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MULTIPLICITY OF POSITIVE SOLUTIONS TO
THE BOUNDARY-VALUE PROBLEMS FOR
FRACTIONAL LAPLACIANS

N. S. Ustinov* UDC 517

For the problem (—A)Su=u"" in the annulus Qg = Bry1 \ Br € R", a so-called “multiplicity
effect” is established: for each N € N there exists Ry such that for all R > Rqy this problem has
at least N different positive solutions. (—A)® in this problem stands either for Navier-type or for
Dirichlet-type fractional Laplacian. Similar results were proved earlier for the equations with the
usual Laplace operator and with the p-Laplacian operator. Bibliography: 22 titles.

1. INTRODUCTION

In the present paper we study the multiplicity of positive solutions of the equation with a
fractional Laplacian,

(=AYu=ulfu in Qp, ue HQR) (1)
in the annulus Qr = Br41\Br € R" for s € (0,1), 2 < ¢ < 2} = (n—2§s)+' The fractional

Laplacian (—A)® on the left-hand side of equation (1) can be understood in the sense of
Dirichlet or Navier, see Sec. 2.
The multiplicity effect was first discovered by C. Coffman [4], who showed that for n = 2
the problem
—Au=|ulT%u in Qp, uly0, =0 (2)

has any preassigned number of positive solutions (not obtained from each other by rotation)
for ¢ > 2 and sufficiently large R.

In [11], the multiplicity of solutions to problem (2) was proved for n > 4, 2 < ¢ < 2* =
(nz—g)y and also the question of existence of non-radial solutions for ¢ > 2* was considered.

The multiplicity of solutions for n = 3 was obtained in [1].

Later in [16] and [9], similar results were obtained for an equation with p-Laplacian A, u =

div (|Vu[P~2Vu): the problem

~Apu=|ulTu in Qp, ulyq, =0

np
(n—p)+

has any preassigned number of different positive solutions for 1 < p < oo, p < g < p* =
and sufficiently large R.

We obtain analogous results for problem (1) for n # 3. We note that the operator of
fractional Laplacian is nonlocal, which does not allow us to use the technique presented in the
above papers.

The present paper has the following structure: in Sec. 2, the basic definitions used in this
paper are given. In Sec. 3, we prove lemmas which helps us to obtain the energy estimates
of radial functions in the space H*(wg). In Sec. 4, we describe the behavior of energy as
R — +00. Finally, we prove the main result, Theorem 6, in Sec. 5. Most technical details are
in the Appendix.

In what follows, different absolute constants are denoted by C'. In the case of the dependence
of a constant on a parameter, this parameter is indicated in parentheses. The notation a < b
means that the two-sided estimate C1b < a < Cyb with the constants independent of R is true.
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A ball of radius r with center at the point z is denoted by B, (x). If x = 0, then, for brevity,
we denote it by B,. Throughout the paper, the zero vector of dimension m is denoted by Q,,.

2. DEFINITIONS AND BASIC CONCEPTS

We denote by wg the annulus in R': wgp = [-R —1,—R]U[R,R + 1]. A function with
support in wg or Qi is denoted by up, emphasizing the dependence on the radius R.
The Fourier transform in the space R™ is given by the formula

1 —i&-x
Fu() :== W/e SCu(z) d.

Rn

We recall the definition of the spaces H*(R") and H*(QR) (see, for example, [18, Secs. 2.3.3,
4.3.2]):

H*(R") = {u € Ly(R") | /(1 + €17 Ful)]” dé < +OO},
R

H*(QR) = {ue H*(R™) | supp (u) C Qr}.

The fractional Laplacian (—A)®u on the Schwartz class

S = {u € C®(R") | sup |z®DPu(x)| < +oo for all a,ﬁ}
T€R™

is given by the formula
(—A)*u = FH(E* Fu(g)).

The quadratic form of this operator has the form

(-A)u,u) = / €| Fu(€) 2 de. (3)
RTL

The fractional Dirichlet Laplacian (—A)7, in the domain Qg, also called the restricted frac-
tional Laplacian, is a self-adjoint operator defined by the quadratic form (3) restricted to the
domain H*(Qp).

