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HOMOGENIZATION FOR NON-SELF-ADJOINT PERIODIC
ELLIPTIC OPERATORS ON AN INFINITE CYLINDER*

NIKITA N. SENIK'

Abstract. We consider the problem of homogenization for non-self-adjoint second-order elliptic
differential operators A¢ of divergence form on Lo (Rdl X 'I[‘d2), where dj is positive and dz is non-
negative. The coefficients of the operator A° are periodic in the first variable with period € and
smooth in a certain sense in the second. We show that, as € gets small, (A°—pu) ! and Vz, (A5 —p) 1
for an appropriate y converge in the operator norm to, respectively, (A° —p) ™1 and Vg, (A% — )1,
where A° is an operator whose coefficients depend only on z3. We also obtain an approximation for
Va, (A% — )~ ! and find the next term in the approximation for (A% — u)~!. Estimates for the rates
of convergence and the rates of approximation are provided and are sharp with respect to the order.
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1. Introduction. The periodic homogenization problem consists in studying
asymptotic behavior of solutions of differential equations with rapidly oscillating co-
efficients. Let = be a domain in R%, and let A be a one-periodic matrix-valued function
on RY that satisfies, for almost every = € R,

cal€)? < (A(@)€, E)ca < Cal€?, e

where 0 < cq4 < C4 < oo. Consider the traditional model of homogenization:
given a weakly convergent sequence {f:}eso in La(Z), find {ue}e>0 in the Sobolev
space H'(Z) such that

—div A(e™'2)Vue + pue = f in E,

u: =0 on 0=

(with a fixed p € C). The coefficients of this equation are e-periodic and so rapidly
oscillate if € is small. The key fact about homogenization is that the solutions of
such problems converge, as the period tends to 0, to solutions of problems whose
coefficients have no oscillations. Classical arguments (as in [BLP], [BP], or [ZhKO])
show that u. has a weak limit in H'(Z), which is the solution of the problem

—div A°Vug + puo = fo  in E,

ug =0 on J0Z,

where A° is a constant matrix and fy is the weak limit of f.. In applications, this
means that we can approximate highly heterogeneous media by a homogeneous one.

In the case that Z is bounded, the embedding H'(Z) — Ly(Z) is compact.
Hence, passing to a subsequence if necessary, one finds that u. converges, in fact,
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in the Ly(E)-norm. An elementary argument [AlC], again using the compactness of
the embedding, then yields the norm-resolvent convergence of the corresponding op-
erators. (Notice, however, that it says nothing about the rate of convergence.) This
result has several important implications. It tells us, in particular, that the spectrum
of the original operator converges to the spectrum of the limit operator in the sense
of Hausdorff.

Matters are different if = is not bounded, or, more precisely, quasi-bounded (say,
an infinite strip on the plane with constant width or the entire plane). In that case,
the embedding H'(Z) — Ly(Z) fails to be compact [AF], and therefore one needs a
different technique in order to obtain the norm-resolvent convergence. Such a tech-
nique was suggested by Birman and Suslina [BSul] (see also [BSu2]), and it settled
the case of Z = R? for a broad class of purely periodic elliptic problems. What is
more, they established a sharp-order bound on the rate of convergence. Many related
results appeared in subsequent years; see, for example, [Grl], [Gr2], [Zh], [ZhP], [Bo,
[KLS], and references therein. In the recent paper [ChC], a result of this kind was
proved for some of the high-contrast problems.

The present paper is motivated by the study of homogenization problems on
unbounded domains when the coefficients of the corresponding operators are periodic
only in certain directions. These arise naturally in many applications—for instance, in
the theory of waveguides and in elasticity—and were investigated in [S-HT], [OShY],
[Sul], [BCSu], and [Sel].

Let = be the cylinder R% x T2 (T is the flat torus). In [Sul], Suslina studied the
homogenization problem for elliptic self-adjoint operators A° on = of the form

A = —div,, Ay (e oy, 22) Ve, — divy, Aso(e ™ 21, 22)Va,.

Here, A7 and Ass are periodic in the first variable and Lipschitz in the second.
She proved that A% converges in the norm-resolvent sense to an operator A, whose
coefficients depend only on the nonperiodic variable x5, and furthermore

1(A°+ 1)~ = (A° + 1) i) < Ce.

Such problems were further analyzed in [Sel], where we extended that result to self-
adjoint operators with lower-order terms and also obtained an approximation for
the resolvent in B(Ly(Z), H'(Z)). (Strictly speaking, the work [Sel] deals with the
case d; = dy = 1, although it is possible to use the techniques of that article to treat
the other cases.) But operators with nondiagonal terms were left beyond the scope of
these papers, and it was our original intention to fill this gap.

In this article, we will be concerned with an elliptic non-self-adjoint operator A°
on = of the form

A = —div A(e tey, 20)V + divay (e Loy, 0) + aj (e 2, 22)V + q(e Loy, 20),

where A, a1, as, and ¢ are periodic in the first variable with respect to a lattice in R%
and have weak derivatives with respect to the second variable. We further assume
that the coefficients together with the derivatives belong to certain spaces of Sobolev
multipliers. We find approximations for (A° — p)~! and V(A° — )~ in the operator
norm and prove the following estimates:

(L1) (A7 = )
(1.2) V0 (A5 — )"

A — 1) MIB(Laz)) < Cé,
Vo (A° = 1) HB(La@)e < Ce
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and
(1.3) [V, (A7 = )™ = Vi (A° = )™ = eV, K B2 (2 < C,
(1.4) [(A° = )™ = (A% = 1) ™" = eChllB(La(z)) < CE?

(see the statements of Theorems 3.1-3.3 in section 3). Here, A is the effective
operator and K7, and Cj, are correctors. The effective operator has a form similar to
that of A%, with coeflicients depending only on the nonperiodic variable xs, while the
correctors involve rapidly oscillating functions. The estimates are sharp with respect
to the order and the constants on the right may be expressed explicitly in terms of
the problem parameters. Some of our results were announced in [Se2].

The estimates (1.2) and (1.4) have no analogue in [Sul] and [Sel]. The former
is new and the latter has appeared for the first time in [BSu3] for certain self-adjoint
operators on the entire space. A more recent development [Su4] has extended that
result to self-adjoint operators with lower-order terms. We also mention here the
paper [P], where an estimate similar to (1.4) was obtained for operators on R% with
smooth coefficients. However, all those results apply only to purely periodic operators.

On the other hand, we may regard the problem we address here as a special
case of more general locally periodic homogenization problems (where the coefficients
may depend on both x and e~x). From this point of view, estimates of type (1.1)
and (1.3) are known; see, for instance, [PT], where symmetric operators with no
lower-order terms were treated. In contrast, the estimate (1.2) is a feature of our
problem. As for (1.4), the arguments provided here can be used to prove a similar
result for locally periodic operators as well. Our results on locally periodic operators
will appear elsewhere [Sed]. For a detailed treatment, see [Se3].

The operator-theoretic method of Birman and Suslina deals only with purely pe-
riodic operators and cannot be extended to locally periodic ones. Nevertheless, the
abstract results they obtained may be adapted, by ad hoc means, to get the ap-
proximations for operators with A having block-diagonal structure, as shown in [Sul]
and [Sel]. However, operators with more general A do not fit into this framework.
So, if we are to handle these cases, we must develop a different approach.

