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AKa]leMHK B A CTeKAOB. 



30-ro Man C. r. CKOH'la.l\CH no'leTHblH 'IAeH 06i;geCTBa, 

OCHOBaTe.l\b HaCTORi;gero .m.ypua.l\a H ero nepBblH pe.n;aKTOp, 

BHJ!e·npeaH.n;eHT AKa.n;eMHH HayK C. C. C. P. aKa.n;eMHK 

B. A. CTeK.I\OB. 

Y .me 6oAbHOH B. A. pyKoBOAHA no.n;roTOBKoii K ne'laTH 

MaTepHaJ\a uacToni;gero BblnycKa, y.m.e 60.1\bHOH uaxo.n;H.I\ 

OH BpeMJI H CH.l\bl A.II.JI BbIIlO.I\HeHHJI <pOpMa.l\bHOCTeH, CBR3aH­

HblX C Ha'la.l\OM H3Ji;aHHJI. 

CMepTb ue ,11,a.11.a B. A. yBHAeTb ,11;a.m.e nepebIH BbmycK 

cneJ!Ha.l\bHOro MaTeMaTH'lecKoro .m.ypua.l\a, 06 Ha,11,aHHH 

KOToporo B AenHurpa,11,e on Me'ITa.11. ei;ge c 1910 ro.11:a. 

B KopoTKOH aaMeTKe ueeoaMo.m.uo ogeHHTb ,11;eJITeAb­

uocTb TaKoro Kpynuoro yqeuoro. 

Oy,euKe uay'IHOH H uayquo-opraHHBa!J,HOHHOH .n;enTe.11.b· 

HOCTH IlOKOHHOro 6y.n;yT IlOCBRJ!!eHbl MHOrHe pa60Tbl 

cnegHa.l\HCTOB. 

Pn.11: AOKAaAOB o pa6oTax B. A. CTeKAOBa 6y,11,eT 

c.n;eAaH H B cnegHa.11.bHOM aace.n;aHHH AeHHHrpa,11,cKoro 

CIJH3HKo-MaTeMaTH'leCKoro 06)!!eCTBa, KOTOpoe 6y.n;eT 

IlOCBJI)!!eHO naMJITH IIOKOHHOro. 



Ilpocpeccop A. A. <llpu,11MaH. 



IlaMHTB A. A. G>pa.n;maea. 

Peqi., npoHsaeceHHa.11 DpeACeAaTeAeM Aeau11rpc1ACKoro 
Cl>usaKo-MaTemaTB'leCKoro 06J!!eCTBa H. M. f10RTepo•, 

B saceAa&HB 26 CeaT.116ps 1925 roAa. 

B a M Ha B e c T H o, q T o B c p e JJ. y 1 6 - r o c e H T ,i: 6 p ,i: 

CKOH'la.11.c,i: OT 6p10wHoro TH<j>a q.11.eH CTpaBAeHH.H 

H a llI e r O O 6 I!! e C T B a, A H p e K T O p r e O qi H .3 H q e C K O H O 6-

c e p B a T o p H H, n p o qi e c c o p A A e ,c c a H If p A A e Kc a H If p o-

B U 'I. (/> p U I( Ma H. 

06f!!eCTBeHHYIO .zteHTeAbHOCTb CBOIO A. A. Ha'la.11. qepe.s rop, 

no OKOH'laHHH YHHBepCHTeTa, npH KOTOpOM OH 6bIA OCTaBAeH 

aKa.zi;eMHKOM B. A. CTeKAOBbIM. HMeHHO, B 1910 roJJ.y OH 6bl.11. 

H.s6paH npenoJJ.aBaTe.11.eM HHCTHTyTa HameHepos nyTeH Coo6IJ!e· 

HHH H BCKope noc.11.e aToro, no npeJJ..11.omeHHIO aKa,Zl;eMHKa KHH3H 

E. E. r 0.11.HYbIHa, nocTynH.11. B naB.11.0BCKYIO MarHHTHYIO o6cepBa­

TOpHIO. 

Bc10 BOHHY A. A. npoBe.11. Ha qipoHTe, pa6oTaH B 06.11.acTH 

B03JJ.YUIHOH 06op0Hb1; no OKOH'laHHH BOHHbl 6bl.11. npoqieccopoM 

B CTepMH H, BepHyBWHCb B Haw ropOJJ. B 1920 r., pa6oTa.ll. 

B HHcTHryTe HHmeHepoB CTyTeH Coo6IJ!eHHH, YHHBepCHTeTe, B no­

.11.HTeXHH'leCKOM HHCTHTyTe, B MopcKOH AKa.zteMHH H B MopcKOM 

HmKeHepHOM YtIHAHf!!e, cOBMeIJ!aH Bee aTo c .saHHTHHMH B f eoqm-

3H'leCKOH 06cepBaTOpHH, AHpeKTOpOM KOTOpOH OH c,11,e.11.a.11.cn 3a 

HeCK0.11.bKO MecHyeB ,ll,O CMepTH. 

Ha nepetIHc.11.eHHbIX ero aaa»THH :aa noc.11.e.a,HHe 5 .11.eT Bb1 BH· 

,Zl;HTe, KaK HeHaCblTeH H ma,11;eH P,O pa60Tbl 6bi.l\. nOKOHHbIH; ec,u1-

me Bbl BCnOMHHTe, 'ITO 3a BTO BpeMH HM H.3,ltaHbl 4 60AbllIHe 

pa60Tbl, He C'IHTaH ,Zl;HCCepTayHH, Ha'laTOH paHee H T0.11.bKO 3aKOH­

'leHHOH B BTO BpeMH, npH 'leM OTMeTHTe, 'ITO noc.11.e,11,HHe ero pa-

60Tbl KacalOTCH npHHyHna OTHOCHTeAbHOCTH, OCHOBaTe.l\bHOe 

5 



3HaKOMCTBO c KOTopblM A. A. noAy':IHA TaKlKe .sa nocAeAHHe 5 AeT, 

TO Bbl cnpaBeAAHBO H3YMHTeCb ero TpyAocnoco6HocTH; H3YMHTecb 

TeM 6oAee, ':ITO Bb1 .sHaeTe, cTaAKHBaRcb c nOKOHHhlM B pa3AH':I· 

HblX o6AaCTJIX ero AeJITe.l\hHOCTH, ':ITO BCJIKOe AeAO, 3a KOTopoe OH 

6paACJI, OH BblilO.I\HJI.I\ c COBepweHHOH OT':leT.I\HBOCTblO H Bb(IlO.I\· 

HeHHOe HM OCTaBa.l\OCb AAJI ApyrHX HenpeB30HAeHHblM o6pa.sgoM. 

EcAH-6b1 KTO HH6YAb aaHRACR OAHHM TOAbKO H3 AeA A. A. H, 

IlOCBJITHB eMy see CBOH CH.l\bl, BblilO.I\HH.I\ ero B TO·lKe BpeMH H 

TaK·lKe KaK A. A., Mbl npHaHaAH-6b1 ero geHHbIM AeHTeAeM. 

·sbl 3HaeTe, KaK pa6oTa.l\ A. A. AAH AOCTHlKeHHH CBOHX peayAb· 

TaToB; A. A. KHneA B cBoeii: pa6oTe, a aTa pa6oTa Ha':laAaCb 

c y1:1eHH':leCKOH cKaMbH. Bcio lKH3Hb OH He AaBa.l\ ce6e noKOH, 

npHcrynaH K H3y':leHHIO BOnpoca eMy HOBoro TO.l\bKO AAH Toro, 

':IT06bl, OCBOHBWHCb C HHM, o6paTHTbCH K H3y':leHHIO Apyroro, 60-

Aee TPYAHoro. 

· flHTOMeg fleTep6yprcKoro YHHBepcHTeTa, Ka3aAOCh npeAHa-

3Ha':leHHblH AM ':IHCTO TeopeTH':leCKHX H3blCKaHHfi, OH nocTynaeT 

B MeTeopoAorH':lecKyio 06cepBaTopHIO H, coBepweHHO ':IYlKAblH 

HOBOMY AeAy, OH cosepweHHO OCBaHsaeTCR C HHM B KOpOTKOe 

BpeMH; OCBaHBaeTCH Ha CTO.l\bKO, ~TO ':lepea noArOAa OH ne':laTaeT 

pa6oTy. yKa3bIBaioigyio MeTOA, o6Aer':lalOigHH Bbl':IHCJ\eHHR, AeCHTKH 

AeT BblnO.I\HHBWHeCH no 0,11,HOMY Tpa<J>apeTy. 

B TO lKe BpeMH, rosopH OKpym.alOI!!,HM, ':ITO OH AyMaeT TO.l\bKO O TOM, 

,,He.l\b3H•.i\H ':lero OTKHHYTb" ,- B aaHHMaBWHX ero ypaBHeHHRX-:- OH, 

He coKpaigas 06b1':IHOH pa6oTbl no npeno,11,asaHHIO, ':IHTaeT 

B YiHCTHTY'l"e flyTeil: Coo6igeHHH HOBblH JJ.AH Hero Kypc npH6AHmeH­

HblX Bbl':IHC.l\eHHii, B3HTblii HM OT 51. B. y cneHCKOro, H ':IHTaeT ero 

CMewaHHOH ay,11,HTOpHH, B KOTOpoil: 60.1\bWe npenoAaBaTeAeii, ':leM 

CTyAeHTOB; BMeCTe C TeM OAHH Be':lep B HeAe.l\lO TpaTHT Ha 3aHH· 

THJI c 6-io cTyAeHTaMH- AY':IWHMH CTy,11,eHTaMH YiHCTHTyTa, cowe.11;­

WHMHCJI C pa3HblX KypCOB - Ha 3aHRTHH no MaTeMaTH'leCKHM npH• 

6opaM; a .sa ro,11, nepeA TeM see aaxoAHBWHe B MexaHH':leCKHH 

Ka6HHeT YHHBepcHTeTa MOrAH BHAeTb A. A. ynpamHRBWHMCH 

B ynoTpe6AeHHH HHTerpaTopa A6AaHK·A6aKaHOBH':la H ApyrHx 

npH6opoB. 

Yi.s Kypca MopcKoii AKaAeMHH c,11,eAaH HM noAHbIH H cosep­

weHHblH Kypc, B KOTOpOM He ynyigeHbl HH OJJ,Ha no,11,po6HOCTb, 

,11,eAa10igaH ero COBpeMeHHblM, H HH 0,11,HO cpe,11,CTBO, AaIOigee B03" 

M02KHOCTb K npaKTH':leCKHM npHAomeHHRM. ,,Eho Kypc TPYAHblH, 
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cxa.saA xax-To A. A., MHe npHWAOCb MHOro yqHTbC.H". Pa.spa6oTaB 

aToT xypc, A. A. qacTo eacTaHBaA ea sseJJ.eHHH B npenoJJ.aBa­

HHe HY.lKHblX no ero MHeHHIO noJJ.po6eocTeii H KOrJJ.a eMy B03pa­

.lKaAH, qTo 3TO MaAO KTO 3HaeT, rosopHA: ,,Oyc~b BblyqaTc.H; .H TO­

iKe He 3HaA, HO BbIYqHAC.H". 

Oe 6bIA Tpe6osaTeAeH K ApyrHM H HMeA ea TO npaso, TaK 

KaK 6blA 6ecnoigc1AeH K caMoMy ce6e. 

Bbl CAbIXaAH B 1921 rOAY nepBbie JJ.OKAaJJ.bI B eaweM 06xge­

CTBe O npHHgHne OTHOCHTeAbHOCTH. 

,,Cxopo MbI paa6epeMC.H B aTHX sonpocax, cxa.saA KaK-TO TOr~a 

.H. A. TaMapKHe; Cl>pHJJ.Mae npHH.HAC.H .sa H.syqeeHe BeiiAH". Bbl 

caMH HMeAH cAyqaif y6eJJ;HTbC.H, qTo A. A. JJ.eiicTBHTeAbHO, H eige 

AO 1923 roAa, s HHX pa.so6paAC.H. 

Bbl KOHeqHo, .seaeTe, KOrAa OH pa6oTaA; speM.H AA.ff ero aToii 

pa6oTbl - eoqb, see ocTasweec.H eMy speM.H 6e.s HCKAroqeeH.H 

Bee BpeM.H, He aaHHTOe ipH3H'leCKHM HCnOAHeHHeM B3JITblX ea ce-

6x 06.H.saeeocTeii. 

Tax-Me, KaK B nocAeJJ.HHe rOJJ.bl, oe pa6oTaA HBO speM.H BOHHbI, 

KaK 111or.11.H noHBHTl.>C.H HHaqe ero TPYJJ.bI no rHJJ.POJJ.HHaMHKe CiKHMae­

MOH .lKHAKOCTH, eCAH-6bl MbICAb ero B cyTOAOKe soeaHbIX AeHCTBHH ee 

npOJJ.OA.lKaAa pa6oTaTb HaJJ. OTBAeqeeHblMH Hay'IHbIMH BonpocaMH, 

eeyroMOHHO nbITaHCb pa.so6paTbC.H JJ.O KOHga BO BCeM, qTo He-. 

.HCHO· 

Bo speM.H BOHHbI HM BbinYIJ:!eHo HecKOAbKO .saMeToK H eaqaTa 

JJ.HCCepTagHJI, .sa KOTopyro nOTOMCTBO cnpaBeJ1,AHB0 npHqHCAHT ero 

K qHcAy CO.BJJ.aTe.11.eii TeOpHH C.lKHMaeMblX .lKHJJ.KOCTeit 

cha pa6oTa BblW.11.a B CBeT T0.11.bKO B 1922 r., HO OHa nOCBJI• 

xgeHa sonpocy, conpHKacaroxgeMycx c JJ.HHaMHqecKoii MeTeopoAo­

rHeii H, npH eenpepbIBHOM cTpeM.11.ee~H A. A. pa.s60paTbCH B Ka.lK­

AOM sonpoce JJ.O noAHOro ero BbIHCHeHH.H, aTa pa6oTa eaqaAaCb 

c nocTynAeHH.H ero B OaBAOBCKyro 06cepsarop0ro. 06cTaHOBKa 

ero Jl,e.HTe.11.bHOCTH C 3TOrO speMeHH 6bIAa o6cTaHOBKOH Aa6opa­

TOpHH, p;aroigeii MaTepbHA ,ll;AJI HOBblX HCCAeAOB.aHHH H B03MO.lK­

HOCTH onblTHOH nosepKH nOAO.lKeHHH, noAyqeHHblX nyTeM pa3MblW· 

AeHHH. B A. A. seewexx o6oAoqKa qeAoseKa, o6cAy.lKHBa10I!!ero 

npaKTHqeCKHe, HMelOIJ:!He OAHO,ll;HeBHOe 3HaqeHHe, npHAO.lKeHHJI 

3apO.lKJ1,aroxgeHCJI eayKH, CKpb1BaAa Bb1COKYIO p,ywy HCCAeJJ.OBaTeAH 

BeqHblX. BonpocOB MHp03JJ.aHHJI H 6.11.aropOJJ.HbIH o6AHK mpega 

qHCTOro 3HaHHJI. 
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0o cyigeCTBY aTa BCJI ero pa6oTa 'IHCTO MaTeMaTH'leCKaH. 

Muoroe npaKTH<cecKH sa,1rnoe noAy'leHo noToMy, 'ITO, Ha<cae c ca­

Moro Ha'laAa YlfHTbCJI OT6paCb!BaTb, OH aToMy ,11;eikTBHTeAbHO 

Hay'IHACJI H AeAaA C TOAKOM. 

Cssab MeatAy MeTeopoAoraeu H npaHgHnoM OTHOCHTeAbHOCTH 

CTaHOBHTCH HCHOH: B CBOHX caMOCTOHTeAbHblX pa6oTaX no npHH­

yany OTHOCHTeAbHOCTH A. A. TOAbKo aaHHMaAcH no cyiyecTsy 

TeM-me,. 'leM H B MeTeopoAorHH -- HCCAeAOBaHHeM pemeHHH CHCTeMbl 

yp-HHH B 'laCTHbIX npOH.380,!l;HblX, C npHMeHeHHeM Tex .IKe CBOHX 

MeTOAOB; AAH aToro eMy npHllIAOCb nonyTHO H3Y'lHTb TeOpHIO 

q>OpM, 'ITO OH H CAeAaA; a C,!l;eAaB, npO'IHTaA Kypc KHHeMaTHKH, 

YAHBHTeAbHbIH no csoeMy coAepmaHHIO. 

KaK B CBOefi Hay'IHOH AeHTeJ\bHOCTH, cosepmeHHO TO'IHO TaK 

H B cBoeu npaKTH'leCKOH AeHTeAbHOCTH, A. A. He 6oHACH HOBblX 

BOnpocoB, HO OTHOCHJ\CH K HHM TaK me, KaK H K Hay'IHblM. 

Ero npaKTH'leCKaH AeHTeJ\bHOCTb 6b!Aa TaKOBa, 'lTO ee He MOl'J\H 

He aaMeTHTb Bee, no,11; 'lbe 6bl na<caJ\bCTBO OH HH no,!l;na,!l;aA; Mbl 

aaaeM, 'ITO A. A. seaAe o<ceHb 6blcTpo no,11;HHMaAc~ ,11;0 BbIClllHX 

nocToB ynpaBAeHHH. MaAo KOMY BeAOMbJH Aa6opanT MarHHTHOH 

06cepBaTopHH B naqaJ\e BOHHbl, OH aaBe,ll;b!BaA MeTeopoAOl'H'leCKOH 

C'beMKOff geAOl'O <f>pOHTa B ee cepe,ll;HHe H OCHOBbJBaJ\ aaBO,ll;hl 

.AJ\H 06opy,11;0BaHHH <caCTeH, neo6XO,ll;HMblX ,ll;AH B0.3AYXOnAaBaHH.R, 

B KOH:J!e ee. 

HaqaB B 1920 r • .IKH3Hb CHa'laAa, on B 1925 r. yme Ji;apeK­

Top 06cepeaTopHH H, Mbl anaeM, j(HpeKTOp, aaHHBllIHH CBOH noCT 

C l'OTOBblM DJ\aHOM pa60Tbl no noAHOH peq>OpMe 06cepBaTOpHH 

H, M02KeT 6b1Tb, e,11,HHCTBeHHblH <ceAOBeK, cnoco6HblH BblnOAHHTb 

aTy peq,opMy. 

OcyiyecTBAeHHe aTOH pe<popMbI BB.RAO ece epeMH B nocAeAHHe 

Mecsgb1 A. A.; oua He ,11;oee,11;eHa p;o KOH:J!a, KaK H no<cTH Bee, 

Ha'laToe A. A., Ho HM c,11;eAaHo yme CTOJ\bKO, <cTo pe<popMa 

OCTaHOBHTbCH He MO.IKeT. 

Hawe 06igecTBO qpe3BbI'laHHO MHoro o6saauo A. A.; MOatHo 

CKaaaTb, 'ITO 6ea Hero He 6bIJ\O 6bl a 06i!!eCTBa - 061!!eCTBO 

B0.3p0,IUIJ\ A. A. 
OpaBHAbHan ,D;eHTeJ\bHOCTb 06i!!eCTBa Ha'laJ\aCh c Toro ,ll;H}I, 

KOrAa A. A. c,11;eAaACH ero ceKpeTapeM. HM cocTaBAeH H npose­

AeH nepBbIH HOBblH Y CTaB 06i!!eCTBa. 3aHHTblH no ropAo, AOCTyn­

HblH TOAbKO Bero Ka60HeTe B 06cepBaTOpHH, OH HaXO,ll;HA speMH 
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6bJBaTb Ha aaceAaHHHX OpaB.l\eHHH, B3H.I\ Ha ce6H pa6oTy no pe­

cpepaTaM B Zeitschrift, xAonoTa.l\ eo epeMH noea,11,oK B MocKsy 

0 mypHa.l\e H co6npaACH yqaCTBOBaTb Bero pe,11,aKTHpOBaHHH. 

He.l\b3H ei.ge ogeHHTb TY noTepro, KOTopyro noHec.l\o 061.!!eCTBO 

pyccKHX MaTeMaTHKOB H pyccKaH HayKa .c yTpaTOH A. A.; Kam,11,h1A 

HOBbIH ,11,eHb e'!!e yKa3bJBaeT HaM Ha HOBOe nycToe H HeaanoA­

HHMoe MeCTO, Ha HOBbie aaTpy,11,HeHHH, Kamyl!!HeCH HeycTpaHHMblMH 

H KOTopbie 6bIAH 6b1 AerKo ycTpaHeHhI, 6y,11,h cpe,11,H Hae A. A.; 
cTpawHo ,11,yMaTb o Tex B03MomHOCTHX, KOTOpbie TaHAHCb a A. A. 
H KOTOpbie He ocyl!!eCTBHTCH H3·3a He.l\enoff cAyqaifHOCTH. 

H a y 11 u w e T p y A hi A. A. Clip e AM a a a. 

r. S u r I e s c o n g r u e n c•e s d u s e c o n d d e g r e e t I e s n o m b r e s d e 

Berno u 11 i (Mathern. Annalen Bd. 62, 1905). 
2. Q u e I q u e s f o r m u I e s c o n c e r n a n t e s I a t h e o r i e d e I a f o n c­

t ion (x) et I es no m b res de Berno u 11 i (Crelle's Journal, t. 135). 
3. Sur la recherche des solutions particulieres de l'equa­

t i o n de La p I a c e. (Coo6iyeHHe XapbKOBCKoro MaTeMaTaqecKoro 0-sa. 
Cepa11 2, T. XII. N11 6, 19u). 

4. K T e o p H H a B p o n J\ a H a (tKypHaJ\. PyccKoro ct>nsHKo-XHMH'leCKoro 
0-sa, 1911, 8 H 9). 

5 .. Su r I a rec her ch e d es surfaces is o d y n a m i q u es (Comptes 
Rendus, 1912). 

6. Sur u n prob I em e hydro d y n am i q u e de Bjerknes s. (Coo6-
igeHHe XapbKOBCKoro MaTeMaTH'!ecK. 0-sa. CepHR 2, T. XII, J'.i 6, 1913). 

7. K BO n p O Cy O KO .I\ e 6 a Te J\ b HOM pa 3 p II A e KOH A e H Ca TO pa. 
(tKypHa.l\ PyccKoro <l>HSHKo-XHMHqecKoro O~sa. 1913, Bbln. 5). 

8. Z u r T h e o r i e d e r V e rt i k a I t e m p er at u r v e r t e i I u n g. (Meteor 

Zeitschr., 1914, H. 3). 
9· 3 H a 'I e H H e J\ H H l'I H T O K a B O 3 A y III H bl X T e 'I e H H ii A J\ R B O 3 -

A y x on Aas a H H 11, (TexHHKa sos4yxonJ1.aBaHHR, 1914). 
IO. Sur la distribution de la temperature aux diverses 

hauteurs. 
II. K B.o n po c y o c Ko po c TH s By Ka. (feo«1>HsH11ecKHH C6opHHK, 1915). 
12. Sur I e s tour bi 11 on s d ans u n Ii quid e a tern per at u re 

var i ab I e. (Comptes-Rendus, 1915). 
13. 0 BHXpRX B lKHAKOCTH C MeHHIOigeHCll TeMnepaTypoH~ 

(Coo6iyeHHe XapbK. MaTeMaT. 0-sa, CepHH 2, T. XV, 1916). 
14. Ko H c n e KT A e K !! H H n o a B p o H a B Hr a g H H. (f. Kaes, 1916). 
15. 06 aTMoc«1>epHblX BHxp11x. (feo«1>as. C6opHHK, 1916). 
16. 0 n p e A e JI e H He Be p TH Ka J\ b H bl X Te q e H H H BO 3 A y X a n O -

MOigblO Ha6J1I0AeHHH H·a,4 11IapaMH IlHJ\OTaMH, npoH3BO­
;i; HM bl x c o AH or o n y HK Ta. (feoctms. C6opHHK, 1917). 
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17. K sonpocy AOKasaTe.11.bCTBa npaBH.11.a napa.11..11.e.11.orpaMMa 
c H .11.. (2KypHa.11. Cl>HBHKo-MaTeMaT. 0-sa npH IlepMcK. foe. YHHBepCHTeTe 

1918. BblD. I). 
18. Die Grosse nor d nun g de r Meteor o Io g is ch en EI em en t e 

u n d i hr er r au ml i ch-en u n d z e it lichen Abt e i I u n gen. 
(CosMecTHO c Hesselberg'oM). Veroffentlichungen des Geoph. Instituts 
des Universitiit Leipzig, 2-te Serie. Heft. 6, 1914). 

19. 0 Be p TH K a .II. b H bl X Te q e H HR X B a TM O C q, e p e. (2KypHaJI. <l1H3HKO­
MareMaT. 0-sa npH IlepMCKOM roe. YHHBepCHTeTe, BblD. II, 1919). 

20. 0 pa C n p e A e .II. e H H H Te Mn e pa Ty p bl C B bl COTO ii n pH Ha .II. H q­
H OCT H .11.yqHcToro Ten.11.006MeHa seM.11.H H C0.11.Hya. (l13B. 
f.11.aBH. <l>HsHq. 06cepBaTOpHH, JI& 2, 1920). 

21. 0 Be p TH Ka .II. b H bl X H r Op H 3 0 HT a JI. b H bl X a TM O C q, e pH bl X 

B H X p Rx. (l1sseCTHR f.11.aBHOH <l>Hl!Hqecxoii 06cepBaTopHH, 1921). 
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0 BllO*AeBBR CKOpOCTB DO BBXplO • CAy1u.e 

ZBAKOC'l'R, 38KJI.IOqeRBOii B saMKBJTOM COCJAe. 

H. M. I'10nmep. 

1. CToAomHM, HMeeM aaMKHYTYIO 06.11.aCTb (R1), orpaHH<Ieueyio 

nosepXHOCTblO (St), KOTopaH nepeMel!!aeTCH H.11.H HeT B npocTpau­

CTBe c Te<IeHHeM BpeMeHH t, HO TaKOBa, <ITO o6'heM TeAa, orpaHH­

qeeuoro eio, OCTaeTCH HeH3MeHHblM. 

EcAH HecmHMaeMaH mHJJ;KOCTb ganoAHHeT o6AaCTb (R,) H 

1) u, v, w 

COCTaBAHIOI!!He CKOpOCTH ee TO'leK, a 

2) 

COCTaBJ\HIOJMHe BHXpH, TO B CAy11ae, KOrp;a Ha (St) BMeCTe C ycAO­

BHeM 

3) u cos (Nx) + v cos (Ny) + w cos (Nz) = W.,, 

B KoTopoM N-uanpaBAeHHe BHewueii Hop11r1a.11.H K (St), a W,. -npo­

eiqptH cKopocTH TO'IKH ea (St) B ee J1BHmeHHH Ha HopMaAb B TO'!Ke, 

co6J1.JOJJ,eHO ycAOBHe 

4) w1 cos (Nx) + wll cos (Ny)+ wa cos (Nz) = 0, 

cnpaBeJl.l\HBbl paBeHCTBa *), nepBoe H3 KOTOpbIX 

5) u=-4: { lyf ':1a/~-:z-J~\d-c }+ ::, 
(R1) (R1) 

a OCTaJ\bHbie ABa llOAy'lalOTCJI H3 Hero KpyroBOH nepecTaHOBKOH 

aAeMeHTOB 

6) u, v, w; 

') H. v. Helmholz. Crelle's J. Bd. 55. 



B paBeHcTBax (5) 9-PapMOHH11ecKaJ1 <J>YHKijHJI BHYTPH o6Aa· 

CTH (Rt), Bh16paHHaJ1 TaK, 'IT06bl Ha rpanHge (St) 6blAO ·6b1 cnpa· 

ee.o;AHBo ycAoeHe (3). CTpH aToM: 

r = Y(Z-- x)2 +t'1-y)2 + c:-z)2, d~ = dEdTJdt 

EcAH ycAOBHe (4) He co6Aro.o;eHo, q,opMyAhI (5) He HMeIOT MeCTa. 

Poincare *) AMI cAy'laJI Heno.o;BH2KHOPO cocy.o;a, He BhUIOAHJIJI 

.o;eTaA.bHO Bbl'IHCAeHHH, npe.o;AO.lKHA, B CAy11ae, Kor .o;a ycAOBHe ( 4) 
He co6AIO.D;eHO, npOAOA.lKaTb CKOJ\b yrop;HO MaJ\O 06.J\aCTb (Rt ) 
BO BHeWHIOIO 11aCTb npocTpaHCTBa H aanOJ\H.RTb npacoe.o;HHem1y10 

o6AaCTb BHXpHMH TaK, 'IT06b1 npH coxpaHeHHH Henpepb!BHOCTH 

<J>YHKgHii (2) OHH Ha HOBOH rpaHHge y.o;oeAeTBOJ)JIAH 6b1 ycAOBHIO (4). 
Appell'eM **) .o;eTaAbHO BblnoAHeHhI BbIKAaAKH Poincare H yKaaaHo, 

'ITO AAH <J>YHKYHH (1) n0Ay11aI0TCJ1 <J>OPMYAhl, 3ae11c.111J!He OT 3Ha-

11enuu q>ynKgHii (1) Ha (S1), KOTOJ)ble He Haxop;J1TCJ1 e 'l:Hc.l\e 3a· 

p;aHHif ***). 
YeAb HacTOJll]!eH 3aMeTKH noKa3aTb, KaK naHTH <f>YHKYHH (1) 

no <l>YHitgHJIM (2) e CJ\y'lae, Kor.o;a ycAOBHe ( 4) He co6AI0,1l,eHO, 

noAbBYHCb TOJ\bKO 3Ha'leHH.RMH <f>YHKYHH (2) H W;,, ecAH (SJ ne 

HenOJl,BH.lKHa. 

*) Poincare, Theorie des Tourbillions, p. 130. 
**) Appell, Traite de Mecanique Rationnelle, T. III (an 1909) S 775, p. 441. 

'''**) Bb1paJKeH1ui: Appell'n MoryT 6b!Tb Aern:o BbIBe,teHbl cAe,a;yro,MHM o6pa:;.oM. 

EcAH 
fJv fJu fJu Ow 
-----,wi=-----' 
fJx iJy Oz Ox 

TO 

J"(iJI 0 I) J - r _ r d- _ v cos (Nx)- u cos (Ny) d~ -'--, 
V "~ ll f} • - -

u~ 'I r 
(R i) (S 1 ) 

+ -:x .f v;~ - :Y J !l.f' 
(R 1) (R 1 ) 



2. Mb1 6y.zteM ITpe.ztITOAaraTh, 'ITO ITOBepxHOCTb (S1) y.1t0BAeTB0-

pJ:1eT CAe.ztYIOl!!HM ycAOBH.HM: 

a) 0KoAo BC.HKOH TO'IKH M Ha (S1) MOmHo OITHCaTb, KaK OKOAO 

J!eHT pa, cq>epy oITpe.zteAeHHoro pa.itHyca d, KOTopy10 MbI 6y.zteM 

Ha3bIBaTb cq>epoii (d), TaKHM o6paaoM, 'ITO BHYTPH cq>epbI yp-HHIO 

noaepXHOCTH MOmHo .ztaTb BH.zt 

(/) (x, g, z, t) = 0, 

r.zte (/) HMeeT HeITpepbIBHbie 2-e ITpOH3BOJtHbie, ITPH 'leM aTH ITpo­

H.3BOAHbie a6cOAI0THO MeHbWe 'IHCAa A, He3aBHC.Higero OT ITOAOmeHHJI 

eipepbl (d); ITPH EITOM ITp0H3B0.ltHbie ITepBoro ITOp.H.itKa OT (/) ITO 

x, g, z He o6par,gaIOTC.H O.ltHOBpeMeHHO B HYAb. 

b) KocHHYCbI yrAoB HopMaAH c oc.HMH Koop.itHHaT H W,, -HeITpe­

p1,,rnHb1e q>yHK!J;HH TO'IKH Ha (S1); ITpH EITOM BHYTPH cq>epbI (d), 
TaK KaK ITPH ITepeMer,geHHH TO'IKH ITOBepXHOCTH (St) B ITpO­

CTpaHCTBe: 

o(J) o(J) &W a(J) 
d(J) = fix-dx + {)y dy + {)z dz+ Tt dt = 0, 

MbI HMeeM, ITO oITpe.iteAeHmo: 

_I__ J __i_ f"'3d, _ -~-1·w2d':_} = I_ /l fJ 1· V cos (Nx) - u cos (Ny) dcr _ 
,F: l oy , r /Jz ,_ r 41t /Jg , r 

(R 1 ) (S 1 ) (S 1 ) 

_ -~-! u cos (Nx) - w cos (Nz) 
oz r 

1 1 iJ I 
d, 1· + u + - - - l 4.: ax 

(St) 

+ __i_ rvd-: + __i_ fwd, _t; 
8y , r oz , r I 
(Rt) (Rt) 

u = -~- [__i_ ~ !w3d-o _ I v cos (Nx) - u cos (Ny) 
4,: - /Jg l • r r 

(Rt) (St) 

) 
dcr ,­

} 

__ 8_ { Jw2d, _ J u cos (Nz) - w cos (Nx) d, ,t +-08 J Wn dcr_, . 
/Jz l r r x r . 

(R i) (S 1 ) (S d 

ITpH W,. = o, aTo nepaaa H3 tpopMyA Appell'a. OcTaAbHbie t1Be noAy­

·qiilK>TCJI Kpyroaoii nepeCTaHOBKOH H~ a..\eMeHTaMH (6). 
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c) EcAH \f OAHH H3. 3THX KOCHHycoB HJ\H W';,, a s op;Ha H3 

nepeMeHHblX x, y, Z, TO MOiKHO AOKa3aTb, 'ITO BCJ\e,>J;CTBHe YCJ\OBHH 

(a) H (b) KOM6HHal!HH npOH3BOJJ;HblX 2-ro nopsi.z,;Ka OT <JJ: 

8) D q· 
s 

o\lJ· d\J! d'F 81¥ 
- -cos(Ns)-, -~=-cos(Nx)+ 

fJs dn dn ox 

aw aw 
+--cos(Ny) + - cos (Nz) oy {Jz 

flpuMe'laHue. EcAH p;se <f>YHK\!HH 11' H 11' 1 rrpHHHMaJOT 

ea (St) BHYTPH {d) OAHHaKOBbie 3Ha•1eHHS1, 6yp;yqH He ea (S1), 

B0061!!,e roBopsi, pa3J\H'IHbI, To ea (St}: 

9) D.,1F =D"111·1 

,lleii:cTBHTeJ\bHO, H3 paseHCTBa 3Ha'leHHH Ha (S1) cpyuK­

J!HH IJ:7 H IJ\ no H3BeCTHOH TeopeMe Hadamard'a **): 

aq,· o'l\ 
ox -7{;-
cos(Nx) -

a1v cw1 

fJy fJy 
-;.;OS (Ny) 

a,r aw· 1 

Oz Oz 
-----"·-

cos(Nz) 

*) Y CJ\OBHe ( C) paBHOCHAbHO npeanoAOlKeHHIO, 'ITO 3.1\eMeHTbl KpHBH3Hb[ 

noaepxHOCTH (S 1 ) MeHHIOTCH ttenpepblBHO c TO'IKOH Ha (St). HeTpyJtHO, HMeHHo, 

y6e,llHTbCH, 'ITO: 

r'Ae R1 H R:r-pap;Hycbl KpHBH3Hbl r'AaBHhIX HopMaAbHhlX ceqeHHH, a L1 H L2 
HanpaBAeHHH, KaCaTeAbHbie K STHM ceqeHHHM. J,fa npHBeJleHHblX q,opMyA AerRO 

IlOAY'l!fTb, 'ITO KOpHH ypaBHeHHH: 

[

Dx cos (Nx)- s, 

Dy cos (Nx), 

Dz cos (N1:), 

I 

DX cos (Ny), 

Dy cos (,,V:y) - s, 

Dz cos(Ny), 

Dx cos (Nz) ] 
Dy cos (Nz) = 0 

Dz cos (Nz)-s 

paBHbl 'IHCAaM R1 , R2 , 0 H 'ITO KOpHHM 3Toro ypaeHeHHH COOTBeTCTBYI01' 

TPH HanpaeAeHHH: HanpaeAeHHH, KaCaTeAhHbie K rAaBHblM ce'leHHHM, ff Hanpa­

BJl.eHHe HOpMaJI.H, 

**j ]. Hadamard. Lec;ons sur la propagation des ondes, Ch. lI. 



060.sHa'laH qepe.s }, 06J!!ee 3HatieHHe DOC.l\e,ll;HHX OTHOWeHHH, 

AerKO DO.I\Y'laeM, 'ITO 

d1r dW1 , a1r aw1 , 
d; - dn = 1., Ts - Ts = 1. cos (Ns), 

OTKyp,a BbITeKaeT paBeHCTBO (9). 

PaBeHCTBO (9) ocTaHeTC.H cnpaBeJJ;.11.HBhlM, ec.11.0 Mb! B (8) 
.saMeHHM s qepe.s t, no,11;cTaBA.HH- W,. BMeeTo cos (Ns). 

H.s aToro npHMe'laHHH BhITeKaeT enpaBeAAHBOCTh (c). Aeil:­

CTBHTe.llbHO, DOCTpOHB orpaHH'leHHOe 'IHe.l\O eq>ep (d), Mbl noKpbI­

BaeM (S1) KyeKaMH, HMeIOf!!HMH o6J!!He , 11acTH. D.'F, rp,e 'l' o,11;HH 

H3 KOCHHyeoB HOpMa.l\H C OeHMH, nepeXOAHT e OAHOro KyeKa Ha 

,p;pyroii, OT .sHa'leHH.H D/F K .SHa'leHHIO D/1"1, He HHatie, Kai( npoii,1v1 

11epe.s o6J!!yIO qaeTb, a Ha o6J!!eH qacTH D.YI· 0 D}l' 1 paBHbI. 

H.s yc.11.oBHH (a) H (b) Hello, 'ITO noBepxHoeTb (S1) y,11;0BAeTBO­

p.HeT H.SBeCTHhIM ye.11.oBHJIM A. M. AHnyaoBa H 'ITO, noaToMy, 

K HeH MO.lKHO npHAO.lKHTb Bee, OTHOe.Hf!!eecJI K IlOBepxHOeTJIM 

AHrryHoBa. 

Bo-nepBbIX, KOCHHYChI yr .11.oa HopMa.11.H e oeJIMH y ,11;oaAeTB0-

PJ110T HeKOTOpOMY ye.11.0BHIO Holder'a (H, 1) *); BO-BTOpblX, ee.11.H 

paP.HYC d cq>epbl (d) ,ll;OCTaTO'IHO Ma.I\, TO eyf!!eCTByeT 'IHC.11.0 w, 

06.11.a,ll;aIOJ!!ee CBOHeTBOM **): ee.11.0 np.HMaH HaK.I\OHeHa K HOpMaJ\H 

noaepxHOCTH B TO'IKe M, ijeHTpe cq>epbI (d), nop; yrAoM MeHhlllHM w, 

TO oHa nepeeeKaeT noaepxttoCTh BHYTPH c<J>epht T0.11.hKO a OAHOH 

TO'IKe; npH aToM, 11eM MeHbllle d, TeM 6J1.Hme c,> K -;- • Mb1 6yp;eM 

C"IHTaTb, 'ITO w MeHbWe 3- . 

H.s noeJ\eP,Hero CBOHCTBa noBepXHOCTH Bb!TeKaeT, 'ITO npHMble, 

napa.11.AeAhHbie OAHOH H3 Tpex KOOpAHHaTHblX oeeH, nepeceKaIOT 

noaepxHOCTb BHYT.PH e<J>epbl (d), ee.l\H d ,ll;OCTaTO'lHO Ma.I\, TOAbKO 

B o.ztHoii TO'IKe. 

AeikTBHTeAhHO, yrAht HOpMaAH c OCJIMH ee MoryT 6b1Th see 

TPH 60Jl.bWe . i·; TOr,11;a eyMMa KBap;paTOB HX KOCHHYCOB 6bIAa 6b! 

*) Mb1 rosopHM, 'ITO q>yHK!!Hll/ YAOBAeTB0p11eT Ha (St) HAH e (R 1 ) ycAOBHW 

Holder'a (A, i.), eCAH AAll AI06bIX ABYX TO'leK M, A1, Ha (S 1) HAH e (R 1) Ha 

pacCTOllHHH ~: 

** J rlOHTep. 06 OCIIOBHOH s~aqe rHApOAHHaMHKH, § 2, tB.ypHa.\ ct>mm­

'ICCKOH Aa6opaTopHH P. A. H. 



MeHbille 3 /4.. 3uaqHT, OAHa H3 KoopAHHaTHbIX oceii nai<.Aoneua 

K HOpMaJI.H no,!l yrAOM, MeHbllIHM ro, H np.RMble, eH napaAJl.eJl.bHbie, 

nepeceKaIOT BHYTPH ccpepbl (d) nouepXHOCTb TOJ\bKO B OAHOH 

TOqKe. 

J13 CKa3aHHOrO BbITeKaeT, qTQ npH BC.RKOM BbI6ope KOOpP,H­

HaTHblX oceii ypaBHeHHIO noBepxHOCTH BHYTPH ccpepbl (cl) MO.!KHO 

,!laTb O,!lHH H3 Tpex BH,!lOB: 

10) z = F(x, g, t) HAH x = F (g, z, t) HJ\H g =--= F(z, x, t), 

r,!le F - qiyni<.gH.11, yAOBJ1.eTBop.1110r,ga.11 ycAOBHIO (a). 

B AOnoAHeHHe ci<.aBaHHOMY B (c) MbI noAO.!KHM, qTo D.Cos(Nx) ... , 
YAOBJl.eTBOp.RIOT HeKOTOpoMy ycAOBHIO Holder'a (A,)} 

3. Yi<.ameM, He ,!lOKa3bIBa.R Hx, HeKOTopb1e TeopeMbI o noTen­

gHaAax, Heo6xo,!lHMbre JJ;AH ,n;aAbHeumero H cnpaBeAAHBbre npH 

C,!leAaHHblX ycAOBH.RX 06 (St). 
EcAH a o6'beMHOM noTengHaJ\e. 

11) V= I p.;, 

(Rt) 

'<l>YHKIJH.R fL y,n;0BJ1.eTB0p.11eT ycAOBHIO Holder'a (A, 1-), np:i-I qeM 3Ha­

qenHR p, no a6c0J1.IOTHOH ueJ1.HqHHe MeHbUie A, TO <l>YHKJJHH V 
HMeeT BHYTPH (Rt) npoHBBO,!lHble 2-ro nopH,n;Ka no x, g, z, KOTOpb1e 

no a6cOAIOTHOH BeAH'IHHe MeHbUie aA H YAOBJ1.eTBop.1110T ycAOBHIO 

Holder'a (nA, A), r,!le a - HeKoTopoe 'IHCAO, BaBHcHr,gee TOJl.bKO OT 

<:BOHCTB (Rt>· 
EcAH B nouepxHOCTHOM noTeHgHaAe 

I p.dcr 
12) P-= --. r 

(St) 

qiyui<.gu.11 p. yp;0BJ1.eTB0p.11eT ycAOBHIO Holder'a (D, t,), npH qeM BHa­

qeuH.R p, no a6coJ1.10THOH BeAH<rHHe Meubme D, T.O npOH3BOJJ;Hble 

nepaoro nop.11AKa OT P no x, g, z y,n;oBJ1.eTaop.1110T ycAOBHIO 

Holder'a (aD, },), npH qeM caMH npoH3BOAHbie OT P a6c0J1.IOTHO 

MeHbllie aD. 
DpH 11pH6AH.1KeHHH TO'IKH K rpaHHge (St), aTH 11poH3BOJJ;Hbie 

CTpeM.HTC.H K onpep;eJl.eHHblM npep;eJ\aM, TaKme y,n;oBAeTBOp.HIOI,gHM 

ToMy me ycAOBHIO Holder'a. 3,n;ecb a-qucAo, 3aBHc.Higee TOAbKO 

OT CBOHCTB (St>· 
EcAH <PYHKIJHH p. Tar<oaa, 'ITO B 1<.am,!loii ccpepe (cl) paBHa 3Ha­

'leHHIO HeKOTopoii q>ynr<gHH, HMeIOigeu BHYTPH cq>epbl npoH3BOA-

2 2llypH~.l\. ~;;;_i}'")-..,, I] 



Hhie no x, g, z, a6coAK>THO MeHbWHe qHc.11.a D H y.itoBAeTBO­

pBK>IWfe yc.11.0BHK> Holder'a (D, 1,), To Ha (St) Bb1pa1KeHHB Dx'h 
D,v'h D,p. eenpepbIBHbI H BTopble npoH3BOAHbre OT P o6AaAaK>T 

CBOHCTBaMH, OTMeqeHHbIMH A.II.JI nepBbIX npOH3BOAHbIX *). 
4. Ec.11.H IJ>YHKgHH / YAOBAeTBopReT yc.11.oaHK> Holder'a (A/) H 

caMa no a6co.11.K>THOH ae.11.HqHHe MeHbme A; ec.11.H co6AK>AeHo 

yc.11.oBHe 

13) j'Jd:;=0, 
(St l 

TO cyl!!eCTByeT, H TO.l\bKO OAHa, HenpepbIBHaJI rapMOHHqecKaJI BHY­

TPH (Rt) IJ>YHKgHH V, YAOBAeTBop,:irol!!a,:i Ha (St) ycAOBHIO 

14) (-tf)i =/; 
3HaqeK (i) yKa3bIBaeT, qTQ HOpMa./\bHaJI npoH3BOAHaJI BblqHcAeHa 

co CTOpOHbI (Rt). 
<:t>yHKgm1 V HMeeT BHYTPH (Rt) npoH3BOAHbie aepsoro nopHAKa 

no x, y, z, YAOBAeTBopHIDIWfe BHYTPH (R1) ycAoBHIO Holder'a 

(aA,A) H MeHbWHe no a6coAIDTHOff aeAHqHHe qHcAa aA. 3AeCb a 
HeKOTOpoe 'IHC./\0, 3aBHCJII!!ee TOJ\bKO OT CBOHCTB noBepxHOCTH (Si). 

<:t>yHKgHH V paBHa cyMMe pHAa 

15) V=-Vi-Vi- ..... -V,,-· .. ...... , 
B KOTOpOM 

16) 

dV 
I'Ae --'' 3HaqeHHe HOpMaAbHOH npOH3BOAHOit OT v,, B ToqKe 

dn 
ea (S1). 

•) IloAbBYHCb cpopMyAaMH, AaHHblMH Korn'oM B Lehrbuch der Potential­

theorie Ha CTp. 42., 46, MOlKeM llHC8Tb, HanpHMep, 

fJP I da r cos(Nr) I I - - - (D- u. - cos (Nx) K.,.) -+ p. cos (Nx)--- da K - - - + -
dx - • ' ' r , r2 ' - R 1 R2 
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(SI) (SI) 

lx.l-P:c!!.;l!'!_~)_d~=tg.f(n'::. :.,. . cos(Ng)-D·r, :.,. . cos(Nx)) ~i 
(S 1 ) tS t' 

-1;-./ ( D..., :1. . cos (Nx)-D'::. -r1 • cos (Nz))d: . 

(St) 



EcAH caepx Toro <JlYHKgH.11 / TaKoaa, qTo noTeHgHaA npocToro 

cAo.11 V1 HMeeT BHYTPH (Rt) BTOpb1e npoHaBOAHble, YAOBAeTBopw 

IOl!!He ycAOBHID Holder'a (a1A,,,) H CaMH a6COAIOTHO MeHbllIHC 

a1A, rtte a1-HeKOTopoe q0cAo, To q,yuKgH.11 V HMeeT BHYTPH (Rt) 
BTOpbie npOH3BOAHbie no x, y, z, KOTOpbie YAOBAeTBOp.llIOT ycw­

BHIO Holder'a (bA;y), rtte I Menbwee ua ABYX quceA i, H 

" 2 -2- ; 3AeCb "-o-qHCAO, MeHblllee ettHHH!,!bl H b-qHCAO, 3aBHC.lll!!ee 

TOAbKO OT CBOHCTB (St). 
P.11tt (15) B BTOM cAyqae MOJKHO ttBaJKAbI AH<Jl<JlepeugupoBaTb. 

5. B cAyqae, KOrAa o6AaCTb (R1) Muoroca.113Ha.11, K AOKaaan­

HOH TeopeMe CAettyeT CAeAaTb A06aBAeHHe. 

0oAOJKHM, qTO 06AaCTb (R1) MHOrOCB.113HaH. 00AOJKHM, qTo ee 

MOJKHO o6paTHTb B OAHOCB.113HYIO, nocTpOHB HeKOTOpbie s ceqe­

HHH (2,'k), k = 1, 2, .... , s. 
HaaoBeM q,ynKgHIO V noAHttpoMnoii rapMonHqecKoH ipyuKgHeif 

B (Rt), ecAH oHa ottnoauaqna.11 uenpepb1aua.11 H rapMOHH•JecKa.11 

B ottnocs.11aHOH o6AacTH, noAyqaeMoii H3 (Rt) nocTpoenHeM yKa-

3aHHbIX s ceqeuuii, H ecAH npoH3BOAHbie ee HenpepbIBHbI B (Rt). 
0oKa2KeM, qTo MOJKHO nocTpOHTb 6ecqHcAeHHOe MHOJKeCTBO 

noAHAPOMHbIX rapMonHqecKHX ipynKgHii V, YAOBAeTB0p.11roi,gHx Ha 

rpaHHge (Rt) ycAOBHIO (14). AA.11 aToro MbI noKameM, npemtte 

BCero,qTo M02KHO nocTpOHTb 6ecqucAeHHOe MHOJKeCTBO IlOAHApOM­

HbIX q>ynKgHii v, TaKHX qTo ea (St) 

14') (~"!_) = 0 
dn ; 

0ocTpOHB ceqeHH.11 (2k) B BHAe qacTeH IlOBepxHOCTeH, nepe· 

ceKaIOQ!HX rpaHH!,!bl (Rt), npottOMKHM Kaatttyro TaKyro qacTb BHe 

o6AaCTR (Rt); IlOAO.lKHM, qTo npottOA.lKeHna.11 TaKHM o6pa30M qacTb 

noBepxHOCTH (2k) orpanuqeua KpHBOH (A), Ae.1Ka1Meii geAHKOM 

sue (Rt). 
OpHBetteM B cooTseTCTBHe KamttoMy KYCKY (2',) HeKoTopyro 

q>ynKgHIO OT f 

11) ck <t>, k = 1, 2, ..... . s, 

H, npHDHCaB Ha Ka2KAOM ceqeHHH (2:'k) HeKOTOpoe HanpaBAeHHe 

era uopMaAH N k' cocTaBHM cyMMY noTengHa.11.os ABOHHoro CAO.II 

lS) 6 = _1_ ~ C (t) j" cos (Nk, r) 
• 4-rr .LJ k r,,. do . 

1=1 l~I,) 



Cl>yuKgH.11 60 ue 6yAeT uenpepbIBHOH qiyuigHeii B o6AaCTH (R1): 

npH nepeceqeuHH ceqeuH.11 (~k) B uanpaBAeHHH, npoTHBono­

AomuoM uanpaBAeHHIO ero HOpMaAH, <IJYHKJ!H.11 60 6yAeT npHo6pe· 

TaTb CAarae1,'IOe Ck (t). 
OpoH3BOAHble OT 60 6yAyT, OAHaKo, uenpepbIBHhI; HenocpeA­

CTBeHHoe npHAomeHHe qiopMyA Korn'a *) AaeT, HanpHMep, 

7':=s .,... 

660_ = _1_ ~ C (t) j cos (ry) co!~~) - cos (zr) cos (sy)_ ds. 
ox 4;.: .L.J k r2 ' 

k=l (,\k) 

060 060 
fJy , {}z noAyqalOTCJI H3 HaIIHCaHHOrO KpyroBOH nepe-

CTaHOBKOH. HaiiAeHHble npoH3BOAHhie HenpepbIBHbI BHYTPH (Rt) H 

Ha (St), BMeCTe co BCeMH HX npOH3BOAHblMH, TaK KaK Bee KpHBble 

( 1i 1,) AemaT BHe (Rt). 
Bh1qHcA.11eM AA.II ToqeK ua (SJ 

19) ( d60 ) 

dn ; 

H HI,!!eM uenpepbIBHYIO rapMOHHqecKyIO <flYHKJ!HIO fi, YAOBAeTBo­

p.1110I,!!Y10 Ha (St) ycAOBHIO 

20) 

llOCAeAHee B03MOmHO, TaK KaK 

21) / ( dfJo \ 
• dn ). da = 0, 

(Si) ' 

s qeM ue TPYAHO y6eAHTbCJI, paccMaTpHHaR o6AaCTb, orpaHH'leH­

HYIO (S1) H o6eHMH cTopouaMH ceqeHHH (~k), AA.II KOTopoii paBeu­

CTBO (21) oqeBHAHO cnp.aBeAAHBO, H, 3aMeqa.11, qTQ HHTerpaAbI, 

B3JITbie no pa3HbIM CTOpOHaM HeKOToporo ceqeHHJI (~k). COKpa­

l!!alOTC.11. 

TaK KaK <IJYHKJ!H.11 (19), BCAeACTBHe CBOHCTB (St), HMeeT BO 

BCJIKOH cqiepe (d) npoH3BOAHhie, KOTO~ble orpauHqeub1, H Bb1pameum1 

*) A. Korn. I. c . 
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D. ( ~~ ). HenpepbIBHbI Ha (St) *), cflYHKJ!HH -0 HMeeT BTOpb1e npo­

KBBOAHh1e, YAOB.11.eTBOpHIOtgHe HeKOTOpOMY yc.11.0BHIO Holder'a. 

no.11.omHB Tenepb 

22) 

H3 (20) .saK.11.IO'!aeM, '!TO V YAOB.11.eTBOpHeT (14') H, KOr.ita TO'!Ka 

nepeceKaeT ce'leHHe (~,) e Hanpae.11.eHHH, npOTHeono.11.omHoM Nk, 
npHo6peTaeT c.11.araeMoe C,, (i). 

3aMeTHM, '!TO cflYHKJ!H.H V BOO.II.He onpe,1te.11.eHa Bb16opoM ceqe­

" HHH c.2k) " cflYHKJ!HH ck (t). 
. ..l{.A.H pa.sHOCTH w ABYX TaKHX cflYHKJ!HH, Bc.11.e,1tCTBHe ee Henpe­

p~IBHOCTH, H3 (14') Mbl 3aK.I\IO'IH.11.H-6bI, '!TO 

J {(-::r +( :;r +( ~: )2}d,= J w (~:)/a= 0, 
(Rt> (St) 

T. e., '!TO w-nocTOHHHaH BHYTPH (Rt); OTCIO.ita HCHO, '!TO BbI6op 

KpHBblX (AJ He HMeeT 3Ha'leHHJI. 

Ec.11.H V-HenpepbIBHa.H rapMOHH'!eCKaH BHYTPH (Rt) cflYHKJ!HH, 

y,1toB.11.eTBopH10tgaH yc.11.0BH10 (14) H Haii.iteHHaH no npaBH.11.Y napa­

rpacfla 4, TO BCe cflYHKJ!HH v+ V, OT.11.H'!alOtgHeCH O,!tHa OT ApyroH 

Bb16opoM cflYHKJ!HH (17), TaKme YAOB.11.eTBOpHIOT yc.11.oBHIO (14). 
6. Ec.11.H co6.11.10.iteHo yc.11.0BHe (13) H 

lf>YHKJ!HH (16), 

23) 

TO BHYTPH (Rt): 

V1, V2, . . . . . . Vk, ..... . 
onpe,1te.11.eHHble e_naparpaq,e 4 H 

0= V1 - Vi+ Va- .... 

24) W=J Ocos(Nr) da+Jf<!~ =0. 
r2 r 

(St) (Se·) 

<l>yHKJ!HH W BHe (Rt) pemaeT BHemu1010 .sa.ita'ly HeiiMaHa 

npH yc.11.oBHH Ha (St): 
(dW, 
\ dn ). =-J. 

*) D ( d60 ) = D (-~~~) cos (Nx) + D ( 860) cos (Mg) ' • dn; • iJx • {)y --. 

( aoo) 060 860 · + D • -az· cos (Nz) + ax- D ·• cos (Nx) + {)y D 8 cos (Ny) + 
860 . . + az D. cos (Nz). 
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CKaaaeeoe s aTOM naparpacpe pemaeT aaAaqy npeo6paaosaeHH 

noTeH!,!Ha.11.a npocToro c.11.oH BHYTPH (Rt) B noTeHgHa.11. ABoiieoro 

C.11.0H. 

7. nepexoAH Tenepb K pemeemo aaAa'IH, nocTas.11.eeeoii s na­

parpacpe 1, no.11.omHM, '-ITO AaHbl cf>YHKijHH 

2) <01, <02, <03, 

eenpepbIBHhie seyTpH (Rt) H ea (S1). KaK cf>YHKijHH OT t H OT 

X, y, z, KamAaH H.3 KOTOpbIX YAOB.11.eTBOpHeT yc.11.0BHIO Holder' a 

(A, A) H caMa no a6co.11.I0THOH Be.11.H'IHHe Meebme A. 
KpoMe Toro, npeAno.11.omHM, 'ITO cf>YHKijHH (2) YAOBAeTBopHIOT 

c.11.eAYIOIJ!eMy yc.11.0BH10: KaK0Ba·6b1 HH 6b1.11.a 06.11.acTb BHYTPH (R1), 

orpaHH'leHHaH nosepxeocTblO (a): 

(25) ./( w1 cos (Nx) + w2 cos (Ny)+ w3 cos (Nz)) da = 0, 
( :;) 

rAe N-seemHHH eopMa.11.b K nosepxeoCTH (a). 

B qacTHOCTH, cnpaBeA.11.HBO yc.11.osHe 

25') / ( w1 cos (Nx) + w2 cos (Ny)+ w3 cos (Nz)) da = 0. 
(S,) 

llpuM.e'l.aHue. Ec.11.H-6bl cf>YHKijHH (2) HMe.11.H eenpepbIBHble 

npoHaBOAHble nepsoro nopHAKa no x, y, z, TO yc.11.osHe (25) 
6b1.11.0·6bl paBHOCH.11.bHO c.11.eAyIOIJ!eMy: BHYTPH (R1): 

25 ~') 

CocTaBHM noTeegHa.11. npocToro c.11.oH 

26) f 0>1 cos (Nx) + w, co: (Ny)+ w3 cos (Nz) da 

(S1) 

H, nO.l\b3YHCb CKaaaHHblM B naparpacpe 6, o6paTHB BHHMaHHe ea 

paseHCTBO (25' ), npeo6paayeM ero A.11.H TO'leK BHYTPH (R1) B no­

TeHgHa.11. ABOHHOrO C.11.0H, ycTaHOBHB paBeHCTBO: 

27) Jo cos r~Nr) da= f ( w1cos(Nx)+w2cos(Ny)+w3cos(Nz)) d:2 

(S1) (S1) 

Cl>yHKijHH & HMeeT. npOH3BOAHble no x, y, z, YAOBAeTBOpHIOigHe 

yc.11.0BHIO Holder'a (aA, ),) BHYTPH (R;J; aTH npOH.SBOAHble CTpe­

MBTC.R K onpeAe.11.eHHbIM npeAe.11.aM, KOrAa TO'IKa H3BHYTPH (R1) 
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np06A1uKaeTCH K (St) H aTH npeP,e.l\bI Ha (St) YAOB.l\eTBopHIOT TOMY iKe 

ycAOBHIO Holder' a, eC.I\H 'IHC.1\0 a, 3itBHCHi!!ee TO.l\bKO OT CBOHCTB 

(S,), Bb16paHo noP,06a10f!!HM o6pa3oM. 

