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HOMOGENIZATION FOR NON-SELF-ADJOINT
LOCALLY PERIODIC ELLIPTIC OPERATORS

NIKITA N. SENIK

ABSTRACT. We study the homogenization problem for matrix strongly elliptic
operators on Lg(R?)™ of the form A° = —div A(z,x/¢)V. The function A is
Lipschitz in the first variable and periodic in the second. We do not require
that A* = A, so A® need not be self-adjoint. In this paper, we provide, for
small €, two terms in the uniform approximation for (A — p)~! and a first
term in the uniform approximation for V(A® — u)~!. Primary attention is
paid to proving sharp-order bounds on the errors of the approximations.

1. INTRODUCTION

Homogenization dates back to the late 1960s, and for more than fifty years it
has become a well-established theory. In the simplest case, homogenization deals
with asymptotic properties of solutions to differential equations with oscillating
coefficients. Given a periodic (with period 1 in each variable) uniformly bounded
and uniformly positive definite function A: R? — C%*?, consider the differential
equation

(L.1) —div A(e™ ) Vue — pu. = f,

where e > 0, g € C\ Ry and f € Ly(RY). The coefficients of the equation are
e-periodic and hence rapidly oscillate if € is small. In homogenization theory one
is interested in studying the asymptotic behavior of u. as € becomes smaller. It is
a basic fact that, after passing to a subsequence if necessary, u. converges to the
solution ug of the differential equation

(1.2) — div A°Vug — pug = f

with constant A°. Since, in applications, the elliptic operator on the left side of
usually describes a physical process in a highly heterogeneous medium, this means
that, in certain aspects, the process evolves very similar to that in a homogeneous
medium.

It is a basic fact about homogenization theory that u. converges to ug in Ly (R%);
we refer the reader to [BLPTS], or for the details. Stated differ-
ently, the resolvent of —div A(e~1z)V converges in the strong operator topology
to the resolvent of —div A°V. In [BSu0I] (see also [BSu03]), Birman and Suslina
proved that, in fact, the resolvent converges in norm. Moreover, they found a
sharp-order bound on the rate of convergence. Since that time there have been a
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number of interesting further results in this direction — see [Gri04], [Gri06], [Zh05],
[ZLP05], [BOS], [KLS12], [Suld,], [Sul3y|, [ChC16] and [ZhP16], to name a few.
Here we focus on a more general problem than the periodic one in . Let
A= {Ap} with Aj;: R x R? — C™*™ being uniformly bounded functions that are
Lipschitz in the first variable and periodic in the second (see Section [3|for a precise
definition). Consider the operator A% on the complex space Lo(R%)"™ given by

d
A = —div A(m,eilx)v = — Z 8kAkl(x,€*1x)6l.
k=1

The coefficients now depend not only on the “fast” variable, e ', but also on the

“slow” one, x. Assume that, for all £ in some neighborhood of 0, the operator A° is
coercive and furthermore the constants in the coercivity bound are independent of ¢.
Then A° is strongly elliptic for such ¢ and there is a sector containing the spectrum
of A%. In this paper, we will obtain approximations for (A® —p)~! and V(A —p)~?
(with p outside the sector) in the operator norm and prove that

(1.3) 1(A° =)™ = (A = ) Hlzasra < C,

(1.4) I(A° =)™ = (A% = )t = eClll oz, < CF°
and

(15) V(AT = 1) ™1 = V(A = )™ = VK 1y, < C,

the estimates being sharp with respect to the order (see Theorems and .
The effective operator A° is of the same form as A%, but its coefficients depend only
on the slow variable. In contrast, the correctors K, and Cj;, involve rapidly oscillating
functions as well. The first of these plays the role of the traditional corrector and
differs from the latter in that it involves a smoothing operator. The idea of using
a smoothing to regularize the traditional corrector is due to Griso, see [Gri02].
The other corrector has no analogue in classical theory and was first presented
in [BSu05] for purely periodic operators. Assume for simplicity that A* = A. Then
C,, has the form
C, = (K, — L) — M, + (K, — L,)"

(see Section . What is interesting here is that an analog of C;, for periodic opera-
tors, while looking similar to this one, does not include the term M3, see [Sel7;].
In fact, one cannot remove M5, from Cj, if the estimate is to remain true, see
Remark [5.9]for examples. So this term is a special feature of non-periodic problems.

The results of the present paper extend the author’s work [Sel7;] on periodic
elliptic problems, where we studied non-self-adjoint scalar operators whose coeffi-
cients were periodic in some variables and Lipschitz in the others. Put differently,
the fast and slow variables were separated in the sense that A(x) = A(z1,e 1x2),
where & = (x1,22). We proved analogs of the estimates 7, yet the correc-
tors were slightly different, see Remark[6.3] below. It should be pointed out that the
operators in [Sel7;] were allowed to involve lower-order terms with quite general
coefficients.

Previous results on uniform approximations for locally periodic elliptic opera-
tors are due to, on the one hand, Borisov and, on the other hand, Pastukhova
and Tikhomirov. In [B08| Borisov established the estimates and for
certain matrix self-adjoint operators with smooth coeflicients. In the paper [PT07]
of Pastukhova and Tikhomirov, similar results were proved for scalar self-adjoint
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operators with rough coefficients (although their techniques also apply to non-self-
adjoint problems). As far as I know, the estimate in the locally periodic
settings was not obtained even for the simplest cases.

To prove the estimates, we develop the ideas of [Sel7;]. In the first step we
establish a variant of the resolvent identity that involves the resolvents of the orig-
inal and the effective operators and a corrector (see Section @ This combination
comes as no surprise, for it is well known that the effective operator and a corrector
form a first approximation to the original operator (see, e.g., [BLP78] or [ZhKO93]).
When this is done, all the desired estimates will follow at once. However, we cannot
use the same technique as in [Sel7;], so the identity is proved by different means.
The point is that the technique depends heavily on the smoothing operator that
has been chosen. In the case of periodic operators, the smoothing was based on the
Gelfand transform; but it is not as convenient now. To my knowledge, no natural
smoothing for operators with locally periodic coeflicients is known, so we choose the
Steklov smoothing operator, which is the most simple and has proved to be quite
useful; see [Zh05] and [ZhP05], where that smoothing first appeared in the context
of homogenization, as well as [PT07], [Sul3;| and [Sul3s]. We remark that a very
similar smoothing had been used earlier in [Gri02] and [Gri04] (see also [Gri06]).
Our technique is strongly influenced by all these works.