Our program is as follows. We first reduce the problem to a problem on a fun-
damental domain for the lattice. This is done by applying the scaling transformation
and the Gelfand transform, both with respect to the periodic variable. The Gelfand
transform is a standard tool in the spectral approach to homogenization (see, for ex-
ample, [BLP, Chapter 4], [ZhKO, Chapter 2, section 6], [Sev], [BSul], and [COV]).
But we would like to emphasize that our method is not spectral in nature, and the
use of the Floquet—Bloch theory is a mere convenience. The crucial step is to obtain
suitable versions of the resolvent identity (see (4.26) and (4.30) below) that enable us
to verify the desired inequalities by rather elementary means.

We note that the torus T can be replaced by any flat manifold without boundary
(R?%, for instance). We hope that the techniques presented in this article will prove
useful in studying homogenization problems on domains of type R% x (0,1)92 with
Dirichlet or Neumann boundary conditions as well.

The paper is organized as follows. In section 2, we give the necessary background
information, introduce the operator A°, as well as the effective operator and the
correctors, formulate the problem under consideration, and provide an example of A°.
Section 3 contains presentation of the main results. In section 4, we deal with the
problem on the fundamental domain and prove the results.
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2. Basic definitions and problem formulation. We begin with some
notation.

2.1. Preliminaries. The symbol |- ||y denotes the norm on a normed space U.
Let U and V be Banach spaces. We use the notation B(U, V) to denote the Banach
space of bounded linear operators from U to V. When U = V, the space B(U) =
B(U,U) becomes a Banach algebra with identity Z. The inner product on a pre-
Hilbert space U is denoted by (-, )y. In the finite-dimensional case U = C", the
norm and the inner product are denoted by |-| and (-, ), respectively. We shall
identify the spaces B(C™,C™) with C™*™,

Let ¥ be a domain in R? and U a Banach space. Then L, (3;U), with 1 < p < oo,
is the Banach space of strongly measurable functions u: ¥ — U satisfying

1/p
ull ) = ( [ dx) < oo

if p < 0o and
[ull2o (z50) = esssupllu(z)|[v < oo
z€Y

if p=o00. In case U = C", we shall write ||- ||, 5 for the norm on L,(X)" = L,(%;U)
and (-, -)2,» for the inner product on Lg(X)" = La(3;U). We denote by W, (), with
m € Nand 1 < p < oo, the Banach space of those measurable functions u: ¥ — C
that possess all weak derivatives up to and including order m and such that

1/p
el = Nullwgemy = (D2 1Dl ) < o0

laf<m

if p < o0 and

w002 = l[ullwms) = ‘gllgﬁ\\DauHLm(z) < o0

if p = co. Here we use the notation D = —iV. The Hilbert space WJ*(X) is denoted
by H™(X), and H™(X)* is its dual space under the pairing (-, - )2 x. If ¥ is not open,
then W (¥) will be understood to mean the Sobolev space on the interior of X.

Multipliers between Sobolev spaces are (generalized) functions such that the cor-
responding multiplication operators are bounded. Here we shall be brief; a thorough
treatment of Sobolev multipliers may be found in [MSh]. Let ¥ be a Lipschitz do-
main in R%, and let m and n be nonnegative integers satisfying m > n. Then ~ is a
Sobolev multiplier between H™(X) and H™(X) (written v € M(H™(X2), H"(X)))
provided that the operator of multiplication v: H™(X) — H™(X) is continuous.
The space M(H™(X), H"(X£)*) of Sobolev multipliers between H™(3) and the dual
of H™(X) is defined in the same way. Notice that an element of M(H™(X), H™(X)*)
is a complex-valued distribution.

We shall normally write ||v||m for the norm of a Sobolev multiplier . This
should lead to no confusion, since, once we discover that v € M(H™(X), H"(X)) (or
v € M(H™(X), H"(X)*)), we fix the spaces H™(X) and H™(X) (or the spaces H™ (%)
and H™(X)*).

Given a positive d, the scaling transformation S? is defined to be the map that
assigns to each measurable function u on ¥ the measurable function v on §~!¥ given
by v(y) = 6%?u(dy). Then S? is an isomorphism of H™(X) onto H™ (6~ '%), with

1S |8k (), (5-13y) < max{1,6™},
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and an isometry provided that m = 0. By duality S? extends to H™(X)*, so that
S H™(X)* — H™(6~'¥)* is also an isomorphism and

||S§HB(HWl(E)*’H'nL((;flE)*) < max{l, 6””}.

Let { A }mejq) be a basis of R%. Here, [d] denotes the set of integers {1,2,...,d}.
Then the basis generates the lattice

A={NeR A=Y mdn,nm €2}

me[d)

with the basic cell

Q= {x eR%: gz = Z LA s L € [—2_1,2_1)}.
me|[d]

The dual lattice A* is generated by the basis {)};, }ejq that is defined by the equa-
tions (A, A%) = 27d,,. We denote the Brillouin zone by Q*:

Q= {keR%: |k| <[k — X, A" € A*\ {0} }.

Notice that the closure of Q* is a convex polyhedron containing the ball of radius rp =
27 miny- -\ {0} |A*| centered at the origin.

Lattices are intimately related to Fourier series. If u is any function in Ly(2),
then there is a unique representation

u() = Q72 3 e,
A" €A
where the series converges in Ly(€2). The corresponding mapping w +— {@x« fa«ep= is
an isometric isomorphism of Ls(Q2) onto lo(A*).
Let W,(€2) denote the subspace of W (€2) consisting of functions whose periodic

extensions are in ;Tloc(Rd)' The symbol N;flo (Q) stands for the space of functions

in W;"(Q) with zero mean value. We shall write H™(Q) and ﬁgl(Q) for WN/Q’”(Q)
and W2mo (€). Observe that, for each k € R? and any u € H'(Q), we have

2
)

1D+ kullzo = Y (X +kPlax
A*EA*

which yields a variant of Poincaré’s inequality:
(2.1) [u = uall2.0 < Call(D + kull20

for all k € Q. Here, ug = Q™" [, u(z) dz and Cq = it
Another operator that is closely related to lattices is the Gelfand transform
G: La(RY) — Ly(2* x Q) given by

(Gu)(k,x) = Q772 S u(w + A) e~ A,
AeA

the series converging in Lo (Q2*xQ). It is well known that G is an isometric isomorphism
of Ly(R?) onto Ly (2* x) and an isomorphism of H*(R?) onto Lo (Q*; H'(2)). By du-
ality, the Gelfand transform extends to H*(R9)*, so G: HY(R?)* — Lo(Q*; HY(Q))*.
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2.2. Problem formulation. We fix a positive integer d; and a nonnegative
integer ds; the first will be the number of the periodic directions, and the second
will be the number of the nonperiodic directions. We suppose for specificity that do
is positive; the case do = 0 is similar, with obvious changes. Let d = dy + ds. Set
= =R% xT%, L > 0, where T stands for the do-dimensional flat torus R /(LZ%),
that is, a cube in R% with opposite sides identified. Now for each z € =, we have
r = (21,72), where 17 € RN and 25 € ’]I‘Ciz. The mth coordinate of x; and the
nth coordinate of z are denoted by z1,, and z2,, respectively. The symbols D;
and Dy ,, will stand for D,, and D,, ., and similarly Dy = D,, and D5, = Dy, ..

Let A be a lattice in R acting on Z. If we denote a basic cell of A by Q; and
the torus Td,f by Q2, then Q = Oy x Qs is a fundamental domain for A, and {2} e,
where 2, = A+ (), is a tiling of =.

We now introduce a class of allowed coefficients. Let U and V' be complex Sobolev
spaces over the interior of € or subspaces of such spaces. We define S(U, V') to be the
set of all complex-valued generalized functions v € C§°(Z)* such that (1) « is periodic
with respect to A, (2) v € M(U, V), and (3) Doy € M(U, V)42, We shall write S(U)
in place of S(U,U).