The fractional Navier Laplacian (—A)3 is the sth power of the Laplace operator in the
sense of the spectral theory, i.e., the self-adjoint operator defined by its quadratic form

(—A)xu,u) ZASW, (4)

where the \; and ¢; are the eigenvalues and orthonormal eigenfunctions of the Laplace operator
with the Dirichlet condition in the domain Qg. The fractional Navier Laplacian (—A)}u is
also called the spectral fractional Laplacian. It is well known (see, for example, [12, Lemma 1])

that for s € [0, 1], the domain of the quadratic form (4) coincides with H*(Qg). We emphasize
that both operators are nonlocal for s ¢ Z.
The norm in the space H*(2g) is induced by the norm in the space H*(R"),

i,y = 112 0 + (2Dt ), (5)

However, by the Friedrichs inequalities (see Appendix, Lemma 3) in the space H *(QR), qua-
dratic forms (3) and (4) yield for s € [0, 1] the norm

[0, ey = (D) = JullZ, = (A% w) = [, 70
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equivalent to norm (5). We note the following inequality for quadratic forms (3) and (4)
(see [12, Theorem 1]): for s € (0,1) and u # 0,

(=A)xu,u) > ((=A)pu,u). (6)

Recall that a quadratic form for the fractional Dirichlet Laplacian can be obtained by means

of the Caffarelli-Sylvestre extension [2]. Namely, for u € H*(Qg), s € (0,1), the minimum of
the functional

+00
£P (w) = //t1—28|w(a:,t)|2dxdt
0 R™

over the functional space
WP = {w(e.t) | EP(w) < +o0, wl,_y = u}

is achieved on a unique function wp and gives the value of the square of the Dirichlet norm

in ﬁS(Q) up to the constant C(s) = ;:Ej((llt?):

[u]%’ﬁs(g) = C(s)ESD({DD)

Similarly, for the fractional Navier Laplacian, the quadratic form is obtained by the Stinga—
Torrea extension [20]: the minimum of the functional

“+00
N (w) = / / 25|V (, )2 dr dt
0 Q

over the functional space
N N
2" = {'LU(IL‘,t) | gs (w) < 00, w‘t:O =u, w‘meaﬂ = 0}

is achieved on a single function wy, and the following formula is true (see, for example, [14,

(2.6)])

For the spaces H*(Q), the Sobolev inequalities hold true (see, e.g., [18, 2.8.1/15]): for
u € H°(Q2) and s < 7,

(we recall that 2} = (71_2% stands for the critical Sobolov embedding exponent). The exact

constant Cs in the inequality for the Dirichlet norm does not depend on the domain; its value
was found in [5]. The equality of exact constants for the Navier and Dirichlet norms was
obtained in [21] and [7] for s = 2, in [6] for s € N, and in [13] for an arbitrary s.

Inequalities (7) imply the continuity of the embedding of H*(2) into L,(§2) for the critical
exponent ¢ = 27, that in turn provides the compactness of the embedding for g < 27.

Let G be a closed subgroup of O(n). Denote by £Z the subspace of G-invariant functions

in H*(QR),
L6 = {u € H*(Qg) | u(z) = u(gz) for all g€ G} .
The subspace of functions L, ¢(2r) is defined similarly:
Lyc(Qr) ={u € Ly(Qr) | u(z) = u(gx) for all g€ G}.

We follow to the notation introduced in [16]: an admissible (m,k)-decomposition of the
space R™ is defined to be the decomposition R” = (R™)! @ R¥, where I,m € N, k € Z,, and

ml+k=n, m>2, k=0 or k>m.
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For example,
R7 — (R2)2 @RS, R7 — (R2)l @RE’, R7 — (R?))l D R4, R7 — (R7)l
are admissible decompositions of R7. In the estimates containing the admissible (m,k)-de-

compositions, we denote by x the points of the space R", by y the points of the space R, and by
2z the points of the space R¥. Thus!, X = (y1,...,41, 2). In spherical coordinates, the points are

written as x = (14, 0,),y = (ry,0y), and z = (1,,0,), Thus, x = (ry,, ..., 1y, 72,0y, ..., 0y,,02).
A function is said to be m-radial if it depends only on ry,,...,ry,,7;, and (m, k)-radial if it
is m-radial and invariant with respect to all permutations of the vectors y1,...,y;. The group

generating the space of all (m, k)-radial functions, is denoted by G, .