I believe that the same method can be of use for locally periodic problems on
domains with Dirichlet or Neumann boundary conditions as well.

It is also worth noting that, once the estimates (L.3)-(L.5) are verified, a lim-
iting argument will give similar results for operators whose coefficients are Holder
continuous in the first variable, see Remark [6.6] These results, together with the
results stated here, have been announced in [Sel7s].

The plan of the paper is as follows. Section [2| contains basic definitions and
notation. In Section [3] we introduce the original operator. We study the effective
operator in Section [f] and correctors in Section[f] Section [f]states the main results.
Section [7] is the core of the paper, where we first prove the identity and then
complete the proofs.

2. NOTATION

The symbol ||- || will stand for the norm on a normed space U. If U and V
are Banach spaces, then B(U, V) is the Banach space of bounded linear operators
from U to V. When U =V, the space B(U) = B(U, U) becomes a Banach algebra
with the identity map Z. The norm and the inner product on C" are denoted by
|-] and (-, -), respectively. We shall often identify B(C",C™) and C™*".

Let ¥ be a domain in R? and U a Banach space. The space C%!(3;U) consists
of those uniformly continuous functions u: ¥ — U for which

Hu||00>1(E;U) = ||u||C(i;U) + [U]Coﬂl(i;U) < o0,

where |[ullc(s0) = sup,es[u(2)[lv and

[u(@z) — u(zd)llv

Ucor(s.y = Sup
[ ]CO 1(Z0) 21 2oCE, ‘x2 — xl‘
T1£T2
We will use the notation [|-||co.1, ||-|lc and [-]go.s as shorthand for [[-[[co1 (50,

I “ll¢svy and []co.1 s,y when the context makes clear which 3 and U are meant.
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The symbol L, (3;U) stands for the L,-space of strongly measurable functions
on ¥ with values in U. In case U = C", we write |- |/,,» for the norm on L,(X)"
and (-, -)x for the inner product on L(X)". We let W (%)™ denote the usual
Sobolev space of C"-valued functions on ¥ and (W;"(X)")*, its dual space under
the pairing (-, -)s. If C2°(S)" is dense in W/ (2)", then W™ ()" = (W"(S)")*,
where pT is the exponent conjugate to p.

Let @ be the closed cube in R? with center 0 and side length 1, sides being parallel
to the axes. Then W;”(Q)" denotes the completion of C"™(Q)" in the W -norm.
Here C’m(Q) is the class of m-times continuously differentiable functions on ) whose
periodic extension to R? enjoys the same smoothness. Notice that EP(Q)" coincides
with the space of all periodic functions in Ly joc(R?)™. The spaces Wg" (R x Q)™
and C™(R? x Q)™ are defined in a similar fashion. If p = 2, we write H™ for Wy,
H=™ for W™, etc. The symbol H"(Q)™ will stand for the subspace of functions
in H ™(@Q)™ with mean value zero. Any u € ﬁg (Q)™ satisfies the Poincaré inequality

(2.1) lull2. < (2m) 7| Dull2.q,

as can be seen by using Fourier series. Here and below, D = —iV.

We will often use the notation o < 8 to mean that that there is a constant C,
depending only on some fixed parameters (these are listed in Theorems and,
such that o < CB.

3. ORIGINAL OPERATOR

Let each Ay be a function in C%1(R% Loo(Q))™ ™. Then A = {Ay;} may be
thought of as a bounded mapping A: R? x RY — B(C%*") that is Lipschitz in
the first variable and periodic in the second. As is well known, for any func-
tion u: R4 x R — Ly(Q) satisfying the Carathéodory condition (i.e., the require-
ment of continuity with respect to the first variable and measurability with respect
to the second) the map 75u: R? — Lo(Q) defined for € R% and z € Q by

(3.1) u(z, 2) = u(z, e ', 2),

is measurable (here ¢ > 0). Notice that, if v is another function from R¢ x R? to
Lo(Q), then 7¢(uv) = (75u)(7°v). We adopt the notation u® = 7°u.
Consider the matrix operator A%: H'(R?)" — H~!(R?)" given by

(3.2) A = D*A®D.
It is easy to see that A° is bounded, with bound C, = || A]|¢:
(3.3) |A“ul| 1 2 ga < Cp||Dul|o ga

for all w € H'(RY)". Now we impose a condition that will render A% elliptic.
Namely, we assume that A° is coercive uniformly in ¢ € &, where & = (0, (]
with gg € (0, 1], that is, there are ¢4 > 0 and C4 > 0 such that

(3.4) Re(A°Du, Du)ga + Callull3ps > cal Dul; o
for every u € H'(R%)™. Tt follows that A° is m-sectorial with sector

S={z€C:|Imz| <c;'C,(Rez+Ca)}
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independent of . Whenever u ¢ &, the operator Aj, = A° — p is an isomorphism
and hence is invertible; moreover, for any f € H~*(R%)" we have

(3.5) ||(AZ)_1f||1,2,Rd SIfll=12,ra-
Before proceeding, we make a few remarks about the coercivity condition. It

follows from (3.4) (via Lemmal[d.1) that A satisfies the Legendre-Hadamard condi-

tion
(3.6) Re(A(-)é@n,E®@n) > calél’In)?,  £eR%pecCr,

so A° is strongly elliptic for all € > 0. The Legendre-Hadamard condition does
not generally imply . If we restrict our attention to the real-valued case, then
for scalar operators the two statements are equivalent. But this is no longer true
for matrix operators, let alone the complex-valued case. A necessary and sufficient
algebraic condition on A that would guarantee is not known.

It is worthwhile to point out that we have to be able to verify the coercivity
bound for all € in some interval (0,e], which may be rather difficult. A sufficient
condition not involving ¢ is that the operator D*A(z, -) D is strongly coercive on
H'(R?)™ and furthermore there is ¢ > 0 so that for any z € R? and u € H*(R4)"

(3.7) Re(A(z, -) Du, Du)ga > c|| Dul3 pa.

