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úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 454, 2016 Ç.í. ÷. ðÌÁÔÏÎÏ×Á÷åòïñ�îïó�îïå ðòåäó�á÷ìåîéå òåûåîéñúáäáþé ëïûé äìñ ü÷ïìàãéïîîïçïõòá÷îåîéñ ó ïðåòá�ïòïíäéææåòåîãéòï÷áîéñ ÷ùóïëïçï ðïòñäëá
§1. ÷×ÅÄÅÎÉÅèÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ ëÏÛÉ ÄÌÑ ÕÒÁ×ÎÅÎÉÑ ÔÅ�ÌÏ-�ÒÏ×ÏÄÎÏÓÔÉ �u�t = 12! �2u�2x; u(0; x) = '(x) (1)ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ ËÁË ÍÁÔÅÍÁÔÉÞÅÓËÏÅ ÏÖÉÄÁÎÉÅ ÆÕÎË�ÉÏÎÁÌÁ ÏÔ×ÉÎÅÒÏ×ÓËÏÇÏ �ÒÏ�ÅÓÓÁ. éÍÅÎÎÏ,u(t; x) = E'(x− w(t)); (2)ÇÄÅ w(t) { ÓÔÁÎÄÁÒÔÎÙÊ ×ÉÎÅÒÏ×ÓËÉÊ �ÒÏ�ÅÓÓ.åÓÌÉ × ÚÁÄÁÞÅ ëÏÛÉ ÒÁÓÓÍÏÔÒÅÔØ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ �Ï-ÒÑÄËÁ m > 2 �u�t = 
mm! �mu�mx; (3)ÔÏ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ ëÏÛÉ, ÁÎÁÌÏÇÉÞÎÏÅ (2), ÎÏ Ó ÚÁÍÅÎÏÊw(t) ÎÁ ÎÅËÏÔÏÒÙÊ ÄÒÕÇÏÊ ÓÌÕÞÁÊÎÙÊ �ÒÏ�ÅÓÓ, ÎÅ×ÏÚÍÏÖÎÏ, ÔÁË ËÁË ×ÜÔÏÍ ÓÌÕÞÁÅ ÆÕÎÄÁÍÅÎÔÁÌØÎÏÅ ÒÅÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÑ (3) ÕÖÅ ÎÅ Ñ×ÌÑÅÔÓÑ×ÅÒÏÑÔÎÏÓÔÎÏÊ ÍÅÒÏÊ. �ÅÍ ÎÅ ÍÅÎÅÅ, × ÒÁÂÏÔÁÈ [1, 4, 5, 8, 10, 11℄ ÂÙÌÉ�ÏÓÔÒÏÅÎÙ ÎÅËÏÔÏÒÙÅ ÁÎÁÌÏÇÉ �ÒÅÄÓÔÁ×ÌÅÎÉÑ (2).óÕÝÅÓÔ×ÕÅÔ Ä×Á ÏÓÎÏ×ÎÙÈ �ÏÄÈÏÄÁ Ë �ÏÓÔÒÏÅÎÉÀ ÁÎÁÌÏÇÁ ÆÏÒÍÕ-ÌÙ (2). ðÅÒ×ÙÊ �ÏÄÈÏÄ, ×ÅÄÕÝÉÊ Ó×ÏÅ ÎÁÞÁÌÏ Ó ÒÁÂÏÔ à. ì. äÁÌÅ�ËÏÇÏ(ÓÍ. [1℄), ÏÓÎÏ×ÁÎ ÎÁ ÉÓ�ÏÌØÚÏ×ÁÎÉÉ × (2) ×ÍÅÓÔÏ ×ÉÎÅÒÏ×ÓËÏÇÏ �ÒÏ�ÅÓÓÁÔÁË ÎÁÚÙ×ÁÅÍÏÇÏ �ÓÅ×ÄÏ�ÒÏ�ÅÓÓÁ. ïÄÎÏÍÅÒÎÙÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ �ÓÅ×ÄÏ-�ÒÏ�ÅÓÓÁ ÚÁÄÁÀÔÓÑ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÍ ÒÅÛÅÎÉÅÍ (3). ÷ÓÑËÉÊ �ÓÅ×ÄÏ-�ÒÏ�ÅÓÓ, × ÏÔÌÉÞÉÅ ÏÔ ÏÂÙÞÎÏÇÏ ×ÅÒÏÑÔÎÏÓÔÎÏÇÏ �ÒÏ�ÅÓÓÁ, �ÏÒÏÖÄÁÅÔëÌÀÞÅ×ÙÅ ÓÌÏ×Á: Ü×ÏÌÀ�ÉÏÎÎÏÅ ÕÒÁ×ÎÅÎÉÅ, ÚÁÄÁÞÁ ëÏÛÉ, �ÕÁÓÓÏÎÏ×ÓËÁÑ ÓÌÕ-ÞÁÊÎÁÑ ÍÅÒÁ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ òÏÓÓÉÊÓËÏÇÏ ÎÁÕÞÎÏÇÏ ÆÏÎÄÁ, ÇÒÁÎÔ No. 14-21-00035. 220