Let A be a matrix-valued function in S(L2(0))¢*? with Re A uniformly posi-
tive definite, a; and ay be vector-valued functions in S(H'(£2), Lo())?, and ¢ be a
complex-valued distribution in S(H*(Q), H*(Q2)*). Assume also that

(2.2) lax v + lazling + llalive < [|(Re A) 73y -

This last requirement is not as restrictive as it might seem to be. It will turn out
that the hypothesis (2.2) is, in a sense, a weaker property than the relative —A-form-
boundedness of aj D + D*as + ¢ with relative bound zero, so that (2.2) is satisfied in
most cases—see Remark 2.2 below.

Remark 2.1. Our intention is to replace the scale of Lebesgue spaces with that
of multiplier spaces, which prove to be perfectly suited to the problem in question.
In particular, for this reason we use M(L2(2)) for the space Loo(€2).

Let Dy = (%1) and Dy = (1:?2). We also write D for D. Given € € & = (0, 1], we

introduce the notation v* = (§/* ® Z)v(S° ® T) for any Sobolev multiplier ~ (if 7 is
a function, then v°(z) = v(e 'y, 22) for z € Z) and define the form a® on H'(Z) by

(2.3) a®[u] = (A*Du, Du)s = + (Du, aju)2,= + (a5u, Du)2 = + (¢ u, u)2 =.

Notice that v — 7€ is a bounded map of M(H™(2), L2(€2)) onto M(H™(Q°), L2(9°))
and of M(H™(Q), H*(2)*) onto M(H™(Q¢), H*(£2F)*), with norms not exceeding 1.
Here Q¢ = Q1 X Qa. Then, since A%, a5, n € [2], and ¢¢ are periodic with respect
to eA and since {(2))%}ren is a tiling of =, we see that A5 € M(Lo(Z))%*, af, €
M(HY(Z), L2(2))? and ¢¢ € M(H'(Z), H'(Z)*). Furthermore, the corresponding
norms are majorized by the multiplier norms of A, a,, and g, respectively. Now it is
clear that a° is bounded,

(2.4) @[, v]| < Gyllull2zlvlli2z,  wve HY(E),

where
Cy = [|Allm + [lazllv + llaz|ln + [lglln-

Observe also that

(2.5) Rea®[u] > c.|Dullf = — crlulliz, e H'(E),
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where
(2.6) e =[(Re A) Hint — llarlnva — llazllve — [lalin,
(2.7) c; =27 ([larllm + llazlnv) + llgllma

Since ¢, is positive, it follows that a® is coercive.
Thus, a° is strictly m-sectorial, with sector

S ={z€C:|Imz| <c;'Cy(Rez+cu +¢4) }.
Let A5: H'(Z) — H'(Z)* be the operator associated with the form a5, = a° — p.
Then A;, is an isomorphism whenever u ¢ 7.

Remark 2.2. The hypothesis (2.2) is needed in order for the form a° to be coercive.
In fact, it can be weakened to allow those a,, n € [2], and ¢ that satisfy, for any u €
HY(Q),

(2.8) lanull3 o < ca, | Dull3.q + Ca, llull3 g,
(2.9) [(qu, w)a,0| < cqllDull3 o + Cllull3 o
with

(2.10) 2 4 el? ey < |(Re A) ™Y s-

Indeed, since we are interested in estimating operator norms (see Theorems 3.1-3.3)
and since 8? is an isomorphism, we may replace A° by A® = S9A°(8%)~!. (Here,
we realize the torus Qo = T%Q as the cube [0,L]% with opposite sides identified,
and, in this sense, (5_171‘%2 is well defined and equals Tgil 1-) It is easy to see that the
coefficients of A are given by A= 67285 AS8Y? 4, = 6718%, 8%, and § = S%¢S/°.
Therefore, if we take § so that 62 < Inirl{calC’;ll7 Ca, Ot ch(;l}, then

as

lan In + asline + lldlive < 672 (el + cif® + )
<672[(Re A)Hlag = l[(Re A)lags
that is, the hypothesis (2.2) holds for A®. We note that the class of operators such

as A° here is broad enough to cover most cases that arise in applications—see an
example below.

We are interested in approximations for (A5)~" and D(A5)~" in the operator
norm on Lo(Z). In order to describe these approximations, we define the effective
operator and two different correctors.

2.3. Effective operator. Let N be the weak solution of
(2.11) DIA(DIN+1)=0
in Lo (Qy; HE(Q1))*?, and let M be the weak solution of
(2.12) DI (AD1M +a3) =0

in Lo(Qy; HE(Q1)). We know that N and M exist and are unique, since we may
rewrite these problems as
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with an f in Lo(Q)% and u € Ly(Q2; HE (1)) to be found. Notice in passing that
such a u satisfies

(2.14) (A (-, z2) Dru(-, xg) — f('v$2)lev)2,Ql =0

for almost every zo € Qy and all v € H ().

We now provide some elementary properties of N and M (cf. [Su2, Proposi-
tion 8.2]).

LEMMA 2.3. Let u be the weak solution of the problem (2.13), where the function f
is in M(H™(2); L2(2))%, m a nonnegative integer. Then Diu€M(H™ (), Ly ()%
and

IDrullna < 192402 [[(Re A) 7 il £l

If, in addition, Dy, f € M(H™(); L2(Q))4 for some n € [d2], then Dy, Diu €
M(H™ (), L2(Q))% and

12,0 Drullne < 1212 (Re A)~Ina (11 D20 Allsa | (Re A) sl fllna + |1 D2, f 1)

Proof. Let v = u|w|? with w € C™(Qy). Then v € Lo(Qy; HL(Q1)), and we can
apply both sides of (2.13) to v, obtaining

[(Drw)wllz < [|(Re A1) ™ vl fwll2,0-

This proves the first assertion.

Suppose now Ds,,f € M(H™(Q); Ly(2))%. We know that Dy, f € La(Q)%,
s0 Ds ,u exists and belongs to La(Qs; f[&(ﬂl)), which may be verified by using the
difference quotient technique of Nirenberg. Therefore, we can write

DiA11D1D; yu = Df(Day f — (D2, A1) Diu).
Applying both sides of the last equality to v = (Dg ,u)|w|? with w € C™(Q2) yields

(D1 D2 nu)wl2,0 < [[(Re A11) ™ m (I1(D2n A1) (D1w)w]2,0 + (Do flwl2,0),

and the second assertion follows. 0

From the above lemma and the Poincaré inequality (2.1), we conclude that N €
S(LQ(QQ), LQ(Q))le and D1 N € S(LQ(QQ),LQ(Q))dXd, while M € S(Hl(QQ), LQ(Q))
and D1 M € S(H (), Lo())%.

We now turn to the effective coefficients.