This can be seen by noticing that, by change of variable, the above inequality
remains true with A(x, e~ 1y) in place of A(z,y). Then a partition of unity argument
will do the job, since A is uniformly continuous in the first variable.

As an example of A satisfying (3.7), let b(D) be a matrix first-order differential
operator with symbol

d
Eb(&) = bk,
k=1

where b, € C"™*™. Suppose that the symbol has the property that, for some « > 0,

b(€)*b(&) > al¢l?,  EeR7
Let g be a function in C%*(R%; f/OO(Q))mxm with Re g uniformly positive definite.
Now if we take Ay, = b} gb;, then application of the Fourier transform will yield
Re(A(x, -) Du, Du)pa = Re(g(x, -)b(D)u, b(D)u)ga
> af|(Reg) 2% Dull3 ga-
Homogenization for self-adjoint operators of this type was studied by Birman and
Suslina in the purely periodic setting (see, e.g., [BSu01], [BSu03], [BSu05], [BSul6],
[Sul3;| and [Sul3q]) and by Borisov in the locally periodic setting (see [BOS]).
Observe that the more restrictive Legendre condition, which amounts to the
uniform positive definiteness of Re A, does ensure coercivity, but excludes some

strongly elliptic operators with important applications — such as certain elasticity
operators.

4. EFFECTIVE OPERATOR
Given ¢ € C™*™ and z € R?, we let N¢(z, -) be the weak solution of
(4.1) D*A(z, - )(DNe(z,-)+&) =0
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in H&(Q)”. The function N¢ is well defined, since D*A(z, - )¢ is a continuous linear
functional on H'(Q)™ and the operator D* A(x, -) D is strongly coercive on H*(Q)",
as we shall now see.

Lemma 4.1. For any x € R? and all u € E[l(Q)”, we have

(4.2) Re(A(z, -) Du, Du)g > cal|Dull3 o-

Proof. Fix u. = eutp with u € C1(Q)" and ¢ € C°(R%). We substitute u. into
(3.4) and let € tend to 0. Then, because u. and Du, — (Du)®p converge in Ly to 0,

lim Re /Rd (A%(2) (Du)® (), (Du)® (2))]p(x)[* do > lim ca AdI(DU)E(w)I2|¢(I)I2dI~

e—0

It is well known that if f € C.(R%; Lo (Q)), then

lim Rdf (w)dHC:/Rd/Qf(x,y)d:vdy

(see, for instance, [A92, Lemmas 5.5 and 5.6]). As a result,
Re [ [ (A0 Duly). Duw)) (@) dedy = ea | [ 1Du)Plote)? do
R JQ R JQ

Since ¢ is an arbitrary function in C2°(R%) and since A is continuous in the first
variable, we conclude that, for any = € R?,

Re /Q (A(z, y) Du(y), Du(y)) dy > ca /Q Du(y)? dy. =

It is clear from Lemma and Poincaré’s inequality (2.1)) that
Re(A(z, 1) Du, Du)q 2 [[ullf 5,0

for every u € H(Q)". Thus, the definition of N¢ makes good sense.

Denote by N the map sending £ to N¢. Evidently, N¢ depends linearly on &,
so N is simply an operator of multiplication by a function (still denoted by N).
The next lemma shows that NV has the same regularity in the first variable as A.

Remark 4.2. In what follows, we denote differentiation in the first variable by D
and differentiation in the second variable by D;. When no confusion can arise, we
omit the subscript and write D, as we did before.

Lemma 4.3. We have N € C%'(R%: H(Q)).
Proof. The identity , together with Lemma yields

cal DNe(z, - )ll2,0 < [|A(2; )lloo,@lél;
whence
(4.3) [D2N | L :L2(@)) < €a' [ Alle-
Next, by again, for any z;,z2 € R% and v € IST& (O

(A(z2, -) (DNg(w2, -) — DNe(z1, ')),D’U)Q
= —((A(z2, ) = A(w1, ))(§ + DNg(z1, ), Dv) .-

Taking v = N¢(z2, -) — Ne(21, ) and using Lemma [£.1] we obtain
cal[DNe(w2, -) = DNg(21, - )ll2.@ < [[A(22, -) = A(@1, )00, 1€ + DNe (1, -)l2,0-
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It now follows from (4.3]) that
[D2N]cos @sizaay < €' (1 + 3 |4lle) [Alon:.

We have proved that DN € C%! (R4 Ly(Q)). But then Poincaré’s inequality (2.1)
implies that N € C%1(RY; Ly(Q)) as well. O

Let A°: R? — B(C%*") be given by
(4.4) zwwszwwu+mewwy
Q

Since A and Dy N are continuous in the first variable, so is A®. In fact, we have
A% € COY(RY). Indeed, the estimate

4% ey < Al + D2N e
is immediate from the definition of A°, and that
[A%)coa(rey < [Allc[D2N]ooa + [Alcor |1 + DoNllc

follows by an easy calculation. Hence, [|A%(|co.1(gay is finite.
Now we define the effective operator A°: H'(RY)" — H~1(R%)" by setting

(4.5) A% = D*A°D.

Observe that A° is bounded and coercive (recall Garding’s inequality) and thus
m-sectorial. It can be proved that A° satisfies an estimate similar to with
exactly the same constants, however the bound on its norm may be different
from . Nevertheless, the sector for A remains the same as for A°. We briefly
sketch the argument; see [Sel7;| Section 2.3| for a related proof. First consider the
two-scale effective system as in [A92] and check that the associated form, which is
defined on H*(RY)"™ ® Lo(R%; HE (Q))" by

ud U (A(Dlu + DgU),Dlu + DZU)RdXQ,

is m-sectorial with sector &. We only remark that the coercivity is obtained by
substituting u+eU® (with sufficiently smooth v and U) into (3.4) for u and letting
e tend to 0; cf. the proof of Lemma [£.I] Then notice that

(A%, u)ga = (A(Dyu + DU), Dyu + DyU)gaxg

provided U = NDju (which is definitely in Ly(R%; H(Q))™). The claim is proved.

