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AHOHC DHTPOIIMUHOU ®OPMYJIBI AJIsI
HEKOTOPOTO KJIACCA TUBBCOBCKUX MEP

B pa6ore Boysua [5] Obw1 ompenesén HOBBI WHBAPUAHT COPUIECKUX
rpymn — codgudeckas sarponud. [logcaér eé ni1a GepHYIMEBCKUX I€H-
CTBUU B TOU Xe€ paboTe MPUBET K CEpLE3HOMY MPOrpeccy B mpobaeme
u3oMopdu3Ma, OEPHYIIUEBCKUX TEUCTBUU. B oTIMYMe 0T KIACCUIECKOTO
(aMeHabEJIBHOrO) Caydas, coOpUIecKas SHTPOINs, BOOOIIE IOBOPs, 3aBU-
CHUT OT BEIOOPA COPUIECKON annpokcumanun. [Ipuvep moqo6Horo ABIeHna
MoxkHO Hautu B pabore Kapaepu [9]. B anoncupyemom pesyabrare, Teo-
peme 3, MBI yKakeM KJIACC TeUCTBUU, A KOTOPHIX COPUIECKAT SHTPOMUI
HE 3aBUCUT OT COMUIECKON ANMMPOKCUMAIINHA, 3 TAKKE TPUBEAEM A HEE
asuyio ¢popmyay. Boaee Toro, obmiee 3uaveHne coGUIECKON SHTPOTUN GY-
[eT COBIAATH C POXJIMHCKOU SHTPONUEN AeMCTBUA (TO eCTh NHMUMYMOM
[MIEHHOHOBCKUX DHTPOMUU NOPOXKgafomux pasbuenun). [locrenuuin unsa-
PHUAHT, MO-BUIAMOMY, TOCTATOIHO CIOXKHO MTOCIATATEH B HeAMEHAOETHLHOM
caydae: paHee »TO OBLIO CAETAHO TOJBKO s OEPHYLIMEBCKUX CIBUTOB,
a TaKkXke B HEKOTOPBIX CIYYaAX HYJEBOUW DHTPONUU. 3aMEUTy, YTO KPOME
caydan GEpHYLINEBCKAX TeACTBAN COPUICCKAA SHTPONMA OLLIA MOCIATA-
Ha U5 HEKOTOPOI'O KJIacca alrebpandeckux neucTsuil B padorax [7,15].

Baazodapnocmu. Pabora Boimonnena npu nognepxke Poccunckoro na-
yuauoro ¢ouzga, rpant 14-21-00035. HacTe pesynbTaToB OBLIA MMOLYYEHA
BO BPEMs MOErO BU3UTA B BeHY M1 y9acTus B MPOTPAMME MO U3MEPUMON
Teopuu I'PYII, a TaKXKe BO BpeMs MOero Bu3uUTa B BymamemT B mekabpe
2015 rozma. Becenwr ¢ yuacTHukaMu nmporpaMMbel B Bere u ¢ coTpynuuka-
Mu Oy JAIIeIITCKOU IPYIIILL OBLIM HEOLEHNMO IIOJE3HEL B pab0oTe Hal aHOH-
cupyeMbIMM pesyibTaraMu. brarogapro Mukinoma AGepra u Bpompana
Croapa 3a mosne3nsle 06CyXIeHUs. brarogapio Takke MOEro HayIHOI'O
pykosoautens, Auaronmua Mouceesuua Bepmnka, 3a 3aMedanus u 06Cy-
x peHus. Baarogapio coTpynaukos tadopaTtopun umenu 1. JI. Yebnmména
3a 6JaronpuATHYIO pabodyio arMocdepy U IIOAOTBOPHBIE OOCY K IEHU.