3. AUXILIARY STATEMENTS

The solution of the equation (1) is by definition a weak solution u* € H* (QR), that is

(—=A)Hu*, h) :/|g|25Re(fu*ﬁ) dg:/|u*|q—2u*hda; for all h € H*(Qr)  (8)
R™ Qpr

for the fractional Dirichlet Laplacian, and

N / W 2uthde for all he A%(Qp) ()
Qr

for the fractional Navier Laplacian.
Let us define functionals Jp(u) and Jy(u) by the equalities

[, 7. [l 7
Jp(u) = 7D’2H @) and In(u) = 7N7QH ©r)
alzy om) ez

Lemma 5 (see Appendix) shows that the minimizers of these functionals with respect to the
subspaces £, for various closed subgroups G C O(n) are positive solutions of equation (1).

In the following lemmas we study the Dirichlet norm [vg], 5 (wn) for functions of one

variable. In the first of them, we derive an estimate for the Dirichlet norm of the family of
functions vgr(z) which are defined on a line and “run away” as R — +oc.

Lemma 1. Let g, (x) € H*[0,1] be a function and g_(z) = g, (—z). Let us define a family of
“running away” with respect to R functions by the formula

vr(z) = g+(z — R) + g—(z + R). (10)
Then as R — 400, we have
[vR]sz_js(wR) = 2[g+:|2D7f_js[071] + 0(1)

Proof. The following series of equalities holds true:

; . 2
o 1oy = [ 161 F el = [ e |Fo e P o] g
R R

= [ Ve 1Fgu P des [ N6 Fo P dr [ e (Fo Fae MR + FyrFg M) dg
R R R

= [‘g+]2D,ﬁS[0,1} + [g_]%,ﬁs[—l,()] + 0(1) = 2[g+:|2D7ﬁs[0’1] + 0(1)

(the equality  follows from the Riemann-Lebesgue lemma). O

Here and below if k = 0, then the coordinate z is omitted.
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Lemma 2. Let vg(x) be the family from Lemma 1. Then for a > 0 and as R — 400, we have

[URTG]D,ﬁS(wR) = Ra[vR]D,H’S(wR)’

Proof. We need to show that there exist constants Cy and C; that do not depend on R and
such that

CoR*[vR] > [vpr?] > ClRa[UR]D,fls(wR)' (11)

Inequality (26) (see Appendix) for v = %, implies the left-hand side of inequality (11). Next,
we apply inequality (26) to the functions v = r=® and u = vrr®. Then

D,H*(wR) D,H*(wR)

[UR]DvﬁS(wR)
) = Cllr=llem(wp)

a

[’URT’a]Dﬁs(wR > [UR]D’ﬁs(wR)R ,

as required. O

4. ESTIMATING THE ENERGY OVER THE SUBSPACE OF (m, k)-RADIAL FUNCTIONS

First, we estimate the functional Jp on the subspace of radial functions. Any radial function
can be identified with a function on a line, which in turn generates a family of “running away”
functions by formula (10).

Theorem 1. Let vp € fNIS(wR) be a family of “running away” functions on a line from
Lemma 1. We reconstruct the radial function ug(z) € H*(Qg) from the function vg € H*(wg)
by the formula ugr(x) = vr(|z|). Then

R™[vg)?

2
[“R]D,ﬁs(QR) _ D,H#[0,1]

(12)

Jp(ug) =

unll2 T 1)
lurllz, @ R )qHUO”%q[O,l]

as R — +o0 and q € [2,27].

Proof. The Fourier image of a radial function is radial. We write the Dirichlet norm of the
function ug as follows:

R+1 2
url?, ooy = [ 16 Furl?de = [ |£|25< [ ot [ e""“'f'“’ﬂﬁ)dadr) de.
R R

R Sn—1

By a property of the Bessel function (see [19, Theorem IV.1.6]),

| 2r)2
/ e~ il(0:9) g5 — ( L jn_—2(|y\), 0 c Sn_l,
Sn—1 |y| 2 2

the norm can be transformed to the form

R+1 2
[UR]%’ﬁs(QR) = C/tl+25< / rva(T)jn_—Q (Tt) d"f’) dt.

2
R, R
To estimate the right-hand side, we divide it into two integrals. Let

e(R) = ﬁ.
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Then

e(R)  +oo +1 . 2
[uR]DHS ©r) (/ />t1+28< / r2 R(r)jnT_g(rt)dr> dt

0 e(R)
=05+ I

Now, the integral I is estimated as o( R"™1):

e(R)

R+1 2 R+1 2
/t1+28< / T%UR(T)jn__g(Tt)dT) dtﬁCs(R)2+2s< / UR(T)T% dT)
2
0

R R
< CR™ " ogl oy < CR™ ol 0, = olR™).