Let

(2.15) A =|0y|7t | A(DIN +1)dy;.
Q1

Then, from the properties of A and N, we have A? € S(Lg(22))?*?. Tt is a standard
fact (see [ZhKO, section 1.6]) that if Re A is positive definite, then

-1
(2.16) Re A° > <|Ql|1/ (ReA)ldyl) .
Q

This implies that Re A° is also positive definite and furthermore (Re A°)~! is in
M(L2(Q2))™ and [|(Re A%)~!{|lm < [[(Re A)~"{|wmr.
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Next, we define the functions
(2.17) a0 = \Ql|‘1/ (DN + I)*ay dys,
Q1
(2.18) ad = \Ql|‘1/ (AD1 M + a2) dy;.
Q1

Both of these are in S(H'(€3), L2(£2))?, as can be seen from the properties of A, ay,
as and N, M.
Finally, let ¢" correspond to the form

(2.19) (¢°u, u)2,0, =[] (qu, )20 + || (@i D1 Mu, u)2 0

on H'(Q2). By the properties of a1, ¢, and M, we obtain ¢° € S(H'(Q2), H'(Q2)*).
Notice that, in the case when ¢ is a function, we have, as usual,

qO:\Qll’l/ qdy1+|91|*1/ atDy M dy;.
Q1 Q1

We are almost ready to define the effective operator. Consider the form a° on

H(Z) given by
(2.20) a’lu] = (A"Du, Du)s = + (Du, afu)a = + (au, Du)z = + (q"u, u)2 =,
where
("u,u)e = = /}Rd1 ("u(zy, ), u(zy, -))2.0,dT1.
Then 4 is plainly bounded,

(2.21) |a°[u,v]| < CP|lu 12,5, u,v € HY(2),

12zlv

with
CY = |A%In + llafllne + lladln + 11g°l[m-

In a moment, we shall see that it is coercive.

LEMMA 2.4. Let a° be the form on H'(Z) & LQ(E;ﬁ&(Ql)) given by

aO[a]:mlrl/: A <<A(y1,xg)ba(x,yl),ﬁﬂ(x,m»
Y + (Du(z,y1), a1(y1, x2) U1 (z))
+ <a2(y1, x9) iy (), Di(z, y1)>) dx dy;
ol [ (it )i, Dands,

where @ = (11, U2) and Di(z,y;) = Dyiiy () + Dy, (2, y1). Then a° is coercive and
(2.22) Re a°[i] > .|| TIP3 20, — esllinll3z

for all w € HY(E) & Ly(Z; HE ().
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Proof. While the proof is quite similar to that of (2.5), there is a difference: the
variables 1 and y; in the definition of 3° are “mixed,” so that we cannot treat the
lower-order terms as before.

We begin with a first-order term. By Cauchy’s inequality, we have

<,ZV>’EL(I7 y1)7 aj (yl; m2) a1($)> dx dyl
Q1

1/2
< [Ditla.zxen ( / a1<y1,x2>m<x>|2dxdyl) .
=2J0

Let v denote the mapping y — (fRdl|€L1(:v1,y2)|2dx1)1/2. Then v € H(), with
[vll120 < [Qu]'/?|al,2z, and

L[ taston ) i @)Pdedys = farol o
=Jao,

As a result,

<7§12(x, Y1), a1(y1, x2) U1 (x)) d dys

=2J
< [9]Y2lar | D
< llax [l (1 Da

22x0, |1l1,2,2
3axa, + 27 @l s) -
We have used here the fact that, by Stokes’ theorem,

| Da

|§,Ex91 = |91H|Dral||§,5 + 1Dy, 2|3 2x 0, -

We may likewise prove that

<a2 (y1, o) Uy (2), Dia(e, y1)> dx dyy

< llazlm (IDall3 20, +27 [ Qulllal3 =)

and

/d (quy (1, -), 0 (21, -))2,0dr1
R%1

= |(qv,v)2.0| < llalm (D@

2zxa, Qw3 z)-

Combining these inequalities with

Re// (y1,22) Dz, y1), Dz, y1) ) da dys
(951
> [[(Re A)~HIpg 1 Ditlf5 =0, »

which is obvious, gives (2.22). |

Remark 2.5. The form a° is associated with the two-scale homogenized system,
first proposed by Allaire [Al] in the context of two-scale convergence. See also [LNW]
for a self-contained approach to this matter.

Now we wish to relate the form a° to a°. Fix au € HY(Z). Let 1 (z) = u(r) and
Uz (x,y1) = N(y1,22) Dyu(x) + M(y1,22) u(z). We claim that @ = (i1, u2) belongs
to HY(Z) ® Ly (E; H0 (©1)). Indeed, @o(x,y1) has a derivative with respect to y1, and,
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by reasoning explained in the proof of Lemma 2.4, it lies in Ly(Z x Q1)% (notice

here that D1 N and Dy M are multipliers). Applying identities for N and M in the
form (2.14), we find that a°[ii,#] = 0 for all & € {0} & Ly (Z; HA(€)), and therefore
a’[u] = a’[u,u ® 0]. Now it follows from the definitions of the effective coefficients
that
a’[u] = a°[u]
for every u € H'(Z), which is the desired relation.
Since a° is coercive, the above identity tells us that so is a°, with

(2.23) Rea’lu] > e.[Dul3z - esllul3=,  we H'(E).
Hence, the form a° is strictly m-sectorial, with sector

So={z€C:|[Imz| < c;'CY(Rez+c + )}

—

Corresponding to 4 = a° — p there is an operator A), = A° — u: H'(Z) - H'(2)*,
which is an isomorphism provided that p ¢ . For such a p, (AS)~" maps Ly(E)
onto H%(Z). (This can be shown by using the difference quotient technique of Niren-
berg; see the proof of Lemma 4.2 for further details on this matter.) We denote the
largest of the sectors &y and &7 by §.

2.4. Correctors. We introduce two types of correctors. The first, denoted K3,
will be needed to obtain the approximation for Dy (.AZ) ~! and is defined as follows. Let
P< be the pseudodifferential operator in the z;-variable with symbol x.-1g:, where
Xe-1q; is the characteristic function of the set e~ 103, or, to put it differently,

Pe=(FRI)'Xe-10; (F ®I).

Here F is the Fourier transform in Ly(R%). Then the corrector K5, Ly(2) — H'(E)
for A® is given by

(2.24) K = (N°D + M®)(A)) "' P

We remark that, while (N°D + M®)(A))~'f, with f € Ly(E), is not generally in
H'(Z) (not even in Ly(E)), the function Kff always is, which may be proved by
applying the scaling transformation and the Gelfand transform (see (4.18)) and then
using the properties of N and M (see Lemma 4.4). What is more, these calculations
show that Kj, is a bounded operator.

The second corrector, denoted Cj;, will be needed for a more subtle result. If k

is a vector in R% and K is the corresponding element of R% & {0}, then we define
differential expressions

S(ksyr) = ((K+D2)" A1, ) + ai(y1, ) (K + D2) + (K + D2) as(y1, -) + q(y1, ),
T(kiy1) = ((K+D2)"Ayr, -) + ai(y1, ) Dy,
and families of operators
A (k) = (K +D2)" A°(K + D2) + (a7)" (K + D2) + (K + D2) a5 +¢° — p,
Kpu(ksy1) = (N(y1, -) (K+ Da) + M(ys1, -)) (AR (k)

Let (A7)* be the adjoint of Af. For the operator (A7)*, we construct the ef-
fective operator (A%)* and the corrector (K5)*, as well as the families A (k)"
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and KC,,(k;y1)". (It may be noted in passing that (A)* is the adjoint of A.) Fi-
nally, let £,, be the pseudodifferential operator in the x;-variable with operator-valued
symbol k +— L£,,(k): La(Q2) — L2(Q2), where

L,(k) = Iﬂl\’l/Q (K (ks y) F) " (S (ks ) (AL (k)™ + T (ks ) K (ks 1)) dyn;

that is,
L,=(FRL)L,()(FRI).

The operator L} is constructed similarly. The corrector C: La(Z) — Lz(Z) is then
defined by the formula

(2.25) Co= (K5 — L)+ (KT =)

We will see in what follows that CfL is continuous.

Remark 2.6. Notice that, since Aj(-) is the symbol of A, in the above indicated
sense, £, can be written as

Ly = (A)TM(AD),

where M: H?(Z) — H'(Z)* is a third-order differential operator with coefficients
depending only on xs.