Karouesvie caosa: codpudeckas rpymnma, COGUIECKAS DHTPOMUSI, POXIUHCKAS DH-
Tponusa, HOopoxgalomiee pa3zbumenune, rubGOCOBCKAsA Mepa, YCIOBUE eIUHCTBEHHOCTH
[o6pymuHa.
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3Had0K € OymeT 0003HAYATHL KOHEUHOE TIOAMHOXECTBO. ByKkBOU € BCe-
raa OygeM 00O3HAYATL €QUHUYHLIN DJEMEHT CPYNHbL. [IpOCTPaHCTBO Be-
posaTHOCcTHBIX Mep M(X) Ha Merpudeckom kommakTe X Bcerga Oynem
CHAOKATEL *-CIaOOU TOMONOruen. BepOoATHOCTHBIM AAPOM MBI HABBIBAEM
HenpepbiBHOe addunnoe orobpaxkenue 7 : M(X) — M(Y) gua gByx me-
Tpudeckux KoMmakToB X, Y. BeposaTHOCTHOE AP0 OJHO3HAYMHO ONPeaes-
€TCS CBOUMU 3HAYEHUAMY Ha J-Mepax; 60Jaee TOro, JI60MY HEpEePLIBHOMY
orobpaxenuo X — M(Y) MOXKHO ecTeCTBEHHEIM 06Pa30OM COIOCTABUTH
agpo M(X) — M(Y).

Ecau G — rpymnna, a A — KOHEIHOE MHOXKECTBO, TO MOXKHO 331aTh €CTe-
CTBEHHOE CIBUTOBOE JeicTBue rpymmbl G Ha MHOXKecTBe A, cHAGKEHHOM
TOMOJOTWEN TTPOU3BEICHUS, (POPMYION

(92)(h) = z(hg)

ams Beex € AC u g, h € G. 3ameTum, 9TO 3TO JEHCTBHE HEIPEPLIBHO.
Omnpegemay oTo6paxkenue orpanmdenus prp m3 A% 8 AP qna D C G.

Oycrs ¢ : A9 — R — ¢yHxmma, Taxas, 9TO LIS HEKOTOPOIO KOHEd-
Horo noaMHoxkectBa D C G 3HadeHue () ompeneiseTcs OLHO3HAYHO
no prp(z). B xadecrse D 3aduxcupyeM HaMMEHBIIEE MO BKIIOYEHUIO Ta-
KO€ MHOXKECTBO. 3aMeTuM, 9TO (GyHKIHUA @ OyIeT ¢ HeoOXOAMMOCTBHIO
HETpepHIBHA, HA30BEM eé moTeHmuantoMm. OmnpenesuM CeMenCTBO BEPOAT-
HOCTHBIX s1ep {7y }, HHIEKCUPOBAHHOE BCEMU KOHEUHBIMY I10IMHOXKECTBA~
mu rpymmsr G. [is Toukn x € AY ompenemnm 7y (0,) Kak mMepy, co-
CPeIOTOueHHYI0 Ha (KOHeYHOM) MHOMXKecTBe Takux Todek y € A%, uro
prG\A(y) = prG\A(z), U YIOBJETBOPSAIIIYIO YCIOBUIO, UTO MEpa TOIKU

- > elgy)
Y W3 DTOr'O MHOXKECTBA MPOMOPIUOHAILHA € P9INA#2 . T'u6bcoscxoii

MePOTh MIA TIOTeHIANA » OyIeM HA3BIBATEH JIOOYIO MEPY [i, YIOBIETBOPA-
oLLyo ycaoBuio A (1) = p mast Bcex A € G. UsBecTHO, 9TO MHOXKECTBO
ruOOCOBCKUX Mep HEIyCTO.

st 6openeBckon Mepsl (1 OyaeM 0603HAYATh Yepes ||| HopMmy moaHON
BapUALNN:

[l = sup{u(A) — u(B)},
A,B

rae cympeMmyM 6epérca mo BceM mapaM A, B u3MepuMbIX MOIMHOXKECTB.
3adukcnpyeMm Kakou-HUOYAb MOTEHIMAT ¢, U MyCTh {TA} — COOTBET-
CTBYIOIIEE CEMENCTBO BepoaTHOCTHLIX sanep. Jas g € G\ {e} onpexemnm

)

by = sup||pr ey (e (02)) = Prey (1 6,))
T,y
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rje cympeMyM GepéTca Mo BCeM TaKUM TapaM dIeMeHToB T,y € A%, uro
prG\{g}(w) = prG\{g}(y). IMonoxum Temepn

bo= Y b,
9ea\{e}

Byngem roBopuThb, 9TO MOTEHIUAL  YAOBICTBOPAET YCA08UI0 €JUHCMEEH-
wocmu Jobpywuna, ecau b, < 1.

Teopema 1 (Jobpyumms [10]). Ecau nomenyuas ydosaemeopsem ycao-
suto Jobpywuna, mo 2ubb6coscras mepa eOuncmeenna.