Let us estimate the integral I,. The Bessel function admits an expansion in the asymptotic

series (as t — +00) with the remainder |Ry (t)] < —S (see [22, p. 199)):
t2N+§

N
TQ = (Ak(t) + Bi(t) + Ry (1), (13)
k=0

2 cos(t—%w) 2 sin(t—%w)
where Ay (t) = 4/ T 2k and By (t) = \/ 7t~ 2R

It is easy to see that if ¢ > e(R) on the support of the function vg(r), then the expression rt
tends to 400 as R — +oo. Therefore the asymptotics (13) is applicable. Set

R+1 R+1

W (1) = / B op(r) Ap(rt) dr,  Bi(t) = / P 3o (r) B(rt) dr,
R R
R+1
Rn(t) = [ r2vg(r)Ry(rt)d
/

Thus,

+o00 N 2
I = / tit2s <Z (mk(t)+%k(t))+m(t)> dt.

(R) k=0

As a first approximation to Iz, we use the energy obtained from 2(t):

R+1 2
/212 25 dt = C’/t1+28< / rng(r)\/%cos(rt—”T_lﬂ)dr> dt
e(R) e(R)
R+1 2
_C/t2s< / r2 vR( )cos(rt—%w)dr) dt.
e(R)

We make the change of variable, {1 = t + =17 ) . Since t; <t for t > ¢(R), we have
451



+oo o0 Ryl 2
/ A3 ()28 dt = / t%s< / r 2 vg(r)cos(rty) dr) dt,
1

e(R) n—

BT (14)
+00 R+1 2
= / |t1|25< / rnT_lvR(r) cos(rtﬂdr) dt; + o(R"1).
—o0 R
From equivalence (14) and Lemmas 1 and 2, it follows that
+oo
[ O = T vl = B ol = R 0 g
e(R)

Similarly,? one can estimate the energy associated with 20;, and By, for k < N = [s +1]. The
asymptotics of these terms are powers of R with smaller exponents, i.e., o(R*~!). Finally, the
estimate Ry (t) allows us to estimate the term with Ry:

R+1 2
/ R ()12 dt < C / t_2< / P I g (r )IC”) dt
(R) (R)
1 2
< CRMITEy (/ |vo(r)] dT) = o(R"M)lvoll7, 0.
0
The equivalence I < R" 1[vg)? .80[0.1] follows from the equivalence
%0 N
I = / i+ (Z t) +BL(t)) +2R}i,(t)> dt. O
<(R) k=0
Corollary 1. The minimum of the functional Jp over the subspace of radial functions is
equivalent to R(n_l)(l_g) ,
min Jp(ug) < R(n_l)(l_g) (15)
UREEY

as R — +o0 and q € [2,27].

Proof. The upper bound in (15) obviously follows from the equivalence (12). The lower bound
follows from (12) and the boundedness of the embedding operator H*[0, 1] < Lg4[0, 1]. O

To study the behavior of energy on the subspaces £, a two-sided estimate is required. The
following theorem gives a lower bound for (m, k)-radial functions.

Theorem 2. Let ur(z) € H*(Qg) be an (m, k)-radial function, and also m # n. Then for
q€1[2,2;_,,.1], the following inequalities hold:

2
m—1)(1-=
[url} ey = OB q’uuRH% ) »
m—1
[l e = CR™V D unl?, o,
2By the reduction formula, sin(rp — 2olr) = cos(rp — tm).

452



Proof. Let T be the identity operator on the space L2 g, ,:
1o : Lo, (Qr) = Lo, . (Qr).

The norm of this operator is equal to one. Let T7 be the operator embedding the space Sbm .
2(n—m+1) Y
s T )

T1: L6, , = LpG, . (QR).

into the space Ly g, ,(Qr) for p € [2

According to papers [11] for m = 2 and k = n — 2, and [16] for arbitrary (m, k)-expansions,
there exists a constant Cj such that for any v € 2};m o

(m—1)(1—2

w2, > CoR Plol? o

H'(QR)
Thus, the operator T} is continuous and has an estimate for the norm,

”T1” = sup % < CO_%R(m_l)(%_%)'

veet, - Illey |

Equality (27) from Lemma 6 describes the spaces H*(Q2g) as an interpolation scale,

[H*(QR), H* ' (QR)])s = H* 9 (Qp).