Onpe,ll,e.l\HM 3aTeM rapMOHHtJecKyio <f>YHKgHIO 9, Henpepb1BHYIO 

BHYTPH (Rt) H.11.H noAH,ll,pOMHYIO, ecAH (Rt) MHorocBH3HaH o6AaCTb, 

( d'f)) 
TaK, 'IT06b1 ee HOpMa.l\bHaH npoH3BO,ll,HaH d~ i 6b1Aa·6bl Ha (St) 

paBHa /, I',ll,e, o603HatJaH qepe3 w;, <l>YHKgHIO, BBe,ll,eHHYIO B napa­

rpa<f>e 1: 

28) /= W,. - 4~ {L, cos(Nx)+L2cos(Ny)+Ls cos(Nz)} 

H 

a L2 H L 3 noAytJalOTCH H3 L 1 Kpyrosoio nepecTaHOBKOH aAeMeHTOB 

6') 

llpuMettaH.ue. CIJyHKgHH n, HaH,ll,eHHaH HaMH KaK IlOTeH­

gHa.l\ npocToro c.1\011, npH nepexoP,e qepe3 (S1) MeHHeTCH 

Henpepb1BHO. BcAe,ll,CTBHe aToro, pa3HOCTH 

:an, Iott\ 
l i -:-- ·---,, 
\ox/ \ox/. 

e ' 

(dlt\ (80\ 
(--- _, ___ , 
\ oy ) e \ ay J/ 

(_o~_)'\ _ (of~-) 
\ Oz • \ Oz ., 

nponopgHoHa.l\bHbl cos (Nx), cos (Ny), cos (Nz) H MbI MOiKeM 

Bbl'IHC.I\HTb npOH3BO,ll,HbJe OT a B (29) KaK CO CTOpOHbl (R1), 

TaK H co cTopoHhI BHeurneii ,ll,AH (Rt), He MeHHH <flop· 

MY.I\ (29). 

BcAe,ll,CTBHe CKa3aHHoro o <f>YHKgm,x (2) H <f>YHKgHH &, <f>YHKgHH 

(29) Ha ocnoBaHHH TeopeM naparpa<f>a 3 HMeK'T BHYTPH (Rt) npoH3· 

BO,ll,Hble nepBoro nopH,ll,Ka, yP.OB.l\eTBOpHIOI!!He ycAOBHIO Holder'a 

(A', i,), rP,e A'= bA H b-HeKoTopoe 'IHCAO, aaBHCHf!!ee TOAbKO oT 

CBOMCTB (Rt); npH aTOM aTH npoH3BO,ll,Hble no af5coAIOTHOH Be.l\H· 

'IHHe MeHhWe A H HMelOT onpeP,eAeHHhle npeP,eAbl, KOI',ll,a TOtJKa 

CTpeMHTCH K (St), YAOB.l\eTBopHIOf!!He TOMY·iKe ycAOBHJO Holder'a. 
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OpHHHB BO BHHMaHHe cKaaauuoe o lf>YHK!!ffH W,. B ycAOBHH (c) 

n aparpaq,a 2 H CKaaauuoe B naparpaq,e 3, aaKA1o<1aeM, qTo 

30) f f:a · 
(St) 

HMeeT BHYTPH (Rt) npoH3BOAHbJe BTOporo nop.11,zi;Ka, y,zi;oBAeTBO­

p,noJ!!He ycAOBH!O Holder'a (A'', A), r.zi;e A"-qHcAo BH,zi;a ail -i-Ac' 
H a H c aaBHCHT TOAbKO OT CBOHCTB (St). 

AaAee co6Aro.zi;euo ycAOBHe 

31) 

.lleHCTBHTeAbHO, paBeHCTBO 

/wnda = 0 
<St) . 

.IIBAJleTC.11 CAC,ll;CTBHeM npe,zi;nOAO.IKeHH.11, no KOTOpoMy o6'beM o6AaCTH, 

orpauHqeuuoii (St)• ue Meu.11eTc.R *); TaK KaK Lr, L 2, L 3 HMeroT 

npOH3B0,11;Hble: 

./ ( L1 cos (Nx) + L 2 cos (Ng) + L3 cos (Nz)) da = 
(Rt) 

= j'( 8L1 . + 8L2 + _f!__L_a ')\ d-r:. 
( fJx og fJz 
Rt) 

06paJ!!a.ll BHHMaHHe Ha COCTaB lf>YHKgHH (29), BH,ll;HM, qTo AAJI 

,ll;OKa.SaTeAbCTBa paBeHCTBa (31) ,ll;OCTaToquo ycTaHOBHTb cnpaae,11;­

AHBOCTb BHYTPH (Rt) To.mn;ecTBa: 

32) 
{) (aa {JO '. da 

T=--- f -cos(Nz)--cos(Ng) ;-- + 
fJx • ,fJTj fJC / r 

(S,) 

-L !._ J'(_[!__O_ cos (Nx) - f){} cos (Nz))\ da + 
1 fJg fJC 8~ r ' 

(Sz) 

' f) J(aa aa \ da + -8- -8, cos (Ng)- -8 cos (Nx)J\ - = O 
z _ \ ~ "fj r 

(S1l 

*) CM., HanpHMep, C. Neumann, Hydrodynamische Untersuchung-en 1883, 
§,.19, Seite 67. 



AA.11 AOKa3aTeAbCTBi,. aocAe,<tHero Tom,11,ecTBa, KOTopoe ecTb rrpo­

CToe cAe,11,cTBHe cpopMyAbI CToKca B cAy'lae, Kor,11,a <l>YHK!,!mI & HMeeT 

2~e npoH3BOJI.Hbie, 3aMe'laeM npem,11,e Bcero, 'ITO T Henpepbrn~all: 

<JlYHK!,!H.11 BO BCeM npocTpaHCTBe; JJ,eHCTBHTeAbHO, npH nepexoJJ;e 

rpaHH!,!bI, T HCilbITbrnaeT pa3pbIB HenpepbIBHOCTH. paBHbIH: 

4.r l ( :: cos (Nz) - :: cos (Ny) J cos (Nx) + 
. (&& . an \ + \az-cos(Nx)- ax cos(Nz))cos(Ny)+ 

, . ( ao . ) an \ 1 
--t- · Bx cos (Ny, - fJy cos (Nx)) cos (Nz)f = 0 . 

.l(aAee 3aMe'laeM, 'ITO B 6eCKOHe'IHO y,11,aAeHHOH TO'IKe 

T=O. 
PaccMaTpHBa.11 noTeHgHaA ,11,eoiiHoro CAO» 

J &cos~Nr) dcr, 
r· 

(Stl . 

H npHMeHm1 cpopMyAbI Korn'a *) BHJI.HM, 'ITO 

J_ j & cos (Nr) dcr = _fJ__ /(8~ cos (Ny)- 0_-· & cos(Nx))_ ,Jcr 
ox r2 fJy , o; iJI] T 

(St) (St) 

{) f(a& . i)f} ) dcr ··-- -y-cos(Nx)--· -, cos (Nz) -. , oz . ,a. o; r 
(Stl 

__ {)__ j {}_ ~os_ (N~) d'J = j_ ff a& cos (Nz) - B&_ cos (Ny)·. d-= 
By r2 oz . \_ o·IJ · · · a: / r 

(Stl. (St) 

33) - - ?_ J( f)[f_ cos (Ny)- ~cos (Nx)) <j:_ , 
Bx \ o~ o-ri r 

(St) 

a j Ocos(Nr) . a /1 o& a& · '. d= - --- ---- dcr = - ! - cos (Nx) - -,-, - cos (Nz) • oz r2 ax I, 8C a~ / r 
(~) (Sij 

- _i__ f ( o& cos (Nz) - ao_ cos (Ny)\ dcr oy \ 07J a: ) r • 
(St) 

*) A. Korn I. c. Ec;u1 rrpomJBO,!IHbie OT fJ, HerrpepbIBRbI Ha (St), MOlKHO 

IJJIC8Tb B BblHOCKe K § ,J; 
81J. op. 

D'i. p. cos (Ny) - D,1 p. cos (Nxl = a~ cos (Ny) - ~ cos (Nx), .•. 



npH 'IeM q>opMyAhl (33) cnpaseAAHBbl KaK AAR TO'IeK BHYTPH, TaK 

H AJUI TO'IeK BHe (R1). 

l1cK.I\JO'IaR HS J\eBbIX 'IaCTeA paBeHCTB (33) noTeHgHa.l\ ABOH· 

Horo CAO.II, AH(f><f>epeHgHpy,:r, uanpHMep, nocAeAHee ypasHeHHe 

no y H Bbl'IHTa.lI HS pesyAbTaTa npOHSBOAHYJO OT npeADOC.l\eAHero 

no z H nocTyna,:r TaK AaAee, AerKo noAy'IaeM, 'ITO H BHYTPH 

H BHe (R1): 

aT aT aT 
-ax = O, ay = O, {)z = o. 

CAeAOBaTeAbHO, T nocTO.IIHHa.lI H BHYTPH H BHe (Rt), a TaK KaK 

T HenpepblBHa BO BCeM npocTpaHCTBe H Ha 6eCKOHe'IHOCTH paBHa 
HYAJO, TO 

T=O. 
11s AOKaSaHHOro BblTeKaeT, Ha OCHOBaHHH CKaSaHHOro B napa­

rpacpe 4-M, 'ITO cyr,geCTByeT HenpepbIBHa.lI B (Rt) rapMOHH'IeCKa.lI 

cf>YHKYHH •Ji, YAOBAeTBOpRJOI,ga.lI Ha (S1) ycAOBHJO: 

( d<} )=/. 
dn i 

npH6aB.I\.II.II I( Heit, B CJ\yqae, eCAH (Rt) MHOrOCBflSHaR o6AaCTb, 

npoHSBOJ\hHYJO no.l\Hp;poMHYJO B (Rt) rapMOHH'IecKyJO cf>YHKYHIO v, 
eaAp;euuy10 no npaBHAY naparpaq,a 5-ro, H noAaraR B aTOM cAy'Iae 

9 = ~ + v, B CAy'Iae me OJ);HOCB.IISHOH 06.1\aCTH 9 = ~. Mbl DO.I\Y'IHM 

HCK0My10 qiynKgH10 9, TaKyio, 'ITO Ha (S1) 

34) 

11s CKasaHHoro B naparpacpe 4-M Ha OCHOBaHHH J);OKasaHHOro 

o (31) BblTeKaeT, 'ITO 9 HMeeT BHYTPH (R1) orpaHH'IeHHble BTOpble 

npoHsBOJJ;Hhre, yp;0BAeTB0p,:r10r,gHe neKoTopoMy ycAOBHJO Holder'a. 

8. CocTaBHM Tenepb <l>YHKgHH 

2:6 



+J( at~- cos (Nx) -- -~~- cos (l\z)) _<!-_cr__} + a~ = _.!_ L 2 _t_ _?'i a: a~ r ay 4r. I iJy 
tS t) 

w= _1 J iJ J (J.)2d-c _ iJ_ 1· W1d-c + 
4r. l iJx r dy r 

(Rt) (R1) 

-1-J(~~-cos(Ng)--aa cos (Nx)) ~}+~=_.!_L3 +-~-
1 a~ IJ"'fl r oz 4r. oz 
(St) 

BcAeACTBHe ,11;0Ka3aHHoro o q>yHiq!HffX Li, L9 , Ls H cp, lf>YHKYHH (35) 
HMeJOT BHYTPH (R1) orpaHH'leHHbie npoH3BOAHbie nepBoro nops,11;Ka, 

y,11;os.11.ernopsro1£He HeKoTopoMy yc.l\OBHJO Holder'a. 

Bc.11.e,11;CTBHe (34) H (28): 

36) ucos(Nx)+vcos(Ng)+wco;(Nz)= 

= 4t ( L1 cos (Nx) + L2 cos (Ny)+ L3 cos (Nz) ) + ( ~~l = W,., 

TO eCTb_ lf>YHK!,!HH (35) y,11;0B.11.ernopHIOT Ha (St) yc.11.0BHIO (3). 

Ha ocHoBaHHH ,11;0Ka3aHHoro o T, 

37) au_+ av_+ aw= O 
ox oy oz ' 

TO eCTb lf>YHK!,!HH (35) YAOB.11.eTBOpHIOT yc.11.0BHIO HeC2KHMaeMOCTH. 

Mb1 ,11;0Ka1KeM, eaKoHe:g, 'ITO 

r)w av au aw av au 
38) --,----= W1,---- -·-= W2,----= W3j 

fJy oz az ox 8x ay 

3THM 6y,11;eT ycTaHOB.11.eHo, 'ITO q,opMy.11.bl (35) pemaJOT nocTaBAeHHYIO 

HaMH 3aJJ,a'ly. 

flpuMe11.anue. B c.11.yqae, Kor,11;a ycAOBHe (4) co6.11.10,11;eHo, 

paBeHCTBO (27) ,11;aeT ,11;.11.s O 3Ha'leHHe HY.11.h, H q,opMyAbI (35)· 

o6pa1£alOTCH B lf>OPMYAbl (5). 

,li;oKa3bIBaff cnpaBe,11;./\HBOCTb paBeHCTB (38), Mbl orpaHH'lHI\ICa: 

,11;0Ka3aTe.11.hCTBOM nepBoro 03 Hex; Kpyrosas nepecTaHOBKa HaA 

a.11.eMeHTaMH (6) o6pal!!aeT q>opMy.11.bI, cooTBeTCTBYJOI!!He nepso11y 

paBeHCTBY (38), B q>opMy.11.h1, cooTBeTcTsyro1£He ocTa.l\bHblM. 

YfTaK, Bbl'lHC.I\HeM DO q>OpMyAaM (35): 

4~ cir-- -:: ) . 



BblllOAHJUI p;eikTBHH, BHJJ;HM, 'ITO s pesyAbTaTe HX 9 npona­

,11;aeT. 

Pe3yAbTaT AeikTBHH nap; npep;nocAep;HHMH cAaraeMbIMH qiop­

MYA (35), BCAeJJ;CTBHe (27) H (33), paBeH: 

39) -~J(-~ cos (Ny)- !O cos (Nx) ') _d~ -ay \ a~ Olj I r 
(St> 

- ~ 1·( ao cos(Nx)- oO cos(Nz) )\!!_:_ = ~-J Oco~(l!v_r) da = 
oz \ a: o~ r ox. r2 

(Si) (Si) 

= _!__ Joo1 cos (Nx) + 002 cos (Ny)+ ~aEo__s (JYz) do. 
Ox r 

tS i) • 
PaccMoTpHM pe3yAbTaT p;eikTBH}I Hap; nepsbJMH ABYMj) cAarae­

MblMli. 

BbrnOAH.HR BblK.11.aAKH, no.11.yqaeM: 

a~ 1· w2d"i.· - 02 J 001dt - 021· 001d"i. + _ 02 j"' 003dc = 
oxay r oy2 r Oz2 r oxoz · r 

(Rt) (R i) (Rt) (R r) 

AAn AOKa3aTeAbCTBa cnpasep;AHBOCTH nepsoro H3 paBeHCTB (38) 
QCT~eTCR ycTaHOBHTb T02KJJ;eCTB0: 

40) --~- 1· _!!!1 <j:c_ + -!-J- oo9_d"i. + __ {} .,..1· oo3a"i. + 
Ox . ·r O.Y r {)z r 

(Rt) (Rt) (Rt) 

+ J 001 cos (Nx) + 002 co: (Ny)+ ooa cos (Nz) do_ O. 

(St) 



f1pHcTynaJI K 3TOMY AOKa3aTeAbCTBy, npemAe Bcero 3itMeTHrvi;, 

"tJTO aTo T02KAeCTBO cnpaBeAAHBO, ecAH qiyeKym1 u.i, w2, w3 HMeIOT 

npOH3BOAHbie. 

B 3TOM cAy11ae, KaK Mbl yKa3aAH, ycAOBHe (25) paBHOCHAbHO 

ycAOBHIO (25'). 

3aMeTHB aTO, nHUieM: 

0~ J- w\d, + 0: J w2:, + 0~ J w3t = 
(Rt) (Rd (R tl 

= J {ro, "at + ro, 8
0; + ro}0!-} d, = - J {ro, 8

) ~ 
(Rt) (Rt) 

a !_ a -1-} J (a -"'1- a _'.'_'~_ a __ "'_3_) 
+ w2 0.;- + wa 0; d, = - - -0; +--0;--+-8{- d~ + 

(Rt) 

+J( ow/ + {)0)2 + ~~a-) d, = 
Os 071 {), r 

(Rt) 

= _ J wl cos (Nx) + 0)2 co: (Ny)+ W3 cos (lvz_) da. 

(St) 

f1pm.a:eeeHHe TeopeMbI f pnea, npH BbIBOAe nocAeAeero T02KAeCTBa, 
3aKOHHO, TaK KaK HHTerpaA 

J_':'!J __ cos (jV~)_+ w2_co~_ (N_y)±_CJ)3 c_C?_~_(Nz) do, 
r . 

(a) 

B3.HTblH no ccpepe (a) c yeeTpoM B TO'IKe (x, 9, z), 6ecKoeeqeo 

MaA C paAHYCOM cqiepbl. 4aAee 3aMeTHM, qTo eCAH Mbl pa3o6beM 

06.11.acTb (R1) ea 11acTH H AOKameM TO.!KAeCTBO (40) A.II.JI Ka.!KAOH 

qaCTH, TO MO.!KHO 6yAeT YTBep.!KAaTb, 'ITO T02KAeCTB0 cnpaBeAAHBO 

AA.JI 06AaCTH (Rt). 4eHCTBHTeAbHO, CK.11.aAbIBa.H paBeHCTBa (40), AO­

Ka3aHHbie AA.JI OTAeAbHbJX 11acTeii:, Mbl noAy'IHM paBeHCTBO (40), 
TaK KaK nouepxeocTHble HHTerpaAbI, pacnpocTpaeeHHbie no 11acT.HM 

rpaeHy o6AacTen, pacnoAo.!KeHHbIX BHYTPH (R1), coKpaT.HTC.H. 

4oKa2KeM Tenepb, qTo TO.!KAeCTBO (40) cnpaBeAAHBO AA.JI BCJIKOH 

o6AaCTH (R), pacnoAom.eueou BHYTPH (R1), rpaeHyb1 KOTopoii yAa­

AeHbI OT (St) ue Meeee 11eM ua· "Yj, r.4e 71-11Hc.11.o, KoTo'po~ MO.!KHO 

6paTb KaK yroAHO MaJl.blM. 
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noJ\OatHM (R) TaKajl 06J1.aCTb, (S)-ee rpaHHJ!a, BBe.zteM <l>YHKJ!HK 

B. A. CTeKAOBa *): 

x+h y+h z+h 

Q;=·la-.f dx, J dy, .! dz1 Oli(xi,y1,z1,t), i=l,2,3, 

X !J Z 

Bbl6Hpajl h HaCTOJ\.bKO MaAblM, 'IT06bl C(J>epa pap,Hyca h v:f 
c genTpoM B (x, y, z) AemaAa BHYTPH (Rt), ecJ\.H TO'IKa (x, y, z) 

Ae&HT B (R). 
TaK KaK 

looi (x,, y1, z1, t)- ooi (x, y, z, t)I < AB\ i= 1, 2, 3, 

r ,11,e o-paCCTOj(HHe Mem.zty TO'IKaMH (x1, yi, z,) H (x, y, z), KOTopoe 

MeHbUie paCCTOjlffffjl Mem.zty TO'IKaMH (x, y, z) H (x + h, y + h, z + h), 
MOmHO B,!jj(Tb h BA06aBOK HaCTOAbKO MaJ\.bIM, 'IT06bi pa3HOCTH 

i= 1, 2,3 

6bIAH MeHbIIIe uanepe.zt aa.z,;auuoro 'IHCAa :o. 

Mb1 6y .zteM HMeTb! 

41) 

<llyHKJ!HH Q1, Q2, Qs HMeroT npoH3BOAHble BHYTPH (R1); npH aToM: 

ag, @Q2 @Qa · -+---+----ax ay uz -
42) 

y+h z+h 

= ia {Jdy1 f dz, [001 (x+ h,y1,z1)- oo(x,y1,z1, t)]+ 

!I z 

x+h z-t-h 

+ f dx1 f dz1 [002 (x1,Y + h, z1, t) - Ol2 (x1,y1, z 1, t)] + 
X Z 

x+h y+h 

+ f dx1 I dy1 [w3 , (x1, y 1, z+h, f) - w3 (x1,y1, z, t)] }· 

X !/ 

*) CM. fioHTep. ,0 ,11eiicTea11x HaA cJIYHK!!HIIMH, lleHMelOIJ!HMH npoH3BOAHblx" 

H P. A. H. 1925. 
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CyMMa HHTerpaAOB, CTOBI.!!HX B nocAe,11;ueii CK06Ke, paBHa 

HHTerpaAy 

43) j'[oo1 cos (Nx) + 002 cos (Ng)+ 003 cos (Nz)] d~. 

B3JITOMY no noaepxHOCTH Ky6a, pe6pa KOToporo napa.ueAhHhI 

OCJIM KOOpP,HHaT H ABe aeplUHHbl KOToporo B TOqKax (x, y, z) 

H (x + h, y + h, z + h); 3Ha'IHT HHTerpaA (43) paBeH Hf.l\JO Ha OCHO­

BaHHH (25). 
BcAeACTBHe aToro, 

CAe,11;oaaTe.l\hHO, no nepaou qacTH ,ll;OKa3aTeAbCTBa: 

a 1_Q1dt + fJ I Q2d-. +-8 ;· Q3d, + 
ox r oy' r oz r 

(RJ lRl (R) 

+ f Q1 cos (Nx) + <J2 co~ (Ny)_+ <Js cos_(!'!__~)_ da = O. 

l.5) 

0TCJO,ll;a Ha OCHOBaHHH (41) 3aKJ\JOqaeM, 'ITO: 

+ f oo1 cos(Nx)+oo2 c;s(Ny)+oo3 cos(Nz) da 1-
(.5) 

= I-a~ .f oo1~ Q_1 d-. + oi fooy~ <J2 d-. + ! J ~a~~3 d-: -~ 

(R) (R) (RJ 

+ ;· (oo1 __ i~1) cos(Nx)+(w2 - _Q~cos (.{VyL_+(ws- !itsf cos (Nz) dal < cxa. 

(S) 



Bc.l\e,IJ;CTBHe npOH3BO.l\bHOCTH Z J:13 IlOC.l\eP,Hero HepaBeHCTBa 

.saK.\JO'laeM, 'ITO 

{)~ ,('!}-t~+ :9 /-W2;'C-+ ! /- ~3f~-+ 
(R) (R) (R) 

__1_ f 0)1 cos (Nx) -i- 00 2 cos (Ng)+ ro 3 cos (Nz) 
I. ~=~ 

' r 
(S) 

T. e., 'ITO T02KP,eCTBO (40) ,IJ;.I\H o6AaCTH (R) P,eikTBHTe.l\bHO cnpa­

Be,11.AHBO. 

OcTaeTcH p;oKa3aTb TO.iK,11.ecTBO (40) P.AH o6AacTee, npHAe­

raroigHx K (St). 

flocTpOHM Ky6 c pe6paMH, napaA.l\e.l\bHbIMH KOOpP,HHaTHbIM OCHM, 

TaK, 'IT06br OH 3aK.I\I0'1a.l\ BHYTPH 06.1\aCTb (Rt)' choT Ky6 pa:106beM 

Ha 60.1\ee Me.l\KHe, BbI6paHHbie TaK, 'IT06bI HX P,HaroHa.l\H 6bI.I\H 

MeHbIUe d, paP.Hyca c<1>ep (d). 
06AaCTb (R1) OKa.iKeTcH pa:16HTOH Ha 6oAee MeAKHe: HeKOTOpb1e 

H3 HHX-'laCTH Ky6oB-6yP.yT HMeTb o6igHe TO'IKH C (St); ApyrHe­

Ky6b1-6yAyT y;eAHKOM Haxo,11,HTbCH BHYTPH (Rt); P.AH HHX T02K,11,e­

CTB0 (40) cnpaBeP,.I\HBO. 

BnyTpH Ka2K,11,oro H3 Ky6oB nepBOH KaTeropHH ypaBHeHHe 

(St) 6yP.eT HMeTb OP.HR H3 3 BHP.OB (10). lfro6bl Ha tieM HH6yAlb 

OCTaHOBHTbCH, Il0.l\02KHM, 'ITO Mbl HMeeM ,IJ;e.l\O C nepBbIM BH,ll,OMj 

paCCMOTpeHHe OCTa.l\bHbIX cAyqaeB CBO,ll,HTCH K nepBOMY BpeMeH­

HbIM nepeHMenoBaHHeM ocee. 

vhaK ypaBHeHHe (St) BHYTPH Ky6a: 

44) z =F (x, y, t). 

CtIHTaH, 'ITO Yi CKO.l\b yrop;Ho MaAo, paccMoTpHM 'laCTb noBepx­

HOCTH 

44') Z-"fj = F '(x, y, t), 

pacnoAomeHHYIO BHYTPH Ky6a, C'IHTaH 3HaK 1j Bbr6paHHbIM TaK, 

tiTo TO'IKH noBepXHOCTH BHYTPH Ky6a BHYTPH (Rt). 
floA02KHM (R)-o6AaCTb BHYTPH Ky6a, np0Ha,1J;Ae2Kaigax (R1), (S)­

ee noAnax noBepXHOCTb; (R 1)-qacTb o6AaCTH (R), orpanHtieHHaH 

noBepxHOCTbIO (44'), (S1)- ee ·noAHaH nc>BepxHocTb. 

32 



_!!___ I rn1dt + !_ ;·rn2d-r. __J_ _!!___ I rn3d-r. + 
ax r ay , r I az r 

(R) (R) (R) 

45) 

+ (oo 1 cos (Nx) + 002 cos (Ny) + 003 cos (Nz) do = 
,, r 

(S) 

_ a !001d-r. + 0 -Jw2d-r. +-a !003d-r. + 
ax r 8y r oz r 

(R1) (R1) (R1) 

+ /w1 cos(Nx)+w2cos (Ny)+ Ol3 cos (Nz) d:,+ 
. r 

(S1) 

+ !_ /001d-r. + _!!___ ;W2~ -f-- ___!!_ Jm3d't I ax r ay. r ' az r 1 

(R- R1) (R-- R 1) (R -R1) 

__J_ ;m1 cos (Nx) + m2 cos (Ny) + m1 cos (Nz) d-
1 r u, 

(So) 

rAe 3HaKoM (R -R1) o6oaHaqeHa o6AaCTb, noJ1.yqaeMaH H3 (R) 
OTHHTHeM (R1), (So) ee noAHaH noBepxHoCTb H HOpMaAH Be3Ae 

HanpaBJl.eHbl BO BHelliHIOIO qacTb paccMaTpHBaeMbIX o6AaCTeH. 

i,(AH 06J1.aCTH (R1) TOmAeCTBO (40) cnpaBeAAHBO, TaK KaK :na 

06J1.aCTb He HMeeT o6IMHX ToqeK c (S1); CAeAoBaTeAbHO, B npaBOH 

qacTH (45) cyMMa nepBblX ABYX CTpOK paBHa HYAIO; qTo me KacaeTCH 

OCTaAbHblX CTpoK, TO, TaK KaK B COOTBeTCTBYIOIMHX TOqKaX noBepx­

HOCTeH (44) H (44') HOpMaJI.H napaAAeJl.bHbl, a m1, W2, 0)3 OTJI.HqaIOTCH 
"I. 

Ha qHCJl.a BHAa a'Tj , rAe a OT "fl He 3aBHCHT, noBepXHOCTHble me HHTe-

rpaAbl, B3HTbie no 6ecKOHeqHo MaJl.blM 6oK0Bb1M nAOI!!aAKaM Ky6a, 

COCTaBJI.HIOIMHM qaCTb (So), paBHO KaK n o6'beMHbie HHTerpaAbl, 

B3HTbie no 6ecKoHeqHo MaAoMy o6'beMy (R - R1), 6ecKoHeqHo MaAbI, 

BCAeACTBHe orpaHHqeHHOCTH <l>YHKQHH W1, 0)2, m3, HCHO, qTo BTOpaH 

CTj)OKa B (45) 6eCKOHeqHo MaAa BMeCTe c "'l· 

0TCI0,1J,a HCHO, 'JTO 

a_ /0)1 d-r. + a ;·m2d-r. + ,a J(J)3d-r. + 
~ r ~ r ~ r 

(R) (R) (RJ 

+ /m1 cos (Nx) + m2 co: (Ny) + wa cos (Nz) do= O. 

(SJ 
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Hs Bcero CKasaeeoro .ffCHO, 'ITO TOmp;eCTBO (40) cnpaBeti;.11.HBO, 

~ sea'IHT cnpaBeti;J\HBbl H paBeHCTBa (38), 'ITO H Tpe60BaJ\OCb 

,ll;OKaSaTb. 

9. PemHB TaRHM o6pasoM sa.zta'ly, nocTaB.11.eeeyro B naparpaq>e 1, 
.saMeTHM B SaK.11.IO'leHHe, 'ITO JJ;J\.ff Toro, 'IT06bI q>opMyAbI (35) MOr.11.H 

np1rnecTH K pemeHHIO ypaBHeHHH rHp;pOAHHaMHKH, nepBoe HS 

KOTOpbIX 

46) ( ou + u ~ + v '!!!:_ + w ou ) = _ op + oF 
p ot ox oy oz ax p ox ' 

rp;e p-nOCTO.ffHHaH nAOTHOCTb, p-p;aBJ\eHHe, F-noTeHgHa.11. CHA, 

a OCTaJ\bHbie no.11.y'lalOTC.ff HS Hero KpyrOBOIO nepecTaHOBKOil a.11.e­

MeHTOB (6), JJ;OJ\81.Hbl 6bITb co6AIOJJ;eHbl yc,'\OBH.ff: 

1) q>yeKJ:!HH (1)1, (1)2, (1)3, Bb1pameeeb1e qepes q1, q2, q3, r.zte q1, q2, q3 

Ha'laJ\bHbie, npH t = 0, .BHa'leHH.ff X, y. Z, eaif.zteHHbie HS CHCTeMbI 

ypaBHeHHH 
dx _ dy _ dz_ 
dt - u, dt - 'V, dt - w 

.Ji;OJ\81.Hbl YAOBJ\eTBOp.RTb ypaBeeHHHM feAbMrOAbJ:!a, nepBoe H.B KO-

"TOpbIX 

47) 

a OCTa./1.bHble noAy'laIOTCH KpyroBOH nepecTaHOBKOH 8./1.eMeHTOB (6); 
d(J) . 

.sp;ecb d; oseaqawT npoHSBOAHbie OT (J)i not, Bb1pameHHb1e qepea 

q1, q2, q3, t *); 
2) p;aBAeHHe p AOAmeo 6bITb eenpepbIBHOH q>yeKgHeH B (Rt). 
AerKo noKasaTb, 'ITO npH co6AJOAeHHH ycAOBHH (47), ecAH 

q>yHKJ:!HH u, 'V, W, BbipameHHble qepes qt, q2, q3, HMelOT npOH.3· 

BOJJ;Hble no t, a 8TH noc.l\.e,ll;HHe npOHSBO,ltHbie no qi, q2, q;, Bbipa-

48) 
du , dv dw 
--dx-j- --dy+-dz 
dt dt dt 

*) Ec.l\H lllH,!IKOCTb HaXO,!IHTCJI no,11 ,11eii:CTBHCM CH.I\, He HMCIOl!JHX noTeHgHaAa, 

eocTaB.I\JIIOl!JHC KOTOpbix X, Y, Z, To ypasHeHHll (47) ,110.1\lKHbI 6bITb aaMeHeHbI 

_ypaBHCHHJIMH, nepsoe Hll KOTOpbix: 

dw1 au au au az a Y 
--=wi---- +w2--+wa--+-----· dt ax dg {jz ay {jz ' 

"B OCTa.l\bHOM, BCe CKallaHHOe B STOM naparpa <f>e OTHOCHTCJI H K STOMY C.l\yti:alO 

npH 'ICM, KOHC'IHO, Bb1pa111ee11e (48) ,110.1\lllHO 6bITb llaMCHCHO C.I\CAYIOl!JHM: 

( ±!__ - x) dx + (-3:!!__ - Y) dg + (±!!._ - z) dz d.t dt dt . 
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. u 1 +F ·noAHblH AHlfl<J>epeH!!,HaA, HHTerpHpOBaHHe KOToporo AaeT- -p ' 
p 

T. e .• TaK KaK F CAe,11;yeT cti:HTaTb ,11;aHHbIM, p. EcAH o6AaCTb 

(Rt) oAHOCB.R3Ha.R, TO p Bcer,11;a HenpepbIBHa.R <f>YHK!!,H.R B (Rt), HO 

ecAH o6AaCTb MHOrOCBH3Ha.R, TO p, KOrAa Ol1, ro2, ills He BbI6paHbl 

no,11;06aioryHM o6pasoM, MOmeT OKaSaTbCH IlOAHApOMHOH <f>YHK!!,Heii:; 

aaMeTHM, 'ITO B 9TOM cAyti:ae H F MOmeT 6blTb J\I06oii IlOAH,!l;pOMHOH 

<f>YHK!!,Heii:. 

Mb1 noKameM B ApyroM MecTe, no,1\ti:HHHB (St) HOBOMY orpaHH­

''leHHIO *), 'ITO Bcer,11;a MOmHO HaHTH <J>YHK!!,HH Ol1, Ol2, Ola no HX 

'3Hati:eHHHM npH t = 0 TaK, 'l'f06bI BMeCTe C ypaBHeHH.RMH (35) 
·6bIAH-6bl co6AIO,!l;eHbl H ypaBHeHH.R (47) H 'IT06bl, B cAyti:ae MHoro­

CB.R3HOH o6AaCTH (Rt}, AaBAeHHe p 6blA0-6b1 HenpepbIBHbIM; AA.ff 

9TOro npH,!l;eTC.R B q>opMyAaX (35) no,11;06aioryHM o6pa30M BbI6HpaTb 

lf>YHK!!,HH Ck (f) naparpalfla 5, npH 'leM OKamyTCH OIIpe,11;eJ1.eHHblMH 

TOAbKO HX npOH3B0,1\Hble no t, Ha'laJ\bHble 2R.e HX 3Ha11emrn OCTa-

·eyTC.R B HameM pacnop.RmeeHH. 

TaKHM o6pasoM, MbI YBHAHM, ti:To aa,11;ati:a onpe,11;eAeHHH ,ll;BHmeHHH 

2R.H,!l;KOCTH B ,n;aHHOM nepeMei.gaioryeMCH cocy,11;e IIO Ha'laJ\bHblM 

3Ha'leHHHM COCTaBJ\HIOJ!!HX BHXpH onpe,11;eJ1.eHa TOAbKO ,!l;J\H CAyti:aH 

O,!l;HOCBH3HOrO cocy,11;a; B CAyti:ae MHOrOCBH3HOro cocy,11;a CBH3HOCTH 

s+ 1 ee pemeHHe aaBHCHT eiye OT s npOH3BOJ\bHblX IlOCTOHHHblX. 

EcAH ,n;aHbl Ha'laJ\bHble 3Hati:eHHH CKOpOCTeii: 'laCTH!!,, TO sa,11;ati:a 

BO BCeX cAyti:aHX onpeAeJ\eHa. 

Sur la determination de la vitesse en fonction de 
tourhillion dans le cas d'un liquide contenu dans un vase. 

N. Gunther. 

Un domaine (Dt) est limite par une surface {St), qui se dep­

lace et, eventuellement, se deforme, mais de maniere, que le 

volume (D1) reste invariable. Supposons, que les elements, qui 

*) ITpe,ltllOJlOlllHB, HMeHHO, '!TO Bblpal!leHHll 

B KOTOpb!X 11f-AJ060H Hll KOHYCOB HOpMaAH C KOOpAHHaTHblMH OCJIMH1 HJlH Wn, a 

-3J H s2 Bb16paHbl Hll x, g, z, t, HenpepbIBHbl Ha (St)· 
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definissent la coubrure de (St)• sont regulierement continus sur (St); 
soit Wn la projection de la vitesse d'un point M de (St) sur la 
normale en M a. (S1). 

Supposons, que les composantes wi, w2, w3 d'un vecteur Q sont 
regulierement continues clans l'interieur de (Dt) et sur (St) et 
verifient la condition: quelque soit la surface (a) clans l'interieur 
de (Dt), on a, si N est la normale a (a): 

/ ( w1 cos (Nx)+ W2 cos (Ny)+ w3 cos (Nz)) da = O. 
( cr) 

Les formules (35), clans lesquelles u, v, w sont les compo­
santes d'un vecteur V et ou O est une fonction harmonique, veri­
fiant la condition 

J w1 cos (Nx) + w2 cos,. (Ny) + w3 cos (Nz) da = 
(S1) 

=Jo cos (rN) d d D) --7- 3-- a, ans ( t, 

(S1) 

forment la solution la plus generale de !'equation Rot V = Q. 

Si la fonction gi dans (35) est harmonique clans (D 1), conti­
nue ou polydrome, quand (Dt) est a connexion multiple, on a: 
div. V=O. 

On peut toujours trouver une telle fonction harmonique (fl~ 

qu'on ait 

u cos (Nx) + v cos (Ny)+ w cos (Nz) = W,,, sur (St)· 

Dans ce cas les equations (35) sont propres a donner les 
expression des composantes de la vitesse par les composantes du 
tourbillon clans un mouvement d'un liquide remplissant (Dt). 



0 ABYX cpaeueua.&X. 

H. H. HoaHOB, 

B HaCTO.RIJ!eH 3aMeTKe Mbl HaMepeHbI 
AYIOIJ!HX cpaBHeHm1: 

paccMOTpeTb p;sa cAe-

(1) x'"-:=-::a (MoA, p), 

(2) x 3 + a1x + a2 = 0 (Mop;. p). 

B nepBOM cpaBHeHHH npe,!!;IIOJ\araeTC.R, 'ITO a He p;e.l\HTCH Ha 
P, caMO npOCTOe 'IHC.1\0 p HMeeT ¢opMy 

2mn-1 

H 'IHC.1\0 m-He'leTHOe. BTopoe cpaBHeHHe paccMaTpHBaeTC.R B npeA­
IIOJ\O.lKeHHH, 'ITO p-npOCTOe 'IHC.1\0 ¢opMbl 6m ·-1 H 'ITO a1 H a2 
Ha p He p;e.l\.HTC.R. 4To KacaeTC.R nepsoro cpaBHeHH.R, TO OHO HMeeT, 
O'leBHAHO, TOJ\bKO OAHO pemeHHe H aTO pemeHHe AerKO onpep;e-

JI..ReTCH. 0Ho 6y~eT paBHO an, ecAH a-KBap;paTH'IHbIH BbI'leT 'IHCJ\a 

p. H paBHO - an' eC.I\.H a-HeKBap;paTH'IHblH BbI'leT, TaK KaK B nep­
'BOM CJ\y'lae 

H, CJ\eP,OBaTeJ\bHO, 

a BO BTOpOM 
a m,i-l == -1 (Mop;. p), 

(- a''r=a (Mop;. p). 

OepexoAHM K cpaBHeHHIO (2). OnpeAeJ\HJI 'IHCAa a H b H3 
YCJ\OBHH 

3a - a1 (Mop;. p), 

2b-::::-: a2 (Mop;. p), 

MbI cpaBHeHHe (2) npep;cTaBHM s CJ\ep;yroIJ!eM BHp;e: 

x3 + 3ax + 2b = 0 (Mop;. p). 
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· BMeCTO X BBO.ztHM .ztBa HeH3BeCTHblX 'l'.HCJ\a f H v, noAaran, 'l'.TO>· 

x=t+ v (Mo.11;. p). 

Hawe cpaBHeHHe 3aMeHHTCH CAe.ztylOI!!HM: 

(3) t3 + v 3 + 3 (tv + a)+ 2b =0 (Mo.zt. p) . 

.l(AH onpe.zteJ\eHHH 'l'.HCeJ\ t H V CTaBHM ycAOBHe 

tv=-a (Mo.zt. p) 

(4) 
CpaaeeHHe (3) Tor.11;a npHHHMaeT cAe.11;y10I!!HH BH,z,;: 

(5) t3 + v 3 = - 2b (Mo.zt. p). 

Ha OCHOBaHHH cpaaHeHHH (4) H (5) Mbl aaKAIO'l'.aeM, 'l'.TO 'l'.HCJ\a:. 

t3 K 'V3 6y.ztyT pemeHHHMH TaKoro cpaBHeHHH BTopoii CTeneHH: 

y+2by-a3=0 (Mo,z,;. p) 
HJ\H, 'l'.TO TO me, 

(6) (y + b)2 = aa + b2 (Mo,z,;. p ). 

OrpaHH'l'.HBaeMCH B p;aJ\bHefimeM npeADOJ\OlKeHHeM, 'l'.TO 'l'.HCJ\O·· 

aa+b2 
KBa.ztpaTH'lHbIR Bbl'leT 'l'.HCJ\a p. B aTOM CJ\yqae, o6o3Ha'l'.aH qepea·. 

Y1 H Y2 ,ll;Ba pasJ\H'l'.HblX pemeHHH cpaBHeHHH (6). Mbl ,ll;OJ\lKHbl. 

'l'.HCJ\a f H V onpe.zteAHTb H3 cpaBHeHHH 

t3 =y1 (Mo,z,;. p). v 3=y2 (Mo.zt. p). 

Kam,z,;oe H3 DOCJ\e.ztHHX cpaBHeHHff npH npOCTOM MOAyAe p· 
'<J>OpMbl 6m -1 HMeeT Ha OCHOBaHHH CKa3aHHOro O cpaBHeHHH (1) 
no o,z,;HoMy pemeHHIO. TaKHM o6pa30M, pemeeHe cpaaHeHHH (2) 
HaMH npHBe.zteHO K pemeHHIO cpaBHeHHH (6) BTOpOH CTeneHH. 

B cAy'l'.ae npocTOro 'l'.HCJ\a p <J>opMbl 12m + 11, npH ycAOBHH 

(a3 tb2)= 1. 

.ztaHHOe cpaBHeHHe (2) MOmeT 6bITb pemeHO H 6e3 DOMOf!!H 

Ta6AHJ:! HH.zteKCOB, TaK KaK B aTOM CJ\y'l'.ae, KaK H3BeCTHO, 

pemeHHH cpaBHeHHH (6) J\erKO onpep;eJ\HIOTCH. 

8 3aKJ\IO'l'.eHHe 3aMeTHM, 'l'.TO B paccMaTpHBaeMOM CJ\y'l'.ae· 

,ll;HCKpHMHHaHT cpaBHeHHH 

z3 +3az+4b=O (Mo,z,;. p), 
paBHbIH 

- 4 . 33 (a3 + b2), 

6y,z,;eT, O'leBHAHO, HeKaa,z,;paTH'l'.HblH BbI'l'.eT ,ll;J\H npocToro 'l'.HCJ\a p­
H 3Ha'l'.HT, KaK aTo BbITeKaeT H3 TeopeMbl f. ct>. Bopoeoro, cpa­

BHeHHe (2) HMeeT TOJ\bKO O,ll;HO peweHHe. 
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Ueber zwei Kongruenzen. 

I. Ivanov. 

In dieser Note betrachten wir die nachstfolgenden Kong­
ruenzen. 

(1) 

(2) 

x"" a (Mod. p), 

x 3+a1x+a2=0 (Mod. p). 

In der ersten Kongruenz nehmen wir an, dass a durch p nicht 
teilbar ist und die Primzahl p die Form 2 mn-1 hat, wobei unter m 
eine ungerade Zahl zu verstehen ist. Die zweite Kongruenz wird 
in der Annahme betrachtet, dass p eine Primzahl van der Farm 
2 mn-1 ist und die Koeffizienten a1, a2 durch p nicht teilbar sind. 

Wie leicht zu beweisen ist, besitzt die Kangruenz (1) eine 
Losung, welche gleich an ist, wenn a ein quadratischer Rest mo­
dulo p ist, und gleich-a", wenn a ein nichtquadratischer Rest 
modulo p ist. 

Was die Kongruenz (2) anbetrifft, so gelingt es mit Hilfe 
geeigneter Substitutionen ihre Losung auf die einer quadratischen 
Kongruenz van der Form 

(y+b)' a•+b2 (Mod. p) 

zuriickzufiihren. Dabei kann man die Anwendung der lndextabelle 
in dem F alle vermeiden, wenn p eine Primzahl van der Form 
12m + 11 ist und die Bedingung. 

erfiillt wird. 
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PemeRHe 3alAa"IB 9KBRBaAeRTROCTB B TaoyA.HpBSagBJI 
xyouqecxnx ABOHIIH"IRldX 4>opm oTpngaTeALaoro 

onpeAeA11TeA.11. 

E. H. ,l(e.wne. 

B MOHX pa6oTax no TeopHH Heonpe,1te.11.eHHbIX ypaBHeHHH: 

3-ii: cTeneHH c .itBYMH HeHasecTHbIMH [cM. 1) Coo6IJ!. XapbK. MaT, 

06ig. aa 1915 H 1916 r., 2) C. R. 1916 r., 3) C. R. 1920 r., 

4) C. R. 1921 r., 5) HasecTHH Pace. AKa.iteMHH HayK aa 1922 r., 

6) C. R. 1924 r., 7) C. R. 1925 r.] H Hym,1ta.11.c.H: B pa3HbIX scno­

MoraTe.11.bHblX HCC.11.e,ltOBaHHHX. Cso.itKa scex MOHX pa6oT Ha.it 

Ky6HqeCKHMH eeonpe.ite.11.eHHblMH ypaBHeHHHMH COAepma.11.aCb s MOeH 

60.11.bmoii: pyKonHcHoii: .itHccepTagHH 1921 r. B yKa3aHHblX neqaT­

HbIX CTaTb.H:X H noMeCTH.11. .11.Hlllb peay.11.bTaTbl, Henocpe.itCTBeHHO 

OTHOCHIJ!HeCH K BOnpocy O npeACTaB.11.eHHH <rnce.11., scnoMoraTe.11.b­

Hbie me HCC.ll.e,1t0BaHHH .ltO CHX nap He HaneqaTaHbl. ~ xoqy BOC-

··no.ll.b30BaTbCH B03HHKHOBeHHeM mypHa.11.a 06IJ!eCTBa, qT06bI nocTe­

neHHO BOCn0.11.HHTb aTOT npo6e.11.. 

B c.11.yqae KBa.itpaTHqHbIX .itBOHHHqHbIX cpopM, a TaKme H Tpoii­

HH'IHbIX, Bonpoc O npe.itcTas.11.eHHH 'IHCe.11. HB.11..H:eTCH yme pellleHHblM, 

Ito.11.b cKopo .itaH cnoco6 yaHaBaTb, aKBHBa.11.eHTHbI .11.H .itse aa,1taHHbie, 

<f>OpMbl H, ec.11.0. 8TO TaK, HaXO,ltHTb nepexo.itHYIO no.itcTaHOBKy. 

B c.11.yqe,e Ky6Hqec;:mx .itBOii:HHqHbIX cpopM, paBHO KaK, TeM 60.11.ee, ABOH· 

HH'IHblT. <f>OpM 60.11.ee BblCOKHX nopHAKOB, .ite.11.0 He o6CTOHT TaK. TeM 

He MeHee, H TYT pellleHHe 3a,lta'IH aKBHBa.11.eHTHOCTH HB.11..H:eTCH He-

06xo,1tHMbIM, TaK KaK 6ea aToro HeB03MOmHa Ta6y .11.HpHaagHH cpopM. 

B HacTOHIJ!ee aaMeTKe, B § 1, 2 H 3, H AaIO H0'30e peUieHHe aa.ztaqH 

a::BHBal\eHTHOCTH AMI Ky6H'leCKHX ABOHHH'IHbIX ipopM. J\106onbITHO, 

qTo a1·0 pellleHHe He OCHOBaHO Ha TeOpHH npHBe.iteHHH, aTO, Bnpo­

qeM, KaK .11.erKO BH,lteTb, HMeeT MeCTO ,ll;MI .11.106bIX ABOHHH'IHblX <f>OpM, 

nopHAOK KOTOpbIX Bblllle AByx. B § 4 H paccMaTpHBaIO CBH3b Mem.ity 

Ky6HtieCKHMH ,ll;BOHHH'IHbIMH <f>opMaMH H Ky6HqecKHMH ,,nopH,11;I<aMH 11 

(Ordnung no Dedekind'y, Ring no Hilbert'y, anneau no cJ>paH­

gyac1<H). B §§ 5, 6, 7, 8 H 9 H ,11;a10 HOBbIH cnoco6 ,11;.11.11 BbI'IHC­

.11.eHHH Ta6.II.Hijbl Ky6HqecKHX ABOHHHqHbIX q:iopM OTpHgaTe.11.bHOro 
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onpeAeAHTe.11.JI H, B .saK.11.IO'leHHe, npH.11.ara10 TaKy10 Ta6.11.ugy. 
HaAo .saMeTHTb, 'ITO Bonpoc o K.11.accHq>HKagHH q>opM no.11.om.HTe.11.b· 
Horo onpeAeAHTe.11.J1 6b1.11. BnepBbie pa.spa6oTaH Eisensein-oM 
(Crelle, T 28) H .saTeM oco6eHHO Tl!!aTe.11.bHO Arndt-oM (Arch. fur 
Math. und Phys. 1851, 1856, 1858), KOTOpbIH H BbI'IHCAH.11. Ta6.11.ugy 
TaKHX q>opM AMI Bcex D < 2000. lfro me KacaeTCJI c.11.ytJaJI OTpH­
gaTe.11.bHoro onpeAeAHTe.11.J1, TO OH npeAcTaBH.11. 60.11.bwe Tpyi,;HocTeii. 
Hermite B .saMeTKe »Sur la reduction des formes cubiques a 
deux indeterminees" (C. R. 1859, Oeuvres II, cTp. 93), roBopJ1 o 
pa6oTax Ar n d t' a .saMetiaeT: ,, ..•• ii serait bien a desirer que les 
formes a determinants positifs (no HaweMy 060.sHa'leHHIO c D < 0) 
devinssent !'object d'un pareil travail. Mais elles semblent pre­
senter clans leur nature quelque cha use de plus complexe; ... ". 
B HaCTOJ1iyeii .saMeTKe AaeTcJI peweHHe Bonpoca A.II.JI aToro c.11.yqax . 
.H ym.e KOH'la.11. Bbl'IHC.11.JITb Ta6.11.ugy qiopM c D < 0 A.II.JI Bcex 
\DI <768, KOrAa JI y.sHa.11., 'ITO Bonpoc aTOT HHbIM cnoco6oM 6b1.11. 
peweH ym.e HeCK0.11.bKO paHbwe B e r w i c k - o M H M a t h e r u s - o M 
(Proceedings of the Sud. Math. Soc. Vol. 10; 1911-1912) . .H, TeM 
He MeHee, npHAaIO 3Ha'leHHe MeTOAe, H3.I\02KeHHOH B § 5-9, TaK 
KaK OHa CTaBHT Bonpoc B CBJl3b C TeopHeH Ky6H'leCKHX 06.11.acTeH. 

Ebl.1\0 6bI HHTepecHo npOAO.l\2KH'l'b TaKoe HCC.11.eAOBaHHe A.II.JI 
06.11.acTeH 4-ro, 5-ro H BbICWHX nopJIAKOB, TaK KaK H HepaBeH­
CTBa Hermit e'a H HepaseHCTBa Mink ow ski He AaIOT TO'I· 
Horo HH2KHe!'O upeAe.11.a A.II.JI Be.11.H'IHH AHCKpHMHHaHTOB a.11.re6paH­
qeCKHX 06.11.acTeH, a 6b1.11.o 6b1 HHTepecHo, no KpaiiHeH Mepe 
XOTb A.II.JI nepBoro AeCJITKa nopJIAKOB 06.11.acTeH, HMeTb 8TH HaH­
MeHbWHe AHCKpHMHHaHTbl, 

!. Pew.eHue JJaAa'l.U 91{8UBa.A.eHmHocmu. nycTb AaHbI ABe Ky6H­

qecKHX ABOHHH'IHbIX q>opMbI (A, B, C, E) H (A, B, C, E) c ge.11.bIMH 
pagHOHa.11.bHbIMH KOaq>q>HgHeHTaMH H O,llHHaKOBbIMH JJ;HCKpHMHHaH-

TaMH B2 0+18ABCE--4A C8-4B3 E-27 A 2 E2 = B2 c2+ 
---- --3 -·3- -2-2 + 18 A BCE - 4 A C -4 B E - 27 A E H Tpe6yeTCJI y.sHaTb, 

aKBHBa.11.eHTbl .I\H OHH, TO eCTb cyiyecTByeT .I\H TaKaJI BOACTa-

HOBKa X = aX + ~ Y; y = rX + oY C ge.11.bIMH pagHOHa.l\bHbIMH 
Koaq>q>HgHeHTaMH a,~. j, o u onpeAe.l\HTe.11.eM (J.0 - ~. = + 1, 'ITO 

A xa+ B x-2 Y+ C X y2 + £ YB= A_ X3+ B X2 Y + ex y2 + £ Y3 • 

.[l.11.JI aToro .saMeTHM, 'ITO, eC.I\H 

<P=(A,B, C,E)=A(X-e Y) (X-~1 Y) (X- e" Y), 

rAe ~. e', e" -KOpHH ypaBHeHHJI cp (X, 1) = 0, TOri,;a ;j;(X, Y) = 
=A (o:X +~ Y-E (r x+a Y)) . (o:x+~ Y-f (r x+o YJJ X 
X (o: X + ~ Y - E" (-r X + o Y)), TO ecTb KOpHH i {X,l) = 0 6yAyT, 

oE- ~ -
c.11.eAOBaTe.11.bHO, ~ , TO ecTb ~ BbtpamaeTCJI pagHo-

- r; + o: 
Ha.11.bHO 'Iepe.s e. nycTb f a ~2 +-be+ C, TOrAa eC.11.H 
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B C E 
IlO.l\02KHTb - A= u; -A= p; -A= q, TO qHCAa a, ~. 'Y, a 
nponopgHOHaAbHbI qHcAaM 

a"=an+b; W'=a2q-bc-acn; r"=a; o"=b2-ac-a2p+abn. Cl} 

npHBeJJ;jl 8TH pagHOHa.l\bHble qHC.l\a K 061,geMy 3HaMeHaTeAIO, 
Mbl pacCMOTpHM qffC.I\HTeAH; COKpaTHB HX Ha 061,gHH MH02KHTeAb,. 
ec.l\H TaKOBOH 6y.zi;eT, Mbl noAyqHM HaHMeHbIIIHe ge.l\ble qHc.l\a 
a', W, "'[ 1

, 01, nponopgHOHa.l\bHbie a, ~' "[, 0 H COOTBeTCTBeHHO TeX me, 

3HaKOB, npe.zi;noA02KHM eJ!!e, qTo A > 0 H A > 0 (ecAH 6b1 aToro­
He 6b1Ao, MbI o6ecneqHM aTo, c.zi;eAaB npe.zi;sapHTe.l\bHoe npeo6pa-
3oBaHHe IlOJJ;CTaHOBKOti (-1 0\, Tor.zi;a, ,,ec.A.u a' o' -W "'[ 1 == + 1,. 

, 0-1) 
mo cpopMbl a,rnuBa.A.eHmHbl, npu 1/.e.M nepeXOAHUR. no,llcma-

( a ~\ (a' W) ,~, B' , 1 (- a' -W) HOBKa "( O) eCmb "'[' o' , eC.A.U ot O - 1 "[ = , U _ "'[' _ o' , 
eC.A.U a'o'-p'r'=-1". AeHCTBHTe.l\bHO, a1'011-W'r''=-a3(np+q)+ 
+a2 b (n2 -p)+2ab211+ba =/ (- r", a") =N(- aE +b+an)= 

(f-~') A2 
= N E' _ e11 =+A 2, nocAe.zi;Hee, TaK KaK Dtf> = D"ij (TYT Mbr 

o6o3HaqaeM 3HaKOM N HOpMbl B Ky6HqecKOH 06.1\aCTH Qe); nyCTb­
a" = a' A; W' = W A; "'[ 11 =-= "[ 1 A; 011 = o' A, r.zi;e A > 0, a TaKOM 

I "'' A' / + 1 II ~II A" II +' 2 CAyqae, eCAH a O -t' "( =_ , TO a u -t' "( =_/\, H, CAe.zi;o-

lA I 1-1 BaTe.l\bHO, A:= .A • H TaKHM o6pa30M noAyqaeM N(-·(e+a')=+ I~ ;.. 
_ - _ (- o' e - w ) 

HO Mbl HMeeM cp (X, 1) = A . N X - -r' e + a' , H, CAe.zi;oB. 

- ---:-- A ,- ,- , - ,-
C/J (X Y)= N (-r' e+a'). N(a x+ ~ Y-qy x+o Y)),OTKy.zi;a, 

npHHHMa.H BO BHHMaHHe Haii.zi;eHHOe 3HaqeHHe JJ;.I\.H N(-r' e+a'), 

Mbl IlOAyqaeM --;;; (X Y)=+ AN (a' x+wf -E (r' X + o' Y))= 

= + C/J (X Y) (a' W\' q. HT. p;. 

r' o') 

2. BaAalf.a o6pamHaR. .sa,llal/.e l/upHzay.seHa. Bee CBOAHTC.H, TaKHM 
o6pa30M, K Haxom.zi;eHHIO qHceA (1) npe.zi;h1.zi;yi,gero naparpa<J>a, HO AAH 
aToro Heo6xo.zi;HMO 3HaTb qHc.l\a a, b, c, TO eCTb, Heo6XOAHMO HMeTb 
y.zi;o6Hoe peII1eHHe cAe.zi;ywJ!!eH ga.zi;aqH: ,,.zi;aHhI .zi;sa Ky6HqecKHX 
ypasHeHH.H, Tpe6yeTc.H HatiTH pagHoHaAhHYIO ,,nepexo.zi;Hy10" <l>YHK­
!,!HIO OT OJJ;HOro ypaBHeHH.H K .zi;pyroMy, eCAH_ OHa eCTb, AH6o IlOKa-
3aTb, qTo ee He cyJ!!eCTByeT". PeII1eHHe aTOH ga.zi;aqH cAe.zi;ywJ!!ee. 
no.zi;rOTOBHM o6a ypaBHeHHH TaK, qT06bI y HHX OTCYTCTBOBa.l\K 
qJ\eHhl C z 2. nycTb HMeeM TaKHM o6pa30M ypaBHeHH.H z 3 = pz + 
+ q H z 3 = pz + q; o603HaqHM · qepeg D H l5 HX .zi;HcKpHMHHaHThl 



4p3 -27q2 H 4p 3 -27q2. H npe.zi;no.11.02KHM, qTo nepexo.zi;naK 

qiyurqi;m1 r.p 6bIAa 6hr r.p = p.x2 + vx + x, Tor ,11;a MhI HMe.11.H 6hr 

no Hermite-y 3p H (v, p.}; 27q Q (v, p.), r.zi;e H = (3p, 9q, p 2) H 

Q = (27q, 18p2, 27 pq. 27q2 - 2p3), KBa.z,;paTHqHbIH H Ky6wqHblH 

KosapHaHThT Ky6HtJeCKOH .zi;soHHHtJHOH qiopMbI (1, 0, -p, - q) = f. 
PaccMoTpHM CH3Hrmo Cayley 27 D/J + Q2 - 4H3 = 0 H nop;cTa­

BHM B nee x = v; y = p., Tor.zi;a MhI no.11.yqHM nepsoe yc.11.osHe, 

qTo6bI p. H v 6hI.I\H pagHoHa.11.hHblMH,-KBa.z,;paTHOe ypaBHeHHe 

0 2 = [). D-l p;O.l\2KHO HMeTb pagHOHa.l\bHhie KOpHH, TO eCTb 

AHCKpHMHHaHTbI MoryT OT.I\HqaThCH T0.11.bKO KBa.z,;paTHbIM MH02KH­

Te.l\eM, M02KHO, c.11.e.zi;osaTe.l\hHo, no.11.02KHTh D 1 = D1 ~ 2; D = D1 -Li.2,. 

r.zi;e Y*e D ue HMeeT KBa.z,;paTHhIX MH02KHTe.11.eii, a ge.11.bre qHc.11.a 

f:. H 11 llO.l\02KHTe.l\bHbie, H Tor.zi;a 

t:. 
0. /(v,p.)=-+-T. 