We conclude this section with an example of the operator A°.

2.5. An example. Let d > 1 and p > d. From the Ehrling lemma, we know
that if v € L,(£), then v € M(H(2), L2(2)) and for all € > 0 there is a C,,(e) > 0,
depending on d, p, ©, and ||y||,,q, such that

(2.26) lyull3 o < el Dull3 o+ Cy()lulf o, we HY(Q).

As an example of a multiplier between H'(2) and H'(Q)*, let éx be the Dirac distribu-
tion on a d—1 dimensional Lipschitz surface ¥ in Q and let o be a function in L,_1 ().
Again, for each € > 0 there is a C,(€), depending on d, p, 2, ¥, and ||o||,—1,5, such
that

(2.27) |(o0su, u)2,0] < €| Dull?.q + Cole)]|ul3.q, ue HY(Q).

Equipped with this information, we consider a periodic operator on Lo(Z) of the

form
HE = (D — Af)*¢°(D — A5) + V=

We may think of H¢ as a (possibly non-self-adjoint) periodic Schrodinger operator
with magnetic and electric potentials that is associated with metric g5. Suppose
that g is a periodic function in Lip(Qs2; Loo(£21))?*? and Reg is uniformly positive
definite. Let A; and Ay be periodic functions in W) (Q; L,(21))%. Finally, let X
be a d — 1 dimensional periodic Lipschitz surface in Z. Then we assume that V is
the sum of a periodic function V € Wpl/2(92; L, /2(Q1)) and a distribution odsx, with
periodic o € W;_I(E N Q). Clearly, H¢ thus defined can be expressed in the form

HE = D*A°D + (a5)*D + D*a§ + ¢,

where the coefficients satisfy the properties (2.8)—(2.10) in Remark 2.2. So our result
applies to He.
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It is straightforward to construct an analogous example for the case d = 1. Now
we take ¥ to be a discrete periodic set of points in R and assume that g € Lo ()
with Re g uniformly positive definite, A1, Ay € Ly(f2), and V = V + 06s, where V
lies in L1(Q2) and o is a periodic function on X.

We note that the potential V¢ may also involve a singular term ¢~ 'W¢ with a
suitable function W. We refer the reader to [Su3, section 11] for the details.

3. Main results. We now state the principal results of the present paper.

THEOREM 3.1. If u ¢ &, then for any ¢ € & we have

(3.1) [(A) ™ = (AD) Moy Se
(3.2) ID2(A5) ™ = Do(AD) HB(raz)e S e

The estimates are sharp with respect to the order, and the constants depend only on
d, A, 1, and the multiplier norms of the coefficients.

THEOREM 3.2. If u ¢ &, then for any ¢ € & we have
(3.3) [D1(A5) ™" = Dy(A) ™" — eD1KS (1,2 S €

The estimate is sharp with respect to the order, and the constant depends only on d,
A, 1, and the multiplier norms of the coefficients.

THEOREM 3.3. If u ¢ &, then for any e € & we have
(34) (A7)~ = (AR = eClll(za(z) S ™

The estimate is sharp with respect to the order, and the constant depends only on d,
A, W, and the multiplier norms of the coefficients.

Remark 3.4. Although it is possible to write down all the constants explicitly,
we do not do so here. In particular, we write a < 8 to mean a < Cf, where C
is a positive constant depending only on d, ra, u, and the multiplier norms of the
coefficients.

Remark 3.5. Using the resolvent identity, we can transfer the estimates in Theo-
rems 3.1-3.3 to those u € & for which A7 (at least for each ¢ in an interval (0,¢,])
and A,O“ when viewed as operators on Ls(Z), have bounded inverses with norms ma-
jorized by constants independent of €. For instance, the estimates hold if x is in the
resolvent set of the effective operator. In this case, we may choose €, to be equal to 1
if 4 ¢ &1 and to be so small that, for some py ¢ S,

1
Cruolte = pol (14 11 — pol1(A%) B (Lo (2)))

if 4 € &. Here Cy, is the implied constant in the estimate (3.1) with po in place
of pt. The condition on ¢, for u € &1 comes from suitable resolvent identities and the
fact that A7, converges to Ago in the norm-resolvent sense.

en <

Remark 3.6. The hypothesis that the coefficients have weak derivatives with re-
spect to the nonperiodic variable is crucial to our analysis and reflects the fact that
the roles of the two variables are quite different. Roughly speaking, only the first
variable is involved in the homogenization procedure, while the second plays the role
of a parameter (see, for example, the definitions of N and M, where this is literally
the case). In particular, the hypothesis ensures that N and M belong to H*(Z) and
that the preimage of Ly(Z) under A, is H*(Z); as a consequence, the range of K, is
contained in H'(Z).
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Remark 3.7. While (A5)~! and Dy (A5) " have limits, the operator Dy (AS) ™
can fail to converge, because, though the norm of eD; K, is bounded uniformly in ¢,
it need not go to zero. However, if, for example, DA = 0 and Djaz = 0 (in the weak
sense), then K5, = 0, and D (AZ)_1 is therefore convergent as well. Notice that, in
this case, the effective coefficients are obtained by simply taking the mean over ;.

Remark 3.8. We may replace P°® with another smoothing. For instance, the
Steklov averaging operator (see [Zh]) or the scale-splitting operator (see [Grl]) can
be used instead. This follows from the inequalities

(3.5) I(P1N)wll5 = S IN ® Diwl = + [[wl3 =,
I(D1M)w]f = < IMDrw|3 = + [|w]]? =,

which hold for any w € C§°(E) (the proof of the inequalities is parallel to that of
Lemma 2.3), and properties of the smoothing operators (cf. similar techniques in
[PSu, Lemma 3.5]). The reason why we chose P is merely one of convenience: as
we shall see below, P¢ takes a rather simple form after passing to the fundamental
domain.

Remark 3.9. As already indicated, the operator P¢ guarantees that the range of
K7, is contained in H L(Z). This means that, in general, it is not possible to remove P<.
However, this can be done in certain cases. For example, if N € M(Ly(£2))**¢
and M € M(H'(2), L2(£2)), then the classical corrector

ce 0y-1

K;, = (N"D+ M*®)(A,)
as well as the composition Dﬂ&; are bounded on Lo(Z) (by (3.5) and (3.6)), and the
estimates (3.3) and (3.4) remain true with I@Z in place of K5, and

Coo= (K5 = L) + ()" = £5)

in place of Cj.

4. Problem on the fundamental domain. Our strategy is to reduce A7, to
an operator on the fundamental domain 2 and then formulate Theorems 3.1-3.3 in
terms of this latter operator.

Let 7 = (k,e) € = Qf x & We introduce the notation Dy(r) = D; + K,
Dy(1) = €Dy and D(1) = D1(7) + D2(7) and set

1/2
lull 2,07 = (ID(ull30 + [T [lul30)
and
2 2 2 \1/2
ully, 2,00 = (ID1(T)ullz 0 + [T lulz0)
1/2

lullis 2.0 = (ID2(T)ull3 o + 171 [[ull3 o)

for any u for which the right-hand sides make sense.

Now let us define periodic Sobolev spaces over the interior of ). Recall that we
view A as acting on = and Q C R? is a fundamental domain for A. The space W ()
consists of all functions that are in W]"(Q2) and that have periodic extensions in

W (K) for each compact set K C Z. Let W,(£2) be the subspace of functions in
W;’L(Q) with zero mean over €. As usual, H™ () = WQ’”(Q) and ﬁg”(ﬂ) = W{”O(Q)
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We define the form a(7) on H(Q) by

a(m)[u] = (AD(7)u, D(1)u)2.0 + e(D(T)u, a1u)2.0

(4.1) 2
+ e(agu, D(T)u)2.0 + €~ (qu, u)2.0.