÷åòïñ�îïó�îïå ðòåäó�á÷ìåîéå... 221× �ÒÏÓÔÒÁÎÓÔ×Å ÔÒÁÅËÔÏÒÉÊ ÔÏÌØËÏ ËÏÎÅÞÎÏ-ÁÄÄÉÔÉ×ÎÕÀ ÍÅÒÕ ÎÁ ÁÌ-ÇÅÂÒÅ �ÉÌÉÎÄÒÉÞÅÓËÉÈ ÍÎÏÖÅÓÔ×, ËÏÔÏÒÁÑ ÎÅ ÍÏÖÅÔ ÂÙÔØ �ÒÏÄÏÌÖÅÎÁÎÁ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÕÀ �-ÁÌÇÅÂÒÕ. ïÔÍÅÔÉÍ ÔÁËÖÅ ÒÁÂÏÔÕ [8℄, × ËÏÔÏÒÏÊÂÙÌ �ÒÅÄÌÏÖÅÎ ×ÅÒÏÑÔÎÏÓÔÎÙÊ �ÏÄÈÏÄ Ë �ÓÅ×ÄÏ�ÒÏ�ÅÓÓÁÍ.÷ÔÏÒÏÊ �ÏÄÈÏÄ ÏÓÎÏ×ÁÎ ÎÁ ÉÓ�ÏÌØÚÏ×ÁÎÉÉ ËÏÍ�ÌÅËÓÎÏÚÎÁÞÎÙÈ ÓÔÏ-ÈÁÓÔÉÞÅÓËÉÈ �ÒÏ�ÅÓÓÏ× (ÓÍ. [4, 10℄).üÔÏÔ �ÏÄÈÏÄ ×ÅÄÅÔ ÎÁÞÁÌÏ Ó ÒÁÂÏÔÙ æÕÎÁËÉ [10℄, × ËÏÔÏÒÏÊ ÂÙ-ÌÏ �ÏÓÔÒÏÅÎÏ ×ÅÒÏÑÔÎÏÓÔÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ ëÏÛÉ ÄÌÑÜ×ÏÌÀ�ÉÏÎÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ Ó Ï�ÅÒÁÔÏÒÏÍ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ ÞÅÔ×£Ò-ÔÏÇÏ �ÏÒÑÄËÁ (m = 4) �ÒÉ ÎÅËÏÔÏÒÙÈ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈ ÕÓÌÏ×ÉÑÈ ÁÎÁ-ÌÉÔÉÞÎÏÓÔÉ ÎÁ ÎÁÞÁÌØÎÕÀ ÆÕÎË�ÉÀ '. ÷ÍÅÓÔÏ ×ÉÎÅÒÏ×ÓËÏÇÏ �ÒÏ�ÅÓÓÁ× [10℄ ÉÓ�ÏÌØÚÏ×ÁÌÓÑ ËÏÍ�ÌÅËÓÎÙÊ ÓÔÏÈÁÓÔÉÞÅÓËÉÊ �ÒÏ�ÅÓÓ X(t); t > 0,Ï�ÒÅÄÅÌÑÅÍÙÊ ËÁË X(t) := { B(w(t)); w(t) > 0;iB(w(t)); w(t) < 0; (4)ÇÄÅ B(t) É w(t) { ÎÅÚÁ×ÉÓÉÍÙÅ ÓÔÁÎÄÁÒÔÎÙÅ ×ÉÎÅÒÏ×ÓËÉÅ �ÒÏ�ÅÓÓÙ.üÔÏÔ ÖÅ �ÏÄÈÏÄ ÍÏÖÅÔ ÂÙÔØ ÒÁÓ�ÒÏÓÔÒÁÎÅÎ É ÎÁ Ï�ÅÒÁÔÏÒ ÄÉÆÆÅÒÅÎ-�ÉÒÏ×ÁÎÉÑ �ÏÒÑÄËÁ 2n (ÓÍ. [5℄).÷ ÒÁÂÏÔÅ [4℄ ÂÙÌ �ÒÅÄÌÏÖÅÎ Ó�ÏÓÏÂ, �ÏÚ×ÏÌÑÀÝÉÊ ÉÓ�ÏÌØÚÏ×ÁÔØ ÍÅ-ÔÏÄ æÕÎÁËÉ ÄÌÑ �ÏÓÔÒÏÅÎÉÑ ×ÅÒÏÑÔÎÏÓÔÎÏÇÏ �ÒÅÄÓÔÁ×ÌÅÎÉÑ ÒÅÛÅÎÉÑÚÁÄÁÞÉ ëÏÛÉ �u�t = −
a8 �4u�4x ; u(0; x) = '(x);ÇÄÅ a { ËÏÍ�ÌÅËÓÎÁÑ ËÏÎÓÔÁÎÔÁ, Á ÏÔ ÎÁÞÁÌØÎÏÊ ÆÕÎË�ÉÉ ' ÔÁËÖÅ ÔÒÅ-ÂÕÅÔÓÑ ÁÎÁÌÉÔÉÞÎÏÓÔØ. ëÁË É × [10℄, ÒÅÛÅÎÉÅ ÏÓÎÏ×ÁÎÏ ÎÁ �ÏÓÔÒÏÅÎÉÉËÏÍ�ÌÅËÓÎÏÚÎÁÞÎÏÇÏ ÓÔÏÈÁÓÔÉÞÅÓËÏÇÏ �ÒÏ�ÅÓÓÁ, ÁÎÁÌÏÇÉÞÎÏÇÏ X(t).äÁÌÅÅ, × ÒÁÂÏÔÁÈ [7,9℄ ÂÙÌ �ÒÅÄÌÏÖÅÎ ×ÅÒÏÑÔÎÏÓÔÎÙÊ �ÏÄÈÏÄ Ë Ï�ÒÅ-ÄÅÌÅÎÉÀ �ÏÎÑÔÉÑ ÓÉÍÍÅÔÒÉÞÎÏÇÏ ÕÓÔÏÊÞÉ×ÏÇÏ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ Ó �ÏËÁ-ÚÁÔÅÌÅÍ ÕÓÔÏÊÞÉ×ÏÓÔÉ � > 2; � =∈ N, ÏÓÎÏ×ÁÎÎÙÊ ÎÁ ÉÓ�ÏÌØÚÏ×ÁÎÉÉÔÅÏÒÉÉ ÏÂÏÂÝÅÎÎÙÈ ÆÕÎË�ÉÊ. CÉÍÍÅÔÒÉÞÎÏÅ ÕÓÔÏÊÞÉ×ÏÅ ÒÁÓ�ÒÅÄÅÌÅ-ÎÉÅ Ï�ÒÅÄÅÌÑÌÏÓØ ËÁË ÏÂÏÂÝÅÎÎÁÑ ÆÕÎË�ÉÑ l (ÎÁÄ ÎÅËÏÔÏÒÙÍ ËÌÁÓÓÏÍÏÓÎÏ×ÎÙÈ ÆÕÎË�ÉÊ), ËÏÔÏÒÁÑ ÎÁ ÏÓÎÏ×ÎÕÀ ÆÕÎË�ÉÀ ' ÄÅÊÓÔ×ÕÅÔ ËÁË(l; ') = lim"→0E' ∗ !"(�"); (5)ÇÄÅ !" { Ó�Å�ÉÁÌØÎÙÍ ÏÂÒÁÚÏÍ �ÏÄÏÂÒÁÎÎÏÅ ÓÅÍÅÊÓÔ×Ï ÂÙÓÔÒÏ ÏÓ�ÉÌ-ÌÉÒÕÀÝÉÈ ÆÕÎË�ÉÊ, �" = ∫

|x|>" x�(dx), Á � { �ÕÁÓÓÏÎÏ×ÓËÁÑ ÓÌÕÞÁÊÎÁÑÍÅÒÁ ÎÁ R Ó ÉÎÔÅÎÓÉ×ÎÏÓÔØÀ C�dx
|x|1+� .



222 í. ÷. ðìá�ïîï÷áó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ÍÅÔÏÄÏ× [7,9℄ É ÎÅËÏÔÏÒÙÈ ÍÅÔÏÄÏ× ËÏÍ�ÌÅËÓÎÏÇÏÁÎÁÌÉÚÁ, × ÒÁÂÏÔÅ [6℄ ÂÙÌÉ �ÏÓÔÒÏÅÎÙ ÁÎÁÌÏÇÉ ÕÓÔÏÊÞÉ×ÙÈ �ÒÏ�ÅÓÓÏ×Ó ÎÅÚÁ×ÉÓÉÍÙÍÉ �ÒÉÒÁÝÅÎÉÑÍÉ. ó �ÏÍÏÝØÀ ÜÔÉÈ �ÒÏ�ÅÓÓÏ× ÂÙÌÏ �Ï-ÓÔÒÏÅÎÏ ×ÅÒÏÑÔÎÏÓÔÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ ëÏÛÉ ÄÌÑ Ü×Ï-ÌÀ�ÉÏÎÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ Ó Ï�ÅÒÁÔÏÒÏÍ ÄÒÏÂÎÏÇÏ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ�ÏÒÑÄËÁ ÂÏÌØÛÅ Ä×ÕÈ.÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ, ÉÓ�ÏÌØÚÕÑ ÉÄÅÉ É ÍÅÔÏÄÙ ÒÁÂÏÔÙ [6℄, ÍÙ �ÏÓÔÒÏÉÍ×ÅÒÏÑÔÎÏÓÔÎÙÅ �ÒÅÄÓÔÁ×ÌÅÎÉÑ É ×ÅÒÏÑÔÎÏÓÔÎÙÅ Á��ÒÏËÓÉÍÁ�ÉÉ ÒÅÛÅ-ÎÉÑ ÚÁÄÁÞÉ ëÏÛÉ ÄÌÑ Ü×ÏÌÀ�ÉÏÎÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ Ó Ï�ÅÒÁÔÏÒÏÍ ÄÉÆÆÅ-ÒÅÎ�ÉÒÏ×ÁÎÉÑ �ÏÒÑÄËÁ m > 2 ×ÉÄÁ�u�t = 
mm! �mu�mx ; u(0; x) = '(x); (6)ÇÄÅ 
m = {
±1; m = 2k + 1;(−1)k+1; m = 2k:ïÔÍÅÔÉÍ, ÞÔÏ ÄÌÑ ÒÁÚÌÉÞÎÙÈ ÚÎÁÞÅÎÉÊ m �ÒÉÍÅÎÑÅÍÙÅ ÍÅÔÏÄÙ ÍÏ-ÇÕÔ ÓÕÝÅÓÔ×ÅÎÎÏ ÏÔÌÉÞÁÔØÓÑ. íÙ ×ÙÄÅÌÑÅÍ ÞÅÔÙÒÅ ËÌÁÓÓÁ (k ∈ N):m = 4k−1, m = 4k, m = 4k+1, m = 4k+2. ÷ÎÕÔÒÉ ÏÄÎÏÇÏ ËÌÁÓÓÁ �ÒÉ-ÍÅÎÑÅÍÙÅ ÍÅÔÏÄÙ ÓÏ×ÅÒÛÅÎÎÏ ÁÎÁÌÏÇÉÞÎÙ. óÌÕÞÁÊ, ÎÁÉÂÏÌÅÅ ÂÌÉÚËÉÊË ÕÒÁ×ÎÅÎÉÀ ÔÅ�ÌÏ�ÒÏ×ÏÄÎÏÓÔÉ, ÏÔ×ÅÞÁÅÔ m = 4k+2. éÍÅÎÎÏ Ó ÜÔÏÇÏÓÌÕÞÁÑ ÍÙ É ÎÁÞÎÅÍ.ïÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙ ÄÁÎÎÏÊ ÒÁÂÏÔÙ ÓÏÄÅÒÖÁÔÓÑ × ÔÅÏÒÅÍÁÈ 1, 2,3, 4.