As is well known, the Lebesgue spaces Ly, (§2r) also form an interpolation scale: for % =10,

po = pr’
[Lpo (QR)’LZH (QR)]6 = LP(QR)-

Using averaging over a group with Haar measure, one can construct projections into the
spaces of G, p-invariant functions. Actually, we decompose the function h into the sum of
the functions hy and hg as follows (denote by &(y) the orbit of the point y with respect to
the action of the group G this group has the Haar measure p,, invariant with respect to the
action of the group):

hMFE@ﬁ/M%hMFWWMM /wwﬂ. (17)
&(y) &(y)

It is easy to see that the function h; is G, y-invariant, and formulas (17) define continuous pro-
jections from the spaces Ly, (€2r) and Ly, (2r) into the spaces Ly, c,, ,(Qr) and Ly, g, , (Qr),

respectively. The subspace Ly, g, , (2r) is complementable. Therefore, by virtue of [18, The-
orem 1.17.1.1],

[Lp07Gm,k (QR)7 Lthm,k (QR)]5 = vaGm,k (QR)
Similarly, the formula (17) defines a continuous projector from La(Q2g) into Lo g, , (2r) (also

continuous as a projector from H L(QR) to Sém k); the space is complementable and

[L27G'm,k (QR)’ Sé:nm,k](S = £6Gm,k

Thus, we can interpolate the embedding operator between the operators Ty and 77. The
resulting operator is denoted by T,

1 s 1-s

-=—-+4 . 18
R (18)
The norm of this operator is estimated with the help of the interpolation inequality,

5 n—1)(2_ % 5 il
1T, < Tl 170 < ¢ 2R V572 = g 2 g™ VG2, (19)

Ts - £G,,, = LqG,. . (Qr) for



2(n—m+1
Forpe[Q,%

gives an estimate for the interpolation norm (which coincides with the standard norm in
H*(R™)),

|, the exponent ¢ runs over the interval 2,2y ], and inequality (19)

m-1)(1-2)

ol g = CER™ V2 0l 0

Now from the Friedrichs inequality (see Lemma 3, Appendix), we obtain inequality (16) for

the Dirichlet norm,

(m=1)(1-
2[0]2D,ﬁS(QR) > ”2)”2"5(9 ) > CR HvHLq(QR)

Inequality (16) for the Navier norm follows from estimate (6),

2 (m—1)(1—
[U]N,ﬁS(QR) > [ ]D Hs(Q ) >CR H HLq(QR) O
Remark 1. The condition m # n is essentially used in the proof: for m = n, the limit
exponent ¢ equals 2] = ﬁ, and even in the case s < % it cannot be obtained from the

interpolation in the Lebesgue spaces L,(Qr); equality (18) provides the exponents g < 1 <,
which is less than 2]. However, Theorem 1 shows, that the assertion of the theorem is also
true in this case.

The following theorem shows that the estimate from Theorem 2 is sharp.

Theorem 3. For any R and q € [2,2;_,. ], there exists an (m, k)-radial function ug such
that

2

~ m—1)(1—=), ~

@8 e < O™Vl o, o)
2

~ m—1)(1—=), ~

[, ey < CR™ @ R, -

Proof. In accordance with [11] (for m = 2, k = n — 2, and for m = n) and [16] (for arbitrary
(m, k)-expansions), there exists up € Qle . such that

~ m—1
i3,y < OB 00Tl 0y

Note that [2,27 ] C [2, %] Therefore Lemma 4 (see Appendix) gives the required

estimate for the Navier and Dirichlet norms:

m—1)(1—2), ~

T8y < [l 0 < CF TRl @) =

To prove the multiplicity of solutions, it is required to estimate the energy in the spaces
Ldn—2)x0()"
Corollary 2. Let n>4. Then the minima Jp and Jy with respect to the subspace SSO(n—2)><O(2)

2
. 1-2
are equivalent to R~ 4,

o

2 _
4 and min  Jy(ug) < R 4. (21)

UREEL (,_2)x0(2)

min Jp(ur) < R

URELL (,_2)x0(2)

Proof. For n > 4, the function of the spaces 280(n—2)><0(2) are (2,n—2)-radial, and the estimates
follow from inequalities (16) and (20). O
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5. THE THEOREMS ON EXISTENCE AND MULTIPLICITY

Theorem 1 gives a two-sided estimate for the Dirichlet norm of a radial function in H *(Qr)
in terms of the restriction norm in the space H *(wr). This means that for the subspace Sso(n)
with the Dirichlet norm, the compactness of the embedding holds for ¢ € [1,27). Also, in
view of the fact that the Dirichlet and Navier norms are equivalent, the compactness of the
embedding for ¢ € [1,2}) is also valid for the subspace 280(71) with the Navier norm. Using
Lemma 5 (see Appendix), we get the following theorem.