Thus, we see that the operator Ag = A% — ;4 is an isomorphism as long as
is outside &. In addition, standard regularity theory for strongly elliptic systems
(see, e.g., [McL00, Theorem 4.16]) implies that the pre-image of Lo(R%)™ under Ag
is all of H2(R%)™ and for any f € Lo(R9)"

(4.6) ICAD ™ Fllz2ra S N fll2,ga-

Let us return to our discussion of coercivity at the end of the previous section.
As we have seen, llows from , which in turn is a consequence of .
On the other hand, (4.2) does not generally imply 7 and there are examples
(for n > 1, of course) where holds, but is false, see [BF15|. In such
cases, a subsequence of (AZ)_l may still converge in the weak operator topology
to (A9)~", but A? will fail to be strongly elliptic, i.e., A will not satisfy the
Legendre-Hadamard condition.
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5. CORRECTORS
Let the operator K,,: Lo(RY)™ — H'(R? x Q)" be given by
(5.1) Ku=NDy(A))"".
Lemma combined with the estimate , readily implies that /C, is continuous:
(5.2) 1 f 2 mix S N1l pe-
The very same argument shows that D1 D>K,, is bounded on Lg(Rd)" as well:
(5.3) |DLDaK fllsaxp S 11z

Since we do not impose any extra assumptions on the coefficients, the traditional
corrector 7°/C,, will not even map Ly(RY)™ into itself. So we must first appropriately
regularize the traditional corrector, and a smoothing operator is used for exactly
this purpose.

5.1. Smoothing. Let 7¢: Ly(R? x Q) — L2(RY x Q; L2(Q)) be the translation
operator

(5.4) Teu(z,y,2) =u(z +e2,y),
where (2,7) € R? x Q and z € Q. Certainly, for any u,v € Lo(R? x Q) satisfying
uv € Ly(R? x Q) we have Teuv = (T¢u)(T*v). Next, the adjoint of T is given by
(T ueg) = [ ule - ez9,2) de
Q

Note that (7°)* is defined on Ly(R% x Q) and Lo (R?) as well, by way of identifying
these spaces with the corresponding subspaces of Ly (R? x Q; L2(Q)). We define the
Steklov smoothing operator S¢: Ly (R4 x Q) — L2(R? x Q) to be the restriction of
(T9)* to La(R% x Q). In other words,

(5.5) Ssu(x,y)z/QTEu(x,y,z) dz.

The operator §¢ is plainly self-adjoint.
Here we collect some facts about 7°¢ and S°¢.

Lemma 5.1. The restriction of 75T¢ to Ly(R? x Q) is an isometry.

Proof. By change of variable,
HTETEquRdXQ = / / lu(z, e o — 2)|? de dz.
: re Jo

But since u is periodic in the second variable, this equals |[ul|3 RIXQ O

A related result for S is the following.

Lemma 5.2. The restriction of 7S¢ to Ly(R? x Q) is bounded, with bound at
most 1.

Proof. This is immediate from Cauchy’s inequality and Lemma [5.1] a

It is easy to see that both 7° and S¢ converge in the strong operator topology to
the identity operator, yet they do not converge in norm. The uniform convergence
will, however, take place if we restrict them to certain Sobolev spaces.
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Lemma 5.3. For any u € C°(R¢ x Q) we have

(5.6) (7= — I)UHz,RdexQ S EHDlu”Z,Rde-

Proof. Notice that

1
u(z +ez,y) —u(z,y) = €i/ (Diu(x + etz,y), z) dt.
0

Hence,
I(T° = Du(-,y, 2)|l2re <ergllDiu(-,y)ll2,ras
where rg = 1/2diam Q). Integrating out the y and z variables then yields (5.6). O
Lemma 5.4. For any u € C°(R? x Q) we have
(5.7) (8% = Dullz raxq < ellD1ull2raxq;
(5.8) 1(8° = Dullzmaxg S X 1D1D1ulls paxg-

Proof. The inequality (5.7]) comes from ([5.6). To prove (5.8]), notice that
1
u(z +e2,y) — u(z,y) = ei(Dyu(z,y), 2) — &° / (1 = t){D1D1u(zx + etz,y) z, z) dt.
0

The first term on the right-hand side has mean value zero for a.e. x and y (because
Q is centered at the origin), so

I(8° = Dyu(-,9)llaze < g D1Dvul-,y) 2 o

Integrating over @ completes the proof. O

Now we can prove the following result.
Lemma 5.5. For any u € C°(R? x Q) we have
75T u — 7°S%ulla rixq < €l Diull2,raxq-
Proof. We write
T u— 718 u=7T(Z-S8)u+7°S(T° —T)u

(here S¢T°¢ is understood to be defined as S€T° = T<S¢, that is, we apply S¢ to
Teu regarding the new variable resulting from the operator 7° as a parameter).
Then, it follows from Lemmas and that

[T5T*(Z — S%)ulla,raxg S ellDrull2raxgs
while Lemmas [5.2] and [5.9] imply that
[T°S(T° — Dullaraxq S ellDiullaraxq-

These observations combine to give the desired estimate. O

Remark 5.6. We note that the results of Lemmas [5.1H5.5] persist if we replace the
La-norms by the Ly-norms with p € [1, 00]. This will play a role in what follows.
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5.2. Correctors. We define the first corrector K7, : Lo(RH)™ — HY(RY)™ by
(5.9) ks = 1°S8°K,.
More explicitly,

ICfo(x)/QN(5£+62,51:17)D(A2)1f(x+5z)dz.

Because of the smoothing S§¢, this corrector is bounded with
(5.10) 1K Fllaze S 1l pe
(5.11) IDK;, fllope S e If
Indeed, using Lemma, [5.2] we see that
1K fllzra < I1Kufll2raxq:
IDK;, fllope < ID1Kufllaraxg + & 1 D2kufll2maxq-
The estimates (5.10)) and (5.11)) then follow from (5.2]).

While the La-norm of K7, f is merely uniformly bounded, the Ly-norm of S°K7, f
turns out to be of order .