§2. ïÂÏÚÎÁÞÅÎÉÑëÏÎÓÔÁÎÔÙ ÍÙ ×ÓÅÇÄÁ ÏÂÏÚÎÁÞÁÅÍ ÂÕË×ÏÊ C, �ÒÉÞÅÍ ÏÄÎÁ É ÔÁ ÖÅÂÕË×Á C ÍÏÖÅÔ ÏÂÏÚÎÁÞÁÔØ ÒÁÚÎÙÅ ËÏÎÓÔÁÎÔÙ, ÄÁÖÅ × �ÒÅÄÅÌÁÈ ÏÄÎÏÊ×ÙËÌÁÄËÉ.ðÒÑÍÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ Ï�ÒÅÄÅÌÑÅÔÓÑ ËÁË'̂(p) = +∞∫

−∞

'(x) eipx dx; (7)Á, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÏÂÒÁÔÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ ËÁË'(x) = 12� +∞∫

−∞

'̂(p) e−ipx dp:



÷åòïñ�îïó�îïå ðòåäó�á÷ìåîéå... 223äÌÑ ÌÀÂÏÇÏ M > 0 ÞÅÒÅÚ PM ÏÂÏÚÎÁÞÉÍ �ÒÏÅËÔÏÒ × L2(R) ÎÁ �ÏÄ-�ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË�ÉÊ, ÔÁËÉÈ ÞÔÏ ÎÏÓÉÔÅÌØ ÆÕÎË�ÉÉ  ̂ ÓÏÄÅÒÖÉÔÓÑ ×ÏÔÒÅÚËÅ [−M;M ℄. éÍÅÎÎÏ, ÄÌÑ  ∈ L2(R) ÉÍÅÅÍPM (x) =  ∗DM (x) = 12� M∫
−M ̂(p) e−ipxdp; (8)ÇÄÅ  ̂ { �ÒÑÍÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÆÕÎË�ÉÉ  , Á DM { ÑÄÒÏ äÉ-ÒÉÈÌÅ DM (x) = 1� sinMxx :þÅÒÅÚ W k2 (R) ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÓÏÂÏÌÅ×ÓËÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË-�ÉÊ, Ï�ÒÅÄÅÌÅÎÎÙÈ ÎÁ R É ÉÍÅÀÝÉÈ Ë×ÁÄÒÁÔÉÞÎÏ ÓÕÍÍÉÒÕÅÍÙÅ ÏÂÏÂ-ÝÅÎÎÙÅ �ÒÏÉÚ×ÏÄÎÙÅ ÄÏ �ÏÒÑÄËÁ k ×ËÌÀÞÉÔÅÌØÎÏ. ÷ �ÒÏÓÔÒÁÎÓÔ×ÅW k2 (R) ×ÙÂÅÒÅÍ ÎÏÒÍÕ (ÜË×É×ÁÌÅÎÔÎÕÀ ÓÔÁÎÄÁÒÔÎÏÊ)

‖ ‖2Wk2 (R) = ∫R (1 + |p|2k)| ̂(p)|2 dp:äÌÑ ÏÇÒÁÎÉÞÅÎÎÏÇÏ Ï�ÅÒÁÔÏÒÁ A :W k2 (R) →W l2(R) ÞÅÒÅÚ
‖A‖Wk2 →W l2ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÕÀ Ï�ÅÒÁÔÏÒÎÕÀ ÎÏÒÍÕ.þÅÒÅÚ C∞b (R) ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÍÎÏÖÅÓÔ×Ï ÂÅÓËÏÎÅÞÎÏ ÄÉÆÆÅÒÅÎ-�ÉÒÕÅÍÙÈ ÆÕÎË�ÉÊ Ó ÏÇÒÁÎÉÞÅÎÎÙÍÉ �ÒÏÉÚ×ÏÄÎÙÍÉ ÌÀÂÏÇÏ �ÏÒÑÄËÁ.äÁÌÅÅ, ÎÁ�ÏÍÎÉÍ Ï�ÒÅÄÅÌÅÎÉÅ ËÌÁÓÓÏ× èÁÒÄÉ H2+ É H2

−. æÕÎË�ÉÑ F ,ÁÎÁÌÉÔÉÞÅÓËÁÑ × ×ÅÒÈÎÅÊ (ÎÉÖÎÅÊ) �ÏÌÕ�ÌÏÓËÏÓÔÉ ËÏÍ�ÌÅËÓÎÏÊ �ÌÏÓ-ËÏÓÔÉ �ÒÉÎÁÄÌÅÖÉÔ ËÌÁÓÓÕH2+ (ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ,H2
−), ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔËÏÎÓÔÁÎÔÁ C, C <∞, ÔÁËÁÑ ÞÔÏ+∞∫

−∞

|F (x+ iy) |2 dx 6 C;�ÒÉ ×ÓÅÈ y > 0 (y < 0). èÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÅÓÌÉ F (t) ∈ L2(R){ ÆÕÎË�ÉÑ, Ñ×ÌÑÀÝÁÑÓÑ ÇÒÁÎÉÞÎÙÍ ÚÎÁÞÅÎÉÅÍ ÆÕÎË�ÉÉ ÉÚ H2+ (ÉÌÉH2
−), ÔÏ F̂ (�) = 0 �ÒÉ �ÏÞÔÉ ×ÓÅÈ � > 0 (� 6 0). ëÒÏÍÅ ÔÏÇÏ, ×ÅÒÎÏ ÉÏÂÒÁÔÎÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ. åÓÌÉ � ∈ L2(R) É �(�) = 0 �ÏÞÔÉ ×ÓÀÄÕ �ÒÉ� > 0 (� 6 0 ), ÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÆÕÎË�ÉÑ F ÉÚ H2+ (ÉÌÉ H2

−), ÄÌÑ ËÏÔÏÒÏÊF̂ (�) = �(�) .