Theorem 4 (Existence of radial solutions). For g € [1,2}), q # 2, there exist positive
radial solutions to problems (1) with fractional Dirichlet and Navier Laplacians.

Let n > 4. We consider an admissible (m, k)-expansion. Theorem 2 provides an embedding
L (QR) < Ly(Q2R) for the Dirichlet norm with ¢ = 2};_, ;. This means that it holds and
is compact for g € [1,2* ). For the Navier norm, the embedding is valid by virtue of the

equivalence of normsi Eeng&la 5 shows the existence of a generalized solution up € QSGm’k.
For ¢ > 2 and large R, the minima of the functional Jp with respect to the subspaces SSO(n)
and £¢, ~ are different because of estimates(15), (16), and (20); a similar statement for the
functional Jy is obtained by using inequality (6). Thus the solution is not radial, and the

following theorem holds.

Theorem 5 (Existence of a non-radial solutions at exponents g > 2%). Forn >4 and
q€(2,2)_,,.1), there is exist a radius Ry such that for R > Ry, there are positive (m, k)-radial
solutions in Qpr (for different m, the solutions are different) to problems (1) with Dirichlet and
Navier fractional Laplacians.

Remark 2. The maximum exponent is obtained for the largest admissible m, i.e., for m = [ %].

Theorem 6 (Multiplicity of solutions for n # 3). Let n # 3, s € (0,1), q € (2,2), and
let N be a positive integer. Then there exists Ri(IN) such that for any R > Ry there exist
at least N positive solutions to problems (1) with Dirichlet and Navier fractional Laplacians
which cannot be obtained by rotation from each other.

Proof. Let us consider a family of groups
T, xO(n—-2), £=1,2,3...,N,
where Ty is the group of all rotations by an angle multiple of 27”. The minimizers with respect

to the invariant subspaces £7, O(n—2) Ar€ weak solutions to problem (1) for g < 2.

Let us consider a positive function ¢(z) € C5°(B1(0,,)) satisfying the equality
2
qb(l‘) :qb(y,z) :¢(|y|,|z|), y€R2a ZERn_zv |y|+|z| < %

Denote by y? the vertices of a regular f-gon in the plane with center at the origin and 3! =
(R+ %,0). Define a function uy by the equality

4
'LLg(y,Z) = Z¢(y - yz(')az)’
i=1

Lemma 7 ensures that the values Jp(uy) and Jy(u¢) are uniformly bounded for large R. From
estimates (21), it follows that there exists a level Ry such that the minima of the functionals Jp
and Jy over 230(2)X O(n—2) for R > Ry are greater than the constant found above. It remains to

show that the minimizers with respect to SSTZX O(n—2)" {=1,2,3,..., N, are pairwise distinct.

455



The invariance of the function u(x) with respect to the action of the group Ty x O(n — 2)
is transferred to the minimizer: if w(z,t) is the Caffarelli-Silvestre (respectively, the Stinga—
Torrea) extension® for the function u(x), then @w(gx,t) is the C-S (respectively, S-T) extension
for the function u(gx) = u(x) for all g € T;. These are extensions of the same function, and
by virtue of the uniqueness they coincide,

w(z,t) = w(gz,t) forall g €Ty x O(n—2).

Thus, £(w) can be minimized over the subspace of Ty x O(n — 2)-invariant functions in 20.
Let 41,05 € [1: NJ, {1 > ¢5. We consider two cases.