2,Re -

Lemma 5.7. For any e € & and f € La(R%)"™ we have
IS KCLf
Proof. By definition of §° and K7,

2 R4 N 5||fH2,Rd~

S = [ [ TRttt oy dus
Since IC,, f(z, -) is periodic and has mean value zero, we have

/ / Kuf(z+ew,e o+ 2)dwdz =0,
QJIQ
and hence
SKLf(x) = /Q/Q(TE DK, f(x+ew, e a+ 2, 2) dw dz.

Changing variables and keeping in mind that /C,, f is periodic in the second variable,
we find that

IS5 fllare < I(TF = DEufll2rixoxq-
The result is therefore immediate from Lemma and the estimate ([5.2]). [l

To describe the second corrector, we need some additional notation. Let (.AZ)+
be the adjoint of A5. Then we construct the effective operator (A9)*, the cor-
rector (K7,)" and the other objects (which will be marked with “+” as well) for
(AS)T just as we did for AS,. (It may be noted in passing that (A9)* is the adjoint
of AS.) Of course, all results for A5, will transfer to (A%,)*. We shall not explicitly
formulate these results here, but refer to them by the numbers of the corresponding
statements for A5, with “4” following the reference (for example, Lemma and

the estimate (5.10)").

Define £,,: Ly(R%)™ — Ly(R%)™ by
(5.12) L, = (DK} A(D1(A%) ™ + DaK,)



HOMOGENIZATION FOR LOCALLY PERIODIC ELLIPTIC OPERATORS 11

and M5, Ly(R%)" — Ly(R?)" by
(5.13) M5, = (75T (D1 ((AD) ") + Dak)) 75 [A, T (D1 (A%) ™" + DaK,).

A more convenient way of dealing with these operators is to look at their forms. If
we set ug = (AD) "1 f, U =K, f and ug = ((A%)")"1g, Ut = K}lg, then

(Lof,9)ra = (A(Dyug + DoU), D1U+)]Rd><Q
and
(M5, f,9)ra = £~ 1 (7°[A, T*)(Dyug + DoU), 75T (Dyuf + DoUT))
Both £, and Mj, are bounded. Indeed,
[(Lof; 9)ral < [[A(Drug + D2U)l2 maxq|D1U T 2 rixq:
and so, according to the estimates , and *,
(5.14) 1L fll2 e S 1SNz pa-

Likewise, observing that 7¢[A, T¢] = 7¢(Z — T¢)A-7T¢ (by the multiplicativity of
7¢ and T°¢), we conclude that

(MG, 9)ral < 1Q[Alcos IT5T=(D1uo+DoU)llo mix 7T (Drug +D2U)|lo maxq-
This, together with Lemma and the estimates (4.6)), (5.2) and (4.6)", (5.2) ",

yields that

RixQ*

(5.15) IMESfll2re S 1 ll2 e
Now we introduce the second corrector Cf: Ly(R%)™ — Ly(R%)™ by
(5.16) Cr = (K5, — L) — M5+ ((K)" = L1
Then (5.10)), (5.14), (5.15) and (5.10) ", (5.14) " imply that C;, is continuous:
(5.17) ICLFll2re S N1 fll2,Re-

Remark 5.8. From (5.15) we know that the operator norm of M;, is bounded
uniformly in €. In some situations, we can go further and prove that

(5.18) ML fll2pe S ellf
The term M7, can then be removed from Cj;, because, in the context where the
corrector Cj, is needed (see Theorem below), this term will be absorbed to the
error.

The estimate (5.18)) is true, for instance, if A € OV (R%; Lo (Q)). To see this, we
notice that if u,v € H*(R? x Q)™ then uv € W (R? x Q) and, by an L;-variant
of Lemma (see Remark [5.6)),

|(F(ZT = T)A-7°Tu, 7°T"v)

< ErQ [A]Co,l ||7'€’T€u17 - TESEU'I._/HL]RdXQ S 52||D1U1_]|‘1,RdXQ

|2,Re-

RixQ ~ (TE(I —S8%)A - 15T u, TETE’U)RdXQ‘

(we have reversed the order of integration to pass from S° to 7°¢ in the second
term on the left). This means that we may replace the function 7¢(Z — 7°)A in
M, by 7°(Z — 8§°) A with error being of order e. But since A € C*(R%; Lo (Q)),
an Loo-variant of the second estimate in Lemma (again see Remark will
imply that M7, itself is of order e. Another example when holds is the case
where the fast and slow variables are separated, that is, A°(z) = A(zy,e 1ag)
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with & = (x1,22). Since only the rapid oscillations must be regularized, we may
choose T°¢ to be the translation operator in the variable xs:

Teu(z,y)(z2) = u(xy, 22 + £22,9).

Then (Z — T¢)A is identically zero. Operators with such coefficients have been
studied in [Sel74].

Remark 5.9. Given the previous remark, it may be tempting to conjecture that
(5.18) holds for all A € C*'(R?; Loo(Q)). However, this is not the case, as the
following example shows. Define

x) = Z k=2 cos 2P .

keN

Then Yy is uniformly continuous, but does not satisfy a Holder condition of any order
at all points (see [H16l Section 4] for details). Let A; be a uniformly positive definite
Lipschitz function on R whose derivative equals x on (0,1) and is 0 off (0,1), and let
Ag(y) = 47/2(2 4 sin 2my)~1. Set A(x,y) = Ai(x) Az(y). Select an f € Ly(R) in
such a way that [Dug|? = 1 on (0,1). It is a straightforward, yet tedious, calculation
to see that

(MG f, e = (log 6 ") 2+ O(er), k= o0,
where ¢, = 27%. In fact, for any monotone function ¢ € C([0,1]) that satisfies

¢(0) = 0 and ¢(¢) > &, we can construct a uniformly elliptic operator .A° on H*(R)
and find a sequence {ej }ren converging to 0 such that

(MEf, flr =C(ex) + O(ex), k= oo,
for some f € La(R). The idea is to adjust gaps in the Fourier series for x.
Remark 5.10. We observe that £,, can be written in the form
L, =(A0)'D*LD(A))!

where £: H'(RY)" — Ly(R%)" is a first-order differential operator with bounded
coeflicients:

c= /N+ JDi A, y) (I + DaN(-,y)) dy
(cf. [Sel7), Remark 2.6]). Likewise, we can write M, as
= (A)) ' D*M.D(A}) ™"
where M. is the bounded function given by
M. (z) =¢! /Q(I—i-DQNJr(:C, e et 2)) AL Az, e at2) ([4+DoN (2, e ta4-2)) dz
with A_, A(z,y) = A(z +ez,y) — A(z, y).