J\erKo nposepHTh, qTo cyqi;ecTsyeT c.11.e.zi;y10IJ!ee T02Kp;ecTBo: 

2y3D-6pH(x, y). y+Q(x, y)-27qf(x, y)=O, 

no.z,;cTaBMUI c10.zi;a x = v; y = fJ. H no.11.arax, AMI ynpoIJ!eHHH, 

V W 

v=~; x=T, 

npHHHB BO BHHMaHHe ll0.11.YtJeHHbie Bbipa2KeHH.l'I .11;.I\H pj q 8 Mb[ 

no.11.yqaeM, 'ITO U1 AO.l\2KHO y.zi;os.11.eTBOpHTb OAHOMY H3 ypaBHeHHH 

3_ - !:.q-+-!:.q - . D1u1 ppu1+ 2 -0 ............ (1) 

Ec.11.H aTo ypasueHHe HMeeT pagHona.11.bHhIH KopeHh u 1 (npH ge.11.bIX 

p, q, p, q U1 M02KeT 6bITb TO.l\bKO ge.11.blM, TaK KaK D1 He p;e.11.HTCH 
!:.--Li-

Ha KBa.z,;paT; qHc.11.0 q ! q T02Ke ge.11.oe tJHCAo), Tor.zi;a ge.11.hle 

qffC./\HTe./\H U, V, w Koaq>q>HgHeHTOB nepexo.z,;HOH no.zi;cTaHOBKH Mbl 

llO./\yqaeM B BH.z,;e 

r.zi;e ua.zi;o 6paTh BepXHHH H.I\H HH2KHHH 3HaK B 3aBHCHMOCTH OT· 

Toro, KOTOpoe H3 ,11,syx ypasHeHHH (1) HMeeT pagHOHa./\hHblH KO­

peHh. EcAH ypaseeHHH (1) pagHoHa./\hHoro Kopu11 He HMeIOT, 

TOr,IJ;a HallIH Ky6HtJeCKHe ypaBHeHH.11 pagHOHa.l\bHO Me3aBHCHMbl, 

XOTH 6hr .z,;a2Ke D H D H OT.11.HtJa./\HCh .11.HWh ua KBa.z,;paTHhIH 

MH02KHTe./\b. 
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3. llpuMep peuteHUR .BU/.fU•lU 31(.BUBUAeHmHOCmu. CTycTb aa.n;aHbl 

q>OpMbl (A, B, C, £) = (1, 0, 3, 2) 1t (A. B.C. E) = (116, 219, 138, 
29); cp (z, 1) = z3 + 3z + 2; cp (z, 1) = 116z3 + 219z2 + 138z + 29; 
D <P = D <P = - 216; e KopeHb ypaBHeHHH z 3 = - 3z - 2 (1); 

219 138 29 
E KOpeHb ypaBuenm1 z3 = - 116 z2 - 116 z - 1M ; 

1:=116"f+73 KopeHb ypaBHeHHH z3=-21z+326 (2); 6y.n;eM 
HCKaTb no § 2 nepeXOAHYJO <l>YHKJ!HIO OT (1) K (2); p = - 3; 
q=-2; p -21; q=326; D=-216; D = - 216. 1162; 

D1 =-6; fl= 6; ""ii= 696; ypaBHeHHe (1) § 2 6y.n;eT-

6. 326 =±:: 696. 2 
6u13-63u1+ 2 =0; 

-OTKy.n;a Uj = 6; T. e. 

~= 116T2 +73=3E2 +2E+6. 
'1'0 eCTb 

_ 3 2 67 
e = 1.16 E2 + 116 e - 116; 

OTKy.n;a no (1) § 1 

a'= 2; W = 1; 1'=3; o' = 2; a'o' -W1'=1. 

H, c.11.e.n;oBaTe.11.bHO, MbI no.11.yqaeM (116,216, 138, 29)=(1, 0, 3, 2) 2 1 , 
(3 2) 

<t>OpMbl BKBHBa.11.eHTHbl. 

4. Teopua UH/.feK.c</JopMbl. PaccMoTpHM cooTHOIIIeHHe Ky60qe­
CKHX JJ;BOHHHqHbIX <t>opM c Ky6eqecKHMH nopHAKaMH, ,,CTop.HJJ;KOM" 
B G, r.n;e G coBoKynHOCTb Bcex :ge.11.b1x qece.11. HeKoTopoii Ky6eqe­
CKOH 06.11.aCTH Q, Ha3bIBaeTCH TaKOH MOAY.11.b B G, KOTOpbIH aaKAJO­
qaeT B ce6e pa:geoHa.11.bHYJO e.n;HHHQY 1 H BocnpoeaBOJJ;HTCH yMHO­
.meHHeM. B Ky6eqecKoM nopHAKe MoryT 6bITb Haii.n;eHbI p;Ba q0c.11.a 
X1 H X2 TaKHe, qTo .11.w6oe qec.11.0 nopHp;Ka HMeeT BH,ll; 
fo + X 1 f1 + X 2t2, rp;e t0 , t1, t2 :ge.11.b1e payeoHa.11.bHbie Koa<1><1>1t­
:geeHTbI. 4ec.11.a 1, X1, X2 npep;cTaBAHJOT TaKOH 6aaec nopH.n;Ka, y 
KOToporo nepBoe qec.11.0 1. TaKHe 6aaHCbI, KOTOpbie MbI e.n;HH­
CTBeHHO T0.11.bKO H 6yAeM paccMaTpHBaTb, Mbl 6y.n;eM Ha3bIBaTb 
,,e,ll;HHHqHbIMH". CTopH,ll;OK Mbl 6yp,eM o6o3HaqaTb. CHMB0.11.0M 
0 [1, Xi, X2J H.11.H npocTo 0. He BCHKHe p;Ba qec.11.a X1X2 ea G 
,p,aJOT nopH,ll;OK . .,ll;eikTBHTe.11.bHO, HeTpyp;HO BH,ll;eTb, qTQ, HanpHMep, 
Mop,y.11.b [1, 9, 292]. rp;e 9 ea G, He npep;cTaB.11.HeT nopBp;Ka, TaK 
KaK npoeaBep;eHHe 9 · 9 = qi2 He .11.elKHT B HeM . .,ll;.11.H Toro, q'fo6bl 
yaHaTb, 6yp,eT AH Mo.n;y.11.b [1. X1, X2] nopHAKOM, AOCTaToqHo y,maTb, 
.11.emaT AH Bee npomme.zi;eHHH qece.11. ero B ileM caMOM . .,ll;.11.H aToro 
Heo6xo.n;HMo H p;ocTaToqHo, qT06b1 B [1. X1, X2] .11.ema.11.0 qec.11.a 
Xi2; X22; X1X2. Bb1paaHM B Q, qTo Bcer.n;a B03MO.?KHO, aTH 3 q0c.11.a 
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.l\liHelfHO qepe3 1, X1, X2 C pagHOHaAbHblMH Koacf>qmgHeHTaMH, 

nycTb 

X12=Ao + AtX1 +A2X2 
X2 2 = B0 + B1 X1 + B2X2 .............. (1) 

X1X2 = Co+ ct XI + C2X2 
ecAH 9 qHceA Ao, A1, A2, B,,, BP B2, Co, Cp C2 geAhie, TOrAa MOP.YAb 

[1, Xi, X2] nopHP.OK, B HHOM cAyqae HeT. 0TH 9 qHceA, 3Hami:H 

KOTOpblX P,OCTaToqHo P,.I\.H npOH3BOP,CTBa Bcex YMHO.lKeHHH B 0, 
Mbl 6yp,eM Ha3bIBaTb ,,yMHO.lKaIOr.gHMH" KOacf>cf>HJ!HeHTaMH nop.Hp,Ka. 

YMHO.lKaIOr.gHe KOacf><f)HJ!HeHTbl He He3aBHCHMbl, TaK KaK AerKo 

Ao =A2 (C1 -B2)-C2 (A1 -C2) 

Bo = B1 (C2 -A1)-C1 (B2-C1) .•.....•.•• (2) 
C0 = A2 B1 - C1 C2. 

1 X1 X2 
Keap,paT onpep,eAHTeAH 1 X1' X 2' , rp,e eepxHHMH 3HatIKaMH 

1 Xi'' X2" 
o603HatieHbl conpR.lKeHHbie no Ky6HqeCKOH o6AaCTH 'lHCAa, Ha3bl· 

eaeTc.H nP.HCKpHMHHaHTOM" 6a3Hca. EcAH 1, Y1, Y2 p,pyroii ep,H­

HHqHbIH 6a3HC Toro me nopHP,Ka H Y1=a0 + a1 X 1 + a2 X2; Y2 = 
= b0 + b1 X1 + b2 X 2, TOrp,a I t t I = + 1; Hao6opoT, ecAH 

I b~ t I = + 1, TO 1, Y1, Y2 6a3Hc Toro .me nop.Hp,Ka. EcAH , 

1 't -;:2 

KaKoe HH6yp,b qHC.1\0 nop.HP,Ka, TO KBap,paT onpeAe.l\HTeA.H 1 -.:' -.:' 2 

1 7," "C"2 

Ha3bIBaeTC.H ,,P,HCKp11MI'.1HaHTOM 'lHC.l\a -.:" · EcAH 't =Go+ a1 xi+ 
+ a2 X2; -c 2 = b0 + b1 X1 + b2 X2, TO P,HCKpHMHHaHT , paeeH 

AHCKpHMHHaHTY nopnp,Ka O [1, X 1, X2], noMHomeHHOMY Ha KBap,paT 

I a1 a2 I '.:\ 
onpep,eAHTeAH 6. = bi b2 \ • aTOT onpep,e.l\HTeAb Ha3bIBaeTCH 

,,HHP,eKCOM qHc.l\a , OTHOCHTeAbHO nopHP,Ka 0". BbzqHCJ\HM HHP,eKC 

~ qlfc.l\a -c qepe.3 KOacf>cf>HJ!HeHTbl -c H YMHO.lKaIOr.gHe Koa!pcpHgHeHTbl (1), 
MbI noAyqHM 11 a1 3 A 2 + a1 2 a2 (2 C2 - A1) + + a1 a 22 (B2 -2 Ci)- a23 B1, MbI BHJJ.HM, qTo HHP,eKc qHcAa.: = 
= a0 + a 1X1 +a2 X2 npep,cTaBAHeT 3Haqemre P,BOHHHqHoii Ky6H­

qecKo:ii cpopMbI 

(A2, 2 C2-A1 , B2-2C1,-B1)=/ (X. Y) ............ (3) 

npH 3Ha•1eHHHX nepeMeHHbIX X = a1; Y = a2• OTY cpopMy MbI Ha· 

3bIBaeM ,,HHAeKCcf>OpMOH" nopnp,Ka H 6yp,eM TaKlKe o603HaqaTb 

I [1 X1 X2]. 
Ea3HCbI 1, X1 , X2 H 1, X1 +c1, X2 +c2 rp,e c1 H C2 npep,cTa­

B.I\HIOT geAbie pagHoHaAbHbie qHcAa, MbI Ha3brnaeM ,,napaAAeAb­

HbIMH" 6a3HCaMHj COBOKYilHOCTb ecex napaAAeAbHbIX Me.mp,y co6ow 
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,6aaHcoB MhI 6y.11;eM Ha3bIBaTb ,,napa.11..11.e.11.bIO" 6aaHcoB. Ec.11.H npo­
H3Be.11;eaHe X1 X 2-pag1:mua.11.hnoe tIHc.11.0, TO MhI 6y.11;eM Ha3bIBaTb 
6a3HC ,,HOpMa.11.bHbIM". HeTpy.D;HO BH.D;eTb, 'ITO HMeeT MeCTO 
meopeMa: ,,Cpe11u napa.1t..1t.e.1t.bHblX 6a.sucoB ecmb Bcez11a OIJUH u 
mo.JLbKO O,llUH HOpMa.JLbHblu" . 

.l(eiicTBHT ., paccMoTpHM npoHaBe.11;eaHe (X1 + c1) (X2 + c2) = 
=X1 X2+X1 C2 +x2 C1 +c1 C2 =(C1 + C1) X1 +(c, +c2)X,.+ 
+ C0 + c1c2 , Mhl BH.D;HM, 'ITO, ec.11.H no.11.omHTh C1 = - C1; 
c2 = - C 2, TO MbI nepeii.11;eM K aopMa.11.bHOMY 6aaHcy 1, X1 + c1, 
X 2 + c2, nycTb yMuomaIOIJ!He Koeaq><JrngHeHThl aToro HOBoro 6aaHca 

cyTh Ao, A1, A 2 , Bo, B 1 , B2, Co, C1, G, Tor.11;a A1,=A1 +2c1; 

B1 = B1; C'1 = C1 + c2; .A2 = A2; B2 = B2 + 2c2; C'2 = C2 +c1, 
HanHcaB no (3) HH.D;eKcq>opMy, COOTBeTCTBYIOIJ!YIO 8TOMY napa.11..11.e.11.b­
HOMY 6aaHcy, Mhl y6emAaeMCH, 'ITO f [1 X1 X2] = f [1, X 1 + c; 
X 2+c2], T. e. 'ITO ,,napaA..1t.e.1t.bHblM 6a.sucaM coomBemcmBgem 
011Ha u ma ace uH;l(eKc</)opMa". Ec.l\H 6aaHc aopMa.11.bHhJH, TO co­
OTBeTCTBYIOIJ!aH eMy HH.D;eKcq>opMa HMeeT BHA (A2, -Ai, B2, - B 1). 
TeopeMa: ,,BcHKOU HenpuBO,llUMOU Kg6u"l.eCKou ABOUHU"I.Hou </)opMe 
coomBemcmBgem napa.1t..1t.e.1t.b 6a.sucoB He1wmopow Kg6u"l.ecKow 
nopH,llKa". AoKaaaTe.11.bCTBO. CTycTb f = (A2, -Ai, B2, - B1) ae­
KOTopax uenpHBO.D;HMaH Ky6HtiecKaH .D;BOHHHqaax q>opMa. PaccMo­
TPHM 'IHc.11.a X 1 H X2 Ta1rne, 'ITO 

X1 Kopeub yp-HH z3 -A1 z2 +A2B2z-A2~B1=0 ........ (4) 

X2 KopeHh yp-HH Z 3 -B2 z2 +A1 B 1 z-A2 B 12 =0 ....... (5) 

1 
Tor.11;a X 2 KopeHh ypaBHeHHH-z3 A2 B12+z2 A 1 81-z B2+1=0 

H.11.H 

T. e. A~~1 = Xi, H.11.H X 1 X2 = A2 B1, c.11.e.11;0BaTeAbHO, 1, X1, X2 
HopMa.11.hHhIH 6a.aHc HeKOToporo Mo.11;y.11.x. HeTpy.11;ao BH.D;eTh, 'ITO 
Mo.11;y .11.h [1, X 1 X2] e.CTh nopx.11;0K. AeiiCTBHTe.11.bHO, no.11.omHM 

X 12 = A0+A, Xi+A2 X2; Xi=Bo+B1 X1+B2 X2; X1 X2=Co+ 
+ C1 X1 + c2 X2; nepBoe H3 STHX paBeHCTB, BC.11.e.i,;CTBHe Toro, 'ITO 

A B1 - - -
X 2 = - 2-, .11;aeT X 13 -A1 X 12 -A0 X 1 -A2 B1 A2 = O; cpaBHH-

X1 
Bax aTo ypaBeenHe c (4), Mhl no.11.yqaeM Ao= -A2 B 2; A 1 = A,; 
A 2 = A 2, H aaa.11.orH'IHO Bo= - A1 B1; B1 = 81; .82 = B2 H 

C0 = A2 B 1; C 1 = O; C2 = 0, H MhI BH.D;HM no (1) H (2), 'ITO 
[1, X1, X 2] nopx.11;0K H 'ITO HH.D;eKcq>opMa (eopMa.11.bHOro) 6aaHca 
1, Xi, X2 aToro nopH.D;Ka ecTh KaK paa {A2, - A1, 82, - B1),'I, H T • .11;. 



:Vfa BTOH TeopeMbl CAe,11,yeT, qTO q,opMa 0,11,H03Ha•rno COOTBeT­

,CTByeT napaAAeAH 6a.sHCOB nop}l,11,Ka, H o6paTHO, TeopeMa: "/(u­
·CKpuMuHaHm UHl(eKc</)opMbl paeeH l(UCKpUMuHaHmy coomeemcm­
BeHHOW nopRAKll". .l(eHCTBHTeAbHO, eCAH 6a3HC HOpMaAbHblH, 

D1 =A12 B/+18 A1 A2B1B2-4 A 2 B23 -4 A13 Bi- 27 A22 B12. 
JlHCKpHMHHaHT 2Ke 6a3HCa paseH KBa,11,paTy onpe,11,eAHTeA}l 

11 x x12= I 1 x X1-A1X1+A22B2l2=-~ 11 X1 x1212. 
' 1, 2 ' I, A2 I A22 

HO 11 X1 X1 2 12 eCTb ,11,HCKpHMHHaHT qHCJ\a X1, HAH, qTo BCe paBHO, 

ypaBHeHJUI (4), BbJqHCAHB ero H pa:a,11,eAHB Ha A22, Mbl noAyqaeM 

D1 =D0 •• •••••• q, HT. ,11,. 

TeopeMa: JiKBUBaAeHmHblM eAUHU'l.HblM 6a.sucaM coomeem­
,cmey10ni BKBUBaAeHmHble UHlfeKc</)opMbl, u o6pamHo, npu 'l.eM 
f [1 Y1 Y2] = / [1 Xi X2] ( ai hi \ ". ,4oKa3aTeAbCTBO. flycTb 

, aa h2 ) 

:aa,11,aH nop}IAOK, npH qeM 1 X1 X 2 ero HopMaAbHbIH 6a:aHc, TaK qTo 

X12 = _.:_A2B2 + A1X1 +A2Xt; X22 = -Ai B1+Bi Xi-f--B2 X2; 

Xi X2 =A2 B1 ••••••••••••••••••• (6) 

flycTb 1; Y1 = a0 + a1 X1 + a2 X2 ; Y2 = h0 + h1 Xi + h2 X2 

,11,pyroe 6aaHc Toro 2Ke nop}l,11,Ka, T. e. ( t ~: ) = + 1. BsH,11,y Toro, 

'ITO HHAeKcq>opMbl, COOTBeTCTBYIOigHe napaAJ\eJ\bHhlM 6a3HCaM, 

-0,11,HHaKOBbJ, MbI MomeM npe.z,;noAara·rh a 0 = h0 = 0. Tor,11,a 

X1 = b2 Y1-a2Y2; X2 = a1 Y1-b1 Y2 (7). floAh3Y}ICh (6), MhJ no­

AY'IHM Y1 2=-ai2 A2 B 2 -a22 A1 Bi +2 ai a2 A2 B1+ 
+ {a1 2 A1 + a22 B1) X1 + {a12 A 2 + a22 B2) X2 • EcAH MhI no.z,;cTaBHM 

cio,11,a X 1 H X2 H3 (7), TO MbI BbI'IHCAHM yMHomaioigHe Koaq,qrngHeHTbJ 

6a:aHca 1, Y1 Y2 , a no HHM H no (3) H Koaq>q>HgHeHThI HH,11,eKc­

q,opMhI / [1, Y1, Y2]. EcAH MhJ, c .z,;pyroe cTopoHhl, npocTo npeo6pa-

/ ( a1 a2 \ 
2yeM q,opMy [1 Xi X2] no,11,cTaHOBKOH bi b2 ) , TO MbI no-

.AY'IHM, 'ITO / [1 X1 X2] (ai a2 ) =/ [1 Y1 Y2], 'ITO H T. A· 

b1 b2 

TaKHM o6pa30M ycTaHOBJ\eHO B3aHMH00,ll;H03Ha'IHOe COOTBeT­

CTBHe Mem.zty KJ\accaMH Ky6HtieCKHX ABOHHH'IHbIX q,opM, HerrpH­

B0,11,HMblX H C geAblMH pagHoHaJ\bHblMH KOBlfllflHgHeHTaMH, H Ky6H­

'leCKHMH nopR,11,KaMH. 

5. I'eoMempu'l.eCKOJC uHmepnpemay,uH Ky6u'l.ecKux nopRAKOB. 
PaccMOTpHM Ky6HtieCKHe ypaBHeHmI BH,11,a z 3 = uz2 + pz + q C OTpH­

gaTeJ\hHbIM AHCKpHMHHaHTOM 

D = n2p 2 -- 18npq + 4p3 - 4n3q - 27 q2; 

47 



Taiwe ypaeeeHHe HMeeT O,ltHH .i,;eikTBHTe.11.bHblH KOpeHb P, H p;ea 

KOMn.11.eKCHhIX con pH.lKeHHhIX 

npH qeM 

p' =E+ ir,; 

n-p 
E=-2-; 

p"=E-ir,, 

V--=75 
Tj = 2F'(p) , 

F(z)=z3 -uz2-pz-q. 

Eyp;eM conocTaB.11.HTh BCHKOMY TaKOMY ypaeeee010, H.11.H qHc.11.y p 

ToqKy C npHMoyro.11.bHhIMH KOOp,ltHHaTaMH X = E; y = r,; z = p 
(TaKHM o6pa30M O,ltHOMY ypaBHeHHIO 6yp;yT COOTBeTCTBOBaTb p;ee 

ToqKH CHMMeTpHqeble OTHOCHTe.11.bHO Il.11.0CKOCTH XZ, TaK KaK "I} 

onpep;e.11.eeo AHmh c ToqHOCThlO p;o 3HaKa). Mom.no TaKme cKa-
"7 

3aTb, qTO q0c.11.y p COOTBeTCTByeT BeKTOp Op, Torp;a cyMMe (pag­

HOCTH) qHCeA COOTBeTCTByeT cyMMa (pa3HOCTh) COOTBeTCTBeHHhIX 

BeKTOpOB. 40c.11.y O COOTBeTCTByeT eaqa.11.0; pagHOHa.11.bHbie qHc.11.a, 

KaK HMeIOIYHe CBOHMH conpH2KeHHhlMH caMHX ce6H, T. e. r, = 0, 
.11.e2KaT ea 6F1cceKTpHcce n.11.ocKoro yr.11.a XoZ, KoTopyro noaToMy 

Ha3b1BaeM ,,paJ!HOHa.11.bHOH" npHMOH; ye.11.ble payHoHa.11.bHbie qHc.11.a 

.11.e.maT ea BTOH npHMOH no op;ey H p;pyryro cTopoey OT eaqa.11.a 

e paccTOHHHHX i/T p;pyr OT p;pyra. HeTpyp;eo eHp;eTh, qTo 

nopHAKY COOTBeTcTeyeT npH TaKOM T0.11.KOBaHHH qHce.11. napa.11..11.e.11.o­

mmep;a.l\hHaH CHCTeMa, nocTpoeHHaH ea eeKTOpax 01, OX1, OX2 ; 

AerKo BHJteTb, qTo o6'beM oceoeeoro napa.11..11.e.11.onHnep;a BTOH cH-
1 .. ;--

CTeMbl paeee Vo= 2 V I DfJ I . 
PaccMOTpHM coeoKyneocTh W ecex ge.11.bIX q0ceA ecex Ky6H­

qeCKHX 06.11.acTeH C OTpHgaTe.11.bHbIM ,ll;HCKpHMHHaHTOM. Bee TOqKH 

CHCTeMbl w .11.e.maT B KOHeqHbIX pacCTOHHHHX Apyr OT p;pyra, 

TaK KaK 

n=z-j-2x } 
-p=x2-j-y2 +2xz .............. (1) 

q=(x2-j-y2)z 

H TOqKH W npeJJ;CTaB.11.HIOT TOqKH nepeceqeHHH 9THX Tpex CHCTeM 

noeepxeocTeii (n.11.ocKOCTH, rHnep60.11.0HAhI, 1J;Byxno.11.b1e npH p > 0, 
op;eono.l\bie npH p < 0 H noeepxHOCTH epaf!!eHHH 3-ro nop.11p;Ka) 

npH ge.11.bIX aeaqeeHHX n, p, p. 
CoeoKyneocTb W cocTOHT H3 ecex Ky6Hqec1rnx nopHp;KOB 

C OTpHJ!aTe.11.bHblM ,ltHCKpHMHHaHTOM H ef!!e H3 ToqeK, COOTBeTCTBYJO· 

f!!HX npHBOIJ;HMblM ypaBHeHHHM. 



oyJJ,eM HaBbIBaTb 'IHC.i\a, OT.i\H'lalOJ!!,HeC.R ge.i\bIMH 

HbIMH np06aBKaMH, ,,napaA.i\e.i\bHbIMH" 'IHC.i\aMH. 

B O [1X1X2] nAOCKyro ,,napaA.i\e.i\orpaMMaTH'lecKyro" 
~~ 

pagHoHa.i\.b• 

PaccMOTpnM 

eHCTeMy S, 

nocTpoeHHYIO Ha seKTopax OX1, OX2, MbI BHP.HM, 'ITO O coP,ep­

mHT, KpOMe CHCTeMbl S, TO.i\bKO 'IHCAa, eH napaAAeJl.bHbie. oyJJ,eM 

npoeKTHposaTb 'IHCAa O Ha n.i\OCKOCTb XY napaAJ1.eJ1.bHO pagHo­

Ha.i\bHOMY Hanpas.i\eHHro; Bce napaAAe.i\bHbie MemJJ.y co6oro 'IHC.i\a 

cnpoeKTHpyioTc.R Ha nAocKoCTb XY B OAHY TO'IKY, H BHa'IHT BCH 

napaA.i\e.i\.OilHileJJ,a.i\.bHaH CHCTeMa O cnpoeKTHpyeTCH Ha Il.i\.OCKOCTb 

XY B BHJJ.e HeKoTopoii nAOCKOH napaAAeAorpaMMaTH'leCKOH c0-

CTeMbI CJ (KoTopaH 6yJJ.eT npoc1<.g0eH Y). TaKHM o6paaoM, Kam.itoMy 

nopHAKY (a cAeAOBaTe.i\.bHO, H K.i\.accy <f>opM, cM. npeAbIAYJ!!,HH §) 
6yp;eT COOTBeTCTBOBaTb HeKOTOpaH napaA.i\.e.i\.OrpaMMaTH'leCKaH CH-

CTeMa O B Il.i\.OCKOCTH XY. 0.D;HOH me q,opMe eOOTBeTeTByeT 

HeKOTOpbIH onpep;e.i\.eHHbIH OCHOBHOH p;ByxcTopoHHHK BTOH eH­

cTeMbI . 

.l{AH eocTaBAeHHH Ta6AHY,bl Beex nopHP,KOB (a CAeJJ,OBaTe.i\.bHO, 

H K.i\.aCCOB <f>OpM, CM. npeP,. §) Ha,ll;O pacCMOTpeTb npoeKY,HIO Beex 

'IHCe.i\. W; eC.i\H cnpoeKTnpoBaTb TaKHM enoco6oM Bcro W, TO 

noAy'IHTeH B Il.i\.OCKOCTH X,Y HeKOTopa.R HenapaAJl.e.i\orpaMMaTH'le­

eKa~ eHCTeMa TO'leK W, KOTOpaH O,ll;HaKo 6yp;eT eop;epmaTb Bee 

napaAJ1.eJ1.orpaMMaTH'1eeKHe CHCTeMbI o. 
6. Cemu W0, W1, W2• ,ll;AH yp;o6eTBa BbI'IHC.i\.eHHH MbI paao6beM 

W Ha 3 qaeTH, a HMemio, ee.i\.H w tJHe.i\.o HB W, TO Bcerp;a Mom.Ho 

IlOJJ,o6paTb TaKoe c, 'IT06b1 KOB<f><l)HglrnHT n Toro ypaBHeHHH 

z 3 = nz2 + pz + q, KOTopoMy YAOB.i\.eTBOpHeT w + c, 6b1.11. paBeH 0, 
H.11.H 1, H.i\.H 2. ApyrnMH cJ1.0BaMH, Bee tJHe.i\.a W .D;e.i\HTeH Ha 3 poP,a 

W0 , W,, W2 HMeroigue eooTBeTeTBeHHO napaA.i\.eAbHbie ee6e 'IHeAa 

Ha Il.i\.OeKOeT.RX n = 0, 1, 2. HaBOBeM eOOTBeTCTBeHHO Vo, Vt, v2 
'IHC.i\.a W, AemaI!!,He B II.i\.OCKOCTHX n = 0, 1, 2. f 0rrep60AOH.D;b1 p H 

llOBepXHOCTH q nepeeeKaroTeH C Kam,ll;OH H3 11.i\.OCKOCTeH n = 0, 1, 2 
no ceTKe, COCTaBAeHHOH rHrrep6o.i\.aMH H KpHBbIMH 3-ro rropH,ll;Ka, 

TO'IKH nepece'leHHH KOTOpbIX H p;aroT COOTBeTCTBeHHbie CHCTeMbl 

V0, Vi, V2 • OpoeK:gHH BTHX Tpex ceTOK Ha n.i\.OCKOeTb XY ~apaA­

.11.e.i\.bHO pag00Ha.i\.bHOMY HanpaBAeHHIOo6oaHatJHM qepea W0 ,W1,W2 • 

Haiip;eM 9TH ceTKH W;. ,ll;AH eToro 6yp;eM o6oaHa'laTb qepe3 

v 0 w KOOPAHHaTbI-X 0 y TO'IKH B IlJI.OCKOCTH XY. 3aMeTHM, 

'ITO, ee.i\.H cnpoeKTHpOBaTb TO'IKH (x, y, z) Ha 11.i\.OeKOCTb XY rra­

paAJl.e.i\.bHO pagHOHa.11.bHOMY HanpaBJ1.eHHIO, TO KOOp,ll;HHaTbl V H w 
rrpoeK:gHH 6y.11,yT v = x - z; w = y. HeK.i\.lO'IHB HB BTHX ABYX 

ypaBHeHHH H ypaBHeHHH (1) rrpeAbIJJ.YJ!!,ero § 6yKBbI x. y, z, MbI 

rroAy'IHM ypaBHeHHH 

4 2B.ypHaA. 

v 2 - 3w2 =3p+ n 2 \ 

(v2 +2uv+n2 +9w2) (n-2v)=27q J 
..... (1) 

.• (2), 
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ROTOpbie H npe,11;cTaB.IUII0T COOTBeTCTBeHHO npH n = 0, 1, 2 ceTKH 

W0 , W1, W2 eC.I\H p H q ,11;aeaTb BCHKHe geAbie 3Hati:eHHH. 

7. OipaHuiteHue p u q 6.Aumauwux quce.1t AMl n = 0, 1, 2. 
feoMeTpHti:ecKaH TeopeMa: nEC.itU ll.il.O™llAb OCHOBHOlO mpeglO.ilb· 
.HuKa napa.1t.1te.il.ilozpaMMamuqecKou cncmeMbl ecmb So, moz.qa 
HauMeHbULee paccmoHHue Meac.qy ABYMH moqKaMu cucmeMbl He 

-. / 2So-
npesbzwaem V v=j--= ". J};eHCTBHTe.l\bHO, OCHOBHOH TpeyrO.l\b-

HHK napaA.l\e.11.orpaMMaTH'leCKOH CHCTeMbl ecer,11;a MmKeT 6b!Tb 

BbI6paH OCTpoyro.l\bHbIM, KpaT<iaii:maH .lKe H3 CTOpOH OCTpoyro.l\b­

HOro TpeyroAbHHKa, npH ,11;aHH00 ero nA01£aAH S0, 6y ,11;eT caMOH 

,,11;.I\HHHOH, eC.I\H OH paBHOCTOpOHHHH, q. H T. ,11;. 

3a,11;a,11;HM HeKoTopoe 'IHCAO L. CTpe,11;b1,11;yigee aaMeti:aHHe noaeo­

.11.HeT, B 3aBHCHMOCTH OT L, HaHTH TaKoe 'IHC.1\0 r, 'ITO eC.I\H onH­

~aTb BOKpyr Hati:a.l\a Koop,11;HHaT OKPY.lKHOCTb pa,11;Hyca r, TO BHYTPb 

aToii OKPY.lKHOCTH nona,11;eT no KpaiiHeii Mepe xo'l'b o,11;Ha TOti:Ka 

Ka.1K,11;oii CHCTeMbI 0, AHCKpHMHHaHT KOTopoii: D0 He npeeb1maeT L. 
AeiicTBHTeAbHO, oti:eBHAHO, ti:To o6'beM TeTpae,11;pa, HMeioigero eep-

1 . 
IIJHHbI 0, 1, Xi, X 2 paeeH 6 , o6'beMa napaAAeAon0ne,11;a CH-

·CTeMbI O [l, Xi, X2], HAH, no aaMeti:aHHIO, c,11;eAaHHOMY e § 5, 

paeeH -!- . -;- {1Do [, HO, eC.I\H Mbl nepeHeceM eepmHHbl xl X2 

aToro TeTpae,11;pa napaAAeAbHO ero pe6py 01 Ha DAOCKOCTb X Y, 
TO Mbl IlO.I\Y'IHM paBHOBe.l\HKHH eMy TeTpae,11;p, B OCHOBaHHH KOTO­

poro KaK pas OCHOBHOH TpeyrO.l\bHHK CHCTeMbl 0, H BbICOTa 

KOToporo (ero eepmHHa eCTb TOti:Ka 1) paeHa 1, TaKHM o6paaoM 

1 1 1 -i /- 1 -i ;-··-

Mbl HMeeM 3-S0 = 6 2 V [ Do [ H.I\H So= 4 V I Do[, 

OTKy ,11;a Mbl IlO.I\ yti:aeM 

r~<{-~- .......... (1) 

PaccMoTpHM Tenepb, e I<aKHX rpaHHgax ,ll;O.l\.lKHbI Haxo-

AHTbCH p H q TO'leK CHCTeM Wo, W1, ·w2 ,11;.I\H Toro, 'IT06bI OHH 

J\e.1Ka.1rn BHYTPH Kpyra pa,11;Hyca r. I1a npeAbIAYI£eH q>opMyAbI (1) 
H (1) § 6, paccMaTpHBM KpaiiHHe rmiep60Ab1, KOTOpbie nepece­

RaIOT OKPY.lKHOCTb r, Mbl DOAY'laeM COOTBeTCTBeHHO npH n = 0, 1, 2 
C.l\e,ll;yI01£He orpaHH'leHHH ,11;.I\H KOaq>q>HgHeHTa p 
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_-./L <p<-~_-.f-[. 
V 3==3V 3' 

-(1./ [ +- __!__) < P < __!__ -. / L _ __!__ r 3,3-=3V 3 3 

. . . (2) 

Tenepb HaAo exge orpaHH'IHTb q, TO ecTb HaHTH, KaKaH KpaH-

1rnH KpHBa.H q nepeceKaeT KamP,yw rHnep6oAy p e1,ge BHYTPH 

Kpyra r. AA.ff :noro 3aMeTHM, 'ITO , 2 = v2 + w 2 = (e ~ p)2 +"'l2, 

·OTKyP.a r 2 = 3p2 - 2np - p =- F(p) TO ecTb r 2 paBHO P.Hq>q>epeHTe p. 
·AHq,q>epeHTa F'(p) ecTb KopeHb ypaBHeHH.H z 3 - z 2 (n2 + 3 p) + 
+(4pa-27 q 2+n2 p2-18 npq-4 n3q) = O; ecAHnpH AaHHbIX n Hp 
yseAH'IHBaTb q, TO npH HeKOTOpOM q = q', Z CTaHeT paBHblM r2, 

TO ecTb 6yP,eT r 6 -r4 (n2 +3p)+Dp =0, npH MeHbWHX me q, r 

·6yP,eT yme BeAHKO H P,aCT 3Ha'leHHe 6oAbWee HYAH (TaK KaK 

.P,J\H r= 0 noAy'laeM DP, T. e. MeHbwe HYAH), TaKHM o6pa30M 

B Ka2KP,OM H.3 CAy'laeB n = 0, 1, 2 HaP,o AMI Ka2KP,oro p YP.OBAe­

'TBOpHTb COOTBeTCTBeHHOMY HepaBeHCTBY (2) H 6paTb q, npH KOTO­

poM r6-r4(n2 +3p)+Dp MeHbWe HYMI. 

8. HaxoJ1ClfeHue emopow 'I.UC.Ila 6a.suca. PaccMOTpHM KaKOH­

HH6yP.b nopHAOK 0, P,HCl~pHMHHaHT KOTOporo no a6COAI0Tff0H 

BeAH'IHHe MeHbIIIe L. BHyTpH HaHP,eHHbIX B npeP,bIP.YigHX §-ax 

npeP,eAOB AA.ff p H q 6yP,eT HaXOP,HTbCH OJI.HO HAH HeCKOJ\bKO 

ypaBHeHHH z 3 =ni2 +pz+q (rP.e n=O, 1, 2), KOpHH KOTOpbIX 

cyTb 'IHCAa 0. AA.ff Toro, 'IT06b1 y_paBHeHHe 6b1Ao TaKHM, OHO 

AO.l\2KHO 6bITb, Bo-nepBbIX, HenpHBOAHMblM. 3aTeM ero P,HCKpHMH­

HaHT Dr = n 2 p 2 - 18 npq + 4p3 - 4n3q - 27 q 2 AOAmeu OT AH­

'laTbCH OT Do AHWb Ha KBaP,paTHblH MHO~mTe.l\b. HaHp,eM Bee 

Ta1me ypaBHeHHH, nycTb KOpHH HX <p. CpeA~ aTHX 'IHCeA <p 6yP.eT 

MemP,y npO'IHM H 6AH2KaHIIIee K O 'IHCAO 0, o6o3Ha'IHM ero 90, 
ero MO.mHo Bb16paTb 3a X 1 6a3Hca nopHP,Ka O; HO MbI He 3HaeM, 

KaKoe H.3 aTHX 'IMCeA <p eCTb 9o, P,a, KpOMe TOro, KpOMe 9o MoryT 

·6b1Tb cpep,H 'IHCe.l\ 9 H .llpyrue 'IHC.l\a, KOTOpbie MoryT 6bITb 

Bb16paHbI .aa X1• CToaToMy MbI nocTynHM TaK: 6yiteM AA.ff KamP,oro 

H.3 aTHX 'IMCeA 9 noP,6epaTb BTopoe 'IHCAo 6a3HCa X2• CTycTb 

a'!J2 +b'!J-+c 
'IMCAO y eCTb aTo X2, y BHAa ' A ' , rP,e a, b, c 'IMC.l\a 

:geAbie, a t:,. HHP,eKC 'IHCAa <p OTHOCHTeAbHO 0, T. e. 
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npH qeM a g.z,,ecb ua.i,;o no.11.omHTb paBHbIM 1, TaK KaK Do =D[l, r.p, •}J = 

I a92 + b9 + c 12 a2 . cp2 + b9 + c = 1 C!1 ------------ = -11 (!) (!)2 12 I1TaKtU= · , 
' '' A 6.2 ' '' ' • T • A 

r.z,,e 1-neKoTopbIH KBa.z,,paTHbIH .z,,e.11.HTe.11.b D~. OcTaeTcJI T0.11.bKO· 

uaHTH, KaKHe b H c Momuo 6paTb .z,,.11.n no.11.y'qeum1 9 . .l{.11.n aToro­

c.z,,e.11.aeM c.11.e.z,,yroigee 3aMeqanHe: ,,Ec.11.H Koa<1>qmgHeHTbI B0, B1, B2, 

Co, C1, C2 B pasencTBax ~ 2 = Bo+B1 9+B2 •}; 99 = Co+C19+C2•J, 
geAble pagHoHaJ\bHbie, TO, KaKOe 6b1 TO HH 6bI./\O 9, 'IHCJ\O 9 
geAoe aAre6paH'leCKoe". .l{eHCTBHTeJ\bHO, HCKJ\IO'laJI H3 9THX. 

paBeHCTB 9, Mbl IlOJ\yqaeM n!.!,eAoe" ypaBHeHHe 

C!l 2+bt!1+c 
Ec.11.H qi Kopenh ypasneHHJI z 3 = nz2 + pz + q H y = -' - 1-· -,. 

To, .Z,,MI Toro, 'IT06b1 Co, C1, C2 6b1./\H ge.11.b1e, ueo6xo.z,,HMO H .z,,ocTa­

TO'IHO, 'IT06bI 

c~b2+nb-p (mod. A) . (1) 

b3+2nb2+(n2 -p) b-(np+q)=O (mod. A) . (2) 

P.J\H Toro me, 'IT06b1 B0, B1, B2 6b1J\H ge.11.bie, neo6xo.i,;HMO H .i,;ocTa­

Toqno, 'IT06b1 

2b4 +5b3n+ b2 (4n2 -2p)+b (n3-3 np- 2q)­

-(n2p+ nq)=O (mod. A2) _ •..... (5) 

0TH cpaBHeHHH He He3aBHCHMbl, TaK KaK (5) = (4) (2b + n), TO eCTb 

c.11.e.Z,,CTBHe (4); TaKHM o6pa30M He3aBHCHMbl TO./\bKO (3) H (4); 
cpasueum1 (3) H (4) M02KHO uanHcaTb H TaK: F' {.b) = 0 (mod. A) (3'); 
F(b)=O (mod. A2) (4'), r.z,,e b=b+n. TaKHM o6pa:aoM, na.z,,o 

HaHTH TaKOH KOpeHb }j cpaBHeHHH (3'), KOTOpbIH eige y.z,,oBJ\eTBO­

pseT cpaBHeHHIO (4'), npH qeM M02KHO 6paTb O <b < A, H 

Tor.z,,a b-b- n. Haii.z,,s TaKoe b H 3aTeM c H3 (1), MbI no.11.y'IHM •}, 

KOTopoe M02KHO B3HTh ga X 2, H Tor.z,,a, ec.11.H 9 = X1, TO [1, X1 X2,l 
Mo.z,,y.11.h, .z,,HcKpHMHHaHT KOToporo ecTh Do. OTOT MOAYAb aops.z,,oK 



9. Ta6.A.U/ffe AeucmBUU. CToeJ\eAOBaTeJ\bHOeTb AeHeTBHH ,ll,MI 

BblqHeJ\eHHJI Ta6J\HQ;bI nopH,ll,KOB, paenOJ\02KeHHbIX no ,ll,HeKpHMH­

HaHTaM, CJ\e,ll,ylO'!!aH: 1) orpaHHqeHHe p B aaBHeHMOeTH OT Bbl6opa 

L (L y.D.o6Ho 6paTh BHP.a 3 14 , qT06br r BbIIIlJ\O Q;e.l\oe paQ;HOHaJ\b­

Hoe) no (2) § 7; 2) orpaHHqeHHe q P,J\H Ka2KP,oro Ha aTHX p no 

{3) § 7. 0TH ,ll,Ba BbiqHeJ\eHHJI Ha,ll,O npOH3BeeTH ,ll,J\H n = 0, 1, 2. 
TaKHM o6pa30M noJ\yqaeM 3 Ta6J\HqKH ypaBHeHHH, J\em.al!!HX B 

Kpyre r. 0TH Ta6J\HqKH M02KHO H npHMO noJ\yqHTb, TIJ!aTeJ\bHO 

nb1qepTHB eeTKH Wo. W1. W2; 3) HeKJ\IOqaeM nee npHBOP.HMhie 

ypanHeHHJlj 4) nhJqHeJ\HeM nee ,ll,HeKpHMHHaHTbl D(!) oeTaBIIlHXeH 

ypanHeHHH. OTO P,eHeTBHe OTHHMaeT HaH6oAee npe'MeHH. 5) Pa­

eKJ\aP,binaeM Ha MH02KHTeJ\H nee 8TH P,HeKpHMHHaHTbl H oTqepKH­

naeM nee Te, KO:OPbie, aa BbIP,eJ\eHHeM HaH60J\blllero KBaP,paTa, 

.Bee m.e no a6eo.l\lOTHOH neJ\HqHHe 60.1\bllle L. 6) HaxoAHM, noAb­

ayHeb (3') H (4') § 8, nee q. eooTneTCTBYIOIJ!He neeM KnaApaTHbIM 

.P,eJ\HTeJ\HM 11 oeTaBIIlHXeH D, H oT6paeb1BaeM Te, ,ll,J\H KOTOpbIX 

(Do) = \ ~2 \ nee me 60.1\hllle L. TaKHM o6pa.aoM, MbI noJ\yqaeM 

nee nop.R,ll,KH 0, P,HeKpHMHHaHTbl KOTOpbIX MeHbllle L, HO HeKo­

'TOpbie H3 HHX MoryT ncTpeTHTbe.R no HeeKOJ\bKO pa.a, noaTOMY 

HaP,o eIJ!e npoP,eJ\aTh P,eHcTnHe 7)- Haxom.a;eeHe aanHeHMoeTeif, 

KOTOpble MoryT eyIJ!eeTnOBaTb Mem.D.y TeMH 0, y KOTOpblX O,ll,HHa­

KOnbII;': D. no npanHJ\Y §§ 1 H 2. 

AJ\H eoKpa'!!eHH.R nb1qHeJ\eHHH AYqllle BblqHCJ\HTh no aoHaM, 

T. e. eHaqaJ\a AO L = 3 · 2'. noToM P,o L = 3 · 34 H T. P,., npH qeM 

n Ka2K.P,OH eAe,lJ,. 30He ym.e M02KHO He paeeMaTpHBaTb nopH,ll,KOn 

·C ,ll,HeKpHMHHaHTaMH, npHHa.D;J\e.lKalJ!HMH npeP,hIAYIJ!HM 30HaM. 

KorP,a y.2Ke nblqHeAeHa BTHM enoeo6oM Ta6AHQ;a nop.RAKOn, 

TaK qTo P,A.R Ka.2KP,oro (DI < L P,aHbI nee pa.aJ\HqHbie nop.11.D.KH, 

HMeIOi!!He aHaKH D, T. e. P,aHbI Koa<J><J>HQ;HeHThI n, p, q ypanHe­

HH.R z3 = n z2 + p z + q, KOTopoMy YP.OnJ\eTnOp.ReT (f, H qffe.l\a 11, b, C 

CD2_+- b CD + C 
n nbrpameHHH ~ = ' il' , rP,e 1; X1 = 9; X2 = •} 6a,me 

nop.RP,Ka, TO M02KHO 3aTeM, ee.l\H yroP,HO, nepenHeaTb BTY Ta6J\HQ;Y 

n BHP,e Ta6AHQ;hl npeP,eTanHTeJ\bHHQ; neex KJ\aeeon e ID! < L Ky6H­

qeeKHX P,nOHHHqHbIX <J>opM. ,l(eiieTnHTeJ\bHO, COOTneTCTnyIOIJ!a.R 

aToMy 6aaHcy HHP,eKc<J>opMa ( A, B, C, E) HMeeT KOB<p<J>HgHeHTbI 

A= - c; B= -i,- F" (b); C= {-;s: F' (b); E= fl\ F (b), rp;e 

F (z)=z3-nz2 -pz-q. 
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Ta6.A.uy,a ,cy6ui1.ec1mx nopRlfKOB c !DI< 628. 
-D 

n = 1;p=o; 
23 q = I 212 

31 o- I I 216 

-1- I I 

I- 4 2 

0- 3 2 

-4- 5 I 

0 7--8 484 2-5 6 

0-4 2 491 -4-6 I 

492 44 

59 o- 2 I 

231 

236 2 I 2 

3671 

368 2 (1, 1, 2, 1) 496 2 (1, o, 1, r) 

76 I- 3 I 

83 -2- 2 I 

--1 - 2 I 

o I 2 

107 2- 4 I 

2 39 

243 

244 

247 

255 

0 0 2 268 

0 I 3 

0 0 3 

5- 4 2 

379 

4II 

1-1 4 499 0-4 3 

1-5 2 503 (2, 5, 5, 4) 
auss, 

1-5 
I 1515 

4 . 516 (3, 3, 4, 2} 2-1 

3 I 2 519 

8 7 2 524 108 

II6 I o 2 279 

-3- 4 I 

5- 8 I 

7-13 I 

2- 5 I 3-2 4 527 

1-3 5 

0-5 I 

I-- 2 5 135 

139 

140 

0- 3 I 

3- 5 I 

I 2 2 

2 0 2 

175 -2- 3 I 

176 --I- 3 I 

199 I- 4 I 

200 

204 

2II 

2- 3 4 

I- I 3 

6-IO I 

283 o- 4 I 431 (2, 1, 3, 2) 543' 
auss, 

300 4- 2 2 432 0 0 4 547 

3'.'4 -5- 7 I 436 3-4 6 556 

2- 4 5 439 2 I 3 

0 34 440 

451 

2 0 4-

2 - 6 I 

3 0 3 

331 -2- 4 I 4591 

332 I- 2 4 4601 

3 3 2 

1-5 3 

3-5 7 

575 -2-5 I 

588 -1-5 I 

335 

339 

351! 

-1- 4 I 

2 0 3 

3- 6 I 3 2 2 

608 

620 

5-9 r 

I-I 5 

4 0 2 

B arnii Ta6AHge p;aHbI AMI Ka.?Kp;oro-628 < D < 0 Bee no­

P HA1m; no P,Ba nopHp;Ka HMeeTCH TOAbKO npH D = - 416, - 464 
M - 608. noqTH J];AH Bcex D Ta6AHQ,bl HMeeTCH CTeneHHbIH 6a3HC 

[1, p, p2J, H Il03TOMY p;aHbl KOag>g>HgHeHTbl n, p, q ypaBHeHIUI 

p3 = n p2 +pp+ q, 1wrnp0My y p;oBAeTBOpHeT p. T OAbKO B 5-Ta 
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cAyqaxx cTeneHHoro 6a3Hca HeT. B p;syx cAy11axx, D = 368 H-496, 
IlOTOMY, qTO KOalJ>IJ>HgHeHTbl HH,'l;eKCIJ>OpMbl HMeIOT o6igero p;e­
AHTeAH. B p;syx cAyqaxx, D = - 431 H - 503 HMeeTCH TaK Ha3. 
"ausserwesentlicher gemeinsamer Discriminatentheiler". ct>opMa me 
(3, 3, 4, 2), KaK HaM yp;aAOCb IlOKa3aTb npH IlOMOigH fiaweii: 
TeOpHH npe,'l;CTaBAeHHH qHceA, qHcJ\a 1 He npep;cTaBJ\HeT, XOTS H 
He npHHa,IJ;AemHT K .ztBYM npe,1tbI.ztY1!!HM THDaM. ~ho TaKHM o6pa30M 
qiopMa c HaHMeHbWHM .ztHCKpHMHHaHTOM, He npe.ztCTaBAHIOigan 1 no 
HeTpHBHaJ\bHOH npH'IHHe. 

Liisung des Aequivalenzproblems und Tabularisierung der 
biniren cubischen F ormen von negativen Discriminante. 

B. Delaunag. 

In § 1 wird eine neue Losung des Aequivalenzproblems fiir 
binare cubische F ormen gegeben, welche die Reduction nicht beno­
tigt, sondern auf der Losung des Problems, welches inwers der 
T chirnhausentransformation ist, fusst. § 2 enthalt die Losung dieses 
letzten Problems fur den Fall von zwei cubischen Gleichungen. 
In § 4 ist der Zusammenhang zwischen den binaren cubischen 
F ormen und den cubischen Ringen auseinandergesetzt. § 5, 6, 
7, 8, 9 enthalten eine Methode zur Berechnung einer Tabelle 
von binaren cubischen F ormen von negativen Discriminante, 
welche auf einfachen geometrischen Betrachtungen fusst. 
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K nonpocy o pacnpeAeAeaaa AP06B1t1X AOAei aaa"le&aii 
4>ymtgnu OAROro nepemeaaoro. 

H. M. BwwipaAOB, 

B HacTOHIJ!eii pa6oTe n pemalO BOIIpOCbl, CB.HSaUUble c pac­

npe,11;eAeuHeM .zi;po6HblX AOAeii sua•IeUHH <l>YUKJ:!HH / (x), y.zi;OBAe­

TBOp.HIOIJ!eH ueKOTOpblM ycAOBH.HM, BbIBOJJ;HMbie MUOIO aCHMIITO­

THqecKHe paBeUCTBa IIpOAHBalOT UOBblH CBeT Ha pacnpe.zi;eAeUHe 

.,11;po6UblX p;oAeH, npH qeM IIOAyqeuuble MUOIO oyeuKH OCTaToqubIX 

qAeUOB B suaqHTeAbUOii CTeneuH HMelOT OKouqaTeAbUblH xapaKTep. 

no.zi;o6UblM MeTO,ll;OM MOmuo DOAY'IHTb auaAOrHqHble pesyAb­

TaTbl H i3 BOnpoce O pacnpe.zi;eAeHHH .zi;po6HblX AOAeH suaqeUHH 

<l>YUKJ:!HH MHOrHX IIepeMeHHbIX. Ho 8TH pesyAbTaTbl .ff nocTapalOCb 

HSAOmHTb B .zi;pyroii CTaTbe. 

1''. nycTb A H A1 p;Ba DOAOmHTeAbHblX qHcAa, YAOBAeTBOp.HIO­

IJ!HX ycAOBHIO A+ A1 = 1. PaccMoTpHM nepHo.zi;HqecKylO q>yuKgHIO 

~ (x) C nepHOAOM 1, onpe,11;eA.11eMy10 paBeHCTBaMH: 

X 
1) qi (x) =-;; B npoMemyTKe (0, A}, 

1-x 
2) qi (x) = ~ B npoMemyTKe (A, 1). 

:::ha <l>YHKJ:!HH pasAaraeTCH B CAe,11;y10IJ!Hii TpHrOHOMeTpHqecKHH 

p11,11; Cflypbe 

co 

(1) 9 (x) = ; + .Li ( Am cos 27'mX -j- Bn, sin27'mx ). 

m=l 

KOl:Hp!f>HgHeHTbl KOToporo YAOBAeTBOpHIOT HepaBeUCTBaM 

(2) 



2° •. KpoMe yKasauuoro pasAomeum1 <pyHKY,HH 9 (x), Mbl 6yAeM 
nOAb30BaTbCH elJ!e CAeAyrolJ!eii AeMMOit. 

AeMMa. OycTb A, U, q, r 06osaaqa10T BeAH'IHHbl, y,11;0BAe­
TB0p.11101J!He CAeAylOIJ!HM ycAOBHHM 

U?_A>k, A>2. O< r-q<U, 

rAe k-nOCTOJIHHOe 'IHCAO > 1. OycTb .ztaAee / (x) <pyHKIJH.11, HMelOIJ!aH 
B npoMemyTKe q < x < r BTopy10 npousso,11;Hy10, y,11;osAeTB0p.11101J!y10 
YCAOBHJIM 

A-1 </" (x)<kA- 1 • 

Tor,11;a HMeeT MecTo HepaseHCTBO 

x<r .Li e2r.if (x) < 10 k £ *). 

x>q 

3°. Ope,11;n0Aara,i: Bb1IlOAHeHHb1MH ycAOBHH yKasaHHOH AeMMbl, 
JJ,onycTHM 'ITO m-HeKOTopoe 'IHCAO > 1. Tor,n;a BTOpaH npoH.s­
BOJlHa.11 <pyHKY,HH m/ (x) B npoMemyTKe q < x < r 6y,11;eT YAOBAe­
TBOpHTb YCAOBHJIM 

. mA-1 < mf" (x) < kmA-1 , 

a noToMy HeTpy,11;Ho BHAeTb, 'ITO (npu A~ km H A:?: 2m) 

x~r 

(3) .Li e2rcimf (x) 

x>q 

< 10k y;; U vA 
(,na qiopMyAa, otJeBHAHO, sepHa· H npu A< km, HAH A < 2m). 

4°. Ope,11;n0Aara.11 BbIIlOAHeHHblMH ycAOBHH AeMMbJ 2°, 6y.zteM 
C'IHTa Tb r H q g,eAbJMH 'IHC.l\aMH H D0.l\02KHM r - q = n. 

PaccMoTpHM cyMMY 

*) ,lloKasaTeJ\bCTBO STOH J\eMMbl coitepJKHTCJI B Moeii AHccepTagHH "o 'IHCJ\e 
geJlblX TO'leK B 06J1aCTH ABYX H Tpex HBMepeHHii" (npeACTaeJI. B q>HB.-MaT. q>aK. 
Aarp. Y-Ta B Mae 1920), npeitcTaBJ\RIOIJ!eii co6010 pasBHTHe MeToita Moeii pa~ 
60Tbl .,0 cpe,11HeM BHa'leHHH 'IHCJ\a KJ\aCCOB 'llfCTO !{OpeHHblX q,opM OTpHgaTeJ\b­
Horo onpe1teAHTeJ1n" (Coo6[!!. XapbKOBCK. M. 0. 1917). 
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npHMeHJUI lf>OPMYAY (1), aTy cyMMY MO.lKHO npe.i,;cTaBHTb TaK: 

x<r 00 

S = ~ + .Li .Li ( Am cos 2i-m/ :(x) + Bm sin 2rcm/ (x) ), 

x>qm=l 

qTo B CHAY q>opMyJ\hl (3) H HepaBeHCTB (2) MO.lKHO npeACTaBHTb 

B q>opMe 

(4) 

3 

X 

/ 

~--------------fg 
}. 

lfopT. I. 

5°. A.1u1 6oAhweu HarAJIJJ;HOCTH Mbl ,11a.zi;HM Teneph HaiiAeHHhIM 

pe3yAhTaTaM reoMeTpHqecKoe HCTOJ\KOBaHHe. PacnoJ\o.lKHB Apo6H 

{/ (x)}; x=q+1, q+2, ... , r *) 

B DOpSl.zi;Ke HX B03pacTaHHJI, noAyqHM HeKOTOpbIH pSIA 

~o, ~1, ~2, · · ·, ~n-1· 

Ka.m.zi;oe npommeAeHHe Yi= n~. MhI H3o6pa3HM DJ\OI]!aJJ;hlO npHMO­

yroAhHHKa (qepT. 1), orpaHHqeHHOro npHMbJMH x = i-1, x = i, 
y=O, y=yi. Tor.zi;a cyMMa 

n-1 

.Li Y. 
i=U 

H306pa3HTCJI 3awTpHXOBaHHOii llJ\Ol;!!a.ztblO qepTema 1. 

*) CHMBO.I\OM j z j MbI 06osHat1aeM Apo6HyIO 'laCTb 'IHC.1\8 z, To-ecTb pasHOCTb 

z - [z]. 

58 



Ha aTOM 11epTeme OA =OB= n; OK cAymHT AHaroHaAblO 
1rna,1tpaTa, nocTpoeHHoro Ha OA H OB. 

060.aHa'IHM 6yKso10 C pa.aHOCTb MemAy .aawpHxosaHHoii nAo­
J,!!aAbIO H nAOJ,!!a.ztblO ~OSA. 

Ha 11epTeme C npeAcTaBHTC.R DAOJ,!!aAblO, orpaHH'leHHOH AoMa­
HOH OHRK H np.RMOlO OK, npH 11eM DAOJ,!!aAH, AemaJ.!!He BbIWe 
OK, C'IHTaeM noAomHTeAhHbIMH, a nAOJ,!!aAH, AemaJ,!!He HHme OK 
C'IHTaeM OTpHy;aTeAbHbIMH. DycTb Tenepb h-A106oe 'IHCAO, Ae­
maJ,!!ee Mem.zty O H n, H MN np.RMa.R c ypasHeHHeM y = h. TorAa 

h n-h 
DOAara.R ~ = - , 6yAeM HMeTb Ll1 = -- H corAaCHO (4), 

n n 
6yAeT 

n-1 

"'1 n u-v--;;( 1 + 1 ) 
(5) .Lf.?(~J=2+0(H);H= VA Yh -Vn-h 

i= 0 

Ho npH Yi :S: h 

(p) nB. y. 
'!) '. =-'-'--' ' ' h - h. 

a npH Y; > h 

n~n~i yi-h 
9 (~) = n --h- = i -- ---;;-_ h · 

DoAo6uo TOMY, KaK Bb1we MbI n.ao6pamaAH 'IHcAa y,, H3o6pa-

3HM Tenepb 'IHCAa hep (~) = zi. 
DoAy'IHM Apyry10 AOMauy10 AHHHlO ORA, q.iopMy KOTopoii 

AerKO ce6e Y.RCHHTb, 3aMe'la.R, 'ITO 

(g.-h) h 
zi=y1 npH yi<h; z.=h-~-h npH yi>h. 