224 í. ÷. ðìá�ïîï÷á
§3. óÌÕÞÁÊ m = 4k + 2òÁÓÓÍÏÔÒÉÍ ÕÒÁ×ÎÅÎÉÅ �u�t = 1m! �mu�mx : (9)äÌÑ ÕÒÁ×ÎÅÎÉÑ (9) ÒÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕ ëÏÛÉu(0; x) = '(x): (10)ðÕÓÔØ �(dt; dx) { �ÕÁÓÓÏÎÏ×ÓËÁÑ ÓÌÕÞÁÊÎÁÑ ÍÅÒÁ ÎÁ [0; T ℄ × R+ ÓÉÎÔÅÎÓÉ×ÎÏÓÔØÀ E �(dt; dx) = dt�(dx) = dt dxx1+m : (11)äÌÑ " > 0 ÞÅÒÅÚ �"(t), t ∈ [0; T ℄ ÍÙ ÏÂÏÚÎÁÞÉÍ ÓÌÕÞÁÊÎÙÊ �ÒÏ�ÅÓÓ,ÚÁÄÁÎÎÙÊ ÓÔÏÈÁÓÔÉÞÅÓËÉÍ ÉÎÔÅÇÒÁÌÏÍ �Ï ÍÅÒÅ �, ×ÉÄÁ�"(t) = ∫∫[0;t℄×[";e"℄x �(ds; dx); (12)ÇÄÅ e { ÏÓÎÏ×ÁÎÉÅ ÎÁÔÕÒÁÌØÎÏÇÏ ÌÏÇÁÒÉÆÍÁ. úÁÍÅÔÉÍ, ÞÔÏ ÔÁËÏÊ ×Ù-ÂÏÒ ÉÎÔÅÒ×ÁÌÁ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ÏÂÅÓ�ÅÞÉ×ÁÅÔ ÎÁÍ ×Ù�ÏÌÎÅÎÉÅ ÓÏÏÔÎÏ-ÛÅÎÉÑ e"∫" xm dxx1+m = 1:ðÏ ÔÅÏÒÅÍÅ ëÜÍ�ÂÅÌÌÁ (ÓÍ. [3℄) ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ ÓÌÕ-ÞÁÊÎÏÊ ×ÅÌÉÞÉÎÙ �"(t) ÄÌÑ ÌÀÂÏÇÏ t ÒÁ×ÎÁE exp (ip�"(t)) = exp(t e"∫" (eipx − 1) dxx1+m):ïÔÍÅÔÉÍ, ÞÔÏ ÄÌÑ ËÁÖÄÏÇÏ " > 0 �ÒÏ�ÅÓÓ �"(t) Ñ×ÌÑÅÔÓÑ ÓÌÏÖÎÙÍ�ÕÁÓÓÏÎÏ×ÓËÉÍ �ÒÏ�ÅÓÓÏÍ, ÎÏ �ÒÉ ÔÁËÏÍ ×ÙÂÏÒÅ m É t > 0 Õ ÓÅÍÅÊÓÔ×ÁÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ �"(t) ÎÅ ÓÕÝÅÓÔ×ÕÅÔ �ÒÅÄÅÌÁ �ÒÉ "→ 0. �ÅÍ ÎÅ ÍÅ-ÎÅÅ, �ÒÏ�ÅÓÓ �"(t) ÍÏÖÅÔ ÂÙÔØ ÉÓ�ÏÌØÚÏ×ÁÎ ÄÌÑ �ÒÅÄÓÔÁ×ÌÅÎÉÑ ÒÅÛÅÎÉÑÚÁÄÁÞÉ ëÏÛÉ (9), (10).äÌÑ " > 0 Ï�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ u"(t; x)u"(t; x) = E[(' ∗ !t")(x − �"(t))]; (13)



÷åòïñ�îïó�îïå ðòåäó�á÷ìåîéå... 225ÇÄÅ ÆÕÎË�ÉÑ !t"(x) Ï�ÒÅÄÅÌÑÅÔÓÑ Ó×ÏÉÍ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅÍ æÕÒØÅ!̂t"(p) = exp(
− t e"∫" (m−1∑k=1 (ipy)kk! ) dyy1+m): (14)úÁÍÅÔÉÍ, ÞÔÏ ÆÕÎË�ÉÑ !̂t"(p) Ñ×ÌÑÅÔÓÑ ÂÙÓÔÒÏ ÕÂÙ×ÁÀÝÅÊ.ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.�ÅÏÒÅÍÁ 1. ðÕÓÔØ ' ∈ W l+m+12 (R), l > 0, u(t; x) { ÒÅÛÅÎÉÅ ÚÁÄÁ-ÞÉ ëÏÛÉ (9), (10), Á ÆÕÎË�ÉÑ u"(t; x) ÚÁÄÁÅÔÓÑ ÆÏÒÍÕÌÏÊ (13). �ÏÇÄÁÓÕÝÅÓÔ×ÕÅÔ �ÏÌÏÖÉÔÅÌØÎÁÑ ËÏÎÓÔÁÎÔÁ C = C(m), ÔÁËÁÑ ÞÔÏ Ó�ÒÁ-×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

‖u"(t; ·)− u(t; ·)‖W l2(R) 6 Ct"‖'‖W l+m+12 (R):äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÕÔ×ÅÒÖÄÅÎÉÑ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÉÚ-×ÅÓÔÎÏÊ ÆÏÒÍÕÌÏÊ ÔÅÏÒÉÉ ×ÏÚÍÕÝÅÎÉÊ. éÍÅÎÎÏ, �ÕÓÔØ A { Ï�ÅÒÁÔÏÒ× ÎÅËÏÔÏÒÏÍ ÇÉÌØÂÅÒÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å, ÔÁËÏÊ ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÏÇÒÁ-ÎÉÞÅÎÎÁÑ (t > 0) Ï�ÅÒÁÔÏÒÎÁÑ �ÏÌÕÇÒÕ��ÁUA(t) = etA:ðÕÓÔØ B { ÎÅËÏÔÏÒÏÅ ×ÏÚÍÕÝÅÎÉÅ Ï�ÅÒÁÔÏÒÁ A, ÔÁËÏÅ ÞÔÏ �ÏÌÕÇÒÕ��ÁUA+B(t) = et(A+B)ÔÁËÖÅ ÏÇÒÁÎÉÞÅÎÁ. �ÏÇÄÁ Ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï (ÓÍ. [2℄,ÇÌ. IX, §2, �. 1, Ó. 614)et(A+B) − etA = t∫0 e�(A+B)Be(t−�)Ad�: (15)ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒ A", �ÏÌÁÇÁÑ ÄÌÑ  ∈ C∞b (R)A" (x) = e"∫" ( (x− y)− m−1∑k=0  (k)(x) · (−y)kk! ) dyy1+m :ðÏÌÏÖÉÍ ÔÅ�ÅÒØ × (15)A = A"; B = 1m! �m�mx −A":�ÏÇÄÁ A+B = 1m! �m�mx .



226 í. ÷. ðìá�ïîï÷áúÁÍÅÔÉÍ, ÞÔÏ Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï
‖et(A+B)‖Wk2 →Wk2 6 1: (16)÷ÙÞÉÓÌÉÍ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÆÕÎË�ÉÉ B'. ðÏÌÕÞÉÍB̂'(p) = (−ip)mm! '̂(p)− '̂(p) e"∫" ( exp(ipy)− m−1∑k=0 (ipy)kk! ) dyy1+m= −'̂(p) e"∫" ( exp(ipy)− m∑k=0 (ipy)kk! ) dyy1+m :ðÒÉ |p| 6 1e" Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

|B̂'(p)| 6 C"|'̂(p)||p|m+1; (17)Á �ÒÉ |p| > 1e" { ÎÅÒÁ×ÅÎÓÔ×Ï
|B̂'(p)| 6 C|'̂(p)||p|m: (18)ó ÕÞÅÔÏÍ (17) É (18) ÉÍÅÅÍ