6. MAIN RESULTS
Now we formulate the main results of the paper.
Theorem 6.1. If u ¢ &, then for any e € & and f € Ly(RY)™ we have

(6.1) 1AL = (AT fllzpa S €l fllzra,
(6.2) ID(A;) ™ f = D(AR) ™' f — €DK flla e S ell fll -
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The estimates are sharp with respect to the order, and the constants depend only
on the parameters d, n, u, the norm ||Al|cor and the constants c4 and Cga in the
coercivity bound.

Theorem 6.2. If ¢ &, then for any € € & and f € Ly(R?)™ it holds that
(6.3) ||(AZ)71f - (Aﬁ)’lf —eC fllore S 52||f||2,Rd~

The estimate is sharp with respect to the order, and the constant depends only on
the parameters d, n, p, the norm ||A|lcox and the constants ca and Ca in the
coercivity bound.

Remark 6.3. These results should be compared with those in [Sel7;]. Suppose
that A is periodic, that is, A°(z) = A(x1,e 'x3), where x = (z1,22). In [SelT]
we proved estimates similar to 7, but with different correctors in
and . The difference stems from the smoothing operator. As mentioned earlier,
in the periodic case we may reduce T¢ to the translation operator in the variable xs.
Then &° will involve averaging over €@, with @ being the basic cell for the lattice
of periods (not necessarily of full rank). The Gelfand transform provides another
smoothing that is, in a sense, dual to the first one and involves averaging over the
dual cell e~*Q* in the reciprocal space. (Here Q* is the Wigner—Seitz cell in the
dual lattice.) It is this last smoothing that appeared in [Sel7;]. One can verify
directly that either of these may be used in the corrector Kj,. As for £, and M5,
the former does not depend on smoothing and is just the same as in [Sel7;], and
the latter is zero by the choice of T¢ (see Remark [5.§).

Remark 6.4. Theorems[6.1]and [6.2]can be extended to allow all i ¢ spec A°, though
it may be necessary to replace & by a smaller set &, depending on . Indeed, the
proofs of the theorems go over without change to the case u ¢ spec A? provided we
establish estimates similar to and . By the first resolvent identity, this
amounts to checking that A7, as an operator on L (R%)™ has a uniformly bounded
inverse. Suppose that 1 € & (otherwise &, = &). We know from Theorem that
if v ¢ &, then

(A f = (AD) " fllore < Cuoell fllara
for all e € & and f € Ly(R?)™. Therefore, using the identity

—1
(A) 71 = (A0 = (T = (= ) ALAD) T ((A) 7! = (A7)
X A AR TH(AD) T = (AD) T AD(AL) T
we see that (A5)~! is bounded on Ly(R%)™ uniformly in & <&, , Ao, where

dist(u, spec A°)
Cy|p — v|(dist(p, spec A%) + | — v])

It follows that we can set &, = (0,,,, o).

Epw <

Remark 6.5. We note that the operator D(Ai)’1 converges in the uniform topology
if and only if D A(z, -)¢ =0 on H'(Q)" for every x € R? and ¢ € C**™, in which
case N is zero and hence so is K. Notice also that the effective coeflicients are
then obtained by ordinary averaging over Q.

Remark 6.6. By keeping track of [A]co.1 in estimates, we can find that the constants
on the right of (6.1) and (6.2) depend linearly on [A]co.:, while the constant on
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the right of , quadratically. These observations play a role in proving results
similar to Theorems [6.1] and [6.2] when the coefficients are Holder continuous, or
even continuous, in the slow variable. The key idea is to use mollification to replace
A with a function As that is Lipschitz in the first variable. In the case of Holder
continuous coefficients, we are able to control both the convergence rate of A to
A in a Holder seminorm and the growth rate of [As]co.s in terms of 6 as § — 0.
In the end, this allows us to obtain the desired operator estimates. However, if
the coefficients are only continuous, such an approach yields the convergence of the
resolvent, but not the rate. These results have been announced in [Sel75|; detailed
proofs will appear elsewhere.

7. PROOF OF THE MAIN RESULTS

Our first task is to obtain an identity involving (Ai)_l, (Ag)_l and K, that will
play a crucial role in the proofs.
Fix f € Ly(RY)™ and g € H'(RY)™. Let up = (A))"'f, U = Kuf, U = K5 f
and uf = ((A5)")"'g. Then we have
(7.1)
()TN = (AD) T = €Ki S 9) ga = (Auo, ul Jra — (A%(S7ug + eUe), ud )
— (A%(Z — 8%)ug, ul ga + ep(Ue, ul ga-

Let us look at the first two terms on the right. By the definition of the effective
coefficients,

(AOUO, U+)Rd = (A(Dl’LLO + DQU), Dlu:)

€

Then Lemma [5.1] yields that
(7.2) (A’ug,ul )ga = (T°T°A(D1uo + D2U), T°Dyul)

RIxQ"

RIxQ

(notice here that ul does not depend on the second variable). On the other hand,

(A°(S%ug + eUe),ut )ga = (T°AT*(D1ug + D2U), Dyuf)
+ E(TEATEDlU7 Dlu:)

(7.3) RéxQ
RIxQ"

Commuting 7 past A in the first term on the right and combining the resulting
identity with (7.2)), we conclude that

(A%ug, ul )ga — (A*(Suo + eUs), uf )pa
= (1°T°A(Dyuo + DoU), (T — Z)Dyu)
— (7°[A, T*](Dyuo + D2U), Dyuf)
— E(TEATEDlU, Dluj)

(7.4) RixQ

RixQ
RixQ"

We would like to be able to prove that the norm of the operator corresponding
to the left-hand side is of order €. It is clear from the previous discussion that the
last two terms on the right satisfy the desired estimate. The same would be true
for the first term if we could integrate by parts and transfer Dy from (7° — Z)ut
to A(Dyug + D2U). The following technical result will be useful for this purpose.