Vfa <IJOPMYAbI (5) CAe.ztyeT, 'ITO 

n-1 

~ zi=h;+o(hHJ. 
i= u 

J\.esa.R 11acTb aToro paseHCTBa npeACTaBA.ReT co6010 He 'ITO 
HHOe, KaK nAOJ,!!a.ztb <IJHrypbt ORA, orpaHH'leHuofi csepxy AOManoii 
ORA H cu0.ay OCblO OX. C Apyroii cTopouhl, nAOJ,!!aAb Tpeyro.11.b-

nh 
HHKa OSA paBHa 2 . TaKHM o6pa.aoM, pa.auocTb T MemAy o6e-

Hl\llH nAOJ.!!aA.RMH (ORA H OSA) 6yAeT seAH'IHHoro nop.R.ztKa hH. 
060.aua11a.R 6yKso10 a 11acTh n.11.or,gaAH C, Aemaigy10 HHme np.RMOH 
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MN H 6yKeo10 p 'laCTb BTOH nAor.ga.z,;H, Aemaryy10 Bhlwe np.RMOH 

MN MbI MomeM yKa3aHHYIO pa3HOCTb T npe.z,;cTaBHTb TaKme 

h T=a-p --h. 
n-

TaKHM o6pa30M HMeeM 

h 
ex- p --h = 0 (hH), 

n-

OTKy.z,;a, .saMe'la.R, 'ITO o: + p = C, Haii.z,;eM 

(6) o:= c; +o( h. (n;h) H). 
6°. lfonycTHM "A" C> 0 .µ, ,,. n onpe.z,;eAeHHOCTH, 'ITO _ H IlOA02KHM 

2 1 

h=Ua n3 
I 

Aa 

C .z,;pyroii cTopoHbI, H.B qepTema 1 .RCHO, 'ITO 

•<+h•=O( ~l} 
TaKHM o6pa.soM OKameTc.R 

4 4 
ua n3 

C=O (L),L=--1-. 

Aa 
ToT me pe.syAbTaT MbI noAy'IHAH 6b1, npe.z,;noA02KHB, 'ITO C< 0 
7°. HeTpy.z,;Ho .z,;aAee noKa.saTb, 'ITO BC.fl AOMaHa.R ORK AemHT 

B noAoce Me2KAY ABYMR npHMbIMH, napaAAeAbHbIMH OK, pa.sHOCTb 

Ha'laAbHbIX op.z,;HHaT KOTOpbIX ecTb BeAH'IHHa nopH.z,;Ka Ln - 1• l-160 

nycTb TO'IKa M1 c opAHHaToii y 1 uau6oAee y.z,;aAeHHaH OT OK 
TO'IKa AOMaHOH ORK H nycTb PM1 = W. Tor.z,;a, B3.HB BMecTo 

<l>YHK!_!HH / (x) <l>YHK!_!HIO / (x) - Yin - l = /1 (x), Mbl ,ll;AH lf>YHK!_!HH 

/1 (x) BMeCTO 'IHCAa C ,11;0A2KHbl 6y.z,;eM B3HTb 'IHCAO cl = C- Wn, 
A TaK KaK <l>YHKQHH / 1 (x) YAOBAeTBOpHeT ycAOBH.RM 2n, TO 

C1 = 0 (L), T, e. 

C- Wn=O (L); Wn=O (L); W=O (:). 

'ITO H ,ll;OKa.BbJBaeT Hawe YTBepmAeHHe. 
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8°. CTycTh Tenepb n 1 ,uo6oe geAoe 'lHCAO < n. 
PaccMoTpHM cyMMY 

CTycTh n 1 Ha 'lepTeme 1 H3o6pa3HTCH OTpe3KOM OF. CToAO.lKHM 

h = n1, TorJJ,a no <PopMyAe (6) COOTBeTCTBeHHOe 3Ha'leHHe IZ npeJJ.· 

CTaBHTCH B <PopMe 

iz1 = C:1 + O (UV n1 (nA- n 1)) • 

C ,11;pyron: cTopoHbI, B BHJJ.Y JJ.OKa3aHHoro B 7° otJ:eBHJI.HO, 'ITO, 

n1 2 
npH6aBHB K seAHtJ:HHe 2 IlAOJ;!!aJJ.H TpeyroAbHHKa OFQ e'!!e 

'lHCAO IZ1, IlOAYtJ:HM 'lHCAO, KOTOpoe 6yJJ,eT OTAH'laTbCH OT g AHlllb 
4 2 2 

aa seAH'lHHY nopHJJ.Ka (Ln - 1)2 = U3 n 3 A- 3. TaKHM o6pa30M 

MO.<KeM HanHCaTb 

g = ni2 + Cn1 + O (u-. / n1 (n-n1) + u-t- ~{)· 
2 n V A A3-

HaHJJ,eHHbie pe3yAbTaTbI M0.1KHO <POPMYAHposaTb cAeJJ.yIOJ;!!HM 

o6pa3oM (3aMetJ:aH, 'ITO Yi= n~J 
TeopeMa. CTycTb A, U AI06bie 'lHCAa H q H r geAbie tJ:HCAa, 

yJJ.oBAeTBopHIOJ;!!He ycAOBHHM A> 2; U> A> k; 0 < r - q< U, rJJ,e 

k IlOCTOHHHOe 'lHCAO > 1. 
CTycTb JJ,aAee / (x) <PYHKJ!HH, HMeIOJ;!!aH B npoMe.<KyTKe q L x 6c: r 

BTopyro npoH3BOJJ.HyIO, YJJ.0BAeTBOpHI01!!,YIO ycAOBHHM 

A- 1 </" (x) :::::kA- 1 

TorJJ,a, pacnoAaraH JJ.p06H 

{/(x)}; x=q+1, q+2, ... , r 

B nopHJJ,Ke HX B03pacTaHHH: 

~o < ~1 :S::: ~2;;;: · · · < ~n-t, 

Mbl rrpH AI060M geAOM IlOAO.lKHTeAbHOM n1 ~ n 6y,11;eM HMeTb 

n-1 

~~;=-;~ + Rn1+o(V~ V ni(n; nr)+Vµ~1}} 
i=U 

rJJ,e R BeAHtJ:HHa nopHJJ.Ka 

2 1 
UT A-3 n--3 
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u u 
1lacTB1t1i c.11.y11ai. B qacTHOCTH, ecAH OTHoweHHH A ; 

n 
OCTalOTC.H KOHeqHblMH, 6y.a;eM HMeTb 

(7) n~ ~-= 2n
12 +Rn1 +O (VA); R= 0 (A-+). 

~ 1 n I 

i=O 

CTopa.a;oK VA ocTaToqHoro q.J\eHa aToro paneHCTBa noo6I,Q;e 

yme He M02KeT 6bITb llOHHB!.eH H TaKHM 96pa30M npe.a;cTaB.I\HeTCH 

OKOHqa Te.l\bHbIM. 

9°. Dpu.11.ozeaue. HHTepecHbIH npHMep, KOrJJ;a qffc.i\o R MomeT 

6hITb BbipameHO 60.i\ee onpe.a;eAeHHO, npeJJ;CTaB.i\HIOT co6010 <l>YHKgHH 

x 2 x 2 1 
a)/(x)=-; b)/(x)=-+-4 , p . p 

rJJ;e p 6yJJ;eM cqHTaTb (.a;AH npOCTOTbI) qHC.I\OM npOCTbIM > 3. 
x2 

aJ PaccMoTpHM cHaqaAa cpyHKgHIO / (x) = -. npH qeM B03b· 
p 

MeM q=O, r=p. TorJJ;a M02KHO noAOJKHTb A= ~, k=1. lfacAo 

R 6yJJ;eT, oqenHJJ;HO, paBHO 

p 

R=!S{~}-;, 
x=l 

qTo MOJKHO npeJJ;CTaBHTb B q>OpMe TpHrOHOMeTpHqecKoro p».a;a 

2 SP soo sin 2r.m x2 
R=-- P • 

p m 
x=l m=l 

BocDO.i\b30BaBWHCb H3BeCTHblM BblpameHHeM f ayccOBl>IX cyMM 

H o6o3Haqaa CHMBO.i\OM h (-p) qHC.1\0 K.l\aCCOB qHCTO KOpeHHblX 

1rna.a;paTHqHblX cpopM OTpHgaTe.l\bHOro onpe.a;eAHTe.l\H -p, 6yJJ;eM 

HMeTb: ecAH p cpopMbI 4 N + 1, TO R = 0, eC.I\H me p cpopMbI 

4N+3, TO 

R = - 'ICh (-p) 

P ( 1- -t- ( ~ ) ) 
ctlopMy.11.a (7) npHMeT BH.D; 

n1-l s~i = ;i + Rn1 + 0 (Vp)· 
i=U 



x 2 1 
b) Tenepb noAOatHM / {x)=-;;+ 4 ; q=O; r=p. 

Torp;a 0KaateTcS1: ecAH p qiopMbI 4 N + 1, TO 

R- -- _!:_l_i_J_~_I?_) __ - _!:__ 
- p 2p' 

a ecAH p q>opMbI 4 N + 3, TO 

R-- 2Tih (-p) (f) ( 1-(f)) 
- p(l--~-(!)) 2p' 

10°. CTycTb p npocToe ttHCAO >- 3 H c p;eAHTeAb ttHCAa p -1, 
npeBOCXOASlf!!HH 1. Torp;a HB TeopHH p;eAeHHSI Kpyra H3BeCTHO, 'ITO 

TioAOa!.HM 

I~ sin~ -;' 11 <c "Yp*). 
I x=l 

~ 
x=I 

C · ax 
CTycTb Tenepb / {x) = -- , rp;e a geAoe 'IHCAO, He p;e.i\S1-

p 
J!!eecg Ha p. CToAoatHM p;aAee q = 0, r = p. 

Torp;a 6yp;eM HMeTb 

co 

R=- :c] :n. 
m=l 

*) 8To HepaBeHCTBO J\erRo BbIBOAHTCH HS H3BeCTHOro paBeHCTBa 

I p-1 I 2r.:i 

I ""1 uindz z - c p I :ft p r I = V p; p = e ; r = e 

p-I 
cnpaaeAJ\HBoro npu u, He AeAHiyeMcH Ha -c - , ec.l\H npocyMMHpyeM Ha see 

U = o, I, 2, . • • , p -- I. 



HaM npHAeTCH OijeHHTb oco6o, TaK KaK paccMaTpHBaeMblH CAy'laii 
ee IlOAXOAHT K ycAOBHHM TeopeMbl 8°. 

BMecTo cpopMYAbI (4) Mbl noAy'IHM s.ztecb 

s = £+o (cVp lg -1._). 
2 AA1 

,ll;aAee 'IHCAO H B cpopMyAe (S) MO.lKHO noAO.IKHTb paBHbIM 

- p2 
H =CV p lg h (p - h) . 

no cpopMyAe (6) OCTaTO'IHblH 'IAeH 6y.zteT BeAH'IHHOIO nopHAKa 

(p-h) h p2 

C VP--lg h (p-h)' 

L Momeo B3HTb paBHbIM cp Vplg p, W OKa2KeTCH BeAH'IHHOIO 

rrop.RAKa V p lg p H BMecTe c TeM 0Ka2KeTCH 

p = 0 ( C Vp lg - P2 
) • 

\ n1 (p - n1) 

B qaCTHOCTH, eCAH OTHOmeHHH _p___ ' 
n1 

HH'leHHblMH, 6y .zteM HMeTb 

p = 0 (c v' p}. 

p 
----'--- OCTaIOTCH orpa­
p - n1 

Sur la distribution des parties fractionnaires de valeurs 
de la fonction d'une variable. 

/. Winogradov. 

L'auteur donne la demonstration de la theoreme suivante: Soit 
A, U-nombres quelconques et q, r-nombres entiers, satisfaisants 
aux conditions 

A >2; U>A>k; O<r-q:=:::; U, 

ou k est une constante > 1. Soit encore / (x) une fonction qm 
admet a l'intervalle ---



la d erivee seconde satisfaisante a la condition 

A-1 ~ /" (x) ::%; kA- 1 • 

Alors, en ordonnant les fractions 

/ (q+l)). {/ (q+2)}, ... , {/ {r)), ou {/ (x)} = / (x)- [/ (x)], 

{en l'ordre de leur croissance 

B ,;;;:::r~--=:::: ~R 
• 0 ·-.....:: t"l - • • • -..;:::: t"n- 1 {n = r-q) 

on aura (n1 ~ n) 

n 2 U n1 (n-n1) · U'n2 n1--l v· ·;-
s~i=21n +Rn1+0(7.4 -~-+1 A2-)• 
i=O 

ou R ne depend pas d~ n1 et est la valeur d'ordre 

Dans le cas 

2 1 2 
Ua A- ·.-r n - "i 

/ {x)= x~; q=O; r=p (p--premier) 
p 

on a pour R l'expression 

R=O, sip =4N+l; R= - ---,-!:.~_(fj\,--;:-, 
p(1--2\p)) 

si p ==--= 4N + 3, ou h (-p) est le nombre des classes des forme, 
quadratiques de la determinant ( - p). Le lerme complementair1 
sera dans ce cas d'ordre O (Y p). 

L'auteur considere encore les cas 

x 2 1 axe 
I (x)=--;;+-,r e~ / (x)== p' 

ou c est le diviseur de (p - 1). 
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0 aeonpeAeAeBBldX AB4>4>epeB1Ha.U,B1dX ypaneeHB.IIX. 

(AoKAaA 1-ii). 

E. M. KoHAOBUtf.. 

1. .R Ha3bIBaio Heonpe.zi;eAeHHbIMH Te o6bIKHOBeHHbie .zi;uqupe­
peH!!,Ha.l\bHbie ypaBHeHWI, B KOTOpbIX IJHC.1\0 HeH3BeCTHbIX 60.1\bme 
IJHCAa ypaBHeHHH, DpocTeiimHM THilOM TaKHX ypaBHeHHH 6y.zi;eT 
TOT C.l\y11aii, Kor.zi;a HMeeTCH OAHO ypaBHeHHe C ABYMH HeH3BeCT­
HblMH IJ>YHK!!,HHMH y H 2·. 06o3Ha'laH He3aBHCHMYIO nepeMeHeyio 
qepe3 X, Mbl 6y.zi;eM IlHCaTb ero B TaKOH ipopMe 

(1) 

Ha11a.l\o HBy11eHHIO sTHX ypaBHeHHH 6b1.l\o noAo.lKeHo MoHmeM 
(Histoire de l'Academie des Sciences, annee 1784, p.p. 502-576). 
J13y11eHHe cnoco6a npoHCXO.lK.ll;eHHH HeKOTOpbIX IlOBepxHOCTeH npH­
Be.l\O ero K ycTaHOB.l\eHHIO ipopMbI HHTerpaAbHOrO BKBHBa.l\eHTa 
ypaBHeHHH (1). Ho BTH rAy6oKHe coo6pameHHH OCTaBa.l\HCb, IlOBH­
AHMOMY, B 3a6BeHHH B Te'leHHe 6oAee, 11eM BeKa. OTO oco6eHHO 
y.zi;HBHTe.l\hHO IlOTOMY, IJTO CaM 3HaMeHHTbIH aBTOp, OIJeBH.ll;HO, 
BilO.I\He C03HaBaH BCIO BalKHOCTb noAy'leHHbIX pe3y.l\bTaTOB, COBep­
meHHO onpe.zi;e.l\eHHO yKa3bI8a.l\ Ha MX 60.1\bmOe 3Ha'leHHe H .11;.I\H 
aHa.l\H3a H .11;.I\H reoMeTpHH. MomeT 6bITb, BTO MO.lKHO HeCKO.l\bKO 
H3BHHHTb TeM, 'ITO MoH.lK, IlO.l\ara}ICb Ha CBOH orpoMHble HHTyu­
THBHbie cnoco6HOCTH, He Aa.l\ ce6e Tpy.11,a o6pa6oTaTb OKOHIJa­
Te.l\bHO CBOH .zi;oKa3aTe.l\bCTBa. HeKOTOpb1e H3 ero paccym.zi;eHHH, 
•eC.I\H 6paTb HX 6yKBa.l\bHO, MoryT IlOKa3aTbCH .zi;ame HenpaBH.l\b­
HbIMH, HO aTO BcerAa OTHOCHTCH TO.l\bKO K HX ipopMe. Cyi;gHOCTb 
.me Be3.zi;e He TO.l\bKO npaBH.l\bHa, HO H BeCbMa rAy6oKa. 

4ecTb BOCKpemeHHH aTHX HCCAe.zi;oBaHHH npHea.zi;Ae.lKHT Ed. 
Goursat, KOTOpbIH ony6AHKOBaA B 1905 ro.zi;y (Bulletin de la So­
dete mathematique de France} MeMyap, co.zi;epmai;guii o6o6IJJeHHe 
peByAbTaTOB Moema. HeKOTOpbie BaMe1JaHHH no aToMy Bonpocy 
ony6AHKOBaHbI Zervos'oM B Comptes Rendus Toro me ro.zi;a. 

B 1913 r. (Mathern. Annalen, t. 73, p. 95) noHBH.I\CH MeMyap 
D. Hilbert'a, H Henocpe.zi;crneeeo 3a HHM MeMyap ero y11eHHKa 
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W. Gross'a, H.SAara10l!!ero 6oAee noApo6eo eeKOTOphie tJ:aCTH aToii 
TeopHH. 

B CBOeM MeMyape, coAepm.al!!eM, KaK BcerAa, rAy6oKHe H ope­
reeaAhHhie MhICAH, D. Hilbert noKa.shrnaeT, '!TO pe.syAhTaThI Moem.a 
.HBJ\JIIOTC}I tJ:aCTHhIM cAy<meM HeKOTOpOH 6oAee 06l!!eH TeOpHH 
(T. H, KJ\aCCOB AH<J><J>epeeg,HaJ\hHhIX ypaBHeHHH), KOTOpOH ·e no­
,cBHl!!eHa rAaBHhIM o6pa.soM ero cTaThH, 

HaKoeeg,, cAeAyeT ynOMHHYTh HeAaBHHe pa6oThI E. Cartan 
(Comptes Rendus t. 158; Journal fiir Mathern t. 145; Bull. Dar­
boux t .. 42), Zervos (Journal fur Mathern t. 143) H W. Gross 
(Math. Annal. t. 76). 

Bee 8TH aBTOphl .saHHMalOTC}I rAaBHhIM o6pa30M pacnpocTpa­
HeHHeM pe.syAhTaTOB Moem.a Ha CHCTeMbl eeonpeAeAeHHhIX ypaB­
HeHHH. CTepBoHatJ:aAhHhIH cAytJ:aii OAHoro ypaBeeHHH (1), noBHAH­
MOMY, CtJ:HTalOT ym.e HCtJ:epnaHHhIM. Mee Kam.eTCH, OAHaKo, '!TO H 
B HeM eCTh HeKOTOphie CTOpOHhl, KOTOpbie AO CHX nop He 6bIJ\H 
AOCTaTO'!HO OCBel!!eHbl H KOTOpbie .sacAym.HBalOT AaAhHeihnero 
H.syqeeH.H. 8ToMy e [IOCBHI!!eHa HaCTOH'!!aH CTaTb}I, 

2. 1-haK, H paccMaTpHBaIO ypaBeeeHe 

(1) dz _ ( dy ') dx - c:p x, y, z, di" . 

06hitJ:HhIH cnoco6 TpaKTOBKH aToro ypaBHeHHH cAeAYIOI!!HH: 
CtJ:HTalOT OAHY H.3 HeH.SBeCTHhIX <l>YHK!!,HH, eanpHMep y, npOH3BOAb­
HOIO H3BeCTHOIO <l>YHKY,HelO OT X *) H .saTeM HHTerp0py10T OCTaB· 
weecH ypaBHeHHe OTHOCHTeJ\bHO z. 

0AHaKO, npH TaKOM cnoco6e OCTaeTC.H B TeHH BCe cyl!!eCTBeH­
HOe, '!TO eCTh B pa.s6HpaeMOM Bonpoce. 4T06bI o6eapym.HTh BTO 
cy'!!eCTBeeeoe, H nocTyna10 TaK. 

51 npeACTaBJ\}IIO HHTerpa.11.bHhIH BKBHBaAeHT ypaBHeHH}I (1) Ta­
KOIO CHCTeMOIO: 

(2) 
F (x, y, z, u) = 9 (u) 
Fu' (x, y, z, u) = 91 (u) 
Fu"(x, y, z, u) = 911 (u), 

rAe (fi npoH3BOAhHaH <J>YHK!!,HH, a u-napaMeTp, noAAem.a'!!HH 
HCKJ\IOtJ:eHHIO H3 ypaBHeHHH (2), ec.11.H m.e.11.aeM noAytJ:HTh npHMO 
3aBHCHMOCTH Mem.Ay x, y H z. 

Mb1 AOKam.eM, tJ:To Mom.eo nOAhICKaTh onpeAeAeeey10 <J>YHK!!,HIO 
F TaK, '!TO BCe peULeHUH ypaBHeHH}I (1) (KpOMe HeKOTOpbIX, oco6o 
.saMetJ:aTeJ\hHhIX) MoryT 6bITh noAytJ:eHbl H3 ypaBHeHHH (2), OOA-

6HpaH COOTBeTCTBeHHhIM o6pa30M <JlYHK!!,HIO 1'· CToaTOMY }I 6yAy 
ea.ahrnaTh <J>YHKQ.HIO F pe30.A.bBeHmo10 ypaBeeeHH (1), a <J>YHK!!,HIO 
cp-xapa1<mepucmu'lec1<010, H6o Bh16opoM ee onpeAeAHeTcH TO 
peweeHe y, z, KOTopoe Mhl B AaHHhlH MOMeHT paccMaTpHBaeM. 

*) 11.11.H, o6iyHee, npHHHM8IOT npoHSBOJlbHyro saBHCHMOCTb Meat4y x, y H II. 
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Te HCKJI.IOqHTeJl.bHble pemeHH.H, KOTOpb1e He MoryT 6bITb BbIBe­

P,eHbl H3 CHCTeMbl (2) HH npH KaKOM BbI6ope <l>YHK!,!HH 9, CYTb 

(KaK MbI YBHP,HM) Te, KOTOpble onpeP,eJI.HIOTC.H CHCTeMOIO 

F (x, y, z, a.)=~. F/ (x, y, z, a.)= 1, 

noJ1.yqa10I,ge10c.H qepe3 3aMeHy u, 9 (u), 9' (u) TpeM.H npoHBBOJl.b· 

HblMH IlOCTO.HHHblMH a., ~. r s P.BYX nepBblX ypaBHeHH.HX CHCTeMbl (2). 
CyI,geCTBOBaHHe TaKHX HCKJ1.10qHTeJ1.bHblX pemeHHH 6b1J1.o yme 

OTMeqeHo Hilbert'oM *) B ero BblmeynoM.HHYTOH pa6oTe (xoT.H H 

C P.pyroii ToqKH 3peHH.H), HO MHe KameTCH, qTo HX pOAb He 6b1J1.a 

P,OCTaToqHo ogeHeHa. y Hilbert'a OHH .HBJI..HIOTC.H qeM TO BTOpo­

CTeneHHbIM, noqTH napa3HTHqecKHM, TaK 'ITO MOryT P,ame 6bITb 

ycTpaHeHbl nocpeP,CTBOM HeKOTOpbIX npeo6pa3oBaHHH (cM. KOHeg 

ero MeMyapa), MemP,y TeM KaK MOH HCCJl.e,ll;OBaHHH IlOKaBbIBalOT, 

'ITO OHH .HBJI..HIOTCH KaK pa3 caMblMH Ba2KHblMH, IlOTOMY 'ITO H3 

HHX M02KHO IlOJl.yqHTb BCe OCTaJl.bHbie pemeHHH npOCTOH BapHagHeH 

llOCTO.HHHblX. 0TMeqeHHblH Hilbert'oM q:>aKT HC'le3HOBeHH.H 3THX 

pemeHHH HMeeT, no MOeMy MHeHHIO, COBCeM .z,;pyry10 npHt.i:HHY, 

HMeHHO TY, t:JTO JI.HHeHHble ypaBHeHH.H He HMelOT oco6eHHbIX peme­

HHH (cM. irnx~e). 

3. AHq:>q:>epeHgHpy.H ypasHeHH.H (2), MbI, oqeBHAHO, noAyt.i:aeM 

F 'dx+F 'dy+F dz=O 
X' !I z 

F "dx+F "dy+F "di=O XU yu Zit, 

noJI.02KHM ,ll;JI..H npOCTOTbl **) 

1 =F' F "-F'F fl 
X Z u.y y ZH 

(4) 1=F'F"-F'F" y X ~ Z XU 

1 = F' F fl - F' F ". 
Z y XU. X yi.i 

Tor .z,;a ypasHeHH.H (3) .z,;a.z,;yT: 

~} - ~I- -- ~:- ***). 
X y z 

no.z,;cTaBA.HH B ypaBHeeHe (1), MbI noAyt.i:aeM AAH onpe.z,;eJ1.eEIH.H 

peBOAbBeHTbI F TaKoe ypaBHeHHe BTOporo nop.H.z,;Ka 

(5) 1, = (P ( X, g, Z, ~~) !lx. 

*) "Discriminierende" H.I\H ,,ausgeschlossene Losungen". 

**) IloHHTHO, KaK HYlKHO nepeMeHHTb aHa.l\HB, ec.l\H 6bI 6bl.l\O Fz '= o. 

***) Mb! npeAilO.I\OlKHM 3,lteCb HBO BceM )ta.l\bHeHIIIeM, 'ITO MHHOpbI fix , tiy , ti, 
He Bee HY.I\H sapas, TaK KaK HHa'le paspeIIIHMOCTb CHCTeMbI (2) 6bl.l\8 6bl Il8A 

COMHeHHeM. 06pa~eHHe ii. B HY.l\b He onacHo. 
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noAO.IKHM eige P,MI npOCTOTbI 

F' F' 
Fx' = G, FY' =H, 

z z 
(6) 

0TCIOP,a BbIXOP,HT 

Li = aH F'~ !1 = - aG F'2 !1 =(H _iJG - G~H)' F'2, 
X au z ' y au z ' z Ou au z 

CAetr.oBaTeAbHO, no.rr.cTaBMUI B (5), noAyqaeM 

(7) 

aG 
iJu 
iJH 
au 

0T6pacbrnan He npeP,cTaBAHIOl!!,HH HHTepeca cAyqaii, rwr.rr.a H 
He COP,ep.lKHT u, Mbl 6yP,eM paccMaTpHBaTb G, KaK cpyHK!,!HIO OT 

H, H Tor.rr.a ypaBHeHHe (7) o6paIM,aeTCH B ypaBnenHe muna K.A.epo 

Ero 061!!,HH HHTerpaA 6ytr.eT 

G = - H r - cP (x, y. z, f), 

rP,e npomlBOAbHaH IlOCTOHHHaH f MO.IKeT 6b!Tb 3aMeHeHa AI060IO 

cpyHKgHeH (ll OT X, y. z. ::ho COOTHOllleHHe nepeIIHCbIBaeTCH TaK: 

Fx' +wFY'+F/ cP (x, y, z, w)=O. 

Ha30BeM qepe3 A H B tr.Ba ue3aBHCHMbIX HHTerpaAa CHCTeMbI 

(8) 
dx dy dz 

-1------;-= -Cf) (x, y, z, w) · 

Mbr 6ytr.eM HMeTb 

F= n (A, B, u) (n-IIpOH3BOAbHO). 

CAeP,oBaTeAbHO HHTerpaAbHbIH aKBHBaAeHT (2) npHHHMaeT BHP. 

n (A, B, u) = 9 (u) 
n' u(A, B, u) = 9' (u) 
CT''JA, B, u) = 9" (u). 

npH IIp0H3B0AbHbIX n H 9 8TH ypaBHeHIHI P,aIOT 

A= Const., B = Const., u :.__ Const. 



,4Ba nepsbie H3 STHX ypasHeHHii onpeAeAHIOT g H z. KaK 
<pyHKgHH OT X, TaK KaK 0) 6blAO npOH3SOAbHO, TO MO.lKHO SbI6paTb 
no npoHssoAy A. CooTseTeTsy101yee oo noAy'lHTeH HS ypasHeHHH 

oA aA aA 
-~+oo ~+~Cl) (x, g, z, oo) = 0, ux uy uz 

a B onpeAeAHTeH, KaK STOpoii HesasHeHMbIH HHTerpaA eHeTeMbl (8). 

OTO npHsOAHT Hae K o6bI'lHOH MeTOAe: sap;aTb ee6e npoHs­
sOAbHOe eOOTHOIIIeHHe 

A (x, .'/, z) = 0 

H npOHHTerpHposaTb ypasHeHHe (1), npHHHMaH s pae'leT STO co­
OTHOIIIeHHe, 

EeAH AaHHOe ypasHeHHe (1) AHHeHHO, TO aTa MeTOAa eAHH­
eTSeHHaH, 'leM H o6'bHeHHeTCH nop;Me'leHHbIH Hilbert' OM q>aKT 
HC'lesHoseHHH oeo6eHHbIX pemeHHH (TaK KaK ero npeo6pasosaHHe 
npHSO,ll;HT ypasHeHHe K AHHeHHOMy) •. Ho, eeAH ypasHemi:e (1) He 
AHHeiiHoe, TO ypasHeHHe KAepo HMeeT eiye oco6eHHble pemeHHH, 
H OHM npHSOAHT K cyiyeeTSeHHO HOSbIM pesyAbTaTaM. 

OTO oco6eHHoe pemeHHe AaeTeH eosoKynHoeTbIO ypasHeHHii 

G = - Hf - <P (x, y. z, f) 
0 = - H - Cb'r (x, g, z, f), 

HJ\.H 

(9) 
F'x + fFY' + Fz' <P (x, g, Z, f)= 0 

FY+ F'z <P'r (x, g, Z, f) = 0. 

HeKJ\.IO'laH OTeIOAa r, Mbl noAy'laeM y.lKe He J\.HHeHHOe ypas­
HeHHe AAH onpeAeAeHHH pe30J\.bSeHTbl F. 

EeAH MbI HaiiAeM AAH aToro ypasHeHHH pemeHHe, eo,11;ep.1Kaiyee 
OAHY npoHSSOAhHYIO nocTOHHHYIO {He aMHTHsHy10 H He MYAbTH· 
JUHKaTHSHYIO), TO, .3aMeHHS ee qepes u, Mbl H IlOAY'lHM Tpe6ye­
MYIO pesoAbse,HTY F. 

4. HTaK, eCAH F eeTb peaoAbseHTa H MHHOpbI 1x, L1y, fl. He 

see .3apas HYAH, TO seHKaH eHcTeMa .SHa'l:eHHii x, g, z, yp;osAe­
TsopHIOJ!!HX ypaBHeHHHM (2), 6y,11;eT yp;osAeTBopHTb H npeAJ\.O.lKeH­
HOMY ypasHeHHIO (1). ,lleiieTSHTeJ\.hHO, TOrAa dx, dg, dz 6y,11.yT 
nponopgHoHaAbHbl .:ix, 1\, .:i., H TaK KaK F YAOSJl.eTsOpHeT ypas­

HeHHIO (5), TO 6yAeT SblilOJ\.HeHO H ypasHeHHe (1). 
CToKa.lKeM Tenepb Hao6opoT, qTo seHKoe pemeHHe ypasHe· 

HHH (1) MO.lKHO IlOAY'lHTb H.3 eHeTeMbl (2), IlOA06pas AOJ\..lKHbIM o6pa­
.30M <l>YHKgmo ({I, sa HeKJ\.lO'l:eHHeM TeX peIIIeHHii, KOTOpbIM eOOTSeT­
eTsyeT npeAnOAO.lKeHHe u = Const. H.I\H .lKe npoH.3SOAHaH F. pasaa 

HY JI.IO (KOHe'lHO, seer ,'ta npeanoAaraeTCSI paspeIIIHMOeTb eHeTeMbl (2) ). 
,lleiieTSHTe.l\bHO, nyeTb g n z 6y AyT KaKHe yrOAHO q>yHKgHH 

OT x, y,11;osJ1.eTBopH10iyne ypasHeHHIO (1). CTyeTb F (x, y, z, u} 



6y,11;eT J1.I06a.11 pe30Jl.bBeHTa TOI'O me ypaBHeHHB, YAOBJl.eTBOpB!OIJ!aB 

TOJl.bKO qTo nocTaBJl.eHHbIM YCJI.OBHBM. 
.. il 

OcTaBJ1.HB B cTopoue ueHHTepecHbIH cAyqaii, Kor,11;a T ue co-
x 

,11;ep.1KHT u, onpe,11;eJ1.HM u, KaK lf>YHKijHJO OT x, H.3 ypaBHeHHB 

(10) 

r,11;e, IlOHBTHO, 9 H Z 3aMeHeHbl HX BbipameHHJIMH "lepe.3 x. 

CJ1.yqafi, Kor,11;a H.3 aToro ypaBHeHHB noJ1.yqHTCB AA.ff u no· 

cTo.11uuoe qHcAo, Tpe6yeT oco6oro pa36opa, KaK ynoMHHyTo Bb1me. 

Mb! CKameM o HeM HeCKOJl.bKO HHme. 

EcAH me u oKameTc.11 q,yuKgHeH OT x, TO Mbl 3aTeM onpe,11;e­

.l\HM xapaKTepHCTH'leCKYIO lf>YHK!,!HlO q> {u) H.S ypaBHeHHB 

(11) F (x, y, z, u) = q> (u), 

AJ\H qero, IlOH8THO, ,ll;OCTaToquo .saMeHHTb x, y, z HX Bblpame­

HHBMH 11epe.s u. 
Mb1 HMeeM TO.lK,ll;eCTBeHuo 

(12) 
F' 

/J. =- _x_ il 
fl Fz' "' 

F' y 

F,' 

H OTCJO,ll;a, ea OCHOBaHHH ypaBHeHHB (10), 

12*) 1 = z 

F' y 

Ji' • 

il 
Y' 

H TaK KaK F, 6y,11;y11u pe.sOJl.bBeHToii, .1tOJ1.m:ea y,11;0BJ1.eTBOp.RTb ypaB­

ueumo (5), TO nocJ1.e,11;uee ypaBHeHHe nepenHCbIBaeTCB TaK 

(12**) F/ FY' dy - ( dy) --F.,-- F.' "dx_cp x,y, z,dx' 

OTKy,11;a, B CHAY ,11;auuoro ypaBHeHHB (1), Mbl H BbIBO,ll;HM 

(13) F/ dx+F/ dy+F.' ·dz=O. 

DocJ1.e aToro ttHlf)<pepeugHpoBaHHe ypaBHeHHB (11) ,11;aeT 

F,.' du=q/ (u) du, 

H, TaK KaK no ycAOBHIO u lie IlOCTOBHHa.R, TO Mbl OTCIO,ll;a H Bbl· 

BO,ll;HM 

(14) F '=(!)' /u). 
1-( I (I 
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,lLa.11.ee, H3 KOM6HHagHH ypaBHeHHB (12*), (12**) H (1) BbIBOJJ;HM 

1, dz 
1 - -dx 

IC 

H, c.11.ep;oBaTe.ll.bHO, Mbl npHXOJJ;HM K nponopgm1M 

(15) 
dx 

D.x 

dz -s..-. 
z 

C Apyroii CTOpOHhI, HMeeM Tom.p;ecTBeHHO 

F "1 +F ''1 +F "1 =0 
UX X uy y UZ z ' 

OTKyp;a, Ha OCHOBaHHH nponopgHH (15), 

(16) F,,x" dx + F,/ dy + F,., dz = 0. 

Ec.11.H Tenepb npop;mpcpepeHgHpoBaTb ypaBHeHHe (14), To, Ha 

OCHOBaHHH (16), no.11.yqHM: 

Fuu" du= q/' (u) du 

H, c.11.ep;oBaTe.11.bHO, 

F 11 =(!)11 /u 1• 
UU I ( 4 / 

TaKHM o6pa3oM H noKa3aHo, qTo BCHKaH CHCTeMa peweHHB 

ypaBHeHHH (1), Ba BbIII1eynoMHHYTbIMH HCK.11.IOqeHHHMH, Mom.eT 6bITb 

no.11.yqeHa qepe3 peweHHe ypaBHeHHH HHTerpa.11.bHOl'O BKBHBa.11.eHTa 

F = r.p (u), Fu' = cp' (u), Fuu11 = <p11 (u) 

npH HeKOTOpOM nop;6ope cpyHKgHH r.p (u). 
llpuMe'laHue 1. Te peweHHH (ec.11.H TaKOBbie cyigecTBYIOT), 

KOTOpbie COOTBeTCTBYIOT o6paigeHHI0 B HY.11.b MHHOpOB D.x, D.y, D.z, 
H.11.H npoH3BOJJ;HOB F,' Tpe6y10T, KOHeqHo, oco6oro p;eTa.11.bHOro 

HCC.11.eJ,;OBaHHJI H, Boo6ige l'OBOpH, He no.11.yqaIOTCH H3 BbIII1eyno• 

MHHYTOl'O HHTerpa.11.hHOl'O BKBHBa.11.eHTa. 

IlpUMettaHue 2. PeweHHH, p;.11.H KOTOpbIX u = Const., no.11.y­

qaIOTCH TaK. 

CoBepweHHO TaK m.e, KaK H BhIIIle, MbI no.11.yqHM H JJ;.11.H HHX 

ypaBHeHHH 

(13) 

(16) 
F/ dx+Fv' dy+F,' dz=O 

F II dx + F II d + F II dz= 0 ux uy Y uz ' 

HO HCT0.11.KOBaHHe HX 6yp;eT COBCeM HHOe. YIMeHHO, TaK KaK Tenepb 

u = Const., TO, 3aMeHHH u qepe3 a, MbI no.11.yqHM H3 (13) H (16) 
TaKHe ypaBHeHml 

(17) 
F(x, y, z, a)= (:l 
F/ (x, y, z, a)= r, 

l'J,;e ~ H I HOBbie npOH3BO.ll.bHbie IlOCTOHHHbie. 
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l·fa aTHX P.Byx ypasneHHH MbI H onpeP,eA.HeM 9 H z KaK q>ynK­
g:mi: OT x (cp. Bb[llle CTp. 70). 

5. KaK npHMep, COCTaBHM ypaBHeHHe pe30J\bBeHTb[ P,J\.H o6igero 

ypasHeHH.H BTOpOH CTeaeHH 

(18) Adx2 + Bdy2 + Cdz 2 + Ddxdy + Edxdz + jdydz = 0, 

r,i,;e A, B, C, . ... ], cyTb ll>YHK!_!HH OT x, 9. z. 
l-ly.lKHO 6yP,eT pa3J\HqHTb HeCKOJ\bKO cAyqaes. 

I. C ue=O. 

TioAO.IKHM P,J\.H npocTOTbl 

M=E2 -4AC. N=EJ-2CD, P=]2-4BC. 
I-a. P ue = 0. YpaBHeHHe pe30AbBeHTbI 6yP.eT 

2 PCFx' c= (EP- ]NJ Fz' + 2 CN Fy' :±: 

±yPM- N2 yPF.'2+UF/-2 CFY')2. 

1-b. P= 0. YpaBHeHHe pe30AbBeHTbI TaKoBo 

N2f '2 

4CNF,,' +(2NE-Mf) Fz' +2MCF/-JF' -'2CF' 
z y 

II. C=O, Ho J ue=O. 

CToAomHM JJ.A.H npocTOTbI 

K=JED-Aj2-BE2• 

CToAyqHM 

EVJF I - BF I -+- -v KF ' = ::!:: JVEF I -AF7 

y Z Z X z• 

III. C=O H J=O. 

DF'-EF'=-t-2 VBF' (AF'-EF'J. z y Z Z X 

6. Aame caMbie npocTbie npHMepbI P,aIOT HHOrP,a IIOBOP. K ue-

6e3HHTepecHbIM 3aMeqaHH.HM. Bo3hMeM, uaapHMep, HaHnpocTeHmee 

ypaBHeHHe 

4 x dydz = dx2. 

y paBHeHHe pe30J\bBeHTbl 6y P,eT 

H MO.IKHO IlOJ\O.IKHTb 

F '2 =F'F' X r x y • 

F. . X 
=y+--. 

u.-z 

I1HTerpaAbHblH 9KBHBaAeHT 6yP,eT 

X X Y+ u-z = 9 (u}, - (u-z}2 == ,:p' 
2x ,, ( 

(u), ( ) = c:i u), u-z 3 • 
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OTKy,11;a 

· 4 [cp' (u)]3 , 2 [9' (u)]2 29' (u) 
x= - -[q/'~-))2--' g = r.p (u) - 9" (u) ' z = u + 'i' (u) . 

HcKJ1.10'IHTeJ1.bHbie pemeHmr 6y ,11;yT 

y~ 
g = ~ - "'( Y X, Z = a - -- (a, ~. "'( - IlOCTOBHHbie). 

r 
C ,11;pyroii CTOpOHbI M02KHO, O'IeBH,ll;HO, npe,11;cTaBHTb HHTe­

rpaAbHblH SKBHBaJ\.eHT H B TaKOH <t>opMe 

I dx , 
g = 6 (x), z = 4x6' (x) (6 - npoH3BOJ\.bHO). 

OTa nocAeAHBB <1>opMa co,11;ep2KHT npoHBBOAbHYIO <l>YHKgmo OT 

HeU.BMeHHOlO apryMeHTa, HO DOA 3HaKOM HHTerpaAa, nepBaH me 

He co,11;ep2KHT HHKaKoro HHTerpHpoBaHHB, HO 3a TO apzgMeHm U 
npousso.A.bHOU </)gn,,yuu caM Menaemca BMecme c </)opM.010 amou 
</JYHKyuu 9. 

noAytJaeTCH TaKoe BiletJaTJ\.eHHe, 'ITO Ilp0H3B0AbHbie <l>YHK!!lfH 

OT nepeM.eHHOlO apryMeHTa MOryT 6b!Tb paBHOCHAbHbl HHTerpaAaM, 

B KOTOpblX IlO,ll;'bHHTerpa.11.bHM <l>YHKgHH co,11;ep2KHT npOH3BOJ\.bHbie 

<l>YHKgHH, a M02KeT 6b!Tb H HX npOH3BO,ll;Hbie, 

JI ycMaTpHBalO 3,ll;eCb 3apO,ll;bJill HOBOH BeTBH aHaAH3a-yqeHHH 

o npeo6pa3oBaHHBX npoHBBO.l\bHblX <l>YHKgH~ ,11;pyr B Apyra. OT­

,11;eAbHbie npHMepbl TaKHX npeo6pa30BaHHH BCTpetJa.l\HCb yme ,D;aBHO 

npH paCCMOTpeHHH ypaBHeHHH C 'IaCTHblMH npOH3BO,ll;HbIMH *). 
BbIAO 6bI meAaTeJl.bHO nonpo60BaTb pa3BHTb H CHCTeMaTH3Hpo­

BaTb 8TH npHMepbl, MomeT 6bITb Tor,11;a BCH TeopHH AH<t>q>epeHgHa.l\b­

HbIX ypaBHeHHH npe,D;CTaBHAaCb 6bi B HOBOM CBeTe-KaK ytJeHHe 0 

npoH3BOJ\.bHbIX aAeMeHTax H npeo6paa0Bamrn:x HX ,11;pyr B ,11;pyra. 

7. npHBe,!l;eM Tenepb 6oAee CA02KHbIH npHMep: 

dz 5g2 6g 1 ( dg 2 2 ) ---+2xgz+2y3 - --+--=- ---x'lz -xg +- . 
dx x2 ' x 4 4 dx x 3 

Pe30AbBeHTY M02KHO B3HTb B TaKOH <t>opMe 

.r,3 ( ug2 2ug 1 ) 
F=x2g+-+1og uz+---. +-. 3u , x x3 x2 

0TbICKaHJrn STOH pe30.l\bBeHTbl He 6bIAO AeAOM c.11.yqaa: 9TO eCTb 

'IaCTHblH C.l\y'IaH HeKOTOporo AOBOAbHO 06J!!ero HCCJl.e,ll;OBaHHB, 

*) O.z1uH us Hau60.11.ee TOHKHX npuMepoa CM, y Darboux "Le~ons sur la theo­
rie des surfaces" III partie p. 272. § 715. 
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KOTOpoe Mem.zty npO'IHM npHBe.11.0 Mem1 K TaKOH TeopeMe: ec.11.H 
'1>YHKYID1 n (x, y. z) y.ztOB.l\eTBOpHeT ypaBHeHHIO 

TO pe30.l\bBeHTa ypaBHeHHH 

<!_z_ +-~11~ = l._ ( dy - E11~ )2 
dx CT' 4 ,dx n' z z 

Y.ztOB.l\eTBOpHeT c.11.e.ztyIOJ.!!HM ypaBHeHHHJ','[ 

F' F' X y 

nz' + uCT/ + u2n/ - uOz + u2n.: 
F' z = u2f1,-- · 

z 

Ham npHMep H cooTBeTCTByeT c.11.yqa10 

n - x'y ( y' 2y \ 
-e z+x-x•f). 

Ou 6b1.11. no.zto6pau TaK, 'IT06b1 s.11.eMeHTapubie npHeMbI pemeuHH 
ue 6bl.l\H npH.11.0mHMbI. 

8. HaKoney IlOCMOTpHM, KaK CBH3aHO IlOHHTHe O pe30.l\bBeHTe 
c o6bI'IHbIM npHeMOM pemeHHH, KOr.zta, uanpHMep, ga.ztaeTCH y, 
KaK ipynKgHH OT x, H 3aTeM onpe.zte.l\HeTCH z. 

CTycTb 6y.zteT .ztano 

(19) y=fJ (x) 

T pe6yeTCH B HHTerpa.11.bHOM 8KBHBa.l\eHTe (2) onpe.zte.11.HTb COOT­
BeTCTBYIOIJ!YIO q>OpMy xapaKTepHCTH'leCKOH q>ynKgHH cp (u). no.zt­
CTaB.I\HH BMeCTO y ero BbrpameHHe (19), Mbl no.11.yqaeM ypaBHeHHH 

F (x, fJ (x), z, u) = cp (u) 
(20) F,.' (x, fJ (x), z, u) = cp' (u) 

Fuu" (x, fJ (x) Z, u) = 911 (u). 

Ec.11.H H3 HHX HCK.I\IO'IHTb X H z, TO Mbl no.11.y'IHM ypaBHenHe 

(BTOporo nopH.ztKa) Jt.l\H onpe.zte.11.eHHH <l>YHKgHH cp (u). 
Kaga.11.ocb 6b1, uym.uo 6yD.eT aTo ypaBneuHe npoHHTerpupoBaTb, 

HOB .zteHCTBHTe.l\bHOCTH STOrO .zte.11.aTb He Ha.zto, TaK KaK 3HaHHe 
pe30.l\bBeHTbl .ztaeT B03MO}K.HOCTb npJJMO uanHCaTb o6IJ!HH HHTerpa.11. 

aToro ypaBHeHHH, HMeHHO OH 6y.zteT 

(21) cp (u)=F. (C, fJ (C), C1, u), 

r.zte C H C 1-npOH3BO.l\bHbie nocTOHHHbie, 

.lleHCTBHTe.l\bHO, ,ltOCTaTO'IHO C.I\H'IHTb ypaBHeHHH (20) c ypaB­
HeHHeM (21) H ero npOH3BO,ltHbIMH, 'IT06bl y6e.ztHTbCH B TOM, 'ITO 
ypaBHeHHe Jt.11.H cp (u) .zteHCTBHTe.11.bHO no.11.yqaeTCH qepeg HCK.11.IO­

qenHe nocTOHHHbIX CH C1. 
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C Apyrou cTopoHbl HCHO, qTo aToT 06xg00 HHTerpaA, Boo6xge 
rOBOpH, He ,1taCT HaM pemeHHH aa,11;aqff, H6o, · CAHqaJI ypaBHeHHH 
(21) c (20), Mbl BHJJ;HM, qTo noAyqaeTCH TaKOe perneHHe 

x= C, z= C1, y= 6 (G), 

npH KOTOpOM ypaBHeHHe (1) TepHeT CMbICA. 

CToaToMy HCTHHHoe aHaqeHHe 9 (u) ,1taeTcH oco6eHHbl.M. peme­
HHeM ypaBHeHHH AAH 9 (u), KOTOpoe noAyqHTCH qepea perneHHe 
CHCTeMbl 

(22) 

TaKHM o6paaoM, H B aToM Bonpoce coseprneHHO Heoam,11,aHHO 
Bb1cryna10T Ha nepBhIH nAaH oco6eHHhie perneHHJI. 

(1) 

Sur les equations differentielles indeterminees 
(I-re communication). 

B. Kojalovitch. 

L'auteur donne !'equivalent integral de }'equation 

sous la forme 

(2) F (x, y, z, u) = <p (u), F,..' = <p 1 (u), F,.;' = 911 (u) 

e: ii demontre qu'on peut obtenir toutes les solutions de (1)­
sauf <:ertaines solutions exceptionnelles, en faisant varier seulement 
Ia fonction <p (u), dite caracteristique. Les solutions exceptionnelles 
correspondent a de valeurs constantes de u. 

L'auteur etablit }'equation que doit verifier la fonction F (dite 
la resolvante) et applique cette equation a !'equation generale (1) 
du second degre. Enfin il montre la liaison entre cette methode 
et la methode ordinaire. 



0 KOAeOaBBHX COrByToro CTep2KBH. 

E. JI.. Hu,co.Aau. 

B m!BeCTHOM co•rnHeHHH Chladni .Die Akustik" *) HMeeTc.H 

OilHCaHHe cAe.1w10rgero OilbITa. tKeAa.H Bbl.HCHHTb xapaKTep KOAe-

6aHH:H KaMepTOHa, Ghladni, B3.HB np.HMOAHHe:HHbI:H cTepmeHb, rHyA 

ero nocepe.itHHe H Ha6A10.itaA npOHCXOJt.HigHe npH rHyTHH CTep2KH.H 

H3MeHeHIDI ero KOAe6aHH:H. T eopeTH'leCKOro OCBergeHH.H 8TH Ha-

6A10.iteHH.H Chladni noBHJtHMOMY He noAy'lHAH. HeKoTopoe OTHome­

HHe K aToMy Bonpocy HMeeT O.itHa pa6oTa Lamb'a **), B KOTopoii 

paCCMaTpHBalOTC.H KOAe6aHH.H CTepmH.H, HMerorgero <t>OPMY .ityrH 

OKpyatHOCTH BeCbMa MaAO:H KpHBH3Hbl (co CB060.itHbIMH KOHgaMH). 

J1ccAe.ity.H KOAe6aHH.H, npOHCXOJt.HigHe B IlAOCKOCTH H30f'HYTOro 

CTepatH.H, Lamb HameA, 'ITO He3Ha'lHTeAbHOe HCKpHBAeHHe nepBo­

Ha'laAbHO np.HMOAHHe:HHOf'O CTepmHH conpoB02K.itaeTC.H IlOHHateHHeM 

'laCTOT ero KOAe6aHH:H. 

8 HaCTO.HIJ!e:H 3aMeTKe CJteAaHa IlOilblTKa OCBeTHTb BOnpoc 

o KOAe6aHH.HX cTepatH.H, corHyToro nocepe.itHHe. CorHyTbIH cTep­

meHb Mbl paCCMaTpHBaeM KaK CHCTeMy, COCTO.HIJ!YIO H3 JtBYX np.HMO­

AHHe:HHbIX CTepmHeH OJtHHaKOBO:H JtAHHbl, meCTKO coe.itHHeHHblX 

Mem.ity co6oii no.it npoH3BOAbHbIM yrAoM ***). Mb1 paccMaTpHBaeM 

KaK KOAe6aHH.H B IlAOCKOCTH corHyToro CTepatH.H, TaK H KOAe6aHH.H, 

nepneHJtHKYA.HpHbie K STO:H IlAOCKOCTH. vlccAe.itoBaHHe IlOKa3bIBaeT, 

'ITO rHyTHe CTep2KH.H B ero cpe.itHeH TO'!Ke M02KeT conpOB02KJtaTbC.H 

KaK IlOHH2KeHHeM, TaK H IlOBbIUieHHeM qacTOT OT.iteAbHblX ero KO­

Ae6aHHH. 

§ 1. Au4>4>epeegeaA1»Blde ypaneeBHB saAR"IH. 

ToHKHH OJtHopo.itHbl:H npH3MaTH'leCKH:H cTepmeHb M1M2 JtAHHbI 21 
corHyT nocepe.itHHe B TO'lKe () (qepT. 1). ()6o3Ha'lHM yroA 

M1 ()M2 = 26. CTAocKoCTb, B KOTopoii Ae2KHT ocb cornyToro 

*) E. F. F. Chladni. Die Akustik (Leipzig, 1802) p. 1 II. 
**) H. Lamb. On the flexure and the vibrations of a curved bar. Proc. of 

the London Math Soc. vol. 19 (1889) p. 365. 
***) 0 KOJ\e6aHHHX cHcTeM cTepi1meii CM. H. Reissner. Schwingungsaufgaben 

aus der Theorie des Fachwerks. Zeitschr. fiir Bauwesen. 53 (1903) p. 135. 
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CTepmeJI, Ha30BeM ,,nAOCKOCTblO OCH" CTepmes; Mbl 6y,1teM npe,!t· 

noAaraTb, 'ITO B aTOH nAOCKOCTH J\elS.HT O,!tHa H3 r J\aBHblX gee­

TpaAbHblX oceii HHepgHH nonepe11Bb1X ce11eHHH CTepmHJI. 6y,1teM 

paccMaTpHBaTb coreyThIH cTepmeHh M 10M2 KaK CHCTeMy, cocToJI­

f!!YIO Ha JtByx npsMOAHHeHHhIX cTepmeeii M10 H OM2, mecTKO 

coe,!tHHeHHblX B TO'IKe 0, H HCCJ1.e,1tyeM KOAe6aHHJI aTOH CHCTeMbl, 

npe,1tn0Aaras KOHgbl CTepmes M1 H M2 cB060,1tHhIMH, 

Bo3bMeM ea ocH cTepmeJI TO'IKY M H 060,1ea11HM paccTOJIHHe 

OM= s, npH tieM ycAOBHMCJI C'IHTaTb s > 0, ecAH TO'IKa M npH· 

ea,1tJ1.e2S.HT 11acTH CTepmes OM2, H s < 0, ecAH TO'IKa M AearnT 

ea 11acTH cTepmes M 10. B TOtIKe M npoBe,1teM B3aHMHO nepnee­

JtHKYAJipHbie OCH x, y, z; OCb z HanpaBHM no OCH CTeplS.HJI (B CTO· 

poey BoapacTalOIJ!HX s), OCb X - no TOH rJ\aBHOH OCH HHepgHH 

ce11eHHJI CTepmHJI, KOTOpas J\elS.HT B n.l\OCKOCTH OCH CTepmHJI, 

ocb y- no rAaBHOH OCH HHepgHH ce11eHHJI, nepneHJtHKYAJipeoii 

K nAOCKOCTH OCH CTepmHJI. 

z 

.x 
4epr. 1. 

CTpH HCCJ1.e,1tyeMOM HaMH KOJl.e6aTeJ\bHOM JtBHJS.eHHH CTeplS.HJI 

aAeMeHT CTepmHH, Bbl,!teJ\eHHbIH OKOJ\O TO'IKH M, noAy11aeT HH· 

'ITOJS.HO Ma.l\ble nepeMef!!eHHJI u, v, w, no OCHM x, y, z; KpOMe 

Toro TQT me aJ\eMeHT CTepmHJI BpaIJ!aeTCJI Ha HH'ITO.IKHO Ma.l\ble 

yrAbl (06oaea11HM aTH yrAbl 11epea o:, ~. 1) BOKpyr oceii x, y, z. 
YrAbl 0: H ~ CBJI3aHbl C nepeMer_geHHHMH U H V 3aBHCHMOCTJIMH 

av au o:=-a;' ~= as ........ (l) 

BeAH'IHHbl U, v, w, H "( yJtOBJ\eTBOpHIOT H3BeCTHb1M JtH<t><t>epee­

gHaJ\bHblM ypaBHeHHJIM 

a2u B 84u a2v A o4v o2w E a2w 
ot2 + pw 7J;4 = o, at.2 + pw {)54 = O, ot2 - p- {j52 = o, 

021 E C 82, 

ot2 - p (A+B)as2 =0, 

r.1te . A H B-rAaBHbie mecTKOCTH CTepmeH npH H3rH6e, C­
.mecTKOCTh npH Kpy11eHHH, E-MOJtYAh ynpyrocTH, p-nAOTHOCTh, 
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ru-n.l\Of!!aAh nonepe•rnoro ceqeHm1 cTepmm1. nepeble ABa ypae· 

HeHHSI COOTBeTCTBYIOT nonepeqHhIM KO.l\e6aHH.RM CTep1KH.R, TpeTbe 

H qeTBepToe ypaeHeHH.R-npOAO.l\hHhIM H KPYTH.l\hHhlM KO.l\e6aHHSIM, 

§ 2. Dorpaae"1ui.1e ycA0Ba11. 

06paTHMC.R Tenepb K norpaHHqHhIM yc.l\OBH.RM, KOTOpbIM 

AO.l\2KHhl YAOB.l\eTBOp.RTh Be.J\HqHHhl u, v, w H "{. 

3aMeTHM npemAe Bcero, qTo, o6osHaqasi: qepes vx' Vy, vz, 
Lx, LY, Lz, npoeKJ!HH Ha OCH x, y, z cHAhl V (npH.l\omeHHOii 

B TOqKe M) H MOMeHTa L, K KOTOpbIM npHBO,D;.RTC.R YCH.I\HSI, Aeii­

CTBYIO'!!,He B ceqeHHH M Ha qacTh CTepmH.R M,M co cTopoHhI 

~acTH cTepmHsi: MM2, HMeeM saBHCHMOCTH 

V = - B 0311:_ , V = - A -03v V = Ero aw ) 
x as3 Y as3 . z os 

a2v 02u O"{ •.••. (2) 
LX = - A os2 . Ly= B as2 • Lz = Ca---;-

Mbl npeAno.l\araeM KOHJ!bI CTepmH.R M1 H M2 ceo6oAHhIMH, 

CAeAoBaTe.l\hHO, npu s = - I H s = I HMeeM yc.l\OBH.R 

a2u. o3u aw 
os2 =0, asf=O, 0s= 0, ............... (3) 

o2v oBv Dr 
as2 = o, osa- = o. Ts= o ................ (4) 

Bhlsi:CHHM yc.l\OBHH, KOTOphie AO.l\1KHhI 6hITh YAOB.l\eTeopeHhI 

e TOqKe O (npH s = 0). 
Yc.l\OBHMC.R OTMeqaTh HHAeKcaMH 1 ·u 2 BHaqeHH.R, noAyqaeMbie 

ou 
BXO,ll;SIJ!!HMH B Harne paCCMOTpeHHe Be.l\HqHHaMH (Hanp. u, -a -H T. A,) . s 
npu lim s = - 0 H lim s = + 0. 3aMeTHM Tenepb, qTo nepeMe­

J!!eHHe, noAyqaeMoe ToqKoii O Ramero cTepmHH, MomHo paccMaTpH· 

BaTh, C OAHOii CTOpOHhl, KaK COCTaBHOe H3 nepeMe'!!,eHHH U1, Vi, W1j 

c Apyroii CTOpOHhl, TO me nepeMef!!eHHe TOqKH O CK.l\aAblBaeTCSI 

HB nepeMef!!eHHii. u,, v,, w2• ToqHo TaK 2Ke HHqTomHo Ma.l\oe epa­

J!!eHHe 9.1\eMeHTa CTep1KH.R, BhIAe.l\eHHOro npH ToqKe . 0, M01KHO 

paccMaTpHBaTb KaK COCTaBHOe .I\H6o H3 BpaJ!!eHHii !Z1, ~1, "(1, AH6o 

H3 epaJ!!eHHH !Z2, ~2, 12· npoeKTHPYK nepeMef!!eHHe TOIJ.KH 0, 
a TaKme Bpaf!!eHHe 9.1\eMeHTa, BhIAe.l\eHHOrO OK0.1\0 TOIJ.KH 0, Ha 

6HcceKTpHccy yrAa M,OM2, Ha nepneHAHKYAS1P K aTOH 6ucceK­

TpHcce H Ha OCh y " HMeSI e BHAY BaBHCHMOCTH (1), noAytJ.aeM 

(u1 + u2) co.s 6 - (w1 - w2) sin 6 = 0 l 
(u 1 - u2)sin6--t-(w1+w2) cos 6=0 

(!!!__) - ( ]1!___) - 0 ......... (5) 
Os 1 \ os 2 -
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[( ~: ) 1 +(-!: )J cos0 + (r1 -r2)sin0=0 

l(~: )1 -( !: )J sin0- (r1+r2) cos0=0 

V1 -V2=0 

l · .... (6) 

C Apyroii cTopoHbI, paccMaTpHBaB yc.11.oeHB paeHoeecHB a.11.e­

MeHTa, BbIAe.11.eHHOrO npH TO'IKe 0, H HMeB e BH,n;y paeeHCTBa (2), 
npHXO,ll;HM K 3aBHCHMOCTBM 

.... (7) 

..... (8) 

norpaHH'IHbie YC.11.0BH.R (5), (6), (7), H (8) ycTaHaB.11.HBaJOT CBB3b 

Mem,n;y Be.11.H'IHHaMH u, v, w H 1; nonepe'IHhle, npo,n;o.11.bHhie 0 i<py­

TH.11.hHhie K0.11.e6aHH.R corHyToro CTep.lKHB CB.R3aHbl Mem,n;y co6oit 

0AHaI<O .11.erI<O 3aMeTHTb, 'ITO B yc.11.0BH.R (6) H (7) BXO,ll;BT .11.Hlllb 

Be.11.H'IHHhl u H W, a e yc.11.oBHB (6) H (8)-.11.Hlllb Be.11.H'IHHbl v H 1• 
0TCJOAa c.11.e,n;yeT, 'ITO MO.lKHO pa3.11.H'IHTb ABa po,n;a He3aBHCHMbIX 

,n;pyr OT ,n;pyra K0.11.e6aHHH corHyToro CTeplKH.R. 0,n;HH po,n; KO.ll.e-

6aHHH xapaKTep113yeTC.R paseHCTBaMH V = 0 H j =0; B aTOM c.11.y­

qae nepeMelJ!eHHB TO'leI< OCH CTeplKHB .11.e.lKaT B Il.11.0CI<OCTH OCHj 

Ha30BeM aTH I<0.11.e6aHHB ,,n.11.0CI<HMH" KO.ll.e6aHH.RMH. ,tl;pyr11e 
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KOAe6aHHB xapaKTepH3YIOTCB TeM, 'ITO u = 0 H w = O; nepeMel!!,e­

HHB TO'leK OCH CTep2KHJI nepneHAHKYABpHbI K nJ\OCKOCTH OCH CTep2KHB; 

BTH KOJ\e6aHHB 6yAeM Ha3blBaTb nHeDJ\OCKHMH" KOJ\e6aHHBMH, 

§ 3. IlAocxne KOJ1.e6aau11. 

noJ\02KHM V = 0 H j = 0. 4AB onpeAeJ\eHHJI BeAH'IHH U H W 

HMeeM AHq11pepeHgHaJ\bHbie ypaBHeHHJI 

02u B o4u 82w E 02w 
at2 + pro {}54 = O, ot2 - p {)52 = 0 

H norpaHH'IHble YCJ\OBHB (3), (5) H (7). 