Note that, when estimating |la,ul2.0, n € [2], and |(qu,u)2 q|, we can replace u by
wv with v(z) = e*1F) | Hence,

1/2
(4.2) ellantllz,o < [lanllv (2| P1(7)ully o + [D2(1)ulls o + % [lul3.0)

43) (g, w2el < lallm (21D (ul3 o + 1D2(r)ull3 o +*[lull3 o)

)

in particular, this means that

1/2
(4.4) ellanullz.0 < lanm(ID(T)ull3q + *lull30)

(4.5) e?l(qu, w)2.0] < lalm(ID(T)ull3 o +*[lull3 o)

b

for all u € H*(Q2). Therefore, the same reasoning as for a° gives

(4.6) la(r)[u, 0] < Collullz.oir vl 200, w,v € HY(Q),
and
(4.7) Re a(r)[u] > e.||D(r)ul3 o — 2cllull o, ue H(Q).

Define A, (1) = A(1) —%p: HY(Q) — H(Q)* to be the operator associated with
the form a,(7) = a(r) — £2p. It follows that A, (7) is an isomorphism if u ¢ S7.

LEMMA 4.1. For any u ¢ 8 and 7 € I we have

(A () IB (Lot S 17172,
||D(T)(‘Au(7—))7l”B(Lg(Q))d S,
ID(T) (A (7)) "' D7)l B(La(0)yaxe S 1,
ID(T)Da () (Au(T)) " (Lo (@))axa S 1,
where the constants depend on d, w, and the multiplier norms of the coefficients.

Proof. We do the case u € &, where
R = {z €C: Rez< —ch}.

The general case then follows by the resolvent identity.
Expanding u € H*(f2) in a Fourier series

u(@) =@ 72 D7 e (wg) e A,
A*EN*
we find that, for all k € Q7
(4.8) IDy(Pulls = D N+ kPl 130, > 1B ul3 o,
A*EA*

which means that
[T ull3 .0 < 1D()ulls o + % lull3 o



HOMOGENIZATION FOR OPERATORS ON A CYLINDER 889

Combining this with (4.7) gives the first estimate. The second is immediate from the
first and (4.7), and the third follows at once from (4.7). It remains to prove the last.

We shall use the classical technique of difference quotients. To that end, we intro-
duce a little notation. Let ey ,,, m € [da], be the unit vector along the 3 ,,-axis. If u
is any function on €2, then we define the difference quotient ng in the variable z3 ,,
of size h € R\ {0} by setting D}, v = —ih™' (T}, ,u — u), where (T}, u)(z) =
u(x + hea,m). Observe that

(D) = Dy,

and
D3 . (uv) = (D3, u)T3',v + u(Dj ,,v).

For f € Ly(Q) fixed, we set w = (A, (7))~ f. Then
(4.9) a,(7)[D5 1y w] = (f, D310 D3 )20 — (D5 s A (1), D3 10) 5 -
If we show that

(4'10) |([D£L,m7“4u<7_)}uvv)279‘ S Hu' 1,2’Q§T||U||172,Q;T> u,v € Eﬂ(Q)a

where the constant is independent of h, then, by the estimates that we just proved,
the right-hand side of (4.9) will not exceed

6_1||D(7')D]21,mw||2,Q||f l2.0 + |T|_IC||D§,mw||1,2,Q;T | fll2,0
<27 ||D(r) DY w3 o + €3y + Re pl |D3 w3 o + e 2C|I fII3.0

with some constant C. We have used here the fact that, for any h,
1D 3, D5 w2, < || D2 D w20
On the other hand, since —(¢y + Re p) > 0, it follows from (4.7) that
Re ,(7)[D3,w] 2 e.||D(1) D5 wl3 o + €%|eg + Re | || D3 wlf3 -

As a result,
ID(7)eD

2.0 S I fll2.0

uniformly in h. Thus, there exists D(7)Da , (T)w, with

ID(T) D2 (T)w

2.0 S I fll2.0;

as desired.
We conclude by proving (4.10). Since
([D5 s A (7)] T3 s 0) (D3, A)D(T)u, D(1)v), o — &(D()u, (D ,a1)0),

+e((Dg paz)u, D(T)0) , o + 2 ((D3,m4)u, ) 5 o

2.0

we see that it suffices to show that each coefficient of this form is still a multiplier with
norm bounded by a constant independent of h, because then an argument similar to
the one we used for proving (4.6) will lead to (4.10). Obviously,

(Dh 7)) = / (7" Dy () dt

(0,1)
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for every function y that has a derivative Dy ,,y € Lo(€2). A duality argument shows
that if Ds,,v € H'(Q)*, then

(D4 )us). o = /( (Do) Tl T g
for any u € C'(Q2). Hence, HDZh,mAHM < || D2,mAllw, ||D§$man||M < || D2,man|m,
n € [2], and || D}, qllm < [[D2,mgllm. This completes the proof. d

Let A, (7)": HY(Q) — HY(Q)* be the formal adjoint of A,(r). From (4.6)
and (4.7), we see that A, (7)" is also an isomorphism whenever p ¢ &;. Moreover,
the conclusion of Lemma 4.1 holds for A, (7)". It is easy to note the relationship
between A, (7) and A, (7)". Indeed, a suitable restriction of A, (7)* is the adjoint of
the restriction of A, (7), so that, if u ¢ &1,

(411 (A )y = (L ADD) )y € La(®).

We shall think of Lo(£2) as the tensor product La(€21) ® La(£22). Recall that G is
the Gelfand transform and S¢ is the scaling transformation. Clearly, GS° ® Z maps
HY(E) onto Ly(QF; H(Q)) and, for any u € H'(E),

Gl == [ aum)latk, ) dr,

where @ = (GS® ® T)u; that is,

*

S5}
(4.12) (05° ©T)(A) 1 (GS° © T)~! = / (A, (7)) dk.
Now, we would like to do the same for the operator .Aﬁ. To this end, let a°(7) be
the form on H'() defined by
(4.13) a’(1)[u] = (A°D(7)u, D(T)u)2,0 +e(D(1)u, a?u)zg
’ + e(adu, D(T)u)2.0 + % (¢ u, u)2.q,

where
(¢, w)20 = / (u(er, ), uler, ))z.0ades.
(951

The same arguments used to obtain (2.21) and (2.23) now show that

(4.14) |a0(7')[u,v] < 12,07 u,v € ﬁl(Q),

and

(4.15) Re a®(7)[u] > e.||D(7)ull3 o — 2ellull3 o, uwe HY(Q).
2

Let A (1) = A%(1)—?pu: H(€) — H*(Q)* be the operator corresponding to a)(r) =
a%(7) — e*p. Then AY(7) is an isomorphism if 1 ¢ Sp.

LEMMA 4.2. For any n ¢ 8 and 7 € I we have
||(v4O (T)~ 1HB L) SITI” -2
D) (AL Loy S 7177
D) (AL(T)) " D(7) B (L ())axa S 1,
D)D) (ALT) B (Lo ())axe S 1,

where the constants depend on d, u, and the multiplier norms of the coefficients.
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Proof. The proof is similar to that of Lemma 4.1. ]

Since, for every u € H(Z),

with @ = (GS® ® T)u, it follows that
0y—1 1 ¥ 240 1
€ - € - -
(4.16) (0% @ T)(AL) LGS 7)) = /Q (A (7).
1
As a result, we may restate Theorem 3.1 in terms of the fibers A, () and A% (7).
THEOREM 4.3. Let u ¢ §. Then for all T € T it holds that

(AL ()™ = (AL " IBratey S 17177,
1D2(7) (A (7)™ = Da(m) (AL () " B (za0ys S 1,

where the constants depend only on d, ra, pu, and the multiplier norms of the coeffi-
ctents.