The first case ({1 is divisible by ¢2). Let uy, and wug, be minimizers over S%ngO(TL—Q) and
£§%X O(n—2) with the unit norm in L,(€); they correspond to the extensions w,, and wy,.
Consider the function v = uy, (ry, g—f@y, z). Obviously, v € 2%_;2x0(n—2)7 vl =1, and the
extension for v satisfies the equality w = wy, (ry, %Qy, z,t). It is easy to see that

2 2
[uéz]ﬁs(ﬂ) < [U]f_js(g) = C(s)é’(w)
+00 400 27 40

=C(s)|S"73 / / / / t1_28Ty|z\”_3(wfy + T%wgy +w? + w?) dzdb, dr, dt
Yy
0 0 0

00 27
0

< ((we)?, + 5 B (we )3, + (we)? + (we,)?) dzdby dr di

+00 400 27 400

<C(S)‘Sn_3|/ ///t1—2sry|z‘n—3
0O 0 0 O

X ((we, )2, + (e B, + (w0, 2 o+ (w0, )}) dady dry i

= C(S)g(wél) = [uél]%s(ﬂ),

the strict inequality follows from the fact that for R > Ry, the function u,, does not belong to
280(2)>< O(n—-2)" Thus the energy value of wy, is strictly greater than that of wy,.

_l’_

— C(s)|s"|

t1_2s7“y|2‘n_3

o\%- =

[

o\éi-
@ﬁm|'_' O\

=

The second case ({1 is not divisible by l2). Isf the minimizers over Q;jwle(n—z) and Sg%xO(n—z)

Tocat(ey gy XO(n—2)" Applying the first case to the
numbers ¢; and LCM(¢1, ¢3), we obtain the required result. O

are equal, then this minimizer belongs to £

Remark 3. For the Laplace operator and p-Laplacian, Theorem 6 is true in the case n = 3, as
indicated in the Introduction. The proofs of these assertions known to the author require more
advanced methods using the concentration of solutions. Therefore for fractional Laplacians,
the question of the existence of such solutions remains open.

APPENDIX

Lemma 3 (Friedrichs inequalities). For any function

we H*(Qg) for se(0,1),

3For brevity, C-S and S-T, respectively.
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the following inequalities hold:
(=A)pu,u) > |ullf,0p)  and  (=A)%u,u) > [lull, - (22)

Proof. The inequality for the Navier norm can be obtained directly from the definition of the
fractional Navier Laplacian,

(=) %uu) =D A5, 95)* 2 A llull?qp:
j=1

where A; > 1 by the Friedrichs inequality in the domain of width 1 for u € H(Qg):

The inequality for the Dirichlet norm is sufﬁment to prove for u € C5°(2R); the initial inequal-
ity is obtained by closure with respect to the norm of the space H*(R™). We define a family

of norms in the space H %(Qg) that are indexed by the parameter ¢, equivalent to the norm in
the space H*(R™), and given by the formula

[y = [ (6 6D Fu@)
R
We consider the embedding operator
A: H*(QR) < Ly(QpR).
The adjoint operator acts as
A" Ly(Qr) — (H*(QR)).
The norms of A and A* are the same. The induced norm in the dual simple space is given by
the formula

0125 gy = [ (€ 1D 1 F0(OP e

R
By the Holder inequality, we have

91257 g = [ & + €D 2P0 de

R’I’L

1—s
<( JIGEIRTC )\2d€> ( [ 17w |2dé> = 100175 oy 0

n

(24)

Using estimate (24) and the Friedrichs inequality (23), we obtain a chain of inequalities:

L

H’UHLQ(QR)
< sup [ Wony ) _ o (Telen )
= 19111, 0m) lullz@ny ) —

/ (e + [ED*Fu(€) 2t > [[ull2, 0

R”

[ullza@r) _ 1ol 75 )y

Al =

Tl e ) Toll (@)

It follows that given € > 0,

Now inequality (3) is obtained by passing to the limit as ¢ — 0. O
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Lemma 4. For any function u € fIl(QR), the following inequalities

and

[U]D,ﬁs(QR) < [U]D,ﬁl(QR) [U]N,ﬁS(QR) < [U]Nﬁl(QR)

hold for s € (0,1).

Proof. First, we prove the statement for the Dirichlet norm. In view of the Holder inequality
and Friedrichs inequality (22), we have

1-—s s
W, e / €25\ Fu(e) 2 de < ( / |fu<s>|2ds> ( / |5|2|fu<s>|2dg>
)

]Rn
_ 2—2s 2s 2—2s 2s _ 2
= [U]D,Lz(QR)[u]D,ﬁl(QR) < [U]D,f{'l(QR)[ ]Dﬁl(QR) = [U]D,Erl(QR)‘

The statement for the Navier norm is also obtained from the Holder inequality and Friedrichs
inequality (22),

1-s 0o s
[ NHS (QR) ZASU(b] — <Zu¢] ) (Z)\](u7¢])2>
j=1

[ ]2 2s )[U]28~ < [’LL]2 2~s )[u]2s 0

_ 2
N,L2(2r) ' N,H' (QR) N,H (Qp)' 'N,H (QR) — [u]Nle(QR)'

Lemma 5. Let the embedding £ — Lq(S2r) be compact. Then the minimizers of the func-
tionals Jp(u) and Jy(u) over the space £¢, exist and are positive solutions to problem (1) with
fractional Navier and Dirichlet Laplacians.