!KeAaB onpeAeAHTb rJ\aBHbie KOJ\e6aHHB, DOJ\araeM 

u = U sin At, w = W sin At, 

r Ae U H W - q>yHKJ:!HH OT s, a A-nocTOBHHoe 'IHCJ\O. BeeAeM 060-

rAe m - OTBJ\e'leHHOe 'IHCJ\O; 060.aHa'IHM TaK2Ke paAHYC HHepgHH 

ceqeHHJI CTep2KHB OTHOCHTeAbHO OCH g qepe3 0 (T. e. DOJ\02KHM 

B = Eroo2). TorAa 6yAeM HMeTb AAB onpeAeAeHHB uopMaAbHbIX 

q>yHKJ:!HH u H w AHq>q>epeHgHa.l\bHbie ypaBHeHHB 

d'U m" d2 W m'o2 

ds' - P U = 0,. ds2 + --- Z' - W = 0. 

PeweHHJI BTHX ypaBHeHHH, YAOB.l\eTBOpBIOQ!He norpaHH'IHbIM 

ycAOBH.IIM (3), cyTb 

U=A1 [coshm (1 + +)+cosm(l + +)]+ 
+A2[sinhm (1 + f)+sinm(l + +)} (-l<s<O) 

U = Bi I cos h m ( 1 - +)+cos m ( 1 - +)] + 

+ B2 [ sin h m ( 1 - +) + sin m ( 1 - +) l (0 < s < l) 

m2o ( s ) W = K cos - 1- 1 + I , (- l < s < 0) 

m2a ( s) W=Lcos 1 - 1 - - 1 , (O<s<l), 

rAe A1, A2, Bi, B2, K H L-nocTO.IIHHbie npoH3BOAbHble, 
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.llMr onpe.n;eAeHHH aTHX nocTOHHHhIX HMeeM 6 ycAOBHH (5) H (7). 
J\.erKO saMeTHTb, 'ITO 3TH ycAOBHJI npHB0/1,JIT K ypaBHeHHJIM Mem.n;y 

IlOCTOJIHHblMH npOH3B0AbHb1MH, HS KOHX TPH ypasHeHHJI C0/1,epmaT 

AHIIIb BeAHqHHbl A1 + B1 , A2 + B2 H K - L, a 11.pyrue TPH ypa­

BHeHHH-TOAhKO seAH'lHHbI A1 - B1, A2 - B2 H K + L. 0Tcw11.a 

CAe.n;yeT, qTQ HCCAe11.yeMble HaMH rAaBHble KOAe6aHHJI CTepatHJI 

pacna11.awTcJ1 Ha 11.sa THna (cosepmeHHO TaK me, KaK KOAe6aHHH 

npHMOAHHeiiHoro CTepatHH). 011.HH THil xapaKTepu:ayeTCJI TeM, qTo 

A1 = B1, A2 = B2 H K = - L. B aTOM cAy'lae B TO'lKax cTepmHH, 

paBHoy.n;aAeHHblX OT ero KOH\!OB, nepeMexgeHHJI U HMeJOT 0/1,HHa­

KOBble SHa'leHHJlj TaKHe KOAe6aHHJI Ha30BeM KOAe6aHHJIMH ,,CHMMe­

TPH'lHOro" THna. .llpyroii THU ~apaKTepHsyeTCJI paBeHCTBaMH 

A 1 = -Bi, A,= -B2 HK= L. B TaKOM cAyqae ToqKaM cTepmHH, 

paBHoy.n;aAeHHblM OT ero KOHgOB, COOTBeTCTBYJOT nepeMelJ!eHHJI u, 
'IHCAeHHO paBHbie, HO npOTHBOilOAOatHbie no SHaKy; 3TH KOAe-

6aHHJI HaSOBeM KOAe6aHHJIMH ,,aCHMMeTpH'lHOro" THna. 

§ 4. KoAeoaBHR CBMMeTpB"IBOro TBUa. 

DoAaraeM Ai = Bi, A2 = B,, K = - L. AAH onpe.n;eAeHHH no­

CTOHHHhIX Ai, A2 H K HMeeM ypaBHeHHH 

[Ai (coshm+cosm)+A2 (sinhm+sinm)] cos6-

m2o 
-Kcos - 1- sin 6=0 

~o [A 1 (sin hm + sin m) + A 2 ( cos hm - cos m)] sin e + 
m2o 

+Ksin - 1- cosB=O 

A 1 (sin hm - sin m) + A2 (cos hm + cos m) = O. 

11cKAJOqeHHe nocTOHHHbIX Ai, A2 H K npHB0/1.HT K ypaBHeHHJO 

1+coshm cosm+ 

+~0 ctg m;o (coshm sinm+sinhm cosm) tg2 B=O .. . (9). 

8THM ypaBHeHHeM onpe/1,eAJIJOTCJI qucAa m, a CAe/1,0BaTeAbHO, H 

-.:racTOThI A r AaBHhIX KOAe6aHHH CHMMeTpH'lHoro THna. KaK BH/1.HO, 
0 

'lrilCTOThI A :aaBHCHT, KaK OT BeAHqHHhI OTHOIIIeHHH T, TaK H OT 

BeAH11HHhl yrAa B. I1sru6y nepsoHaqaAhHO npHMOAHHeiiHoro cTepm.HH 

COOTBeTCTByeT HSMeHeHHe yrAa 0 OT 0 = 90° /1,0 0 =0. PacCMO­

TpHM, KaK HSMeHHIOTCJI npH aTOM qacTOTbl A. 
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0 
EcJI.H OTHOIIIeHHe BeCbMa MaAo, TO AMI ee CAHIIIKOM· 60Ab· 

l 
IDHX .BHa'leHHH m (T. e. AMI He CAHIIIKOM BblCOKHX o6epTOHOB) Mbl 
l\f02KeM npH6AH2KeHHO Il0A02KH~b 

m2o 
ctg-­

l 

B TaKOM cAy11ae ypaaeeene (9) noAy11aeT 6oAee npocTOH BHA 

m (1+coshm cosm) +(coshm sinm+ 
+ sin hm cos m) fg2 6 = 0 .............. (10). 

TA u dm 
nCCAeAyR .l!HaK npOH.BBOAHOH -~ , AerKO .BaMeTHTb, 'ITO npH 

l'I.BrH6e CTep2KHH (npH yMeHbllleHHH yrAa 6 OT 6 = 90° AO 6 = 0) 
'IHCAa m yMeHbIIIalOTCH, T. e. 11acTOTbl A nOHUHCalOfflCH. DoAara.11 
,f) = 90° (npaMOAHHeHHbIH CTepm.eeb) B ypaBHeHHH (10), noAy11aeM 

coshm sinm+sinhm cosm=O. 

VI~----,-----.---, 

£01------+---~-1-

i.8 '------~---~---~ 
90° 60° 30° 8 00 

4ep:r. 2. 

Kopen aToro ypaBeeeu.11 cyTb 

(4k-1) 1t 
m 1 = 2,3650, m2 = 5,4978, ms == 8,6394, ... mk= 4 , , ... 

OpH 6 = 0 ypaBeeene (10) o6pal!!,aeTcn B ypaaeeeue 

1-r-cos hm cos m =0, 

:t<OpHH KOTOporo cyTb 

(2k-l)r. 
m 1 = 1,8751, m 2 = 4,6941, m 3 = 7,8548, ... mk= 2 , · · · · 

Ha 11epT. 2 npe.zi;cTaBAeH rpa<f>H11ecKH XOA H.BMeeeHHH nepaoro 
:KOpHn m1 ypaBHeHH.Jl (10) npH H.BMeHeHHH yrAa 6 OT ·6 = 90° AO 
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6 = O. Ha 11epT. 3 Hao6pameaa ipopMa BH6pHpy10IJ!ero cTepmHH, 

corHyToro IlOA np.HMbIM . yrAOM (6 = 45°), npH KOAe6aHH.HX, COOT­

BeTCTBYIOIJ!HX OCHOBHOMY TOBY CTep.lKHH, 3aMeTHM, '!TO B 8TOM: 

cAy<tae m 1 = 2,054. 

lJepT. 3. 

§ 5. KoAe6a&HJI aCHMMeTpaqeoro THna. 

noJ\O.lKHM Tenepb A1 = -Bi, A2 =-B2, K = l. YcAOBHJI 

(5) H (7) npHBOART K TpeM ypaaeem1.11M MeiKAY IlOCTO.HHHbIMK 

A1, A 2 H K; HCKAIO<taH aeAHtJHHbI A1, A 2 H K Ha aTHX ypasee­

HHii, noAytJaeM ypaseeeHe 

sin hm cos m - cos hm sin m + 
mo m2o 2 _ +T ctg - 1-(coshmcosm-1} ctg 6-0, ...... (11} 

KOTOpbIM onpeAeA.HIOTCH tJaCTOTbl KOAe6aHHH acHMMeTpH'IHoro 

THna. 

4A.H HaHHH31IIHX o6epTOHOB ( m;o - MaJ\aH BeJ\H'IHHa) 8TO 

ypaBHeHHe M02KeT 6bITb aaMeeeeo npH6J\H2KeHHbIM ypaBHeHHeM 

m (sin hm cos m - cos hm sin m) + 
+ (cos hm cos m -1) ctg2 6 = 0, ........... (12) 

npH 6 = 90° KOpHH 8TOrO ypaBHeHHH CYTb 

(4k+1)1t 
m 1' = 3,9266, m2' = 7,0686, ... · mk' = 4 · · · · · · • 



DpH e = 0 KOpHH Toro .!Ke ypaBHeHH.11 cyTb 

I - 4 7300 I - 7 853') 1 - <2 k + 1) 7t mt - , ' m2 - ' .:., .... mk - 2 ' 

KaK BRAHO, npH HSrH6e cTepmu.H qacTOTbl uaHHHSIIIHX o6ep­

TOH0B aCHMMeTpH'IHOro THna llOBbll.UUIOmCH, CTpH aTOM KOAe6aHHe 

np.HMOAHHeHuoro CTep.!KH.H c 3 ysAaMH ( COOTBeTCTBYIOIJ!ee KOpHIO 

m1' = 3,9266) npeBpaIJ!aeTC.H B KOAe6anHe C 4 y.sAaMH (cpep;HHH 

y.seA npeBpaf!!aeTC.H B p;Ba OTp;eAbHblX y.sAa); KOAe6aHHe c 5 y.sAaMH 

npeBpaigaeTC.H B KOAe6anHe c 6 ysAaMH H T, p;, 

§ 6 •. HenAocxae KOAe6auaH. 

()cTaHOBHMC.H Tenepb BKpaTge Ha uenAOCKHX KOAe6aHH.HX Ra­

mero cTepmu.H. Mb1 noAaraeM u = 0 H w = 0. AA.ff onpep;e.11.eHH.H 

BeAH'IHH V H ., HMeeM AHq>q>epeegHaAbHble ypaBHeHH.H 

82v A iJ4v 821 E C a21 
8t2 ~ pru 8s4 = O, 8t2 p (A+B) iJs2 =O 

11 norpaHH'IHbie yc.11.oBH.H ( 4), ( 6) H (8). 
()npep;eA.H.H rAaBHble KOAe6aHHsi H nocTyna.H COBepmeHHO TaK 

JKe, Kax B cAy'lae D.I\OCKHX K0.11.e6aHHH, y6ep;HMCH, 'ITO H .sp;ecb 

MO.!KHO pa.3.11.H'IHTb r.11.aBHble KOAe6aHH.H ,,CHMMeTpH'IHOro" THDa 

(nepeMeil'eHH.H 'lJ HMelOT op;HHaKOBble 3Ha'leHHH B TO'l:Kax CTep.!KHH, 

paBuoyp;aAeHHblX OT ero KOHijOB) H ,,aCHMMeTpH'IHOro" THna 

{B TO'l:Kax CTep.!KH.H, paBHoyp;a.11.eHHbIX OT ero KOHijOB, nepeMeIJ!e· 

HH.H 'lJ HMelOT 3Ha'leHH.H 'IHC.11.eHHO paBHbie, HO npoTHBOil0.1\0.!KHbie 

no .suaKy), 

()60.sna'IHM qacTOTY rAaBHbIX KOAe6anHH qepe.s A H 110.11.0.!KHM 

).2pru n' 
~-14· 

()6mma'IHM TaK.!Ke pap;Hyc HHepgHH ce'leHH.H CTep.!KHH OTHO­

CHTe.11.bHO OCH z qepe.s e (T. e. no.110.!KHM A+B=Ewe2). Torp;a 

,!t.11..H onpep;e.11.eHH.H qaCTOT I, rAaBHblX KOAe6aHHH ,,CHMMeTpH'IHOro" 

THna 6yAeM HMeTb ypaBHeHHe 

, ;C e (n2e -. / A) . 1-coshn cosn+n V AT tg T V C (sznhncosn+ 

+cos hn sin n) tg2 0 = 0. 

n 2e 
()Tcrop;a npH MaAblX 3Ha'leHH.HX -z-

JKeuuoe ypasueuHe 

e2 
1-cos hn cos n + n3 12 (sin hn cos n + cos hn sin n) tg2 a= 0. 



OTO ypaBHeHHe ,ztaeT B03MO.!KHOCTb 3aKAIO'IHTb, 'ITO H3rH6 

CTepmmi: conpOBO.!K,ztaeTC}I llOBblUJ.eHueM qacTOT HaHHH3WHX o6ep­

TOHOB ,;cHMMeTpHtIHoro K THIIa. AAS1 ocHOBHoro TOHa Be.l\H'IHHa n 
B03pacTaCT OT n = 2,3650 AO n = 4, 7300. 

4acTOTbl rAaBHbIX KOAe6aHHH ,,aCHMMeTpH'IHOro" THDa onpe­

,zteA}IIOTCj{ ypasHeHHeM 

cos hn sin n - sin hn cos n + 
+ n V ~ T lg (n;s Vi) (1+coshn cosn) ctg'6=0 

n 2e 1 / A 
HAH npH Ma.l\bIX 3Hatiemurx - 1- V C : 

cos hn sin n-sin hn cos n + 
~2 

+n3 11 (1 +cos hn cos n) ctg26 = 0 ....... (13) 

3.zteCb Mbl HMeeM llOHUMeHue qacTOT HaHHH3WHX o6epTOH0B, 

npH H3rH6e CTep.!KH}I. 

§ 7. CTepzee1o, coreyTwii a ABYX TO'IKax. 

B npe,ztbIAyr,geM H3.I\O.!KeHHH Mbl paccMaTpHBaAH KO.l\e6aHffj{ 

CHCTeMbI, COCTmi:r,geu H3 ABYX CTep.!KHeH, mecTKO coe,ztHHeHHbIX 

Mem,zty co6oii. Kouequo, B .zteikTBHTeAbHOCTH rnyTbe CTep.!KH}I ue 

MomeT 6bITb npoH3Be,zteHo B o,ztHOH TO'IKe. CTonpo6yeM ogeHHTb, 

KaK~ nonpasKa ,ztOAmna 6bJTb BHeceua B noAy'IeHHble pe3yAbTRTbl. 

ecAH npHH}ITb BO BHHMaHHe aTO o6CT0}1Te.l\bCTBO *). 
4To6bI ogeHHTb BeAH'IHHY 9TOH nonpaBKH, npe,ztCTRBHM ce6e 

cucTeMy, cocTO}IIMYIO H3 cTepmHeii M1 01 H 02M2 OAHHaKosoii 

AAHHbI l, KOTOpbie .!KeCTKO coe,ztHHeHbl C KOHgaMH KOpOTKOro npo­

Me.!KyTO'IHOrO CTep.!KHj{ 0102 = 2a, 06pa3yror,gero paBHbie yrAbl 

co cTep.!KHHMH M10 1 H 0 2M2 B TaKOM cAytiae HeTpy,ztuo BHeCTH 

B npe,ztbIAYI!!He peayAbTaTbI nonpasKy, 3aBHC}lr,gyro OT OTHoweHH}I 

a -r- CTpe,ztDOAaraH aTO OTHOWeHHe MaAbIM, 6y.zteM npeae6peraTb 

BAHHHHeM MaCCbl H ynpyroCTH 'IRCTH 0102. BbI'IHCAeHHe OOKR3bl-

a 
saeT, 'ITO npH Ma.l\bIX 3Haqeam1x 0Tnowea1rn T BAHHHHe qacTH 

0102 ua DAOCKHe KOAe6amrn CTep.!KHH, a TRK.!Ke Ha uenAOCKHe 

KOAe6aHHH CHMMeTpH'IHOro THna -He3HR'IHTeAbHO (aTO BAHHHHe 

,zteAaeTC}I 3aMeTHbIM npH nepexo,zte K BbICWHM o6epTonaM). Oco6oe 

DOAO.!KeHHe B aTOM OTHOWeHHH 3aHHMalOT uen.l\OCKHe KOAe6aumr 

*) YKasaHHeM Ha Heo6xop;HMocTb BHeceHHH TaKoii nonpaBKH H o6nsaH A. r. 
AoiiwiHcKoMy. 

86 



aCHMMeTpH'lHOro THna; 3JJ.eCb BJ\HHHHe 'laCTH 0102 Ha KOJ\e6aHHH, 

COOTBeTCTBYIOl,!!He HH31IIHM o6epTOHaM, OKa3bIBaeTCH 3Ha'lHTe.i\bHbIM 

a 
yme npH Ma.i\bJX aHa'leHHHX 1 . AM1 cAy'laH 6 = 0 {tiaCTH M101 

H 0 2M2 napaAJ\e./\bHbl) BMecTo ypaBHeHHH 

1 + cos hn cos n = 0, 

CJ\eJJ.yIOIJ!,ero npH ~ 0 H3 ypaBHeHHH (13), noAyqaeM npH Ma./\biX 

n2e. / A 
sHa'leHHHX TV C 

ne2 (1 + cos hn cos n) + a2 (sin hn cos n + cos hn sin n) = 0 

(rJJ.e e HMeeT npemHee 3Ha'leHHe). KaK BHJJ.HO, eCJ\H Be./\H'lHHbI 

ns2 H a 2 OJJ.HOro nopHJJ.Ka, TO BJ\HHHHe qacTH 01 02 Ha qacTOTbl 

ynoMHHYTblX KOJ\e6anHii 3Ha'lHTe./\bHOj npH rnyTHH CTepmHH 8TH 

tJ:aCTOTbl IlOHHmaIOTCH He TaK CHJ\bHO, KaK 8TO CJ\eJJ.OBa./\O 6bl no 

cpopMyAaM npeJJ.bIJJ.YWero §. 

§ 8. SaKAJO'leBue. 

Ha6AIOJJ.eHHH Chladni OTHOCHTCH K Il./\OCKHM KOAe6anHHM corHy­

Toro CTepmHH, noAyqeHHOe HaMH IlOHHmeHHe tJ:aCTOT Il./\OCKHX KOAe6a­

HHff CHMMeTpH'IHOro THria npH mlrH6e CTepmHH BllOJ\He corAacyeTCH 

c Ha6AIOJJ.eHHHMH Chladni. T aKoro me cor AaCHH He o6HapymHBaeTcR 

no OTHOIIIeHHIO K KOJ1.e6aHHHM aCHMMeTpH'lHOrO THna. 

Mb1 BHJJ.e./\H, 'ITO npH 6 = 0 tJ:aCTOTbl Il./\OCKHX KOJ\e6aHHlf 

CTepmHH nponopgHOHa./\bHbl 1rnaJJ.paTaM CAeJJ.yIOIJ!,HX 'IHCeA: 

1,8751. 4,6941, (4,7300), 7,8548, (7,8532), ... 

(cK06KaMH OTMetJ:aeM 'lHCJ\a, OTHOCHf!!HeCH K KOJ\e6aHHHM aCHMMe­

TpH'IHOrO THna). HatJ:HHaH co BToporo tJ:Aena aToro pHJJ.a, aTH 

'IHCJ\a C JJ.OCTaTO'IHOH CTeneHblO TO'IHOCTH MOmHo C'lHTaTb npo­

nopgHOHaAbHbIMH HetJ:eTHblM 'IHCJ\aM: 

-, 3, (3), 5, (5), 7, (7), ... 

Chladni HameA, 'ITO tJ:aCTOTbI Tex me KOAe6aHHH nponopgHo­

HaAbHbI KBaJJ.paTaM 'IHCeA: 

-, 3, (4), 5, (6), 7, ... 

l1HTepecHO OTMeTHTb, 'ITO Quix *) o6uapymHA B aHaAOrH'IHOM 

CJ\YtJ:ae cyIJ!,eCTBOBaHHe KOAe6aHHH aCHMMeTpH'IHOro THna, tJ:aCTOTa 

KOTOporo C JJ.OCTaTO'IHOH TO'IHOCTblO OKa3bIBaeTCH nponopgHo­

HaJ\bHOlf 32 • CTpHpoJJ.a OTMetJ:eHHbIX Chladni KOAe6anHii acHMMe· 

TpH'IHOro THila, tJ:aCTOTbl KOTOpblX nponopgHoHa./\bHbl 42 H 62' 

*) CM. Winkelmann. Handbuch der Physik. Bd. II Akustik (1909) p. 353. 
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OCTaeTC.R He.RCHOH. ,ll;.11..11 BbIHCHeHH.R aToro eonpoca 6bI./\O 6hI BeChMa 
m.e.11.aTe./\bHO BCeCTOpOHHee BKCnepHMeHTa./\bHOe H.ayqenHe KO./\e6aHHH 
corHYToro CTepm.n.11. 

Ueber die Schwingungen eines gebogenen Stabes. 

E .. Nicolai. 

Es werden die Schwingungen eines in der Mitte gebogenen 
Stabes untersucht. Zu diesem Zwecke wird der gebogene Stab als 
ein System von zwei gleichen Staben, die mit einander starr 
verbunden sind, angesehen. Es werden die Schwingungen des 
Stabes in seiner Ebene, als auch . die zu dieser Ebene normalen 
Schwingungen untersucht. Was die ebenen Schwingungen anbe­
langt, so ergibt sich, class die Verbiegung des Stabes eine Ver­
minderung der F requenzen der niedrigeren Schwingungen vom 
symmetrischen Typus (was mit den benannten Beobachtungen 
Chladnis im Einklange steht), aber eine Vergrosserung der Fre­
quenzen der Schwingungen vom asymmetrischen Typus zur F olge 
hat. Das Umgekehrte gilt fiir die zur Ebene des Stabes normalen 
Schwingungen. Es wird auch der Einfluss eines zwischen den beiden 
Schenneln sich befindenden kurzen Verbindungsstiickes besprochen. 
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On the equilibrium of elastic plate, bounded by the 
, isosceles rectangular triangle. 

By B. Galerkin. 

§ 1. We observe a thin plate in form of an isosceles rectangular 
triangle ABC (fig. 1), free supported and being under influence 
of forces normal to the plate and symmetrical relative to the 
axis OB (Y). 

The equation of the middle surface of the right side of the 
bended plate OBC will be as follows: 

w=f (x, y)+$(x, y) =/ (x, y)+ 

+"1A [ h (2n-1) 7t (b-y) (2n-1)1tx 
~ n COS 26 COS 26 -

( 1)n+1 h(2n -1) 1tx . (2n -1) 1ty] + - - cos 26 szn 26 

+ "1B [. h (2n-1) 1t (h-x) . (2n-1)1ty 
~ n szn 2b szn 2b -

( 1)n+1 • h (2n-1) r..y (2n-1) 1tx] + - - szn 26 cos 26 

+ "1c[(b-) . h (2n-1) 1t (b-y) (2n-1)7rx_ 
~ n y szn 2b cos 2b 

( 1)n+l . h (2n -1) 1tx . (2n -1) 1tg] + 
- - xszn 26 sm 26 

+ "1D [<b- ) h (2n-1) 1t (b-x) . (2n-1)1ty _ 
~ n X COS 26 Sln 2b 

-(- l)n+l h (2n -, 1) 7t9_ (2n -1) 1tx] (l)*) 
y cos 2b cos 2b · · · 

The function / (x, y) must be chosen as 
£h3 

12 (1- 0 2) l::..l:.2/= P,,,y; 

n==oo 

*) Under the sign L we assume every where L . 
n=l 
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h- a constant thickness of the plate, p,,,Y - load per unit-area, 
o - Poisson's ratio. Since cP (x, y) is a bigarmonic function, 
the differential equation of the middle surface of the plate will 
be satisfied, because 

£h3 ( a1w 84w 84w ) 
12 (1- 0 2) 8x4 + 2 8x28y2 + 8y" = P,,,y • 

Since cP (x, g) = 0 when x + y - b = 0 at every value of the 
coefficients An, B n ... , the function / (x, y) must be chosen in 
manner to be f (x, y)=O when x+g-b=O. 

y 

/.,.., B ,, ' , 
--\' ,. , ,, ... 
'fl' ', 

' / 

/ 
/ 

/ 

,/ """' /~, 

"/ ', / \'5-. 
a ' // Io 

/ 

'\, '- I .£-_____ _..:i~---.L-----"--X 
A: 6 '() C 

-----------?" 
Fig. I. 

If we choose w to 
a2w 

be oxoy = 0 when x+ y- b = 0 (on the 

a2w a2w 
cathetus), the stresses X~,, will 

when x+g-b=O 

be proportional to a;;.+ 892. But 

82(1) f}2cp {)2(1) 
-a a =Oand-a-+-a 2 =0, 

X Y x 2 Y 

therefore if is needed Xx', to be equal to zero, the same must 

a,1 fJ2J a21 
~-8-=0 and ~+-0- =0 on the bord x+y-b=O. 
ux y ux• y• 

For the case the left side of the plate could be symmetrical 
to the right side, it must be assumed in the section x = 0 

:aw O d ( ) Ox = an Vxz = <p y ' 

where Vxz - vertical shear per unit length in the section perpen­
dicular to x; <p (g) - function, representing the shear in the sec­
tion x=O. 



But 
aw_ 8/ 
Ox - Ox -

--~ ~A (2n-1) [cosh(2n-l)r.(b-y) · _(2n-1)r.x+ 
2b _L,j n 2b szn 2b 

+ (- l)n+l . h (2n - 1) 1tx • (2n -1) Try] + szn . _2_b _ szn 2b 

+~ ~ B (2n-1) [- cosh (2n-l)r.(b-x) . (2n-1)r.y+ 
2b _L,j n 2b szn 2b 

+ (-1)n+l . h(2n-1)rr:.g . {2n-1) rr:.x] 
szn 2b szn 2b -

- ~ ~ C (2n-1) [cb-y)sinh (2n-1) r. (b-y) · (2n -1) 1CX + 
2b _L,j "' 2b szn 2b 

+ (- l)',+1 2b sin h (2n -1) rr:.x . (2n -1) r.y 1 

(2n - 1) 'it 2b szn 2b T 

+ ·(-1)"'+1 h (2n -1) .rx . (2n-1) r.g x cos 2 szn -
b 2b 

_-2'_ "'1D (2n-l)[ 2b h(2n-1).r(b-x). (2-l]r.y+ 
2b _L,j n (2n-1) "cos 2b--szn 2b 

+(b ) . h (2n-l)r.(b-x) . (2n-l)r.y 
-x szn 2b szn 2b -

_ (- 1)n+1 h (2n -1) reg . (2n - 1) Trx] g cos 2 szn b 2b . 

The shearing force 

V = - Eha (fJ3w fJ3w )-
xz 12 (1 - a2) Ox 3 + {Jx{)y 2 -

- - Eh3 { fJ3/ fJ3/ 
- 12 (1 - a2) ox3 + fJxoy 2 -

- "2 ~ C (2n-1)• [cos h (2n-l)r. (b-g) . (2n -1) rr:.x+ 
2b2 _L,j n 2b szn 2b 

-+-(- 1)"+1 . 1 (2n -1) 'itx . (2n - 1) r.y] szn n 2b szn 26 -

- r.~, ~ D (2n-1)2 f_cos h (2n -1)r.(b-x) . (2n-1) r.y 
2b· _L,j n [ 2b szn 2b -

_ (- l)n+t . h (2n -1) r.g . (2n - 1) .rx]} szn 2 - szn 
b 2b . 

gr 



When x=O 

I aw / _ I of / 
Ox =o-1 Ox =O -

_ ~ "'1s (2 -l) h (2n-l)7t . (2n -1) 'ItY 
26 .LJ ,,, n cos 2 szn 26 -

- ; >,,D,,, (2n-1)(sinh (2n~l)7t + 
2 (2n -1) T: \ + (2n _ l) 7t cos h 2 ) = O ......... (a) 

and 

- £h3 [ I aa1 a•1 I 
Vx, - - 12 (1 - a2) dx3 + oxoy2ix::=0 --

7t2 "'1 2 (2n -1) 7t . (2n -1) 1tg] 
- 26 .LJD ,,,(2n -- 1) cos h 2 szn 26 = 9 (y) .. (b) 

Assume, that 

I of / d I as/ + fJ3f / i 12 (1 - a2)_ (y) 
ox an Ox3 oxoy2 1 Eh3 9 

=O x::=O 

in limits from y = 0 to y = b decompose in trigonometrical series 
. (2n-l)7tg 

on szn 26 

l
a11 -~ .<2n-1)1ty 
Ox ; - a,. szn 2b 

l,=0 
and 

I ~[+~LI 1 12 (1 - 0
2
) (!) (y) = ~ R • (2n -1) 1tg 

Ox3 OxOg2 1 £h3 ' t'n szn 2b ' 
x=O 

where 
b 

_ 2 / I of I . (2n-1)7tg a,. - b a-;; ) szn 2b dy ......... (2), 
lx=D 

0 
b 

- 2 / f I f)3/ aa/ I ~ .. -z; l ox3 + oxay{_
0
+ 

0 -

12 (1 - 0 2) ) • (2n - 1) 1tg + -Eh3- ~. (y) f szn 26 dy ......... (3) 



The equations (a} and (b) will be decomposed as follows: 

B (2n-1)r. h (2n--1)r. 
(X n - n 2b COS 2 -

-D (2n-1)i.(. h(2n-1)r.+ 2 h(2n-1)r.)=O() 
" 2 ,szn 2 (2n-1) r. cos 2 c 

and 
r.2 (2n - 1) r. 

~n - 2b2 D,, (2n-1}2 cos h 2 =0 ..... (d), 

wherefrom 
2~nb2 

Dn = (2 1) .............. (4( n- TC 
(2n -1)2 r.2 cos h 2 

and 

B = 2ixn b 
n (2n -1)r. 

(2n - 1) r. cos h 2 

2~,.b3 
. ( 2 +tgh(2n-1)r. .. (S) 

(2 1)2 2 h (2n -1) r. (2n -1) r. 2 
n- r. cos 2 

On the edge g=O 
82w 

w = O and 892 = O; this gives us 

I ( 0) + "1A h(2n-1)r. (2n-1)r.x+ 
X, .LJ n COS 2 COS 2b 

+ "1 . (2n -1) r. (2n-1) r.x _L,j en b szn h __ 2 ___ cos 2b = o ... (e), 

1
~21_ I ...L " 2 ~A· (2 - l)2 h (2n-1)r. (2n-1)r.x+ a 2 / I 4b2 I n n COS 2 COS . 2b 
y Y=O 

+ :~ ~ C,, (2n-1)' (sin h <2n-; l) r. + 

+ 4 (2n - 1) r. ) (2n -1) r.x 
(2n _ l) r. cosh 2 cos 2b = 0 .· . . (!) 

I a21 I If / (x, 0) and a2 can be decomposed in limits from 
y y=O 

x = 0 to x = b in trigonometrical series: 

I "1 (2n -1) r.x 
(x, 0) = .LJ r,, cos 2b ' · 
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and 

I 82/ I ~ ~ (2n-1)r.x 02 = .,n COS 2b ' 
y y=O 

where 

b 

2 I (2n - 1) r.x in=,; f (x, 0) cos 2b dx ........ . (6), 

0 

b 

_ 211 82/ I (2n - 1) r.x en_b 8g2 v=O COS 2b dx ....... (7). 

0 

The equations ( e) and (/) will be decomposed in the equations: 

. + A (2n - 1) r. , . (2n - 1) ,r rn n cos h 2 + en b szn h 2 = 0 ... (g) 

e + A (2n -1)2 'lt2 cos h (2n -1) 'It + 
n n 4b2 2 

+ C (2n-1)2 r.2 ( • h f2n -1) 'It+ 4 h (2n--1) 'It) (h) 
n 4b szn 2 (2n-1)r. cos 2 

herofrom 

e b 1 1 
n ' (2 1) • . • (8), 

(2n -1) r. I h n - 'It cos ~~2~~ 

_ ( (2n - 1) 'lt"{n 

C"- 4b 

__ (2n -1) 'lt_in_ ( 1 +_!_t h (2n-1) 'It)+ 
An- (2n-1) 'It (2n-1) 'It 4 g 2 

cos h 2 
(2n-1),. 

+ enb2 tgh 2 
(2 1 (2 1) · · · · · · · · · · · · .(9). n- );.: cosh~=~ 

2 

We shall apply these form. to the peculiar cases: 1) the for­
ces are concentrated on the axis of symmetria and 2) the 
forces are uniformly distributed on the plate. 

§ 2. The forces are concentrated on the axis of sgmmetria. 
We observe the case, when the forces p are uniformly distributed 
on the axis of symmetria from g = e to g = e + b1. 
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Let be / (x, y) = O; in this case 

I![ I = 0 and l~~+-8~}2 1 = 0. 
x=O Y x=O 

On the axis of symmetria Vxz = 9 (y); in limites 

from y= 0 to y=e 

from y=e to y=e+b1 

from y = e + b1 to y = b 

The form. (2), (3), (6) and (7) give 

cxn = 0, 
b 

<p (y) = 0, 

9 (y) = - -~ ' 
<p (Y) = 0. 

A _ 24 (1--=- a2)/ ( ) • (2n -1) .r.y d _ 
t'n - Ehab 9 Y szn 2b y-

o 

e + b1 

_ 12 (1- a2)p I . (2n - 1) .r.y d _ 
-- £h3b szn 2b .Y-

e 

48 (1 - 0 2) p . (2n -1) -rrb1 • (2n -1) -rr (2e + b1) 

Eh 3 (2n - 1) -rr szn -Lib-- szn 4b ' 

"Cn = 0, 

en= 0. 

From the form. (4), (5), (8) and (9) we receive: 

. (2n-1)1tb1 • (2n-1).r.(b1+2e) 
96 (1- a2) pb2 sm 4b szn 4b 

Dn = - (2n-1)3-rr 3£1,,3 h (2n -1) -rr 
cos 2 

. (2n-1)-rrb1 • (2n-1).r.(b,+2e) 
_ 96 (1- -a•) pb3 szn 4b szn 4b ( 2 

Bn - (2n-1)31t 3Eh~ h (2n-1) 'IT. \(2n-1).r. + 
cos 2 

(2n-1)1t) + fg h ~···-2-- , 
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The equation of elastic surface w can be presented as follows: 

l . (2n-l)n:b1 . (2n---l)7t(bd·2e) 
w = 96(1-cr2)pb3~ szn 4b szn 4b 

Eh3n:3 (2n -1 )n: X 
(2n-1)3 cosh --- :f-

x [( . h (2n-l)r.(b-x) . (2n-l)n:g 
sin - 2b szn '2.b 

( l)n+l, h(2n-l)n:y (2n-l)n:x)( 2 + h(2n-1)1t\ 
- - sin 2b cos · 2b (2n -1) n: tg 2 J-

b - x h (2n -1) n: (b-x) . (2n -1) r:g + 
- -b-cos 2b sm 2b 

n+t g (2n - 1) n:y (2n - 1) r:x]) 
+(-1) -b-cosh 2b cos 2b j" ....... (10) 

When the forces p are uniformly distributed along the axis 
of symmetria, i. e. e = 0 and b1 = b, 

w = 48(1-cr2) pba ""11 1 ___ X 
£h3n:3 ..L.J 1 (2n-1)3cosh (2n-;1) TC 

X [(sinh (2n-l)_rc_0-g) sin (2n -1) reg -
2b 2b 

( 1 n+1 . h (2n -- l)n:g (2n - lJ n:xx 2 + h (2n -1 h,) 
·- - ) szn 2b cos 2b (2n - 1) n: tg 2 -

b - x h (2n - 1) 1t (b - x) . (2n - 1) n:g + 
- ~ cos 2b szn 26 

n+t y (2n -- I) 1tg (2n -1) n:x]} + (-1) b cos h 2b cos '2.b ••. , ... ,(JO' 

If we let b1 be an infinitely small quantity and assume pb1 = P 
the equation (10) will be transformed in: 

f . (2n-1) n:e 

24 (1 - cr2) Pb2 ~ szn 2b w= a-2 l X Eh " 2 1. 2 h ( 2n - I ).r 
( n- J cos 2 

X [( . h (2n-1) n: (b-x) . (2n-·l)n:y 
sin ---26 szn --26- -

( l)n+1 . h (2n-1) r.y (2n - 1) r:x) ( 2 h (2n-1) .:) 
- - Sln ----COS----- + tg -

2b 2b (2n-1Jr. 2 

b - x h (2n - 1) n: (b - x) . (2n - 1) n:g 
- -b- cos --- 2b. szn 2b + 
+ (- l)n+1 _!!_ cos h (2n = 1) .rg_ cos (2n -1) .. x ]\ ,, 

b 2b ~~, ...... (10) 
- I 

96 



We receive a solution for a case, . when the force P is concen­
trated in a point (x = 0, y = e). 

§ 3. The forces are uniformly distributed on the whole plate. 

Assume j (x, y) = 

, = (l ;;~~ P [(x+y-b)'+4b (x+y-b}3-8b 8 (x+y-b)].(11) 

f (x, y) satisfy the equation: 

Eh 3 

1 2 A2A2/ = p; 2 (1-a) 

p = load per unit-area. 

When x+y-b=O 

a'l av o'l 
f (x, y) = 0, iJxay = 0 and Ox2 + 092 = 0. 

I 8/1 _(1-02) P[(y-b)3+3b(9-b)2-2ba] ox - 2Eh8 • 
. x=o 

From form. (2) we receive: 

b 

an= (l ;h~i Pf [(9-b)3+3b (y-b)3-2b3]sin (2n;,l}1ty dy = 
0 

96 (1- 02) pb3 (- 1)n-t1 

(2n -1)4 -.i:4 £ha 

Along the axis of symmetria (x = 0) there are none of con­
centrated loads, therefore c:p (y) = 0. 

Since 

IY:.L+ {)3/ I 
ox3 oxoy2 lx=0 

we obtain from the eq. (3): 

b 

6 (1- a2) PY 
£h3 

r.l _ 12 (1-02) p f . (2n -1) 1ty d - 48 (1-a2) b (-w·+1 

I' n - --Eh3b 9 szn 2b y - (2n -1)2 -n:2 Eh3 

0 

2KypHa.ll. 7• 97 



Substituting the values (X,. and ~ .. in the eq. (4) and (5), we 
receive: 

96 (1- 02) pb3 (-1)"+1 

D,.= (2 ) ' 
Eh3 (2n -1)' 1t 4 cos h n-; 1 -.. 

B _ 384(1-02) pb' (-1)"+1 f 1 + 
,.-- (2 1) \(2n-1)1t 

Eh3 (2n-1)' 1t' cosh - -n - 'It 
2 

+ ~ tg h (2n -; ~-.. ) . 

On the edge y = 0 the function / (x, y) gives: 

(1- 02) p 
f (x, 0)= BEh3 [(x-W+4b(x-b)3 -8b3 (x-b)] and 

\ fl/I _3 (l-a2)p ( 2 __ b2) 
Ox2 - 2 x • 

y::::::f) 

With form. (6) and (7) we obtain: 

b 

in= <1~:2> pf ccx-b}'+4b (x-b)3-8b3 (x-b]cos<2n-;;>1tx dx= 

0 
_ 192 (1-a2)pb' (-1)'*1 

- (2n-1)5 11:5 

b 

_3 (1-a2) pl( 2 _b2) (2n-1) 11:x_ 
£n - b X COS 2b -

0 

__ 48 (1-a2) pb3 (-t)"+1 

(2n-1)31t3 

Substituting the values 'Yn and en in the eq. (8) and (9), we 
receive: 

C _ 96 (1-02) pb3 (-1)"+1 __ • 

n - (2 1)' 4 h (2n - 1) 'lt , n- 'ltCOS 2 

__ 192(1-a2)pb4 (-l)n-/-1 ( 1 + 
An - (2n-1) 4 11:4 (2n - 1) 1t 

+ 1 h (2n -1) 1t )\ 2 tg 2 . 



Substituting as the values An, Cn, Bu and Dn, as / (x, y) from 
the form. (11) in the eq. (1), we receive: 

_ (l -ri2}pb4 J (x+y-b)4 +4b(x+y-b)3-8b3(x+y-b) 
W- £h3 l Sb· -

_ 19; "'1 (- 1)"+1 'I (cosh (2n~l) 7t (b-y) co/2n-l)n-x _ 
"' .L..J(2 l)4 h (2n - l )n 2b 2b n- cos 2 -

( l)n+1 h (2n-l)nx . (2n-l)1ty)( 1 + 
- - cos 2b sm 2b (2n-1} 7t 

+ { lg h (2n -; l) n ) + 
+{. h(2n-I)n(b-x) . (2n-l}ny 
. \ sm 2b sm 2b -

-(- l)n+1 . h(2n-1)1tg (2n- l)nx)( 2 + 
sm 2b cos 2b (2n -1) n 

+ 1 h (2n - 1) 7t ) 
Ttg 2 -

b-y . h (2n-1) 7t (b-y) (2n_-::::-l)nx+ 
- 2b- sm 2b cos 2b 

+ x ( l)n+t . h (2n-l)nx . (2n- l)ng 
2b - sm 2b sm 2b 

b-x h (2n- I) 7t (b-,-x) . (2n-l)ng+ - ,u;- cos 2b sm 2b 

+(-l)"+t_J!__ h(2n-1)ny (2n-1)1txl} 
2b cos 2b cos 2b . 

Summary. 

The case of triangular plate under the action of a force P, 
·concentrated in a point, is analysed here for the first time*). In our 
other papers namely: ,,Investigation of triangular plates" **) and 
,,On the flexion of triangular plates" ***) we gaveth e solution for 
the cases of uniformly distributed load and for concentrated load 
along the axis of symmetria, different from that communicated 

*) Brief abstract sec C. R. 1925 t. 181, p. 369. 
**) Bulletin of the Russian Academy of Sciences, Petrograd 1919. 

**") Annals of the Polytechnical Institute, Petrograd, 1919 vol. XXVIII. 
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here. In the above mentiohed papers were named the cases of 
fiexion of the plates under another distribution of forces ( when 
the forces are unsymmetrical relative the axis y), also were calcu­
lated the stresses of the plates for all possible distribution of 
forces, investigated therein*). 

~) In the paper .Investigation of triangular plates• is also analysed the 
question on the equilibrium of triangular plate, bounded by an isosceles rectan­
gular triangle under the influence of forces, compressing the plate. 
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Paunouecee ynpyroii nA.aCTBBKB, orpaneqeeeoii 
paBBOOCAPCBRldM np.aMoyroJ\LBldM TpeyroJ\LBBKOM, 

B. [. r a.,.epKUH, 

B aToH cTaThe paccMaTpHeaeTc.R m1rH6 n.11.acTHHKH noA AeH­
CTBHeM CHA, HOpMa.11.bHhlX K ee Il.11.0CKOCTH H CHMMeTpH'IHO pacno­
.11.0.lKeHHhlX OTHOCHTe.11.bHO OCH CHMMeTpHH. 3a ypaeueuHe ynpyroH 
noeepXHOCTH npaBOH Il0.11.0BHHhl n.11.aCTHHKH (q>Hr. 1) 6epeM: 

w = f (x, y) + ct> (x, y). 

/ (x, y) AOMKHO YAOB.11.eTBop.RTh ypaeHenmo 

£h3 
12 ( 1 - 02) d2d2 / = p xy , 

rAe Pxy- CH.II.a ua eA, Il.11.0I,!!a,ll;Hj cP (x, y) yAOB.11.eTBOp.ReT ypaBHe­

HHJO d2d2ct> = 0 H COAepmHT pHAhl C Heonpe.n;e.11.eHHhlMH Koaq:,­
<f>HgHeHTaMH. Koa<f><f>HgHeHTbl 8TH onpeAe.11.HJOTCH H3 C.11.eAyJOl,!!ffX 
yc.11.oeHfi: 

1) OpH x=O 

ow £h3 (fJ3w fJBw ) 
fJx = 0 H vxs = - 12 (1 - c,2) Ox3 + oxfJg2 = cp (y), 

r.n;e qi (y)-nepepe3b1Barol,!!a.R cH.11.a no ce'lenmo x = 0. 

fPw 
2) DpH y = 0, 'lP =-= 0 H 8g2 = 0, 

061,!!He BhlBOAhl npHMeHeHbl K cAy'laIO, KOrAa n.11.aCTHHKa Haxo· 
,ll;HTCJI no.n; .n;eHCTBHeM CHA, paBHOMepHO pacnpe.n;e.11.eHHblX no OCH 
CHMMeTpHH Ha HeKOTOpOM npOT.RmeHHH b1 (§ 2). CTo.11.araH b1 = b, 
no.11.y'IHM pemeHHe ,ll;.11..ff c.11.y'la.R, KOrAa BC.ff OCh CHMMeTpHH Haxo­
AHTC.ff no.n; .n;eHCTBHeM CHA paBHOMepHO pacnpe.n;e.11.eHHhlXj no.11.ara.11 
b1 = 0, no.11.yqaeM pemeHHe AMI c.11.y'la.R cocpeAOTO'leHHOH CH.II.bl, 

B § 3 .n;aHo pemeHtte AM cAy'la.R CHA, paeHoMepHo pacnpeAe­
AeHHhlX no BCeli n.11.acTHHKe. 

CTaTh.ff aTa pacmHp.ReT HecK0.11.hKO pemeHH.ff, .n;aHHhle aBTopoM 
B ,,vlaeecTHHX AKaAeMHH HayK" aa 1919 r. H ,,vlaeeCTH.ffx CTo.11.H­
TexHH'leCKoro YIHCTHTyTa" aa 1919 r. 
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0 MexaBBSMax AA.II IIOCTpOeBBSI clJYRKgB:ii:. KOMIIAeKCHOro 
uepeMeaaoro. 

C. A. I'epw.iopuH. 

Ecirn HMeeM KaKoii·HH6yp;b nAoCKHH MexaHH.SM, TO noAomeHHe 

Ka2KJJ;OH ero TOqKH M02KHO oxapaKTepH.SOBaTb HeKOTQpbIM KOM­

nAeKCHblM qHc.11.oM z=x+ ig, rp;e x H y-o6bIKHOBeHHbie AeKap­

TOBbI Koopp;HHaTbI aToii ToqKu. Ec.11.H npH ABH2KeHHH onpep;e.11.eHHofl: 

TOqKH TaKoro MeXaHH.SMa, K KOTOpoii OTHeCeHO quc.11.0 z, HeKOTopaH 

p;pyrasr TOqKa 6yp;eT ABHraTbCH TaK, qTo COOTBeTCTBYIOJ!!ee eii 

KOMn.11.eKCHOe quc.11.0 w 6yp;eT aHa.11.HTHqecKOH <l>YHKgHeii OT z, T. e., 

W=/ (z), 

TO MbI CKa2KeM, qTo MexaHH.SM p;aeT <l>YHKJ'.!HIO KOMil.11.eKCHOrO nepe -

MeHHOl'O / (z) H.11.H, HHaqe, qTo OH npOH.SBOJJ;HT KOH<l>OPMHOe OT06pa-

2KeHHe, onpep;e.11.sreMoe <l>YHKgHeii / (z). 

Ao CHX nop 6bIAH H.SBecTHbI HeKoTOpbie mapHHpHbie Mexa­

HH.SMbI, KOTOpbie p;aBa.11.H npocTei:lmHe <l>YHKJ'.!HH KOMn.11.eKCHOro 

a 
nepeMeHHoro, Hanp., z+a, az H -, rp;e a-KoMnAeKcHan no-

z 
CTOHHHan. TaKOBbI, Hanp., naHTorpacpbI illeiiHepa H CHAbBeCTepa, 

HHBepcop Docce.11.be·AHnKHHa H p;p. B HaCTOHJ!!eH pa6oTe p;aeTcn 

o6IJ!ee pemeHHe .sap;aqH nocTpoeHHJJ nop;o6HbIX MexaHH.SMOB MH 

.11.106oii aAre6paHqecKOH <l>YHKJ'.!HH, npH qeM AOKa.SbIBaeTCJJ, qTo 9TH 

MexaHH.SMbl MoryT 6bITb BblilOAHeHbI qHCTO mapHHpHo. 

§ 1. 8 p;a.11.bHeiimeM HaM npHJJ;eTCJJ Il0.11.b.SOBaTbCJJ HeKOTOpbIMH 

OCHOBHbIMH mapHHpHbIMH MexaHH.SMaMH. l1.s.11.02KHM BKpaTge HX 

TeOpHIO. 
PeBepcop-KeMne *)-npH6op p;.11.n no.11.yqeHHJJ paBHbIX yr.11.0B­

H.so6pamee 2KHpHbIMH AHHHJJMH Ha qepTeme 1 **). 8 mapHHpHblX aHTH­

napa .. ue.11.orpaMMaX OACB H OBGD cxop;cTBeHHbie cTopoHbI npo-

OA OB 
nopgHoHaAbHbI, T, e. OB-= OD . 

*) Koenigs. Lei;ons de Cinematique. 
**) CM, OT,!!eAbHhlH AHCT B Koay;e KHHrH, 
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TaK KaK yroA B y HHX o6IMHH, TO o6e qmrypbl no,11,06eb1 

BO Bcex noAomeHHHX H, CAe,11,oBaTe.l\bHO, L aOa' = L a'Oa". 8TOT 

MexaHH.SM M02K.e'f C.I\Y2K.HTb ,11,.1\R y,11,soeHHJI yr.l\OB, H, o6paTHO, ,11,.1\R 

p,e.l\eHHJI ,11,aHHOrO yrAa Ha p;Be paBHble qaCTH. 

MgAbmunAuKarriopbz KeMne. Aa.l\bHeHIIIHM npHcoep;HHeHHeM 

aHTHnapaA.l\e.l\orpaMMOB M02K.HO IlOCTpOHTb MexaHH.SMbl ,11;.I\JI noAyqe­

HHJI AI06blx KpaTHbIX yrAoB. TaK, eanpHMep, npH6aBAHH K pesep­

copy (qepT. 1) CTepm.HH OE H EF, noAyqHM MexaHH.SM, CAymaJ!!HH 

,ll;.I\R yTpOeHHJI H, o6paTHO, ,11;.I\R TpHCCeKgHH yrAOB. 

CyMMamop KeMne-npH6op ,D;.I\R cAom.eHHH yrAos. OycTb 

Tpe6yeTCH C.I\02KHTb yr ./\bl aOa' H · aOa". C noMOJ!!bIO pesepcopa 

cTpoHM cTepm.eHb Ob, p;eAHJ!!HH nonoAaM L a' Oa". C noMOJ!!bIO 

BToporo pesepcopa .sacTaBAHeM cTepm.eHb Oa H HOBbIH cTepm.eHb 

Oa"' 6bITb CHMMeTpHqHbJMH OTHOCHTe.l\bHO Ob. B TaKOM C.l\y'lae 

L aOa'" = L. aOa' + L aOa". 

§ 2. CAomeeHe KOMDAeKCB1»1x 'IHCeA. CAom.eeHe p;syx KOM· 
irp b idi 

Il.l\eKCHbIX qHCe.l\ ZJ = ae H Z2 = e ' C nepeMeHHbIMH apryMeH-

TaMH, HO IlOCTOHHHbIMH MOAYMIMH a H b, npOH.SBO,ll;HTCJI npH 

noMOJgH II1apHHpHoro napaA.l\eAorpaMMa OABC (qepT. 2) co CTO· 

poHaMH ,ll;.I\HHbl a " b " c seplllHHOH 0, noMeJ!!eHHOH s Ha'la.l\e 

KOOpAHHaT. CyMMa p;aeTcH ToqKoH C. 
AAH cAom.eHHH ,11,syx npoH.SBO.l\bHbIX KOMnAeKCHbIX qHce.l\ MHOIO 

B p;a.l\bHeHilleM npHMeHHeTCJI o6bIKH0BeHHb1H naHTOrpaip llleiieepa. 

B TaKOM naHTorpaqie (qepT. 3) TOqKa D scer,11,a ,11,eAHT B nocTOHH· 
AD~ 

HOM OTHOilleHHH oTpe.soK AB, TaK 'ITO AB':"!= a= Const. 

OoaTOMY, Mem.p,y KOMil.l\eKCHbIMH qffc.l\aMH z 1, z2 H Z 1, COOTBeT· 

CTBYIOIMHMH TO'lKaM B, A H D, HMeeT MecTo cooTHOilleHHe 

B qacTuocTH, ecAH 

z' = cxz1 +(1-a) z2 •••••••••••••••• • (1) 

1 
<'.l = 2 , IlO.l\yqHM 

z' = · ~ (z1 +z2) •....••..•.•..•.• (2). 

Mbl BH,11,HM, qTo B aTOM C.l\y'lae Z = Z[ + Z2 .I\Hlllb IlOCTOHHHbIM 

MH02K.HTe.l\eM OT.I\H'laeTCJI OT 'IHC.l\a z', H.so6pam.aroJ!!ero IlO.I\02KeHHe 

TO'IKH D. 3aMeTHM, 0,11,HaKO, pa.s HaBCerp,a, 'ITO IlOCTOHHHble MHO· 

2K.HTe.l\H He HHeIOT AMI Hae cyJ!!eCTBeHHoro .SHa'leHHJI, TaK KaK HX 

scer,11,a M02K.HO KOMileHCHpOBaTb IlOJl;X0,11,HI!!,HM Bb16opoM MaCIIITa6a 

,11,.1\JI OTC'leTa z. B aTOM, HMeHHO, CMbIC.l\e (T. e., OTC'lHTblBaH z 
B COOTBeTCTBYIOJ!!eM MaCII1Ta6e) M02K.eM npHMeHHTb OilHCaHHbIH 

MexaHH.SM ,ll;.I\R cyMMHposamu1 ,11,syx KOMn.l\eKCHbIX 'lHCe.l\. 

Bb1pam.eHHH 60.1\ee o6igero BHP.a 

z=az1 +bz2 ................... . (3) 
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r p;e a H b npomlBO.llbHble BeIJ!eCTBeHHbie . DOCTORHHbie, TaK.IKe MO· 

ryT 6bITb IlOCTpoeHbl npH DOMOf!!H naHTOrpaqia npH COOTBeT­

CTBYIOIJ!eM cooTHomeHHH .ztAHH cTopoH • .l(eiicTBHTeAbHO, z OTAH­

qaeTC.R AHWb DOCTO.RHHbIM MHO.IKHTe.lleM OT qffC.lla z', CBR3aHHOr 0 

C z1 H Z2 3aBHCHMOCTbI0 

z' = a+ b z1 + at b z2 ................ ( 4), 

HJJ;eHTHqHoIO C 3aBHCHMOCTbI0 (1) 

llpuM.eZ(.aHue. EcAH B Bbipa.lKeHHH (3) a > 0 H b > 0, TO 

0 < o: < 1 . ..................... (5). 

06b1qHo naHTOrpa<JlbI TaK CTpORTCR, l!:TO MoryT 6bITb ycTaHO­

B.lleHbl Ha AI06oe 3HaqeHHe o:, YAOB.lleTBOpHIOIJ!ee HepaBeHCTBaM (5). 
DpH UOMOIJ!H OJJ;Horo TaKoro naHTorpaqia MO.IKeM, C.lleJJ;OBaTe.llbHO, 

OCYIJ!eCTBHTb AI06yro 3aBHCHMOeTb BHAa (3) npa DOAO.IKHTe.llbHbIX 

a H b. 
DpH DOMOIJ!H CHCTeMbl H3 (it -1) naHTorpa<JlOB M02KHO CTpOHTb 

Bb1pa.1KeHHH BHAa 

r.z,;e ak - BeIJ!eCTBeHHbie DOCTOHHHbie. 

DycTb, AAH npHMepa, HY.IKHO nocTpoHTb Bb1pa.1KeHHe 

z = a1z1 + a2z2 + a3z3. 
DpH noMOIJ!H nepBoro naHTorpa<J>a cTpOHM KoMnAeKCHoe qHcAo 

z" = a1 z1 + ____ a2 __ z2' 
a1 +a2 a1 +a2 

a npH DOMOf!!H BTOporo - qacAO 

z' = at +a2 z" _j_ a3 
a1 +a2+aa ' a1 +aa+a3 

OTAHqaroIJ!eecH AHWb llOCTOHHHbIM MHO.IKHTeAeM OT HCKOMOro z. 
AHaA'OrHqHo nocTynaeM H npH 6oAbmeM qffcAe cAaraeMhIX. Do­

.z,;o6Hbie MeXaHH3MbI, COCTaBAeHHbie H3 OAHOrO HAH HeCKO.llbKHX 

naHTorpa<JloB, 6yp;eM B p;aAbHeiimeM Ha3bIBaTb cyMMaTopaMH. 