‖B̂'‖2W l2 = +∞∫

−∞

(1 + |p|2l)∣∣B̂'(p)∣∣2 dp
6

∫

|p|6 1e" C"2(1 + |p|2(l+m+1))∣∣'̂(p)∣∣2dp+ ∫

|p|> 1e" C(1 + |p|2(l+m))∣∣'̂(p)∣∣2dp
6 C"2‖'‖2W l+m+12 : (19)ï�ÅÎÉÍ ÔÅ�ÅÒØ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÆÕÎË�ÉÉ etA'(x). éÍÅÅÍêtA'(p) = '̂(p) exp(t e"∫" ( exp(ipy)− m−1∑k=0 (ipy)kk! ) dyy1+m):ìÅÇËÏ �ÏËÁÚÁÔØ, ÞÔÏ ÄÌÑ ×ÓÅÈ z ∈ R Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×ÏRe( exp(iz)− m−1∑k=0 (iz)kk! ) = 
os z − 1 + z22! − · · · −

z4k(4k)! 6 0:
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‖etA‖Wk2 →Wk2 6 1: (20)õÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ ÓÌÅÄÕÅÔ ÔÅ�ÅÒØ ÉÚ (16), (19) É (20). �éÔÁË, ÍÙ �ÏËÁÚÁÌÉ, ÞÔÏ ÅÓÌÉ ÎÁÞÁÌØÎÁÑ ÆÕÎË�ÉÑ ' �ÒÉÎÁÄÌÅÖÉÔËÌÁÓÓÕ W l+m+12 (R) �ÒÉ ÎÅËÏÔÏÒÏÍ l > 0, ÔÏ ÆÕÎË�ÉÑ u"(t; x) �Ï ÎÏÒÍÅ�ÒÏÓÔÒÁÎÓÔ×ÁW l2(R) �ÒÉÂÌÉÖÁÅÔ ÒÅÛÅÎÉÅ u(t; x) ÚÁÄÁÞÉ ëÏÛÉ (9), (10).�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÌÑ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ ëÏÛÉ (9), (10) �ÒÉ m = 4k +2ÍÙ �ÏÌÕÞÉÌÉ ÓÌÅÄÕÀÝÅÅ ×ÅÒÏÑÔÎÏÓÔÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅu(t; x) = lim"→0E[(' ∗ !t")(x− �"(t))℄:

§4. óÌÕÞÁÊ m = 4k + 1òÁÓÓÍÏÔÒÉÍ ÕÒÁ×ÎÅÎÉÅ �u�t = ±
1m! �mu�mx: (21)äÌÑ ÕÒÁ×ÎÅÎÉÑ (21) ÒÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕ ëÏÛÉ (10).ëÁË É ÒÁÎØÛÅ, ÞÅÒÅÚ �"(t), t ∈ [0; T ℄ ÍÙ ÏÂÏÚÎÁÞÁÅÍ ÓÌÕÞÁÊÎÙÊ �ÒÏ-�ÅÓÓ, Ï�ÒÅÄÅÌÑÅÍÙÊ ÆÏÒÍÕÌÏÊ (12).äÌÑ " > 0 Ï�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ u±" (t; x)u±" (t; x) = E[(' ∗ !±;t" )(x± �"(t))]; (22)ÇÄÅ ÆÕÎË�ÉÉ !±;t" (x) Ï�ÒÅÄÅÌÑÀÔÓÑ Ó×ÏÉÍÉ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑÍÉ æÕÒØÅ!̂±;t" (p) = exp(

− t e"∫" (m−1∑k=1 (∓ipy)kk! ) dyy1+m): (23)úÁÍÅÔÉÍ, ÞÔÏ ÆÕÎË�ÉÉ !̂±;t" (p) Ñ×ÌÑÀÔÓÑ ÂÙÓÔÒÏ ÕÂÙ×ÁÀÝÉÍÉ.æÕÎË�ÉÑ u+" (t; x) Á��ÒÏËÓÉÍÉÒÕÅÔ ÒÅÛÅÎÉÅ u+(t; x) ÚÁÄÁÞÉ ëÏÛÉ(21), (10) ÓÏ ÚÎÁËÏÍ "�ÌÀÓ", Á ÆÕÎË�ÉÑ u−" (t; x) Á��ÒÏËÓÉÍÉÒÕÅÔ ÒÅÛÅ-ÎÉÅ u−(t; x) ÚÁÄÁÞÉ ëÏÛÉ (21), (10) ÓÏ ÚÎÁËÏÍ \ÍÉÎÕÓ".ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.�ÅÏÒÅÍÁ 2. ðÕÓÔØ ' ∈ W l+m+12 (R), l > 0, u±(t; x) { ÒÅÛÅÎÉÑ ÚÁÄÁÞÉëÏÛÉ (21), (10), Á ÆÕÎË�ÉÉ u±" (t; x) Ï�ÒÅÄÅÌÑÀÔÓÑ (22). �ÏÇÄÁ ÓÕÝÅ-ÓÔ×ÕÅÔ �ÏÌÏÖÉÔÅÌØÎÁÑ ËÏÎÓÔÁÎÔÁ C = C(m), ÔÁËÁÑ ÞÔÏ Ó�ÒÁ×ÅÄ-ÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï
‖u±" (t; ·)− u±(t; ·)‖W l2(R) 6 Ct"‖'‖W l+m+12 (R):



228 í. ÷. ðìá�ïîï÷áäÏËÁÚÁÔÅÌØÓÔ×Ï. âÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÔÏÌØËÏ ÕÒÁ×ÎÅÎÉÅ (21) ÓÏ ÚÎÁ-ËÏÍ ÍÉÎÕÓ. ðÒÉ ÜÔÏÍ ×ÍÅÓÔÏ u−" (t; x) É u−(t; x) ÂÕÄÅÍ �ÉÓÁÔØ �ÒÏÓÔÏu"(t; x) É u(t; x).ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒ A", �ÏÌÁÇÁÑ ÄÌÑ  ∈ C∞b (R)A" (x) = e"∫" ( (x− y)− m−1∑k=0  (k)(x) · (−y)kk! ) dyy1+m :óÎÏ×Á ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÆÏÒÍÕÌÏÊ (15). ðÏÌÏÖÉÍ × (15)A = A"; B = −
1m! �m�mx −A":�ÏÇÄÁ A+B = − 1m! �m�mx .úÁÍÅÔÉÍ, ÞÔÏ Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

‖et(A+B)‖Wk2 →Wk2 6 1: (24)÷ÙÞÉÓÌÉÍ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÆÕÎË�ÉÉ B'. ðÏÌÕÞÉÍB̂'(p) = −
(−ip)mm! '̂(p)− '̂(p) e"∫" ( exp(ipy)− m−1∑k=0 (ipy)kk! ) dyy1+m= −'̂(p) e"∫" ( exp(ipy)− m∑k=0 (ipy)kk! ) dyy1+m :ðÒÉ |p| 6 1e" Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

|B̂'(p)| 6 C"|'̂(p)||p|m+1; (25)Á �ÒÉ |p| > 1e" { ÎÅÒÁ×ÅÎÓÔ×Ï
|B̂'(p)| 6 C|'̂(p)||p|m: (26)
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‖B̂'‖2W l2 = +∞∫

−∞

(1 + |p|2l)|B̂'(p)|2dp
6

∫

|p|6 1e" C"2(1 + |p|2(l+m+1))|'̂(p)|2dp+ ∫

|p|> 1e" C(1 + |p|2(l+m))|'̂(p)|2dp
6 C"2‖'‖2W l+m+12 : (27)�ÁË ÖÅ ËÁË ÜÔÏ ÂÙÌÏ ÓÄÅÌÁÎÏ �ÒÉ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÔÅÏÒÅÍÙ 1, ÍÏÖÎÏ�ÏËÁÚÁÔØ, ÞÔÏ Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

‖etA‖Wk2 →Wk2 6 1: (28)õÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ ÓÌÅÄÕÅÔ ÉÚ (24), (27) É (28). �

§5. óÌÕÞÁÊ m = 4kòÁÓÓÍÏÔÒÉÍ ÕÒÁ×ÎÅÎÉÅ �u�t = −
1m! �mu�mx: (29)äÌÑ ÕÒÁ×ÎÅÎÉÑ (29) ÒÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕ ëÏÛÉ (10).ïÔÍÅÔÉÍ, ÞÔÏ × ÄÁÎÎÏÍ ÓÌÕÞÁÅ �ÒÅÄÌÏÖÅÎÎÙÊ ×ÙÛÅ ÍÅÔÏÄ ÎÅ ÒÁÂÏ-ÔÁÅÔ, ÔÁË ËÁË ÄÌÑ ÔÁËÉÈ ÚÎÁÞÅÎÉÊm ÆÕÎË�ÉÑ (14) Ó×ÅÒÈÜËÓ�ÏÎÅÎ�ÉÁÌØ-ÎÏ ×ÏÚÒÁÓÔÁÅÔ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ É, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÄÌÑ ÎÅÅ ÎÅ Ï�ÒÅ-ÄÅÌÅÎÏ ÏÂÒÁÔÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ. óÌÅÄÕÑ [6℄, ÄÌÑ �ÏÓÔÒÏÅÎÉÑ×ÅÒÏÑÔÎÏÓÔÎÏÇÏ �ÒÅÄÓÔÁ×ÌÅÎÉÑ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ ëÏÛÉ ÍÙ �ÒÉ×ÌÅÞÅÍÎÅËÏÔÏÒÙÅ ÉÄÅÉ ËÏÍ�ÌÅËÓÎÏÇÏ ÁÎÁÌÉÚÁ.ðÕÓÔØ �"(t), t ∈ [0; T ℄, { ÓÌÕÞÁÊÎÙÊ �ÒÏ�ÅÓÓ, Ï�ÒÅÄÅÌÅÎÎÙÊ ÆÏÒÍÕÌÏÊ(12), Á � { ËÏÍ�ÌÅËÓÎÁÑ ËÏÎÓÔÁÎÔÁ. ðÏ ÔÅÏÒÅÍÅ ëÜÍ�ÂÅÌÌÁ (ÓÍ. [3℄)ÉÍÅÅÍ E exp(ip��"(t)) = exp(t e"∫" (ei�px − 1) dxxm+1 ):úÁÍÅÔÉÍ, ÞÔÏ ÉÎÔÅÇÒÁÌ ÓÈÏÄÉÔÓÑ, ÅÓÌÉ p > 0 É Im� > 0 ÉÌÉ p 6 0 ÉIm� 6 0:



230 í. ÷. ðìá�ïîï÷áþÅÒÅÚ P± ÏÂÏÚÎÁÞÉÍ �ÒÏÅËÔÏÒÙ òÉÓÓÁ, ÄÅÊÓÔ×ÕÀÝÉÅ ÉÚ L2(R) ÎÁ�ÒÏÓÔÒÁÎÓÔ×Á èÁÒÄÉ H2
±. äÌÑ ÌÀÂÏÊ ÆÕÎË�ÉÉ ' ∈ L2(R) Ó�ÒÁ×ÅÄÌÉ×Ï�ÒÅÄÓÔÁ×ÌÅÎÉÅ'(x) = P+'(x) + P−'(x) = '+(x) + '−(x);ÇÄÅ '+(x) = 12� 0∫

−∞

e−ipx'̂(p) dp;'−(x) = 12� +∞∫0 e−ipx'̂(p) dp:úÁÍÅÔÉÍ, ÞÔÏ P+' { ÁÎÁÌÉÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ × ×ÅÒÈÎÅÊ �ÏÌÕ�ÌÏÓËÏ-ÓÔÉ, Á P−' { ÁÎÁÌÉÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ × ÎÉÖÎÅÊ.÷ÏÚØÍÅÍ Ä×Á ËÏÍ�ÌÅËÓÎÙÈ ÞÉÓÌÁ �+ = exp( i�m ) É �− = exp(− i�m ).úÁÍÅÔÉÍ, ÞÔÏ �+ ÌÅÖÉÔ × ×ÅÒÈÎÅÊ �ÏÌÕ�ÌÏÓËÏÓÔÉ, �− ÌÅÖÉÔ × ÎÉÖÎÅÊ�ÏÌÕ�ÌÏÓËÏÓÔÉ É, ËÒÏÍÅ ÔÏÇÏ, �m+ = �m− = −1. ÷ÍÅÓÔÏ ÏÄÎÏÇÏ ÓÌÕÞÁÊ-ÎÏÇÏ �ÒÏ�ÅÓÓÁ �"(t) ÍÙ ÔÅ�ÅÒØ ÒÁÓÓÍÏÔÒÉÍ Ä×Á ËÏÍ�ÌÅËÓÎÙÈ �ÒÏ�ÅÓÓÁ�+�"(t) É �−�"(t).äÁÌÅÅ, ÓÎÁÞÁÌÁ ÍÙ �Ï ÎÁÞÁÌØÎÏÍÕ ÄÁÎÎÏÍÕ ' �ÏÓÔÒÏÉÍ ÎÏ×ÕÀ ÆÕÎË-�ÉÀ 'M , �ÏÌÁÇÁÑ'M = PM'. æÕÎË�ÉÑ 'M ÕÖÅ ÂÕÄÅÔ �ÅÌÏÊ ÁÎÁÌÉÔÉÞÅ-ÓËÏÊ ÆÕÎË�ÉÅÊ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÏÇÏ ÔÉ�Á. þÉÓÌÏM ÍÙ ÂÕÄÅÍ ×ÙÂÉÒÁÔØ× ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ", Á ÉÍÅÎÎÏ: M =M(") = (e")−1.éÍÅÅÍ 'M = '+M + '−M :æÕÎË�ÉÑ '+M ÉÍÅÅÔ ÏÇÒÁÎÉÞÅÎÎÏÅ ÁÎÁÌÉÔÉÞÅÓËÏÅ �ÒÏÄÏÌÖÅÎÉÅ × ×ÅÒÈ-ÎÀÀ �ÏÌÕ�ÌÏÓËÏÓÔØ, Á ÆÕÎË�ÉÑ '−M { × ÎÉÖÎÀÀ. óÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ×ÆÕÎË�ÉÀ '−M ÍÙ ÂÕÄÅÍ �ÏÄÓÔÁ×ÌÑÔØ �ÒÏ�ÅÓÓ �+�"(t), Á × ÆÕÎË�ÉÀ '+M{ �ÒÏ�ÅÓÓ �−�"(t).éÔÁË, ÄÌÑ " > 0 Ï�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ u"(t; x)u"(t; x) = E[('−M ∗ !t")(x− �+�"(t)) + ('+M ∗ !t")(x− �−�"(t))]; (30)ÇÄÅ ÆÕÎË�ÉÑ !t"(x) Ï�ÒÅÄÅÌÑÅÔÓÑ Ó×ÏÉÍ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅÍ æÕÒØÅ!̂t"(p) = 



exp(
− t e"∫" (m−1∑k=1 (ip)k�k+xkk! ) dxxm+1); p > 0;exp(
− t e"∫" (m−1∑k=1 (ip)k�k−xkk! ) dxxm+1); p < 0: (31)



÷åòïñ�îïó�îïå ðòåäó�á÷ìåîéå... 231�ÁË ËÁË P−' { ÁÎÁÌÉÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ × ÎÉÖÎÅÊ �ÏÌÕ�ÌÏÓËÏÓÔÉ,Á ÆÕÎË�ÉÑ P+' ÁÎÁÌÉÔÉÞÎÁ × ×ÅÒÈÎÅÊ �ÏÌÕ�ÌÏÓËÏÓÔÉ, ÔÏ ÆÕÎË�ÉÑu"(t; x) ËÏÒÒÅËÔÎÏ Ï�ÒÅÄÅÌÅÎÁ. úÁÍÅÔÉÍ ÔÁËÖÅ, ÞÔÏ �ÒÉ ÔÁËÏÍ ×ÙÂÏÒÅ�± É m ÆÕÎË�ÉÑ !̂t"(p) Ñ×ÌÑÅÔÓÑ ÂÙÓÔÒÏ ÕÂÙ×ÁÀÝÅÊ.ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.�ÅÏÒÅÍÁ 3. ðÕÓÔØ ' ∈ W l+m+12 (R), l > 0, M(") = (e")−1, u(t; x){ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ ëÏÛÉ (29), (10), Á ÆÕÎË�ÉÑ u"(t; x) Ï�ÒÅÄÅÌÑÅÔÓÑÆÏÒÍÕÌÏÊ (30). �ÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ �ÏÌÏÖÉÔÅÌØÎÁÑ ËÏÎÓÔÁÎÔÁ C =C(m), ÔÁËÁÑ ÞÔÏ Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï
‖u"(t; ·)− u(t; ·)‖W l2(R) 6 C(t+ "m)"‖'‖W l+m+12 (R):äÏËÁÚÁÔÅÌØÓÔ×Ï. ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒÙA±" , �ÏÌÁÇÁÑ ÄÌÑ  ∈ C∞b (R)A±"  (x) = e"∫" ( ±(x− �∓y)− m−1∑k=0 ( ±)(k)(x) · (−�∓y)kk! ) dyym+1 :÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÑ ÄÌÑ ÎÅËÏÔÏÒÙÈ Ï�ÅÒÁÔÏÒÏ×. ðÕÓÔØA± = A±" ; B± = −