Hecmoxuo BumeTh, 9TO eIMHCTBEHHAS IMOOCOBCKAasA Mepa C HeOOXOau-
MOCTBIO OyIeT UHBAPUAHTHON.

IIycte X — cTamgapTHOE BEpOSITHOCTHOE WIK GOPEIEBCKOE TPOCTPAH-
cTtBO. Pazbuenuem OymeM HA3LIBATL HE OOMee UeM CUETHBIM HAOOP €ro
OU3BIOHKTHBIX U3MEPUMBIX I10IMHOXKECTB, 00beJuHeHne KOTOPBIX eCThb
BCEé mpocTpaucTBO. MHOrga OLIBAET IMOME3HO PAaCCMATPUBATL pasOueHue
KaK IaCTHBIN Crydau moganre6put. [lenuonosckas snmponus pasdbuenus o
HA CTAHJAPTHOM BEPOATHOCTHOM IPOCTpaHcTBe (X, [) ONpenenaeTcs
dopmyon

H(a) = - u(B)log(u(B)),
Bea
¢ obwranon HorosopénuocTho, YTo 0log0 = 0. Eciu u — mepa nHa He 60-
Jee 4eM CYETHOM MHOXKECTBe, TO eé sHrpomus H (u) ompenesnsercs Kak
SHTpOnUsA (eAMHCTBEHHOI'O, OYEBUIHO) Pa30UEHUsI HA OJHOTOYEIHLIE [0/~
MHOXKECTBA.
s nByX pasbuenun o,  0603HATAM

aVpf={ANB|A€a,Be B, ANB # &}.
Mzur 6y nem o603HAYIATE Yepes
H(a|f) = H(aV 3) — H(B)

OMHOCUMEALHYIO ULLHHOKOBCKYIO Inmponuto. [[1sa pasbuenus o u o-noj-
aareOpul &7 ONpeneInmM

H(al/) = inf H(al3)

(urdumMyM GepéTcs Mo BeeM &7 -U3MEePUMBIM Pa3OueHuAM 3 KOHEIHOW IIeH-
HOHOBCKOU SHTDOIINN) — WLEHHOKOBCKYI0 SHMPONUIO OMHOCUMEALHO NO0JAA-
2ebpoi. I3BecTHO, 9TO PE3yAbTAT HE U3MEHUTCS, €CJU MBI BO3BMEM BMECTO
DTOr0 UHPUMYM IO BCEM &7 -M3MEPUMBIM KOHEYHBIM DAa3OUeHUSIM.
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OnpenemmM KaHOHIYIECKOe andaBuTHOe pasbuenue o 111 A9 kak pas-
O6ueHMe, DIEMEHTHI KOTOPOT0O — MPO0Opa3bl O THOTOYETHLIX MHOKECTB TIpU
oTOOpaKEeHUN Pryicy-

3adukcupyeM COXpaHAIOIIEe Mepy AeucTBue rpynnbl (G HA CTaHIapT-
HOM BEPOATHOCTHOM mpocTpancTse (X, ). 11 pasbueHus o U 21eMeHTa,
g € G 6ynem obosuavats o = {g~1(B)|B € a}. laa F C G o6o3nauum
af =\ ger @7. VlMeeT cMBICT paccMaTpUBaTh af kak pasbuenme g1
KOHEeYHBIX F' u Kak momaareOpy B IPOTHBHOM CIydae. Bymem roBopuThb,
49T0 pasbuenume o nopoxcdaouiee, ecmu mogaare6pa af >KBUBATCHTHA,
p-mod 0 moganrebpe BCeX M3MEPUMBIX MHOXKeCTB. U3BeCTHO, ITO (v ABIS-
€TCs MOPOXK AAIOMNAM PA3OMEeHNEM, eCIA CYMIeCTBYET TAKOE O IMHOXKECTBO
moarou Mepel X' mpocrpancTsa X, 9T0 TOYKK %,y € X' HE PABHBI TOMbL-
KO IIpU yCAOBUM Haau4dusa Takoro g € G, uro g(z) u g(y) npunagmexar
PA3IUIHBIM DJIEMEHTaM Pa3OueHus o.