Let P denote the orthogonal projection in Ls(€2) onto C ® La(€22). Notice that
3
(GSFRI)PE(GS*®I) ! = P dk.
Q7
Define C,,(7): L2(2) — H(Q) by
(4.17) Ku(t) = (ND(1) + eM)(A% (7)) P.
LEMMA 4.4. For any p ¢ 8 and 7 € I we have
D1 (M) B (Lo S 17170
D1 D2 (1)K () (L2 (2))ixa S 1,

where the constants depend on d, wu, and the multiplier norms of the coefficients.
Proof. Let f € Ly(2), and let u = (A%(7))"'Pf and U = K, (7)f. Then, by
Lemma, 4.2, it follows that
11U 2,0 <[] 2(IP1 Nt + D1 M |na) @1 2,06 S 17 7H fll20
and

ID1D2(7)Ull2,0 < ]2 (|P1D2N|m + |P1D2 M ||n) | 7]t 102,07
+ 1" 2(IDLN M + DM M) P2 (T)ull 1z 2.0 S 12,0,

as required. O

We remark that, since PK,(7) = 0 (by the definitions of N and M), we may use
Poincaré’s inequality to see that K,(7) and Da(7)K,(7) satisfy estimates similar to
those for D1 /C,,(7) and D1 Dy (1)K, (7), respectively. This means that, unlike the case
of A, () and A9 (7), where both Dy (7) and Dy(7) make the norms of the correspond-
ing compositions smaller, roughly speaking, by multiplying each of these norms by
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|7|, the differentiation D; will not change the order of the norm of /C,, (7). The reason,
of course, is that the corrector K7, involves functions that rapidly oscillate in the first
variable.

In the same fashion as above, we may prove that

@

(4.18) (GS° ®I)K5(GS°®I) ™' = / ek, () dk.
th

Theorem 3.2 now takes the following form.

THEOREM 4.5. Let u ¢ 8. Then for oll T € T it holds that
D1 (7) (A (7)) " = Da(r)(AL(T) ™" = Di(MKu(D)IB(La()e S 1,

where the constant depends only on d, ra, u, and the multiplier norms of the coeffi-
cients.

Let S(r): HY(Q) — H'(Q)* and T(r): H'(2) — H'()* be given by
(419)  S(1) = (K + D2(7))" A +eai) (K + Da(7)) + (K + Da(7)) " as + £%q,

Clearly, S(7) and 7 (7) are bounded operators, satisfying estimates like that for A, (7).
It is in fact possible to improve these estimates by using (4.2) and (4.3) instead of
(4.4) and (4.5):

(4.21)  [(S(M)u,v)20] S (elDr(m)ullza + lulli, 2.0:) (| D1 (T)v
(4.22) |(T(7)u,v)20] S IPrull2e (D1 (T)v]20 + 0], 2.0:0)

2.0+ [vll1,.2,0:),

if u,uv € H(Q). The operators S(7)* and T(7)" are defined likewise. Of course,
estimates similar to (4.21) and (4.22) hold for S(7)* and 7 (7)* as well. Notice that

(4.23) A (1) =DiADy + S(7) + T (1) + (T(7)T)* — 2.

We break Theorem 3.3 into two parts. The first is formulated as follows.

LEMMA 4.6. For any u ¢ & and € € & we have

||£u(I - PE)”B(Lz(E)) Se,

where the constant depends on d, T, pu, and the multiplier norms of the coefficients.

Proof. We estimate the operator norm of the symbol £,(-). Fix k € R4 \ {0}.
Let f € Ly(Q2), and let u = (A0(7)) "' fand U = K, (1) f, Ut = K,.(7)" f, where 7 =
(k,1). Then

(Lu(k)f, Fla0. = ] (S(N)u+ T (MU, UT),

It should be noted that while Lemmas 4.2 and 4.4 are only asserted to be valid for
Al(1) and K, (1) with 7 € Qf x &, they may be extended to A (7)P and K, (1)
with 7 € R% x &. Indeed, the condition k € Q7 is used only to ensure the inequal-
ity (4.8). But when u does not depend on 1, we have equality for each k& € R%. Thus,
the estimates (4.21) and (4.22) together with these extended versions of Lemmas 4.2
and 4.4, as well as Poincaré’s inequality, give

[(Lu(k)f, P2.0.] S (lullz 200 + IP1Ul20) IPLUF 1 2000 S RTINS 0,
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Now if g € C§°(E) and § = (F ® T)g, then

(LT — PF)g, 9)a=| < /

RA1\e—1Q%

< / k1~ a0k, |20 dk < ery gl
RA1\e—1Q7

(Lu(B)a(k, ). gk, ), o, | i

This is the result that we wished to prove. 0

The lemma takes care of £,(Z —P°) and L (Z — P?) in the estimate (3.4), so
we may concentrate our attention on £,P¢ and L P°. Let A’ (1) and K, (7)* play
the roles of A),(7) and K,,(7) for A, (7)*. Then, since

((GS° @ I)Peu) (k,x) = |Q:| "2 ((SYF @ T)u) (k, x2)

for every u € Ly(E), we find that

(4.24) G50 DL,PES 5D = | CeL. (P,
where £,(7): L2(2) — L2(2) is given by
(4.25) Lu(7) = (Ku (1)) (S(N)(ALD)) ™ + T(1)Ku(7)).

Define £,,(7)" similarly. Obviously, in order to prove Theorem 3.3, we need to estab-
lish the following result.

THEOREM 4.7. Let u ¢ §. Then for all T € T it holds that

[(Au ()™ = (AL T = (K(7) = Lo (7)) P = P(Kp(r) ™ = Lu(1)T) Sl

Neamy S

3

where the constant depends only on d, ra, u, and the multiplier norms of the coeffi-
cients.

We now turn to the proofs. Our first goal is to verify the identity

(A (7)) THP = (A1) TP — Kpu(7)
(4.26) = —(Au (1)) T PH(S(M)(AU(T)) TP + T(1)Ku(7))
— (Au(m)"HSMF + T(1)* =€) Ku(7).

Denote the operator on the left by U,,(7). If f, g € Ly(f), then we set u = (A% (7)) f,
U=K,(r)f, and vt = (A,(1)")'g. By (4.11), we have

Uu(T)fr9)2,0 = aS(T)[Pu,vﬂ —a,(7)[Pu+U, vt

(here we are using the fact that D(7) commutes with P on periodic functions; hence,
so does A$)(7)). Looking at the definitions of the effective coefficients, we see that

(4.27) A (T)P =P(Au(r) + T(7)(ND(7) + M) P,
from which we obtain

(4.28)  ay(7)[Pu,v"] = a,(7)[Pu,v™] = (T(1)U, PvF)z.0 — (Au(1)Pu, ProF)a0.
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On the other hand, it follows from (4.23) that
(4.29)  a, (DU, v"] = (T(1)U, Pv )20+ (S(7)U, Pv1)ao + (A (1)U, ProT)aq.