Lemma 7.1. Let F € COY(R%; Ly(Q))**™ be such that D3F(x,-) =0 on H'(Q)"
for each x € R%. Then Dim¢T*F = 15TD;F on C}(R%C(Q))" for any e > 0.



HOMOGENIZATION FOR LOCALLY PERIODIC ELLIPTIC OPERATORS 15

Proof. 1t suffices to check the assertion for € = 1, because the general result will
then follow from this special case applied to the function (z,y) — F(ex,y). After

n

a change of variables, we must show that, for any ¢ € C}(R%; C(Q))",

@5 [, [ Fear. D@y = [ [ DiFG a0 o) drdy

Were F' smooth, this would be nothing but the usual integration by parts formula.
But we can find a sequence of divergence free smooth functions that converges, in
a certain sense, to the function F', which will yield the desired conclusion.

If e (y) = e*™ ) where k € Z4, then we let F(z, -) denote the partial sum
of the Fourier series for F(z, -):

Fr(z, ) = Z Fk(aﬁ)ek.

[k|<K

By hypothesis, D5F(z,-) =0 on H(Q)", so

(Fu(x), k) = (2m)" /Q (F(2,y), Dex(y)) dy = 0

for each k € Z%. An integration by parts then gives

(7.6)
/ / (Fi(2,2 + ), Digple, ) da dy = / / (Dt Fie (.2 + ), o, y)) de dy
rd JQ rd JQ

(notice here that DF},(x) are exactly the Fourier coefficients of Dy F(z, -)).

Our goal now is to pass from to . Let f be a function in C%'(R%; Ly (Q))
and let fx(x, ) be the partial sum of the Fourier series for f(z, -). We claim that
fx — f in the weak-* topology on C.(RY x Q)* as K — oo. Indeed, given any
Y € C.(R? x Q), the sequence of functions x — (fx(x,-),%(x, ))g converges
pointwise to the function « — (f(z, -), ¥(z, -))q, because fx(x, ) = f(z, ) in Lo.
In addition, all the functions in the sequence are supported in a compact set and
are uniformly bounded, since

[(Fr (), (@, ))al < 1f (2, l2ellv (@, )z < [ fllcldle-

We see that (fx,¥)rixg — (f,¥)rixg by the Lebesgue dominated convergence
theorem, and the claim follows.
The proof is completed now by letting K — oo in (7.6). O

By definition, we have A(Djyug + D2U) = A(I + DyN)Dug. Assume for the
moment that ug,ut € C®(R9)". We recall that, for each € R? and ¢ € C*™,
D3A(x, -)(I + DaN(x,-))¢ =0 on HY(Q)", so Lemma applies to show that

(TETEA(DllLO + DQU), (TE - I)Dluj)wx@

7.7
( ) = (TETgDTA(Dl’LLQ —|—D2[])7(7‘E —I)U:)

R xQ
for every ug,ur € C°(R?)™. Moreover, since the form

(o, ul) = (T5T=A(Drug + DoU), (T¢ = T)Drud ),

is continuous on H'(R4)" x H'(R?)" and since the form

(ug,ul) — (Ts'TstA(Dluo + DsU), (T° — I)u:)RdXQ
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is continuous on H2(R%)™ x Lo(R%)™, the last equality holds for any ug € H?(R%)"
and u} € HY(RY)".
Now that we have this result, (7.4]) becomes
(A%, ul )ga — (A°(S%ug + eUs), ul )ga
= (TETEDTA(D{LLO + DQU), (TE — I)uj)

(7.8) e
— (°[A, T)(Druo + DoU), Diuf ) ga
— (AT D1U, Druf ) oy -
Putting into (7.1), we finally obtain the desired identity:
(A1 = (AT =K f 9)a
= (T°T*Di A(Dyug + DoU), (T° = D)u )
(7.9) — (7°[A, TN (Druo + D2U), Dyud )

— E(TEATEDlU, Dlu:)Rde
— (AS(Z — S%)ug, ul ga + ep(Uz, u pa.
We are now in a position to prove the theorems.
Proof of Theorem [6.1] We estimate each term in . By Lemmas and
‘ (TETEDTA(DNLO + DoU), (T° — I)u:)Rde|
(7.10) < 75T Dy A(Druo + D2U)lla raxoll(T° = T)ud |2 mixq
Se([[Duglly gra + | D1D2U g gaxg + || D2U
Using Lemma again, we see that
|(7*[A, T (Druo + Do), Dyt ) g, |
(7.11) < erq[A]coa [T (D1uo + DaU) |2 pix@lID1us [lorixq
Se(llDugllapa + | DU
(recall that rg = 1/2diam @) and

(712) €’(TEATED1U7D1UZ_)R¢1XQ

Q,Rde) ||D“e+ ||27Rd-

2,Rde) ||Duj ||2,Rd

’ < 5||AHC||7—8T8D1UH2,R<1><Q||D1u:||2,Rd><Q
S 5||D1U||2,Rd><Q||Du2_”2,]Rd'
Next, it follows from the estimate (3.3) and Lemma that
[(A°(Z = 8%)uo, ul Jral S (T — S%)uoll1 2 mallud [I1,2,r4

< ellDuol1 2 relu |

1,2,Rd-
Finally, Lemma [5.2] yields
5\(U5,uj)Rd| < EHU€||2,R‘1||U:”2JRd < EHUHQ,]Rde”uZ_”Z,Rd'
In summary, we have found that
|(("4;)71f - (A?L)ilf - €]Cif, g)]Rd}
S 5(||Du0||1,2,Rd + I1D1D2U |2 paxq + ||U||1,2,Rde) Juf [|1,2,ra
Now suppose that g € Ly(R%)". Then from [&.6), (5-2), (5-3), (5-10) and B5) ",
(AT = (AD) 7 2 9) el S el fllorallgllora
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which proves (6.1)). On the other hand, setting g = D*h where h € Ly(R%)4*™ and
using (4.6)), (5.2)), (5.3) and (3.5) *, we obtain

|((~Ai)_1f - (Aﬁ)‘lf - €ICZf7D*h)Rd} Sellfllorallhll2ras
which proves (6.2). O

Proof of Theorem [6.2 Let ug = ((A5)%)"'g, UT = K}g and UF = (K3)Tg.
As a first step, we rewrite the corrector C;, dropping, as we may, terms with operator
norm of order ¢.