Pozaunckas swmponus onpeneseTcs KaK NHQUMYM IIIEHHOHOBCKUX DH-
TPOMWI MOPOXK JAIOIIAX PA3OMEHNN OTHOCATEIBHO TOJAITeOphl MHBAPH-
AHTHEIX MHOXKECTB:

hrok = inf{H (a|-#), a — nopox natwoiee pazbuenue},

rae ./ 00603HaYAET MOAAIreOpy MHBAPUAHTHBIX MHOXKeCTB. [las sproau-
YECKUX CHUCTEM HTO OMpefeleHre, O9eBUIHO, PEAYIUPYETCA N0 MPOCTOrO
UHPUMYMa MEHHOHOBCKUX DHTPOMUN MOPOXK TAMOMINX PA3OUEeHUN.

st koneanoro muoxectsa R Oygem obo3nadars 4epes Sym(R) rpymmy
Bcex ero mepectaHoBok. OmpenennM HOPMATI30BAHHOE PACCTOSHUE XOM-
munra dy Ha Sym(R) gopmyton
{r € R, g1(r) # g2(r)}|

|R|

Mycts G — cuéruas rpynna. Cofuueckas annpoxcumayss STOU CPYIIILL

€CTh MOCJAEI0BATEIBHOCTD KOHEIHEIX MHOXKECTB {V; }icn 1 mocaeoBaTens-
HOCTB oTOOpaxkeHun {o;}ien, 0; : G — Sym(V;), Takux, 4ro

dr(g1,92) =

(1) pas BCeX PA3IUYHBIX BJIEMEHTOB g1, go U3 G UMeeT MeCTO COOTHO-
3 g1 g2y — 1.
menwve lim dg(oi*,0]?) =1,
11— 00
(2) miA BCex map DIEMEHTOB ¢1,¢> u3 (G mMeeT MeCTO COOTHOLICHUE

. 91 92 G102\ _
lim dg (o] o cl?,0{'%?) = 0.
1— 00

I'pynna maseBaeTcsa coduueckoti, ecim y HEE eCTb COPUIECKAT AMPOK-
cumarus. C aroro momenta G — codudeckas rpynmna ¢ PUKCHPOBAHHON
cOpUIECKON AIIPOKCUMAIEN.
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HycTsh A — KOHEIHOE MHOXKECTRO. 3a1a1uM oTobpaxenus @, : AVi— A
dopumymon (0,(7)) (9) = 7(¢ (v)). [lycTs v — MHBApHAHTHAA OTHOCUTEIBHO
CIBUTOBOTO JeitcTus Mepa Ha AY. 3adukcupyem mpoM3BOIBHYIO METPH-
Ky [, 3agamoniyio x-crabyio rTomomormo xa M(A®). Muae > 0mi € N

o6o3maamm gepes Hom(i, ) MuOKecTBO Beex Takux 7 € AV, 1ro

1
I — ) .
<|I/Z| Z 01;(7')7’/) <E

veV;

Torma cofuueckas IHmponus CIBUTOBOTO TEUCTBUA C MEPOU U OMPeNes-
ercsa GpopMyIon

h(v) = inf lim sup log|Hom(i, 2)|
>0 00 |I/;|
Codmuieckas sHTpONUA OBLIA BBeAeHA BoysHOM B [5]. 3amMeTnm, 9TO B Ipn-
BEIEHHOM BHIIIE ONPENEJEHUN MBI OMUPAIUCH HA CTPYKTYPY CIBUTOBOTO
mpocrparcTBa. Ha caMoM xe mere sTa BeJWYUHA 3ABUCAT TOJIBKO OT Me-
TPUIECKOU CTPYKTYPHL LEUCTBUS, 9TO OBLIO IOKa3aHo BoysHnom (cMm. Tak-
xe [16]).