1m! �m�mxP± −A±" :�ÏÇÄÁ A± +B± = − 1m! �m�mxP±.úÁÍÅÔÉÍ, ÞÔÏ ÉÚ ÕÓÌÏ×ÉÑ m = 4k ÓÌÅÄÕÅÔ Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÎÅÒÁ×ÅÎ-ÓÔ×Á
‖et(A±+B±)P±‖Wk2 →Wk2 6 1:äÁÌÅÅ, �ÒÅÄÓÔÁ×ÉÍetA±PM'±(x)− et(A±+B±)'±(x) = (etA±

− et(A±+B±))PM'±(x)
− et(A±+B±)(I − PM )'±(x) = V ±1 + V ±2 :äÌÑ Ï�ÅÎËÉ ÎÏÒÍÙ ÓÌÁÇÁÅÍÏÇÏ V −1 ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÆÏÒÍÕÌÏÊ (15) ÓA = A− É B = B−, Á ÄÌÑ Ï�ÅÎËÉ ÎÏÒÍÙ ÓÌÁÇÁÅÍÏÇÏ V +1 ×ÏÓ�ÏÌØÚÕÅÍÓÑÆÏÒÍÕÌÏÊ (15) Ó A = A+ É B = B+. ï�ÅÎÉÍ ÔÏÌØËÏ ÎÏÒÍÕ ÓÌÁÇÁÅÍÏÇÏV −1 , ÎÏÒÍÁ ÓÌÁÇÁÅÍÏÇÏ V +1 Ï�ÅÎÉ×ÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ.



232 í. ÷. ðìá�ïîï÷á÷ÙÞÉÓÌÉÍ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÆÕÎË�ÉÉ B−'M (x). éÍÅÅÍB̂−'M (p) = −
(−ip)mm! '̂−M (p)

− '̂−M (p) e"∫" ( exp(ip�+y)− m−1∑k=0 (ip�+y)kk! ) dyym+1= −'̂−M (p) e"∫" ( exp(ip�+y)− m∑k=0 (ip�+y)kk! ) dyym+1 :éÚ �ÏÓÌÅÄÎÅÊ ÆÏÒÍÕÌÙ ÓÌÅÄÕÅÔ Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ Ï�ÅÎËÉ
|B̂−'M (p)| 6 C"|'̂−M (p)||p|m+1: (32)äÁÌÅÅ, ÉÍÅÅÍ

‖ ̂B−PM'−‖2W l2 = ∫

|p|<M dp(1 + |p|2l)∣∣B̂−'−(p)∣∣2 6 C"2‖'−‖2W l+m+12 :ïÓÔÁÌÏÓØ Ï�ÅÎÉÔØ
̂etA−PM'−(p) = '̂−M (p)

× exp(t e"∫" ( exp(ip�+y)− m−1∑k=0 (ip�+y)kk! ) dyym+1): (33)÷ÏÓ�ÏÌØÚÕÅÍÓÑ ÓÌÅÄÕÀÝÅÊ ÜÌÅÍÅÎÔÁÒÎÏÊ ÌÅÍÍÏÊ.ìÅÍÍÁ 1. ðÕÓÔØ m = 4k − 1 ÉÌÉ m = 4k. �ÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ z > 0Ó�ÒÁ×ÅÄÌÉ×Ù ÎÅÒÁ×ÅÎÓÔ×Á1. Re( exp(iz�+)− m−1∑k=0 (iz�+)kk! )
6 0,2. Re( exp(−iz�−)− m−1∑k=0 (−iz�−)kk! )

6 0.éÚ (33) É ÌÅÍÍÙ 1 ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï
‖etA−PM‖Wk2 →Wk2 6 1:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏËÁÚÁÌÉ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ËÏÎÓÔÁÎÔÁ C, ÔÁËÁÑ ÞÔÏ

‖V −1 ‖2W l2 6 Ct2"2‖'−‖2W l+m+12 : (34)



÷åòïñ�îïó�îïå ðòåäó�á÷ìåîéå... 233áÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ ÍÏÖÅÔ ÂÙÔØ �ÏÌÕÞÅÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï
‖V +1 ‖2W l2 6 Ct2"2‖'+‖2W l+m+12 : (35)úÁ×ÅÒÛÁÅÔ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

‖V ±2 ‖2W l2 6

∫

|p|>M(1 + |p|2l)|'̂±(p)|2dp:
6

1M2(m+1) ∫

|p|>M(1 + |p|2(l+m+1))|'̂±(p)|2dp
6

1M2(m+1) ‖'‖2W l+m+12 6 C"2(m+1)‖'‖2W l+m+12 : (36)õÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ ÓÌÅÄÕÅÔ ÔÅ�ÅÒØ ÉÚ ÆÏÒÍÕÌ (34){(36). �

§6. óÌÕÞÁÊ m = 4k − 1íÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ ÚÁÄÁÞÕ ëÏÛÉ (21); (10).ëÁË É ÒÁÎØÛÅ, ÞÅÒÅÚ �"(t), t ∈ [0; T ℄, ÍÙ ÏÂÏÚÎÁÞÁÅÍ ÓÌÕÞÁÊÎÙÊ �ÒÏ-�ÅÓÓ, Ï�ÒÅÄÅÌÅÎÎÙÊ ÆÏÒÍÕÌÏÊ (12).óÎÏ×Á ×ÏÚØÍÅÍ Ä×Á ËÏÍ�ÌÅËÓÎÙÈ ÞÉÓÌÁ �+ = exp( i�m ) É �− = exp(− i�m )ÉÚ ×ÅÒÈÎÅÊ É ÎÉÖÎÅÊ �ÏÌÕ�ÌÏÓËÏÓÔÉ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ. ñÓÎÏ, ÞÔÏ �m+ =�m− = −1.ï�ÉÛÅÍ ÓÎÁÞÁÌÁ �ÒÉÂÌÉÖÁÀÝÕÀ ÆÕÎË�ÉÀ ÄÌÑ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ ëÏ-ÛÉ (21); (10) Ó Ï�ÅÒÁÔÏÒÏÍ ÓÏ ÚÎÁËÏÍ \�ÌÀÓ". äÌÑ " > 0 Ï�ÒÅÄÅÌÉÍÆÕÎË�ÉÀ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ u+" (t; x), �ÏÌÁÇÁÑu+" (t; x) = E['−M ∗ !t")(x − �+�"(t)) + ('+M ∗ !t")(x − �−�"(t))]; (37)ÇÄÅ ÆÕÎË�ÉÑ !t"(x) Ï�ÒÅÄÅÌÑÅÔÓÑ Ó×ÏÉÍ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅÍ æÕÒØÅ!̂t"(p) = 



exp(
− te"∫" (m−1∑k=1 (ip)k�k+xkk! ) dxxm+1); p > 0;exp(
− te"∫" (m−1∑k=1 (ip)k�k−xkk! ) dxxm+1); p < 0: (38)�ÁË ËÁË P−' { ÁÎÁÌÉÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ × ÎÉÖÎÅÊ �ÏÌÕ�ÌÏÓËÏÓÔÉ, ÁÆÕÎË�ÉÑ P+' ÁÎÁÌÉÔÉÞÎÁ × ×ÅÒÈÎÅÊ �ÏÌÕ�ÌÏÓËÏÓÔÉ, ÔÏ ÆÕÎË�ÉÑ u+" (t; x)ËÏÒÒÅËÔÎÏ Ï�ÒÅÄÅÌÅÎÁ. úÁÍÅÔÉÍ ÔÁËÖÅ, ÞÔÏ �ÒÉ ÔÁËÏÍ ×ÙÂÏÒÅ �± É mÆÕÎË�ÉÑ !̂t"(p) Ñ×ÌÑÅÔÓÑ ÂÙÓÔÒÏ ÕÂÙ×ÁÀÝÅÊ.