Proof. By virtue of the homogeneity of the functionals Jp(u) and Jy(u), their denominators
can be regarded as unit ones. Thus the problem is reduced to minimizing the norms Wp(u) =

[u]%Hs( o) and Wy (u) = [u]?v,ﬁs(QR) over the level surface V(u) = ||u||qu(QR) = 1, which,

due to the compact embedding, is weakly closed. The existence of the minimizers follows
from the existence theorem for minimizer of a weakly lower semicontinuous coercive functional
on a weakly closed set (see [10, Theorem 26.8]). After multiplication by suitable constants,
the Euler equations turn into identities (8) and (9) for generalized solutions on increments of
h e £

IA1, Ao Vh € €5 : DV (ub)h = MDWp(uh)h, DV (ui)h = e DWx(ui)h.  (25)

We make use of the principle of symmetric criticality, see [17, Theorem 1.1]: since
both functionals are invariant with respect to the action of a compact closed Lie group G,
equalities (25) for the increments h € £F, imply analogous equalities for variations h € H*(Q2R).

To complete the proof, it remains to show the positivity of the minimizers. Their nonnega-
tivity is ensured by the following statement.

Proposition [13, Theorem 3]. Let u(z) € H*(Q), where s € (0,1). Then the function
|u(z)| belongs to the space H*(Q)), and

[ ]D JHs(Q) HUHD JHs(Q) and [ ]N () HUHN 5 (Q)
Furthermore, if the positive and negative parts of the function u(z) are not degenerate, then
the inequalities are strict.

The positivity of the minimizers follows from the nonnegativity using the strong maximum
principle.

Proposition ([3, Lemma 2.6], [8, Theorem 2.5]). Let a function u(z) € H5(Q) \ {0}
satisfy the inequality (—A)*u > 0 for fractional Dirichlet or Navier Laplacians. Then u > 0
on any compact subset K C {. g
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Remark 4. For ¢ < 27, the conditions of Lemma 5 are satisfied for every closed subgroup
G C O(n) because of the compactness of the embedding

H*(QR) < Ly(QR).
Lemma 6. Let () be a bounded domain in R", m € Zy, and s =m+4 € [m,m + 1]. Then
for the functions u € H*(2) and v € C™T(Q), we have uv € H*() and

[uv]p,ﬁs(g) < C[U]D,ﬁs(Q)Hv‘ lc_yf(ﬁ)”v”écmﬂ(ﬁ)- (26)

Proof. For the integer s = m, the required statement follows from the obvious inequality
DD o)l < C D D%l @0l om -
|a|=m |a|=m
The statement for § > 0 is obtained by interpolation: by the above, we have (in the case
m = 0, the space H°(2) should be understood as Lo(2)):
Wl p fim (o) = Cldp imey 1Vllom @)
[uv]p,ﬁmﬂ(g) < C[U]Dﬁmﬂ(g)”v”cmﬂ(ﬁ)-

Therefore the multiplier operator of the function v is continuous in the spaces H ™(Q) and
H™1(Q). In accordance with [18, Theorem 4.3.2/2],

[H™(Q), H™ Q)]s = H™(Q). (27)

This implies the continuity of the multiplier operator of the function v in the space H mE(Q)),
and the interpolation inequality coincides with required estimate (26). O

Remark 5. For s € [0,1], the conclusion of Lemma 6 holds also for the Navier norms.

Lemma 7. Let u;(z) € H*(Q), i =1,..., k. Denote by U(z) the sum
U(z) =ui(z) + -+ + up(x).

Then
k

k
2 2 2 2
[U]Dﬁs(n) < kz[ui]pﬁs(n) and [U]N,ﬁs(n) < kz[ui]z\r,ﬁs(m'
i=1 ]

=1
Proof. 1t is an obvious consequence of the inequality on the arithmetic mean and the quadratic

mean. O
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