By the very definition of Cj,

Cf 9t = (K f, @re — (LS, 9)re — (MG f, 9)re + (f, (K5) T 9)re — (f, £ 9)ra-
We claim that
—e(Luf, g)re — (MG [, 9)ra +(f, (K5)F 9)ra — ([, £ 9)pe
~ (1°T°DiA(Diuo + DoU), (T° = I)(ug 4+ eUZ))
— (TE[A,TE}(Dluo + DyU), D1 (ugd + EU:))
— e(T*AT*D1U, Dy (ug +cUZ))

d
(7.13) wixQ
RIxQ

RIxQ’
where the symbol = is used to indicate equality up to terms that will eventually be

absorbed into the error.
Indeed, by Lemma [5.1] we have

(Lnf,9)ra = (T°T° Dy A(Dyug + DQU)7T8T€U+)RdXQ'
Now observe that 77°U ™" may be replaced by 7°SU*. This is so because
(7T D A(Dyug + DoU), 7 T°U+ — 787U %) |
< [T TeDi A(Dyug + DaU)|l2 paxqllT*TUT = 758U |2 raxg;
whence, by Lemmas and and the estimates (4.6, (5.2)), (5.3) and (5.2) ",
|(7°T*D{A(Dyuo + DoU), 7°T°U " — TESEU+)Rd><Q| Sellfllarallgllere-
Recalling that U = 78U, we see that

(7.14) (Luf,g)ra = (TETEDTA(Dl’U,O + DyU), U:)Rde'
We next want to show that
(7.15) (f, L g)ra =~ (T°AT"D1U, Dy (uf + an))RdXQ.

According to Lemma [5.1
(fa ‘C:g)]Rd = (TETEADan TET&(DluE)‘— + D2U+))Rde'

We commute 7°¢ through A and use Lemma and the estimates and
B9 63 to e
(f, E;g)Rd ~ (T°AT* DU, 7°T*(D1ug + D2U+))RdXQ

(notice here that 75[A,T°] = 75(Z — T°)A - 7°7°). A similar argument using
Lemma, shows that TE'TEDlug (which is, of course, equal to TEDlug ) may be
replaced by Dlusr. With a little extra care we can pass from 7T DyU™ to e DU,
as well. Indeed, eD U} = er°S* DUt + 7585 DyU™", where et¢S*D U™ creates
another error term and 7°S°D,U™ is handled exactly as above, by Lemma

Hence ([7.15)) is proved.
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Repeating these last arguments for 7"€'T‘€(Dluar + DyUT), we find also that

(7.16) (MG f,9)ra = €= (r°[A, T)(Druo + DaU), Di(ug +eUF))pa, o

Let us turn to the term involving (ICZ)"‘. By the definition of uy and UZ,
(fs (’CZ)+9)Rd = (AOUOa U )pe — p(uo, U pa.
Applying Lemmas and and the estimates and + yields
(w0, U Jal < |((S° = T)uo, U gl + |(uo, STUL ra| S ell fllarallglla ra,
S0

(f, (K  g)pa = (A%ug, U ga.
Thus, from Lemma [5.1] and the definition of the effective coefficients, we have

(7.17) (f, (K5 g)re = (T°T° D A(Dyuo + DQU)ﬂTEU:)RdXQ'
To summarize: by ((7.14)—(7.17)), (7.13]) reduces to showing that
(7.18)  |[(r°T*DiA(Drug + D2U), (T° = T)ug )pay o] S €2 fll2,mallgllo e

Let us prove (7.18). From Lemma [7.1] we know that
(7T Dy A(D1uo + D2U), (T° — I)ug)Rde
= (r°T°A(D1uo + D2U), (T% = I)Drug ) ga
(cf. (7.7)). Lemmas and and the estimates ([£.6), (5.2), and (4.6)"

enable us to replace 7T A(Diug + D2U) with 7¢S°A(Diug + D2U). Reversing
the order of integration to switch 7¢ and S° and again using Lemma [7.1] we get

(r5T= Dy A(Dyug + D2U), (T = T)ug ) payg
~ (T°T* D A(Drug + DoU), (8 = T)ud ) g o

It then follows from Lemmas and and the estimates (4.6]), (5.2)), (5.3)
and (4.6) " that

| (75T D} A(Dyuo + Do2U), (S° — I)ug)RdXQ| <& f

We have verified (|7.18)), and therefore the claim is established.
Now we subtract (7.13]) from (7.9 to obtain

(A = (D) —€Cfo9)ga
~ (1°T°DiA(Diuo + DoU), (T° = I)(uf —ug —eUT))

— (7°[A, T*)(D1uo + D2U), Dy (uf — ug —eUZ))

—e(T"AT* DU, Di(uf —ug —UF))paq

= (AT = 8%)uo, ul Jra + ep(Ue, ud Jpa-
Using the inequalities (7.10), (7.11) and (7.12) with uX —ud —eUZ in place of uZ
and then applying the estimates (4.6)), (5.2)), (5.3) and (6.2) ", we see that the norms
of the operators associated with the first three forms on the right are of order £2.
As for the last two forms, we write

(AS(T — 8%)ug, ul )ge = ((I — S8%)ug, g+ ﬂuj)Rd

2,Rd ||g||2,]R<d-

RixQ

RIxQ

and
e(Uz,ul )ga = e(S°Us, ul )pa + e(Ue, (T — S%)ul )ga.
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Then, by Lemma [5.4 and the estimates and (3.5)7,
(AT = §%)uo, ul Jral < (T — S%)uolla re (lgllome + lulllul [lo me)
S 52”f||2,]RngH2,Rda
while, by Lemmas and and the estimates (5.10) and (3.5)",
el(Ue, ul Jral < el STULlg rallud |2 pa + el|Uello rall(Z — S7)ul || pa
S €2||f||2,Rd||9||2,Rd-
The proof is complete. U
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