§ 3,. IlpeACTaBAeHee KOMD.lleKCROro nepeMeBROro a BHAe 

C)'MMW AByx Apyrux c DOCTORRRWMH MOAY ARMH. Kam,n;oe KOM· 

llAeKCHOe qHCAO z, MOAYAb KOToporo YAOBAeTBOpHeT ycAOBHHM: 

a-b<izl < a+b, 
MO.IKeT 6bITb npeJJ;CTaBAeHo B BHJJ;e cyMMbl ABYX .z,;pymx c no­

CTOHHHblMH MOAYAHMH, T, e., B BHAe 

+ i•!) I i•~ ) 
z = z 1 z2 = ae · -t- be· ............... (7 . 



cPopMy.11.a (7) .z,;aeT B cyigHOCTH oco6oe npe.z,;cTaB.l\eHHe nepe­
MeHHoro, KOTopoe a.z,;ecb xapaKTepHayeTC.H: ABYMH Bei;gecTBeHHbIMH 
1IHC.l\aMH 9 H ·~ (KaK B .z,;pyrHX c.11.yqa11x OHO xapaKTepm~yeTC.H: 
1IHC.l\aMH x H y H.I\H r H 6). 

T pe6yeMoe paa.11.omeHHe z Ha cyMMY 1IHCe.ll z1 H z2 npoH.BBO­
BOAHTC» npH noMOJ!!H napaA.11.e.11.orpaMMa OABC (qepT. 2), o.z,;Ha 
BepnrnHa O KOToporo Haxo.z,;HTCH B Ha1Ia.11.e Koop.z,;HHaT, a npOTHBO­
no.11.0.mHaH C ycTaHaBAHBaeTcH B T01J:Ke z. YKa.BaHHoe npep;cTaB.11.e­
HHe He.BaBHCHMOH nepeMeHHOH HB.llHeTCH OCHOBHblM B Hameii pa6oTe. 

Doc.Ile npHBe.z,;eHHbIX BBOAHblX .BaMe1IaHHJ1 MO.lKeM nepeHTH 
K eenocpe.z,;cTBeHHO HHTepecyroi;geMy eac Bonpocy. 

§ 4: MexaunsM, Aaioiguii Cl)yBKJ!HIO W = z2. PaccMoTpHM 
npe.mp;e Bcero MeXaHH.BM .z,;.11.11 q>yHKJ!HH W = z2. OpH npe.z,;cTaB.11.eHHH 
He.BaBHCHMOH nepeMeHHOH z B q>OpMe (7), .Ba.z,;aqa O nocTpOeHHH 
TaKoro MexaHH.BMa paapemaeTCH c Heo6blKHOBeHHOH npocTOTOH. 

OycTb 

Tor.z,;a 
- fy+ ~- + (8) z·-ae ae - z1 z2 ..•....•••..•. 

W=(aiP + aei:>2= a2ei29+a2ei2:Ji +2a2i<'l'+:Ji)= wl + W2+ W3. 

MbI BHAHM, 'ITO W = z2 npep;cTaBH.11.0Cb, KaK cyMMa Tpex KOM­
n.11.eKCHblX 'IHCe.ll Wi, W2, W3 c nocTOHHHblMH Mo.zi;yAHMH, HAH, 
Bbrpa.maHCb reoMeTpH'IeCKH, KaK cyMMa Tpex BeKTOf>OB IlOCTOHHHOH 
.11;.I\HHbl w,, W2, w3. Bee CBOJJ;HTCH, TaKHM o6pa.BOM, K nocTpoe­
HHIO BTHX noc.11.e.z,;HHX H K HX noc.11.e.z,;yroi;geMy C.llomeHHIO. A.11.11 
aToro nocTynaeM c.11.e.z,;yroigHM o6pa.BOM (qepT. 4). 

OpH noMOJ!!H mapHHpeoro poM6a OABC co cTopoeaMH .z,;.11.HHbI 
a, BepmHHa C KOToporo noMeigaeTcH B T01J:Ke z, pa.B.11.araeM 1J:Hc.11.o 
Ha cyMMY no q>OpMy.11.e (8). 

OpH STOM 

L xOA=9, a L. xOB=qi. 

CTep.meHb OD .z,;.11.HHbI a2, coe.z,;HHeHHbIH npH noMOigH peBep­
copa KeMne (I) co cTeparneM OA TaK, 1IT06bl L xOD = 91 = 
= 2 9 = 2 L xOA, .z,;aeT HaM BeKTop W1. AHa.11.orH'IHO no.11.yqaeM 
npH noMOJ!!H peBepcopa (II) BeKTop W2 B m1.z,;e cTep.mHH OE, 
o6paayroi;gero c ocbro x yro.11. 'fl = 2 qi. Ha cTepmHHX OD H OE 
CTpOHM mapHHf>HbIH poM6 ODFE, BepmHHa F KOToporo .z,;aeT HaM 
cyMMY W' 'IHCeA W1 H W2 • OcTaeTCH npH6aBHTb K W BeKTOf> 

i (s,+w) i 'f!_+<!i, W.~ = 2 a2e · · = 2 a 2e 2 , ~.11.11 qero npHcoe.z,;HHSieM K T01J:Ke 
F cTep.meHb FG .z,;.11.HHbI. 2 a 2, KOTOf>bIH .z,;e.11.HT nono.11.aM L.EFD npH 
noMOJ!!H TpeTbero peBepcopa KeM11e. OtJ:eBH.z,;Ho, 'ITO yro.11., o6pa­
.aoBaHHbIH STHM CTep.mHeM c OCbIO X, 6y.z,;eT KaK ·pa.B paBeH 

Cf)1 + rit -- -- 2---, T. e., apryMeHTY 'IHc.11.a W3, c.11.e.z,;oBaTeAbHO, TOtJ:Ka G H 



JJ;acT· HaM HCKOMOe W = W1 + W2 + W3 = z 2• 011eBHJJ;Ho, TOT me 
MexaHH3M MomeT cAymHTb AMI H3BAe'leHHH KBaJJ;paTHOro KOpHH 

H.3 KOMilAeKCHbIX 'IHCeA (z = Y W)• 
OcTaHOBHMCH HeCKOAbKO IlOJJ;po6Hee Ha noAy'leHHOM Mexa­

HH3Me, JJ;AH qero pa36epeM HeCKOAbKO 'laCTHbIX ero IlOAOmeHHH . 

(11epT. 5) . .l(AH HCHOCTH 11epTema peBepcopb1 KeMne onyl!!eHbI. 

EcAH z HaXOJJ;HTCH Ha IlOAOmHTeAbHOH 'laCTH Bel!!eCTBeHHOH 

OCH, TO H w 6yJJ;eT BelJ!eCTBeHHO H IlOA02KHTeAbHO (noA02KeHHe a). 

C yMeHbIIIeHHeM z, W 6yJJ;eT JJ;BHraTbCH HaAeBo, IlOKa OHH o6a He 

JJ;OCTHrHyT HYAH OJJ;HOBpeMeHHO. EcAH me z, OCTaBaHCb Bei!!eCTBeH­

HbIM, nepeiiJJ;eT Ha OTpHgaTeAbHYIO OCb, TO TO'IKa w IlOBepHeT 

HanpaBO, H, CAeJJ;OBaTeAbHO, W OCTaHeTCH IlOAOmHTeAbHblM (nOAO­

meHHe b). 
EcAH gacTaBHTb W onHcaTb noAyoKpymHOCTb BOKpyr noAroca 0 

B IlOAOmHTeAbHOM HanpaBAeHHH, TO W nepeiiJJ;eT Ha OTpHgaTeAb­

HYIO OCb, a z Ha MHHMYIO IlOAOmHTeAbHYIO OCb (noAomeHHe c). 
EcAH me W, npoJJ;OAmaH JJ;BHraTbCH B TOM me HanpaBAemm, 

OilHIIIeT el!!e IlOAHYIO OKpymHOCTb BOKpyr O H BepHeTCH K HCXOJJ;­

HOMY OTpKgaTeAbHOMY 3Ha'leHHIO, TO z nepeiiJJ;eT Ha OTpHgaTeAb­

HYIO MHHMYIO OCb (noAomeHHe C, nyHKTHpoM). 

B0061Me, ecAH W onumeT 3aMKHYTbIH KOHTYP, He coJJ;epmaIMHH 

BHYTPH TO'IKH 0, TO z Tome onHmeT 3aMKHYTbIH° KOHTYP H Bep­

HeTCH B HCXOJJ;Hoe noAomeHHe. EcAH me KOHTYP coJJ;epmHT BHYTPH 

IlOAIOC 0, TO. z K HCXOJJ;HOMY IlOAOmeHHIO He BepHeTCH H J);aCT 

BTopoe 3Ha'leHHe ABY3Ha'IHOH q:iyHKQHH z = Y W, cooTBeTCTBYIOl!!ee 

JJ;aHHOMY 3Ha'leHHIO W. · 

§ 5. MexaHB3M AAR «J)yeKgeu W =-= z 3• OoKameM el!!e, KaK 

CTpOHTCH no TOMY me MeTOAY MexaHM3M JJ;AH q:iyHKQMH W = z 3 • 

DoAomHB, 

+ ~+ ~ (9) z = z1 z2 = ae · ae ..•.........•... 
HMeeM 

W = (ai1'f + aei<J>)a = aBeisq, + aBeiS<J>+ 3 a 3i<2<1>+ 9> + 
+ 3 a3i ('fl+ 2<l>J = W1 + W2 + W8 + W4. 

DoAy11aeTcH MexaHH3M, H3o6pameHHbIH Ha 11epTeme 6. 3JJ;ecb 

CTepmHH OE H OD JJ;AHHbI a3, coeJJ;HHeHHbie co CTopoHaMH OCHOB­

Horo poM6a OACB MYAbTHnAHKaTopaMH KeMne (Ha qepTeme He 

noKa3aHHbIMH), mm6pama10T BeKTOpbl W1 H W2• Bepmuea F poM6a 

OEFD JJ;aeT HX cyMMy. CTepmHH FH H FG (AAHHbI 3 a 3), JJ;eAHIJ!He 

Ha 3 paBHbie 11acTH L LFK = L DOE npH noMOi!!H MYAbTHnAH­

KaTopa III, npeJJ;cTaBAHIOT, KaK He TPYAHO BHJJ;eTb, BeKTOpbI 

TVT -3 3 i(2cp+<J>) w -3 3 i(9+2<J>) wa- ae H 4 - ae • 

To11Ka I. BepmHHa mapHHpHoro poM6a FGIH, H JJ;aeT HaM HCKOMoe 
3 

W=z3• OTOT me MexaHH3M, O'leBHJJ;HO, JJ;aeT q:iyHKQHIO z= YW, 
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H 3AeCb IIOCAeAOBaTeAbHO MoryT 6bITb IIOAy'leHbI Bee 3 3Ha'leHJU[ 

STOff IJ>YHK!J;HH. 

CoeepmeHHO TaKHM me o6pa30M MOmHo IIOAY<IHTb MexaHH3MbI, 

B03BbIWalOIJ!He z B A106y10 geAyJO CTeIIeHb (H H3BAeKal0f!!He KO­

peHb A106oil: geAoil: CTeneHH). 

§ 6. MexaBH3M AAR yMnozeRHR KOMDAeKCB&IX 11eceA. TeM 

me MeTOAOM MOmHO IIOCTpOHTb wapHHpHbIH MeXaHH3M, KOTOpbIH 

AaBaA 6bl I1p0H3BeAeHHe ABYX KOMIIAeKCHbIX 'IHCeA Z1 H z2. 

CToAOmHB 

i<!J + i<!J if.& + iiL., z1=ae ·' aeT'; z2=ae ·2 aeT-, 

HMeeM 

W = z 1 z2 = a2/ (q,, + q,,) + a 2ei <9, +<Ji,)+ a'l.ei <<Ji,+'?,)+ 

+·a2i<<Ji,+<Ji.1 = W1 + W2 + W3 + W,. 

TaKHM o6pa30M, w npeACTaBA.HeTC.H B BHAe cyMMbI tieTbipex 

BeKTopoe nocTOHHHOH AAHHbI a2• KamAbIH H3 cooTBeTCTBYJOf!!HX 

HM CTepmHeH AOAmeH 6bITb CBH3aH co CTOpOHaMH OCHOBHbIX poM-

6oB nocpeACTBOM cyMMaTopoe KeMne AAH noAy<IeHH.H HymHbIX 

cyMM yrAoe. CTocAeAYIOf!!ee me cAomenHe BTHX eeKTopoe He rrpeA­

cTaBAHeT 3aTpyAHeHHH. CToAy'leHHbIH MexaHH3M ecTeCTBeHHO MO­

meT 6bITb IIpHMeHeH H AA.ff AeAeHHH KOMIIJ\eKCHbIX 'IHCeA. 

§ 7. TeopeMa O B03M0}KBOCTH DOCTpOeBHR AI06oii aAre6pa­

H11eCKOB <f>yHKJAHH. Mb1 y6eAHAHCb H3 npeAbIAYf!!ero HCCAeAoea­

HH.H, 'ITO B03MOmHO rrpoH3BeCTH C IIOMOIJ!bIO wapHHpHbIX Mexa­

HH3MOB AI06oe H3 nepBbIX 'leTbipex AeHCTBHH H H3BAe'leHHe 

KOpHH, a CAeAOBaTeAbHO, 'ITO B03MOIKHO IIOCTpOHTb BC.HKOe Bbipa­

lKeHHe, COAepis.af!!ee A106y10 IIOCAeAOBaTeAbHOCTb aTHX ACHCTBHH 

HaA OAHOH HAH HeCKOAbKHMH KOMIIAeKCHbIMH nepeMeHHbIMH. 0TCIOAa, 

OAHaKO, CAeAyeT, 'ITO Mbl B COCTOHHHH CTpOHTb AI06y10 aAre6pa­

H'leCKYI0 IJ>YHK!J;HIO. 

Aeil:cTBHTeAbHO, TaKa.H IJ>YHK!J;HH W e o61J!eM cAyqae onpeAe· 

AHeTC.H ypaeHeHHeM BHAa 

FW(, z1, z2,· .• z,,) = 0, ................ (10) 

r Ae U = F ( W, z1, z2, ..• zn) eCTb geAa.H <l>YHKJ!HH OT nepeMeHHbIX 

W, z 1, z 2, •• • z,,. CTocTpOHB MexaHH3M AA.ff aToH (J>yHKQ.HH UH ga­

KpenHB e HeM TO'IKY U e Ha'laAe KOOPAHHaT ( U = 0), ocyf!!eCTBHM 

Tpe6yeMy10 3aBHCHMOCTb (10) MelKAY aTHMH nepeMeHHbIMH. Momeo, 

KOHe'IHO, BbIIIOJ\HH'l'b H HeCKOAbKO TaKHX 3aBHCHMOCTeH. 

TaKHM o6pa30M, MbI enpaee BbICKa3aTb cAeAYIOf!!YIO o6f!!YIO 

TeopeMy. 

TeopeMa I. BcerAa B03MOIKHO nocTpoHTb TaKOH wapeHpHbIH 

MexaHH3M, KOTOpbIH ocyf!!eCTBA.HA 6bI A106y10 eanepeA . 3aAaH­

HYI0 cHcTeMy aAre6paH'lecKHX 3aBHCHMOCTeH (ypaeHeHHH) MemAy 



npommO.l\bHbIM KOHeqHblM qffC.I\OM KOMil.l\eKCHbIX nepeMeHHbIX, H30· 

6pa2KaI01!!,HX IlO.I\02KeHHe Ha Il.l\OCKOCTH HeKOTOpbIX onpe.zi;e.l\eHHbIX 

ToqeK aToro MexaHH3Ma *). 
B qacTHOCTH, M02KHO nocTpOHTb .I\I06yio Hanepe.zi; aa.zi;aHHYIO 

aAre6paHqecKyio IJ>YHK!!,HIO W = F (z) OT o.zi;Hoii neaaBHCHMOH nepe­

MeHHOH HAH, HHaqe, ocyl!!,eCTBHTb npH IlOMOf!!H MexaHH3Ma .I\I06oe 

a.l\re6paHqecKoe KOHIJ>OpMHOe OT06pa2KeHHe. DpH BTOM npaKTH· 

qecKH HeT na.zi;o6HOCTH ,11;.IUI Ka2K,1J;OH IJ>YHK!!,HH CTpOHTb OT,ll;e.l\bHbIH 

MeXaHH3M, MbI YBH,ll;HM BilOC.l\e,1J;CTBHH, qTo M02KHO IlOCTpOHTb 

MexaHH3MbI JJ;.I\H geAbIX K.l\accoB aAre6paHqecKHX IJ>YHK!!,HH, HanpH· 

Mep, ,11;.I\H IlO.I\HHOMOB CTeneHH, He CBblllle aa.zi;aHHOH, ,11;.I\H .zi;po6HbIX 

pagHona.l\bHbIX IJ>YHK!!,HH H T • .zi;. 

3TH .!Ke MexaHH3Mbl, oqeBH,ll;HO, MoryT C.I\YlKHTb ,11;.I\H qHc.l\eH­

HOro peweHHH aAre6paHqecKHX ypaBHeHHH. CTycTb .zi;auo ypaBHeHHe 

F(z) =a ...................... (11). 

BepeM MexaHH3M ,11;.I\H q>yHK!!,HH W=F(z) H ycTaHaB.I\HBaeM 

TOqKy W B ToqKe a nAocKOCTH. CooTBeTCTByioryee ana'leHHe z H 

npe.zi;cTaB.I\HeT KopeHb ypaBnenliH (11). OcTa.l\bHb1e KOpHH MoryT 

6b!Tb noAy'leHbI TaK, KaK o6'bHCHeno .zi;aAbWe, B naparpaq>e o 

MHOr03Ha'IHbIX IJ>YHK!!,HHX. 

§ 8. DpaxTeqecKoe BldDOARCHHe MexaBH3MOB. Bee onHcaH• 

Hbie MexaHH3Mbl B .zi;eHCTBHTe.l\bHOCTH npe.zi;cTaB.I\HIOT 3Ha'IHTe.l\b· 

nyio C.I\OlKHOCTb. Y JKe npocTeHWHe H3 HHX, MexaHH3Mbl ,11;.I\H z 2 H z3, 

co.zi;epmaT cooTBeTCTBeHHO 18 H 26 cTepm.neii. MexaHH3M A.I\H 

YMH02KeHHH co.zi;ep2KHT 48 CTepm.HeH H DOTOMY npaKTHqecKH B 

npe.zi;Aom.enHOM BHJJ;e noqTH HenpHro.zi;en. CAom.HOCTb aTHX Mexa­

HH3MOB rAaBHblM o6pa30M o6yc.l\OB.I\HBaeTCH C.I\OlKHOCTblO Tex 

MY.l\bTHn.i\HKaTopoB H cyMMaTopoB KeMne, KOTOpble B HHX BXOJJ;HT, 

KaK'BCilOMOraTe.l\bHble qacTH ,11;.I\H noAy'leHHH KpaTHbIX yr.l\OB H HX 

C.I\02K.eHHH. f AaBHbIM He,ll;OCTaTKOM DOC.l\e,ll;HHX HB.I\HeTCH He CTO.l\bKO 

KO.I\H'leCTBO CTepmneii, CKO.l\bKO TO, qTo CTep2K.HH aTH MemaIOT 

.zi;pyr .zi;pyry, CAe.zi;cTBHeM 'lero HBAHeTCH cnoco6nocTb aTHX Mexa­

HH3MOB IJ>YHK!!,HOHHpOBaTb .I\Hillb B cpaBHHTeAbHO orpanHqeHHbIX 

npe.zi;e.l\aX H3MeHeHHH yr.l\OB. 

CToaTOMY npH npaKTHqeCKOM ocyl!!,eCTB.l\eHHH yKa~aHHbIX MeXa• 

HH3MOB IlO.l\e3HO OTKaBaTbCH OT qffCTO • wapHHpnoro BbIDO.I\HeHHH, 

npe.zi;cTaB.I\HIOW,ero .I\Hillb TeopeTHqecKHH HHTepec, H npHMeHHTb 

nepe.zi;aqy Bpal!!,eHHH Mem..zi;y COOTBeTCTBYIOf!!HMH CTepm.HHMH npH 

IlOMOl!!,H ay6qaTblX KO.l\ec, KOTOpaH CB06o.zi;na OT ynoMHHYTblX ne­

,ll;OCTaTKOB. DpHMeHeHHe IlOCAeAHeH B qaCTHOM CJ\yqae MeXaHH3Ma 

JJ;MI W' = z 3 noKa3aHo ea qepTeme 7. 
3.zi;ecb Haqa.l\O KOOp,ll;HHaT Il.l\OCKOCTH z HaXO,ll;HTCH B TOqKe 0, 

a Haqa.l\o Koop.zi;1rnaT n.l\OCKOCTH W' c.zi;sHHyTo B 0'. CTepmenb 

*) 3aMeTHM, qTo HBAOlKeHHb!MH paccylK,;,;eHH.HMH He. TOAbKO AOKaBb!BaeTCH 

CYIJ!eCTBOBaHHe TaKHX MexaHHBMOB, HO H ,;,;aeTCH caMb!H MeTOA HX IIOCTpoeHH.H. 
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OA (z1) mecTKO coeAHHeH qepe.s ocb 01 c .sy6tJ:aTbIM KOAecoM /, 
pacnoAO.lIU:HHblM DOA AOCKOH, Ha KOTOpOH DOMeigeH npu6op (Ha 
qepTe.ate AOCKa He noKa.saHa). OT KOAeca / epai.gem:ie nepeAaeTcH 
C OTHOUieHHeM yrAOBblX c1wpocTeH 1 : 3 qepe.s rrpoMemyTO'IHOe 
KOAeco // KOAecy III H coeAHHeHHOMY c HHM CTepmmo O' E ( W1). 
CTepmeHb OB, B ceoro oqepeAb, coeAHHen nenoABH.lKHO c KOAe­
coM f, Aell!.af!!HM DOA KOAeCOM /, nocpeACTBOM OCH 02, IIpOXOAH­
IgeH qepe.s ocb 01, AAH qero nocAeAHHH CAeAana noAoH. OT Ko­
Aeca /' epaigenue nepeAaeTCH KOAecy III', coeAHHennoMy co 
cTepmneM OD (W2). Bee ocTaAbnoe ocTaBAeHo e npemHeM BHAe 
(MYAbTHDAHKaTop /// onyi.gen AAH HCHOCTH 'IepTell!.a}. 

EcAH npucoeAHHHTb K TO'l:KaM z H W' = z3 naHTorpaqi (cyM­
MaTop) IMKCNS c nepeMeHHblM OTHoUieHHeM ix, TO, lia ocnoeanuu 
CKaBaHHOrO B § 2, MOll!.eM npu ero DOMOl!!,H CTpOHTb Ky6uqec1rne 
MHOrO'l:AeHbl BHAa 

W= az3 + bz . ...........•........ (12) 

npu Jl.l06blx DOAOll!.HTeAbHbIX a u b, npu tJ:eM Kall!.AOH COBOKyn­
HOCTH a H b 6yAeT COOTBeTCTBOBaTb CBOH MaCUITa6 H ceoe DOA0-
11!.eHHe Ha'laAa KOOpAHHaT DAOCKOCTH w, KOTOpble HeTpyAHO 
naeTH. 

Ael"KO, OAHaKo, IIOKa.SaTb, 'ITO u npH Al06blX KOMDAeKCHblX 
a H b (B qacTHOCTH OTpugaTeAbHbIX eeigecTBeHHbIX) MOll!.HO 
cTpoHTb Bb1pamenue (12), npu noMOIJ!H Toro me rraHTorpaqia, KaK 

·0 
aTO DOHCHeHO AaAee. IlycTb, nanpHMep, a= ce' • rAe C - yme 'IHCAO 
eeiyeCTBennoe DOAOll!.HTeAbHOe. 

TorAa 

W1 = c (ei8 • z3) + bz . ...•........... (13)-

EcAH npu neDOABHatHOM z pacgenuM cTepmnu OE H OD c Ko· 
AecaMH /// u Ill' H, nosepHye HX Ha yroA 6 e IIOAOll!.HTeAbHOM 
nanpaeAeHHH OTHOCHTeAbHO aTHX KOAec, CHOBa meCTKO coeAHHHM 
HX C DOCAeAHHMH, TO TO'l:Ka f 6yAeT ,ltaBaTb DOCAe aToro He z3, 

a i 0 • z3, a TO'l:Ka S naHTorpaqia AaCT Bb1pamenue (13). 
Ilpu6op, u.so6pall!.eHHblH Ha qepTell!.e 7, eCTb, CAeAOBaTeAbHO, 

ynueepcaAbHblH npu6op AAH nocTpoenHH qiynKgue BHAa 

W=az3 +bz. 

Ilpll ero DOMOl!!,H MO.lKHO npOH3BeCTH Al06oe KonqiopMHOe OTo6pa­
ll!.eHHe aToro Tuna, a TaK111.e peUIHTb A106oe TpextJ:AeHH oe Ky6u­
qecKoe ypaenenue 

az3 +bz =c, 

KaK aTO o6bHCHeHo s § 7. 
CoeepUieHHO TaKHM 11!.e cnoco6oM MO.lKHO 6blAO 6bI DOCTpOHTb 

MexaHH.SM AAH DOAHHOMOB 3-ii CTenenu 6oAee o6igero BHAa (co­
.ztepmaI,gHX tJ:Aen c z2). AAH aToro CAe,1t0BaA0 6b1 ei.ge nocTpOHTb 
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<pyHKJ!HIO W'' = z~, nepe,1taB Bpaf!!eHHe c OTHOWeHHeM 1 : 2 Ha HO· 

uyro OCb 0', H .zto6aBHTb O,ltHH naHTorpa<p ,lt.lUI cyMMHpOBaHH.JI. 

AHaAorH'IHO cTpo11Tc11 MexaHH3Mbl .ztA.si: noAHHOMOB 6oAee Bblco­

KHX cTeneHeit 

lfro KacaeTCH MexaHH3Ma ,lt.l\H YMHO.IKeHH.JI (H ,1te.l\eHHJ1) KOM­

n.l\eKCHblX 'IHCe.l\, TO H eMy MO.IKHO npH,1taTb npHeMAeMyro Ha npaK­

THKe <pOpMy npHMeHeHHeM anHJ!HK.I\H'leCKHX 3y611aTblX coe,1tHHeHHii 

,lt.l\H cyMMHpOBaHHJI yrAOB. He.ztOCTaTOK MeCTa He n03BO.I\JleT MHe 

AaTb 3,lteCb onHCaHHe aToro MexaHH3Ma, KOTOpblH .JIB.I\HeTCJI Heo6-

XO,ltHMOii COCTaBHOii qaCTblO B MexaHH3Max ,lt.l\H nocTpoeHHH ,1tpo6-

HbIX pa:gHOHa.l\bHblX IJ>YHKJ!HH, a TaK.IKe aAre6paH'leCKHX IJ>YHKJ!Hii 

HaH6oAee o6J!!ero BH.zta. EcAH 'IHC.I\HTeAeM J1B.I\HeTc11 nocTOJIHHoe 

'IHC.1\0, MOarno npHMeHHTb ,lt.l\JI ,lte.l\eHHH 06bIKHOBeHHbIJi HHBepcop, 

noMHJI, O,ltHaKO, 'ITO OH ,1taeT He CaMOe 11aCTHOe, a 'IHC.1\0, C HHM 

conp.si:.1KeHHoe. 

§ 9. Meorosaa111iLie cf>YBKJ!BB. OcTaeTCJI CKa3aTb HeCKO.l\bKO 

C.I\OB no nouo.zty MHoro3Ha'IHbIX IJ>YHKJ!HH. AAre6pa011ecKaJ1 qiyeK­

J!H.R w, onpeAeAHeMaH ypaBHeHHeM: 

F (z, W) = 0, .................... (14) 

ecTb IJ>YHKJ!HH, B0061!!,e rouop.si:, MHOroBHa11eaH. BosHHKaeT uonpoc, 

CMO.IKeT JI.H MeXaHHBM, ocyJ!!eCTB.I\JIIOf!!Hii 3aBHCHMOCTb (14), ,1taTb 

uce n BHa'leHHH W, cooTBeTCTBYIOJ!!HX eeKoTopoMy onpe.iteAeHHOMY 

3Ha'leHHIO z. MexaHH3M ycTaHaB.I\HBaeT Me.1K,1ty W H z eenpepbIBHOe 

COOTBeTCTBHe, BnO.I\He OTBe'laIOJ!!ee TOMY, KOTOpoe Me.1K,1ty HHMH 

cyJ!!eCTByeT npH aHaAHTH'leCKOM npo,1tO.l\.1KeHHH. Mbl MO.IKeM ce6e 

npe.ztCTaBHTb, KaK 9TO, B0061!!,e, npHHJITO, 'ITO TO'IKa z MexaHHSMa 

,ltBH.IKeTCH no onpe,1te.l\eHHOH n-.1\HCTHOH PHMaHHOBOH nouepx­

HOCTH R, cooTBeTCTBYIOJ!!eH cooTHoweHHIO (14). CToKa. z onHcbrnaeT 

O,ltHH .I\HCT 9TOH nouepXHOCTH, w 6y,1teT onHCbIBaTb .I\Hillb OAHY 

BeTBb IJ>YHKJ!HH. Ho eCAl-1 z, 060H,1tH KpyroM eeKoTopoH TO'IKH 

pasueTB.l\eHHH, nona.zteT Ha .ztpyroH .I\HCT, W eaqeeT .ztaBaTb 3ea-

11eHHH .itpyroH BeTBH. TaK nocTeneHHO, o6BOAH TO'IKY z no onpe­

AeAeHHbIM 3aMKHYTbIM KOHTypaM (neT.I\HM) BOKpyr TO'leK pa3BeT­

B.l\eHHH COOTBeTCTBYIOl!!HX .I\HC'J'OB nouepXHOCTH R, Mbl CMO.IKeM 

nepeBeCTH W Ha .I\I06yro HS ee BeTBeii, H, C.l\eAOBaTe.l\bHO, IlOAy­

'IHTb BCe 3Ha'leHHH IJ>YHKJ!HH, COOTBeTCTBYIOJ!!He ,ltaHHOMY z (Ko­

He'IHO, IlOCKO.l\bKO OHH HaXOAJl"fCH B npe,1te.l\aX ,ltOCHraeMOCTH Mexa· 

HH3Ma). Meoro3ea11eocTH IJ>YHKJ!HH 0Tue11aeT, TaKHM o6pa30M, 

MHOr03Ha'IHOCTb IlO.I\O.IKeHHH MexaHHBMa, COOTBeTCTBYIOl!!,HX O,ltHOMY 

onpep;eAeHHOMY noAO.IKeHHIO ue.ztyJ!!eH TO'IKH z. T O'IKH pasueTBAe· 

HHH-BTO MepTBbie IlO.I\O.IKeHHH Mexa11HsMa. B HHX HapywaeTCH 

KHHeMaTH'leCKaH npHHY.IKAeHHOCTb ,ltBH.IKeHHH. 

CTpH pasblcKaHHH yKa3aHHbIM BbIWe o6pasoM ucex 3Ha'leHHH W, 
cooTBeTCTBYI01!!,HX onpe.zteAeHHOMY z, HeT Hap;o6HOCTH 3HaTb AeH· 

CTBHTe.l\bHOro IlO.I\O.IKeHHH TO'leK pa3BeTB.l\eHmi. BoAee no,1tp06Hoe 

HCC.l\eAoBaHHe D0Ka3bIBaeT, 'ITO caM MexaHH3M B COCTOJIHHH 
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yKa3aTb Te 3aMKHYTbie KOHTYPbI, no KOTOpbIM C.11.eJJ;yeT BeCTH Z A.11..R: 
nepeBOP,a W Ha p,pyry10 BeTBb. Ha aTOM, KaK H Ha CBH3aHHbIX 

c aTHM qHCTO TeopeTHqecKHX sonpocax, H npeJJ;no.11.araro ocTaHo­

BHTbc.ii: B OP.HOH H3 noc.11.ep,yIOIJ!HX CTaTeH. 

§ 10. Ynporyeuu&1e MexaeusMLI AJ\H nocTpoeeuH cJ>yeKgu:ii 
KOMnJ\eKceoro nepeMeeeoro. MolKHO no.11.yqHTb oqeHb npocTbie 

MeXaHH3MbI, ec.11.H nocTaBHTb ce6e geJ\bIO He IlOJ\HOe H HenpepbIB­

HOe o·To6pam.eHHe n.11.ocKOCTH z Ha W, a AHWb noc.11.ep,osaTe.11.bHOe 

OTo6palKeHHe BCeB03MOlKHbIX KpHBbIX onpeJJ;e.11.eHHOro THna, HanpH­

Mep, oKpym.HOCTeH, aA.11.Hncos H npHMbIX H T. p,. OrpaHHqHMCH 

paCCMOTpeHHeM Toro c.11.yqaH, KOrJJ;a w eCTb g>YHK:Q;HH y;e.11.aH, T. e. 

W= a0z'' + a1z n-I + ... + a,, ............. (15). 

1) MexaHH3MbI p,.11.H oTo6pam.eHHH <>KPYlKHOCTeH n.11.ocKOCTH z. 
BseJJ;eM scnoMoraTeAbHbIH seigecTBeHHbIH napaMeTp r.p H no.11.olKHM, 

qTQ 

z = z0 + ri'f ................... (16). 

npH H3MeHeHHH (fl TOqKa Z OilHCbIBaeT OKpym.HOCTb C paJJ;Hyca 

r C geHTpOM B TQqKe Zo, noJJ;CTaBHB aTO 3HaqeHHe :t B BbipalKe­

HHe (15), no.11.yqHM AMI W Bbipam.eHHe BHP,a: 

W - in'f' + i (n-1) 9 + 1 (17) - Coe c1e ... 1 c,,, ........... . 

KOToebIM onpeP,eMieTCH KpHBaH L. npeJJ;CTaB.11.HIOIJ!aH OTo6pameHHH 

Ha nAOCKOCTb W OKPYlKHOCTH C. Koag>g>Hy;HeHTbI ck B Bb1pam.eHHH 

{17) npeJJ;CTaB.11.HIOT co6oro KOMn.11.eKCHbie IlOCTO}IHHbie, KOTOpbie 

p,.11.H KalKJJ;OH OKPYlKHOCTH C P,0.11.lKHbI 6bITb nop,cqHTaHbI oco6o. 3a­

.,ll,aqa nocTpoeHHH L CBOP,HTCH corAaCHO BbipalKeHHIO (17) K cyM­

MHposaHHIO p.HJJ;a BeKTOpOB IlOCTOHHHOH J);.11.HHbl, spaIJ!aIOigHXCH 

B IlO.ll.02K.HTe.11.bHOM Hanpas.11.eHHH C IlOCTOHHHbIM OTHOWeHHeM yr.11.0-

Bb!X CKOpocTeH. Y CTpOHCTBO MexaHH3Ma ,11;.II.H aTOH y;e.11.H He npe,11;­

CTaB.11..HeT 3aTpyAHeHHH H IlOHCHeHo Ha qepTelKe 8, rp,e Hao6pa· 

m.eH MexaHH3M JJ;.11.H no.11.Horo no.11.HHOMa 3-il: cTeneHH. B aToM c.11.y· 

qae BbipalKeHHe (18) 6yJJ;eM HMeTb BHA: 

i3<0 + i2e, + iw (l ) W = coe · c1 e · c2e · . . . . . . • . . . . • . . 8 

(nocToHHHbIH q.11.eH c 3 s BHAY ero HecyigecTBeHHOH po.11.11 onycKaeM). 

no.11.0lKHM 

Torp,a 

W .. i(e0 +a9)+ i(e,+29)+ i(0,+9) W + W. + W (19). = a0e a1e cx2e = 1 2 3 •• : 

Ha ocHx 01> 0 2 H 0 3 spaigaroTCH JJ;HCKH I, II, Ill, lKeCTKO 

coep,HHeHHbie qepeg OCH C 0,1J;HOHMeHHblMH ay6qaTblMH K0.11.ecaMH, 

noMef!!eHHb!MH no,11; P,OCKOH (ea qepTem.e He noKaaaHHOH) H 
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BpaIJ!alOIJ!HMHCH B op;ey CTOpoey C OTHOUieHHeM yr AOBbIX CI<OpOCTeH 

1 : 2 : 3, BMeCTe C AHCKaMH BpaIJ!alOTCH nAaCTHHKH 1, 2, 3, KO-

TOpbie ycTaHaBAHBalOTCH H aaKpenAHIOTCH nop; meAaeMbIM yr AOM ak 
no OTHOUieHHIO K aTHM nocAeJJ;HHM, B npopeaax nAaCTHH nepe-

MeIJ!alOTCH noAsymKH A, B H C, saKpenAHeMbie Ha paccToHHHHX n. 
OT cooTBeTCTBYIOIJ!HX oceit K TO'IKaM A, B H G npHcoep;HHHeTCH 

cyMMaTop ABDCE, TO'IKa £ KOToporo onHUieT npH op;HoM 060-

poTe AHCKa / KpHBYIO L. B cAytiaH noAHHOMOB 6oAee BbICOKHX 

CTeneHeH COOTBeTCTBeHHO yneAH'IHBaeTCH 'IHCAO sy6tiaTbIX KOAeC 

H naHTOrpaq>oB. MexaHHSMbl aToro pop;a, noMHMO OCHOBHOrO CBO­

ero HaSHa'leHHH, MOi'yT HMeTb eIJ!e pH.II; p;pyrux npHMeHeHHH, OJJ;HO 

HS KOTOpbIX MbI HaHp;eM p;aAee. 

2) MexaHHSMbl AAH OTo6pam.eHHH aAAHnCOB H npHMblX, 

DoAomHM, 'ITO 

z = z0 + r1 e"'I + r2e -iq, ..•......•.....• (20) 

rp;e Zo, r1 H r2 - KOMilAeKCHbie noCTOHHHbie, a Cf - Ber_geCTBeHHbIH 

napaMeTp. T O'IKa z onHCblBaeT npH HSMeHeHHH r.p aAAHilC, C geHT­

poM B zo, OCHMH lril + hi H .lr1i- hi, npH 'leM OCb ril + hi 
arg ri + arg r2 

HanpaBAeHa no OTHOUieHHIO K OCH x nop; yrAOM 2 
(B qacTHOCTH, npH lril = hi aTOT 9AAHnc nepeXOJJ;HT B OTpesoK 

npHMOH). BbrpameeHe AAH W npH aTOM npHHHMaeT BHp;: 

W - in:q,+d -inq,+ i(n-l)q,+d -i(n-l)q,+ ·(21) _coe 0e c1e 1e . . . . . • . 

DoAytiaeTCH MexaHHSM, aeaAorH'IHbIH npep;bIAYIJ!eMy, TOAbKO 

C JJ;BOiiHblM 'IHCAOM OCeH, BpaIJ!alOIJ!HXCH B paSHble CTOpOHbl, 

PaccMoTpHM 11acTHbIH cAy11aii, Korp;a Bce Koaq>q>HgHeHTbl a.,. 
B BblpameHHH (15) BeIJ!eCTBeHHbI, H IlOAO}K.HM npH aTOM, 'ITO 

+ h (iq,+ -iq,) +h ( z = a 2 e e = a cos cp , • • • • • • • • • 22) 

T. e., 'ITO z JJ;BHmeTCH no BeIJ!eCTBeHHOff OCH, B npoMemyTKe 

(a - h, a+ h) (a H h - BeIJ!eCTBeHHbI). 

B aTOM cAytiae BblpameeHe (21) npHMeT BHA 

W =bocos ncp+b1 cos (n -1) cp+ ... + bn , ....... (23) 

rp;e bl< -BeIJ!eCTBeHHbie KoaqiqiugHeHTbI. AaBaeMoe qiopMyAoH (23) 
SHa'leHHe w MOmeT 6bITb paccMaTpHBaeMo, KaK BeIJ!eCTBeHHaH 

'laCTb KOMCIAeKCHOro 'IHCAa W1, onpe,AeAHeMoro ypaBHeHHeM: 

W1 = boinq, + b1e!i(n-l)q, +., .+ bn _ 1 e iq,., ...... (24) 

(noCTOHHHbIH 'IAeH bn onycKaelll[), KOTOpoe CTpOHTCH npH IlOMOIJ!H 

MeXaHHSMa THila, HS06pam.eHHOrO Ha qepTeJKe 8. PacCTOHHHe 
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TO'IKH £ 3TOro MeXaHH3Ma ,AO OCH y ,AaCT HaM 3HatJeHHH IIO.I\H­
HOMa (15) AJ\H acex Bel,!!eCTBeHHblX 3HatJeHHH He3aBHCHMOH nepe­
MeHHOH a npoMemyTKe (a - h, a+ h). CTpuaeAH TOtJKY W1 Ha 
npHMYIO X = - b,,, Hait~eM 0,AHH MB aeigeCTBeHHblX KOpHeii IIOJ\H­
HOMa (15), paBHbIH 

Z1 :.= ll + h COS (l)l , 

(rAe 91 - cooTBeTCTBYIOl!!,HH yro.l\ noaopoTa AHCKa I) H .l\eiKal!!,HH 
a npoMemyTKe (a-h, a+h). TaKHM o6pa.aoM npuaeAeHHbIH Mexa­
HHBM MOiKeT C.I\YiKHTb H AAH HaXOiKACHlfH Bel,!!eCTBeHHblX KOpHeH 
tJHC.l\eHHbIX ypaaHeHHH BbICIUHX cTeneHeii. Caepx Toro, KaK yme 
6bIJ\O yKa3aHo, OH MOiKeT HMeTb PHA ApyrHX HHTepeCHblX npHMe-

. HeHHH, Ha KOTOpblX j[ He 6yAy 3AeCb OCTaHaBAHBaTbCH. 

Uber die Darstellung der Funktionen einer komplexen 
Veranderlichen mit Hilfe der Mechanismen. 

S. Gerschgorin. 

In dieser Arbeit wird der Beweis eines allgemeinen Lehrsatzes 
dargelegt, welcher die Moglichkeit aufstellt fur jede beliebig 
angegebene algebraische Funktion der komplexen Veriinderlichen 
ein entsprechendes Gelenkmechanismus zu konstruieren. Dabei 
wird eine Methode gegeben, solche Mechanismen wirklich zu 
konstruieren, die wesentlich auf der Darstellung det unabhiingi­
gen Veriinderlichen als Summe zweier Zahlen mit konstanten Mo­
duln beruht. 

Endlich wird eine vereinfachte Variante der oben angegebenen 
Mechanismen aufgestellt, welche ausser anderen Anwendungen, 
auch zur Berechnung reeller Wurzeln der numerischen Gleichun­
gen hoheren Grades dienlich sind. 

AeHHHrpe.11, 
TexHo.11orH11ecKHH I1HCTHTyr. 
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06 O,ll;ROii ABOii:Boi cyMMe. 

H. H. CeMeH.os. 

HacTOB!!!aX CTaTbB cop;ep2KHT BeCbMa BAeMeHTapHoe P.OKa3aTeAb­
<CTBO OP.HOH TeopeMbl, coo61!!eHHOH MHe npoq>. J.1. J.1. J.1BaH0Bb1M, 

TeopeMa. J.1MeIOT MecTo cAeP.yJOI!!He paBeHCTBa: 

(A) 

(B) 

. {2b + 1)k;r szn · 
a 

. k.: szn ---- · --
a 

. (2b + 1)kr-szn ------.. ---

(!){a) - 2 {a-HeqeTHoe) .. 

---~-- = 0 (a-qeTHoe) . 
. b 

szn-­
a 

B npHBeP,eHHbIX q,opMyAax cyMMHpoBam1e no b pacnpocTpa­
HBeTCB Ha BCe :geAbie qffC.J\a OT 1 P.O a, B3aHMHO-npOCTbie C qff­
C.J\OM a; cyMMHpOBaHHe no k-Ha BCe HaTypaAbHbie qffC.J\a B yKa-
3aHHblX BbIIIIe npeP,e.11.ax; ? {a) - q>yHKJ:!HB Euler'a, Bblpama10iy;aH 
'tlHC.J\0 {HaTypa.11.bHbIX) qffce.11. MeHbIIIHX a H C a B3aHM_Ho-npOCTblX. 

/Jo,waame.Abcmso. t(oKameM cHaqa.11.a cnpaBeP,.11.HBOCTb paBeH­
CTBa (A). C BTOIO :geAblO BcnoMHHM H3BeCTHyro H3 a.11.eMeHTapHoro 
aHa.ll.H3a q>OpMy.11.y 

(*) __!__ _j___ 

2 I 

k=n 

~ cosk~ -

k=I 

sin 
- ,----

2 sin - i; ·· 

2 



0oAb3y,icb aTOIO q>opMyAoe, MbI npeo6paayeM Aesy10 qacTb 
paBeHCTBa ( A) B HeK0Topy10 Tpo0Hy10 cyMMY. Opm1,1eHflfl q:iop­
MYAY (*) B o6paTHOM nopHAKe, HaXOAHM 

. (2b-t-1)h: 1·=-=b 

sm--· [ ] 
-----.----k:-----=2 ++~cos -2 ;.: j 

szn ----- ..4-J 
a 1=1 

. (2b + 1)kn: 
szn -

a 
k.. 

sin---­
a 

1 ~ 2k.:. [ 
j=lJ ] 

2 --2 -+ ..L..J cos -a-- J = 

a-1 
l,<a k=-2-

= ;1: ~ '1(k)+2 
/J::::l k=l 

(•} ik)=l) 

j=l 

2 k.: . ). 
a J . 

B npaBOH qaCTH IlOCAe,l\Hero paBeHCTBa AMI COKpal!!,eHirn 3a­
IlHCH Mbl BBeAH o6oauaqeuHe ,;, (k) = 1 npH BCflKOM k. QqeBHAHO 
'ITO 

a-1 
h·<a k=2 

~ ~ ,;, (k) = cz_i_! 9 (a) 

&=l k=l 

(-;p (a) 03HaqaeT q>yHKJ!HIO Euler'a). CAettOBaTeAbHO, 

.8* 

a-1 
k=--2-· 

~ 
k=l 

. (2b + 1)h szn ------ ------
a 

. krr. -
sin-- --­

a 
a-1 

="-/ f(a)+2 ~ k~ ( ~ cos_2;' i) 
b=l k=l i=-1 
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riepecTaBHM Terrepb B Tpoil:Hoil: cyMMe rrpaBoil: qacT11 rropP.ti;OK 
cyMM11p0BaH11H no k 11 ;. fipHMeH1m q:>opMYAY (*), AerKo Haxo­
,2J;HM, 'ITO 

=-~ ~ Z(j, b)~-} 

/v::a 

~b. 
/J=l )-=I /;::..::.l 

/ l ) 
I? (j, b)=~-

li<a 

3.zi;ecb >~ b CCTb cyMMa BCCX quceA b, MCHbIIIHX a rr c a 

/;=! 
li<a 

B2am,rno-npocTbIX. TaK KaK ~ 
li.=l 

1 
cy1v1Ma paBHa - 4 a(f (a). 

1 
b = --2 - a'f (a), TO Harua TpottHaH 

0o,ll,CTaBMHI HaHP,eHHOe 3HaqeHHe TpOHHOH cyMMbl B rrpaByIO 
LiaCTb paBeHCTBa (**). HaXOJ!.HM 

. (2b-f-1)kr: szn · -·------ - -
a 

. h 
sin -

a 

dJop~qAa (A) TaKHM o6pa30M J!.OKa.3aHa. 

Ilpn ;i;os.asaTeAbCTBC BTOpOH qacTH TeopeMbl Mb! MO/KCM, npu­
MCHB:5! cpopMyAy (*), npeo6pa.30BaTb AeByIO qaCTb paBCHCTBa (B) 
CAe,~.yFOJ_gHM o6pa30M: 

. (2b-!-1)h szn-~---- --
a 

. k.: 
szn -··-

a 
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a-:! 

; L~ 21·__! __ : 
.L.J .L.J 2 -,-
b=l k=l . 

a-2 
b<a A-----{- I::-/, 

= '! - 2 ,:; (a) + 2 "1 "1 f "1 cos ~r:l 
2 ' · .L.J .L.J '. .L.J a 

b=l k=l l=l 

l13MeHHH nopHAOK ABYX BHyTpeHHHX cyMMHpOBaHHH B rrpaBOH 
ti:aCTH Ha o6paTHbIH H npHMeHHH lf>OPMYAY (*), rroAyqaeM 

11<a 

a-2 
b<a k=- ;, · . (2b+1)k" szn -~~~~ 

a 
. krr: 

szn -
a 

. "1 [ ( 1)~ _J ( 1)3 i -I ( 1)1,+1J : .L.J - ,- - :· .... - -- . 
{;=l 

He TPYAHO y6eAHTbCH, qTo 

b<a l-11 , b<a s s (-l)i+1= s (-1>7+1=9(a). 

b=l ' j b=l 

CAeP,oBaTeAbHO, 
a--2 

b<a le- ,i · (2b+ l)k.: 
sin ------- - ------s s .k: -

b=l k=l szn -a--
a-2 agi(a) 

== -~ 9 (a)+9 (a)- 2 --= 0, 

H cpopMyAa (B) TaKHM o6pa30M AOKa3aHa. 
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3aMe•wHue. K paseecTBaM (A) H (B) MOlKHO npHATH, onpe­
x" - 1 

,11,eMUI HCTHHHOe 3HaqeHHe Ap06H a npH X = 1 H cyMMI1-
x -1 

PYH 3aTeM TIO BCeM qffC.l\aM b, MeHbllIHM a M C a B3aHMHO·IIpOCTbIM, 

Uber eine Doppelsumme. 

N. Semenolf. 

Diese kleine Mitteilung enthiilt einen sehr einfachen Beweis· 
der nachstfolgenden Formeln: 

(A) 

(B) 

. (2b + l)k,c 
Slll ··· ·- · ---- -·­

a 
---------

. krc 
szn -

a 

_ 9 (a) 
2 

(Wenn a eine ungerade Zahl ist). 

. (2b+ l)h 
szn --------- -

a ------------ - = 0. 
. krc 

szn 
a 

(Wenn a eme gerade Zahl ist). 

In diesen Formeln (A) und (B) wird die Summation nach b 
auf alle natiirlichen Zahlen von 1 bis a, welche zu a teilerfremd 
(relativ prim) sind, erwei:ert; die Summation nach k erfolgt nach 
alien natiirlichen Zahlen, welche zwischen den in den Formeln 
gezeigten Grenzen liegen; unler 9 (a) verstehen wir die bekannte 
Eulersche Funktion-die Anzahl aller ganzen Zahlen, welche klei­
ner als a und zu a teilerfremd sind. 
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K neeBKAB~OBoii reoMeTpRH KpyroB. 

0. K. JKumOMUpC1(UU. 

H3BeCTHhle MHe pa6oTbl no HeeBKAHAOBOH reoMeTpHH Kpyros 

OCHOBaHbl HAH Ha MeTop;e KOopp;HHaT Ha IlAOCKOCTH, HAH Ha Me­

TO,!J;e npoeKgHH H3 TpexMepaoro npocTpaHcTBa. B npep;AaraeMolt 

pa6oTe .R CTpeMAIOCb Bbl.RCHHTb HeKOTOpble Bonpocbl 9TOH TeopHH 

c IlOMOI!!blO 6oAee npBMOro s p;aHHOM CAytJae MeTop;a npoeKTHBHOH 

MeTpHKH Ha IlAOCKOCTH. 

Opeai.p;e scero .R BbIBomy H3BeCTHbie ocHOBHbie cBOHCTBa Kpyros 

H HX CHCTeM H no.11.yqa10 HeKOTOpbie HOBble. K noc.11.e,11,HHM OTHO­

C.RTC.R CBOHCTBa nytJKOB C H30Tp0IlB0H pa,llHKaAbHOH OCblO H <t>o­

Ka.11.bHble CBOHCTBa opToroHaAbHbIX Kpyros. 3aTeM .R ynpol!!alO 

noAytJeHHbie COOTHOWeHH.R C IlOMOI!!blO opHeHTHpOBKH KpyroB, noc.11.e 

qero reoMeTpH.R Kpyros oKa3bIBaeTc.R cosnap;a101}!eii c reoMeTpHeii 

noA.RpHoro npocTpaHcTsa. TaKOH npHeM yme eeop;HoKpaTHO npw 

MeH.RAC.R c aHaAorH'IHOH geAblO B eBKAHAOBOH reoMeTpHH. B pa-

6oTax me no HeeBK.I\H,!J;OBOH reoMeTpHH KpyroB reoMeTpH.R DOA.Rp­

eoro npocTpaHCTBa npHHHMa.l\aCb 3a HCXOAHYIO TO'IKY ,!J;.I\.R HCCAe­

,!J;OBaHH.R CBOHCTB CHCTeM Kpyros. 3a OCHOBHYIO nosepxHOCTb 

noA.RpHoro npoc·rpaHCTBa scerJJ;a npHHHMaAaCb npH aToM seige­

CTBeHHa.R He.l\HHeHtJaTaH nosepXHOCTb. 8b16paHHblH MHOIO o6paTHblH 

nyTb noKa3b1BaeT, op;eaKO, 'ITO C TO'IKH speHH.R npoeKTHBHOH MeT­

pHKH TaKoe DOA.RpHoe npocTpaHCTBO eep;ocTaTO'IHO AA.ff HS06pa­

meHH.R scex Kpyros. OcTaAbHOH qacTH Kpyros cooTseTCTByeT 

B 9J\.II.HDTHtJeCKOM cAytJae DOAHpHoe npocTpaHCTBO C MHHMOH OCHOB­

HOH nosepXHOCTblO, as rHnep6oAH'leCKOM CAytJae DOA.Rpeoe npo­

_.cTpaHCTBO c AHHeH'laTOH oceoseoii nosepxeocTblO. B saKAIOtJeHHe 

.R paCCMaTpHBalO reoMeTpHIO opHeHTHpoBaHHblX TOtJeK Ha Il.l\OC­

KOCTH, KaK 9KBHBa.l\eHT reOMeTpHH Ha OCHOBHOH nosepXHOCTH. 

i::ha reoMeTplUI HaXO,!J;HTC.R K reoMeTpHH HeOpHeHTHpoBaHHblX TO'leK 

B TOM me OTHOWeHHH, KaK c<t>epH'IeCKa.R reoMeTpH.R K 9.1\.11.HDTH­

qecKOH. *). 

*) 8nHTeTbl «9.IUIHllTH'leCRHH>, <rnnep60!IH'leCRH}h, <a6cOAIOTHbIH>, •pa,!!H· 
Rsl.'\bHblH>, H <ABOHHoii> B ,11aJ1bHeif111eM o6hI'lHO aaMeH.HIOTC.H coRpaI.!!eHH.HMH «9!1!1.», 

•rHn.>, «a6c. ~. • p.», •AB.•. 
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§ 1. lb npoeKTRBBOii: MeTpHKB. 

B npoeKTHBHOH MeTpHKe MeTpH11ecKHe ceoiicTaa paccMaTpH­

BaI-OTCH KaK npoeKTHBHble OTHOilleHHH K a6co.11.10my s. B 8J\J\Hil­

TH'IeCKOii reoMeTpHH s eCTb MHHMOe KOHH'IeCKOe Ce'IeHHe, B rH­

nep60J\H'leCKOH - Bel!!,eCTBeHHOe HeBblp02K.Aa10I!!,eecH. 

B rHn. reoMeTpHH TO'IKH pa36HBalOTCH Ha co6cmBeHHble -
BHYTPH S, 6ecKoHe•mo gAa.A.eHHble-Ha KOHType S H Ulfea.A.bHble­
BHe S. 

PaseHcmso ecTb KOJ\J\HHeagirn, coxpaHHl81!!,aH S. BcHKoe paeeH­

CTBO coxpaHHeT HeKOTopy10 TO'IKY O H ee a6COJ\IOTHYJO IlOAHpy o. 
CuMMempuH ecTb rapMOHH'leCKaH rOMOJ\C,rHH C yeHTpOM O 11 

OCblO o. 0 Ha3bIBaeTCH yeHmpoM, O-OCblO CHMMeTpHH. 

llepneHAUKY.A.HpaMu K npHMOH O Ha3bIBaJOTCH np.H.Mble; npoxo • 

..ll..111!!,He qepe:a ee a6coAJOTHhifi noA10c 0. KacaTeAi:>Hble K a6co­

AJOTY nepneHAHKYAHpHbl K ce6e caMHM H Ha3hIBaIOTCH u3ompon­
HbLMU np.RMbll\llH, 

Kpyi K eCTh KOHH11ecKoe ce'leHHe, HMeJOI!!,ee c S B 061!!,HX 

TO'IKax /, / 061!!,He KacaTeAbHble i, j. To'IKH /, / Ha3bIBalOTCH oc­
HOBHbl.Mu mo"KaMu, npBMble i, j- OCHOBHblMU Kacame.A.bHblMU, 
TO'IKa O =~_cc ij - yeHTpOM, npHMaH O == lj -- OCbJO HJ\H Hanpa­
B.A.HIOr_y,eu Kpyra 

I, J MhI 6y..zi,eM npeAnoAaraTh Bel!!,ecTBeHHblMH HJ\H MHHMO- co­

npHmeHHhIMH, TaK 'ITO yeHTp O BcerAa 6yAeT Bel!!,eCTBeHHblM. 

T aKHM o6pa30M KpyrH C MHHMblM yeHTpOM HCKAJO'lalOTCH H3 pac­

CMOTpeHHH. Ho Mbl He HCKJ\JO'laeM H3 paCCMOTpeHH.11 Kpyroe 

C MHHMbIM HJ\H HAeaJ\bHblM KOHTypoM. 

B rHn. reoMeTpHH KpyrH pa36HBalOTC.H: Ha o6blKHOBeHHble ...... 
c co6cTBeHHblM yeHTpOM, npe,lfe.A.bHble-c 6ecKOHe'IHO yAaJ\eHHblM 

:geHTpOM, H CBepxnpe,lfe.A.bHble-c HJJ,eaJ\bHblM geHTpOM. B CJ\yqae 

npeAeJ\bHoro Kpyra HMeeM !=-=.}= 0, ic~:3:j-0, H KacaHHe 1-ro no­

PHAKa B TO'IKax /, / o6pa1!!,aeTC.II e KaCaHHe 3-ro nopH;,;Ka 

B TO'IKe 0. 
Kpyr K MomeT BbipmKAaTbC.H: B napy np.H:MhIX ij, HJ\H ABOHHYIO 

TO'IKY 0 22 H e napy TO'leK //, HAH ABofiuy10 npHMYJO o 2 ; BblpO.IK· 

AeHHe npeAeJ\bHOro Kpyra eCTb OAHOBpeMeHHO napa npHMblX ij H 

ABOfiHaH np.11Ma.11 0 2, 

Bb1po2K.AeHHe B AB, np.11MyJO o6bl'IHO npHBOAHT K HCKJ\JO'IeHHHM 

H3 061!!,HX npeAJ\02K.eHHfi. noaTOMY B AaJ\bHeHilleM npH AOKa3a­

TeJ\bCTBaX npeADOJ\araeTCH, 'ITO paccMaTpHBaeMbie KpyrH He Bbl· 

pom;,;aJOTCH B AB. npHMble. CJ1.y11aH Bblp02K.AeHHH paCCMaTpHBalOTCH 

OT,IJ;eJ\bHO. 

A6coAJOT S paccMaTpHeaeTcR KaK Kpyr c npoH3BOJ\bHhIM 

geHTpOM. 

Be:a.ite coxpaH.H:eTCH 060:aeaqeHHe S ,IJ;J\.H: a6coAIDTa, K, Ki, K 2 ••• 

. A./\H KpyroB, 0, o, 02, ... AA.II HX yeHTpoa, o, Oi, 02, .•. ,IJ;J\H HX 

HanpaB./\.11IOI£HX, H T. ,II;. 

120 



§ 2. ,ltaee1>1e, oopeAe,.u1101J!He Kpyr. 

CoBoKynHOCTb Kpyros c ,llaHHbJM geHTpoM O npe,llcTaBAReT 

co6010 nyqoK KpHBbIX II nopJ1,ll1<a; aTOT nyqoK scer,lla co,llepmHT 

AB, np.11My10 0 2 H a6COJ\IOT s. 0TCIO,lla HeTPYAHO BbJBeCTH! 

