ïîï÷ááÎÁÌÏÇÉÞÎÏ (32), Ó ÕÞÅÔÏÍ ÎÅÒÁ×ÅÎÓÔ×Á
∣∣∣∣ 2 "|p|∫0 ( 
os y − 1− y22! ) dyy1+� ∣∣∣∣ 6 C (|p| ")4−� ;�ÏÌÕÞÁÅÍ

∣∣B̂±'± (p)∣∣ 6 C |'̂±(p)| |p|[�℄+1 "1−{�}:�ÏÇÄÁ
∥∥ ̂B±PM'±

∥∥2W l2 = ∫

|p|<M dp (1 + |p|2l)∣∣B̂±'±(p)∣∣2
6 C"2(1−{�}) ∫

|p|<M dp (1 + |p|2l) |'̂(p)|2 |p|2([�℄+1)
6 C "2(1−{�}) ‖'‖2W l+[�℄+12 : (36)úÁÍÅÔÉÍ, ÞÔÏ ÉÚ (31), (34), (35) É (36) ÓÌÅÄÕÅÔ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ.
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