The first term on the right-hand side of this last equality cancels with the first term
on the right-hand side of (4.28), so
UV, 9)2.0 = —(Au(T)(Pu+TU), Prvt)e o — (S(T)U, PvT)aq.
Notice that, by the definitions of N and M,
D;ADU + (T(7)T)*Pu = 0.
Since T(7)P =0, T(r)"P = 0, and PK,(7) = 0, this and the identity (4.23) imply
that

U(T)f,9)2.0 = —(S(T)Pu+T (1)U, PHoT), . — (S(NU+(T (1) ") U—e2ulU,v")

2,0 2,0

Then, using (4.11) and the fact that S(7)* is the formal adjoint of S(7), we get (4.26).
Another important identity is

(Au (1) TP = (AQ(1)) TP = Ku(7) + Lu(T)P + P(Lou()7)*
= (AN = Ku() ) PHSE)ALT) TP + T (1)K (7))
— (Au() ) = (AU TP = Ku(r)F) (ST + T (1) F) Kiulr)
— (S TEu(r)T = (A (r) ) 7) Kpul7)-
To prove this, we just note that 7(7)*P = 0 and PK,(7)* = 0 and then apply (4.26).

We denote the operator on the left by V, (7).
With these results in hand, it is easy to complete the proofs of the theorems.

Proof of Theorem 4.3. We write
(Au(r) ™ = (AR(D)) ! = Up(7) + (Au(7) TP = (A(D)) P + (7).

Poincaré’s inequality (2.1) and Lemmas 4.1 and 4.2 (for A,(7)* and A% (7)", re-
spectively) show that the norms of |7|(A, (7)) "'PL, Da()(A, (7)) "1 PL as well as
17|(A%(7)) PP+, Da(r)(A%(7))~'P+ are uniformly bounded. In Lemma 4.4, we
proved that so are the norms of |7|KC,(7) and Do(7)KC,. (7). Thus, it is enough to
check that

(4.31) () [B(La)) S 717
(4.32) D2 (T)U (7)1 B(L2(2)) S 1-

Let the notation be as above. We use (4.21) and (4.22) together with the Poincaré
inequality (2.1) to estimate each term in (4.26). The result is that

(U ()], 9)2,0] S 1717 (Il llull1s 2,00 + 1P1U||1,,2,0:7)
X (D1 (1) vt 12,0 + 17107 [[12,2,057)-

Combining this with Lemmas 4.1 (for A, (7)"), 4.2, and 4.4 gives (4.31).
The inequality (4.32) is proved in a like manner. We set w™ = (A, (7)7) "1 Da(7)*g
with g € Ly(2)? such that Da(7)*g € La(f2) and then estimate the form

U (T) [, Da(7)g)2,0 = =(S(T)Pu+ T(N)U, Pw™),
—(U(S(H)T+T(n)*" - pjw™)

(4.30)

(4.33)

(4.34)
2.0
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However, a modification is required to eliminate the mixed second derivatives of w™
which arise when we estimate the right-hand side (cf. (4.33), where a similar term,
namely, Do (7)D1(7)v™", causes no difficulty).

We do so as follows. Let ¢ € Ly(Qy; H'(€1)), and let ¢ be the solution of

Da(7) Do (1)0 + |7* = ¢

in Ly(Qy; H(Q2)). Obviously, ¢ has first derivatives and mixed second derivatives, as
well as pure second derivatives in . Fix [ € R® @ {0} with |[| = |7| and define the
operator £(7): Ly(Qqe; H (1)) — HY(Q)? that assigns to each ¢ € Ly(Qq; H ()
the function (£ + Da(7))1. It follows that (£ + Da(7))*E(T) is the identity mapping.
A straightforward calculation (using the fact that ||E(7)¢|l2.0 = [|¥]1,,2,0;-) shows
that £(7) is bounded and

(4.35) IT[D1(T)E(T) ¢l

2.0 1€M@l 2,000 < [D1(T)¢ll2,0 + 3([pll2,0-

Now, we may rewrite the first expression on the right-hand side of (4.34) as
(S(T)Pu+ T (r)U,Prwh),
= e([D2, S(7)|Pu + [Da, T(7)|U, E(T)PHuw™),

+ (S + Do(r)Pu+ T(r)(L + Do(r)U.E(T)PHurt), .

Applying (4.21) and (4.22) and similar results for the commutators of Dy with S(7)
and 7 (7) (notice that these commutators have the same forms as S(7) and 7 (7)), we
conclude that

|(S(T)Pu+ T (1)U, PLuﬁ)m{
< (ID2(M)ulls 2.0 + 7M1, 2,00 + 1D1U 11, ,2.0:)
< (ITlIDy(r)E(T)PHwt 2,0 + IET)PTw || 2.0:0)-
Therefore, by the estimate (4.35) together with the Poincaré inequality,
[(S(T)Pu+ T(1)U, Prwt), |

(4.36)
< (ID2(n)ulliz 2,00 + [7llulliz 2,00 + 1P1U 2 2.0:0) 11 (T)w ™ [|2,0-

The second expression on the right of (4.34) is handled in the same way as before.
The upshot is that

U (7)f, Da(7)"9)2.0]

(4.37) N
S (IP2(M)ullis 200 + I7llullis 2,00 + 1DV 11 2000) [ 112,07

whence (4.32) follows by Lemmas 4.1 (for A, (7)"), 4.2, and 4.4. O

Proof of Theorem 4.5. The proof follows the same pattern as the previous one.
Again, the assertion is reduced, by Poincaré’s inequality and Lemmas 4.1 and 4.2, to
the estimation of D; (1)U, (7). Then the arguments that we used to obtain (4.37) go
through without change to yield the desired conclusion. ]

Proof of Theorem 4.7. We write

(Au (M) = (AR(T) ™ = (K1) = Lu(1))P = P(Ku(r)* = Lu(1)F)
= Vu(7) + (PH(A(D) ) = PHALM ) T = Ku(n)F)
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(recall that V,(7) is the operator on the left side of (4.30)). Since Theorem 4.5 holds
true for A, ()", it follows that

1P (A (1)) ™ = PHALT) ) T = Ku() B (o)) S 1,

where we have used Poincaré’s inequality and the fact that P, (7)* = 0. Thus, we
are left with estimating the operator V,(7).
Fix f,g € La(Q). Let u, U, and v™ be as above, and let u* = (A)(7)") g
and Ut = K, (7)Tg. Then, by (4.30),
Vu(T)f, 9)2,0 = = (S(T)Pu+ T (1)U, Pt — U+))27Q
- (U, (ST +T(n)H) " —Put -UT)),
—(U,S(r)TU* — o)

Q

2,9

We use (4.36), with v — U™ in place of w*, to estimate, dropping the constants, the
first expression on the right-hand side by

(4.38) (ID2(Mulls 2.0 + I7llulliz 200 + IP1U 1z 2.00) DL (TP (0F = UF) 2,0

The remaining terms, according to estimates similar to (4.21) and (4.22) as well as
Poincaré’s inequality, do not exceed

(4.39) DU, 2.0 (0" = Put — U]

L2 T P10 200 + 7 [D1(T)0" 2,0)
(notice here that PIC,(7) = 0). Further, by Poincaré’s inequality,
(4.40) [DL(N)PH(wF = UMz S D) (0" —ut = UF) |20+ [IDi(r)Di(7)u 20

and

v = Put = U 1200 S ID1(7) (0" —ut = U290+ [lv" — w1, 2.0

(4.41)
+ D1 ut 1200 + DU 1,205

If we combine (4.38) with (4.40) and (4.39) with (4.41) and apply Lemma 4.1 (for
A, (1)), Lemma 4.2 (for A9 (1) and A (7)"), and Lemma 4.4 (for KC,,(7) and K, (7))
and Theorems 4.3 and 4.5 (for A, (7)"), then we obtain

|(Vu(T) s 9)2.0] S [ Fll2.0ll9ll2.0-

This proves the theorem. 0
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