1. Kor,lla K oriHCbIBaeT ny'loK KoegeHTpH'leCKHX KpyroB o 1 S; 
TO 110AJ1pa OTHOCHTeAbHO K ToqKu P, OTAHqHoH OT O H He .11.e­

ma'!!eH Ha o, OllHCbIBaeT npoeKTHBHblH o'.l s nyqoK npHMbJX C yeHT· 

poM e a6c. no.11.10ce ,llHaMeTpa OP. 
KaK CAe,llCTBHe, no.11.y'IHM: Kpyr K snoAHe onpe,lleA.ReTCJI, ec.11.u 

npHHJITb npoH3BOJ\bHYIO TO'IKY O sa geHTp K, sa,llaTb npous­

BOJ\bHYIO TO'IKY P, OTAH'IHYIO OT O H He .11.ema'!!YIO Ha ee a6c. 

no.11..Rpe o, H npHHJITb npouseoAbHYIO npRMyro p, nepneH,llHKYAHp · 

HYIO K npHMOH OP, sa no.11.Hpy P OTHOCHTeAbHO K. 
2. Kor,lla K onucbrnaeT ny'loK KOHgeHTpuqecKux Kpyroe o 2 S, 

TO napa TO'leK nepeceqeHHJI K c npHMOH p, OTJ\Hqeoii OT i,j Ho, 

-OIIHCbJBaeT npoeKTHBHYIO HHBOJ\IOijHIO Ha npRMOf.i p. 
0TCIO,lla no.11.y'IHM c.11.e,llCTBHe: Kpyr K Bno.11.He onpe,lleAJ1eTCJ1, 

ec.l\H npHHHTb npoH3BOAbHYIO TO'IKY O sa yeHTp K H KaKyro - HH-

6yAb napy Bel!!eCTBeHHblX HJ\H MHHMO - conpH2KeHHbJX ToqeK, CHll(­

MeTpH'IHYIO OTHOCHTeJ\bHO npOH3DOJ\bHOH HeH30TpOnHOH np.RMOH 

nyqKa 0, sa napy TO'leK K. 

§ 3. PaABKaA1oe1,1e oce H geeTpw. 

Oceoeeble npuea,ll.11.e;sai.gue CIO,lla cooTHOWeHHJI 6bJAH HaH,lleHbl 

Pliicker'oM npu noMOJ!!H BBe,lleHeoro HM caMHM H Bobillier cnoco6a 

COKpaigeHHbIX 06osHa'1eHHH *). .fl npHMeHJIIO AHHeHHble CBOHCTBa 

<:HcTeMbl KpHBbJX II nopRAKa, T.-e. B cyi.geoc-ru TOT ;se cnoco6 

B reoMeTpuqecKoii q>opMe. Opu qTeHHH cooTBeTcTsyroi.gux AOKa • 

3aTeJ\bCTB CJ\e.ztyeT MblCJ\eHHO 3aMeHHTb KpHBble H nyqKH KpHBblX 

II nopH,llKa COOTBeTCTBeHHO TOqKaMH H npHMblMH, 

l. Pa.4uKa.A.bHou OCblO AByx aKcgeHTpnqecKHX Kpyroe uasbI· 

BaeTC.R 06IJ!aH xop,lla HX, nepneH,llHKYAHpHas K J\HHHH yeHTpos. 

CTycTb 6y.ztyT K1,K2 ,llBa aKcgeHTpuqecKHX Kpyra. TaK KaK 

ny'IKH 01 2S, 02 2S HMelOT 06i.gy10 KpHBYIO S, TO H nyqKH 

K 1K 2, 0 12 022 HMelOT 06i.gy10 KpHBYIO R12, KaK H3BeCTHO nyqoK o 12 o/ 

eCTb HHBOAIO!!,HJI nap npHMblX C ,llBOHHblMH a.11.eMeHTaMH 01 2, 02 2-

0TCIO,lla HCHO, 'ITO R1 2 ecTb napa o6i.gux xopA K 1, K 2, npoxo,llJI· 

igaH qepes sepwHHY o1 o 2 HX o6igero noAHpHoro TpeyroAbHHKa. 

TaKHM o6pasoM, p. OCH Kpyroe K 1, K 2 cyTb cocTaBJ\HIOJ!!He npHMbie 

napbI R12, 

Ec.1rnK1, ee==:::01 2, K 2 ee:c-022, TO R12 He=::::-'01 2, 022;p.ocHCYTb 

,llBe pa3AH'IHble npRMble, rapMOHHIJeCKH pa3,lleAJIIOJ!!He npR· 

Mble or, 02, Ec.11.H K1 = 0 12, K2 He=-= o1 2, TO R12 = 01 2; p. ocH c.11.H· 

*) J. Pliicker, Analytisch-geometrische Entwicklungen, nn° 384, 385. 
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BalOTCH c npHMOH o 1. EcAH K 1 =· 012. K2 =-= 0 22, TO R12 cTaHOBHTCH 

eeonpeJJ;eAeeeoi1; Bee npHMble nyqKa o 1o 2 cyTb p. ocH. 

2. PaccMoTpHM noJJ;po6eee cAyqaii K, ee=-012, K2 He=::022, 
R12 ee : ___ 0 12, o~ 2• OpH aTHX ycAOBHHX Ki, K2, R12 onpeJJ;eAHIOT 

HeKOTOpbie OTpesKH o,2K15, olK25, 01 2R12oi nyqKoB 01 25, ,02 3 5, 
o 1 2o 2 2• KamJl,bIH H.3 aTHX OTpesKOB BilOAHe onpeJJ;eAHeTCH JJ;BYMH ,itpy­

rHMH H CBJISaH C HHMH TaK, qTo npH 3aMeee O,iteoro HS HHX JJ;OilO.i\HH­

TeJ\bHbIM OH caM 3aMem1eTCJI J);OilO.i\HHTeJ\bHbIM, H C.i\eJJ;OBaTe.i\bHO 

npH 3aMeHe o60HX ,11,0ilO.i\HHTe.i\bHblMH OH OCTaeTCJI 6e3 HSMeHeHHH. 

KaK HSBeCTHO, J);B, npJIMble 01 2, 022 OTJJ;e.i\HIOT B nyqKe 012022 

napbl BeiyecTBeHHblX pa.3.1\HqHblX npHMhlX OT nap MHHMO - conpH­

.!KeHHblX. BeiyecTBeHHOCTb HAH MHHMOCTb R 12 saBHCHT, TaKHM 06-

paaoM, TO.i\bKO oT npHHaJJ;AemeocTH Ki, K 2 K TeM HAH HHbIM 

OTpesKaM nyqKOB 01 25' 0225. 

CocTaB OTpesKOB nyqKa O 2 5 npH ,11,aHHOM BSaHMHOM ·IlOJ\O· 

meHHH o, 5 AerKO BbIBeCTH HS paCCMOTpeHHJI HHBOAIOJ!HH, npoHS­

BOJJ;HMOH HM ea KaKOM - HH6y,11,h HeH.SOTpOnHOM JJ,HaMeTpe, eC.i\H 

npoeKTHBHO nepeeeCTH aTy HHBOAIOJ!HIO Ha BCilOMOraTe.i\bHYIO 

KpHBYIO II nopH,11,Ka H BocnoAbSOBaTbCJI npoeKTHBHOCTblO aToH 

HHBO.i\lOJ!HH C nyqKOM npHMbIX, npOXOJI.HI!!HX qepes ee geuTp. 

B a.i\A. reoMeTpHH OJJ;HH H.S oTpesKoB 0 25 -oKameTCJI cocTOHI!!HM 

HS BeiyecTBeHHblX KpyroB nyqKa o'l 5 H qaCTH MHHMbIX, a JJ;pyroii 

H.S ocTa.11.bHbIX MHHMbIX,. KpyrH ,11,Byx oTpesKOB 1-ro po,11,a HMelOT 

BeiyeCTBeHHbie p. OCH, TaK KaK BCHKHH BeiyeCTBeHHbIH Kpyr 0,11,­

eoro HS BTHX OTpe.SKOB nepeceKaeT 6ecqHc.ll.eHHOe MHO.!KeCTBO 

Bel!!eCTBeHHbIX KpyroB ,11,pyroro, H C.i\e,11,0BaTe.i\bHO HaBepeoe HMeeT 

c HHMH BeiyecTBeHHbie p •. OCH. 0TCIOJl,a, B C~OIO oqepe,11,b, C.i\e,11,yeT, 

qTo KpyrH JJ.BYX OTpeSKOB 2-ro po,11a TaKme HMelOT BeiyecTBeHHbie 

p. ocH, a KpyrH ,11,Byx OTpe.sKoB paseoro po,11,a HMelOT MHHMbie 

p. ocH. CoeAHHHH see oTpesKH oJJ;eoro po,11,a B. 0,11,He KAacc, MbI 

pa.so6beM BCe KpyrH Il.i\OCKOCTH, KpOMe .ll,B. npHMbIX H a6CO.II.IOTa, 

Ha TaKHe ,z,;Ba K.i\acca, qTo JJ;Ba BKCJ!eHTpHqeCKHX Kpyra 0,11,HOrO 

H Toro me KAacca HMelOT BeiyecTBeHHbie p. ocH, a JJ;Ba aKcgee­

TpHqecKHX Kpyra paSHblX K.i\aCCOB HMelOT MHHMbie p. OCH. 1-bIH 

K.11.acc COCTOHT HS BeiyeCTBeHHblX KpyroB H qacTH MHHMblX, a 2-oii 

HS OCTa.i\bHblX MHHMblX. 

B rHn. reoMeTpHH no.11.yqHM TaKyio me pa.s6HBKY ea ,11,Ba KAacca, 

npH qeM 1-b!H K.11.acc COCTOHT H3 MHHMbIX KpyroB H BeiyecTBeHHblX. 

C co6CTBeHHblM KOHTypoM, a 2-oii H3 seiyecTBeHHblX C HJJ,eaAb­

HblM KOHTypoM. 

B o6oHX cAyqaHX ,11,B. npHMble H a6CO.i\lOT 06paay10T o6igyIO 

rpaeHgy aTHX ,z,;syx K.i\aCCOB. 

3. 3a p. OCb JJ.BYX KOHJ!eHTpHqecKHX KpyroB npHHHMaeTCH HX 

o6iga» eanpasM1ioiyaJ1. B aToM cAyqae see o6iyHe AHaMeTpbL 

MoryT paccMaTpHBaTbCJI KaK .i\HHHH geeTpOB, H eanpaB.i\HIOl!!aH KO 

BCeM HM nepneH,11,HKYAHpea, 

4. EcAH 3aJJ;aH Kpyr K1 ee ~ _ o 1 2 H napa npHMbIX R12, nepe­

ceKalOI!!HX uanpas.11..suoiyyio o 1 B o6iyeii ToqKe H.i\H coBnaJJ;alOigHx 
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C HelO, TO TeM caMblM B[IOJ\HC oapeP,eJ\JleTCH Kpyr K2, HMelOigHii 
c xpyroM K1 aapy p. ocett R12, HaapaBAH10igaJ1 0 2 onpetr.eAHTc»: 
KaK npJ1MaH, rapMOHH'ICCKH OTP,eJ\.fflOIJ!aJI npHMYIO 01 OT napb! 
npJIMhIX Rm H caM Kpyr K 2 onpeAeAHTCJI KaK 06igaJ1 KpHaaR 
ny'lKOB K1 R 12 , 01 2s. 

5. Patr.HKaJ\bHblM geHTpoM Tpex Kpyroe HaabrnaeTcH o6i;gaH 
TO'lKa p. ocett Tpex pa.3./\H'lHblX nap 9THX KpyroB. 

nycTb 6yP.yT Ki, K2, Ks TPH 9KCgeHTpH'leCKHX Kpyra. TaK 
KaK ny'lKH 01 2S, o22S, 023S HMelOT 061J!YIO KpHBYIO s, TO o6l!!He­
KpHBb1e R12, Rrn, R23 ny'lKOB Ki K2, K1 Ks, K2 Ka c nyqKaMH 
012 022, 022 032, 022 oa' npHHaP,AemaT OAHOMY nyqKy. P. geHTpb1 K 1 , K~. K3 

cyTh OCHOaHble TO'lKH 9Toro ny'lKa. 
EcAH K1 He= 011, K 2 He:'::::':: 022, Ks He,,.,......, 032, To R12, Rt:;, R~:;. 

··He'-- 012, 0 22, o3 2• EcAH 01, 02, 0 3 He Aem.aT Ha OP.Hott np.11-
Mott, TO 01, o2, o3 He nepeceKaIOTCH B OAHOH TO'lKe, H R 12, Rm, R23 ,. 

cyTb napbl npOTHaOllOJ\O.IKHbIX CTOpOH 'leTbipexyroJ\bHHKa, P.Haro­
HaJ\H ~oToporo cyTh o1, o2, o3; p. geHTpb1 cyTh sepwHHbI aToro 
'leThlpexyroAbHHKa. EcAH 0 1, 02, 0.3 AemaT Ha OP.HOH npHMOH, 
TO o1, o2, o3 nepeceKaIOTCH B OAHOH TO'lKe P, H R12, Rrn, R2:, 

cyTh napbl HHaOAIOgHH B ny'lKe npJ1MbIX P. EcAH R1 2, R 13, R23 

He HMelOT 061J!eii npJIMOii, TO- HHBOJ\IO!!HJI He BblpO.!KAaeTcH; p 
eCTb e.ztHHCTBeHHblH p. geHTp, EcAH R12, R 13 HMeJOT o61J!YIO npH­
My10, TO HHaOAIOgHJI BblpOlKP,aeTCH, H R23 Tax.me CO,!tepamT 9TY 
n1u1My10; ace TO'IKH aToH apJ1MOH cy-rh p. geHTpb1. 

EcAH K 1 ::-: 012, K,. He== o/, K 3 He=o3 \ TO R12 , Rrn=---=o/,R3:; 
He - 022, 032; p. geHTpbI cyTh o6igne TO'IKH 01 c R23. EcAH 0 1, 02 ,0;1 

He J\C.!KaT Ha OP.Hoit np»MOH, TO 01 He npOXOAHT qepe.3 p :::.::-: 0~ 03 

H nepeceKaeT R12 B Aayx TO'lKax; p. geHTpbl cyTh 9TH TO<IK11. 
EcAH 0 1, 0 2, 0 3 AemaT Ha OP.HOH npHMOH, TO o1 npoxotr.HT qepea P .. 
EcAH o1 He npHHaP,Ae.lKHT R,13 , TO P ecTb eAHHCTaeHHbIH p. geHTp. 
EcAH me o1 npHHa.ztAeiKHT R ~a, To ace TO<IKH o1 cyTh p. geHTf>bl, 

EcAH K1 == 01 2, K2 == 022, Ka He ::c:::: ol, TO R13 --:c o1", R2:; ::::,:: o/ 
H R 12 eCTh npoHaaoAbHaH napa nyqKa 0 12 022; p. geHTP ecTb 
p ::::....C 02 03. 

EcAH K1 ::::c--==: 01 2, K2 -- oi, Ka::-:- 032, TO R12, Rrn R 23 cyTh npo'l-!3-
BOJ\hHble napbl ny'IKOB 012 022, oi2 03 2, 022 032; Bee TO'IKH [IJ\OCKOCTH 
cyTh p. geHTpbI. . 

OcTaeTCJI paccMoTpeTh cAyqaii, KOrAa KpyrH K,, K2, K 0 He 
01<.cgeHTpH'IHbI. EcAH o1 =-= o2 He---- o3, TO p. geHT{) ecTb P _:__· o1 o3• 
EcAH 01 = o2 ,--- o3, TO ace TO'IKH ~1 cyTh p. geHTpb1. 

§ 4. Ily'IKH a CeTH Kpyroe. 

1. PewHM aa.ztaqy: P,aH xpyr K0 He :c--: 002 H npJ1MaH r; 
HaiiTH Kpyr K, HMelOIJ!HH c KpyroM K0 p. ocb r. 

EcAH r MHHMaH npJ1MaJ1, TO conpHmeHHaJI npJ11>11aJ1 r' ecTb 
BTopaJ1 P· OCb Kpyron K 0, K; Ko H napa p. oceii rr' BIIOAHe 
onpeP,eJ\HIOT K (§ 3, 4). 
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Ec,I\H r Bel!!eCTBeHHa.ff np.11Ma.11 H nepeceKaeT o0 B TO'IKe P, 
'TO .sa BTopy10 p. OCb M02KHO npHHRTb A106y10 OTAH'IHYIO OT 01) 

np.RMYIO r'; AHlllb TOrAa BDOAHe onpeAeAHTC.ff K. KorAa r' onH­
cbrnaeT nyqeK np.ffMblX P, .sa HCKAIO'leHHeM Oo, TO HanpaBA.IIIOIJJa.ff 
o Kpyra K TaKme onHCbIBaeT ny'leK P, .sa HCKAIO'leHHeM o0 (§ 3, 4), 
H geHTp O Kpyra K onHCbJBaeT a6c. DOA.ff PY p TO'IKH P. CTpH­
coeAHHHB K KpyraM K H Kpyr Ko, noAy'IHM coBoKynHOCTb KpyroB, 
geHTpbI KOTOpb1X o.z,,noKpaTHO noKpbIBaIOT npaMy10 p. KpyrH 9TOH 
COBOKYDHOCTH nonapno HMeIOT P· OCb r, TaK KaK Ka2KAbIH Kpyr 
K HMeeT c KpyroM Ko p. ocb r, H Bc.11.e.z,,CTBHe aToro ABa pa.s­
.11.Hqn1:,1x Kpyra K H Mem.z,,y co6010 HMeIOT p. Och r (§ 3, 5 ). 

EcAH r=oo, TO KpyrH K H Kpyr Ko 06pa.sy10T nyqeK KOH­
:geHTPH'leCKHX KpyroB o02S. 

Oo.11.y'leHHbIH pe.sy.11.hTaT onpaB.z,,brnaeT cAe.z,,y10J!!ee onpcAe-
J\.eHHe: 

lly•u<OM. KpyroB Ha3bIBaeTCH COBOKYDHOCTb Kpyros, nonapHO 
HMeJOI!!HX .sa.z,,aHHYIO Bel!!,eCTBeuuyro p. OCb r; np.11MaH r ua.sbI­
saeTc.11 p, ocb10 nytIKa. 

CTytioK KpyroB BOO.II.He onpe.z,,eM1eTc.11 cBoeii p. ocb10 r H 

KaKHM-HHOYAb CBOHM KpyroM Ko He = Oo H OT.11.H'IHbIM OT np.11-
MOH r0• Ec.11.H r He = o0, ny'IOK Ha3bIBaeTc.11 a1<cy,eHmputtec1euM, 
eCAH r = Oo-lCOH!!,eHmputteCICUM. . 

.l\erKo onpaBAaTb H c.11.eAYIOJ!!ee onpeAe.11.eHHe: 
Cemb10 KpyroB Ha.sblBaeTCH cosoKynHOCTb Kpyros, nonapuo 

HMelOJ!!HX BeJ!!eCTBeHHbie p. OCH r, npoXOA.111!!,He qepe.s .sa.z,,aHHYIO 
Be~ecTBeHHYK> TO'IKY R; TO'IKa R Ha3b1BaeTCJI p. y,eHmpoM nytIKa. 

A,eiicTBHTe.11.bHO, ec.11.H 3aAaH Bel!!,eCTBeHHbIH ny'loK R npHMbIX 
r H Kpyr Ko He ___ _:_ Oo H OT.11.H'IHblH OT AB, npHMbJX r2, TO TeM 
caMblM onpe.z,,eM1eTcJ1 x 1 ny'IKOB KpyroB, 3aKJI.K>'laK>IJJHX B ce6e 
Kpyr Ko H HMeK>J!!HX P· OCH r, H CAe.11.oBaTeJl.bHO 001 KpyroB, 
HMe!OJ!!HX C KpyroM Ko P· OCH r; 9TH 001 KpyroB H Mem.z,,y co600 
HMefOT p. OCH r (§§ 4, 5) H, CAeAOBaTeAbHO BMecTe c KpyroM Ko. 
o6pa.ayroT ceTb Kpyros. 

Ec.11.H R He AemHT Ha o0, TO sc.11Ka.11 TO'IKa nAOCKOCTH O eCTb 
:geHTP o.z,,Horo Kpyra ceTH; .l1,e0cTBHTeAbHO: ecAH O =-= 0 0 , 

TO K...:._ ,K0, TaK KaK BCHKHH .11.pyroii Kpyr c genTpOM 0 0 HMeeT c 
K. p OCb o0, He npoXOAHl!!YK> ttepe.s R; eCJ\H me O He = 0 0, 

TO o He = Oo nepeceKaeT 00 B TO'IKe P, o.z,,ea p. ocb Kpyros K0 , 

K eCTb r-=:.'=cPR He =0 o0, .npyraH, rapMOHH'leCKH OTAeAHK>J!!a.R r 
OT Oo, O, eCTb r He:c=O, H Kpyr K BDOAHe onpeil,e.l\eH KpyroM Ko 
H napoti p. oceH c HHM r, r (§ 3, 4). TaKaH CeTb Ha.SbIBaeTC.ff 
31<CJleHmputtec1<ou. EcAH R AemHT Ha 00 , TO ceTb COCTOHT H3 
Bcex KpyroB c geHTpaMH Ha a6c. noA.11pe R. AeikTBHTeAbHO, 
ecAH Kpyr K npHHaAAemHT ceTH, TO OH HMeeT c KpyroM K0 

ocb r, npoxo.z,,HIJ!YK> qepe3 R; npH r He :cc-~-- oo HanpaBAHK>J!!aH o 
He=: Oo H npOXOAHT qepe3 R=roo; npH r == Oo HanpaBAHIO'!!,aH 
o ~o,.; B o6oHx cAy11aax geuTp O AemHT Ha a6c. noAHpe TO'IKH R; 
HO BCe ·KpyrH c geHTpOM Ha a6c. IlOAHpe TO'IKH R AeHCTBHTe.11.bHO 
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rrpHHaAJ\eJKaT ceTH, TaK IrnK OHH nonapHO HMeIOT p. OCH, npoxo­

.zvugirn qepes R. TarrnH ceTh Ha3bIBaeTCH KOH~eHmpuqec,wu. 
PaccMaTpHBaH ny'IKH H ceTH, MbI npe,ll;IIOJ\ara.1\H ,IJ;O cttx nop, 

'ITO Kpyr Ko He BblpOlK,IJ;aeTCH B ,IJ;B. npHMy10. B aTOM nocJ\e,1J;HeM 

CJ\Y'lae ny'IKH H ceTH BblpOlK,IJ;aIOTCH B COBOKYIIHOCTH ,IJ;B. npHMblX. 

CTy'leK Bbipom.,11,aeTCH npH Ko ___ 0 0 2 B coBoKymi;ocTb AB. npHMbIX, 

npoXO,ll;HigHX qepe3 TO'IKY p =: Oor; Bee npHMb!e nyqKa p cyTb 

ero p. ocH. CeTb Bb1pom.,1J;aeTCH npH Ho =--'_ o0 1 B coBOKYIIHOCTb 

BCex ,ll;B. npRMblX IIJ\OCKOCTH; BCe TO'IKH IIJ\OCKOCTH cyTb ee 

P· OCH. 

0KOH'laTeJ\bHO IIOJ\yqaeM: nyqoK BIIO.I\He onpep;eJ\HeTCH p. OCblO r 
H KpyroM Ko He.c-~r2; ceTb BIIOJ\He onpeJJ,eAHeTCH p. geHTpOM R 
H KpyroM Ko, OTJ\H'IHbIM OT npHMhIX r ny'IKa R. 

8KcgeHTpH'leCKHe ny'IKH tt ceTH HMeIOT c o6igeH rpam,geH 

o6ottx KJ\aCCOB KpyroB (§ 3, 2) o6igtte ,'l;B, npRMbie; OCTaAbHble 

KpyrH HX BcerAa npHHaJJ,AemaT O,'J;HOMY H3 KAaCCOB, TaK KaK OHH 

3KCgeHTpH'1Hbl H HMeIOT BeigecTBeHHble p. OCH. KoHgeHTpw1ec1rne 

IIY'IKH H ceTH HMeIOT o6IgHM C rpam1geH KJ\aCCOB eige ll a6co­

AIOT; OHll pa36ttBaIOTCH rpaHttgeH Ha 'laCTll, rrpHHaJJ,Aem.aigue pa3-

HblM K.11accaM; Kam.p;y10 TaKyIO qacTb Mbl 6yAeM Ha3b!BaTb KOHQeHTpH­

'leCKHM ny'IKOM ttAH ceTbIO coomsemcmsy10W,eW 1<.Aacca. Bb1po­

AHBIIrnecH IIY'IKll H ceTll geAHKOM npHHaAJ\e.tKaT rpaHttge. 

2. HeBblpOP,HBIIIHeCH ny'IKH O,il,HOro K.l\acca pa36HBaIOTC5! Ha 

THilbl no OTHOCllTeAbHOMY IIOAO.tKeHHIO CBOHX KpyroB. 

riycTb nyqoK onpe,11;eAeH KpyroM Ko He o/ H p. OCbKJ r. 
Bo3MO.tKHbI cAep;y10igtte cAy'laH. 

A. r nepeceKaeT 1(0 B nape pa3AH'IHbIX TO'leK MN He ::C.c.: I}. 
BcHKHe ,ZJ;Ba Kpyra nyqKa nepeceKaIOTCH B TO'IKax M, N. 

B. r rrepeceKaeT Ko B nape pa3AH'IHbIX TO'leK MN=- !J· Bcn­

KHe ,ZJ;Ba Kpyra nyqKa, KpOMe r2, HMeIOT B TO"!Kax ll1, N KaCaHHe 

1-ro rropH,11,Ka. 

C. r KacaeTCH Ko B TO"!Ke M He ~ I,}. BcHKHe ,ZJ;Ba Kpyra 

nyqKa HMeIOT B TO'IKe M Kacatttte 1-ro nopHAKa. 

8n1M HC'lepIIbIBaIOTCH B03MO.tKHbie cAyqaH B 9.1\A. reoMeTpHH, 

TaK KaK KacaTeAbHble K Ko B TO'IKax I, J MHHMbie, H ,. He j\!Q;t(eT 

KacaTbCH Ko B TO'IKax I, }. Ho B nm. reoMeTpHH B03MOlKHbI eIQe 

CAe,ziy10igHe CAy'laH: 

D. Ko-cBepxrrpep;eAbHbIH Kpyr H r :::_ i0• HanpaBAHIOIJJHe Bcex 

KpyroB nyqKa o6pa3yIOT rry'IOK rrpHMblX Io, H, CAeP,OBaTeAbHO, Bee 

Kpyru nyq1-rn cBepxnpep;eAbHhie, KpoMe i0 j0• BTopaH p. och r' ABYX 

csepxnpe,ZJ;e/\hHbIX KpyroB ny'IKa K 1, K2 _ rapMOHHt:JeCKH OTP,eMieT 

r OT HX HanpaBMIIO!JJHX 01, 02 He --- io, H, CAeP,OBaTeAbHO, rrepece­

KaeT Kpyru Ki, K2 B TO'IKe I0 H eige B o,111-10H TO'IKe M. TaKHM 

o6pa3oM, Kpyrn K 1, Ki HMeIOT TOAbKO 06rg0e TO"IKH / 0, M, 11, cAe­

p;oBaTeAbHO, .HMeIOT B TO"!Ke Io Kacatt0e 2-ro nopH,ZJ;Ka. Kpynr K1, 

K1 paBHbI, TaK KaK CHMMeTpHH OTHOCH.TeJ\bHO r' ::::-...: lo M coxpaHHeT 

M H rrpeBpaigaeT o 1, o 2 p;pyr B ,11;pyra, H CAe.11;0BaTeAbHO npeBpa­

igaeT H Kpyrn K 1, K~ ,ll;pyr B .11;pyra. 



E. Ko-npe.11,e.l\bHbIH Kpyr H r--= o0 = io =j0 • Bee Kpyrn nyqKa 

npe.zi;e.11.bHbie, KpOMe o 0 2• BcHKHe ,11;sa npeP,e.l\bHbIX Kpyra nyqKa 

HMeJOT B TO'lKe 0 0 c_=. / 0 =]o KacaHHe 3-ro nopHJJ.Ka H paBHbI 

Mem.Ay co600. 

B 1-M K.l\acce rHn, reoMeTpHH aTHM H HcqepnbIBalOTCJI B03-

MOmHbie cAyqan. Ho so 2-M K.l\acce B03M02KeH eige cAyqaii 

F. Ko eCTb napa seigecTBeHHbIX npHMbIX io jo H r = io, nyqoK 

COCTOHT H3 nap seigecTBeHHblX np.SIMbIX ioj, r.i,;e j-npoH3BO.l\bHaJI 

H30TponHaH np.siMaH. BcHKHe .zi;se napb1 HMeIOT o6IJJy10 npHMYJO i0 

H paBHbI Me2K.zi;y co6oit 

§ 5. OpToroeaAi.aocTi.. 

1. AerKo .zi;oKa3aTb c.11.e.zi;y10igee npe.zi;.11..02KeHHe: 

Ec.11.H .zi;sa Kpyra nepeceKalOTCH B HeKoTopoii ToqKe no.zi; npH­

MblM yr.11..oM, TO OHH aKC!,!eHTpHqHbl, H nepneHAHKY.11..Hp H.S TOqKH 

nepece'leHHJI K .11..HHHH !!eHTpOB eCTb no.11..11pa !!eHTpa KR2KJJ,Oro H3 

xpyros OTHOCHTe.11..bHO .zi;pyroro. Hao6opoT, ec.11..H ,11;sa Kpyra aKcgeH­

Tf>lfqHbl, H Il0.11..Hpbl geHTpOB Ka2KJJ,Oro H3 Kpyros OTHOCHTeAbHO 

Apyroro c0Bna,11;a10T C HeKOTOpbIM nepneHAHKY.11..HpOM K .I\.HHHH 

geHTpOB, TO KpyrH nepeceKalOTCJI B HeKOTOpOH TO'lKe aToro nep­

neHAHKY.11..Hpa no,11; np.RMbIM yr.11..oM. 

0TcIO.zi;a BbITeKaeT c.11..e.zi;y10igee nocTpoeHHe Kpyra K. c 3a.zi;aH­

HblM !!eHTpoM 0, nepeceKa10igero no.zi; npHMbIM yr.11..oM 3a.zi;aHHblH 

Kpyr Ko, geHTp KOToporo Oo OT.I\H'leH OT 0: HRX0,11;1/IM noM1py p 
TO'll<H O OTHOCHTe.11..bHO Kpyra Ko H 3aTeM HaXOAHM Kpyr K no 

geHTPY O H nape saaHMHbIX noAHp 0, p (§ 2, 1). 

Ec.11..H onpeAe.l\HTb opToroHa.11..bHOCTb .zi;syx Kpyros KaK nepece­

'!eHHe HX B HeKOTOpOH TO'lKe no.zi; npHMbIM yr.11..0M, TO onpe,11;e.11..eHHe 

6y.zi;eT HenpHMeHHMO K KOHgeHTpH'leCKHM KpyraM, KOTOpbie B 06-

IgHX ToqKax TO.l\bKO KacaJOTCH, Ec.11..H B BTOM noc.l\eJJ.HeM 

c.,y•rne orpaHH'IHTbCJI Tpe6osaHHeM nepneHAHKY.11..HpHOCTH KacaTe.l\b­

,e.i\bHbIX B o6igHx TOqKaX, TO B OT.I\HqHe OT npe,ll;bIAYIY,ero OJ);H0-

3HaqHoro IlOCTpoeHHJI npHlll.l\OCb 6hl C'lHTRTb opTOI'OHa.11..bHblMH 

K aa.zi;aHHOMY Kpyry ace KOH!,!eHTpHqecKHe C HHM KpyrH, TaK KaK 

KOHgeHTpH'leCKl/le KpyrH HMelOT a o6igux TO'lKaX KaCaTe.l\bHbie, 

nepneHAHKYAHpHbie K ce6e caMHM. Hy2KHO HaHTH TaKoe onpe.zi;eAe­

HHe opToroHa.l\bHOCTH ABYX Kpyros, KOTOpoe B C.l\y'lae aKcgeH­

TpHqecKHX KpyroB 6bl.ll..O 6bI paBHOCH.l\bHO yc.11.0BHI() nepece'leHHJI 

HX no.zi; npHMbIM yr.II.OM, a B C.l\yqae KOHgeHTpH'!eCKHX KpyroB 

npHBO,ll;H.1\0 6bl K O,ll;H03HaqHoH onpe.zi;e.11.HMOCTH 0,ll;HOI'O H3 HHX 

ApyrHM. PaccMoTpHM npe.zi;sapHTe.l\bHO caoiicTBa OJI.HOH <t>HrypbI. 

2. ,llae napbI BeigeCTBeHHblX H.I\H MHHMO-conpm1rnHHbIX Kaca­

Te.11.bHblX K a6co.l\IDTY o6paayroT OilHCaHHblH OK0.1\0 a6CO.l\l0Ta 

•-1eTb1pexcTopoHHHK. B nepsoM c.11..yqae ace TPH napb1 np0THB0no­

A02KHbIX seplllHH qeTblpexcTopOHHHKa Bel£eCTBeHHbl, BO BTOpOM 

OJI.HR H3 HI/IX seigeCTBeHHa, a ABe .zi;pyrHX MHHMO-conpnmeHHbie. 

B o6oHx c.11..y'laHx ace TPH -,11;Haroua.l\H ero seigecTBeHHbI. 8TH .zi;Ha-
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I'OHa./\H o6pa3yJOT sei;gecTBeHHblH IlOAHpHbIH Tpeyro./\bHHK a6COA10Ta. 

A6cOAIOT H napbl npoTHBOn0./\02KHblX BeplllHH tJeTbipexcTopoHHHKa 

npHHaJ1,Ae2KaT HeKOTopoMy ny11Ky KOHlf>OKa./\bHblX KpHBblX 11-ro K./\acca. 

KaK H3BeCTHO, 11,Be npHMble, conp»meHHbie OTHOCHTe./\bHO JJ.BYX 

KaK0x-u06y11,h KpHBbIX nytIKa KpHBblX II KAacca, corrpnmeHhl OTHO­

CHTeAhHO scex OCTaAhHbIX. 0TCIOJl,a C./\eAyeT, 'ITO 11,se npHMbie, 

neprreHJl,HKYMlpHble H rapMOHH'ICCKH paa11,e.1UJIOI,gHe OJI.HY napy 

npoTHBOITOA02KHblX seplllHH 'leTblpexcTopoHHHKa, rapMOHH'leCKH 

paa11,eAHIOT 11,Be 11,pyrHe napbI, H 'ITO 11,Be npHMbie, rapMOHH'leCKH 

paa11,eAHIOJMHe 11,Be napbl npOTHBOnOA02KHblX seplllHH 'leTblpex­

CTOpOHHHKa, rapMOHH'leCKH paa4e./\HIOT H TpeTblO H nepneHJl,HKYAHpHbl 

Me2K11,y co6oii. 

nycTb, Hao6opOT, napa BeJMeCTBeHHblX · nepneHJl,HKYMlpHblX 

np»MhIX nepeceKaeT cTopoHbI Bel!!eCTBeHuoro noAnpuoro TpeyroAb­

HHKa a6COAI0Ta B OTAH'lHblX OT ero BeplllHH napax TO'leK. no KpaH­

HeH Mepe 011,Ha 113 3THX nap He paa11,eMleT COOTBeTCTBYIOJMeH 

napbI sepmHH H onpe11,eAHeT sMecTe c eeio HHBOAJOQ,HIO, ABOHHhie 

TO'IKH KOTopoii BeJMeCTBeHHbI. B cAy11ae nmep6oAHqecKoii reoMeT­

pHH 3TH ABOHHble TO'IKH_ o6e o6bIKH0BeHHble HAH o6e HAea./\bHble, 

TaK KaK OHH rapMOHHqecKH paa11,eAHIOT napy BepmHH IlOAHpHOI'O 

TpeyrOAbHHKa a6coAIOTa, H CAe11,osaTeAbHO He paa11,eAHIOT napbl 

TO'leK nepeceqeuHH COOTBeTCTBYIOJMeH CTOpOHbl .:>Toro TpeyroAb­

HHKa C a6CO./\IOTOM. napbl KacaTeAbHbIX H3 3THX 11,BOHHblX ToqeK 

K a6COAIOTY 06paay10T 'leTblpexcTopoHHHK TO./\bKO 'ITO paCCMOTpeH­

HOro THna. .ll;HaroHaAbHblH Tpeyro./\bHHK .:>Toro 'leTblpexcTopOHHHKa 

COBna11,aeT c paccMaTpHBaeMbJM noAHpHblM TpeyrO./\bHHKOM a6co­

AIOTa, a 11,Be OCTaAbHble napbl npOTHBOnOAOiKHblX BeplllHH ero 

cyTb napbl ABOHHbJX TO•IeK HHBOAIOJ!HH, onpe11,eA»eMbJX .ABYMH 

ocTa./\bHhlMli napaMH TO'leK nepece'leHHH paccMaTpHBaeMbIX nepnee­

JJ.HKYAHpHbIX npHMb!X H COOTBeTCTBYIOJMHMH napaMH seplllHH .:>Toro 

Tpeyi'o./\bHHKa. 

3aMeTHB, 'lTO ynoMHHYTbie HHBOAIOJ!HH cyn> CHMMeTpHH OTHO­

CHTeAbHO CTOpOH IlOAHpuoro TpeyrO./\bHHKa a6co.11.10Ta, H npHHHB 

BO BHHMaHHe, 'lTO BCHKafl napa HeH30TponHbIX nepneHJl,HKYA.llpHblX 

npHMblX eCTb napa CTOpOH HeKOToporo IlOMlpHOI'O TpeyroAbHHKa 

a6CO./\f0Ta, Mbl AerKo BbIBell,eM H3 npe11,bIJJ.YJMero c.11.e11,y10JMee He-

06xo11,11Moe H 11,0CTaTO'lHOe ycAOBHe KOH!pOKa./\bHOCTH ABYX nap 

se1gecTBeHHbIX H.11.H MHHMo-conpameHHblX TO'leK: 

Ase napbi ToqeJ( KOH!pOKaAhHhl, ecAH oHH Ae2KaT Ha nepneu­

AHKy.11.»pHbIX HeH30TpOnHhlX np.llMbJX, CHMMeTpHqHbl OTHOCHTeAbHO 

EITHX np.llMbIX, H rapMOHHqecKH paap;eA.fflOTCH 11,pyrou napoii nep­

neHJl,HKYAHpHblX np.llMblX. 

3. ,4oKameM Terrepb cAeAyioJMee npeAAOmeeae: 

nap bl TO'leK nepece'leHH.ff nepeceKalOJMHXC.ff noll, np.llMbIM yr ./\OM 

Kpyros K1, K2 c eeH30Tponeb1M11 nepneup;11KyA.11pHbIMH 11,HaMeTpaMH 

cooTB. Kpyros K2, K 1 KOH!pOKaAbHhJ MeiKAY co6oii. 

nycTb 6y,AeT p=c..01 02 AHHHH geHTpOB, g 06JMa.R ITOAHpa, d1, d2 

.11,HaMeTpb1, K1d2, K2d1 rraphI TO'leK nepeceqeean. 
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YicKJ\IO'IHM IlOKa C./\y'laii, Kor.4a OAHH H3 .zi;HaMeTpOB COBna,11;aeT 

c J\HHHeii geHTpoB. Toril,a AJ\H AOKa3aTeJ\bC~Ba .4ocTaT011uo 3aMe­

THTb, 'ITO napb1 TO'leK K1d2, K2d1 J\e.lKaT ua nepneHAHKYM!pHbIX 

npHMblX d,, di, CHMMeTpH'IHbl OTHOCHTe.J\bHO npHMbIX di, d2 H rap­

MOHH'leCKH pa3il,eJ\HI0TCH nepneHil,HKYAHpHbIMH npHMbIMH p, g. no­

CJ\eJJ,Hee BbITeKaeT H3 Toro, 'ITO TO'IKH 01, 02 npHMOH p cyTb no­

AIOCbl npHMOH g COOTB. OTHOCHTeJ\bHO KpyroB K2, K1. 
B HCKJ\IO'leHHOM cAy11ae d1 p MO.IKHO 3aMeHHTb nepneHJJ,HKy .. u1p­

Hble npHMbie p, g HeKOTOpblM HaKAOHHbIM K p AHaMeTpOM Kpyra 

K1 H nepneup;HKyA.RpOM K HeMy H3 TO'IKH pg, OTHOCHTeAbHO RO­

TOpblX CTOJ\b m.e J\erKO AOKa3aTb, 'ITO OHH rapMOHH'leCKH pa3il,e­

J\HI0T napbI TO'leK K 1d2, K2d1• 

06paTHb!H XOil, paccym.zi;eHHii npHBOAHT K o6paTHOMY npe.zi;­

.J\O.lKeHHIO: 

EcAH aKcgeHTpH'IHble KpyrH K1, K 2 nepeceKaIOTCH ABYMH He­

HBOTponHbIMH nepneHAHKYJU!pHbIMH il,HaMeTpaMH COOTB. Kpyros­

K2, K1 B KOH«poKaAbHbIX napax TO'leK, TO KpyrH .Ki, K2 nepeceKa­

IOTCH no.zi; npHMbIM yrJ\OM. 

Coep;HHHH o6a npe.4Aom.eHHH, rioAy'IHM: 

EcAH aKcgeuTpH'IHbie KpyrH Ki, K 2 nepeceKaIOTCH ABYMH HeH3o­

Tf>ODHbIMH nepneHAHKJMlpHblMH .zi;HaMeTpaMH KpyroB K2, K1 B KOH­

!pOKaJ\bHblX napax TO'leK, TO OHH AI06bIMH ABYMH TaKHMH AHaMeT­

paMH nepeceKalOTCH B KOH«poKaAbHblX napax TO'leK. 

Doc.11.eAHee npe.u;AomeuHe ocTaeTCH sepHbIM H JJ;J\H KOHY,eH'rpw-1-

HbIX KpyroB K1, K 2, TaK KaK B aTOM c.11.y11ae BCHKYIO napy HeH30-

TponHbIX nepneH,11.HKYAHpHbIX AHaMeTpOB KpyroB K 1, K2 Momeo 

coBMeCTHTb co BCHKOH .z,;pyroii TaK, 'IT06bI KpyrH Ki, K2 cosMeCTH­

AHCb CaMH C C060H. 

DoAytieHHbie pe3yAbTaTbI onpaBJJ.hIBaIOT cAeAYIOl!!ee onpe.z,;eAe­

HHe opTOf'OHaAbHOCTH: 

KpyrH K 1, K2 uasbrnaIOTCH opToroHaJ\bHbIMH, eCJ\H OHH nepe­

ceKaIOTCH BC.RKHMH JI.BYMH ueH30TpODHblMH nepneHp;HKYAHpHbIMH 

AHaMeTpaMH Kpyros K2, K 1 B KOH<poKa.J\hHbIX riapax TO'leK. 

PaBHOCH.J\bHOCTb aToro onpeJJ,eJ\eHHH B CJ\yqae aKcgeHTpHt:rHOCTH 

KpyroB K 1, K 2 c Tpe6osaeHeM nepecet:reHHH noA npHMbIM yrAOM HCHa 

H3 npeAhIAYJMero. B cAy11ae KOHgeHTpH'IHOCTH Kpyros K1, K 2 Ram.­

iJ.bIH H3 HHX BilO.I\He onpeAeJ\HeT Apyrou: BbI6paB KaKy10-H116yAb 

napy HeH30Tp0DHb1X nepneH,1,;HKJAHpHblX il,HaMeTpOB di, d2 aa,11;aHHOf'O 

Kpyra K 1 onpe.4eAHeM napy TO'leK nepece11eHHJ1 K1 d2, aaTeM KOH­

cJ>oKaAhHYIO napy K2d1 H HaKoHeg Kpyr K2 (§ 2, 2). 
TaKHM o6pa30M, noAy11eHHOe onpeP,eAeHHe YAOBJ\eTBOpji'.eT 

BblCTaB.l\eHHblM B Ha'laAe § ycAOBHHM, 

4. Dapa npHMbIX opToroHaJ\bHa K Kpyry, KOrP,a ee y,eHT.P Ae­

mHT Ha Kpyre; 9TO npeAilOJ\araeT BeJMeCTBeHHOCTb Kpyra. B qacT­

HOCTH ,ll;Be napbl npHMbIX opToroHaJ\bHbI, KOrAa OHH cosna­

il,aIOT. 

K iJ.B. npHMbIM npe,11,hIAYI!!He paccym.AeHHH aenpHMeHHMbI. BBo­
AHM ,ll,OilOJ\HHTeJ\bHOe onpeAeJ\eHHe. 
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,llB. npJ1MaJ1 opToroHaJ\bHa K Kpyry, KOrAa oHa npoxoAHT qepe3 
ero geHTp. B qacTHOCTH ABe AB. npBMbie opToroHaJ\bHbl, KOrAa 
OHH nepneHAHKYABpHbl, H BCJIKaJI AB npJ1MaJ1 opiroroHaJ\bHa K a6co­
J\IOTy. 

5. y CJ\OBHMCJI o6osnaqaTb: opToroHaJ\bHOCTb KpyroB Ki, K2-
CHMBOJ\OM J_ ; nyqoK KpyroB C p. OCbIO r, COAepataJ!!Hii Kpyr K 
He=::--:: r 2, - CHMBOJ\OM (r K); ceTb KpyroB C p. geHTpOM R, COAep­
atal!!,yIO Kpyr K, OTJ\HqHblff OT AB- npJIMbIX r2, npOXOAJliyHX qepe3 
R, - CHMBOJ\OM [ RK]. 

BBeAeM onpeAeAeHHe: Kpyr K1 H ceTb [R2K2] Ha3b1BaI0TCJ1 
OpTorOHaJ\bHbIMH, eCJ\H Kpyr K, opToroHaJ\eH KO BCeM KpyraM ceTH 

[R2K21· 
OTO onpeAeAeHHe onpaBAblBaeTCJI cAeAyIOl!!,HM npeAJ\OateHHeM: 
,llAJI opToroHaJ\bHOCTH Kpyra K1 H ceTH [R2K2] Heo6xo.ztHMO H 

AOCTaTO'IHO, 'IT06b1 p. geHTp R2 6blA geHTpOM Kpyra K1 H 'IT06bI 
KpyrH Ki, K2 6bIAH opToroHaAbHbl. 

Heo6xo.ztHMOCTb nepBoro ycAOBHJI cAe.ztyeT HS Toro, qTo K1 AOA­
men 6b1Tb OpTOrOHaJ\eH KO BCeM r2, a Heo6xo,ztHMOCTb BToporo­
npJIMO H3 onpe,zteAeHHJI. OcTaeTCJI AAJI BCJIKoro Kpyra ceTB K2 ', He 
= r 2, K2, AOKasaTb K1 J_ K/. PaccMoTpHM TPH cAyqaJ1: 

A. [R2K2] aKcgeHTpH'lecKaJI ceTb. OycTb 6y.zteT r p. ocb K1, K2, 
npoxOAJll!!,aH qepes R, H p _ 0 1 0 2• 11.s K 1 _l_ K2, H r 1- p cAe.ztyeT 
KOH!pOKaJ\bHOCTb nap TO'leK K1 p H K2 r, nocAe qero HS K2r --- K2'r 
cAe.ztyeT K1 J_ K2'. 

B. [R2 K2] KongenTpH'lecKaH ceTb. EcAH p-a6c. IIOAHpa TO'IKH 
R2, To H.3 K1 J_ K2 cAe,ztyeT K1 = p2, a OTCIO.zta cAe,ztyeT K11- K.2'. 

C. [R2K2] Bb1poatAaeTCJ1 B ceTb AB. npBMbIX. Tor.zta K2 ____: 022 

K2' = o2' 2• Ha K 1 J_ 022 He==::: r 2 cAe,ztyeT K 1 = S, a OTCIOAa cJ\e­
.ztyeT K 1 l o/ 2• 

Kpyr K1 H ceTb [R2K2] BDOJ\He onpe,zteJ\HIOT Apyr Apyra. EcAH 
aa,11,ana ceTb [R2K2], To Kpyr K1 BnOAHe onpe.zteA.HeTCJI no geHTPY 
0 1 ==-= R2 H opToronaAbHOMY Kpyry K 2• EcAH aa,ztaH Kpyr K1 TO 
ceTb [R2K2] TaKlKe BIIOJ\He onpeAeAHTCH. ,llAH AOKaaaTeJ\bCTBa 
AOCTaTO'IHO 3aMeTHTb, qTo OHa COCTOHT HS Bcex KpyroB, opToro­
HaJ\bHblX K Kpyry K1. ,lleikTBHTeJ\bHO, npH Kr He::-::-:: oi2 aTO BHAHO 
H.3 Toro, qTo genTpbI KpyroB, opToronaJ\bHblX K Kpyry Ki, sa­
noAHJIIOT BCIO IlJ\OCKOCTb, a npH K1 = 012 O'leBHAHO. 

Tenepb BBe.zteM onpe.zteAeHHe: OyqKH (r1K 1), (r2K2) Ha3b1BaIOTCH 
opToroHaJ\bHblMH, eCJ\H Bee KpyrH nyqKa (r1K1) opTOrOHal\bHbl 
KO BCeM KpyraM nyqKa (r2K2). 

OTO onpe.zteAeHHe onpaB.ztblBaeTcH cAeAYIOIJ!HM npe,ztAomenHeM: 
,llAH opTorOHal\bHOCTH nyqKoB (r1Ki), (r2K 2) neo6xo,ztHMO H 

AOCTaToqno, 'IT06bI P· OCH r1, r2 6btJ\H nepneHAHKYAHpHbl, 'IT06bl 
geHTpbl KpyroB K1, K2 J\eataJ\H COOTB. Ha p. OC.HX r2, r1 H qTo6bl 
KpyrH Ki, k 2 6bIJ\H opToronaAbHbl. 

YKa3aHHbie yCAOBHJI MOlKHO npeACTaBHTb B BHAe r1 2 _l_ r/', 
r1 2_i_K2, ri_l_K1 (§ 5, 4) H K 11-K2, OTKy.zta JICHa HX eeo6xoAH­
MOCTb. ,llMI ,IJ,OKa3aTeJ\bCTBa HX ,IJ,OCTaToqnocTH 3aMeTHM, qTo B CHAY 
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STHX yc.11.0BHA ny'IOK itpHHaAJI.CX{HT ceTH [02Kd, opToroHa.11.bHOH 

K Kpyry K 2, H c.11.eAOBaTe.11.hHO Kpyr K 2 opToroHa.11.eH KO BCJ1-

Ko11y Kpyry Ki' nyqKa {r1K1), OTKyAa TO'IHO TaK2Ke 3aK.II.IO'IHM, 

'ITO Kpyr Ki' opToroua.11.eH KO BC.RKOMY Kpyry K2 ' nyqKa (r2K2 ). 

Ec.11.H ny'IOK (r1K1) aKcgeHTpH<i:ecKHii, TO nyqoR {r2K2) TaK2Ke 

aKcgeHTpH'leCKHii: OH COCTOHT H3 KpyroB C geHTpaMH Ha npBMOii rt, 
opToroHa.11.hHhlX K Kpyry K 1• Ec.11.H nyqoK (r1K 1) KoHgeHTpH<i:eCKHii, 

TO nyqoK (r2K2) eCTh ny'IOK AB, npBMhlX, npoXOA.RJYHX qepes 

TO'lKY 0 1• Ec.11.H ny<i:oK (r1K1) ecTh ny<i:oK AB, npBMhIX, npoXOABf!!HX 

qepes TO'IKY r101, TO ny<i:oK (r2K2) KOHgeHTpH'leCKHii C geHTpOM 

B TO'!Ke r101, 

Bo Bcex cJ\.yqa.Rx nyqoK (riK1) BDOJ\.He onpeAe.11..ReT ny<i:oK 

-hK2), 
Ec.11.H ny<i:oK (r1K1) aKgeHTpH'leCKHff, TO ero THn (§ 4,2) Bno.11.He 

onpeAe.l\.JleT THn ny'IKa (r2K2). BosM02KHhl c.11.eAyroiyHe c.11.yqaH: 

A. (r1Ki) ecTh ny'loK THna A. TorAa napa TO'leK K 1r 1 He 

C.11.HUaeTCJI C TO'IKOH r1r2, KOHq>oKa.11.hHa.R napa TO'leK K2r2 TaKate 

He C.11.HBaeTCB c TO'IKOii r1 r2 , H (r2K2) ecTh ny<i:oK Toro me 

·THna. 

C. (r1K1) eCTh nyqoK THna C. TorAa napa To'leK K 1r1 c.11.H­

BaeTCB c TO'IKOH r1r2 ~, M, napa TO'leK K 2r2 TaK21te c.11.HaaeTCJI 

c TO'IKOH M, H (r2K2) ecTh ny<i:oK Toro 21te THna. 

D. (r1K 1) ecTh ayqoK THna D. TorAa r1:c=i=r2, H (r2K 2) eCTh 

nyqOK Toro 21te THna. PaccTOJIHHJI pi, p 2 KpyroB Ki, K 2 OT CBOHX 

HanpaB.11.BIOJYHX 01, 02 CB113aHbl COOTHOWeHHeM 

,lleikTBHTe.11.hHO, nepneHAHKy.11.11pb1 HB TO'IKH nepeceqeHHB M 

Kpyroa K1, K'J Ha cooTB. Hanpaa.11.11roiyHe 01, o2 06pasy10T yro.11. ~- , 

KOTOphlH Ae.11.HTCJI napaA.11.e.11.hHOH "K HanpaBABIOJYHM 01, 02 npBMOIO 
M] Ha qacTH Il(p1), Il(p2). 

F. (r1K1) ecTh nyqoK THna F. TorAa (r2K 2) coBna,l\aeT c (r1K 1), 

6. Ec.11.H CCTb [R2K2] aKcgeHTpH<i:ecKaB, TO Bee ee Henorpa­

HH'lHble KpyrH npHHa,l\.11.eataT K TOMY me K.11.accy, 'ITO H Kpyr Ki, 
TaK KaK HMeroT c HHM BeiyecTBeHHYIO p. ocb-06iyy10 no.11.11py 

:geuTpoB (§ 5, 1). Ec.11.H 21te ceTh (R2K2) KoegeHTpH<i:ecKaB, TO oHa 

pacna,l\aeTCJI Ha ABe ceTH pa3HhlX KAaCCOB, H Mhl 6yAeM HaBhlRaTb 

1<.alKAYIO HB HHX opToroHaAhHOH K K1 ceThlO coomBemcmBy101!Jezo 
1uacca. To<i:Ho TaK21te, ec.11.H nyqoK (r2K2) aKcyeHTpH'leCKHH, TO H 

opToroHaAhHhdi nyqoK (r1K1) aKcgeHTpH'leCKHH, H ace HenorpaHH'lHhle 

KpyrH o6oHX nyqKOB npHHaAAe.lKaT K OAHOMY H TOMY me KAaccy. 

Ec.11.H 21te nyqoK (r2K2 ) KOHgeHTpH'leCKHH, TO OH pacnaAaeTCB ea 

.JJ,Ba nyqKa pa3HhlX K.11.aCCOB, H Mhl 6yAeM Ha3hIBaTh KaatAhlfi 

HS HHX opToroHaAhHhlM K (r1K1) ny'IKOM coomBemcmBy101!Je1.o 
KA_acca. 

IJQ 



§ 6. CaoiiCTaa coops2Keaes. 

B 8TOM § paccMaTpHBalOTC.H KpyrH OAHOro KaKOrO-HH6yp,b 
K.11.acca. 

1. Ec.11.H p,aa Kpyra He Bblpo.m.a,alOTC.H OAHOapeMeHHO B 
,ll;B. np.HMble, TO OHH npHHa.a,.11.e.maT CTO.l\bKHM ny'IKaM, CKO.l\bKO HMelOT 
p. oceii, a npH o.a,HoapeMeHHOM Bblpo.m.a,eHHH-o.a,HoMy ny'IKY .a,B. 
np.HMblX, xoT.H HMelOT oo 1 p. oceii. To<1Ho TaK.me, ec.11.H TPH Kpyra, 
He npHHa.a,.11.e.maJ!!He op,HoMy H ToMy .me ny<1Ky, He Bbipo.mp,aJOTC.H 
OP,HOBpeMeHHO B P,B. np.HMbie, TO OHH rrpHHap,.11.e.maT CTOAbKHM 
ceTHM, CKO.l\bKO HMelOT P· yeHTpOB, a npH OP,HOBpeMeHHOM Bblpo-
2KP,eHHH-TO.l\bKO ceTH AB. npHMblX XOTH HMelOT 00 i P· yeHTpOB. 
0Tcw.a.a HaH.a,eM: 

,llBa Kpyra, onpe.a,e.l\.HIOT OP,HH H.I\H P,Ba IIY'IKa. 
TpH Kpyra, He npHua.a..11.e.mal!!ue o.a.HoMy H TOMY .me ny<1Ky, onpe­

JJ,eAHIOT OJI.HY, P,Be HAH 'leTblpe ceTH. 
OycTb 6yp;yT (r1K1) H K2 ny<10K H uenpirna.zt.11.e2Kaf!!HH eMy Kpyr. 

KpyrH r1 2, K1, K2 npHHap,.11.e.maT op;Hoii H.I\H ABYM ceTHM, H 9THM 
ceTHM npHuap;Ae.mHT H rry<10K (r1K1 ). TaKHM o6pa.aoM: 

Oy<10K H He npHHa.zt.11.emal!!Hii eMy Kpyr onpe.zte.11.HIOT OP.HY HAH 
.P,Be CeTH. 

2. OpHMeHHH 8TH npe.ztA02KeHHH K o6pa.aaM, opToroHaAbHblM 
K aa.a,aBaeMbIM, IlOAY'IHM B.3aHMHble npe.zt.11.0.meHH.H: 

,llae ceTH HMeJOT O.ztHH HAH p;Ba 061!:!HX ny'IKa. 
T pH ceTH, He co.ztepmal!!He op,Horo H Toro me ny<1Ka, HMelOT 

O,!tHH, P,Ba HJ\H 'leTblpe 061!:!HX Kpyra. 
Oy<10K H He co.a.epmaJ!!aH ero ceTb HMelOT op,HH H.11.H .ztaa 061!:!HX 

Kpyra. 

§ 7. OpeeeTapoaKa x.11.acca. 

HaAo.meHHbie CBOHCTBa conpHmeHH.H aHa.11.orH'IHbl cooTaeTcTBY10-
IYHM eBKJ\HP,OBbllll, HO OTJ\H'lalOTCH OT HHX CBOefi HeOP,H0.3Ha'I­
HOCTbI0. 8To pa3AH'IHe MO.lKHO ycTpaHHTb opHeHTHpOBKOH Heno· 
rpaHH'IHblX Kpyroe K.11.acca H COOTBeTCTBYIOl!!HM H3MeHeHHeM HeKO· 
TOpbIX onpep,e.11.euHii. 

1. 4To6bl OXBaTHTb TaKme H c.11.y<1aH MHHMbIX KpyroB, Mbl 6y.a,eM 
.aap,aBaTb OpHeHTHpOBKY Kpyra opHeHTHpOBKOH ero yeHTpa HJ\H 
HanpaB.11.HIOIYeii. B Tex c.11.y<1aHx, r.zte HaM npH.a,eTc.H noAb30BaThCH 
o6eHMH opHeHTHpOBKaMH OP,HOBpeMeHHO, Mbl 6yp,eM C'IHTaTb HX 
CBH.3aHHbIMH Mem.a.y co6oii Il0.11..HpHOCTblO OTHOCHTeAbHO a6COJ\.JOTa. 