IMycte G — cBOGOAHAS TPYIINA CO CBOOOIHBIMY OOPABYIOUIAMU S1,. - ., Sy -
3apuKcupyeM COXpaHSIIee Mepy AeUCTBUE DTOU TPYIINLI HA CTAHIAPT-
HOM BEPOATHOCTHOM IpOCTpancTre. [Ipennomoxum, 9T0 OHO 06.1a,18eT KO-
HEYHBIM TOPOXKaromuM paszbuerueM . O6o3nadum depes C). map pagm-
yca T B CJIOBAPHOU METPUKE, HOPOXKIEHHON MHOXKECTBOM {sli, R = e
[IEHTPOM B €IUHUIHOM diaeMenTe rpynnsl. Oupeneaum f-uneapuanim TaH-
HOT'O JEUCTBUA KaK

hy = inf {(1 —2m)H (a“") — ZH(aC”US"C”)}.

re
i=1

B crarse [4] BoysH BBEI 5Ty BeIMUUHY U LOKA3aJ, ITO OHA HE 3ABUCUT
OT BBIOOpA KOHEYHOIO MOpOXKparomero paszbuenus. OH MOKa3al Takke,
4TO i GEPHYJUINEBCKUX NEUCTBUN 3HAYEHUE HTOr0 MHBAPUAHTA COBIA-
IAeT C MIEHHOHOBCKOU DHTPOMUEN 6a3bl, ITO MOBJIEKIO PEIIeHre TPOOIeMbL
u3oMopdu3Ma, GEPHYLIUEBCKUX JEUCTBUN CBOOGOIHEIX TPYIIT.

B pa6ore [15] Xenc, onupascs Ha pe3yabTaT craThu [6], 1oKazam, ITO
ecau copuIecKas SHTPONUsA CYIIECTBEHHO CBOOOIHOTO TEUCTBUsA HE 3aBU-
CUT OT COPUIECKOU ANMPOKCUMAIUU, TO f-MHBAPUAHT PaBeH eé obImeMy
3HAYEHUIO.
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B mpenpunte [22] Coapa gokasal HeTPUBHAIBHYIO BEPXHIOK OIEH-
Ky IJsA POXJAMHCKOU DHTPONUU. BBEAEM HEKOTOPHIE OO003HAMEHUA, ITOOLI
chopmyaupoBars eé. [lycrs G — cuérHas rpynna, TeuCTBYIOMAS COXPAH -
IoImuM Mepy 00pa3oM Ha CTAHIAPTHOM BEPOATHOCTHOM IIPOCTPAHCTBE X .
Oycte (€;)geq — mpomecc, COCTOAMMK M3 HE3ABHCUMBIX OJINHAKOBO Pac-
IpeeIEHHBIX BEININH, Te KK asd CIyJanHas BeIndnHa £, paciupeieaeHa
pPaBHOMEDHO Ha, eIMHUIHOM nHTepBale. [lycTs L 0603HAMAET IOLMHOXKeE-
cTBO BCex Takux g € G, 1ro & < &.

Teopema 2 (Cwoapg [22]). ITycmv o — noposxcdarouwee pazbuenue das cy-
WECTNBENHO 600001020 COTPANAUE20 MepYy deticmeus cuémuot epyn-
not G. Toeda porauncras snmponus danno2o Jeticmeus 02panuuena ceep-
zy svipancenuenm Be H (afale).

Temepsb BcE roTOBO 1A (DOPMYJIUPOBKYA AHOHCUPYEMOU TEOPEMBI.

Teopema 3. [Tycmv G — copuueckas epynna, A — Koneunoe MHoHcCECMEO.
IIycmv ¢ — nomenyuan, ydosiemeopaowuti Ycaosuo eJuncmeenHoCmu
Lobpywuna. IIycmv o — Kanonuueckoe nopoxcdaousee pazbuenue. Tozda
cofuueckas sHmponus c08u2068020 deticmeu, chabrcenno2o (eduncmeen-
noti) 2ub6cosckoti mepoi, ne 3a8ucum om cofuueckoti annpoKCUMAYUL.
E€ 3nauenue cosnadaem c porauncrot swmponuet u swipaxcaemcs Gop-
MYA0T EgH(a|aL). Ecau 2pynna G — xoneuno nopoxcdénnas c60600nas,
mo nocaednee 3nauenue cosnadaem u ¢ f-uHeaPUAHMOM.

Taxum 0o6pa3oM, IIa yKa3aHHOrO Kiacca meuctsuu ouenka Croapna
oka3wiBaeTcsa TOIHOU. OTMETUM TaKkKe, 9TO [ JI0O00r0 NOTEHIUAIA,
CYIIIECTBYET TAKOE MOJOKUTEIBLHOE YUCAO [, 9TO TMOoTeHIuran 3¢ yaoBie-
TBOpsAET ycaoBuio [[o6pymuHa.
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