234 í. ÷. ðìá�ïîï÷áðÒÉÂÌÉÖÁÀÝÁÑ ÆÕÎË�ÉÑ ÄÌÑ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ ëÏÛÉ Ó Ï�ÅÒÁÔÏÒÏÍÓÏ ÚÎÁËÏÍ \ÍÉÎÕÓ" ÓÔÒÏÉÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ. äÌÑ " > 0 Ï�ÒÅÄÅÌÉÍÆÕÎË�ÉÀ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ u−" (t; x)u−" (t; x) = E[('−M ∗ !t")(x+ �−�"(t)) + ('+M ∗ !t")(x+ �+�"(t))]; (39)ÇÄÅ ÆÕÎË�ÉÑ !t"(x) Ï�ÒÅÄÅÌÑÅÔÓÑ Ó×ÏÉÍ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅÍ æÕÒØÅ!̂t"(p) = 



exp(
− te"∫" (m−1∑k=1 (−ip)k�k−xkk! ) dxxm+1); p > 0;exp(
− te"∫" (m−1∑k=1 (−ip)k�k+xkk! ) dxxm+1); p < 0: (40)ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.�ÅÏÒÅÍÁ 4. ðÕÓÔØ ' ∈ W l+m+12 (R), l > 0, M(") = (e")−1, u±(t; x){ ÒÅÛÅÎÉÑ ÚÁÄÁÞ ëÏÛÉ (21), (10) ÓÏ ÚÎÁËÏÍ \�ÌÀÓ" É \ÍÉÎÕÓ" ÓÏÏÔ-×ÅÔÓÔ×ÅÎÎÏ, ÆÕÎË�ÉÑ u+" (t; x) Ï�ÒÅÄÅÌÑÅÔÓÑ ÆÏÒÍÕÌÏÊ (37), Á u−" (t; x){ ÆÏÒÍÕÌÏÊ (39). �ÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ �ÏÌÏÖÉÔÅÌØÎÁÑ ËÏÎÓÔÁÎÔÁ C =C(m), ÔÁËÁÑ ÞÔÏ Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

‖u±" (t; ·)− u±(t; ·)‖W l2(R) 6 C(t+ "m)"‖'‖W l+m+12 (R):äÏËÁÚÁÔÅÌØÓÔ×Ï. íÙ ÄÏËÁÖÅÍ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÏÌØËÏ ÄÌÑ ÕÒÁ×ÎÅÎÉÑ(21) ÓÏ ÚÎÁËÏÍ "�ÌÀÓ", ÄÌÑ ÕÒÁ×ÎÅÎÉÑ ÓÏ ÚÎÁËÏÍ "ÍÉÎÕÓ" ÏÎÏ ÄÏËÁ-ÚÙ×ÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ. ÷ÍÅÓÔÏ u+" (t; x) É u+(t; x) ÂÕÄÅÍ �ÉÓÁÔØ �ÒÏÓÔÏu"(t; x) É u(t; x).ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒÙ A±" , �ÏÌÁÇÁÑ ÄÌÑ  ∈ C∞b (R)A±"  (x) = e"∫" ( ±(x− �∓y)− m−1∑k=0 ( ±)(k)(x) · (−�∓y)kk! ) dyym+1 :÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÑ ÄÌÑ ÎÅËÏÔÏÒÙÈ Ï�ÅÒÁÔÏÒÏ×. ðÕÓÔØA± = A±" ; B± = 1m! �m�mxP± −A±" :�ÏÇÄÁ A± +B± = 1m! �m�mxP±.úÁÍÅÔÉÍ, ÞÔÏ Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï
‖et(A±+B±)P±‖Wk2 →Wk2 6 1: (41)



÷åòïñ�îïó�îïå ðòåäó�á÷ìåîéå... 235äÁÌÅÅ, �ÒÅÄÓÔÁ×ÉÍetA±PM'±(x)− et(A±+B±)'±(x) = (etA±

− et(A±+B±))PM'±(x)
− et(A±+B±)(I − PM )'±(x) = V ±1 + V ±2 :äÌÑ Ï�ÅÎËÉ ÎÏÒÍÙ ÓÌÁÇÁÅÍÏÇÏ V −1 ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÆÏÒÍÕÌÏÊ (15) ÓA = A− É B = B−, Á ÄÌÑ Ï�ÅÎËÉ ÎÏÒÍÙ ÓÌÁÇÁÅÍÏÇÏ V +1 { ÆÏÒÍÕÌÏÊ (15)Ó A = A+ É B = B+. ï�ÅÎÉÍ ÔÏÌØËÏ ÎÏÒÍÕ ÓÌÁÇÁÅÍÏÇÏ V −1 , ÎÏÒÍÁÓÌÁÇÁÅÍÏÇÏ V +1 Ï�ÅÎÉ×ÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ.÷ÙÞÉÓÌÉÍ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÆÕÎË�ÉÉ B−'M (x). éÍÅÅÍB̂−'M (p) = (−ip)mm! '̂−M (p)

− '̂−M (p) e"∫" ( exp(ip�+y)− m−1∑k=0 (ip�+y)kk! ) dyym+1 := −'̂−M (p) e"∫" ( exp(ip�+y)− m∑k=0 (ip�+y)kk! ) dyym+1 :�ÏÇÄÁ Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ
|B̂−'M (p)| 6 C"|'̂−M (p)||p|m+1; (42)ÉÚ ËÏÔÏÒÏÊ ÓÌÅÄÕÅÔ

‖ ̂B−PM'−‖2W l2 = ∫

|p|<M dp(1 + |p|2l)|B̂−'−(p)|2 6 C"2‖'−‖2W l+m+12 :ïÓÔÁÌÏÓØ Ï�ÅÎÉÔØ
̂etA−PM'−(p) = '̂−M (p)

× exp(t e"∫" ( exp(ip�+y)− m−1∑k=0 (ip�+y)kk! ) dyym+1): (43)éÚ ÌÅÍÍÙ 1 ÓÌÅÄÕÅÔ Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÎÅÒÁ×ÅÎÓÔ×Á
‖etA−PM‖Wk2 →Wk2 6 1:



236 í. ÷. ðìá�ïîï÷á�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏËÁÚÁÌÉ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ËÏÎÓÔÁÎÔÁ C, ÔÁËÁÑÞÔÏ
‖V −1 ‖2W l2 6 Ct2"2‖'−‖2W l+m+12 : (44)áÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ ÍÏÖÅÔ ÂÙÔØ �ÏÌÕÞÅÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï
‖V +1 ‖2W l2 6 Ct2"2‖'+‖2W l+m+12 : (45)úÁ×ÅÒÛÁÅÔ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

‖V ±2 ‖2W l2 6

∫

|p|>M(1 + |p|2l)|'̂±(p)|2dp:
6

1M2(m+1) ∫

|p|>M(1 + |p|2(l+m+1))|'̂±(p)|2dp
6
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