2. B 6.11.umaiiuIHx §§ Mbl 6y.a,eM .aa.a,aBaTb opHeHTHpOBKY Kpyra K 
opHeHTHpoeKoH ero uanpaB.11..HIOl!!eH o. OpHeHTHpoBaHHblH Kpyr 
~ _ e~o opneHTHpoaaHHoii HanpaBAHIOIYeii 6y.p,eM 060.aua<1aTb <1epe.a 

K, o, a rrpH npoTHBono.11.omHoii opHeHTHpOBKe <1epe.a K, o. B CBH3H 

C 9THM paCCMOTpHM HeKOTOpble CBOHCTBa opHeHTHpOBaHHblX np.H­
MblX. 
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KorAa TO'IKa M onHCbIBaeT np.11My10 o B HeKOTopoM Hanpa­
BAeHHH; TO np.11Ma.11 PM, coeAHH.HIOl!!,a.H ee c He Aemal!!,eH Ha np.11-
MOH o TO'IKOff P, OnHCbIBaeT nyqoK P B HeKoTopoM coOTBeTCTByio-
1!!,eM HanpaBAeHHH, npH'leM nepeMeHa nepBoro HanpaBAeHH.H BAe'leT 
aa co6o~- nepeMeHy BTOporo. TaKHM o6paaoM, opHeHTHposaHHa.11 

np.11Ma.11 o onpeAeA.11eT BO BC.RKOH He Aemal!!,eH Ha HeH TO'IKe He­
KOTopyJO OpHeHTHpOBKy. 

KaK HBBeCTHO, ABe opHeHTHpOBaHHbie npHMble o1, o2 onpeAe­
A.IIIOT B i,;Byx HeAe.1Ka1!!,HX Ha HHX TO'IKax Pi, P2 OAHY H Ty me 
opHeHTHpOBKY, KOrAa Pi, P2 He paaAeA.RIOT o1 o'.!, H npoTHBono­

AOmHble, KOrAa Pi, P2 paaAeA.RJOT 01, o2, *). TaKHM o6paaoM oi, 
02 onpeAeA.RIOT BO BC.IIKOff TO'IKe p OAHOH H3 orpaHH'leHHbIX HMK 
AByyro.l\bHblX o6AaCTeH 01 02 OAHHaKOBYIO opHeHTHpOBKY, a BO 
BC.IIKOH TO'IKe P Apyroii - npoTHsonoAomHble opHeHTHpoBKH. Dep-

BYJO H3 3THX o6AacTeH MbI 060.aHa'IHM qepea ~ o 2• DepeMeHa 
opHeHTHpOBKH OAHOH H.3 np.RMbIX B.l\e'leT .aa co6ou .3aMeHy onpe­
AeA.HeMOH HMH AByyroAbHOH 06.1\.aCTH AOilOAHHTeAbHOH, a nepe­
Mena opHeHTHpOBKH o6eHx np.RMblX OCTaBA.lleT ee 6ea H.3MeHeHIDI. 

TpH np.HMble 01, o;, 03 onpeAeA.IIIOT TPH o6AaCTH ~I ~2-, ()~ o~, 

o2 o3 • H.s onpeAeAeHH.11 .11cHo, 'ITO BC.HKa.11 061!!,a.H TotIKa AByx H.3 
aTHX o6AacTeH npHHaAAem.HT H TpeTbeH. EcAH n£_.HMbie ~· ~2, ~ 3 

nepeceKalOTC.11 B OAHOH TO'l:Ke, TO o6AaCTH 01 02, 01 03, 02 0:1, 
HAH He HMeJOT 061!!,eH 'laCTH, H.I\H HMeJOT OAHY H TY me 061,gyro 
qacTb. EcAH ~P~l_\lbl~ 0_1, o?,_ 01_ He nepeceKaroTc.11 B OAHOH TO'IKe, 

TO 06.1\.aCTH 01 02, 01 O:i, 02 Oa HMelOT OAHY 061!!,ylO TpeyroAb­

HYIO o6AaCTb. l:hy o6AaCTb MbI 060.aHa'IHM qepe.a ~1 ~ 2 o~. Depe­
MeMa opHeHTHpOBKH OAHOH H.3 np.RMblX BAe'leT .aa co6ou .3aMeHy 
onpeAeA.11eMon HMH TpeyroAhHOH o6AaCTH coceAHeH BAOAb aTOH 
np.RMOH, nepeMeHa opHeHTHpOBKH ABYX np.R:Mb!X - .3aMeHy ee co­
ceAHeH BAOAb TpeTbeH np.HMOH, a nepeMeHa opHeHTHpOBKH scex. 
Tpex np.RMblX OCTaBA.ReT ee 6e.3 H3MeHeHH.II. 

3. Mb1 He 6yAeM AaBaTb norpaHH'IHbIM KpyraM KAacca HHKaKOH 

opHeHTHpOBKH. 3HaKH K, .IS_ B AaAbHeiiweM BcerAa 060.aHatialOT 

npoTHBOilOAOmHO opHeHTHpOBaHHbie KpyrH, COBnaAalOJ!!He C Kpy­

roM K. CoBoKynHOCTb Bcex KpyroB K, K BMecrn c coBoKyn­

HOCTblO norpaHH'IHbIX o6pa.ayeT opueHmupoaanHblU KAacc. AaAb­
HeHmHe paccymAeHH.H OTHOC.HTC.11 K KpyraM opHeHTHpoBaHHOro 
KAacca. 

EcAH AaHbI ABa aKcgeHTpH'leCKHX Kpyra k;, K2, TO H.3 ABYX 

p. oceii KpyroB Ki, K2 TO.l\bKO OAHa npHHai,;AemHT o6AaCTH 01 o~. 
TaK KaK 3TH p. OCH rapMOHH'leCKH pa3Ae.l\.HIOT np.R:Mble o,, 02. 

chy OCb Mbl H 6yAeM C'IHTaTb P· OCblO KpyroB J<i K,.. EcAH AaH-

*J K. C. G. v. Staudt, Beitrage zur Geometrie der Lage, B rA. Vom 
Sinne. 
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Hble KpyrH KOHQ,eHTpH'leCKHe, H./1.H XOT.R 6bI O,ll;HH H3 HHX Bbipom­

,11;aeTC.R B AB, np.RMYIO, TO Mbl OCTaB./1..ReM B CH./1.e npeamee onpe­

,ll;e./1.eHHe p. ocH. OpH BTHX corJ1.ameHH.RX ABa Kpyra Bcer.zta 6y.ztyT 

HMeTb O.ztHY p. OCb, KpOMe CJ\ytJa.R O.ztHOBpeMeHHOI'O Bbipom.zteHHSI 

B .ztB. np.RMble (§ 3, 1). 
EcAH .ztaHbI TPH Kpyra R.;, k 2, K3, geHTpbI KOTOpbIX He AemaT 

Ha OAHOH np.RMOH, TO Ha tJeTbipex P:_ g~H~OB KpyroB K1, K 2, K1 

TOAbKO O.ztHH npHHa.ztAeBmT o6AaCTH 01 02 03, TaK KaK BTH p. geH­

·TpbI cyTb BepllIHHbl Il0./1.HOI'O 'leTbipexyro./1.bHHKa C ,ll;HaroHa./1.bHblM 

TpeXCTOpOHHHKOM 01 02 Oa, OTOT geHTp Mbl H 6y,11;eM CtJHTaTb p. 

geHTpoM KpyroB k 1, K.2, Ki. P. OCH KpyroB K1, K2,_ K_3_ ~epece­

KaK>Tc11 HMeHHO B BTOM ~eH_TP«:_._ _-i:aK - K~ 06J1.aCTb 01 Oz 03 eCTb 

06i!!aH tJaCTb o6AaCTeH 01 02, 01 Os, 02 03, 

EcAH ,11,aHbI ,11;Ba Kpyra /(1, K2 H .ztB. npHMaH 0 02, geHTpbl KO· 

TOpbiX He AemaT Ha 0,11,HOH npHMOH, TO H3 ABYX p. geHTpOB Kpy­

~-?B K 1, K2, o/ T0./1.bKO 0,11,HH npHHa,11,J1.emHT p. OCH KpyroB Kr, 
K2, TaK KaK BTH geHTpbI CfTb TO'IKH nepecetJeHHH P· oceii Kpy­

I'OB K 1, K 2 c np.RMOH 0 8 • P. OCH KpyroB Ki, R~, 0 32 npoxo,11;.RT Bee 

TPH T0./1.bKO 11epes aTOT geHTp, TaK 1<aK p. ocH KpyroB K1, K2, 

C KpyroM Os~ COBIIa,11,aIOT C np.RMOH 0,l• 8TOT geHTp Mbl H 6y,11,eM 

C'lHTaTh p. geHTpoM KpyroB k.1, K.2, o,?. EcAH geHTpbI ,11,aHHbIX 

KpyroB Ae.!KaT Ha OAHOH np.RMOH, H./1.H 60J1.ee tJeM O,ll;HH H3 HHX 

Bblpom,11;aeTcH B AB, np.RMyio, To Mbt coxpaHHeM npemHee onpe,11;e­

AeHHe p. geHTpa. CT pH BTHX cor AameHHHX TPH Kpyra Beer Aa · 6y­

AYT HMeTb HJ\H 0,11,HH p. geHTp, HAH O.ztHY ./\HHHI\) p. geHTpOB, Kpo­

Me CAytJa.R O,ll;HOBpeMeHHOI'O BblpO.!K,ll;eHH11 B .ztB. np.RMbie (§ 3, 5). 
4. OpHeHTHpoBaHHble nytJKH u ceTn Mbl onpe.zteAHM TaK me, 

KaK paHee HeopHeHTHpoBaHHbie. AoKameM, tJTO OHH ,11;eiicTBHTeAbHO 

cyf!!,ecTByroT. 

5IcHO, 'ITO Bee KpyrH OpHeHTHpoBaHHOI'O nytJKa C p. OCblO r, 
COP,ep.!Kal!!,eI'O Kpyr Ko, A0./1..lKHbl COBIIa,11,aTb C KpyraMH nytJKa {rKo)• 
KpoMe Toro BCHKHH Kpyr K aToro opHeHTHpOBaHHoro nytJKa .ztOA­

meH 6hITb opHeHTHpoBaH TaK, t.tT06b1 p. ocblO ero c KpyroM K0 , 

6b1J1.a np.RMaH r. EcAH nytJoK (rK0} aKcgeHTpHtJeCKHH, TO opHeHTH· 

poBita Kpyra K BTHM BUOAHe onpeP,eAHeTc.R, TaK KaK B aTOM cAy· 

qae K 0 , K HMeIOT ,11,Be p. OCH r, r', H Kpyr K TO./\bKO npH OAHOH 

opHeHTHpOBKe HMeeT c KpyroM Ko p. OCb r. CTpH TaKOH opHeHTH­

poBKe KpyroB K Ka.iK.ztbie .ztBa Ha HHX K1, K 2 H Mem.zty ~?~?ii 
HMelOT p. OCb r, TaK KaK npHMaH r, npHHa,ll;Ae.!Ka o6AaCT.RM Oo 01, 

o"0 0 2; 6y,11;eT npHHa,zJ;AemaTb u o6AacTH ~ 1 0 2 {§ 7, 2) EcAH nytJoK 

(r K0) KOHgeHTPHtJeCKHH, To opHeHTHpOBKa Kpyra K He onpe,11,e­

A.ReTc.R opHeHTHpoBKOH Kpyra K0 • B aTOM cAytJae opHeHTHpoBaH­

HbIH nyqoK COCTOHT H3 norpaHH'lHbIX KpyroB o/, S H ,11,BOHKO 
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opHeHTHpoeaHHblX Kpyroe nyqKa {o02 S). EcAH ayq:oK (r K0) ecT~ 
nyqoK .n;e. np11Mh1x, To cooTBeTcTeyioIJ!HH opHeHTHpoeaeeblii ny-
110K (r 00 2) ee OTJ\HqaeTc11 OT HeopHeHTHpoeaHeoro. 

Vfa paccy2KJJ;eHH1l BH,ll;HO, qTO OpHeHTHpoeaHHblH ny<tOK C 

p. ocbio r, co,11;ep2Ka1J!HH Kpyr K0, enoAHe onpe,11;eA11eTc11 aTHMH AaH­

HblMH H MomeT 6b1Tb o6oaeaqee qepea (rK0) • .Hceo TaKme, 'ITO· 

B aKcgeHTpH'leCKHX ny'IKax {rK0), {rK0) KpyrH opHeHTHpoBaHbl 

np0THB0n0A02KHO, KpoMe norpaeHqHor~-i<pyra r2• 

T aK 2Ke Haiip;eM: 
KpyrH opHeHTHpoeaHHOH ceTH c p. geeTpOM R, co.ztep2Ka1J!en 

Kpyr K0 , coenaAalOT c KpyraMH ceTH [RK0]. EcAH ceTb [RK0} 

aKcgeaTpH'leCKaR, TO opHeHTHpoeKa ecex ee eenorpaHH'IHblX Kpy­

roB onpeAeA11eTc11 opHeHTHpo:e1wii Kpyra ·x:0 • EcAH ceTh [RK0] 

KOHgeaTpH'leCKa11, TO opHeHTHpOBKa ee HenorpaHH'IHblX Kpyroe 
AB011Ka11. EcAH ceTb [RKo] ecTb ceTb .ztB. npJ1MblX, TO cooTeeT­
CTBY10IJ!aJ1 opHeHTHpOBaHHa11 ceTb He OT.I\H"laeTC11 OT eeopHeHTH­
poBaHHOH. OpHeHTHpoeaHHa11 ceTb c geHTpoM R, co,11;ep2Ka1J!a11 

Kpyr ft!o, BDO.I\He onpe,11;eA11eTCJI 3THMH p;aHHblMH H M02KeT 

6bJTb o6oaHaqeHa qepea [RKn]. B aKcgeHTpH'leCKHX ceT11x 

[RK0], [RK0] see KpyrH opHeHTHpoeaHbI npoTHBODOA02KHO, KpoMe 

norpaHH'IHbIX Kpyroe r2• 

_5. QycTb 6y,11;yT Ki, K2 eenorpaHH'IHbie opToroHaAbHbie KpyrH 

H K1, K2 COBnap;alOIJ!He C HHMH KaK-HH6yp;b opHeHTHpOBaHHble 
Kpyru. EcAH i_pyr!!_ Ki, K2 aKcgeHTpH'leCKHe, TO M1>1 6yAeM C'IH-

TaTb KpyrH K1, K2 opToroHa.l\bHblMH TO.l\bKO TOrAa, KOrAa HX. 
p. ocb coenap;aeT c o61J!eii noA.Rpoii {§ 5, 1). E~A~ Kpyre Ki, K2 
KOHgeHTpH'leCKHe, TO Mbl 6y,11;eM cqeTaTb KpyrH K1 K2 opToroHaAb­
HbIMH TO.l\bKO TOr.zta, KOrAa OHH opHeHTHpoeaHbl O,ll;HHaKOBO. 

4AJI opToroHaAbHOCTH norpaHH'IHOro Kpyra K HenorpaHH'IHOMY 
H.I\H ABYX norpaHH'IHbJX KpyroB OCTaBHM B CH.l\e CTapble ycAOBHJI. 

OpToroHaJ\bHOCTb Kpyra H CeTH HJ\H p;eyx ny'IKOB opHeHTHpo­
BaHHOl'O KJ\acca onpe.zteJ\HM TaK 2Ke, KaK paHee A.1\11 HeOpHeHTH­
poeaHHoro. 

HeTpy.zteo npoeepHTb, 'ITO npH aTHX cor.11.ameHHJIX peayAbTaThI 
§ 5, n.n. 5, 6 OCTalOTCJI eepHblMH e e opHeHTHpOBaHHOM KJ\acce. 

6. 11s noAy'leHHbIX peayAbTaTOB Henocpep;CTBeHHO BbITeKalOT 
CJ\eAYIOIJ!He CBOHCTBa conps2KeHH.R B opHeHTHpoeaHHOM KJ\acce: 

Asa 1<pyra onpe,11;eAJ110T OAHH ny'loK; TpH Kpyra, He npeeap;-
, Ae2KalJ!He K op;eoMy H TOMY 2Ke ny'IKY, onpep,eAJIIOT op,ey ceTh; 

ny'IOK H HenpHHaJJ;.ll.e2KalJ!Hff eMy Kpyr onpe.zteA.RIOT OAHY ceTbj ABe 
ceTH HMelOT OAHH o61J!HH ny'loK; TPH ceTH, He CO.ztep2Ka1J!He OAHOro 
e Toro 2Ke ny'IKa, HMeIOT OAHH o61J!HH Kpyr; ny'IOK H Heco.n;ep­
,KaIJ!aR ero ceTb HMeIOT OAHH o61J!HH Kpyr. 

3TH CBOHCTBa He OT.I\H'laIOTCJI OT COOTBeT.CTBYIOIJ!HX eBKAH-· 
,21,0BblX. 

J 34 



§ 8. A6CTpaKTBb1e DOARpnwe npocTpaBCTBa. 

EcAH paccMaTpHBaTb KpyrH, nyqKH H ceTH opHeHTHpOBaHHOro 
KAacca COOTBeTCTBeHHO KaK ToqKH, np.RMble H IlAOCKOCTH a6cTpaKT­
HOro npocTpaHCTBa Xa, TO B OTHOllleHHH csoikTB conp.11meHH.R *) 
npocTpaHCTBO Xa 6yAeT npoeKTHBHbIM (§ 7, 6). lfro6bl AOKasaTb, 
'ITO npocTpaHCTBO X 3 AeiicTBHTeAbHO npoeKTHBHo, HymHo ef!!e 
llOKa.BaTb, qTo B npocTpaHCTBe Xa TaKas.e HMeIOT MeCTO npoeKTHB­
Hble CBOHCTBa pacnoAoas.eHH.H H HenpepbIBHOCTH, AA.II qero AOA2KHO 

6bITb npe.a;sapHTeAbHO onpeAeAeno pacnoAoas.enHe B KAacce C:. 
11.a aKCHOM pacnoAomeHH.H H HenpepbIBHOCTH MO)KHO HCKAIOqHTb 

llOH.HTHe 06 ecTeCTBeHHOM pacnoAomeHHH B nyqKe npHMbIX, eCAH 
aKCHOMbl paCllOAOmeHH.H H uenpepbIBHOCTH Ha np.HMOH H B nyqKe 
np.HMblX BbICKa.aaTb TOAbKO AMI np.HMOH, a llAOCKYIO aKCHOMY pac·· 
llOAO;KeHH.ff .aaMeHHTb CAeAYIOI!!eH: 

EcAH ABe np.RMble nepcneKTHBHbI OAHOMY H TOMY me ny.qKy, 
TO ecTeCTBeHHOMY pacnoAomeHHIO ToqeK Ha OAHOA H.!I HHX COOTBeT­
CTByeT ecTeCTBeHnoe pacnoAomeHHe ToqeK ua Apyroft. 

CTocAe aToro ecTeCTBeuuoe pacnoAomenHe np.HMbIX B nyqKe 
MomeT 6bITb onpeAeAeHO KaK pacnoAomeHHe, COOTBeTCTBYIOf!!ee 
ecTeCTHenuoMy pacnoA.omeHHIO ToqeK AI06oA nepcneKTHBHOA np.R­
MOH, H aKCHOMbl pacnoAomeHH.ff H HenpepbIBHOCTH B nyqKe np.RMblX 

MoryT 6bITb AOKaaaHbl. 
Mb1 MomeM noaToMy orpauHqHTbC.R paccMoTpeHHeM pacnoAo­

meHH.R Kpyros B nyqKe. 

CTycTb 6y AeT g nyqoK KpyroB, K0-He npHna.itAema)!!Hit ell¥ 

K(>Yr, R-p. geHTp onpeAeA.ReMOH HMH ceTH. Ka2KAOMY Kpyry nyqKag 
COOTBeTCTByeT onpeAeAeHHa.H np.RMa.R r nyqKa R-p. OCb 9TOro 

Kpyra c KpyroM K0• Hao6opoT, Kam.l!_oii np.RMOH r nyqKa R cooTBeT­

.cTByeT onpeAeAeHHhiii Kpyr nyqKa g-o6f!!HH Kpyr aToro ny11Ka 

c ny'IKOM (r Ko). 
TaKHM o6pa.aoM, Kpyr K ycTaHaBAHBaeT MemAy nyqKoM Kpy­

ros g H nyqKOM np.HMblX R B.BaHMHO-OAH03Ha'IHOe COOTBeTCTBHe. 

CToaToMy Mbl M~meM onpeAeAHTb ecTeCTBenuoe pacnoAomenHe 

KpyroB B ny11Ke g KaK pacnoA.omeHHe, COOTBeTCTBYIOf!!ee ecTe­

CTBeHHOMY pacnoAomenHIO np.RMbIX B ny11Ke g. TorAa B ny11Ke 

Kpyros g, paccMaTpHBaeMoM KaK np.HMa.H npocTpaHcTBa X3, 6yAyT 
HMeTb MeCTO npoeKTHBHble aKCHOMbl pacnoAomeHH.H H HenpepbIB­
HOCTH ua npHMOH. 

. CTycTb 6yAeT-; ceTb Kpyros ·H K0-nenpHHaAA.~*af!!HA eii Kpyr. 
Kam.AOMY Kpyry ceTH coOTBeTCTsyeT onpe,o;eA.ennaH npHMaH r-

p. ocb BToro Kpyra c KpyroM K0 • Hao6opoT, KaZAOH npHMOii r co-

*) F. Enriques, Vorlesungen iiber projektive Geometrie. 
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--
OTBeTCTByeT onpeAe.11.eHHblH Kpyr CeTH s~o6J!!HH Kpyr aTOH ceTH 

c ny'IKO~ (rK0). TaKH1'4 o6paaoM, Kpyr k 0 ycTaHaB.11.HsaeT Me2KAY 

ceTblO E H n.11.0CKOH CHCTeMOH npJIMblX 1J B.SaHMHO-OP,HOB~aqHoe 

COOTBeTCTBHe. B aTOM COOTBeTCTBHH ny'IKH Kpyros ceTH EH nyq­
KH npJ1MblX n.11.oc1<0H cHcTeMbI 'Yj, no npeAbIAYf!!eMy, cooTBeTCTBYIOT 

p,pyr Apyry. C.11.eAOBaTe.11.bHO, ceTb -;, paccMaTpHsaeMa.11 KaK n.11.o­
c1<ocTb npocTpaHCTBa }(s, npoeKTHBHa n.11.0CKOH CHCTeMe npJ1-
MbIX 1l· Ec.11.H MbI onpe!!e.11.HM ecTecTseHHoe pacno.11.omeHHe Kpyros 

BO Bcex nyqKax ceTH E KaK COOTBeTCTBYIOJ!!ee ecTeCTBeHHOMY pac­
no.11.omeHHIO npJIMblX B COOTBeTCTBYIOf!!HX nyq1<ax n.11.0CKOil: CH­
CTeMbl "'l, TO, no npeP,bIAYf!!eMy' B aTHX nyqKax, paccMaTpHBaeMbIX 
KaK npJ1Mb1e npocTpaHCTBa )(3, 6yp,yT HMeTb MeCTO npoeKTHBHbie 
aKCHOMbl pacno.11.o~eHHJI A.II.JI npJ1MOH, a B CHAY ,itoKaaaHHoii npo­

eKTHBHOCTH ceTH E, paccMaTpHBaeMoii KaK n.11.0CKOCTb npocTpaH­
CTBa )(3, C D.11.0CKOii CHCTeMOH npJIMblX 'Yj A.II.JI Ka2KP,b!X ABYX ny'IKOB 

ceTH ~. paccMaTpHsaeMblX KaK npJ1Mb1e npocTpaHCTBa Xa, 6yAeT 
HMeTb MeCTO H n.11.ocKaJI aKCHOMa pacno.11.021teHHJI. 

lfro6bI P,OKa.SaTb aKCHOMbl pacno.11.omeHHH H HenpepbIBHOCTH 
A.II.JI Bcero npocTpaHCTBa X3, HymHo ef!!e noKaaaTb HeaaBHCHMOCTb 
npeAhIAYJ!!ero onpeAe.11.eHHJI pacno.11.021teHHJ1 Kpyros s ny'IK~ OT 

Bb16opa Kpyra K0, TaK KaK HesoaMomHo sb16paTb Kpyr Ko TaK, 

'IT06b1 OH He npHHaA.11.e21ta.11. HH OJJ.HOMY ny'IKY Kpyros. 

Ec.11.H p,aH ny'loK Kpyros g H He c~Aep21taf!!HHCJ1 s HeM Kpyr Ko, 
TO, no npep,bIAYf!!eMy, Memp,y ny'IKOM g H HeKOTOpbIM ny'IKOM npJI­
MblX R ycTaHaB.11.HBaeTCJI HeKOTopoe COOTBeTCTBHe. 8To ~OOTBeT-

CTBHe COAepmHTCJI B COOTBeTCTBHH Me2KAY .11.ro60H ceTblO s, COAep-

2K.af!!eH ny'loK g H He cop,ep21taf!!eH Kpyra K.0, H cooTseTcTsyro­

f!!eH n.11.ocKoii CHCTeMoil: npJ1MblX "'l· TaK KaK ceTb ~-- npoeKTHBHa 

n.11.oc1<oil: CHCTeMe 'Yj, TO H ny'IOK ·g npoeKTHBeH ny'IKY npJ1MblX R. 
CTpH ApyroM no.11.omeHHH K0' Kpyra K0 nyqoK g 6yp,eT npoeKTH­
BeH p,pyroMy ny'IKY npJ1MblX R', H c.11.eAOBaTeAbHO, ny'IKH npsMblX 
R, R' 6yAyT npoeKTHBHbI Memp,y co6oii. Bc.11.ep,cTBHe aToro ecTe­
CTBeHHbie pacno.11.omeHHJI npJ1MblX s ny'l1<ax R, R' cooTseTCTBYIOT 
p,pyr p,pyry, H o60HM COOTBeTCT~yeT OAHO H TO 21te ecTeCTBeHHOe 

pacno.11.021teHHe 1<pyr0B B nyq1<e g. 
HeTpyAHO yAocTosepHTbCJI H HenocpeACTBeHHO, 'ITO onpep,e­

.11.eHHe ecTeCTBeHHoro pacno.11.o;genHJ1 Kpyros s ny'lKe He aasHCHT 

OT scnoMoraTeAhHoro Kpyra K0• B c.11.yqae a1<cgenTpH'lec1<oro nyq1<a 
.11.er1<0 BHp;eTb, ~To ecTecTBeHnoe · pacno.11.omeHHe Kpyr@B B ny'lKe, 
COOTBeTCTByeT ecTeCTBeHHOMY pacno.11.omeHHIO HX geHTpOB Ha .11.HHHH 
geHTpoB nyq1<a. PaccMoTpHM c.11.yqaH KOHijeHTpH'lec1<oro ny'lKa. 

BoabMeM cHa'la.11.a HeopHeHTHp0BaHHb1H KoHgeHTpHqecKHH ny'loK 
( 013 S), T. e. oTpeaoK nyq1<a KpHBbIX II nopJIAKa o1 2S, orpaHH'leH· 
HbIH p;e. npJ1MOH 012 H a6co.11.10TOM S (§ 4, 1). Korp,a 1<pyr K 
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ODHCbIBaeT ny'IOK (01 2S) B HanpaBAeHHH 01 2S, TO napa p. 

oceii ero C KpyroM Ko ODHCbIBaeT OAHH H3 0Tpe3KOB HHBOJ\IOl!HH 
') ') 2 2 2 2 

0,-00-, orpaHHIJeHHbIX AB. npHMblM, 01, Oo, B HanpasJ\eHHH 01 Oo 

(§ 3, 1). nepeHeCH STY HHBOAIOl!HIO Ha BCilOMoraTe.l\bHYIO KpHBYIO 

II nopHAKa, y6eAHMCH, 'ITO Ka2KAaH H3 p. oceii onHcb1saeT npH BTOM 

o,zi;HH H3 yrAOB 01 o 0• Ec.11.H coo6igHM sceM HenorpaHH'IHbIM KpyraM 

nyqKa (01 2S) HeKoTopyro o6igyio opHeHTHpOBKY oi, TO p. OCblO 

HX c KpyroM _!{~ __ 6yAeT TOJ\bKO Ta, KOTOpaH OCTaeTCjl B .zi;syyroAb­

HOH o6AaCTH 01 Oo, a npH npOTHBOUO.ll.02KHOH opueHTHpOBKe ~1, TOAb­

' KO Ta, KOTOPM OCTaeTCH B AOil0.11.HHTe.l\bHOH AByyroAbHOH o6AaCTH 

~~ o0 (§ 7, 3). CAe,zi;oBaTeAbHO, opHeHTHposaHHbIH KoegeeTpH'IecKHH 

nyqoK pa36HBaeTCH norpaHHtJHblMH KpyraMH ea ,IJ;Ba npoTHBOno­

./\02KHO opHeHTHpoBaHHblX 0Tpe3Ka, B Ka.lK.,!J;OM H3 KOTOpbIX ecTe­

CTBeHHOe pacnO.I\O.IKeHHe Kpyros COBilaAaeT C ecTeCTBeHHblM pacno­

.l\02KeHHeM HX KaK 8.1\eMeHTOB 0Tpe3Ka ay'IKa KpHBblX II nopH.zi;Ka 

2. Mb1 y6eAHAHCh, TaKHM o6pa.aoM, IJTO opueHTHpoBaHHbI:H KAacc C 
M02KHO paccMaTpHsaTb KaK npoeKTHBHoe npocTpaecTBO Xa. AerKo 

BH,zi;eTb, 'ITO OpTOl'OHa.l\bHblM KpyraM COOTBeTCTBYIOT B npocTpae­

CTBe X:; TOIJKH, conpg2KeHHble OTHOCHTe.l\bHO HeKOTopoii IlOABpHOCTH 

AAs AOKa.aaTeAbCTBa .zi;ocTaTO'IHO BbJpa.aHTb B TepMHeax a6cTpaKTHoro 

npocTpaHCTBa Xa y2Ke H3BeCTHble npe,zi;A02KeHHB: Kpyru, opTOl'OHaAb-

Hbie K Kpyry K, o6pa.ayioT ceMb ~ H Hao6opoT, ceTH, opToroHaAb­

Hhie K KpyraM ceTH c co.zi;ep2KaT Kpyr K. no OTHOmeHHIO K 8TOH 

IlOAHpHOCTH Kpyr H opToroHa.l\bHaH ceTb npe,zi;CTaBAB'IOTCH KaK 

00.1\IOC H IlOABpHaH Il.11.0CKOCTb, a napa opToroHa.l\bHblX nylJKOB 

K3K napa B3aHMHblX IlOABp. 

XapaKTep no.11.speocTH AAB .zi;aeeoro KAacca C ee .aaBHCHM 

OT ero opHeHTHpOBKH, TaK KaK npH nepeMeHe opHeHTHpOBKH 

K.l\acca opHeHTHpOBKa BCex KpyroB M~HReTCjl OAHOBpeMeHHO. Mb! 

MomeM noaToMy noApa.ayMeBaTb no.zi; C KAacc, opHeHTHpoBaHHbIH 

KaKHM-HH6yp;b onpe.zi;eAeHHbIM o6pa30M. Ho xapaK'l'ep DOABpHOCTH, 

H.11.H onpe.zi;eAHeMOH eio noBepxHOCTH II oopR,zi;Ka F, pa.aAHIJeH AAH 

pa3AHIJHbIX KAaccos C. Yc.11.oBHMCH OTAHlJaTb 8AAHnTH1Jec1<y10 H 

rHnep6o.l\HlJeCKYIO reoMeTpHIO 3HalJKaMH E H' a B Ka.lKAOH H3 

HHX nepBbIH H BTopoii KAacc .aea1JKaMH 1, \ To1JKH, npRMbie H 

Il.l\OCKOCTH npocTpaHCTBa X:1 6yAeM 060.aealJaTb TeMH me 6yKBaMH, 

IJTO H COOTBeTCTBYIOigHe KpyrH, ny'IKH H ceTHj B qacTHOCTH s 
060.aHaqaeT TOIJKY, cooTBeTCTBy10igyio a6cOAIOTy. ByKBOH cr 6yAeM 

060.aeaqaTb CeTb AB· npRMbIX H IlOJ\jlpHylO Il.l\OCKOCTb TOIJKH s 
OTHOCHTe.l\bHO nosepXHOCTH F, KOTOpas aTOH ceTH COOTBeTCTByeT. 

Bel.!:!,eCTBeHHhie TOIJKH noBepxeocTH F cooTBeTCTBYIOT KpyraM 

KAacca C, Bbip02KAa10igHMCR B napb1 npsMbIX, 1<a1<caMoopToroeaAhHbIM 

(§ 3, 3). EcAH KAacc C COAep.mHT napbl npRMbIX, TO F--BeigecTseeeaR 

nosepxeocTh, ecAH eeT - MHHMaH. Be1.!:!,eCTBeeeb1e npHMOAHHeHHbie 

o6pa.ayrol.!:!,He nosepxeocTH F cooTBeTCTBYIOT ny1JKaM nap npsMbIX, 

KaK caMoopToroeaAbHbIM { § 5, 6, F). EcAH KAacc C c0Aep2KHT 
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TaKHe ny11KH, TO F-AHHeH'laTa.H DOBepXHOCTb, ecAH HeT - HeAH­

ueft11aTaJl. HH B OAHOM cAyqae noBepxuocTh F ue Bhlpo2KAaeTcn, 
TaK KaK no AQKa.saHHOMY B § 3, n. 5 BC.HKa.H TO'IKa HMeeT OTHO­
CHTeJ\bHO nee BDOJ\He onpeJ,teJ\eHHYIO DOA.Hpuy10 DJ\OCKOCTb. 

npHHHMa.H BO BHHMaHHe pe.syAhTaTbl § 3, n. 2 H § 4, D. 2, 

nait,11;eM: F1i, H Fk cyTh Bef!!eCTBeHHbie neAHHeit11aTbie noBepx­

nocTH, Fi- MHHMa.H noBepxuocTh, F J - AHHeii11aTa.H noaepx-· 
uocTb II nop.HJ.tKa. 

06oHM l-bIM KJ\accaM COOTBeTCTByeT Bef!!eCTBeHHaH He.11..HHeH· 

11aTa.H noaepxnocTh, Ho B C 1 AB, np.HMa.H o 2 HHKOr1.ta He 6bI" 

BaeT B TO }Ke apeM.H napoft npHMbIX ij, H CJ\eJ,toBaTeJ\bHO '.J He 

HMeeT C Fi BeigeCTBeHHbIX 06f!!HX TO'leK; H4Dp0THB, B Ck ,11;B. 

np.HMa.H O 2 eCTb B TO )Ke BpeMJI napa npHMbIX i j, eCAH npRMaH 

o H.SOTponuan (§ 1), H cAe,z,;oaaTeAhHO a nepeceKaeT F k. CooTBeT­

CTBeHHO aToMy s E eCTh BHYTpeHH.HJI TO'IKa F _k, a s H- BHeWH.HH 

TO'II<a F .J. 
3. EBKAHAOBOft reoMeTpHH KpyroB TaKme COOTBeTCTByeT Bef!!e­

CTBeHHa.H HeAHHeH11aTaJI noeepxuocTb FP *), npH 11eM SP AelKHT 

na Fp. EBKAH,z,;oey reoMeTpHIO Kpyroe MO)KHO noaToMy paccMaT­
pHBaTh KaK BblpO)KJ,teHHe reoMeTpHH o6oHX l-bIX ueeBKAHAOBblX: 
KJ\aCCOB KpyroB. ' 

BcAeJ,tC'l'BHe aTOro, reoMeTpH.H 1-hIX KJ\aCCOB HMeeT c eBKJ\HAOBOH, 

KpoMe Y*e paccMoTpenHhIX, ef!!e OAHY o6f!!YIO rpynny CBOHCTB, B 
KOTOpofi reoMeTpHR 2-bIX KJ\aCCOB Y*e paCXO,ll;HTCJI c eBKJ\HJ.tOBOH. 
PaccMOTpHM OAHH npHMep. TaK KaK noBepxuocTh F B aTHX cAy11a.Hx 
Bef!!eCTBeHHa.H HeAHHeH'laTa.H, TO H3 ABYX B3aHMHhlX DOABp HAH 
o,z,;na nepeceKaeT, a 1.tpyran ne nepeceKaeT noBepxnocTH F, HAH 
o6e KacaTeAbHbl K DOBepXHOCTH F B 0/.tHOH H TOff me TO'IKe. 
CooTBeTcTBeHHO aToMy, H.!IABYX opTorofiaAhHbIX ny11K0B HAH 01.tHH 
co,z,;ep2KHT ABa Kpyra, BblpO,z,;HBWHXCJI B napy np.HMhlX, a 1.tpyroH 
He COJ.tepmHT HH OAHOro, HAH o6a COJ,tepmaT OAHH H TOT me Kpyr, 
BblpOAHBWHffC.H s napy "np.HMbIX. 11AH, s TepMHHaX eBKJ\HAOBOH 
reoMeTpHH, H3 ABYX OpTorouaJ\bHhlX ny11KOB HAH OJ.tHH aAJ\HDTH­
qecKHfi, a Apyroii ranep6oAH'lecKHH, HAH o6a napa60AH11ecKHe. 

HanpoTHB, B CJ TO'IHO TaK *e uaft1.teM, 'ITO o6a ny11Ka seer ,z,;a 
OAHOro poJ,ta, T, e. HJ\H o6a 9.1\AI/JDTH'leCKHe, HJ\H o6a rHnep60AH-

11eCI<He, HAH o6a napa6oAH'leCKHe, a B Ci o6a ny11Ka SAAHn­
TH11ecKHe. 

CAy11ait, Kor1.ta noBepxuocTh F J\HHeit11aTa.H H TO'IKa S AemHT 
u C 2 ':l Ha HeH, MO)KHO paccMaTpHBaTb KaK Bbip02KJ,teHHe H • vTOMY 

cAy11a10 COOTBeTCTByeT napa60AH'leCKa.H reoMeTpH.H C Bef!!eCTBeH-

*) CM., uanp., E. C. <l> e .Ito po B, c:Toquoe H:ao6pall!.eHHe To'leK npocTpau­
cTBa ua OJ\OCKOCTH», 3anHCKH fopu. I1ucT., T. I. 



HblMH Y,HKJ\HIJeCKHMH TOIJKaMH, npHMem1eMa.R B TeOpHH Heonpe­

Ae.l\eHHblX q,opM. 

§ 9. feoMeTpHB opHeBTHpoeaaB&JX TO'leK. 

1. Ec.11.u noBepxHOCTb F Be(!!,eCTBeHHa, TO K.11.acc C cop,ep.lKHT 

napbl np.RMblX. HenorpaHH'lHa.R napa npHMblX ij Bno.11.He onpeAe· 

J\.ReTC.R CBOHM yeHTpOM H opHeHTHpOBKOH; DOCJ\eJJ,HJOJO MO.lKHO 3a­

JJ,aTb opHeHTHpOBKOH yeHTpa O (§ 7, 1). Torp,a HenorpaHH'lHa.R 

napa np.RMblX BOO.II.He onpep,e.11.HeTC.R CBOHM opHeHTHposaHHblM 

yeHTpoM O; Mbl 6yJJ.eM HHaqe Ha3blBaTb ee opuenmupoBaHHOU 

moll.KOU -6. 
- 1 

OpueHTHpOBaHHble TOIJKH JJ.ByKpaTHO noKphrnaroT B KJ\acce CE 
Bero n.11.ocKoCTb, B K.11.acce CJ-06.11.acTb BHyTpeHHHX TO'leK a6co­

AJOTa, B K.11.acce CJ- 06.11.aCTb BHeWHHX TO'leK; TOIJKH CaMoro 

a6co.11.10Ta He opHeHTHpOBaHbl, KaK yeHTpbl norpaHHIJHblX nap npH­

MblX - ABOHHblX H30TponHblX np.RMblX. CosoKynHOCTb opHeHTHpo­

BaHHbIX TO'leK KAacc C H TO'leK a6COJ\JOTa, eCJ\H OH BeI,geCTBeH­

HblH, 6yp,eM Ha3b1BaTb opuenmupoBaHHblM K.A.accoM. mo'leK P. 
TorAa TO'lKaM nosepxHOCTH F 6yJJ.yT coOTBeTCTBOBaTb TO'IKH 

opHeHTHposaHHoro K.11.acca P (§ 8, 2). 
H. Poincare Ha3Ba.11. ocy(!!,eCTBAeHHe HeeBKAHAOBOH reoMeTpHH 

Ha BelJ!eCTBeHHOH nosepxHOCTH II nop.RJJ.Ka KBaApamu'I.Hou ieoMem­
pueu *). 

,.lt.l\.R corAacosaHHH c ero 0603uaqemrnMH BBeJJ,eM B npocTpaH· 

CTBe X3 eBKJ\HJJ.OBo Mepoonpep,e.11.eune H npHTOM TaK, 'IT06b1 S 
cTa.11.0 yeeTpoM nosepxuocTH F. TorJJ,a Fl npespaTHTCH s a.11.AHII-

coHJJ., F J- B AByno.11.bJii runep60.11.00,11;, F J- B OJJ.HonoAbiii r0nep-

60AOHJJ.. 

B KBaApaTH'lHOH reoMeTpHH Ha nosepxeocTH II nopH,11;Ka H. Poin­

care Ha3b!BaeT mO'lKUM.U Bel!!,eCTBeHHble TOlJKH nosepXHOCTH, npR­
M.blM.U - Bel!!,eCTBeHHbie JJ,HaMeTpaAbHbJe ceqeeH.R, ompe.sKaM.u -
,11;yru STHX AHaMeTpaJ\bHbtX ceqeeuii, KpgzaMU - Be(!!,eCTBeHHble 

ee,11;HaMeTpa.11.bHble celJeHHH, BBeJJ,eM 8TH onpeAe.11.eHHH Ha HaWHX 

nosepxHOCT11X F H nepeeeceM HX ea COOTBeTCTByroi,gHe opHeHTH· 

poBaHHble KJ\aCCbl TOIJeKj Ka.lKJJ,OH KBaJJ,paTHIJHOii reoMeTpHH 6yJJ,eT 

TOrJJ,a COOTBeTCTBOBaTb ieoM.empuR 0/(HOZO u.s amux K.A.UCCOB, 
npu p,aeeoM Mepoonpep,eAeHHH s npocTpaecTBe Xa JJ.HaMeTpbI 

H JJ,HaMeTpa.11.bHbJe ll.11.0CKOCTH nosepxHOCTH F H306pa.lKaJOT KOHyeeT­

pH'leCKHe ny'lKH H ceTH, OCTa.l\bHbJe npHMble H DJ\OCKOCTH - aKCl,!eHT­

pH'leCKHe ny'lKH H ceTH, BecKOHe'lHO y.z,;aAeHHa.R Il.11.0CKOCTb '.j 

H306pamaeT CeTb JJ.B, npHMblX, 6ecKOHelJHO y.z,;aAeHHble npHMble -

*) CM. c6opHHK .06 ocH0BaHHJ1X r-eoMeTpHH", KaaaHb, 1895 r-. 
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nyqtrn AB- npHMbIX. KoHeqHbie npHMbie m106pa1KalOT HesblpOAHB­

nrnecH nyqKH, HX 6ecI{0HeqHO yAaJ\eHHbie TOqKH - ABOHHble p. OCH 

aTHX ayqKoB. KoHeqHbJH OTpeaoK .Hao6pa1KaeT oTpeaoK nyqKa, He 

co,11.ep1Kal!!,HH ero ,11.soiiHoii p. ocH. 

ToqKH nepeceqeHHH npHMOH g c nosepxHOCTblO F Hao6palKalOT 

CO.ll,eplKal!!,HeCJI B ayqKe g OpHeHTHpOBaHHbie TOqKH 01, o;. 8 'laCT­

HOCTH, ,11.HaMeTpaAbHO npoTHBOilOAOlKHbie TOqKH H306paa.alOT COB­

na,11;a101JJHe, HO npOTHBOilOJ\OlKHO opHeHTHpoBaHHbie TQqKH 0, o. 
AHHHH nepeceqeHHH nAOCKOCT:V. a c nosep~HOCTblO E H3o6pa­

m.aeT COBOKYilHOCTb co,11;ep1Kal!!HXCJI B ceTH E opHeHTHpoBaHHblX 

TOlJeK O. ToqKH ·o opToroHaAbHbI K opToroHaAbHOMY Kpyry ceTH 

H, cAeP,oBaTeAbHO, AemaT Ha HeM (§ 5, 4). EcAH ceqeHHe HeAHa-

MeTpaAbHoe, TO opToroHaAbHbJH Kpyr ecTb opHeHTHposaHHbIH Kpyr K 
u BCHKaH TQqKa O opHeHTHpOBaHa TaK, qTo p. OCb ee c KpyroM 

K eCTb KacaTeAbHaH K Kpyry K B ToqKe 0. EcAH ceqeHHe ,11.Ha­

MeTpaAbHoe, TO opToroHaAbHblH Kpyr eCTb P,B. npHMaH p2, H TOqKH 

0 op~eHTHpoBaHbl ABOHKO. 0TClOAa BbITeKalOT onpe,11;eAeHHJI npH­

MOH H Kpyra B reoMeTpHH opHeHTHpOBaHHOrO KAacca ToqeK: 

B KAacce -Pl npHMaH ecTb cosoKynHocTb scex ABOHKO opHeH­

THposaHHbJX ToqeK npHMOH p; B KAacce p ii npHMaR eCTb COBO­

KYilHOCTb P,BOHKO OpHeHTHpOBaHHbJX ToqeK 0Tpe3Ka npHMOH p 
BHYTPH a6coAIDTa, B KAacce PJ npRMaH ecTb cosoKynHocTb scex 

.ll,BORKO OpHeHTHpOBaHHb!X ToqeK npHMOH p BHe a6COAIOTa. 

Kpyr eCTb COBOKynHOCTb Bcex TQqeK Kpyra "!(- opHeHTHpOBaH­

HblX TaK, qTo P· OCH HX C KpyroM K cyTb KacaTeJ\bHble B HHX 

K Kpyry K. PaccMoTpHM CBH3b, ycTaHaBAHBaeMyto opHeH'i.'HpORKOH 

Kpyr-a K MelKAY opueHTHposKaMH ABYX era ToqeK 01, O,. 
C aToii !_!eAblO 3aMeHHM soo6i!!e opHeHTHposKy Kpyra no, 

HanpaBAHIOl!!,eH opHeHTHpOBKOH no !_!eHTpy; TaK KaK nocAeAHJI.H 

IIOARpHa nepBOH OTHOCHTeAbHO a6cOAlOTa, TO HaM npHP,eTC.H Bee 

CBJf3aHHble C opHeHTHpOBKOH onpeAeAeHHJI aaMeHHTb IlOJ\.HpHbIMH, 

EcAH Tenepb Kpyr /( opToroHaAeH I< TQqKaM Or, o'l TO ero 

genTp O AelKHT Ha p. ocu ToqeK 0 1, 0 2• Car Aacao onpe,ll,eAeHHID 

p. OCH (§ 7, 3) H ,ll,ByyroAbHOH o6AaCTH (§ 7, 2), HanpaBJ\.HlOl!!,He 

Oi, -~2 coo6I!!,aIDT !_!eHTPY O O,ll,HHaKOBYID opHeHTHpOBKy. noJ\HpH-

3HpyH OTHOCHTeAbHO a6cOAlOTa, 3aKJ\lOqaeM OTClO,ll,a, qTo . TQqKH 

01, 0~ C006J!!alOT HanpaBA.lllO'!!eH O OP,HHaKOBYlO OpHeHTHpOBKy. 

T. e. qTo TOqKH nepeceqeHH.H O C np.HMblMH, onHCbIBalOl!!,HMH nyqKH 

01, 02 B HanpaBAeHHH opHeHTHpOBKH ToqeK 01, 02, onHCbIBalO'f 

o B O,ll,HHaKOBOM HanpaBAeHHH. EcAH K eCTb Kpyr KAacca Pi HAH 

HeCBepxnpe,ll,eAbHblH Kpyr O,ll,Horo H3 KAaCCOB pH' TO O He nepe­

ceKaeT ero, H TOqKH 01, 02 TaKHM lKe o6pa30M coo6I!!,al0T KOH-



TYPY Kpyra K OAHHaKosyio opHeHTHpOBKY· EcAH me K ecTb csepx­
npeAeAbHblH . Kpyr, TO o nepeceKaeT ero H p;eAHT na ABe pasno-

OTCTOHI!!He AHHHH, H ToqKH Cii, CY2 coo6[!!a10T KOHTYPY Kpyra 

K OAHHaKOBble opHeHTHpOBKH, ec.l\H .l\emaT na OAHOH H TOH me 

paBHOOTCTOHilleH, H npoTHBOilO.I\OmHbie, eC.I\H AemaT Ha pa3HblX 

paBHOOTCTOHillHX. 

0TCIOAa BHAHO, qTo opHeHTHpOBKa scex TOqeK HeCBepxnpe­

Ae.l\bHOrO Kpyra MomeT 6btTb rpaqmqecKH aap;aaa cTpeAKOH, y1<a­

Bb1Ba101BeH opHeHTHpOBKY ero KOHTypa, a OpHeHTHpOBKa Bcex TO­

qeK KamAoii: paBHOOTCTOHIBeii: csepxnpeAe.l\bHoro Kpyra - cTpeA­

KOH Ha aTOH paBHOOTCTOHIBeii:, noKaSbIBa101Beii opHeHTHpOBKY KOH­

rypa, C0061BaeMy10 eMy BTHMH TOqKaMH. 

Korp;a ToqKa O nosepxaocTH F onHcbrnaeT p;yry AHaMeTpaAb­

Horo ceqenHH ()1 0 2, KOHeqnyio H aecop,epmal!!YIO AHaMeTpaAbHO 

npOTHBOnO.i\OmHblX ToqeK, B HaopaB.l\eHHH 01 o;, TOqKa nepeceqe­

HHH K Ayqa so C np.HMOH 01 0~ onHCbIBaeT KOHeqHhlH OTpeaoK 

0 1 0 2 B nanpaBAeHHH 0~ D.i. 8To ognaqaeT, qTo Kpyr K c gen­

TpOM O onHCbJBaeT B HanpaB.l\eHHH 01 02 TOT 0Tpe30K aKcgen­

TpHqecKoro nyqKa (5, 02, KOTOpbIH ne cop;epmHT JJ.BOHHOH p. OCH. 
OpH BTOM genTp O onHCbIBaeT B HanpaBAeHHH 01 02 TOT OTpeaoK npH­
MOff 0 1 0 2, KOTopbIH ne cop,epmHT genTpa ABOii:noii p. OCH, T. e, 
a6c, no.l\lOCa p. OCH. 0oAHpH3HpyH CKaaaHHOe B § 7, n. 4 06 
opHeHTHpoBKe KpyroB aKcgenTpHqecKoro nyqKa, naiip,eM, qTo opHen­
THpOBKa geHTpa O BO scex ero n0.1\031.eHHHX coo6IBaeT BCHKOH 
npHMOii, nepeceKalO'lleH npHMYIO 01 0 2 B a6c noA10ce p. ocH, 
OAHY H TY 2Ke opHeHTHposKy. Opeo6pa3y11 p,yaAbHO nepsoe csoil:­
CTBO, AOKa3aHHOe B § 7, n. 2, YBHJJ.HM, qTO opHeHTHpOBKa genTpa 
0 eo scex ero n0Aomenm1x coo6IBaeT OAHY H TY me opHeHTW 
poBKY BCHKOH np.HMOH, nepeceKaIO[!!eH np.HMYJO 0 1 0 2 sue oTpe:aKa 

01 02, onHCb1BaeMOI'O geHTpOM 0. 0pHeHTHp0BKa TOqKH O COB­
naAaeT c opHeHTHpOBKOff genTpa 0, TaK KaK a rrpocTpaHCTBe )(l 

TOqKH 0, K .i\e2KaT Ha np.HMOH SO no op;ny cTopony oT Toq1rn S, 
qTo oqeBHAHO o:anaqaeT npHnap;AemHOCTb KpyroB 0, k; K OP.ROMY 
H TOMY me OTpeaKy OAHHaKOBo· opHeHTHpOBaHHblX KpyroB KongeH~ 
TpHqecKoro nyqKa. 0TCJOAa onpeAeAenHe: 

B opHeHTHposanHoM KAacce ToqeK OTpe30K, ne cop,epmaIBHH 
ToqeK a6CO.I\IOTa H npoTHBOnO.I\OmHO opHeHTHpoBaHHbIX TOqeK, no 
noAOmeHHIO H pacnO.I\02KeHHIO TO'leK He OT.I\HqaeTCJI OT 00blKHO­
BeHHOro OTpesKa, H TOqKH ero opHeHTHpOBaHbl TaK, qTo coo6-
IllaIOT BCHKOH npnMoii:, nepeceKalOI!!eH p,onoAHHTe.l\bHbiff oTpeaoK, 
OAHY H TY 2Ke opHeHTHpOBKy. 

OpHMepoM TaKoro oTpesKa M02KeT cAymHTb oTpesoK na eBKAH­
AOBOH 0.1\0CKOCTH, Bee ToqKH KOTOporo opHeHTHpOBaHbl no qaco­
BOH CTpeAKe. 



EcAH, B cooTBeTCTBHH c KBa,1tpaT0qHoii reoMeTpHeii, ycAOBHMCJI 

cqHTaTb CBJ13HOH TaKyIO 06.J\.aCTb opHeHTHpOBaHHbIX ToqeK, B KO­

TOpOH BCHKHe JJ;Be TO'lKH MoryT 6b1Tb coeJJ;HHeHbl genblO 0Tpe3KOB 

TOJ\bKO qTo onpe,1te.J\.eHHOrO po,1ta, TO KAaCC -Pl npeACTaBHTCH 

KaK 3aMKHyTaH JtBYXAHCTHaH IJOBepXHOCTb, noKpbIBaIOI!!aH BCIO 

npoeKTHBHYIO Il.J\.OCKOCTb, KAaCC pJ - KaK napa .J\.HCTOB, IlOI<:pbI­

BaIO~!!HX o6AaCTb BHyTpeHHHX TO'leK a6COAI0Ta *), H KAacc P1-
KaK CBH3HaH JtBYXAHCTHaH IlOBepxHOCTb, IlOKpbIBaIOl!!aH o6AaCTb 

BHeUIHHX TO'leK a6COAI0Ta. 0ocAeJJ;HHe JJ;Be IlOBepXHOCTH HMelOT 

pa.apes BJJ;OAb a6c0AI0Ta. EcAH coeJJ;HHHTb KpaH paapeaoB, TO Bee 

TPH noBepXHOCTH 6yAYT HMeTb CB.H3HOCTb COOTBeTCTBYIOI!!HX no­

BepXHOCTeH F B npoeKTHBHOM npocTpaHCTBe, T. e. nepBbie JJ;Be­

CBH3HOCTb wapa, a TpeTbH-CBH3HOCTb Topa. 

2. OpoeKTHBHbie npeo6paaoBaHHH ooBepxHOCTH F B ce6H Hao6-

pamawT TO'leqHbie KpyroBble npeo6pa30BaHH.H B OpHeHTHpoBaHHOII( 

KAacce Ji**). 8THMH npeo6paaoBaHHRMH no F. Klein'y enoAHe 

onpe,1teAHeTCH reoMeTpHH Kpyroe. T aK KaK Fl H F J o6e Bel!!e­

CTBeHHhie HeAHHeiiqaTbie noeepxHOCTH, TO reoMeTpHH Kpyroe 

B KAaccax ·1,-l H P-J coBna,ZJ,aIOT, Do TOH me np0q0He reoMeTpH.H 

Kpyroe e KAaccax Pl H J>if coena,1taeT c eBKAHJtOBOH reoMeT­

p0ee Kpyroe. Bo ecex Tpex reoMeTpHHX HMeeM, HanpHMep: 

4epea TPH TOqKH, He Aemal!!He Ha OJJ;HOH npHMOH, npoXOJJ;HT 

OJJ;HH Kpyr; Tpex KpyroB B 061!!eM cAyqae KacaIOTCH BOCeMb KpyroB. 

CooTBeTCTBYIOI!!He npe,1tAomeHH.H HeopHeHTHpoBaHHOH reoMeTpHH 

MQmHO noAyqHTb, KOM6HHHPYH opHeHTHpOBKH aaAaHHblX KpyroB, 

HanpHMep: qepes TPH TO'IKH, He Aemai!!He Ha OJJ;HOH npHMOH, npo­

XOJJ;HT qeTbipe Kpyra, COOTBeTCTBeHHO BOCbMH nonapHo npoTHBO­

IlO.J\.OmHhIM KOM6HHaJ!H.HM opHeHTHpOBOK aTHX ToqeK; Tpex Kpyros 

KaCaIOTCH B 06'.!!eM cAyqae TpHJJ;gaTb JJ;Ba Kpyra ***), COOTBeT­

CTBeHHO BOCbMH nonapHO npOTHBOilOAOmHblM KOM6HHaJ!HHM opHeH­

THpOBOK 8THX KpyroB. 

C TOqKH apeHHH reoMeTpHH KpyroB,KamJJ;aH H3 HeeBKAHJJ;OBblX 

reoMeTpHH ecTeCTBeHHO pas,1teAHeTCH Ha HeopHeHTHpOBaHHYIO H 

opHeHTHposaHNy10. B cAyqae PHMaeoeoit reoMeTpHH aTo pa3JJ;e­

AeHHe COBna,1taeT C paaJJ;eAeHHeM Ha aAAHilTH'leCKYIO H cipepH­

tJe&Kyio. CAeJJ;oBaTe.ll.bHO, reoMeTpHH opHeHTHpoBaHAoro K.11.acca 

P J eCTb aHaAor cipepuqecKOH reoMeTpHH B reoMeTpHH Ao6a-

11eBcKoro. 

--··--··----

*) PaccMaTpHeaeTcH y F. Haussdorff'a, Ber. der. K. S. G. der Wissen 
schaften, 18g9, CTp. 194, C aHa.J\HTH'leCKOH TO'IKH apeHHll. 

**) Pa6oThI no aeeBKAH,tOBhlM KpyroBhIM npeo6pasoeaHHHM: F. Hauss d orf f, 
ibidem; H. Li e b man n, Ber. der K. S. G. der Wissenschaften, 1902, cTp. 244-
26o; W. Ludwig, ,.Projektive Untersuchungen iiber die Kreisverwandtschaf-
ten der nichteuiclidischen geometrie", Karlsruhe, 1904. . 

***) Cp. A. Cay I e y-,,Sur le probleme des contacts", Crelle's Journal, 
TOM 39• 



Zar nichteuklidischen Kreisgeometrie. 

0. Zitomirskij. 

Der lnbegriff aller Kreise mit reellen Mittelpunkten zerfallt 
im ellyptischen F alle in zwei Klassen CJ , Ci, im hyperbolischen 
Falle in zwei Klassen CJ, CJ. von der Beschaffenheit, dass zwei 
nichtkonzentrische Kreise nur dann reelle Radikalaxen haben, 
wenn sie einer und derselben Klasse angehoren. lnnerhalb einer 
Klasse C lasst sich eine der euklidischen analoge Kreisgeometrie 
aufstellen. Zu den gemeinsamen Eigenschaften jener Kreisgeomet­
rien gehoren diejenigen der ,, Verkniipfung"; von den euklidischen 
sind aber auch diese verschieden: es bestimmen, z. B., zwei 
Krefae im Allgem_einen zwei Kreisbiischel. Einer Klasse C enspricht 
aber eine Klasse C von ,,orientierten" Kreisen, welche sich bei­
geeigneten F estsetzungen genau wie das euklidische Kreissystem 
auf den projektiven Raum abbilden lasst. Der Orthogonalitat in 
G entspricht dabei die Polaritat in Bezug auf eine Flache 
II Ordnung F. Die Flachen F ~. F ~ sind reell und nicht geradlinig; 
der Bildpunkt des absoluten Kegelschnittes ist fiir die erste ein inne­
rer, fur die zweite ein ausserer Punkt. Die Flache Ff ist imaginar, die 
Flache Fk geradlinig. Den reellen Flachen FJ, FJ', FJ entsprechen 

die zweiblattrigen Flachen von ,,orientierten" Punkten P 1, P1 , 
Pt, velche bzw. die ganze ellyptische Ebene, das eigentliche, und 
das ideale Gebiet der hyperbolischen Ebene iiberdecken. Die Kreis­
geometrien auf den Flachen Pj, P J sind mit der euclidischen 

Kreisgeomerie identisch. Die Geometrie auf der Flache Pl ist aber 
keine andere, als die spharische; die Geometrie auf der Flache 
P fI erscheint also als ein hyperbolisches Analogon der spharischen 
Geometrie. 
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